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Abstract

Consider a symplectic circle action on a closed symplectic manifold M with
non-empty isolated fixed points. Associated to each fixed point, there are
well-defined non-zero integers, called weights. We prove that the action is
Hamiltonian if the sum of an odd number of weights is never equal to the
sum of an even number of weights (the weights may be taken at different
fixed points). Moreover, we show that if dim M = 6, or if dim M = 2n < 10
and each fixed point has weights {+ay,--- , +a,} for some positive integers
a;, the action is Hamiltonian if the sum of three weights is never equal to
zero. As applications, we recover the results for semi-free actions, and for
certain circle actions on six-dimensional manifolds. Finally, we prove that if

there are exactly three fixed points, M is equivariantly symplectomorphic to
CP?.
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Chapter 1

Introduction

The study of fixed points of a flow or a map is a classical and important
topic in geometry and dynamical systems. In this paper, we focus on the
case where a manifold admits a symplectic structure and a circle action on
the manifold preserves the symplectic structure. A circle action in symplectic
geometry corresponds to a periodic flow in mechanical systems. Fixed points
by the action corresponds to equilibrium points by the flow. If a circle action
has fixed points, a lot of information is encoded by the fixed point data of
the action.

Any Hamiltonian action is symplectic but a symplectic action needs not
be Hamiltonian. Hence it is a natural question to ask if there is a non-
Hamiltonian symplectic action on a compact symplectic manifold. It is a
classical fact that a Hamiltonian circle action on a compact symplectic man-
ifold (M,w) has at least  dim M + 1 fixed points.

T. Frankel proves that a symplectic S'-action on a Kéhler manifold is
Hamiltonian if and only if is has a fixed point [I']. The property that a
symplectic S'-action is Hamiltonian if and only if it has a fixed point holds
on 4-dimensional symplectic manifolds [M D], and it also holds for semi-free
actions on symplectic manifolds with discrete fixed points [T'W]. On the
other hand, in the same paper D. McDuff constructs an example of a non-
Hamiltonian symplectic circle action with fixed points. However, in this
case the fixed point set are tori. Therefore, the question has still remained, if
there is a non-Hamiltonian symplectic circle action with isolated fixed points.
Recently, S. Tolman constructes a non-Hamiltonian symplectic circle action
on a six-dimensional compact symplectic manifold with 32 fixed points [T2].

Let the circle act symplectically on a compact, connected symplectic man-
ifold M. First of all, there cannot be exactly one fixed point, unless M is a
point. Also, due to C. Kosniowski, if there are exactly two fixed points, then
either M is the 2-sphere or dim M = 6 [l<o]. This is reproved by A. Pelayo



and S. Tolman using another method [PT]. This result itself does not rule
out the possibility that there is a 6-dimensional compact symplectic manifold
M with exactly two fixed points by the symplectic circle action.

In this paper, we study symplectic circle actions on compact, connected
symplectic manifolds with isolated fixed points. It consists of two parts.

The first part (Chapter 3) concerns under which conditions a symplec-
tic circle action is Hamiltonian. Let the circle act symplectically on a 2n-
dimensional closed symplectic manifold and suppose that the fixed points
are isolated. Associated to each fixed point p, there are well-defined non-
zero integers w;,, called weights, 1 < i < n. We prove that if the weights at
the fixed points satisfy certain conditions, then the action is Hamiltonian.
Consider a collection of weights among all the fixed points, counted with
multiplicity. For each integer a, the multiplicity of a in the collection is pre-
cisely max, o1 [{ila = w?}|. For instance, if there are fixed points whose
weights are {—1,—1,1,1} and {—1,—1,—1,2}, then the multiplicity of —1
and 1 in the collection is at least 3 and 2, respectively. First, we show that
the symplectic action is Hamiltonian if the sum of an odd number of weights
in the collection is never equal to the sum of an even number of weights in

the collection.

Theorem 1.0.1. Consider a symplectic circle action on a closed symplectic
manifold with non-empty isolated fized points. The action is Hamiltonian if
the sum of an odd number of weights among all fixed points is never equal to

the sum of an even number of weights.

For instance, if the action is semi-free, all the weights are either +1 or —1.
Therefore, the sum of an odd number of weights cannot equal the sum of an
even number of weights, and hence the action is Hamiltonian. In some cases,

we only need to consider if the sum of three weights is never equal to zero.

Theorem 1.0.2. Consider a symplectic circle action on a 2n-dimensional
closed symplectic manifold with non-empty fized points, whose weights are
{xai,xas, -+ ,xa,} for some positive integers a;, 1 < i < n. Assume that
n <5 and a;+a;xa, # 0 for alli < j < k. Then the action is Hamiltonian.

Theorem 1.0.3. Consider a symplectic circle action on a siz-dimensional
closed symplectic manifold with non-empty isolated fized points. The action
is Hamiltonian if the sum of three weights among all fized points is never

equal to zero.



The condition that the sum of three weights among all fixed points is never
equal to zero, seems to play a certain role for a symplectic circle action to be
Hamiltonian. If a symplectic circle action on a closed symplectic manifold
M has two fixed points, then either M is the 2-sphere, or dim M = 6 and
the weights at the two fixed points are {—a — b, a,b} and {—a, —b,a + b} for
some positive integers a and b [IKa], [PT]. If dim M = 6, then the action
cannot be Hamiltonian, since a compact Hamiltonian S!-manifold M has at
least %dimM + 1 fixed points. Moreover, there is the sum of three weights
that is equal to zero. In fact, the first Chern class at each fixed point, which
is the sum of weights at the fixed point, is equal to zero. However, to the
author’s knowledge, we do not know, whether such a manifold exists or not.
In S. Tolman’s construction of a non-Hamiltonian symplectic S'-action on a
six-dimensional compact symplectic manifold with 32 fixed points, 16 fixed
points have weights {1,1,—2} and the other 16 fixed points have weights
{-1,-1,2}.

Question 1.0.4. Let the circle act symplectically on a closed symplectic man-
ifold with non-empty isolated fixed points. Suppose that the sum of three
weights among all fized points is never equal to zero. Then is the action

Hamiltonian?

In the second part (Chapter 4), we classify a symplectic circle action with
exactly three fixed points; we prove that any symplectic circle action on a
compact connected symplectic manifold with exactly three fixed points is
equivariantly symplectomorphic to CP? with some standard action on it. In
particular, it follows that in this case the manifold must be 4-dimensional.

Moreover, the action must be Hamiltonian.

Theorem 1.0.5. Let the circle act symplectically on a compact, connected
symplectic manifold M. If there are exactly three fixed points, M is equivari-
antly symplectomorphic to CP?.



Chapter 2

Background and Notation

A differential form « is called closed if da = 0. A two-form w on a manifold
M is called nondegenerate if for each v, € T,M such that v, # 0, there
exists w, € T,M such that w,(v,,w,) # 0. A symplectic manifold ()M, w)

is a manifold with a closed, non-degenerate two-form w on it.
Example 2.0.6. Examples of symplectic manifolds.

(1) (R% dx A dy) is a symplectic manifold.

(2) More generally, (R*",>"7"  dx; A dy;) are symplectic manifolds.

(3) The two torus (T? = (S')?,db; A dfy) where we regard S* as R/Z and

0; € R/Z is an example of compact symplectic manifolds.

(4) A complex projective spaces (CP" wpg) with the Fubini-Study form is

another example of compact symplectic manifolds.

Let (M,w) be a 2n-dimensional symplectic manifold. Then the wedge
product of the symplectic form w by n-times, w™ # 0. Therefore w™ is a top-
degree form and gives an orientation for M. It follows that every symplectic
manifold is orientable. If (M,w) is compact, it follows that w* are closed but
not exact for 0 < i < n. Therefore, it follows that dim H*(M) > 1 for all
0<1<n.

Example 2.0.7. Ezamples of even-dimensional manifolds that are not sym-

plectic.
(1) The Mébius strip is not a symplectic manifold since it is not orientable.

(2) An even dimensional sphere S*" is not symplectic if n > 1, since it is
compact but H*(M) =0 for 1 <1 < n.



Let the circle act on a symplectic manifold (M, w). If the circle action on
M preserves w, the action is called symplectic, i.e g*w = w for each g € S*.
Let X be the vector field on M generated by the circle action. The action
is called Hamiltonian, if there exists a map p : M — R such that

Lxy,w = —djL.

This implies that every symplectic action is Hamiltonian if Hy(M;R) = 0,
since tx,,w is closed. It is the classical fact due to Morse that any Hamiltonian
Sl-action on a compact symplectic manifold has at least %dimM + 1 fixed
points, since the number of fixed points is equal to the number of critical
points of g, which is equal to Y, dim H*(M). However, this is at least
%dimM + 1 since dim H* (M) > 1 for all 0 < i < n as mentioned above.

Example 2.0.8. Examples of symplectic S*-actions

(1) Consider the unit 2-sphere (S?, dh A d) inside R®, where 0 is the angle
about the z-axis and h s the height. Let the circle act on M by rotation
about the z-axis, i.e. it acts by g-(0,h) = (0+g, h), where g € S* = R/Z.
The north pole and the south pole are the fized points of the action. The
vector field Xy; generated by the action is d% and Lx,,w = Ld%dh Adf =

—dh. Therefore the action is Hamiltonian.

(2) Let the circle act on the two torus (T? = (SY)?,d6, A dby) by rotation on
one factor of S, i.e. g-(01,0) = (01 + g,05), where 0;,9 € S* = R/Z.
This action has no fized points, and so it follows that the action cannot

be Hamiltonian.

Consider a circle action on a manifold M. The equivariant cohomology
of M is defined by Hg: (M) = H*(M xg S%). For instance, the equivariant
cohomology of a point is HY, ({p}) = H*({p} x5 5%°) = H*(CP*>) = Z[t],
where t is of degree 2. If M is oriented and compact, then from the projection

map 7w : M xg1 S — CP* we obtain a natural push-forward map
™t Ho (M; Z) — Hi ™ M(CP>; Z)

for ¢+ € Z. This map is given by "integration over the fiber” and denoted by
Jar

Theorem 2.0.9. (ABBV localization) [AB] Let the circle act on a compact
oriented manifold M. Fiz o € Hg, (M;Q). As elements of Q(t),
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where the sum is over all fized components, and egi(Ng) denotes the equiv-

ariant Euler class of the normal bundle to F.

Consider a circle action on an almost complex manifold (M, J). Suppose
that the action preserves the almost complex structure J. Let p be an isolated
fixed point. Then we can identify T, with C" and the action of S* at p with
g (21, ,2n) = (gle’zl, o+, g% 2,), where {Iﬂ are non-zero integers, regarding
here S! as a subset of C. These non-zero integers are called weights at the
fixed point p. Any symplectic manifold (M,w) admits an almost complex
structure and hence is an almost complex manifold. Moreover, the set of
almost complex structures on M that are compatible with w is contractible.
Therefore, at each fixed point of a symplectic manifold (M, w) by a symplectic
circle action, the weights are well defined.

Denote o; by the i*"-elementary symmetric polynomial in n variables. Then

the it"-equivariant Chern class at the fixed point p is given by

ci(M)lp = 0i(&y, - ),

where t is the generator of Hgl (p;Z). For instance, the equivariant first
Chern class at p is c1(M)], = X&) t, and the equivariant Euler class of the
normal bundle to p is egi1 (N,) = (M), = ([}, &)t". Hence,

[0 _ ol
p €51 (NP) H?:l gljﬂ

Denote A, by twice of the number of negative weights at p for all p € M st

This is called the index at p and this notion agrees with the index of a fixed
point of a Hamiltonian circle action. Weights in the isotropy representation
T, M satisfy the following:

Lemma 2.0.10. [P7] Let the circle act symplectically on a 2n-dimensional

compact symplectic manifold M with isolated fixed points. Then
{pe M5 | )\, =2} =|{pe M5 |\, =2n—2i}|, for all i € Z.

Corollary 2.0.11. [P7T] Let the circle act symplectically on a 2n-dimensional
compact symplectic manifold with k isolated fixed points. If k is odd, then n

18 even.



Lemma 2.0.12. [P7] Let the circle act symplectically on a compact sym-
plectic manifold M with isolated fized points. Then

Y NO= > Ny, foralll € Z.
peM St peM St
Here, N,(1) is the multiplicity of l in the isotropy representation T,M for all
weights | € Z, forp € MS".

Consider a symplectic circle action on a compact, connected symplectic
manifold. If there are exactly two fixed points, then A. Pelayo and S. Tolman

give the classification of such a manifold:

Theorem 2.0.13. [’7] Let the circle act symplectically on a compact, con-
nected symplectic manifold M with exactly two fized points. Then either M
15 the 2-sphere, or dim M = 6 and there exist positive integers a and b so
that the weights at the two fived points are {a,b, —a—b} and {a+b, —a, —b}.

Corollary 2.0.14. [P7] Let the circle act symplectically on a compact sym-
plectic manifold M with non-empty fized point set. Then there are at least
two fixed points, and if dim M > 8, then there are at least three fixed points.
Moreover, if the Chern class map is not identically zero and dim M > 6, then

there are at least four fixed points.

Now we consider an elliptic differential operator on a 2n-dimensional com-
pact almost complex manifold (M, J), where J is an almost complex structure
on M. By choosing an almost Hermitian metric on M, we can define the
Hodge star operator x and the formal adjoint operator 8" of the d-operator.

For each i such that 0 < i < n, we define an elliptic differential operator by

j:even j:odd

where Q%(M) = D(\'T*M @ N’ T*M). The index of the operator is de-
fined to be (M) = dime ker(948 ) — dime coker(8+8 ). For more details,
the readers are referred to [I.] and the references therein.

Let the circle act on a compact almost manifold (M, J). Assume that
the action preserves the almost complex structure J and the fixed points are
isolated. P. Li proves that the Dolbeault-type operator on an almost complex

manifold is rigid under the circle action.



Theorem 2.0.15. /L] Consider a circle action on a 2n-dimensional compact
almost complex manifold M. Suppose that the action preserves the action and

the fixed points are isolated. Then

i Ui(t%f"  157) i nTi n—i nTn—i
X(M)= > o= (F1'N = (=N
peMs! Hj:l(1 — 1%)
where N* is the number of fived points of index 2i and t is an indeterminate.
In addition, assume that M is a symplectic manifold and the action is sym-
plectic. Then x°(M) = 1 if the action is Hamiltonian, and x°(M) = 0 if it

1s not Hamiltonian.
Example 2.0.16. Ezamples of symplectic S'-actions with isolated fixed points.

(1) Consider an action of S* on the 2-sphere S* by rotating it a-times, where
we regard S? as a subset of R® and the action rotates with speed a about
the z-axis. The north pole N and the south pole S are the fized points
of the action. At N and S, the action can be identified with g-z = g~z
and g - z = g%z, for g € S* C C. Therefore, the weights at N and S
are {—a} and {a}. One can check Theorems and Lemmas above for this

example.

(2) Let the circle act on CP? by g- (20 : 21 : 22] = [9°FP20 : g%21 : 20] for some
positive integers a and b. This action has three fixed points [1 : 0 : 0],
[0:1:0], and [0:0:1]. Let Uy = {[20 : 21 : 2] € CP?|z; # 0}. On Uy,
the action is g - (2,2) = ( g+§120 e = (g_bzl,g_“ bzi). Therefore,

]

the weights at [1: 0 : 0] are {—b, —a — b}. Similarly, one can show that
the weights at [0:1:0] and [0:0: 1] are {b,—a} and {a,a + b}.

Remark 2.0.17. Consider a circle action on a compact almost complex
(symplectic) manifold (M, J) ((M,w)). Assume that the action is effective
and preserves the almost complex structure J (the symplectic structure w).
As a subgroup of S*, Zy also acts on M, for k € Z\{—1,0,1}. The set M%x
of points fixed by the Zy-action is a union of smaller dimensional almost com-
plex submanifolds (symplectic submanifolds). Moreover, the isotropy weights
in M™% are multiples of k. Suppose that Z is a connected component of M%
and dim Z = 2m. Ifp € M®" is a point fized by the S*-action that lies in
the connected component Z, then p has exactly m-weights that are multiples

of k.



Example 2.0.18. Let the circle act on M = S? x S* = M, x M, by rotating
the first 2-sphere 3-times and the second 2-sphere 4-times, i.e., the action is
given by g - (61, hy, 02, he) = (01 + 67g, hy, 09 + 87g, hy), where 0; are angles
and h; are heights, 1 = 1,2, g € S' = R/Z, 0 < g < 1. This action has
four fized points, nq X ng, Ny X Sg, S1 X ng, and s; X Sy, where n; and s;
are the north pole and the south pole for each sphere, i = 1,2. The weights
at the fized points are Y, xn, = {—3,—4}, Ynixs, = {—3,4}, Zeisn, =
{3,—4}, and X4 x5, = {3,4}. Then as a subgroup of S*, Zy acts on M by
x - (61, h1,02,ha) = (01 + 3mzx, hy, 03 + 4wx, hy), for x = 0,1. Therefore, the
set of points fized by the Zo-action is Z1 = ny X My and Zy = s1 X My. In
particular, dim Z; = 2 < 4 = dim M, for ¢ = 1,2. Inside ny X My, ny has
the weight —4 and so has the weight 4. Inside s; X My, no has the weight —4
and sy has the weight 4.

Lemma 2.0.19. [7'/] Let the circle act on a compact symplectic manifold
(M,w). Let p and p' be fized points which lie in the same component N of
M? | for some k > 1. Then the S*-weights at p and at p' are equal modulo
k.

Let the circle act on a compact symplectic manifold M. Let p and p’ be
fixed points which lie in the same component N of M%, for some k > 1.
Denote ¥, and ¥, by the multisets of weights at p and p’, respectively.
Lemma 2.0.19 states that there exists a bijection between ¥, and ¥,/ that
takes each weight « at p to a weight 8 at p’ such that « = mod k.



Chapter 3

On symplectic S'-actions with isolated fixed
points

We begin with the proof of Theorem 1.0.1. Recall that for a symplectic
circle action on a closed symplectic manifold M with non-empty isolated
fixed points, we consider a collection of weights among all the fixed points,
counted with multiplicity, and for each integer a, the multiplicity of a in the

collection is precisely max ., o1 [{ila = wy}|.

Theorem 3.0.20. Consider a symplectic circle action on a closed symplectic
manifold with non-empty isolated fixed points. The action is Hamiltonian if
the sum of an odd number of weights among all fized points is never equal to

the sum of an even number of weights.

Proof. The main idea of the proof is to manipulate the formula in Theorem
2.0.15; we consider x°(M), make each exponent in the denominator positive,
and clear up the denominators by multiplying the least common multiple of
the denominators. In such a way each term has the exponent that is the sum
of the absolute values of the weights and we derive the conclusion.

Assume, on the contrary, that the action is not Hamiltonian. By Theorem
2.0.15, x°(M) = x"(M) = 0 and there are no fixed points of index 0 and 2n.
Moreover,

Z Z 1 HgM<o(_ s )
Hm (1= tfp Hm (1 — ) H5M<0( )

pEMsl Msl
Z HE,T<O( t=5")
peMs! Hepooll = ) ey ool = ) (=%}
2p _em
> D2 Moot
[0 =5 [Ty oo (1 — £75)

peMSt
tZEL”<O(_5;>n)

L O e

peM St
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Denote by A = {ay,as, -, } the collection of all the absolute values
of weights among all the fixed points, counted with multiplicity, where for
each positive integer a the multiplicity of a in A is precisely max ;1 {ila =
jwp|}|. Therefore, the least common multiple of the denominators is Hi:l (1—
t*). Denote by B, = A\ {|wp], -, |wr|} = {b,02,--- b5} the set of
elements in A minus the absolute values of the weights at p. We multiply
the equation above by Hi.:l(l — t%) to get

Ap m _¢m a
0= (—nFFa<tS T -

pGMSl acBy
= 2 (FEEeTEI S 3 A )
pEMSl r1<T2
~ A S e o(—€7) Ap X b e <o ()
= Z [(—1) 2 t—¢p < P —(_1) 2 Ztﬁ 134 D

peM s
N _em T1 T2
HD)F S, o, tw T

In the last equation, each summand of the exponent of a term, —&* or by,
is a positive integer and is an element of A. Each term whose exponent is
the sum of an odd number of elements in A has the coefficient —1 and each
term whose exponent is the sum of an even number of elements in A has the
coefficient 1.

Since x°(M) = 0, this implies that each term whose exponent is the sum
of an odd number of elements must cancel out with another term whose
exponent is the sum of an even number of elements.

Suppose that there is a fixed point pg of index 2ig, for some iy such that 0 <
ig < n. Then py contributes a summand (—1)iotz%<°(_§%), where £ < 0 are
the negative weights at py. Since x°(M) = 0, this term must be cancelled out.
The coefficient of the term is (—1)%. Therefore, if the term is cancelled out by
another term, then its exponent must be the sum of jy-elements in A, where j,
and iy have different parities. Suppose that the summand (—1)%¢ Zegy <00 g
cancelled out by another term, say (—1)%¢d1tdzt-+dj, q, > (. These d;’s form
a subset of {—5;, o, =&} U By for some fixed point ¢, i.e., {dl, e ,dj b C
{=&, -+ =&} U B, Let us rewrite Z%<O( r)=cr+ct+-+c, e,
cg+c+ - +c, =d +dy+---+dj,. For each positive integer a, the
multiplicity of a on each side does not exceed max st [{i : a = |wy|}].

For the equation ¢; +cy+- - - 4¢;y = di +da+- - - +d;,, we do the following:

if ¢, = djs for some k and £/, then we cancel these terms out on the equation.

11



By performing these steps as many as possible and by permuting ¢;’s and d;’s
if necessary, assume that we have ¢; +co + -+ cip = di+do+---+ djé (%),
¢i,d; > 0. For any positive integer a that appears in (x), either it appears
only on the left hand side or only on the right hand side. Moreover, the
multiplicity of a in the equation does not exceed max, st [{i : a = [wp[}].
Denote by C the collection of the equations, each of which is the sum of an
odd number of weights being equal to the sum of an even number of weights,
where weights are taken among all the fixed points, counted with multiplicity.
Consider an element of C. It is an equation of the form wq +ws+ - - - +wy =
Wyy1 + -+ + w4y for some ¢, j', where each wy, is a weight at some fixed
point. For each integer a, the multiplicity of a on each side is at most
max st [{ila = wj}|. For the equation we do the following: if wy, = —wj
and they appear on the same side of the equation, we cancel out these terms.
If w, = wp and they appear on the opposite side of the equation, we also
cancel out these terms. If wy is a negative weight, we move the term to the
opposite side as —wy. By performing these steps as many as possible, assume
that we have ey +ea+- - -+e;r = fi+ fot+- -+ fojr11, €, fi > 0. For any positive
integer a that appears in the last equation, either it appears only on the left
hand side or only on the right hand side. Moreover, the multiplicity of a in the
equation does not exceed max ) s1 [{i| —a = wj}| +max s {ila = w) }.
Note that for each positive integer a, we have that max, ;. [{i : a =
jwp [} < max 51 {i| —a = wp}| +max s [{ila = wj}|. Therefore, the
equation (x) is an element of C'. However, by the assumption that the sum
of an odd number of weights is never equal to the sum of an even number of
weights, C' is an emptyset. Therefore, there are no fixed points of index 2i

for all 0 < 7 < n, which is a contradiction. [

We can generalize Theorem 1.0.1 further. Let the circle act symplectically
on a closed symplectic manifold M with isolated fixed points. As in the
proof of Theorem 3.0.20, denote by A = {aj,as, -+ ,a} the collection of
all the absolute values of weights among all the fixed points counted with
multiplicity, and A; = {a;, +aj, +- - +a; }a; <a;,<-<a;, the collection of sums
of 7 elements of A, for 1 < i < [. For each positive integer a, the multiplicity
of a in A is precisely max ;s [{ila = |wj[}|. Note that here we consider

the collection of the absolute values of the weights, and hence it is different

12



from the one in the introduction. For instance, with the fixed points of the
same weights {—1,—1,1,1} and {—1,—1,—1,2} as before, the multiplicity

of 1 in the collection is 4.

Theorem 3.0.21. Let the circle act symplectically on a closed symplectic
manifold M with non-empty isolated fized points. Let A = {aq,aq,--- ,a;} be
the collection of all the absolute values of weights among all the fixed points,
counted with multiplicity, and A; = {aj, + aj, + -+ @}, }a; <aj,<-<a;, the
collection of sums of i-elements of A, for 1 < i <. If there exists 0 < i <n
such that A; N A; = 0 for all j such that j # i mod 2, then the action is

Hamiltonian.

Proof. The idea of the proof is similar to that of Theorem 3.0.20. However,
we consider y'(M) for many i’s.

Assume, on the contrary, that the action is not Hamiltonian. By Theorem
2.0.15, X%(M) = x"(M) = 0 and there are no fixed points of index 0 and 2n.
As in the proof of Theorem 3.0.20, we have

pezj\/[sl Hm 1 1_t£p>
tz,g%’)n<0(_£p )

= 2 (O e

;UEMS1
Denote by B, = A\ {|wp|,--- ,Jwl|} = {b),02,--- b} for each fixed
point p. We multiply the equation above by Hizl(l — t%) to get

0= Z (_1)%}25?@(75{?) H (1—t%)

pGMSI acB,
— Z (_1)%”252521@(—5 th +th R
pEMSl <y
— Z [(_1)%1)1525;;«0(*5;; ) _ (_1)%1’ therZ%n«)(,gp )

;UEMS1
A _em T | 3T
HEDE Y, L, (S S
In the equation, —¢* € A and by € A for all =€, b7. Therefore, if a term
has the exponent that is the sum of i-elements in A, then the exponent is
an element of A;. Each term whose exponent is the sum of an odd number

of elements in A has the coefficient —1 and each term whose exponent is the

sum of an even number of elements in A has the coefficient 1.
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Since x°(M) = 0, this implies that each term whose exponent is the sum
of an odd number of elements must cancel out with another term whose
exponent is the sum of an even number of elements.

Suppose that there is a fixed point p of index 2¢, 0 < ¢ < n. Then p
i epr<o(=€5")

contributes a summand (—1) , where ' < 0 are the negative

weights at p. Since x°(M) = 0, this term must be cancelled out. The
coefficient of the term is (—1)". Therefore, if the term is cancelled out by
another term, then its exponent must be the sum of j-elements, where j and
i have different parities. By the assumption that A, N A; = 0 for j # ¢
mod 2, the summand (—1)%251’5" <% cannot be cancelled out, which is a
contradiction. Therefore, there are no fixed points of index 21.

From now on we seperate into several cases, depending on if i < 5 ori > 3
if 7 is odd or even, and if n is odd or even. Each case is a shght Varlatlon
of the other cases. If ¢ > 7, we use the symmetry that NJ = N™7J for all j,
where N; is the number of fixed points of index 2j. With the symmetry, the
case where 7 > % is a slight variation of the case where i < %.

First, suppose that ¢« < 7 and ¢ is odd. By Theorem 2.0.15,

Z tép o t5) 0
Hm (1= %' ) .

peMSt

As in the proof of Theorem 3.0.20, we make the exponent of each term in
the denominators positive to get

Ao tZs,gn@(fézl)ai(ts;? )

0N = 2, (e e 0

;DGMS1

Multiplying the equation above by H§:1(1 —t%), we have

A _£m n
ST (yFee ot @6, 18 [T -1 =0,
peM St a€By

Let us consider ¢ <0 )ai(téz}’, -+ #%). When we expand the terms,
the exponent of any term is the sum of positive integers that are in A.
No negative integer appears in the exponent of any term when expanded.
i Do) o gl L pen _ ta
Therefore, when we multiply ¢~ <" "g;(t*r, -+ ) by [],cp (1 — %)
and expand the terms, each summand in the equation has the exponent that

belongs to A; for some 7. If it belongs to A;, then it has the sign (—1)°.
Suppose that a fixed point p has the index 2k, where k is even and 0 <

k < 2i. In the last equation, such a point contributes a summand whose
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exponent is the sum of ¢ elements. By the assumption, such a term cannot
be cancelled out. Hence there are no fixed points of index 0,4, --- 41, i.e.
NO = N*=... = N¥ = 0 and thus N** = N?n=* = ... = N2n=4 — ( by
Theorem 2.0.15. In particular, y'*'(M) = (—1)""' Nt = 0.

Next, we consider x*™(M) = 0. Using the same argument, one can show
that there are no fixed points of index 2k where k is odd and 0 < k <1+ 2.
And then we consider x*™2(M) = 0 to conclude that there are no fixed points
of index 2k where k is even and 0 < k£ < i+ 3. We continue this to conclude

that there are no fixed points of any index, which is a contradiction.

n

2
in the first case, by considering x*(M) = 0, one can show that there are no

Second, suppose that ¢ < 2 and ¢ is even. Using the same argument as
fixed points of index 2k, where k is even and 0 < k < 2i. Next, consider
X' T?(M) = 0 and conclude that there are no fixed points of index 2k where k
even and k < i+4. And then we consider x*™ (M) = 0 to conclude that there
are no fixed points of index 2k where k is even and k < i+ 6. We continue
this until " /(M) if n is even and x"~*"}(M) if n is odd, to conclude that
there are no fixed points of index that is a multiple of 4, which contradicts
Lemma 3.0.28 below that there must be fixed points whose indices differ by
2.

Third, suppose that n is odd, i > %, and 7 is odd. Considering x*(M) = 0,
it follows that there are no fixed points of index 2k such that k is even and
0 <k <2(n—1). By Theorem 2.0.15, since N7 = N™"7J for all j, there are no
fixed points of index 2k, where k is odd and n — (2n —2i) =2i —n < k < n.
In particular, there are no fixed points of index ¢ — 2. Next, considering
X72(M) = 0, we have that there are no fixed points of index 2k, where k is
even and k < 2n — 2i + 2. By the symmetry that N/ = N"7J for all j, there
are no fixed points of index 2k such that k is odd and 2t —n — 2 < k < n.
We continue this to have that there are no fixed points of any index, which
is a contradiction.

As a slight variation of the arguments above, the other cases, (4) n is odd,

n

> 2 o

2
@ > 2, and 7 is even, are proved.  [J

and 7 is even, (5) n is even, ¢ > 2, and i is odd, and (6) n is even,

Corollary 3.0.22. [T'WW], [L] A semi-free, symplectic circle action on a

closed symplectic manifold M with isolated fized points is Hamiltonian if

15



and only if it has a fixed point.

Proof. All the weights are either 1 or —1. Therefore, A; = {i} for each i and

so the corollary follows. [J

We show that, in certain cases, we can only look at the sum of three

weights. The first instance is the following (Theorem 1.0.2):

Theorem 3.0.23. Consider a symplectic circle action on a 2n-dimensional
closed symplectic manifold M with non-empty fized points, whose weights
are {tay, *as, -+ ,+a,} for some positive integers a;, where 1 < i < n.
Assume that n <5 and *a; £ a;+a, # 0 for alli < j < k. Then the action

1s Hamaltonian.

Proof. Assume, on the contrary, that the action in not Hamiltonian. By
Theorem 2.0.15, (M) = x"(M) = 0 and there are no fixed points of index
0 and 2n. Denote by A = {ay,aq,--- ,a,} and A; = {aj, + aj, +--- +
a’ji}ajl<aj2<'“<aji the collection of sums of 7 elements of A, where 1 < i < n.
Then the problem is equivalent to showing that if A; N Ay = (), the action
is Hamiltonian. We consider A; N A; for all ¢,7 such that ¢ # j mod 2,
1<i<n—-1,1<7<n.

First, assume that n < 3. Then A; N A, is the only intersection that we
consider, so the result follows from Theorem 3.0.21.

Second, assume that n = 4. Then A; N Ay and Ay N A3 are the only ones
that we consider. However, A; N Ay = () if and only if AyN Az = (). Therefore
the result follows from Theorem 3.0.21.

Finally, assume that n = 5. The only possible non-empty intersections
that we consider are Ay N Ay # 0, Ay N Az # (), and A3 N Ay # (). However,
Ao N Az # () if and only if A3 N Ay # (). Therefore, we can only consider
the case A; N Ay # () and the case Ay N A3z # (). By the assumption that
Ay N Ay = 0, if one is satisfied, the other fails to be satisfied.

We consider x°(M). By Theorem 2.0.15,

Ap j<0t_£g;
Y ol 3yt

e MS! Hj(l o t%) peMS! Hj(l - t|§fa|)

Multiplying by (1 —¢*)--- (1 —t%) on the equation above, we have

X' (M)

p
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0= Y (_1)%2{%@(7&;).
peMs!

Assume first that A; N Ay # 0. Without loss of generality, let a5 =
ai + as + ag + a4. Suppose that there is a fixed point whose weights are
{—a1,as,a3,a4,as5}. In the last expression, such a point has a summand
—t*. This term can only be cancelled by another term whose exponent is
the sum of even elements. However, a5 = a1 +as+as+ay is the only equation
among weights. Therefore, there cannot be a fixed point whose weights are
{—a1,as,as,as,as}. Similarly, one can show that we may only have fixed
points whose weights are {a1, as, as, as, —as} and {—ay, —as, —as, —ay, as}.
Therefore, we only have fixed points of index 2 and 8, which contradicts
Corollary 3.0.28 below.

Next, suppose that A,NAs # (). Without loss of generality, let a;+as+as =
a4 + as. By using an argument similar to the case above, one can show that
we may only have fixed points whose weights are {a1, as, a3, —a4, —as} and
{—a1, —as, —as, a4, as}. Suppose that there are k fixed points whose weights
are {ay, as,az, —ays, —as}. By Theorem 2.0.15, k = x*(M) = —x3(M) and
there are k fixed points of weights {—a1, —aq, —as, a4, as}. Moreover,

[ A A o A S A
(1 —te)(1 —to2)(1 — o) (1 —t7)(1 —t79%)

R R N

=o)L — o)1 =t %)(1— ) (1 — %)
$oakas (401 4 g02 4 403 | p0a 4 0s)
(L= ) (1 — %) (1 — £99)(1 — ) (1 — %)

grtaatas ($man gm0 4o gmas | f0e | §95)

(1 —to)(1 = to2) (1 — to) (1 — toa) (1 — to)°
Multiplying the equation above by (1 —t*)(1 —¢t®2)--- (1 —t%), we have

0="(M)=k

+k

—k

0 = kt™Fo (% 4192 419 4479 - 17%)
— R aatas (§Tan Az o mas g 4 445)

— k(ta1+a4+a5 + ta2+a4+a5 + ta3+a4+¢15 + ta5 + ta4)
—k(ta2+a3 + ta1+a3 + ta1+a2 + tal+a2+03+a4 + ta1+a2+a3+a5)'

By the assumption it follows that the term kt** cannot be cancalled out,

which is a contradiction. O

17



Another case where the condition that the sum of any three weights is
never equal to zero guarantees that a symplectic action is Hamiltonian, is
when the dimension of the manifold is six (Theorem 1.0.3). In fact, we prove

a stronger result:

Theorem 3.0.24. Consider a symplectic circle action on a six-dimensional
closed symplectic manifold with non-empty isolated fixed points. Suppose that
each negative weight at the fixed point of index 2 is never equal to the sum of

negative weights at the fixed point of index 4. Then the action is Hamiltonian.

Proof. Assume, on the contrary, that the action is not Hamiltonian. By
Theorem 2.0.15, x°(M) = x*(M) = 0 and there are no fixed points of index
0 and 6. Moreover, the number of fixed points of index 2 and that of 4
are equal. Suppose that there are k fixed points of index 2, and let p;,q;
be the fixed points of index 2,4, respectively, for 1 < ¢ < k. Let X, =
{=b,,, 0200}, 8 = {—c;,—c2,c2.} be the weights at p;,q;, respectively,

pi’ TP’ i’ " qi
y y . . . . 9 ) .
where b) , ¢} are positive integers. By permuting p;’s and ¢;’s if neccesary,
1 1 1 1 1 1 1
we may assume that bp1 < bp2 < < bpk and Co T € S gy + gy < <

¢y, + ¢ . By Theorem 2.0.15,

X" (M)

-3 : =S :
(L)1 = R (1= %) S (L= ) (1= ) (1~ t%)
tbzln tcéi +C§i

:{;u—%meﬁmr%%£Zu-%m_%mfﬁ»

%

Denote by A = {aj,as,---,a;} the collection of all the absolute values
of the weights over all the fixed points counted with multiplicity, where for
each positive integer a the multiplicity of a in A is precisely max /o1 [{ila =
’w;‘H Let Bi =4 \ {bll?i’b;?h"b?)i} - {dllh" o ’dé:?)}’ Ci =4 \ {C;i’cgﬁcgi -

{@;ia e ,efh’?’} be the elements in A minus the absolute values of weights at
Pi,qi, respectively.

Multiplying the equation above by [],. (1 — t*), we have

acA
0= =30 1% Tlaep, (1= 1%) 4 S 470 T, (1 = 19)
= i a€B; i _ acC}
_ bl bl +dd, bl +dil +dl2 el +e2
= (= Xt b S e D R g (e
1 .2 4.0 1 4.2 4 Jd1, J2
Zi i $6a; ¢4, e + ZZ < $Ca; T eq; Tea; L. }
In the equation, each summand in the exponent of any term is an ele-

ment of A. a term has the coefficient -1 if its exponent is the sum of odd
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elements in A and 1 if its exponent is the sum of even elements in A. Con-
sider —t%1. Since b}m < b]l)i for 4 > 2, this term cannot be cancelled out by
any summand in — ) thei > i thp i D i ji<in et T Therefore, it

. 1.2 1.2 47
must be cancelled out by another summand in 7, %" a — 37, - ¢ Featea 4

1 2 4 J14 J2 . .
> i <ia teatcuteateq ... for some i, whose exponent is the sum of even
elements in A, where at least two elements of them are c;i, cgi. By the assump-

tion, the exponent of such a summand cannot be c;i—i-ci,. Hence, the exponent
of the term must be the sum of at least four elements, say b, = c; +c2 + .
Next, consider #¢ % . We have that céi + cgi < c;_ + cgi +a= bzln. Since
1 1 1 1 1 1
Cq1+cq1SCQ2+CQ2§'“§C%+C%’ ]
: 8 e, 4, Fca, ey
out by any term in Y7, % — 37 g% TwTu £ 57,
On the other hand, ¢}, + ¢ < b, . Therefore, it cannot also be cancelled
: bl bl i,
out by any term in — ), t"» + Zi,jt pi TP — N

contradiction. [

the term %1 cannot be cancelled

1 2 J1 . J2
th¢+cqi+eqi teq;

1 J1 ., 392 . .
51 <o ot it e which is a

As a corollary, we recover the result by L. Godinho:

Corollary 3.0.25. [(/] Let the circle act symplectically on a siz-dimensional
closed symplectic manifold. Suppose that fized points are isolated and their
weights are {+£a, £b, £c}, where 0 < a < b < c and a+ b # c. If there is a

fixed point, then the action is Hamiltonian.

Proof. This follows from Theorem 3.0.20, Theorem 3.0.21, Theorem 3.0.23,
or Theorem 3.0.24. [

For a certain type of weights, we show that there is a restriction. To show

the restriction, we introduce a terminology.

Definition 3.0.26. Consider a circle action on a closed almost complex
manifold. Suppose that the action preserves the almost complex structures
and the fized points are isolated. Denote by A = {ay,as, -+ ,a;} the collection
of all the absolute values of weights among all the fized points counted with
multiplicity, and A; = {aj, +aj,+- - -+aji}ajl<aj2<...<a].i the collection of sums
of i elements of A, for 1 <1i <. A positive weight w is called primitive,
if wé A; fori > 2, i.e. w is never equal to the sum of the absolute values
of weights among all the fixed points, counted with multiplicity, other than w
itself.
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Note that the smallest positive weight is primitive. In [[{a], C. Kosniowski
derives a certain formula for a holomorphic vector field on a complex manifold
with only simple isolated zeros. We follow the idea of C. Kosniowski to find a
restriction for a primitive weight of a circle action on a closed almost complex
manifold with isolated fixed points. For the smallest positive weight, the
Lemma is already given in [?] and the proof is almost identical, but we give

a proof in details.

Lemma 3.0.27. Consider a circle action on a 2n-dimensional closed al-
most complex manifold. Suppose that the action preserves the almost complex
structure and the fixed points are isolated. For each primitive weight w, the
number of times the weight —w occurs at fived points of index 21 is equal to

the number of times the weight w occurs at fized points of index 2t — 2, for
all 1.

Proof. We first show that
D M)+ Ny(-wl = 3 Now)+ > Nyl
Ap=2i Ap=2i—2 Ap=2i+2
where N,(w) is the number of times the weight w occurs at p. The basic

idea is to manipulate y*(M) and compare the coefficients of t*-terms. By
Theorem 2.0.15,

Z tép .. tf{})
Hm 1 1_t§p)

Ap[l_[p;<()t & ]O'i(tgp’... ,tfg)
— Z (_1) 2 3 HZ:l(l_t‘gw) (**)

peMS*

Denote by J, = [H t*%n]gi(tﬁé, . ,tﬁﬁ) and K, = H(l _ tl&;’LI)‘
§r<0 m=1

If \, = 24, then J, = 1+ f,(t), where f,(¢) is a polynomial that does not
have a constant term and ¢*-term.

If A\, = 2i£2, then J, = N,(Fw)t” + f,(t), where f,(t) is a polynomial
that does not have a constant term and ¢*-term.

If A\, # 2i,2i + 2, then J, = f,(t), where f,(t) is a polynomial that does
not have a constant term and ¢"“-term.

Multiplying (%) by H K, yields

peMs!
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X (M) =32, (Ny(=w) + Np(w))t*] + g1 (t) =
{(-=1)! Z,\pzzi—z Ny(w)+(=1)"* Z,\p=2i+2 Np(—w)+(=1)" Z,\pzm(Np(w)"‘
Np(=w)) = X' (M) 32, (Np(w) + Np(=w)) }* + 355 _(=1)" + g2(1),
where g;(t) are polynomials without constant terms and ¢“-terms. Compar-
ing the coefficients of t“-terms, the claim follows.
Applying (x) for i = 0, we have
D Now) =3 N
Ap=0 Ap=2

Next, applying (*) for i« = 1, we have

Z [Np(—w) + Ny(w)] = Z Ny(w) + Z Ny(—w).

Ap=2 Ap=0 Ap=4
Since Z N Z N , it follows that
Ap=0 Ap=2
D No(w) =3 Ny
Ap=2 Ap=4

Continuing this, the Lemma follows. [

As an application, there must be at least two fixed points whose indices are
nearby. This is shown for a holomorphic vector field on a compact complex

manifold with only simple isolated zeroes by C. Kosniowski [Ka].

Corollary 3.0.28. Consider a circle action on a closed almost complex man-
ifold. Suppose that the action preserves the almost complex structure and the
fixed points are non-empty and isolated. Then there exist two fized points

whose indices differ by 2.

Proof. Apply Lemma 3.0.27 to the smallest positive weight. [J
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Chapter 4

The Case of Three Fixed Points

4.1 Preliminaries

In the introduction, we mentioned the following:

Theorem 4.1.1. Let the circle act symplectically on a compact, connected
symplectic manifold M. If there are exactly three fixed points, M is equivari-
antly symplectomorphic to CP?.

Proof. By quotienting out by the subgroup which acts trivially, without loss
of generality we may assume that the action is effective. Then this is an im-
mediate consequence of Proposition 4.2.3, Proposition 4.3.1, and Proposition
4.4.1 below. [

We now give a brief overview of the proof. The proof is based on induction
on the dimension of M. The main idea of the proof is to get restrictions on
the weights at the three fixed points and show that if dim M > 4, the weights
cannot satisfy all the restrictions.

One of the key facts is that, as mentioned in Remark 2.0.17, for any non-
zero integer [ such that | € Z\ {—1,0,1}, the subgroup Z; C S! also acts
on M. Moreover, the set of points M% fixed by the Z;-action is a union of
symplectic submanifolds, and the isotropy weights in M% are multiples of .

Two important isotropy weights are the largest weight and two. First, let
d be the biggest weight among all the weights that occurs at the three fixed
points. We show that M?% is a union of a 2-sphere and a point. Moreover,
we show that this gives significant restrictions on other weights. Second,
we show that M% is CP?, provided that dim M > 4. This implies that
for manifolds of dimension greater than four, exactly two weights at each

fixed point are even. If the largest weight d is even, it is itself one of the
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weights in the isotropy submanifold fixed by the Zs-action. Because of this,
we divide the theorem into two cases, depending on if the largest weight is
odd or even. The former case is much easier and requires less work. Finally,
if dim M > 4, the fact that there are exactly three fixed points implies that
the sum of the weights at any fixed point is zero. When combined with the
restrictions described above, this determines the number of negative weights
at each fixed point.

Finally, the ABBV localization formula describes the push-forward map
from the equivariant cohomology of M to the equivariant cohomology of a
point in terms of a formula in the weights at the fixed points [AB], see Theo-
rem 2.0.9. Since the push-forward of 1 is 0, this gives additional restrictions
on the weights, we use these to complete the proof.

The classification of the case of three fixed points is organized in the fol-
lowing way. In section 4.1, we prove preliminary lemmas. In section 4.2, we
prove the base case, that is, when dim M < 8. In section 4.3, we consider the
case where the largest weight is odd. Section 4.4 and 4.5 are preliminaries for
section 4.6, in which we consider the case where the largest weight is even.

As mentioned in the overview of the proof above, one of the main ideas
to prove the theorem is to look at the biggest weight among all the weights
of fixed points. Consider a symplectic circle action on a 2n-dimensional
compact, connected symplectic manifold M with exactly three fixed points.
The key fact is that the largest weight occurs only once. From this it follows
that if without loss of generality we assume that A, < A\, < A, where p, g,
and 7 are the three fixed points, then A\, =n — 2, \; =n, and A\, =n + 2.

Definition 4.1.2. A weight d is the largest weight if it is the biggest
weight such that ) st Ny(d) > 0.

Proposition 4.1.3. Let the circle act symplectically on a compact, connected
symplectic manifold M and suppose that there are exactly three fixed points.
Let d be the largest weight. Then the isotropy submanifold M?%d contains
exactly two components that have fized points: one isolated fixed point and

one two-sphere that contains two fized points.

Proof. Consider the isotropy submanifold M?%¢. By Theorem 2.0.13, the only

possible cases are:

1. The isotropy submanifold M%¢ contains a 2-sphere with two fixed points.

The third fixed point is another component of M?%4,
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2. The isotropy submanifold M? contains a 6-dimensional component

with two fixed points. The third fixed point is another component of
M?%a,

3. The isotropy submanifold M?%¢ contains a component with the three

fixed points.

The subset inclusions may not be equalities since M%¢ may contain other
components with no fixed points.

Suppose that the second case holds. By Theorem 2.0.13, the weights in the
isotropy submanifold M%¢ at two fixed points that lie in the 6-dimensional
component are {a,b, —a—b} and {—a, —b, a+ b} for some natural numbers a
and b. Moreover, a, b, and a + b are multiples of d, which is impossible since
d is the largest weight.

Suppose that the third case holds. Let Z be the component. Let dim Z =
2m. Since all the weights in the isotropy submanifold M%¢ are either d or
—d, by Theorem 2.0.9,

O:/lz 1 + ! + ! ::ELZFL:EL#O
z | ESEC R ) K= A ) K dm —dm o dm ’
which is a contradiction.

Hence the first case is the case and the weights in the isotropy submanifold
M?4 at the two fixed points in the 2-sphere are {—d} and {d}. O

Considering S* as a subset of C, denote a S'-action on a manifold M by g-p
for g € S',p € M. For technical reasons, throughout the paper we sometimes

reverse the S'-action. By reversing the action, we mean a S'-action on M

by g=* - p.

Lemma 4.1.4. Let the circle act symplectically on a 2n-dimensional com-
pact, connected symplectic manifold M and suppose that there are exactly
three fized points. Then we can label the fized points p,q, and r so that
Ap =n—2,0 =n, and N\, = n+ 2. Moreover, if dim M # 4, then after
possibly reversing the circle action, we may assume that —d € X, and d € X,

where d s the largest weight.

Proof. Let p, q, and r be the fixed points. Without loss of generality, assume
that A\, < A\, < A.. By Corollary 2.0.11, n is even. Also, since the number
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of fixed points is odd, A\, = n by Lemma 2.0.10. Moreover, since M is
connected, dim M # 0.

First, assume that dim M = 4. Then by Lemma 2.0.10, either A\, = A\, =
Ar=2,0r A\, =0,\; =2, and A\, = 4. Suppose that \, = \; = A\, = 2. Then
by Theorem 2.0.9,

1 1 1
e T e
which is a contradiction. Hence A\, = 0, \; = 2, and A, = 4.

Next, assume that dim M > 8. By Lemma 4.1.3, we can label the fixed
points «, , and v such that « and f lie in the same 2-dimensional connected
component of M% such that —d € %,, d € 33, and N, (d) = N,(—d) = 0.
By reversing the circle action if necessary, we may assume that either A\, < A,
or A\g < Ay. Moreover, by Corollary 2.0.14, the first Chern class map is iden-
tically zero. By Lemma 4.1.5 below, A\, + 2 = Ag. Together with Lemma
2.0.10, the above statements imply that A\, = n —2, A\, = n, A\, = n + 2,
—de X, andde, O

To prove Lemma 4.1.4, we need the following technical Lemma.

Lemma 4.1.5. Let the circle act on a 2n-dimensional compact symplectic
manifold (M,w). Let v and w be fized points in the same 2-dimensional
component Z of M%, where d is the largest weight. Also suppose that —d €
Yo, d e Xy, and cy(M)|, = c1(M)|w. Then Ay +2 = Ay,

Proof. By Lemma 2.0.19, ¥, = %, mod d. Let £,1 < i <mn, and & ,1 <
i < n, be the weights at v and w, respectively, where & ¢ € Z\ {0}. By
permuting if necessary, we can assume that & = £ mod d, for all i < n,
" = —d, and £" = d. By Lemma 2.0.12, d > |¢!| and d > |£|, for i < n.
Then for all i < n, the following holds:

1L If & > 0and & > 0, orif & < 0 and &, < 0, then & = & mod d
implies & — &, = 0.
2. If & > 0and &, <0, then & =& mod d implies & — &, = d.

3. If & < 0and & >0, then & = ¢, mod d implies & — & = —d.

Ay
2

negative weights in 3,,. Hence,

Moreover, there are 2= — 1 negative weights in X, excluding —d and ’\71”
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0=cr(M)ly—er(M)ly =&+ + &7 —d) = (§ + -+ &7 +d)
:<55—§a>+-~-+<§:}-1—fﬁl)—zd:d(%"—ﬁﬂ) 2

2
Mo Ao

—d( 2 -2 ),
(55

Therefore, \, +2 = X\,. 0O

Remark 4.1.6. We can generalize Lemma /.1.5 in the following way: let
the circle act on a 2n-dimensional compact symplectic manifold (M, w). Let
v and w be fized points in the same component Z of MZ%e, where d is the

largest weight. Then

M) = M) +0(2) = n(2) = = (a0, - D) )

The proof goes similarly to that of Lemma 4.1.5; by Lemma 2.0.19, their
weights are equal modulo d. Then as a bijection between ., and >, modulo
d, £d at v is paired with £d at w. Consider other weights; a positive weight
& at v is either paired with & or & — d at w, etc. Finally, we consider the
difference of the first Chern class at v and w together with indices at v and

w.

Finally, when the largest weight is odd, we need the following closely re-

lated technical lemma.

Lemma 4.1.7. Let the circle act on a 2n-dimensional compact symplectic
manifold (M,w). Suppose that fized points v and w satisfy the conditions in
Lemma /4.1.5. Let d be the largest weight and assume that d is odd. Suppose
that ¥, and ¥, have Ef and E} positive even weights and E; and E,
negative even weights, respectively. Then Ef — E- — Ef + B = 2.

Proof. By Lemma 2.0.19, 3, = ¥,, mod d. Define ¢ and £’ as in Lemma
4.1.5 and recall that the following hold:

(a) If & >0 and &, > 0, or if £ < 0 and &, < 0, then & — &, = 0.
(b) It & >0 and &, <0, then & — & = d.

(c) It & < 0and & > 0, then & — & = —d.
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Let e be a positive even weight at v, e; a negative even weight at v, o
a positive odd weight at v, and o, a negative odd weight at v, and similarly

for w. Then since the largest weight d is odd, we have the following:

1. ¢ = ef mod d implies that ef = ef. Hence in ¢;(M)|, — c1(M)|w,

this pair contributes 0. Suppose that there are k; such pairs.

2. e = o0, mod dimplies that e} —o,, = d. Hence in ¢;(M)|, —c1(M)|w,

this pair contributes d. There are E}f — kj such pairs.

3. e, = e, mod d implies that e, = e_. Hence in ¢;(M)|, — c1(M)]w,

v w

this pair contributes as 0. Suppose that there are ko such pairs.

4. e; = of mod d implies that e, — of = —d. Hence in ¢;(M)|, —

¢1 (M), this pair contributes —d. There are E — ko such pairs.

5. of = of mod d implies that o} = of. Hence in ¢;(M)|, — c1(M)|,

this pair contributes 0. Suppose that there are k3 such pairs.

6. o) = e, mod dimplies that o] —e;, = d. Hence in ¢;(M)|, — c1(M)|,

this pair contributes d. There are £, — ko such pairs.

7. 0o, = e} mod d implies that o, — ef, = —d. Hence in ¢;(M)|, —

¢1(M)|.p, this pair contributes —d. There are E — ky such pairs.

8. 0, = o, mod d implies that o, = o_,. Hence in ¢;(M)|, — ¢1(M)|w,

v

this pair contributes 0. Suppose that there are k; such pairs.

Then

0= ci(M)]y — er(M)]
=d(E} — ki) — d(E; — ko) + d(E, — k) — d(E; — k1) — 2d

(2

—d(Ef —E; —Ef + E; —2).

v

i

Remark 4.1.8. We can also generalize Lemma 4.1.7 in the following way:
Let the circle act on a 2n-dimensional compact symplectic manifold (M,w).
Let v and w be fized points in the same component Z of M%, where d is the

largest weight. Assume that the largest weight d is odd. Then
dES — E; — B+ E,) = a(M)ly —a(M)lw = a(2) + a(Z)]w.

The proof goes similarly to that of Lemma /.1.7.
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4.2 Base Case

The proof of Theorem 4.1.1 is based on induction. The key fact to prove
Theorem 4.1.1 is that an isotropy submanifold of a symplectic manifold is
itself a smaller symplectic manifold.

To prove the base case, we need several theorems:

Proposition 4.2.1. [MD] An effective symplectic circle action on a four
dimensional compact, connected symplectic manifold is Hamiltonian if and

only if the fized point set is non-empty.

Let the circle act symplectically on a 4-dimensional compact, connected
symplectic manifold M with isolated fixed points. Assume that the action
is effective. Then we can associate a graph to M in the following way: we
assign a vertex to each fixed point. Label each fixed point by its moment
image. Additionally, given two fixed points p and ¢, we say that (p,q) is
an edge if there exists £ > 1 such that p and ¢ are contained in the same
component of the isotropy submanifold M?%*, where k is the largest such.
We label the edge by k. We say that two graphs II and Il are isomorphic,
if there are one-to-one correspondence between vertices in IT and vertices in
I, and one-to-one correspondence between edges in II and edges in II’ such
that if o : Il — II’ is such a map and if (p,q) is a k-edge, then o((p,q)) is
a k-edge.

Theorem 4.2.2. (Uniqueness Theorem) [Ka] Let (M,w, 1) and (M',w', IT")
be two compact four dimensional Hamiltonian S spaces. Then any iso-
morphism between their corresponding graphs is induced by an equivariant

symplectomorphism.
We now prove the base case.

Proposition 4.2.3. Let the circle act symplectically on a compact, connected
symplectic manifold M and suppose that there are exactly three fixed points.
If dim M < 8, then M is equivariantly symplectomorphic to CP?.

Proof. Suppose that dim M < 8. By quotienting out by the subgroup which
acts trivially, we may assume that the action is effective. Since the manifold
M is connected, dim M # 0. Hence by Corollary 2.0.11, dim M = 4. Let
P, q, and r denote the three fixed points and without loss of generality assume
that A\, < A; < A,. Then by Lemma 4.1.5, A, = 0,\; = 2, and A\, = 4.
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By a standard action on CP? we mean that for each g € S C C, g acts
on CP? by

a+b

G- lz0 210 20) = [9°20 : g%21 ¢ 29]

for some positive integers a and b. This action has three fixed points [1 : 0 : 0],
[0:1:0],and [0:0: 1]. And the weights at these points are {—a — b, —b},
{—a,b}, and {a,a + b}.

Since dim M = 4, by Proposition 4.2.1, the action is Hamiltonian. Fur-

thermore, by Lemma 2.0.12, there exist positive integers a, b, and ¢ such that
the weights are ¥, = {a,c}, ¥, = {—a, b}, and ¥, = {—b, —c}. By Theorem

2.0.9,
1 1 1 b—
02/1:___+_:ﬂ.
M ac ab  bc abc

Thus ¢ = a+b. It is straightforward to check that the corresponding graph is
isomorphic to a graph corresponding to some standard action on CP? where

a+bz

the action is given by ¢ - [20 : 21 : 29] = [¢%T20 : ¢°21 : 22], and hence this

induces an equivariant symplectomorphism on manifolds by Theorem 4.2.2.
O

Hence from now on we assume that dim M > 8. Then note that, by

Corollary 2.0.14, the Chern class map is identically zero.

Lemma 4.2.4. Fiz a natural number n such that n > 4. Assume that
Theorem /.1.1 holds for all manifolds M such that dim M < 2n. Let the
circle act symplectically on a 2n-dimensional compact, connected symplectic
manifold M and suppose that there are exactly three fixed points. Assume
that the action s effective. Then there exist even positive integers a and b
such that the weights at the three fized points in the isotropy submanifold M%2
are {a,c},{—a,b}, and {—b, —c}, where ¢ = a + .

Proof. Since the action is effective, the isotropy submanifold Z, is a smaller
manifold, i.e., for any component Z of M%2, we have that dim Z < dim M.
Then by the inductive hypothesis and Theorem 2.0.13, there are only four

possible cases:

1. Each fixed point is a component of the isotropy submanifold M?2.
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2. The isotropy submanifold M%2 contains a 2-sphere with two fixed points.

The third fixed point is another component of M?2.

3. The isotropy submanifold M?2 contains a 4-dimensional component
with the three fixed points.

4. The isotropy submanifold M?%2 contains a 6-dimensional component
with two fixed points. The third fixed point is another component of
M?%2,

Assume that the first case holds. Let p,q, and r be the fixed points. The
first case means that all the weights at p, ¢, and r are odd. Let A, B, and C
be the products of the weights at p, ¢, and r, respectively. Then by Theorem

2.0.9,
R R
/1‘ 2 /FeSINF) HS’ et et

FcMmst

Hence

Multiplying both sides by ABC' yields
BC+ AC+ AB = 0.
However, since A, B, and C' are odd,
BC+ AC+AB =1 mod 2,

which is a contradiction.

Assume that the second case holds. Then the two fixed points in the 2-
sphere have one even weight and n — 1 odd weights. By Corollary 2.0.11, n
is even. Then sums of the weights at these points are congruent to 1 mod 2,
which contradicts Corollary 2.0.14 that the first Chern class map (the sum
of the weights at a fixed point) is zero for all fixed points if dim M > 8 and
there are exactly three fixed points.

Assume that the fourth case holds. Then the two fixed points in the 2-
sphere have three even weights and n — 3 odd weights. By Corollary 2.0.11,

n is even. Again, the sums of weights at these points are congruent to 1
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mod 2, which contradicts that the first Chern class map is zero for all fixed
points by Corollary 2.0.14.

Hence the third case is the case. Thus as in the proof of Proposition 4.2.3,
there are even natural numbers a and b such that the fixed points of the
isotropy submanifold M?% have weights {a+b, a}, {—a, b}, and {—b, —a —b}.
O

Lemma 4.2.5. Fiz a natural number n. Assume that Theorem 4.1.1 holds
for all manifolds M such that dim M < 2n. Let the circle act symplectically
on a 2n-dimensional compact, connected symplectic manifold M and suppose
that there are exactly three fixed points. Assume that the action is effective.

Given an integer e € Z \ {—1,0, 1}, exactly one of the following holds:
1. Each fized point is a component of the isotropy submanifold M%e.

2. The isotropy submanifold M%< contains a 2-sphere with two fived points,
and the weights in the 2-sphere at these points are {a} and {—a} for
some natural number a that is a multiple of e. The third fized point is

another component of M%e.

3. The isotropy submanifold M%< contains a 4-dimensional component
with the three fixed points, and the weights in the isotropy submani-
fold at these points are {a + b,a}, {—a,b}, and {—b,—a — b} for some

natural numbers a and b that are multiples of e.

4. The isotropy submanifold M%< contains a 6-dimensional component
with two fixed points, and the weights in the isotropy submanifold at
these points are {a,b,—a — b} and {a + b,—a, —b} for some natural
numbers a and b that are multiples of e. The third fixed point is an-

other component of M%e.

Proof. Fix an integer e € Z \ {—1,0,1}. Since the action on M is effective,
for any component Z of the isotropy submanifold M%<, we have that dim Z <
dim M.

By ABBV Localization (Theorem 2.0.9), if any component of the isotropy
submanifold M%c only contains one fixed point, then the fixed point itself is

the component.
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If every fixed point is itself a component of the isotropy submanifold M%,
this is the first case of the Lemma.

Suppose instead that there exists a component Z of the isotropy subman-
ifold M? that contains exactly two fixed points. Then by Theorem 2.0.13,

either

(a) The component is 2-sphere and the weights in the isotropy submanifold
M?Ze at these points are {a} and {—a} for some natural number a that
is a multiple of e. By the previous argument, the third fixed point is

another component of M?%¢. This is the second case of the Lemma.

(b) The component is 6-dimensional and the weights in the isotropy subman-
ifold MZ% at these points are {a,b, —a — b} and {a + b, —a, —b} for some
natural numbers a and b that are multiples of e. The third fixed point

is another component of M%. This is the fourth case of the Lemma.

Finally, suppose that a component of the isotropy submanifold M?%e con-
tains the three fixed points. Then by the inductive hypothesis, the component
is 4-dimensional and the weights in the isotropy submanifold are {a + b, a},
{—a,b}, and {—b, —a — b} for some natural numbers a and b that are multi-
ples of e. This is the third case of the Lemma. [

As particular cases of Lemma 4.2.5, we need the following Lemma.

Lemma 4.2.6. Fiz a natural number n. Assume that Theorem 4.1.1 holds
for all manifolds M such that dim M < 2n. Let the circle act symplectically
on a 2n-dimensional compact, connected symplectic manifold M and suppose
that there are exactly three fized points. Assume that the action is effective.
Fixz an integer e € Z \ {—1,0,1}.

1. Suppose that there exist distinct fived points o and 8 such that N,(e) >
0 and Ng(—e) > 0 such that |e| > & where d is the largest weight. Then
Ny(e) =1, Ng(—e) =1, ¥, =X mod e, and no additional multiples

of e appear as weights.

2. If there exist two distinct fized points o and 5 such that N,(e) > 0 and
Ng(e) > 0, then after possibly switching o and 3,

{2e,e} C X, {—e,e} C X, and {—2e,—e} C X,
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where v is the remaining fixed point. Moreover, no additional multiples

of e appear as weights.

3. If there exists a fized point o such that N, (e) > 1, {—2e,e,e} C 3, and
{2e, —e, —e} C Xp for some fized point B # «. Moreover, no additional

multiples of e appear as weights.

4. Suppose that there exists a fized point B such that Ng(e) > 0 and
Ng(—e) > 0. Then

{2e,e} C X, {—e,e} C Xp, and {—2e, —e} C X,

where a and v are the remaining two fixed points. Moreover, no addi-

tional multiples of e appear as weights.

Proof. Fix an integer e € Z\{—1,0, 1} and consider the isotropy submanifold
M?Ze,

1. By looking at the weights in the isotropy submanifold M%<, the second,
the third, and the fourth cases of Lemma 4.2.5 are possible. In the third
case or the fourth case, a > |e| and b > |e| hence a + b > 2|e| > d,
which is a contradiction. Hence this must be the second case of Lemma
4.2.5 with a = |e|. Moreover, a and 3 lie in the same 2-sphere of MZe.
Hence by Lemma 2.0.19, ¥, = Y3 mod e.

2. By looking at the weights in the isotropy submanifold MZ¢, this must

be the third case of Lemma 4.2.5 with a = b = |e|.

3. By looking at the weights in the isotropy submanifold M?%e, this must

be the fourth case of Lemma 4.2.5 with a = b = |e|.

4. By looking at the weights in the isotropy submanifold M%<, this must
be the third case of Lemma 4.2.5 with a = b = |e.
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4.3 The case where the largest weight is odd

Let the circle act symplectically on a compact, connected symplectic manifold
M with exactly three fixed points. In this section, we show that if dim M > §,
the largest weight cannot be odd.

Proposition 4.3.1. Fiz a natural number n such that n > 4. Assume that
Theorem 4.1.1 holds for all manifolds M such that dim M < 2n. Let the
circle act symplectically on a 2n-dimensional compact, connected symplectic
manifold M and suppose that there are exactly three fixed points. Assume

that the action is effective. Then the largest weight is even.

Proof. Assume on the contrary that the largest weight is odd. Then this is
an immediate consequence of Lemma 4.3.2, Lemma 4.3.6, and Lemma 4.3.7
below. [

Lemma 4.3.2. Fiz a natural number n such that n > 4. Assume that
Theorem /.1.1 holds for all manifolds M such that dim M < 2n. Let the
circle act symplectically on a 2n-dimensional compact, connected symplectic
manifold M and suppose that there are exactly three fized points p,q, and r,
with Ay, < Ay < \,. Assume that the action is effective and the largest weight
d is odd. Then after possibly reversing the circle action we may assume that
—d € X, and d € Xy, and there exist even natural numbers a and b such that

either

1. {a,c} C E,,{—a,b} C X, and {—b,—c} C X,; or

2. {—a,b} C X,,{-b,—c} CX,, and {a,c} C %,
where ¢ = a +b. Moreover, these are the only even weights.
Proof. By Lemma 4.1.3, N,(d) + N,(d) + N,(d) = 1 and N,(—d) + N,(—d) +
N,(—d) =1. By Lemma 4.1.4, \, = n—2,\, = n, and A\, = n+2. Moreover,
after possibly reversing the circle action, we may assume that —d € ¥, and
del,.

By Lemma 4.2.4, there exist even natural numbers a and b such that
the weights at the three fixed points in the isotropy submanifold M?2 are
{a,c},{—a,b}, and {—b, —c}, where ¢ = a + b. In the Lemma, the order is

not specified. We have six possible cases. Other four cases are:
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a. {a,c} € ¥,,{-b,—c} C ¥,, and {—a,b} C %,.
b. {—a,b} C X, {a,c} CX,, and {—b, —c} C 3,.
c. {=b,—c}C 3, {—a,b} C3, and {a,c} C 3.
d. {=b,—c} C ¥, {a,c} C E,, and {—a,b} C 3,.

The fixed points p and ¢ satisfy the conditions in Lemma 4.1.7. Therefore,
EY — E; — Ef + E; =2 and the other cases are ruled out. [

Lemma 4.3.3. Under the assumption of Lemma 4.53.2, a # b.

Proof. Assume on the contrary that a = b. Since —d € ¥, and d € £, where
d is the largest weight, by Lemma 4.2.6 part 1 for d, ¥, =¥, mod d. As a
result, we can find a bijection between the weights at p and the weights at
q that takes each weight o at p to a weight 5 at ¢ such that a« = mod d.
Moreover, since a = b, we can take this bijection to take a at p to b at ¢ in
the first case, and we can take this bijection to take —a at p to —b at ¢ in
the second case.

Assume that the first case in Lemma 4.3.2 holds, i.e., {a,c} C ¥,,{—a,b} C
Y, and {—b, —c} C X,. Moreover, these are the only even weights. First,
—d at p has to go to d at ¢ since all the other weights are non-zero and have
absolute values less than d. Next, ¢ at p must go to ¢ — d at ¢ and —a at ¢
must go to d — a at p. If [ is any remaining positive odd weight at p, then it
has to go to [ at ¢ since the largest weight d is odd. Similarly, any negative
odd weight —k at p must go to —k at q.

By Corollary 2.0.11, %dimM is even. Since )\, = %dimM —2and A\, =
%dimM by Lemma 4.1.4, this implies that the weights at p and ¢ are

Yp={-d,a,c,d —a} U{x;}i_, U{-yi}i,
Y = {d’ b,c—d, _a} U {xi}gzl U {_yi 21?:1
for some odd natural numbers z;’s and y;’s where dim M = 8 + 4t, for some
t > 0.
Suppose that x; > 1 for some i. Then by Lemma 4.2.6 part 2, {2z;, x;} C
Y, {—zi,z;} € ¥, and {22, —x;} C &, or {—x;,x;} C 3, {225, 2;} C
¥y, and {—2z;, —x;} C X,. Moreover, no more multiples of x; should sppear

as weights. This implies that —x; # —y; for all j. Since —y;’s are the only
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negative odd weights at p, this implies that the second case is impossible.
Assume that the first case holds. Then we must have ¢ = 2z;. Also, since
{—z;,2;} C 3, but —x; # —y; for all j, —z; = ¢ — d. However, this means
that 2z; —d = ¢ — d = —z; hence d = 3x;, which is a contradiction since no
more multiples of x; should appear.

Hence x; = 1 for all 7. Similarly, one can show that y; = 1 for all <. Then
ci(M)|, =—d+a+c+d—a=c>0, which is a contradiction by Corollary
2.0.14 that the first Chern class map is identically zero.

Similarly, we get a contradiction of the second case of Lemma 4.3.2 with

a = b by a slight variation of this argument. [

Lemma 4.3.4. Assume that the first case in Lemma /.3.2 holds. Then the

weights are

ZP = {—d,CL,C,d - a,b - d7 1} U {—1, 1};?:1
¥, ={d,a—d,c—d,—a,b,1} U{-1,1}_,
Y, ={=b—c,---}

where the largest weight d is odd, a,b, and c are even natural numbers such
that ¢ = a+ b, and dim M = 12 + 4t for some t > 0. Moreover, a # b and

the remaining weights at r are odd.

Proof. Assume that the first case in Lemma 4.3.2 holds, i.e., there exist
even natural numbers a, b, and ¢ such that {a,c} C ¥,,{—a,b} C £,, and
{=b,—c} C X, where ¢ = a + b. Moreover, these are the only even weights.

Since —d € ¥, and d € X, where d is the largest weight, by Lemma 4.2.6
part 1 for d, ¥, =¥, mod d. First —d at p has to go to d at ¢ since all the
other weights are non-zero and have absolute values less than d. Second, by
Lemma 4.3.3, a # b. Hence a at p must go to a — d at ¢ and b at ¢ must go
to b —d at p. Next, ¢ at p must go to ¢ — d at ¢ and —a at ¢ must go to
d — a at p. If [ is any remaining positive odd weight at p, then it has to go
to [ at g since the largest weight d is odd. Similarly, any remaining negative
odd weight —k at p must go to —k at q.

By Corollary 2.0.11, %dimM is even. Since )\, = %dimM —2and \; =
%dimM by Lemma 4.1.4, this implies that the weights at p and ¢ are

Zp = {_da a, ¢, d— a, b— d} U {xl i:} U {_yl lz?:l
Eq = {da a — d> Cc— d7 —a, b} U {Iz ;H:_% U {_yz 5:1
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for some odd natural numbers z;’s and y;’s where dim M = 12 + 4t, for some
t > 0. We also have

S, = {-b,—c,--}.

We show that z; = y; = 1 for all 1.

1. x; = 1 for all 7.

Suppose not. Without loss of generality, assume that z; > 1. Then by
Lemma 4.2.6 part 2 for xy, we have that {2z, 21} C X, {—z1,21} C
Yy, and {—2z;, —z;} C X, or {—x1, 21} C %,, {221,271} C X, and
{—2x;, —x;} C X,. Moreover, no more multiples of x; should sppear as
weights. This implies that —zy # —y; for all j. If the first case holds,
we must have that ¢ = 2x;. Also, there must be a weight at ¢ that is
equal to —xq. If —x; = a—d, {221, 21,21} = {¢, —a+d, z1} C X, which
is not possible by Lemma 4.2.6. If —x1 =c—d, —v1 =c—d =22, —d
implies that d = 3x1, which contradicts that no more multiples of x;
should appear as weights. If the second case holds, we must have that
b = 2x;. Also, there must be a weight at p that is equal to —x;. Since
—x1 # —d, —xr1 = b—d. However, —xy = b— d = 2x; — d implies that
d = 3z, which contradicts that no more multiples of z; should appear

as weights.

2. y; = 1 for all 4.

Suppose not. Without loss of generality, assume that y; > 1. Then by
Lemma 4.2.6 part 2 for y;, we must have that {2y, 1} C X,, which is

a contradiction since r has no positive even weight.

Lemma 4.3.5. Assume that the second case in Lemma 4.5.2 holds. Then

the weights are

Ep = {_d7 —a, b7 d— b7 d— C, 1} U {_17 1}§=1
Y ={d,—b,—¢,d —a,b—d, 1} U{-1,1}|_,
ET:{(I,C,"‘},

37



where the largest weight d is odd, a,b, and ¢ are even natural numbers such
that ¢ = a + b, and dim M = 12 4 4t for some t > 0. Moreover, a # b and

the remaining weights at r are odd.

Proof. Assume that the second case in Lemma 4.3.2 holds, i.e., there exist
even natural numbers a, b, and ¢ such that {—a,b} C X,,{-b,—c} C X,
and {a,c} C X, where ¢ = a + b. Moreover, these are the only even weights.

Since —d € ¥, and d € X, where d is the largest weight, by Lemma 4.2.6
part 1 for d, ¥, =¥, mod d. First —d at p has to go to d at ¢ since all the
other weights are non-zero and have absolute values less than d. Second, by
Lemma 4.3.3, a # b. Hence —a at p must go to d — a at ¢ and —b at ¢ must
go to d — b at p. Next, c at p must go to ¢ —d at ¢ and —a at ¢ must go to
d—a at p. If [ is any remaining positive odd weight at p, then it has to go to
[ at q since the largest weight d is odd. Similarly, any negative odd weight
—k at p must go to —k at q.

By Corollary 2.0.11, %dimM is even. Since )\, = %dimM —2and \; =
%dimM by Lemma 4.1.4, this implies that the weights at p and ¢ are

Sp={-d,—a,b,d—b,d—c}U{z;}i5; U{-yi}i,
¥, =1{d,~b,—c,d —a,b—d} U{z;} 1 U{-y}_,
for some odd natural numbers z;’s and y;’s where dim M = 12 + 4t, for some
t > 0. We also have
Y, =A{a,c -}

We show that x; = y; = 1 for all i.

1. x; = 1 for all 7.

Suppose not. Without loss of generality, assume that x;y > 1. Then
by Lemma 4.2.6 part 2 for x;, we must have that {—2z, —21} C %,

which is a contradiction since r has no negative even weight.

2. y; =1, for all i.

Suppose not. Without loss of generality, assume that y; > 1. Then
by Lemma 4.2.6 part 2 for yy, {—2y1, —y1} C X, {—y1, 11} C 2, and

{2y, 1} C 5, or {—y1, 1} C 5y, {291, —y1} C Xy, and {2y1, 1} C
>... Moreover, no more multiples of y; should appear as weights.
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If the first case holds, we must have that a = 2y;. Also, there must
be a weight at ¢ that is equal to y;. Thus, we have that d —a = y;.
However, this implies that d —a = d — 2y, = y, hence d = 3y, which is

a contradiction since no more multiples of y; should appear as weights.

Suppose that the second case holds. Then we must have that ¢ = 2y;.
Also, there must be a weight at p that is equal to y;. Hence y; =
d —b. Then {—2y1,—y1,—} = {—¢,b —d,—y2} C %,, which is a

contradiction.

Lemma 4.3.6. The first case in Lemma /.3.2 is not possible.

Proof. By Lemma 4.3.4, the weights are

Sy ={-d,a,c,d—ab—d 1} U{-1,1}_,
Yy={d,a—d,c—d,—a,b, 1} U{-1,1}_,
Y, ={-b—c,--},

where the largest weight d is odd, a, b, and ¢ are even natural numbers such
that ¢ = a + b, and dim M = 12 4 4¢ for some t > 0. Moreover, a # b and
the remaining weights at r are odd.

We consider Lemma 2.0.12 for each integer. Lemma 2.0.12 holds for d, a,
b, and ¢. Since d > ¢ > b, b—d < —1. Since a # b, by Lemma 2.0.12 for
b — d, it is straightforward to show that d — b € ..

First, suppose that ¢ —d # —1. Then N,(1) = N,(—1) + 1 and N, (1) =
N,(—1)+1. Hence by Lemma 2.0.12 for 1, N,(1)4+2 = N,(—1). Considering

Lemma 2.0.12 for each integer, one can show that the weights are

¥, ={-d,a,c,d—a,b—d, 1} U{-1,1}_,
¥, ={d,a—d,c—d,—a,b 1} U{-1,1}}_,
Y, ={-b—c,d—b—1,d—c,—1}U{—e;,e;}}_;
for some odd natural numbers e;’s. We show that e; = 1 for all 7.
Suppose that e; > 1. Then by Lemma 4.2.6 part 4, either {—2e1, —e;} C
Y, {26e1,e1} C X, and {—eq,e1} C X, or {2e1,e1} C 3, {—2e1,—e1} C
Y, and {—ej,e1} C X,. However, since p has no negative even weight,

the first case is impossible. If the second case holds, we must have that
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—a = —2e;. Moreover, we must have that a —d = —ey or c —d = —ey. If
a—d= —eq, 2e1 —d =a —d= —e; hence 3e; = d, which is a contradiction

since no additional multiples of e; should appear. Next, if ¢ — d = —eq,
{d—c,—e1,e1} = {—ey,—e€1,e1} C X, which is also a contradiction. Hence
e; = 1, for all i. Then the weights are
¥, ={-d,a,¢c,d—a,b—d, 1} U{-1,1}'
¥, ={d,—a,bya—d,—1,1} U{-1,1}
¥, ={-b—c,d—b,—1,1,-1} U{-1,1}".

Second, suppose that ¢ —d = —1. Then N,(1) = N,(—1)+1 and N,(1) =
N,(—1). Hence by Lemma 2.0.12 for 1, N,(1) + 1 = N,(—1). Considering

Lemma 2.0.12 for each integer, one can show that the weights are

Y, ={-da,c,d—ab—d,1}U{-1,1}_,
Y, ={d,a—d,~1,—a,b,1} U{-1,1}_,

Y, ={=b—c,d—b,—1} U{—e; ¢ fi%

for some odd natural numbers ¢;’s. As above, e; = 1 for all 4.
Hence in either case the weights are
¥, ={-d,a,c,d—a,b—d, 1} U{-1,1}*
¥, ={d,—a,bya—d,c—d, 1} U{-1,1}'
Y, ={-b,—c,d—b—1,d—c,—1}U{-1,1}".

Moreover, since ¢;(M)|, = 0 by Corollary 2.0.14, we have that —d +a + ¢+
d—a+b—d+1=0. Therefore, d = c+b+1. Let A =c,(M)|, =[]&), B =
cn(M)]g =T11&), and C = ¢,(M)], =[] &). Then

(=1)"Y(B + C) = dab(d — a)(d — ¢) — be(d — b)(d — ¢)

=b(d — ¢){da(d — a) — c¢(d — b)}
=bd—c){(c+b+1alc+b+1—a)—clc+b+1—-0)}
=b(d—c){(c+b+1)a(2b+1) —c(c+ 1)}
=bd—c){(a+2b+1)a(20+1) — (a+b)(a+ b+ 1)}
=b(d —c){(a*+2ab+a)(2b+1) — (a® +2ab+ b* +a + b)}
= b(d — ¢){2a%b + 4ab® + 2ab + a* + 2ab + a — (a* + 2ab + b* + a + b)}

= b(d—c){(2a*b—a®) + (4ab* — b?) + (2ab—2ab) + (a* —a) + (2ab—b) +a} > 0.
Hence (—1)""'B > —(=1)*'C > 0, ie., (—=1)"! (% - é) < 0. We also

1
have that (—1)”12 < 0. Then, by Theorem 2.0.9,
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11 1
_ (__1\t+1 — (_ t+1( — . =
0= (1) /M1 (-1) (A+B+C><o,

which is a contradiction. O

Lemma 4.3.7. The second case in Lemma /.5.2 is not possible.

Proof. By Lemma 4.3.5, the weights in this case are

¥, ={-d,—a,b,d—b,d—c, 1} U{-1,1}}_,

¥, ={d,=b,—c,d—a,b—d, 1} U{-1,1}_,

ETI{G,C,"‘},
where the largest weight d is odd, a, b, and ¢ are even natural numbers such
that ¢ = a + b, and dim M = 12 + 4t for some t > 0.
Let A = cu(M)], = [1& B = eu(M)l, = [1&, and € = e, (M), = [[&.
Then
(—1)"*(B+ A) = dbc(d — a)(d — b) — dab(d — b)(d — ¢)
= db(d — b){c(d —a) —a(d—c)} >0,

1 1
since ¢ > a and d — a > d — c. Hence it follows that (—1)" (Z + E) < 0.

1
Since A, = 3 dim M +2, we also have that (—1)”16 < 0. Then, by Theorem
2.0.9,

1 1 1
_ (_1\t+1 — (_ t+1 [ — - -
0=(-1) /M1 (1) <A+B+C><0,

which is a contradiction. O

4.4 Preliminaries for the largest weight even case: part
1

Let the circle act symplectically on a compact, connected symplectic manifold
M with exactly three fixed points. Also assume that dim M > 8 and the
largest weight is even. The main idea to prove Theorem 4.1.1 is to rule out
manfiolds such that dim M > 8. In this section, we investigate properties
that the manifold M should satisfy, if it exists.
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Proposition 4.4.1. Fiz a natural number n such that n > 4. Assume that
Theorem 4.1.1 holds for all manifolds M such that dim M < 2n. Let the
circle act symplectically on a 2n-dimensional compact, connected symplectic
manifold M and suppose that there are exactly three fized points. Assume

that the action is effective. Then the largest weight is odd.

Proof. Assume on the contrary that the largest weight is even. Then this is an
immediate consequence of Lemma 4.4.2, Lemma 4.5.1, Lemma 4.6.1, Lemma
4.6.2, Lemma 4.6.3, Lemma 4.6.4, Lemma 4.6.5, Lemma 4.6.6, Lemma 4.6.7,
Lemma 4.6.8, Lemma 4.6.9, Lemma 4.6.10, and Lemma 4.6.11 below. [

Lemma 4.4.2. Fiz a natural number n such that n > 4. Assume that
Theorem 4.1.1 holds for all manifolds M such that dim M < 2n. Let the
circle act symplectically on a 2n-dimensional compact, connected symplectic
manifold M and suppose that there are exactly three fized points p,q, and r,
with Ay, < Ay < A, Assume that the action is effective and the largest weight
c is even. Then after possibly reversing the circle action we may assume that

the weights are

Yy = {—¢, =0} U{z; ;T U {-y}i u {1} u{-1,1};,
S ={ca} U{z — 3 U{c—ut u{1}U{-1,1};,
S ={—a,b,--}

for some s > 0 and t > 0 such that dim M = 2n = 12+ 4t + 4s, where a and
b are even natural numbers such that ¢ = a + b, and x;’s and y;’s are odd

natural numbers for all i. Moreover, the remaining weights at r are odd.

Proof. Let ¢ be the largest weight. By Lemma 4.1.3, N,(¢)+N,(¢)+N,(c) =1
and N,(—c) + Ny(—c) + N,(—c) = 1. By Lemma 4.1.4, \, =n — 2, \, = n,
and A\, = n + 2. Moreover, after possibly reversing the circle action, we may
assume that —c € X, and c € 2.

By Lemma 4.2.4, there exist even natural numbers a and b such that
the weights at the three fixed points in the isotropy submanifold M?2 are
{a,d},{—a,b}, and {—b, —d}, where d = a + b. In Lemma 4.2.4, the order
is not specified. However, since we can assume without loss of generality
that —c € ¥, and ¢ € ¥,, we can assume that d = ¢, hence {—c, —b} C
¥y, {c,a} C ¥, and {—a, b} C 3,. Moreover, these are the only even weights.
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Next, by Lemma 4.2.6 part 1 for ¢, ¥, = ¥, mod c. As a result, we can
find a bijection between weights at p and weights at ¢ that takes each weight
a at p to a weight 5 at ¢ such that « = mod c.

First, —c at p has to go to ¢ at ¢ since all the other weights are non-zero
and have absolute values less than c¢. Second, —b at p must go to a at q.
Next, if [ is any positive odd weight at p, then it either goes to [l or [ — ¢ at q.
Suppose that there are ty positive odd weights at p that go to negative odd
weights at ¢. Then since A\, = n — 2 and there is no positive even weight at
p, there are § +1 —{o positive odd weights p that go to positive odd weights
at ¢. Similarly, if —k is any negative odd weight at p, either it has to go to
—k or ¢ — k at ¢q. Suppose that there are t; negative odd weights at p that
go to positive odd weights at ¢. On the other hand, since A\, = n and ¢ has
two positive even weights, the number of positive odd weights at ¢ that go to
positive odd weights at p is equal to § —2—1;. Hence § +1—1y = 5 —2—1,
ie,tg =1t +3. Lett =1, and s = 5§ — ¢ — 3. By Corollary 2.0.11, %dimM

is even. This implies that the weights are

Sp={—c,=b} U{z } U {—vy}_  U{e}t] U{-fi}i,
S =A{c,a} U{z; — i U{c—wity U{edit] U{-fi}i,
S = {~ab,-}

for some odd natural numbers x;’s, y;’s, ¢;’s, and f;’s, where dim M = 2n =
12 + 4t + 4s, for some t > 0 and s > 0.
Next, we show that e; = f; = 1 for all .

1. e; =1 for all 4.

Assume on the contrary that e; > 1 for some i. Denote e = e;. Then
by Lemma 4.2.6 part 3 for e, either {2¢,e} C X,, {—e,e} C X,, and
{—2e,—e} C %, or {—e,e} C X, {2e,e} C X, and {—2¢, —e} C 3,.
Moreover, no additional multiples of e should appear as weights. Since
{—2e,—e} C X, in either case, the only possibility is that a = 2e.
Therefore, the latter is the case. Thus, we have that {—e,e} C X,.
Therefore, —e = —y,; for some i or —e = —f; for some 7. Since no
additional multiples of e should appear as weights at ¢, —f; # —e for
all .. Hence, —y; = —e for some i. Without loss of generality, let

y1 = e. Moreover, since no additional multiples of e should appear as
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weights, b # 2e. In particular, a = 2e # b. Since 2e = a < a+ b = ¢,
e<g. Thusc—e> 3.

Next, we show that e — c € ¥,. We have that c —e =c—y; € ¥,. By

Lemma 2.0.12 for ¢ — e, either e —c € ¥,, e —c€ ¥, or e —c € .

(a) e—c ¢ 3,
Suppose that e — c € £,,. Since e — ¢ is odd, either e — ¢ = —y; for
some ¢ or € — ¢ = — f; for some 1.
First, assume that e — ¢ = —y; for some i. If e — ¢ = —y;, this
implies that e — ¢ = —e hence ¢ = 2e, which is a contradiction.
Hence if e — ¢ = —y; for some ¢, @ # 1. Without loss of generality,

let e—c = —yo. Then we have that {—y;, —y2} = {e—c,e—c} C X,.
Then by Lemma 4.2.6 part 3 for e — ¢, 2(c — e) € X, which is a

contradiction since 2(c —e) > c.

Second, assume that e — ¢ = —f; for some i. Then we have that
e—c=—fi€X¥,and e—c= —f; € ¥;. Then by Lemma 4.2.6 part
2 for c—e, 2(c—e) € 3., which is a contradiction since 2(c—e) > c.
Hence e — ¢ # %,
(b) e —c ¢ %,

Suppose that e —c € ¥,. Then we have that {c —e,e — ¢} =
{c—y1,e—c} C ¥,. Hence by Lemma 4.2.6 part 4 for ¢ — e, either
2(c—e) € ¥, or 2(c —e) € X,. However, 2(c — e) > ¢, which is a

contradiction.

Therefore e — ¢ € ¥,. Then by Lemma 4.2.6 part 1 for c —e, 3, = %,
mod ¢ — e. Consider {c,e} C ¥,. We have that ¢ ¢ ¥, and e ¢ X,.
Also, e —(c—e€) =2e—c=a—a—0b= —b, but —b ¢ %, since —b
is a negative even integer and —a is the only negative even weight in
Y., but a #b. Since e+ k(c—e)| >cfork<—-2o0rk>1 %, =%,
mod c—e and {c, e} C ¥, imply that N,(e—2(c—e)) = N,(3e—2¢) = 2.
Then by Lemma 4.2.6 part 3 for 3e — 2¢, 2(2¢ — 3e) € 3., which is a
contradiction since 2(2c—3e) = 4c¢—6e = c+3c—6e = c+3a+3b—6e =
¢+ 6e 4+ 3b — 6e = ¢+ 3b > ¢, where c is the largest weight. Therefore,

e; = 1 for all 4.

2. f; =1 for all 4.
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Assume on the contrary that f; > 1 for some i. Denote f = f;. Then
by Lemma 4.2.6 part 3 for f, either {—2f, —f} C X,, {—=f, f} C X,
and {2f, f} C X, or {—f, f} C X, {—2f,—f} C X, and {2f, f} C
Y. Moreover, no additional multiples of f should appear as weights.
Since {2f, f} C X, in either case, the only possibility is that b = 2f.
Therefore, the former is the case. Thus, we have that {—f, f} C X,.
Therefore, f = ¢ — y; for some ¢. Without loss of generality, let ¢ —
y1 = f. Moreover, since no additional multiples of f should appear as
weights, a # 2f. In particular, b = 2f # a. Since 2f =b < a+ b= c,
f <35 Thusc— f>3.

Next, we show that ¢ — f € ¥,. We have that f —c= —y; € £,. By
Lemma 2.0.12 for ¢ — f, eitherc— f € ¥,, c— f € ¥, orc— f € &,.

(a) c— f &5,
Suppose that ¢ — f € ¥,. Then we have that {c — f,f — ¢} =
{¢ = f,—y1} C E,. Then by Lemma 2.0.12 part 4 for ¢ — f, either
2(c— f) € ¥, or 2(c — f) € 3,, which is a contradiction since
20c—f)>c.

(b) e=f &%,
Suppose that ¢ — f € ¥,. Then ¢ — f = ¢ — y; for some 7. If
c—f=c—y,thenc— f =c—1y; = f hence ¢ = 2f < ¢, which is
a contradiction. Next, suppose that ¢ — f = ¢ — y; for some i # 1.
Then we have that {f — ¢, f — ¢} = {—y1, —y;} C ¥,. Hence, by
Lemma 4.2.6 part 3 for f—c¢, 2(c— f) € ¥, which is a contradiction
since 2(c — f) > c.

Therefore ¢ — f € X,. We also have that f —c = —y; € ¥,. Then
by Lemma 4.2.6 part 1 for ¢ — f, ¥, = ¥, mod ¢ — f. Consider
{—c,—f} C X,. We have that —c ¢ X, and —f ¢ 3,. Also, —f + (¢ —
f)=c=2f =a+b—2f = a+2f—2f = a,but a ¢ %, since a is a positive
even integer and b is the only positive even weight in X, but a # b.
Since | = f+k(c—f)|>cfork<—lork>2%,=%, modc— f
and {—c, —f} C X, imply that N,.(—f +2(c— f)) = N,(2c¢—3f) = 2.
Then by Lemma 4.2.6 part 3 for 2c — 3f, —2(2c — 3f) € X,, which
is a contradiction since —2(2¢ — 3f) = —4dc+ 6f = —c — 3¢+ 6f =
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—c—3a—3b+6f=—-c—3a—6f+6f=—c—3a< —c, where —c is
the smallest weight. Therefore, f; = 1 for all 1.

Lemma 4.4.3. In Lemma /./.2, v; # c —y;, for alli and j.

Proof. Suppose not. Without loss of generality, assume that x; = ¢ — y;.

Then either z; > rp—c< —5,orx; =y = 5. lfay > 5, 20 €3

3 2 2 2

and 71 = ¢ —y1 € ¥,. Hence by Lemma 4.2.6 part 2 for z;, =2z, € %,,
which is a contradiction since —2x; < —c where —c is the smallest weight.
Next, assume that 1 —c < —5. Then xy —c= —y; € ¥ and 1 — ¢ € 3.

Again by Lemma 4.2.6 part 2 for z; — ¢, 2(c — z1) € %, which is a contra-
5
{—2x1,21,—21} = {—c, 21, —11} C X, which is a contradiction by Lemma

4.2.6 part 4 for ;. O

diction since 2(c — x1) > ¢ where c¢ is the largest weight. If x; = y; =

Lemma 4.4.4. In Lemma 4.4.2, if v; = c—x; fori # j, then 2x; = 2x; = c.
Also, if v; = c—x; for some i, then 2x; = 2x; = c for some j # i. Moreover,

there could be at most one such pair (x;,x;) fori # j such that v; = ¢ — x;.

Proof. First, suppose that z; = ¢ — x; for some i. Then ¢ = 2x;. Thus, we
have that {—2z;,2;} = {—c,;} C ¥, and {2z, —2;} = {c,z; — ¢} C X,
By looking at the isotropy submanifold M%=i this must be the fourth case
of Lemma 4.2.5. Hence, {—2x;, ;, z;} C ¥, and {2z;, —x;, —x;} C ¥,. This
implies that x; = x; for some j # 1.

Next, suppose that z; = ¢ — z; and z; # z; for some 7 # j. Without loss
of generality, let 1 = ¢ — x5 and z; # x9. We can also assume that x; > z».
Then z; > 5 > x. Since 71 € ¥, and —x; = 23 — ¢ € ¥y, by Lemma 4.2.6
part 1 for z;, ¥, =3, mod z;.

First, we can choose a bijection between X, and 3, so that
Y, o {1ju{-1,1p={1} u{-1,1}* C ¥, mod z;.
Also, since 1 + 9 = ¢, we can also choose so that
Y, D {—cx1,x0} = {—x1 — 29,21, T2}

= {—x9,—x1, 21 + 22} = {21 — ¢, 23 — ¢, ¢} C X, mod z.
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We separate into two cases:

1. t=0.

In this case, we are left with
Y, D{-bas}={a, x5 —c=w3— 21 — 22} CE, mod x.

If 23 = x3—x1—x2 mod z1, we have that |z, which is a contradiction
since x; > 5. Hence x3 = a mod x;. By Corollary 2.0.14, ¢, (M)|, =
—c—b+x1+ax9+234+1=—-b+23+1=0, hence 3+ 1 =b. Then,
sincea =c—b=x1+x9—2x3—1, we have that x3 = x1+20—23—1 =0a
mod x1, hence 2z3+1 = x5 mod x;. Since 2x3+1, x5, and z; are odd,
and 2z; > ¢ where c is the largest weight, this implies that 2x34+1 = x,.
Then we have that a > x1 > § > 2o > b > x3. Therefore,

—(=1)°*(B+4)
r129(T1 + T9)

= CL(iL‘l + o —.1'3) — bxs > 0,

hence (—1)*"'B > (—1)*A. Also, since A, = 5 dim M + 2 by Lemma
4.1.4, (=1)*C' > 0. Then, by Theorem 2.0.9,

0—/1—(1)51+1+1 >0
Ju A B C ’

which is a contradiction.

2. t>0.

In this case, we are left with
{=0} U {5 U{—yitiy = {a} U{ay — ;5 U {e — yi}, mod ;.

Without loss of generality, let x3 < x4 < -+ < xyy3 and —y; < —yo <
--- < —y;. Hence,

{=b,—p < < -y <0< a3 < < wyys)
={z3—c< - <zp3—c<0<c—y; <---<c—y,a} mod x;
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Recall that x; is odd and 2x; > ¢ where c is the largest weight.

Consider x5 € ¥,. If 3 = ¢ —y; mod x; for some %, then x3 = ¢ — y;,
which contradicts Lemma 4.4.3. If 23 = z; — ¢ mod z; for some i # 1
and 2, we have that z3 — 221 = x; — ¢, which is a contradiction since
x3 —2x1 < x; —c for ¢ # 1 and 2. Hence, z3 = a mod x;. Then we
can also choose so that —b =a — ¢ = 23 — ¢ mod z;. Then we are left
with

{—n < <=y <0<y <o <y
={ry—c<- - <apz3—c<0<c—y <---<c—y} mod x4

Next, consider —y, € ¥,. If —y; = x; — ¢ mod z; for some ¢ # 1,2,
and 3, then —y; = x; — ¢, which is a contradiction by Lemma 4.4.3.
If —y; = ¢ —y; mod z; for some i, then 2z; — y; = ¢ — y;, which is
a contradiction since 2z1 — y; > ¢ — y; for all ©. Then —y;, € X, is

congruent to no element in 3, modulo x, which is a contradiction.

Finally, without loss of generality, assume that ;1 = c— x5 and 23 = c—x;
for some ¢. Then 2z; = 229 = ¢ and 2x3 = 2x; = ¢ for some 7. Then we
have {—2x, 21,21, 21} = {—¢, 21, 29,23} C X, which is a contradiction by

Lemma 4.2.6 part 3 for z;. [

Lemma 4.4.5. In Lemma 4./.2, y; # c —y;, if i # j.

Proof. Suppose not. First, assume that y;, = ¢ — y; and y; = y; for some
i #j,1e, 2y; = 2y; = c. Then {2y, —vy;,—vi} = {—¢,—yi, —y;} C %,
which contradicts Lemma 4.2.6 part 3 for y;.

Second, assume that y; = ¢ — y; and y; # y; for some 7 # j. Without loss
of generality assume that y; = ¢ — yo and y; # y2. We can also assume that
y1 > 5 > y2. Then we have that —y; € ¥, and ¢ — yo = y; € Xy. Hence by
Lemma 4.2.6 part 1 for y, 3, =¥, mod ;.

First, we can choose a bijection between ¥, and X, so that
2, 0{-y,1tu{-11}={c—yp =y, 1} U{-1,1}°* C X, mod ;.
Then we are left with

Sp D {—¢, =0} U {ai 1 U {—ui}is
={c,a} U{z; — c}fj U{c—yi =y} U{c—y}_5C X, mody.
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Without loss of generality, let x1 < 2o <--- < xy3and —y3 < —y, <--- <
—Yt, i'e‘a

{—=c,=b, =2, —ys < =y < - < =y <0 <2y <y < -- - < wyys)
E{a:l—cg---Smt+3—c<0<c—y3S---Sc—yt,c,a,c—yg} mod 7.

Recall that y; is odd and 2y; > ¢ where c is the largest weight.

Consider z; € ¥,. If ;1 = ¢ —y; mod y; for some 7 # 1 and 2, then
r1 = ¢ — y;, which contradicts Lemma 4.4.3. If vy = x; — ¢ for some 1,
x1 — 2y1 = x; — ¢, which is a contradiction since 1 — 2y, < x; — ¢ for all 7. If
r1 = ¢ mod yq, then 1 +y; = ¢, which contradicts Lemma 4.4.3. Therefore,
r1 =a mod y;.

Next, consider —y, € ¥,. If —y, = ¢ — y; for some ¢ # 1 and 2, then
2y1 — 4y = ¢ — y;, which is a contradiction since 2y; — y; > ¢ — y; for all
1. If —y; = x; — ¢ mod y; for some ¢, then —y; = x; — ¢, which contradicts
Lemma 4.4.3. Therefore, we have that either —y; = ¢ mod y; or —y; = c—y»
mod y;.

Suppose that —y; = ¢ mod y;. This means that —y; + 3y; = ¢. Then we
have that —y; =c—3y1 =1 +y2 —3y1 = ¥ — 2y1 < y1 — 2y1 = —y1 < —Yo,
hence —y; < —y,. Next, we consider —y, € ¥,. Using the same argument
for —y,, we have that —y, € ¥, is congruent to no element in ¥, modulo yy,
which is a contradiction.

Next, suppose that —y; = c—y mod y;. This means that 2y, —y; = c—ys.
Then we have that 2y; —y; = ¢ — ys = y1 + Y2 — Y2 = y1, hence y; = y;.
Hence, we have {—y1,—y1} = {—v1, —w} C X,. Then by Lemma 4.2.6 part
3 for —y1, 2y1 € X, which is a contradiction since ¢ < 2y; where c is the

largest weight. [

Lemma 4.4.6. Fiz a natural number e such that e # 5. In Lemma /4.4.2, at

most one of x;’s, y;’s, ¢ — x;’s, and ¢ — y;’s can be e.
Proof. Fix a natural number e such that e # 3.

1. x; = e for some 1.

First, by Lemma 4.4.3, x; # ¢ — y; for all j. Second, suppose that
x; = ¢ — x; for some j. Then by Lemma 4.4.4, 2e = 2z; = 2x; = c,

which is a contradiction.
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Third, suppose that x; = y; for some j. Assume that e > 7. Since
{—e,e} = {—y;,z;} C X, either 2e € ¥, or 2¢ € X, by Lemma 4.2.6
part 4 for e, which is a contradiction since 2e > ¢ where c¢ is the largest
weight. Next, assume that e < 5. Since {e—c,c—e} = {z;—c,c—y;} C
Y, either 2(c —e) € ¥, or 2(c — e) € ¥, by Lemma 4.2.6 part 4 for
¢ — e, which is a contradiction since 2(c — e) > ¢ where ¢ is the largest

weight.

Last, suppose that z; = x; for some j # i. Assume that e > £. Since

c
2
{e,e} = {zi,z;} C X,, —2e € ¥, by Lemma 4.2.6 part 3 for e, which
is a contradiction since —2e < —c where —c is the smallest weight.
Next, assume that e < §. Since {e —c,e — ¢} = {x; — c,2; — ¢} C X,
2(c—e) € ¥, by Lemma 4.2.6 part 3 for e — ¢, which is a contradiction

since 2(c — e) > ¢ where c is the largest weight.

. y; = e for some 1.
As above, y; # z; for all j. By Lemma 4.4.3, y; # ¢ — x; for all j.

Next, suppose that y; = c—y; for some j. Then by Lemma 4.4.4, ¢ = j.
Hence ¢ = 2y; = 2e, which is a contradiction by the assumption that
eF# 5.

Finally, Suppose that y; = y; for some j # 4. Assume that e > .
Since {—e, —e} = {—y;, —y;} C X, 2e € ¥, by Lemma 4.2.6 part 3 for
e, which is a contradiction since 2e > ¢ where c is the largest weight.
Next, assume that e < §. Since {c —e,c —e} = {c —yi,c —y;} C X,
—2(c—e) € ¥, by Lemma 4.2.6 part 3 for ¢—e, which is a contradiction

since —2(c — e) < —c where —c is the smallest weight.

. ¢— x; = e for some 3.

As above, ¢ — z; # x; for all j and ¢ — z; # y; for all j. Since x; # ys
for all j and k, ¢ — x; # ¢ — y; for all j. Also, since z; # z;, for all j
and k, ¢ — x; # ¢ — x; for all j.

. ¢ —y; = e for some 1.

As above, c —y; # x;, c — y; # y;, and ¢ — y; # ¢ — x; for all j. Since
y; # yi for all j and k as above, ¢ — y; # ¢ — y; for all j.
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Lemma 4.4.7. In Lemma 4./.2, x; # y; for alli and j.

Proof. Assume on the contrary that z; = y; for some ¢ and j. Then by

Lemma 4.4.6, z; = y; = §. Hence, {—2x1, 21, —21} = {—c, 21, =} C X,
which contradicts Lemma 4.2.6 part 4 for z;. [

Lemma 4.4.8. In Lemma j.4.2, assume that {—f, f} C X, for some natural
number f. If f > 1, then c =2f, {—c==2f,—f} C %, {2f =¢, f} C X,
and {—f, f} C X,.. Moreover, no additional multiples of f should appear as
weights.

Proof. Assume that f > 1. By Lemma 4.2.6 part 4 for f, either {2f, f} C £,
[=2f,—f} C Sy, and {—f, f} €, or {=2f,—f} C %, {2/, f} C 5, and
{—f,f} C %,. However, since ¥, does not have a positive even weight,
the former case is impossible. Hence the latter must be the case. Then,
—2f € ¥, implies that ¢ = 2f or b = 2f. Suppose that b = 2f. Then we
have that {b = 2f,—f, f} C X,, which is a contradiction by Lemma 4.2.6
part 4 for f. Therefore, c =2f. [

Lemma 4.4.9. In Lemma 4.4.2, if N,(1) > N,(1) and Ny(1) > N,(1), then
Ny(1) < N.(1)+3 or N,(1) < N,.(1)+3. Similarly, if N,(—1) > N,(—1) and
Ny(—=1) > N, (—1), then Np(—1) < N.(=1) +3 or N,(—1) < N,(—1) + 3.

Proof. First we prove the former. For this suppose not, i.e., N,(1) > N,(1)+3
and N,(1) > N,(1) + 3. There are three cases:

l.a>gs.
Since a € ¥, and —a € X,, by Lemma 4.2.6 part 1 for a, ¥, = %,
mod a. With N,(1) > N,(1) + 3, this implies that N,(1 +a) > 2 or
N.(1 —a) > 2, since |1 + ka|] > ¢ for |k| > 2. If N,(1+a) > 2,
—2(1 + a) € 3, by Lemma 4.2.6 part 3 for 1 4+ a, but 2(1 4+ a) > ¢,
which is a contradiction. If N,(1 —a) > 2, 2(a — 1) € ¥, by Lemma
4.2.6 part 3 for 1 — a. However, 2(a — 1) > ¢ but ¢ ¢ 3,..

c
2. CL<§.

Suppose that a < 5. Then b = c—a > 5. Since —b € 3, and b € %, by
Lemma 4.2.6 part 1 for b, ¥, = ¥, mod b. With N,(1) > N, (1) + 3,
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. a =

this implies that N,(1+b) > 2 or N, (1 —b) > 2, since |1 + kb| > ¢ for
k| > 2. If N;(14+0b) > 2, =2(1 +b) € 3, by Lemma 4.2.6 part 3 for
1+b. However, 2(1+b) > ¢, which is a contradiction. If N,(1—0) > 2,
2(b—1) € ¥, by Lemma 4.2.6 part 3 for 1 — b. However, 2(b—1) > ¢
but ¢ ¢ ¥,.

N0

Since a = 5, we have that b = c—a = 5. Then the isotropy submanifold
M?%e must be the third case of Lemma 4.2.5. This means that the three
fixed point lie in the same component of M?% hence %, = X, = %,
mod a by Lemma 2.0.19. With Ny (1) > N,(1) + 3, ¥, = ¥, mod a
implies that N, (14a) > 2, N,(1—a) > 2, N,(1—=2a) > 2, or N,(1+a) =
N.(1 —a) = N,(1 —2a) =1, since |1 + ka| > ¢ for k # —2,—1,0, and
1.

(a) N.(1+a)>2.
Since N,(1+a) > 2, —=2(1 4+ a) € X, by Lemma 4.2.6 part 3 for
1 + a. However, —2(1 4+ a) < —c where —c is the smallest weight,
which is a contradiction.

(b) N,(1—2a) > 2.
By Lemma 4.2.6 part 3 for 1 — 2a, 2(2a — 1) € X,. However,
2(2a — 1) = 2(c — 1) > ¢ where ¢ is the largest weight, which is a
contradiction.

(¢) N.(1—-a)>2.
By Lemma 4.2.6 part 3 for 1 —a, N,(1 —a) =2 and 2(a — 1) €
Y. Since b is the only positive even weight at r, this means that
2(a—1) =b. Hence a = b =2 and ¢ = a+b = 4. Then the weights
at p and g are

Zp = {4, -2} U{ei ;i U {~u}im, U {1} U {11}
Y, ={4,2U{e; -4} u{d -y} u{1}u{-1,1}.

Since ¢ = 4 is the largest weight, all of z;’s and y;’s are either 1
or 3. If at least two of x;’s are 3, N,(3) > 2 hence —6 € X, by
Lemma 4.2.6 part 3 for 3, which is a contradiction since —4 is the

smallest weight. If at most one of z; is 1, then at least two z; — ¢’s
are -3. This means that N,(—3) > 2 and hence 6 € X, by Lemma
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Lemma

4.2.6 part 3 for —3, which is a contradiction since 4 is the largest
weight.

N,(1+a)=N,(1—a)=N.(1—-2a)=1.

Since 1 — 2a € ¥,, by Lemma 2.0.12 for 1 — 2a, there must be a
weight of 2a—1 for some fixed point. Ifit is r, {2a—1,1—2a} C %,.
Hence 2(2a — 1) € ¥, or 2(2a — 1) € ¥, by Lemma 4.2.6 part 4
for 2a — 1, which is a contradiction since 2(2a — 1) =2(c—1) > ¢
where c is the largest weight. Hence either 2a —1 € ¥, or 2a—1 €
¥4 Suppose that 2a — 1 € £,. Then by Lemma 4.2.6 part 1 for
2a—1, %, =%, mod 2a—1. That N,(1) > N,(1)+ 3 implies that
N,(2 — 2a) > 3 since |1 + k(2a — 1)| > ¢ for k # 0 and —1, and
the fixed point r does not have a weights of ¢. However, r has only
one negative even weight —a, which is a contradiction. Similarly,

2a — 1 € X, is also impossible.

With a slight variation of this argument, one can prove the latter. [

4.5 Preliminaries for the largest weight even case: part

Let the circle act symplectically on a compact, connected symplectic manifold
M with exactly three fixed points. Also, assume that dim M > 8 and the
largest weight is even. In this section, for technical reasons, we consider
w = min__,s1 min{No(—1), No(1)} and rewrite the weights in terms of w.
And then we further investigate properties that the manifold M should satisfy

in terms of w, if such a manifold exists.

4.5.1. Let w = min__ 1 min{No(—1), No(1)}. In Lemma 4.4.2,

the weights are

By = {—¢, =0} U{z:}iff U {—yi}i, U{1} U {1, 1}
B ={eay Ula — el U {e—wti U{1F U {11}
S, = {—ab,---}U{-1,1}"
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for some t > 0 and v > 0, where a,b, and ¢ are even natural numbers such
that c = a+0b is the largest weight, and x;’s and y;’s are odd natural numbers

for all ©. Moreover, the remaining weights at r are odd.

Proof. In Lemma 4.4.2, the weights are

Y ={—c¢,-btU{z i u{-y}_u{1yu{-1,1}*
={c,a}U{z; -} u{c—y_ u{1tu{-1,1}
¥, ={—a,b,---}

for some s > 0 and t > 0 such that dim M = 2n = 12 + 4t 4 4s, where a, b,
and c are even natural numbers such that ¢ = a + b is the largest weight,
and x;’s and y;’s are odd natural numbers for all 7. Moreover, the remaining
weights at r are odd.

Let w = min__,,s1 min{N,(—1), No(1)}. We rewrite the weights in terms
of w. We show that { ¢, —b} U{x Y3 u{—y}_,U{l} in &, and {c,a} U
{z; — c} 23U {c—wyi}t_, U{1} in X, do not contribute to w, i.e.,

{-1.1} ¢

({—c, —0yu{z it u{-y i U{th n({e, a}U{z; — el U{c -yt U{1}).
First, a, b, and ¢ are even natural numbers. Second, by Lemma 4.4.6, at
most one of ¢ — x;’s or y;’s can be 1.

Suppose that y; = 1 for some i. Then ¢ —z; # 1 for all j by Lemma 4.4.6.
Hence in X, {~1,1} € ({c,a} U {z; — } T3 U {c —yi}t, U{1}).

Next, suppose that ¢ —z; = 1 for some 7. Then y; # 1 for all 7 by Lemma
4.4.6. Hence in %, {—1,1} € ({—c, =b} U {z;}' 3 U {—u:}t_, U {1}).

Last, if y; # 1 and ¢c—x; # 1 for all ¢, then {—1,1} ¢ { c, —b}U{xl}H?’U
{—y¥_,u{1}) in S, and {-1,1} € ({c,a} U{x; — 3 U{c -y}, U{1})
in X,.

Therefore, we can rewrite the weights so that the weights are

= {—c, b} U{z, B U {—y}_, U{1} U{—1,1} "+
{c a}U{r; — B2 u{c -y}, u{1}u{-1,1}vtv
¥, ={—a,b,--- }U{-1,1}"

where s =v+w. O

Lemma 4.5.2. In Lemma 4.5.1, for each x;, either x; = ¢ — x; for some j
or —z; € .\ ({—a,b} U{-1,1}").
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Proof. By Lemma 2.0.12, for each z;, either —z; € X,, —x; € Xy, or —x; €
PINR

First, assume that x; > 1. By Lemma 4.4.6, z; # y; for all j. Hence
—x; ¢ ¥,. Next, if —z; € ¥, then —z; = z; — ¢ for some j. If —z; € ¥,
—z; € 5.\ ({—a,b} U{-=1,1}").

Second, assume that x; = 1. By Lemma 4.4.6, at most one of ¢ — z;’s
or y;'s can be 1. Hence, either N,(1) > N,(—1) and N,(1) > N,(—1), or
N,y(1) > N,(—1) and N,(1) > N,(—1). By Lemma 2.0.12, this implies that
N,.(1) < N,(—1). Therefore, —z; = =1 € £, \ ({—a,b} U{-1,1}*). O

Lemma 4.5.3. In Lemma 4.5.1, for each ¢ —y;, y; — c € ¥, \ ({—a,b} U

{~1,13").

Proof. By Lemma 2.0.12, for each ¢ — y;, either y; —c € ¥, y; —c € X, or
Yi — C € X

First, assume that c—y; > 1. Suppose that c—y; € £,. Then c—y; = c—z,
for some j, which is a contradiction since ¢ —y; # ¢ — z; for all j by Lemma
4.4.7. Next, suppose that y; —c € ¥,. Then y; — ¢ = —y; for some j. By
Lemma 4.4.5, i = j, i.e.,, ¢ = 2y;. Hence, {—2y;, —v;} = {—¢c,—y;} C %,
and {2y;,y;} = {c,c — y;} C X,. The isotropy submanifold M%i must be
the third case of Lemma 4.2.5. Therefore, we have that {—y;,y;} C .. In
particular, y; —c = —y; € ¥, \ ({—a, b} U{—1,1}"), since c—y; = y; = § > 2
and ¢ — y; is odd.

Second, assume that ¢ —y; = 1. By Lemma 4.4.6, at most one of ¢ — x;’s
or y;'s can be 1. Hence, either N,(1) > N,(—1) and N,(1) > N,(—1), or
N,(1) > N,(—1) and N,(1) > Ny(—1). By Lemma 2.0.12, this implies that
N,.(1) < N,.(—=1). Therefore, y; —c=—-1€ %, \ ({—a,b} U{-1,1}*). O

Lemma 4.5.4. In Lemma /.5.1, suppose that ¢ — x; # 1. Then either
c—x; =x; for some j orc—ux; € 3, \ ({—a,b} U{-1,1}").

Proof. Suppose that ¢ — x; # 1. By Lemma 2.0.12, for each ¢ — z;, either
c—x; € Xy, c—x; € Xy, or c—x; € X,. First, assume that c—x; € X,,. Then
c—x; = x; for some j. Second, assume that c—z; € ¥,. Then c—x; = c—vy;
for some j, which is a contradiction by Lemma 4.4.7. Hence c—xz; ¢ ¥,. Last,
assume that ¢ —z; € X,. Since c—x; # 1, c—x; € 35, \ ({—a, b} U{-1,1}").
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Lemma 4.5.5. In Lemma 4.5.1, suppose that y; # 1. Then y; € %, \

({—a, b} U{-1,1}").

Proof. Suppose that y; # 1. By Lemma 2.0.12, for each y;, either y; € X,
Y; € Xy, or y; € X,. First, assume that y; € ¥,. Then y; = x; for some 7,
which is a contradiction by Lemma 4.4.7. Hence y; ¢ ¥,. Second, assume
that y; € 3. Then y; = c—y; for some j. By Lemma 4.4.5, ¢ = j, i.e., c = 2y;.
Hence, {—2y;, —vyi} = {—c,—y:} C ¥, and {2y;,y;} = {c,c —y;} C ;. The
isotropy submanifold M?%v must be the third case of Lemma 4.2.5. Therefore,
we have that {—y;,v;} C X,. In particular, y; € X, \ ({—a,b} U{—1,1}"),
since y; = § > 2 and y; is odd. Last, assume that y; € X,. Since y; # 1,
yi € 5.\ ({—a,b}U{-1,1}*). O

Lemma 4.5.6. In Lemma 4.5.1, if x; # ¢ — x; for all i and j, then t < v.

Proof. Assume on the contrary that z; # ¢ — z; for all ¢ and j, and ¢t > v.
By Lemma 4.5.2, —z; € ¥, \ ({—a,b} U{—1,1}") for all i. Also, by Lemma
453, y; —ce€ X, \ {—a,b} U{-1,1}*) for all 7.

We show that z; # x; and y; # y; for ¢ # j. Suppose that z; = x; for
some ¢ # j. Then by Lemma 4.4.6, 22; = 2x; = ¢, hence z; = ¢ — @,
which contradicts the assumption. Therefore, z; # z; for i # j. Suppose
that y; = y; for some ¢ # j. Then by Lemma 4.4.6, 2y; = 2y; = ¢, hence
y; = ¢ — y;, which contradicts Lemma 4.4.5. Therefore, y; # y; for i # j.

First, suppose that ¢ — x; = 1 for some . Without loss of generality, let
c—x; = 1. Then by Lemma 4.4.6, c —x; # 1 for ¢ # 1 and y; # 1 for
all j. Hence ¢ —z; € ¥, \ ({—a,b} U{—1,1}") for ¢ # 1 by Lemma 4.5.4.
Also, y; € X, \ ({—a,b} U{—-1,1}") for all j by Lemma 4.5.5. Also, by
Lemma 4.4.3, 7; # ¢ — y; for all i and j. Therefore, we have that {—=z;}:3 U
{e — w1 U{y ¥, U{e— i, € X0\ ({—a,b} U{~1,1}*), which is a
contradiction since [{—2; 13 U{c— 2 U {y Y U{c—y}_,| = 4t +5 and
X A\({—a, b}U{—=1,1}")| = 2t+44-2u+2v, but 4t+5 = 2t4+2t+5 > 2t+44-2v.

Second, suppose that y; = 1 for some i. Without loss of generality, let
y1 = 1. Then by Lemma 4.4.6, ¢ —x; # 1 for all i and y; # 1 for j # 1.

Hence ¢ — z; € ¥, \ ({—a,b} U {—1,1}") for all i by Lemma 4.5.4 and
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y; € L\ ({—a,b} U{-1,1}") for j # 1 by Lemma 4.5.5. Also, by Lemma
4.4.3, z; # ¢ —y; for all i and j. Then we have that {—z;}23 U {c — z;}/2 U
{yti s U{e—wyt_, X\ ({—a,b} U{=1,1}"), which is a contradiction.

Finally, suppose that ¢ — z; # 1 and y; # 1 for all i. Then ¢ — z; € 3, \
({—a,b}U{—1,1}") for all i by Lemma 4.5.4 and y; € £,\({—a,b}U{—-1,1}"*)
for all j by Lemma 4.5.5. Also, by Lemma 4.4.3, x; # ¢ — y; for all 7 and
j. Then we have that {—z;}'*3 U {c — 2, }!22 U {wi}t_, U {c —u}_, C
Y\ ({—a, b} U{—1,1}"), which is a contradiction. [

4.6 The case where the largest weight is even

Let the circle act symplectically on a compact, connected symplectic manifold
M with exactly three fixed points. In this section, we show that if dim M > 8§,
the largest weight cannot be even. We rule out case by case. In Lemma 4.5.1,

we have the following cases:

1. t=0and v=0.
2.t=0and v =1.
3. t=0and v =2.
4. t=1and v =0.
5. t=1and v =1.
6. t=1and v=2.
7.t=2and v =1.
8. t=2and v=2.
9. t=3and v =2.
10. t > 24 w.

11. v > 3.

Lemma 4.6.1. In Lemma 4.5.1, t =0 and v = 0 are impossible.

o7



Proof. The weights in this case are

¥, ={—c,—b,x1, 72,23, 1} U{-1,1}"
Y, ={c,a,x1 —c,x9 —c,x3 —c, 1} U {-1,1}"
Y, ={—a,b,---yU{-1,1}>,

where w = min__,,s1 min{Nq(—1), No(1)}, a,b, and ¢ are even natural num-
bers such that ¢ = a + b is the largest weight, and z;’s are odd natural
numbers for all . Moreover, and the remaining weights at r are odd.

By Lemma 4.5.6, x; = ¢ — x; for some ¢ and j. Then by Lemma 4.4.4,
there exist ; and x; where ¢ # j such that 2z; = 2x; = c. Without loss of
generality, let 2x1 = 225 = ¢. Lemma 4.4.4 also implies that x3 # c¢—x; for all
i. Therefore, —x3 € ¥, \ ({—a,b}U{—1,1}"). Note that 71 = c—x; = § > 2.

First, suppose that ¢ —x3 = 1. Then we have that x3 = c—1 > 1. Hence,
N,(1) = Ny(-1)+1 = w+ 1 and N,(1) = N,(—1) = w + 1. Therefore,
N,(1) + 1 = N,(—1) by Lemma 2.0.12 for 1. Considering Lemma 2.0.12 for

each integer, one can show that the weights are

Yy, ={—c,=b,x1, 21,23, 1} U{-1,1}"
Yg=1ca,—x1,—r, -1, 1} U{-1,1}"
Y, ={—-a,b,—xs, f,—f, -1} U{-1,1}"*

for some odd natural number f. If f > 1, by Lemma 4.4.8, we have that
¢ = 2x; = 2f, which is a contradiction since no additional multiples of x;
should appear by Lemma 4.2.6 part 3 for x;. Hence f = 1.

Second, suppose that ¢ — x5 # 1. Then by Lemma 4.54, ¢ — z3 € %, \
({—a,b} U {—1,1}"). Also, N,(1) > N,(—1)+1 = w+ 1 and N,(1) =
N,(—1)+1 =w+1. Therefore, N, (1) +2 < N,(—1) by Lemma 2.0.12 for 1.
Considering Lemma 2.0.12 for each integer, one can show that the weights

are
S, = {—cs—byar,rrsan 1} U {1, 1}
Eq = {C, a,—T1,—T1,T3 — C, 1} U {_1’ 1}w
ET = {-CL, bv —I3,C— I3, _]-, _]-} U {—17 1}w

Therefore, in either case the weights are

¥y ={—c,=b,xy, 11,23, 1} U{—-1,1}"
Y, ={ca,—x;,—x1, 03 — ¢, 1} U{-1,1}"
Er = {—CL, b, —I3,C— T3, —17 —1} U {_1’ 1}111

58



Let A = c,(M)|, =118, B = ca(M)|g =T1&), and C = ¢,(M)], = [T &l
First, 201 = c=a+b >b. Sincec=a+b>2+2 =4, 1 = 5 > 2.
Therefore, ¢ = 2z > x3 implies that 22 > x3. Then

w—B-C

(=" —

a(c — x3)

and this implies that (—1)**'B > (—1)“C. Also, we have that (—1)*A > 0.
Then, by Theorem 2.0.9,

0:<_1)w/M1:(_1)W(%+%+é) >0,

which is a contradiction. O

= cx; — brs > 0,

Lemma 4.6.2. In Lemma 4.5.1, t =0 and v =1 are impossible.

Proof. The weights in this case are

Y, ={—c, bz, 29,23, 1} U{—1, 1pett
Y, ={c.a,x1 — ¢,z — c,x3 — ¢, 1} U {-1,1}»H
Xr = {_a, b,--- } U {_1’ 1}w’

where w = min,__,,s1 min{N,(—1), No(1)}, a,b, and ¢ are even natural num-
bers such that ¢ = a + b is the largest weight, and z;’s are odd natural
numbers for all . Moreover, and the remaining weights at r are odd.

1. z; # c—x; for all 7 and j.

By Lemma 4.5.2, —z; € 3, \ ({—a,b} U{—1,1}*) for all . Assume that
x; = x; for some ¢ # j. Then by Lemma 4.4.6, 2z, = 2z; = c hence

x; = ¢—xj, which contradicts the assumption. Hence z; # x; for ¢ # j.
First, assume that ¢ — x; # 1 for all .. Then by Lemma 4.5.4, ¢ — x; €
Y.\ ({—a, b} U{—1,1}") for all i. Hence, the weights are
Y, ={—c,—bxy,x0,23,1,—-1,1} U{-1,1}"
Y, ={ca,21 —c,xy —c,x3 —c,1, -1, 1} U{-1,1}"
Y, ={—a,b,—x1, —x9, —T3,¢ — T1,¢ — Ty, c — w3} U{=1,1}¥

Then we have that A\, = % dim M, which contradicts Lemma 4.1.4 that
Ar = 3 dim M + 2.
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Next, assume that ¢ — z; = 1 for some . Without loss of generality,
let ¢ — x3 = 1. Then by Lemma 4.4.6, ¢ — x; # 1 for ¢« # 3. By
Lemma 4.5.4, c—z; € X, \ ({—a,b} U{—1,1}") for i # 3. Also, by the
assumption, x; # 1 for i # 3. Then N,(1) = Ny(—1) +1 =w + 2 and
N,(1) = N,(—1) = w + 2. Therefore, N,(1) + 1 = N,(—1) by Lemma
2.0.12 for 1. Then the weights are

Y, ={—c,—bxy,x,c— 1,1, -1, 1} U{-1,1}"
Y, ={ca,21 —c,xy—c,—1,1,-1,1} U {-1,1}"
27“ = {_a> ba —X1, —T2, 1-— C,C—T1,C— X9, —1} U {—1, 1}7.0

By Lemma 4.2.6 part 1 for z3 = ¢ — 1, ¥, = X, mod ¢ — 1. Since
c—x3 =1, ¢c—x # 1 and ¢ — 29 # 2 by Lemma 4.4.6. Hence
N, (1) = w. Then Ny(1) > w+2, N;(1) =w, and ¥, =3, mod c—1
imply that N, (2—¢) > 2 since |[1+k(c—1)| > ¢| for |k| > 2and ¢ ¢ X,.

However, r has only one negative even weight, which is a contradiction.

. x; = ¢ — x; for some ¢ and j.

By Lemma 4.5.6, x; = ¢ — x; for some ¢ and j. Then by Lemma 4.4.4,
there exist x; and z; where 7 # j such that 2z; = 22; = ¢. Without
loss of generality, let 221 = 225 = ¢. Lemma 4.4.4 also implies that
x3 # ¢ —x; for all i. Therefore, by Lemma 4.5.2) —z3 € 3, \ ({—a,b} U
{—1,1}*). Note that 71 = c —x; = § > 2.

First, assume that ¢ — x5 = 1. Then N,(1) = Ny(—1)+ 1 =w+ 2 and
N,(1) = N,(—1) = w + 2. Therefore, N,(1) + 1 = N,(—1) by Lemma
2.0.12 for 1. Considering Lemma 2.0.12 for each integer, one can show

that the weights are

Y, ={-c,-bx,21,c—1,1,-1,1} U{-1,1}"
Y, ={ca,—xy, -2y, 1,1, -1, 1} U{-1,1}¥
ZT = {_a7ba 1—- C, _1a _f7 fv _gag} U {_17 1}w
for some odd natural numbers f and g. If f > 1, then by Lemma 4.4.8,
{=2f,—f} C £,, which is a contradiction since p has no negative odd

weight that is less than -1. Hence f = 1. However, this means that
min, st Min{ No(—1), No(1)} > w + 1, which is a contradiction.
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Second, assume that ¢ — x3 # 1. By Lemma 4.54, ¢ — x3 € %, \
({—a,b} U{—1,1}*). Then N,(1) > Ny(—1)+1=w+2 and N,(1) =
N,(—1) +1 = w+2. Therefore, N,(1)+2 < N,(—1) by Lemma 2.0.12
for 1. Considering Lemma 2.0.12 for each integer, one can show that

the weights are

Yp={—c, b2y, 20,23, 1, -1, 1} U{~1,1}*
Y, ={ca,—x9, —x1,23 — ¢, 1, -1, 1} U{-1,1}*
Y, = {—CL, b, —x3,¢c—x3,—1,—1, —f7 f} U {_1’ 1}w

for some odd natural number f. As above, f = 1 and this means that
min, ;51 min{ No(—1), No(1)} > w + 1, which is a contradiction.

Lemma 4.6.3. In Lemma 4.5.1, t =0 and v = 2 are impossible.

Proof. The weights in this case are

Y, ={—c¢,—b,x1, 29,23, 1} U{—1,1}**2
Y, ={c,a,x1 —c,x9 — c,x3 — ¢, 1} U {-1,1}*+?
Y, ={—ab,--- }U{-11}",
where w = min,_,,s1 min{Nu(—1), No(1)}, a, b, and ¢ are even natural num-

bers such that ¢ = a + b is the largest weight, and z;’s are odd natural

numbers for all 7. Moreover, and the remaining weights at r are odd.

1. x; # c—x; for all 7 and j.
By Lemma 4.5.2, —z; € 3, \ ({—a,b} U{—1,1}") for all . Assume that

x; = x;j for some 7 # j. Then by Lemma 4.4.6, 2z, = 2x; = c hence

x; = ¢ —x;, which contradicts the assumption. Hence z; # z; for i # j.

First, assume that ¢ — x; # 1 for all 7. Then by Lemma 4.5.4, ¢ — x; €
Yo\ ({—a, b} U{—1,1}*) for all i. Also, Ny(1) > Ny(-1)+1=w+3
and N,(1) = Ny(—1) + 1 = w + 3. Therefore, N,(1) +2 < N,(—1) by
Lemma 2.0.12 for 1. Considering Lemma 2.0.12 for each integer, one

can show that the weights are
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Ep = {—07 —b, X1, T2,T3, 1, —1, ]_7 —]_7 ]_} U {_17 1}w
Y, ={ca,21 —c,xg —c,x3 —c,1,—1,1, -1, 1} U {-1,1}*

ZT = {—(I,b, —T1, —X2, —T3,C — T1,C— X2,C— XT3, _17 _1} U {_17 1}w

Then we have that N,(1) > w+ 3, N,(1) > w+ 3, and N,(1) = w,

which contradict Lemma 4.4.9.

Next, assume that ¢ — z; = 1 for some . Without loss of generality,
let ¢ — x3 = 1. Then by Lemma 4.4.6, ¢ — x; # 1 for ¢« # 3. Hence,
by Lemma 4.54, ¢ —x; € ¥, \ ({—a,b} U{—1,1}") for i # 3. Also,
N,(1) > Np(—1)+1=w+3 and N,(1) = Ny(—1) = w+ 3. Therefore,
N,(1)4+1 < N,.(—1) by Lemma 2.0.12 for 1. Considering Lemma 2.0.12

for each integer, one can show that the weights are

Yp={-¢, bz, v3,c-1,1,-1,1,-1,1} U {-1, 1}
¥, ={c,a,x1 —c,x9 —¢,—1,1,-1,1, -1, 1} U {—1,1}"
Y = {—(l, b’ —T1, T2, 1- ¢, C— T, C— Ty, _]-7 _fvf} U {_17 1}w

for some odd natural number f. If f > 1, then by Lemma 4.4.8,
{—2f,—f} C X,, which is a contradiction since p has no negative odd
weight that is less than -1. Hence f = 1. However, this means that

min, st min{No(—1), No(1)} > w + 1, which is a contradiction.

. x; = ¢ — z; for some ¢ and j.

By Lemma 4.4.4, there exist z; and xz; where ¢ # j such that 2z; =
2x; = c¢. Without loss of generality, let 227y = 229 = c. Lemma 4.4.4
also implies that x3 # ¢ — x; for all i. Therefore, —x3 € ¥\ ({—a,b} U
{—1,1}*). Note that z1 =c— 2, = § > 2.

First, assume that c—x3 = 1. Then we have that N,(1) = N,(—1)+1 =
w+3 and N,y (1) = Ny(—1) = w+ 3. Therefore, N,(1)4+1 = N,(—1) by
Lemma 2.0.12 for 1. Considering Lemma 2.0.12 for each integer, one

can show that the weights are

S, = {—¢,—bx1,x,c—1,1,-1,1, 1,1} U {—1,1}®
2, = {c,a,—xy, —ay,—1,1,—1,1, -1, 1} U {1, 1}*
S, ={—ab1—c,—1,—f f —h h,—k k}U{=1,1}"
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for some odd natural numbers f,h, and k. As above, f = 1 and
this means that min__,,s1 min{Ny(—1), No(1)} > w + 1, which is a

contradiction.

Second, assume that ¢ — x3 # 1. By Lemma 4.5.4, ¢ — x5 € %, \
({—a, b} U{—-1,1}"). Also, N,(1) > Np(—1)+1=w+ 3 and N,(1) =
N,(—1) +1 =w+ 3. Therefore, N,(1)+2 < N,(—1) by Lemma 2.0.12
for 1. Considering Lemma 2.0.12 for each integer, one can show that

the weights are

¥p={—-c¢,=b,xy,x1,23,1,-1,1, =1, 1} U {—-1,1}"
¥, =A{ca,—x,—x1,203 —¢,1,—-1,1, -1, 1} U{-1,1}"
Y, ={—-a,b,—x3,c—x3,—1,—-1,—f, f,—h,h} U{-1,1}"

for some odd natural numbers f and h. As above, f = 1 and this means
that min_ )1 min{ N, (—1), No(1)} > w + 1, which is a contradiction.

Lemma 4.6.4. In Lemma 4.5.1, t =1 and v = 0 are tmpossible.

Proof. The weights in this case are

Ep = {—C, —b, X1,T2, T3, T4, —Y, 1} U {_17 1}111
Yo ={ca,x1—c,x —c, x5 —c,ay —c,e—y, 1T U{-1,1}"
Y, = {_a7b, . .. } U {_17 1}w7

where a,b, and ¢ are even natural numbers such that ¢ = a + b is the
largest weight, z;’s and y are odd natural numbers for all 7, and w =
min__,,s1 min{Nq(—1), No(1)}. Moreover, the remaining weights at r are
odd.

By Lemma 4.5.6, ; = ¢ — x; for some ¢ and j. Then by Lemma 4.4.4,
there exist x; and z; where ¢ # j such that 2z, = 2z; = c¢. Without loss of
generality, let 22 = 225 = c. Lemma 4.4.4 also implies that x; # c—x; for i #
1 and 2, and for all j. Therefore, —z; € ¥, \ ({—a,b}U{—1,1}") for i = 3 and
4 by Lemma 4.5.2. Also, by Lemma 4.5.3, y —c € ¥, \ ({—a,b} U{-1,1}").

Moreover, by Lemma 4.2.6 part 3 for x, none of x;’s, y, ¢ — x;’s and ¢ — y
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can be x for i # 1 and 2. Hence, by Lemma 4.4.6, all of z;’s, y, ¢ — x;’s and
¢ — y are different for ¢ # 1 and 2.

First, suppose that ¢ — z; # 1 for all 7 and y # 1. Then by Lemma 4.5.4,
ri—ce€ X, \ {—a,btU{-1,1}") for i = 3 and 4. Also, by Lemma 4.5.5,
y € X, \ ({—a,b} U{—-1,1}"). Then the weights are

Yy ={—c,=b, 1,21, 23,74, —y, 1} U{-1,1}"
¥, ={ca,—xy,—x1,03 —c,xy —c,c —y, 1} U{-1,1}¥
E"' = {—CL7 b7 X3, —l4,Y,C— X3,C— Ty, Y — C} U {—17 1}w

Then we have that A\, = %dim M, which contradicts Lemma 4.1.4 that A\, =
% dim M + 2.

Second, suppose that y = 1. Then by Lemma 4.4.6, none of z;’s, ¢ — x;’s,
and c—y is 1 for all i. Hence, by Lemma 4.5.4, z;—c € ¥,\ ({—a, b}U{—1,1}")
for ¢ = 3 and 4. Moreover, N,(1) = N,(—1) = w+ 1 and N,(1) — 1 =
Ny(—1) = w. By Lemma 2.0.12 for 1, this implies that N, (1) = N,(—1) — 1.
Then the weights are

Y, ={—c,—bx1, 21,23, 24, —1, 1} U{-1,1}*
Y, ={ca,—x1,—x1, 03 —c,xy —c,c — 1,1} U {-1,1}"
Y ={—-a,b,—x3, —x4,c —x3,¢ — 24,1 —c,—1} U{—1,1}"
By Corollary 2.0.14, ¢;(M)|, = 0 and this implies that x5 + x4 = b. Since
T3+ x4 =b<a+b=c=2x and z; = § > 2, we have that 2 > 231,
Therefore,
(—1) B+C
a(c —z3)(c—x4)(c— 1)
Also, (=1)*A < 0. Then, by Theorem 2.0.9,

(1 1 1
0:/]\/[12(—1) (Z+§+6)<0,

which is a contradiction.

= cx? — bxgzy > 0.

Finally, suppose that c—xz; = 1 for some i. Sincec > 4, c—xy =z, = § > 2,
Hence, ¢ — z; = x; # 1 for ¢ = 1 and 2. Therefore, without loss of generality,
let c— 24 = 1. By Lemma 4.4.6, none of x;’s, ¢ —x;’s, y, and ¢ —y is 1 for all
i and for j # 4. Hence, by Lemma 4.5.4, ¢ —x3 € 3, \ ({—a,b} U{—1,1}").
Also, by Lemma 4.5.5, y € ¥, \ ({—a,b} U {—1,1}"). Moreover, N,(1) =
Ny(—1) +1=w+1and Ny(1) = N,(—1) = w+ 1. By Lemma 2.0.12 for 1,
this implies that N, (1) = N,(—1) — 1. Then the weights are
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Ep = {—C, —b, xr1,21,T3,C— 1’ -, ]_} U {_1, 1}w
Y, ={c,a,—xy,—x1, 23 —¢,—1,c —y, 1} U {-1,1}"
Y, ={—-a,b,—x3,1 —c,c —x3,y —c,y, -1} U{—1,1}"

By Lemma 4.2.6 part 1 for ¢ — 1 = x4, 3, = 3, mod c — 1. First, we can
choose a bijection between ¥, and ¥, so that ¥, D {c—1, —c}U{-1,1}" =
{1—¢,-1}U{-1,1}* C ¥, mod c¢—1. Since N,(1) = w+1 and N,(1) = w,
¥, =3, mod c—1 implies that 2—c € ¥, since |1+ k(c—1)| > c for |k| > 2
and ¢ ¢ Y,. Since —a is the only negative even weight at r, we have that
—a=2—cie,a+2=c=a+b. Hence, b=2. Then we are left with

{—2 = —b, r1,%1,23, —y} = {2 — b, —x3,C— T3,y —C, y} mod ¢ — 1.

Since for 2 € ¥, 2 # —2,x1, and x3 mod ¢ — 1, the only possibility is that
2=—-y modc—1,ie,2—-c+ 1= —y. Thus y = ¢ — 3. By Corollary
2014, ¢q(M)|p=—c—2+z1+21+23+c—1—y+1=0. Hence, we have
that 3 + ¢ =y + 2. However, z35+c=y+2=c—3+2=c—1 and so

0 < x3 = —1, which is a contradiction. [

Lemma 4.6.5. In Lemma 4.5.1,t =1 and v =1 are impossible.

Proof. The weights in this case are

Sy = {—¢, =b, 1, Ty, x5, 24, —y, 1} U {1, 1}
Y, ={c,a,v1 — 19 — ¢, x3 — ¢, 14 — ¢, —y, 1} U {1, 1} +
Y. ={—a,b,--- }U{-1,1}>,

where a,b, and ¢ are even natural numbers such that ¢ = a + b is the
largest weight, x;’s and y are odd natural numbers for all 2, and w =
min, st min{No(—1), No(1)}. Moreover, the remaining weights at r are
odd.

By Lemma 4.5.6, z; = ¢ — x; for some ¢ and j. Then by Lemma 4.4.4,
there exist ; and x; where ¢ # j such that 2z; = 2x; = ¢. Without loss
of generality, let 221 = 225 = ¢. Denote x = z;. Lemma 4.4.4 also implies
that z; # ¢ — x; for ¢ # 1 and 2, and for all j. Therefore, —z; € %, \
({—a,b}U{—1,1}") for i = 3 and 4 by Lemma 4.5.2. Also, by Lemma 4.5.3,
y—ce X\ {—a, b} U{-1,1}"). Moreover, by Lemma 4.2.6 part 3 for z,

none of z;’s, y, c—z;’s, and ¢ —y can be x for ¢ # 1 and 2. Hence, by Lemma
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4.4.6, all of x;’s, y, ¢ — x;’s, and ¢ — y are different for i # 1 and 2. We have

the following cases:

1. y=1.
By Lemma 4.4.6, none of x;’s, ¢ — x;’s, and ¢ — y is 1 for all 7. Then
by Lemma 4.54, ¢ —x; € ¥, \ ({—a,b} U{—1,1}") for i = 3 and 4.
Moreover, N,(1) = N,(—1) = N,(1) = Ny(—1) +1 = w+ 2. Hence, by
Lemma 2.0.12 for 1, N,(—1) = N,(1) + 1. Considering Lemma 2.0.12

for each integer, one can show that the weights are

¥, = {—c,=b,x,z, 23,24, —1,1, -1, 1} U {—1,1}*
Yy ={ca,—x,—x, 23 —c,xy —c,c— 1,1, -1, 1} U {-1,1}"
Zr - {_a’ b’ —&x3, —L4,C — X3,C — T4, 11— ¢, _17 _f7 f} U {_1, 1}111

for some odd natural number f. Suppose that f > 1. Then by Lemma
4.4.8, ¢ = 2x = 2f, which is a contradiction since no additional mul-
tiples of x should appear by Lemma 4.2.6 part 3 for x. Hence f = 1.
However, this means that min st min{No(—1), No(1)} > w + 1,

which is a contradiction.

2. ¢ — x; = 1 for some 1.

Since 2x1 =219 =c >4, c—x1 = c—x9 = x1 > 2. Hence, without loss
of generality, assume that ¢ —z, = 1. By Lemma 4.4.6, none of x;’s, v,
c—x;’s,and c—y can be 1 for all ¢ and j # 4. Thus y € X, \ ({—a,b}U
{=1,1}*) by Lemma 4.5.5 and ¢ — z3 € 3, \ ({—a,b} U {—-1,1}") by
Lemma 4.5.4. Moreover, N,(1) = N,(—1) +1 = Ny (1) = N,(—1) =
w+2. Hence, by Lemma 2.0.12 for 1, N,.(—1) = N,(1)+1. Considering

Lemma 2.0.12 for each integer, one can show that the weights are
Y, ={-¢buzz,z3,c—1,-y,1,-1,1} U{-1,1}"
Y, ={ca,—x,—x,23—¢c,—1,c—y,1,—-1,1} U{-1,1}"

ET :{_a>ba_$3a1_Cayac_m?ny_Ca_la_f7f}u{_171}w

for some odd natural number f. Then as above, f = 1, which is a
contradiction since this means that min__, st min{Ny(—1), No(1)} >
w+ 1.
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3. y#1and c—x; # 1, for all 7.

By Lemma 4.5.5, y € ¥, \ ({—a,b} U {-1,1}*). Also, ¢ — z; €
Y.\ ({—a,0} U{-1,1}*) for i = 3 and 4 by Lemma 4.5.4. More-
over, N,(1) > N,(—1)+1 and N, (1) > N,(—1) + 1. Hence, by Lemma
2.0.12 for 1, N,(—1) > N,(1) + 2. Considering Lemma 2.0.12 for each

integer, one can show that the weights are

Y, ={—c, bz, v, w304, —y,1, -1, 1} U{-1,1}*
Y, ={c,a,—x,—x, 23 —c,xy —c,c—y,1, -1, 1} U{-1,1}*
Y, ={—-a,b,—x3,—x4,c — x3,¢ — 24,y,y —c,—1, -1} U {—-1,1}"

By Lemma 4.2.6 part 3 for x, no additional multiples of x appear.
Hence, a # x and b # x. Since 2z = ¢ = a + b, either a > 5 or b > 3.

(a) a> 3.
By Lemma 4.2.6 part 1 for a, ¥, = £, mod a. First, we can choose
so that

Y, 0{c=a+ba, -1} U{-1,1}* ={—a,b, -1} U{-1,1}* C %,

mod a.

Next, {—z,—z} C ¥, and —z ¢ X, imply that {a —z,a — 2} C
YA\ {—a,b,—-1}U{-1,1}*),{2a—z,2a— 2} C X\ ({—a,b, —1}U
{-1,1}*),or {a—z,2a—2z} C X, \ ({—a,b,—1} U{-1,1}"), since
| — x4+ ka| > ¢ for k < 0 or k > 2. If the first case or the second
case holds, it implies that two of ¢ — x3, ¢ — x4, and y are equal
since ¢ — x3, ¢ — x4, and y are the only positive integers in X, \
({—a,b,—1}U{—1,1}"), which is a contradiction by Lemma 4.4.6.
Hence we have that {a —z,2a—x} C 3, \ ({—a,b, —1}U{-1,1}*).
Similarly, N,(1) = w + 2, N,(1) = w, and ¥, = ¥, mod a imply
that either {1 +a,1 +a} C X, \ ({—a,b,—1} U {-1,1}"), {1 —
a,1 —a} C X, \ ({—a,b,-1} U{-1,1}"), or {1 —a,1 +a} C
Y\ ({—a,b,—1} U{-1,1}"), since |1 + ka| > ¢ for |k| > 2. If
the first case holds, —2(a + 1) € ¥, by Lemma 4.2.6 part 3 for
a + 1, which is a contradiction since —2(a + 1) < —c where —c
is the smallest weight. If the second case holds, 2(a — 1) € X,

by Lemma 4.2.6 part 3 for 1 — a, which is a contradiction since
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2(a—1) > 2z = c but ¢ ¢ %,. Hence, the third case must be the
case.

To sum up, we have {1—a,1+a,a—x,2a —x} C {—x3, —24,y,c—
r3, ¢ — x4,y —c} = X\ {—a,b,—-1} U {-1,1}¥), ie., 1 —a €
{—x3,—x4,y—c}and {14+a,a—2,2a—z} = {y,c—x3,c—x4}. For
each o € {—x3, —x4,y —c}, we have that a+c € {y,c—x3,c—x4}.
This implies that 1 —a+c € {y, c—x3,c—x4} = {1+a,a—z,2a—z}.
fl—a+c=1+a,thenl—a+c=1—-a+ 2z =1+ a, hence
2x = 2a, which contradicts that a > . If 1 —a+ ¢ = 2a — z,
thenl —a+c¢=1—a+ 2x = 2a — z, hence 3z + 1 = 3a, which
is a contradiction since a > z. Hence 1 —a + ¢ = a — x. Then we
have that ¢ +1 = 2a — x, which is a contradiction since 2a — x €
{y,c — x3,¢ — x4} C X, but 2a —x = ¢+ 1 > ¢, where ¢ is the
largest weight.

(b) b> 3.
By Lemma 4.2.6 part 1 for b, ¥, = ¥, mod b. First, we can choose
so that

¥, D {-c=—-a—0b,—-b -1} U{-1,1}"

={—-a,b -1} U{-1,1}* C 3, mod b.
Next, as above, one can show that {b —x,2b — z, b+ 1} = {y,c —
x3,c—x4}. This implies that b—z+20—x+b+1=4b—2x+1 =
2c4+y—x3— 24 =Y+ c— w3+ c— x4. Therefore, 4b —2x + 1 =
2c+y—x3—x4 = dx+y—x3—14, hence 4b+1 = 6x+y—2x3—24. On
the other hand, by Corollary 2.0.14, ¢1(M)|, = b+z3+x4—y+1 = 0.
Thus y—x3—x4 = b+1. Then we have that 4b+1 = 6x+y—r3—14 =

6x+0b+1, hence 3b = 62, which is a contradiction since b < 2x = c.

Lemma 4.6.6. In Lemma 4.5.1, t =1 and v = 2 are impossible.

Proof. The weights in this case are

Y, ={—c,—=b,x1, 29, 3,74, —y, 1} U {—1, 1}w+
Y, ={ca,r1 —c,xg —c,x3 — x4 —c,c —y, 1} U{—1,1}»T2
S, ={—a,b,--- }U{-1,1}",
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where a,b, and ¢ are even natural numbers such that ¢ = a + b is the
largest weight, x;’s and y are odd natural numbers for all ¢, and w =
min, st min{No(—1), No(1)}. Moreover, the remaining weights at r are
odd. By Lemma 4.5.3, y — ¢ € %, \ ({—a,b} U {-1,1}"). We have the

following cases:

1. x; = ¢ — x; for some i and j.

By Lemma 4.4.4, there exist z; and z; where ¢ # j such that 2z; =
2x; = c. Without loss of generality, let 22, = 225 = ¢. Denote z = ;.
Lemma 4.4.4 also implies that x; # c¢— =z, for ¢ # 1 and 2, and for all j.
Therefore, —z; € ¥, \ ({—a,b} U{—1,1}") for i = 3 and 4 by Lemma
4.5.2. Moreover, by Lemma 4.2.6 part 3 for x, none of x;’s, y, ¢ — x;’s,
and ¢ —y can be x for ¢ # 1 and 2. Hence, by Lemma 4.4.6, all of x;’s,

y, ¢ — x;’s, and ¢ — y are different for ¢ # 1 and 2.

First, assume that y = 1. Then none of z;’s, c—x;’s, and c—y is 1 for all
i. Hence ¢ — z; € 3, \ ({—a,b} U{—1,1}") for i = 3 and 4 by Lemma
4.5.4. Moreover, N,(1) = Ny(—1) = Ny(1) = Ny(-1)+1 = w + 3.
Hence, by Lemma 2.0.12 for 1, N,(—1) = N,(1) + 1. Considering

Lemma 2.0.12 for each integer, one can show that the weights are

Yy ={—c,=bx,x, 23,04, -1,1, -1, 1, =1, 1} U {~1,1}"
Y, ={ca,—x,—x, 23 —c,xy —c,c—1,1,—-1,1, -1, 1} U {-1,1}"
Y, ={—-a,b,—x3, —v4,c—x3,c— 24,1 —C, =1, —f, f,—h, R} U{—1,1}"

for some odd natural numbers f and h. Suppose that f > 1. Then
by Lemma 4.4.8, ¢ = 2x = 2f, which contradicts Lemma 4.2.6 part
3 for x. Hence f = 1, which is a contradiction since it means that
min, st Min{ No(—1), No (1)} > w + 1.

Second, assume that ¢ —x; = 1 for some i. Since c—x1 = c—x9 = 11 =
5 > 2, without loss of generality, let ¢ — x4 = 1. Then none of z;’s,
c—ux;’s,y,and c—yis 1 forall i and j # 4. Thusy € ¥, \ ({—a,b} U
{=1,1}") by Lemma 4.5.5 and ¢ — x5 € %, \ ({—a,b} U{—1,1}") by
Lemma 4.5.4. Moreover, N,(1) = N,(—1) +1 = N,(1) = N,(-1) =
w+3. Hence, by Lemma 2.0.12 for 1, N,(—1) = N,(1)+1. Considering

Lemma 2.0.12 for each integer, one can show that the weights are

69



Y, ={-c¢-bz,x,25,c—1,—y,1,-1,1, -1, 1} U {—-1,1}"
Y, ={ca,—x,—x,23—¢,—l,c—y,1,—-1,1, -1, 1} U{-1,1}*
¥, ={-a,b,—x3,1 —c,y,c —x3,y —c,—1,—f, f,—h,h} U{-1,1}"

for some odd natural numbers f and h. As above, f = 1, which is
a contradiction since it means that min__, st min{Ny(—1), No(1)} >
w+ 1.

Last, assume that y # 1 and ¢ — z; # 1 for all i. By Lemma 4.5.5,
ye X\ {—abtu{-1,1}"). Also, c —z; € ¥, \ {—a,b} U{-1,1}")
for i = 3 and 4 by Lemma 4.5.4. Moreover, N,(1) > N,(—1) + 1
and N,(1) > N,(—1) + 1. Hence, by Lemma 2.0.12 for 1, N,(—-1) >
N,(1) 4+ 2. Considering Lemma 2.0.12 for each integer, one can show

that the weights are

Y, ={—c, bz, x,x3,24,—y,1,-1,1, -1, 1} U {-1,1}"
Y, ={ca,—x,—x, 23 —c,xy —c,c—y,1,—1,1, -1, 1} U {—1,1}"

ZT’ = {—CL, ba —X3, —T4,Y,C—T3,C—Tg,Y —C, _17 _17 _f, f} U {—1, 1}w

for some odd natural number f. As above, f = 1, which is a contra-

diction since it means that min__, st min{Ne(—1), No(1)} > w + 1.

. x; # c—x;, for all ¢ and j.

By Lemma 4.5.2, —x; € X, \ ({—a,b} U {—1,1}") for all i. Also, by
Lemma 4.5.3, y —c € X, \ ({—a,b} U{=1,1}").

We show that z; # x; for i« # j. Suppose that z; = z; for some
i # j. Then by Lemma 4.4.6, 2z; = 2z; = ¢, hence z; = ¢ — z;, which
contradicts the assumption. Therefore, z; # x; for i # j. Moreover,

by Lemma 4.4.3, x; # ¢ — y for all i and j.

First, suppose that y = 1. By Lemma 4.4.6, none of z;’s, ¢ — x;’s, and
¢ —yis 1. Then by Lemma 4.5.4, ¢ — z; € ¥, \ ({—a,b} U {-1,1}")
for all i. Moreover, Ny(1) = Ny(—1) = Ny(1) = Ny(—1)+ 1 =w+ 3.
Hence, by Lemma 2.0.12 for 1, N,(—1) = N,(1)+1. Hence, the weights

are
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Y, ={—c,—bx1, 29,73, 04,—1,1,—-1,1, -1, 1} U {—1,1}¥
Y, ={ca,x1 —c,xo—c,x3—c,xy—c,e—1,1,-1,1, -1, 1} U {-1,1}"
Y, ={—a,b} U{—z;} U{c—a;}i, U{l —¢c, =1} U{-1,1}"

Then we have that N,(1) > w + 3, N,(1) > w + 3, and N,(1) = w,

which is a contradiction by Lemma 4.4.9.

Second, suppose that ¢ —z; = 1 for some i. Without loss of generality,
assume that ¢ — x4 = 1. By Lemma 4.4.6, none of z;’s, ¢ — z;’s, y, and
c—yis1foralliand j#4. Thusy e 3, \ ({—a,b} U{-1,1}") by
Lemma 4.5.5 and c—z; € ¥, \ ({—a,b}U{—-1,1}") for i # 4 by Lemma
4.5.4. Moreover, N,(1) = Ny(—1) +1 = N,(1) = Ny(-1) = w + 3.
Therefore, by Lemma 2.0.12 for 1, N,(—1) = N,(1) + 1. Hence, the

weights are

Y, ={—c,—bx1, 29,23, 24, —y,1,-1,1, -1, 1} U {—-1,1}"
Y, ={ca,x1—c,xo—c,x3—c,—1l,c—y,1,—1,1, -1, 1} U {-1,1}"

Y, ={-a,b} U{-m;}i , U{c—z}P ,U{y,y —c,—1} U{-1,1}*

Then we have that N,(1) > w+ 3, N,(1) > w+ 3, and N, (1) = w,

which is a contradiction by Lemma 4.4.9.

Finally, suppose that y # 1 and ¢ — x; # 1 for all i. By Lemma 4.5.5,
ye X\ ({—a,btuU{-1,1}"). Also, c—z; € ¥, \ ({—a,b} U{-1,1}")

for all 7+ by Lemma 4.5.4. Hence, the weights are

EP = {_C7 _b7 Ty1,T2,T3, T4, Y, 17 _17 17 _1, 1} U {—17 1}111
Y, ={ca,21 —c,xg—c,x3—c,x4—c,c—y,1,—-1,1, -1, 1} U{-1,1}"

S ={=a, by U{—mz:}in, U{y} U{c—mifin, Uy — b u{-1,1}"

Then we have that N,(1) > w+ 3, N,(1) > w+ 3, and N,(1) = w,

which is a contradiction by Lemma 4.4.9.

Lemma 4.6.7. In Lemma 4.5.1, t =2 and v =1 are impossible.
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Proof. The weights in this case are

Ep = {_C7 _b7x17'r27 X3, L4, T5, —Y1, —Y2, 1} U {—17 1}w+1
Y, ={ca,m1 —c,xg —c,x3 — ¢, x4 — ¢, 15 — ¢, ¢ — Y1, ¢ — Yo, L} U{—1, 1}
Y, ={—ab,--- }U{-1,1}",

where a,b, and ¢ are even natural numbers such that ¢ = a + b is the
largest weight, x;’s and y;’s are odd natural numbers for all i, and w =
min, st min{No(—1), No(1)}. Moreover, the remaining weights at r are
odd.

By Lemma 4.5.6, ; = ¢ — x; for some ¢ and j. Then by Lemma 4.4.4,
there exist x; and z; where ¢ # j such that 2z; = 2x; = c¢. Without loss
of generality, let 201 = 225 = ¢. Denote x = x;. Lemma 4.4.4 also implies
that x; # ¢ — z; for i # 1 and 2, and for all j. Therefore, —z; € X, \
({—a,b}U{—1,1}") for i # 1 and 2 by Lemma 4.5.2. Also, by Lemma 4.5.3,
yi —c € .\ ({—a,b} U{—=1,1}") for all i. Moreover, by Lemma 4.2.6 part
3 for z, none of z;’s, y;’s, ¢ — x;’s, and ¢ — y;’s can be x for ¢ # 1 and 2, and
for all j. Hence, by Lemma 4.4.6, all of z;’s, y;’s, ¢ — x;’s, and ¢ — y;’s are
different for ¢ # 1 and 2, and for all j.

First, suppose that y; = 1 for some i. Without loss of generality, let yo = 1.
Then none of x;’s, ¢ — x;’s, y1, and ¢ — y;’s is 1 for all 7. Then we have that
y1 € 3, \ {—a,b} U{-1,1}*) by Lemma 4.5.5 and ¢ — z; € ¥, \ ({—a,b} U
{—1,1}") for ¢ # 1 and 2 by Lemma 4.5.4. Moreover, N,(1) = N,(—1) and
N,(1) = N,(—1) + 1. Hence, by Lemma 2.0.12 for 1, N,(1) + 1 = N,(—1).
Then the weights are

¥, = {—c,=b,x,z, 23,24, 25, —y1,— 1,1, =1, 1} U{-1,1}"
Y, ={ca,—x,—x, 23 —c, x4y —c,x5 —c,c—y;,c— 1,1, -1, 1} U{-1,1}¥

Y, ={—a,b,—x3, —x4, —T5, Y1, c—T3,c—Ty4,c—T5,y1—C, L —c, —1}U{—=1,1}*

Then ¥, = 3, mod ¢—1by Lemma 4.2.6 part 1 for c—1. First, [1+k(c—1)| >
c for |k| > 2. Also, ¢ ¢ ¥,. Then, Ny(1) =w+2, N,(1) =w, and £, = %,
mod ¢— 1 imply that N,(2—c¢) = 2, which is a contradiction since 7 has only
one negative even weight.

Second, suppose that c—z; = 1 for some i. Since c—x1 = c—2y =11 = £ >

1o}

2, without loss of generality, let ¢ — x5 = 1. Then none of x;’s, ¢ — x;’s, y;’s,
and c—y;’s is 1 for all i and j # 5. Therefore, we have that y; € 3,\ ({—a, b}U
{-1,1}") for all i by Lemma 4.5.5 and ¢ — z; € ¥, \ ({—a,b} U {—1,1}")
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for j = 3 and 4 by Lemma 4.5.4. Moreover, N,(1) = N,(—1) + 1 and
N,(1) = N,(—1). Hence, by Lemma 2.0.12 for 1, N,.(1) + 1 = N,(—1). Then

the weights are

¥, = {—c,=b,x,z,x3,24,c— 1, —y1, =40, 1, —1, 1} U {—1,1}¥
Y, ={c,a,—x,—x, 23 —c,xy —c,—1l,c—y1,c =y, 1, =1, 1} U {—1,1}"
Y, ={—-a,b,—x3, —x4,1 —c,y1,y2,c— T3, c— x4, Y1 —C, Yo —c, —1}U{—=1,1}*

Then ¥, = ¥, mod ¢ — 1 by Lemma 4.2.6 part 1 for ¢ — 1. As above,
N,(1) =w+2, N;(1) = w, and ¥, = ¥, mod c—1 imply that N,(2—c¢) = 2,
which is a contradiction since r has only one negative even weight.

Last, suppose that ¢ — x; # 1 and y; # 1 for all 2. Then we have that
v € X\ {—a,b} U{—1,1}") for all 4 by Lemma 4.5.5 and ¢ — z; € 3, \
({—a,b} U{—1,1}"*) for j # 1 and 2 by Lemma 4.5.4. Then the weights are

Ep = {—C, —b,ZE,l‘,ZL‘g,ZE4,$5, —Y1, —Y2, ]., —]_7 ]_} U {_1’ 1}w
¥, ={ca,—x,—x, 23 —c,xy —c,x5 —c,c —y,c —yp, 1, =1, 1} U{—-1,1}"

Er = {—CL, ba —X3, =4, —T5,Y1,Y2,C—T3,C—Ty4,C—T5,Y1—C, yZ_C}U{_la 1}w

Then we have that A\, = %dim M, which contradicts Lemma 4.1.4 that
A = %dimM +2. O

Lemma 4.6.8. In Lemma 4.5.1, t =2 and v = 2 are impossible.

Proof. In this case, the weights are

¥, = {—c¢,=b,x1, 22, 3, T4, T5, —Y1, —Yo, 1} U {1, 1}*+?
Y, ={ca,r1 —c,x9 —c,x3 — ¢, x4 — ¢, 5 — ¢, — Y1, ¢ — Yo, 1} U {—1, 1}¥+2
¥, ={—ab,---}U{-1,1}",

where a,b, and ¢ are even natural numbers such that ¢ = a + b is the
largest weight, z;’s and y;’s are odd natural numbers for all i, and w =
min, st min{ No(—1), No(1)}. Moreover, the remaining weights at r are
odd.

By Lemma 4.5.6, x; = ¢ — x; for some ¢ and j. Then by Lemma 4.4.4,
there exist x; and x; where ¢ # j such that 2z; = 2z; = c¢. Without loss
of generality, let 221 = 225 = ¢. Denote x = x;. Lemma 4.4.4 also implies
that x; # ¢ — x; for i # 1 and 2, and for all j. Therefore, —z; € X, \
({—a,b}U{—1,1}") for i # 1 and 2 by Lemma 4.5.2. Also, by Lemma 4.5.3,
Yy —c e 3.\ ({—a,b} U{-1,1}") for all .. Moreover, by Lemma 4.2.6 part
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3 for x, none of z;’s, y;’s, ¢ — x;’s, and ¢ — y;,’s can be x for i # 1 and 2, and
for all j. Hence, by Lemma 4.4.6, all of x;’s, y;’s, ¢ — a;’s, and ¢ — y;’s are
different for ¢ # 1 and 2, and for all j.

First, suppose that y; = 1 for some i. Without loss of generality, let y, = 1.
Then none of z;’s, ¢ — x;’s, y1, and ¢ — y;’s is 1 for all i. Therefore, we have
that y; € ¥\ ({—a,b}U{—1,1}") by Lemma 4.5.5 and c—z; € ¥,\ ({—a, b}U
{-1,1}") for ¢ # 1 and 2 by Lemma 4.5.4. Moreover, N,(1) = N,(—1) and
N,(1) = N,(—1) + 1. Hence, by Lemma 2.0.12 for 1, N,(1) + 1 = N,(—1).

Considering Lemma 2.0.12 for each integer, the weights are

Y, ={-c¢, bz v x5 04,25 —1n,—1,1,-1,1, -1, 1} U {—-1,1}"
¥, ={ca,—x,—x, 23—, x4—c,x5—c,c—y,c—1,1,—-1,1, =1, 1}U{-1,1}*
Sr = {—a, 0pu{—z: 23U {y Ju{c—ai s U{yi— ki U{-1, - f, fYu{-1, 1}¥
for some odd natural number f. If f > 1, by Lemma 4.4.8, ¢ = 20 = 2f,
which is a contradiction that no additional multiples of x should appear as
weights by Lemma 4.2.6 part 3 for . Hence f = 1, which is a contradiction
since it means that min__, st min{No(—1), No(1)} > w + 1.

Second, suppose that ¢ — x; = 1 for some i. Since ¢ —x1 = ¢ — 19 =
Ty = 5 > 2, without loss of generality, let ¢ — x5 = 1. Then none of
x;’s, ¢ — x;’s, y;i’s, and ¢ — y;’s is 1 for all 7 and j # 5. Therefore, we
have that y; € X, \ ({—a,b} U {—1,1}*) for all i by Lemma 4.5.5 and ¢ —
z; € 3, \ {—a,b} U{-1,1}") for j = 3 and 4 by Lemma 4.5.4. Moreover,
N,(1) = N,(—1) and N,(1) = N,(—1) + 1. Hence, by Lemma 2.0.12 for 1,
N,(1) +1 = N,(—1). Then the weights are

Y, ={—c¢ bz, x,x3,24,c— 1, —y1,—1o,1,-1,1, =1, 1} U{-1,1}"
Y, ={c,a,—x,—x, 23 —c,x4y—c,—1l,c—y;,c—y,1,—1,1, -1, 1} U{-1,1}¥
5, =
{=a,bu{—a s U{yitin U{c—aitins U{y — i, {1, — . fRU{-1,1}*
for some odd natural number f. As above, f = 1, which is a contradiction
wenst MIN{Ne(—=1), No(1)} > w + 1.

Last, suppose that ¢ —x; # 1 and y; # 1 for all . Then we have that y; €
2\ ({—a,b}U{-1,1}") for all i by Lemma 4.5.5 and c—z; € £, \ ({—a,b}U
{—1,1}") for j # 1 and 2 by Lemma 4.5.4. Since N,(1) > N,(—1) + 1 and
N,(1) > N,(—1) + 1, by Lemma 2.0.12 for 1, N,(1) +2 < N,(—1). Then the

weights are

since it means that min
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Ep = {_Ca —b,ZE, X,T3,T4,T5, Y1, —Y2, 17 _17 ]-a _]-7 ]-} U {_]-7 1}11)
¥, ={c,a,—x,—x,x3—Cc,x4—C,x5—C,c—Y1,c—Yo, 1, —1,1, =1, 1}U{—1,1}¥
Sr = {—a, 0pu{ -z} 30{yi i U{c—zi b sU{yi—cbi, U{ -1, —1}u{-1, 1}
Then we have that N,(1) > w + 3, N,(1) > w + 3, and N,(1) = w, which is
a contradiction by Lemma 4.4.9. [

Lemma 4.6.9. In Lemma 4.5.1, t =3 and v = 2 are impossible.

Proof. In this case, the weights

Sp = {—c, =bt U{a: b, U{—utii, v {1} U{-1,1}*?
S ={c,a} U{zi — iy U{e — b, {1} u{-1,1}*
Y, ={—ab,--- }U{-1,1}",

where a,b, and ¢ are even natural numbers such that ¢ = a + b is the
largest weight, x;’s and y;’s are odd natural numbers for all i, and w =
min, st min{No(—1), No(1)}. Moreover, the remaining weights at r are
odd.

By Lemma 4.5.6, ; = ¢ — x; for some ¢ and j. Then by Lemma 4.4.4,
there exist x; and x; where ¢ # j such that 2z; = 2x; = c¢. Without loss
of generality, let 22y = 229 = ¢. Denote z = 1. Lemma 4.4.4 also implies
that z; # ¢ — x; for i # 1 and 2, and for all j. Therefore, —z; € %, \
({—a,b}U{—1,1}*) for i # 1 and 2 by Lemma 4.5.2. Also, by Lemma 4.5.3,
Yy —c € 5.\ ({—a,b} U{—=1,1}") for all i. Moreover, by Lemma 4.2.6 part
3 for x, none of z;’s, y;’s, c — x;’s, and ¢ — y;’s can be z for ¢ # 1 and 2, and
for all j. Hence, by Lemma 4.4.6, all of z;’s, y;’s, ¢ — x;’s, and ¢ — y;’s are
different for ¢ # 1 and 2, and for all j.

First, suppose that y; = 1 for some ¢. Without loss of generality, let
ys = 1. Then none of x;’s, ¢ — x;’s, y,’s, and ¢ — y;’s is 1 for all ¢ and j # 3.
Therefore, y; € X, \ ({—a,b} U{—1,1}") for i # 3 by Lemma 4.5.5 and
c—x; €3, \({—a,b}U{-1,1}") for j # 1 and 2 by Lemma 4.5.4. Moreover,
N,(1) = N,(—1) and Ny(1) = N,(—1) + 1. Hence, by Lemma 2.0.12 for 1,
N,(1) +1 = N,(—1). Then the weights are

Zp = {_C7 _b7 x,r,T3,T4,Ts5,T6, —Y1, ~Y2, _17 1} U {_17 1}w+2
¥, ={ca,—z,—x,x3—C, 14— 0C, x5—C, T6—C, C—Y1,C—Yo, c—1, 1 }JU{—1, 1}*+?
S = {—a, 0} U{—a;}_sU{yi}i, U{e—a:} s U{yi —c} u{-1}u{-1,1}"
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Then we have that N,(1) = w + 3, N,(1) = w+ 3, and N, (1) = w, which is
a contradiction by Lemma 4.4.9.

Second, suppose that c—z; = 1 for some i. Since c—x1 = c—2y =11 = £ >

[l [e}

2, without loss of generality, let ¢ — x¢ = 1. Then none of x;’s, ¢ — x;’s, y;’s,
and ¢ —y;’s is 1 for all ¢ and j # 6. Therefore, y; € 3, \ ({—a,b} U{-1,1}*)
for all ¢ by Lemma 4.5.5 and ¢ — z; € 3, \ ({—a,b} U{-1,1}") for j = 3,4,
and 5 by Lemma 4.5.4. Moreover, N,(1) = N,(—1)+1 and N, (1) = N,(—1).
Hence, by Lemma 2.0.12 for 1, N,(1) +1 = N,(—1). Then the weights are

¥, ={—c,—b,x,x, 3, 24,5, — 1, —y1, —ya, —y3, 1} U {1, 1}*+?

¥, ={ca,—z,—x,x3—c,x4—c,x5—c,—1,c—y1,c—Yya, c—ys, 1}U{—1, 1}*+?
Sr = {—a,0}U{—z:}_s U{yitin, U{c— b s Uy — b {1} u{-1,1}*
Then we have that N,(1) = w + 3, N,(1) = w+ 3, and N,(1) = w, which is
a contradiction by Lemma 4.4.9.

Last, suppose that ¢ — x; # 1 and y; # 1 for all i. Then we have that
v € X\ ({—a, b} U {—1,1}") for all i by Lemma 4.5.5 and ¢ — z; € 3, \
({—a,b} U{—1,1}"*) for j # 1 and 2 by Lemma 4.5.4. Then the weights are

Ep - {_Ca _b) X, T,T3,X4,T5,T6, —Y1, —Y2, —Y3, ]-} U {_17 1}w+2
¥, ={ca,—z,—x, 13—, 14—C, T5—C, Tg—C, C—Y1, C—Ya, C—Y3, | JU{—1, 1}* 12
Sp = {—a, b} U{—ai}i_s U{yitis, U{c —zibig Uy — b U {11}
Then we have that N,(1) > w+ 3, N,(1) > w+ 3, and N,(1) = w, which is
a contradiction by Lemma 4.4.9. [

Lemma 4.6.10. In Lemma 4.5.1, t > v + 2 is impossible.

Proof. By Lemma 4.5.6, x; = ¢ —x; for some ¢ and j. Then by Lemma 4.4.4,
there exist x; and z; where ¢ # j such that 2z, = 2z; = c¢. Without loss of
generality, let 221 = 229 = ¢. Lemma 4.4.4 also implies that x; # ¢ — x; for
i # 1 and 2, and for all j. Therefore, —z; € 3, \ ({—a,b}U{—1,1}") fori # 1
and 2 by Lemma 4.5.2. Also, by Lemma 4.5.3, y;—c € 3, \({—a, b}U{—1,1}*)
for all <. Moreover, by Lemma 4.2.6 part 3 for z, none of z;’s, y;’s, ¢ — x;’s,
and ¢ — y;’s can be z for ¢ # 1 and 2, and for all j. Hence, by Lemma 4.4.6,
all of x;’s, y;’s, ¢ — x;’s, and ¢ — y,’s are different for ¢ # 1 and 2, and for all
Jj.

First, suppose that c—xz; = 1 for some i. Since c—x1 = c—x9 =11 = § > 2,

without loss of generality, let c—x3 = 1. Then, by Lemma 4.4.6, c—x; # 1 for
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i # 3 and y; # 1 for all j. Then ¢ — z; € £, ({—a,b} U{—-1,1}") for i # 1,2,
and 3 by Lemma 4.5.4, and y; € ¥({—a,b} U {-1,1}") for all j by Lemma
4.5.3. Therefore, we have that {—z; }}Z3 U {y;}_, U{c—z; )3 U{y; —c}t, C
YA\ ({—a,b}U{—1,1}"), which is a contradiction since there are 2t+4+2u+2v
spaces in X, \ ({—a,b} U{—1,1}") but 4¢ + 1 > 4t > 2t + 4+ 2u + 2v by the
assumption.

Second, suppose that y; = 1 for some 7. Without loss of generality, let
y1 = 1. Then, by Lemma 4.4.6, c—x; # 1 for all i and y; # 1 for j # 1. Then
c—xz; €3, \ ({—a,b} U{-1,1}") for i # 1 and 2 by Lemma 4.5.4, and y; €
Yo\ ({—=a,b} U{—1,1}") for j # 1 by Lemma 4.5.3. Therefore, we have that
{—ehiu{yitioU{e—a iU yi—ctioy € S\ ({—a, 0}U{-1,1}"), which is
a contradiction since there are 2t+4-+2u+2v spaces in X\ ({—a, b}U{—1,1}*)
but 4t + 1 > 4t > 2t + 4 + 2u + 2v by the assumption.

Last, suppose that ¢ — x; # 1 and y; # 1 for all «. Then ¢ — x; €
2\ ({—a,b} U{-1,1}*) for ¢ # 1 and 2 by Lemma 4.5.4, and y; €
Yo\ ({—a, b} U{—=1,1}") for all j by Lemma 4.5.3. Therefore, we have that
[ UL Ue—ai YU el © S\ ({—a, b}U{—1,1}7), which s
a contradiction since there are 2t+4-+2u+2v spaces in X\ ({—a, b}U{—1,1}*)
but 4t + 2 > 4t > 2t + 4 + 2u + 2v by the assumption. [

Lemma 4.6.11. In Lemma 4.5.1, v > 3 is impossible.

Proof. First, min{N,(—1), N,(1)} > w+3 and min{N,(—1), N,(1)} > w+3.
If min{N,(—1), N,(1)} > w, then min__,,s1 min{Ne(—1), No(1)} > w + 1,
which is a contradiction. Hence min{N,(—1), N,(1)} = w. Then either
N,(=1) = w or N,(1) = w. However, neither case is possible by Lemma
4.4.9. 0O
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