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Abstract

Negli ultimi anni l’entropia di entaglement è stata ampiamente studiata nel campo
dell‘integrabilità. Con l‘introduzione del modello a replica è stato possibile portare alla
luce le proprietà universali dell’ entropia di entanglement di un sistema bipartito nello
stato di vuoto.
In questa tesi si è investigato il problema dell’entropia di entanglement di un sistema
bipartito in uno stato eccitato di singola particella. In particolare, si è considerata una
teoria bosonica libera in un volume finito, in modo da sfruttare al meglio le tecniche
dell‘integrabilità. Nel corso di questa analisi, è stato possibile rielaborare il modello a
replica in un volume finito grazie ad un raddoppiamento della teoria bosonica che ha
indotto una simmetria U(1) su ogni copia del modello. Tale tecnica, nota in letter-
atura come doubling trick ha permesso di ricondurre il calcolo dell’entropia di Renyi a
un’opportuna espansione in form factors dei campi U(1) implementanti tale simmetria e
valutarne il contributo dominante nel limite in cui il volume è grande.
I risultati ottenuti per la Second Rènyi entropy mostrano che in tale limite, l’eccesso
di entanglement dovuto allo stato eccitato rispetto a quello di vuoto è indipendente
dall’energia dello stato stesso e può essere interpretato come quantità che misura la in-
certezza sulla localizzazione dell’eccitazione nelle due parti di cui è composto il sistema.
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Chapter 1

Introduction

Entanglement is a peculiar phenomenon which occurs between two or more parts of a
quantum system. Its most direct consequence is that a local measurement performed on
a subsystem may affect the outcome of the other measurements potentially performed
far away.

The concept of entanglement has played an important role in the development of
quantum physics. In the early days, it was mainly perceived as the qualitative feature
that most distinguished the quantum nature from the classical one, introducing a new
form of correlation [1]. It is not surprising that the existence of entanglement has been
at the centre of the scientific debate for some time (a well-known example is the EPR
paradox [2]). The subsequent development of the Bell’s inequalites [3] has definitively
made these quantum correlations accessible to experimental verification. The reality of
entanglement was confirmed by the experiments of Alain Aspect and collaborators [4]
using pair of maximally entangled photons.

Entanglement has attracted attention in both theoretical and technological fields.
In the last few decades, the technological progress has permitted to create controllable
quantum correlations. From this point of view, entanglement has been viewed as a new
resource that permits to deal with tasks that are impossible or inefficient by a classical
analysis e.g. the quantum teleportation. This provided the basis for the modern quan-
tum information science and its applications, as for example quantum computation and
quantum cryptography [5].

This relevant role in so many branches of physics has raised the quest to develop
efficient (theoretical) measures of entanglement. For instance, it is well known in the
literature that the von Neumann entropy and the Rényi entropy provide a good measure
of the amount of entanglement that a system in a pure state possesses.
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In the context of many-body quantum systems, an active line of research is concerned
with the bipartite entanglement entropy of a extended quantum system. A prominent
example in one dimension is provided by a quantum spin chain: it consists of an in-
finitely long sequence of atoms that are characterized by their spin. These extended
quantum systems in the scalar limit near a critical point show an asymptotic behaviour
described by a Quantum Field Theory (QFT) (in the Infrared limit) or by a Conformal
Field Theory (CFT) (in the Ultraviolet limit). From this point of view, the relevance of
the entanglement entropy in quantum spin chains arises from the fact that its asymptotic
behavior encodes universal properties.

The scaling universal properties of the entanglement entropy have been widely in-
vestigated in the ground state. In this context the work of Calabrese and Cardy [6] in
CFT has played a crucial role. Beyond criticality, the entanglement entropy may be
evaluated by means of the branch-point twist fields and by taking advantage of integral
model techniques. This approach was introduced in the work of Cardy, Castro-Alvaredo
and Doyon [7]. In contrast, the entanglement entropy in excited states is analyzed in
the works of Sierra and collaborators [8, 9] that has provided CFT results in the large
volume limit.

In this thesis we investigate the entanglement entropy in excited states in a finite-
volume QFT. In particular, we consider a free boson theory. This choice is motivated by
the simple structure of the theory that allows us to take full advantage of the integrable
model techniques i.e. form factor expansions. The results can provide the basis on which
other integrable models may be implemented.

In our investigation we employ the techniques developed in [7] and extended into fi-
nite volume. In order to do this, we take advantage of the doubling trick first introduced
in the work of Fonseca and Zamolodchikov [10]. This enable us to deal with a doubled
theory described by complex boson fields.

The thesis is organized as follows:

• In Chapter 2 we introduce entanglement in a bipartite quantum system, and, we
discuss the von Neumann entropy and the Rényi entropy as entanglement measures
in bipartite quantum systems in a pure state.

• In Chapter 3 we introduce the replica trick and show how this technique may
be implemented in order to obtain the entanglement entropy in the ground state.
Then we extend this approach to a finite volume where the entanglement entropy
in excited states may be evaluated.

• In Chapter 4 we introduce integrability and we see how the form factor expansion
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may be implemented to calculate the two-point correlation functions of local fields
in both infinite and finite volume.

• In Chapter 5 we analyze the free boson theory by using the doubling trick. In par-
ticular we see that the doubling of the free boson theory induces a Up1q symmetry
to which a twist field can be associated, and, permits to derive the large-volume
leading contribution to the Rényi entropy in a one-particle excited state. Fur-
thermore we evaluate the large-volume leading contribution to the second Rényi
entropy.

• In Chapter 6 we draw the conclusions of our work and we interpret the results. In
addition, we discuss some possible future developments.

The most technical parts of the calculations have been collected in the appendices.
Namely:

• In Appendix A we implement the form factor boostrap equations introduced in
Chapter 4, in order to evaluate the two-particle form factors of the Up1q fields.

• In Appendix B we calculate the large-volume leading contribution to the second
Rényi entropy.
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Chapter 2

Entanglement

2.1 Quantum Information
The measure of Entanglement has been of central importance in the field of Quantum
Information. Essentially, the latter differs from the classic one by two relevant properties
introduced by Quantum Mechanics:

• Superposition principle.

• Entanglement.

As is well-known, the bit is the fundamental unit of classical information, it may have
two possible values described by the binary number 0 or 1. Quantum information is built
upon an analogous concept that is quantum bit or qubit for short. Even for a qubit there
are two states, namely |0y and |1y, but now it lives in a 2-dimensional Hilbert space Hp2q
and, thanks to the superposition principle, it is possible to write it as:

|φy “ α |0y ` β |1y (2.1)

where |0y and |1y form an orthonormal basis that is known as computational basis, and,
α and β are complex numbers related to the probability to get one of the two states once
we measure a qubit. As result of this measurement we could either obtain 0, with prob-
ability |α|2, or the result 1, with probability |β|2. For this probabilistic interpretation it
is natural to assume the normalization |α|2 ` |β|2 “ 1.

Despite the fact that qubit seems to be a mathematical prototype, it is a "real" ob-
ject. Indeed, many different physical systems can be used to realize qubits [5]: the two
different polarizations of a photon, the two states of an electron orbiting a single atom,
the alignment of a nuclear spin in a uniform magnetic field, etc... In particular, in this
thesis, we consider a single qubit as a system which represents one spin-1

2
particle e.g.
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an electron. As consequence, in the previous expression (2.1), the state |0y (or |1y) is
the state with spin pointing up |Òy ( or down |Óy).

All we have discussed so far is a strict consequence of the superposition principle. We
are interested in the other "innovation" of quantum information that is Entanglement.
From an operational point of view [11], the usefulness of entanglement emerges be-
cause it permits to overcome the so-called Local Operation with Classical Communica-
tion (LOCC) paradigm. The latter is related to the technological motivation to exchange
information between distantly separated laboratories. This context is known as distance
lab scenario and involves a multipartite quantum system which consist of various parties
that are restricted to act locally in their own sub-systems by performing measurements
or , more general, quantum operations (Local Operation). Thus, these parties are spa-
tially separated and able to communicate over long distance by using standard telecom
technologies (Classical Communication) in order to coordinate the action of the different
labs. Such implementation is called LOCC and can be thought as a special subset of all
physically realizable operation on the global system.
The LOCCs allow us to differentiate classical from the quantum correlation. In fact,
in the context of quantum information, classical correlations are defined as those that
can be generated by LOCC. As a consequence, a first definition of non-entangled or
separable states can be given as those states that can be generated exclusively by the
action of LOCC. This leads to the crucial property that any measure of entanglement
must satisfy: its expected value must not increase under LOCC. Thus, if in a quantum
system we observe correlations that cannot be simulated classically, then we can label
them quantum correlations. Such sub-systems that cannot be described by LOCC, can
be defined as entangled and they require the implementation of non-local operations.
From a theoretical point of view, entanglement is strictly linked to some concepts of sta-
tistical mechanics that will be discussed further in the following sections e.g. pure and
mixed states, reduced density matrix. The latter leads to a simple way to distinguish
between entangled and separated state. It is important to stress that entanglement is a
phenomenon that occurs among sub-systems of the same system, therefore it is relevant
how these partitions are implemented. Indeed, we will see that the quality of a state
being entangled or not may depend on the chosen partition. The elementary partition is
provided by the qubit, thus it is necessary to introduce at least two-qubit state in order
to treat entanglement.

2.2 Pure and Mixed states
Before focusing on entanglement, it will be useful to review some important concepts of
quantum statistical mechanics. In particular the interest in the concept of pure/mixed
states arises from its connection to that of separable/entangled states.
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Essentially, when we look at quantum many-body systems, we have to deal with proba-
bility that acts on two levels [12]:

1. the probability due to the uncertainty on the initial state.

2. the probability due to the intrinsic nature of quantum mechanics, which is well
described by the quantum mechanics postulates, whose effects cannot be neglected.

As consequence, the difference between pure and mixed states is that the former is
not affected by the first type therefore its initial state is well-known with probability
equal to 1. An efficient approach to show this is provided by the density matrix. The
latter will be discussed in the following subsections.

2.2.1 The Density Operator

The density operator can be written for a mixed state as:

ρ “
ÿ

k

pk |ψky xψk| “:
ÿ

k

pkρk (2.2)

where the mixed state is composed by the set t|ψky , pkuk and pk is the probability
associated to each state |ψky. Obviously:

ÿ

k

pk “ 1 (2.3)

A pure state is obtained when each probability pk is 0 except for one state |ψy:

ρ “ |ψy xψ| (2.4)

It is important to remark that a mixed state must not be confused with a superpo-
sition of states. The latter is normally defined by an eigenbasis of a certain observable
A, and, a coefficient aj is associated for any components |φjy of that basis. The physical
interpretation of this coefficient aj lies in the fact that |aj|2 represents the probability to
find the system in |φjy after a measurement. However the mixed states do not allow any
effects of interference ( generally associated to the a˚j aj terms) that may arise in some
amplitudes of the superposition.

The description by means of the density operator leads to many advantages. First of
all, it permit to eliminate the ambiguity related to the existence of an arbitrary global
phase factor for the quantum states. For instance, the two states |ψy and eiθ |ψy (where θ
is a real number) are described by the same density operator. Another advantage is that
the expectation value can be expressed by a linear formula with respect to the density
operator.
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2.2.2 Density Matrix of a pure state

Let us consider a normalized pure state |ψy expanded in the complete orthonormal basis
t|ukyuk (supposed to be discrete) :

|ψy “
ÿ

k

ck |uky (2.5)

The density operator can be represented by the density matrix with elements:

ρij “ xui| ρ |ujy “ xui|ψy xψ|ujy “ c˚i cj (2.6)

Properties of the density matrix of a pure state:

1. It is non-negative: ρii “ |ci|2 ě 0 @i

2. It is self-adjoint: ρ: “ ρ

3. Its trace is one: Trρ “
ř

k ρkk “
ř

k |ck|
2 “ 1

4. It acts as a projector operator therefore it satisfies the idempotent relation: ρ2 “ ρ

Expectation Values: we can now calculate the expectation value of a certain observ-
able A, thanks to (2.5):

xAy “ xψ|A |ψy “
ÿ

i,j

c˚i cjAij (2.7)

where Aij :“ xui|A |ujy. Thus, the property 3 and (2.6) can be rewritten as:

xAy “
ÿ

i,j

xui| ρ |ujy xuj|A |uiy

“
ÿ

i

xui| ρA |uiy

“ TrtρAu (2.8)

2.2.3 Density Matrix of a mixed state

Let us now consider the system described by the mixture of states t|ψky , pkuk. Introduc-
ing the orthonormal basis t|unyun we can expand each ψk in the adopted basis t|unyu by
using the coefficients:

cpkqn “ xun|ψky (2.9)
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The diagonal elements of the density matrix can be written as:

ρnn :“ xun| ρ |uny “
ÿ

k

pk|c
pkq
n |

2 (2.10)

|c
pkq
n |

2 is obviously a positive real number, whose physical interpretation is the following:
if the state of the system is |ψky, |cpkqn |2 represents the probability of finding the system
in the state |uny after a measurement. However, before measuring, we cannot predict
in which state |ψky the system is collapsed. Thus ρnn can be interpreted as the average
probability of finding the system in the state |uny. For this reason, ρnn is called the
population of the state |uny: if we hypothetically performed the same measurement N
times under the same initial conditions and N is a large number, then we would find
Nρnn systems in the state |uny. It is evident from (2.10) that ρnn is equal to zero if and
only if |cpkqn |2 is zero for all k.
Similarly, the non-diagonal elements of the density matrix are:

ρnm :“ xun| ρ |umy “
ÿ

k

pkc
pkq
n cpkq˚m (2.11)

c
pkq
n c

pkq˚
m expresses the interference effects between the state |uny and |umy which can

occur when the state |ψky is a coherent linear superposition of these states. Elements
such as (2.11) are called coherences and if they are different from 0, it means that a
certain coherence between the states of the basis subsists. In contrast to |cpkqn |2 , cpkqn c

pkq˚
m

is a complex number then ρnm might be zero even if any cpkqn c
pkq˚
m are non-zero. In this

case, the effects of interference cancell each other.

Properties of the density matrix of a mixed state:

1. It is non-negative: ρnn “
ř

k pk|c
pkq
n |

2 ě 0 @n

2. It is self-adjoint: ρ: “ ρ

3. Its trace is one: Trρ “
ř

n ρnn “
ř

n

ř

k pk|c
pkq
n |

2 “ 1

4. It does not act as a projector operator therefore it does not satisfy the idempotent
relation: ρ2 ‰ ρ

Thus, pure and mixed states differ by the property 4.

Expectation Value: as in the pure case, we can rewrite the expectation value of a
certain observable A in terms of the density matrix:
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xAy “
ÿ

n,m

ÿ

k

pkc
pkq
n cpkq˚m “

ÿ

n,m

ρn,mAn,m

“
ÿ

n,m

xum| ρ |uny xun|A |umy “
ÿ

n

xum| ρA |umy

“ TrtρAu (2.12)

2.3 A Relevant Example: The Two Qubit
The simplest example of a bipartite system is provided by a two qubit system. In
particular we now work in a 4-dimensional Hilbert space Hp4q “ Hp2q1 b Hp2q2 . Let us
adopt the basis t|Ò1Ò2y , |Ò1Ó2y , |Ó1Ò2y , |Ó1Ó2yu where:

|Ò1Ó2y “ |Ò1y b |Ó2y (2.13)

Considering the total angular momentum eigenstates it is possible to express the
singlet and triplet states in terms of the basis thanks to Clebsch-Gordan coefficients :

|s0y :“ |0, 0y “ 1
?

2
p|Ò1Ó2y ´ |Ó1Ò2yq (2.14)

|t1y :“ |1, 1y “ |Ò1Ò2y

|t0y :“ |1, 0y “ 1
?

2
p|Ò1Ó2y ` |Ó1Ò2yq

|t´1y :“ |1,´1y “ |Ó1Ó2y

States like |s0y or |t0y show a peculiar behavior: if we measure the spin of the first
particle and obtain a particular result, say xσz1y “ `

1
2
, then the state of the second parti-

cle automatically collapses in |Ó2y, thus xσz2y “ ´
1
2
. States like these for which non-local

correlations arise are called entangled. On the other hand, performing a measurement
on the first particle of |Ò1Ò2y (as well as |Ó1Ó2y) does not give any additional information
about the second particle therefore states such as the triplets |t1y and |t´1y are separable.

Although this example appears simple and enlightening, this non-local correlation
might not be so evident in general. For instance, it is known that [13] a pure bipartite
state is not entangled if and only if it can be written as a tensor product of pure states
of the parts. However when the partition is composed by an high number of states, it
might not be easy to notice it. In addition, when the quantum system is more complex
than the two qubits, we have to consider how the partition is realized. A clear example
is provided by the three-spin state:
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|ψy “ 1
?

2
p|Ò1Ò2Ó3y ´ |Ò1Ó2Ò3yq (2.15)

where |Ò1Ò2Ó3y “ |Ò1y b |Ò2y b |Ó3y. Choosing 1 and 2 Y 3 as subsystem leads to a
separated state while other partitions, for instance 1 Y 2 and 3, lead to an entangled
state. Thus, it appears essential to develop a "criterion" in order to distinguish between
entangled and separable states and then to quantify the amount of entanglement. This
could be done by introducing the Schmidt decomposition.

2.4 The Bipartite System
We will consider, in general, a system A

Ť

B, described by a pure state such as (2.5),
which is divided into two subsystems A and B. As already seen in the two qubit case,
the Hilbert space of the total system may be factorized into those of the parts:

H “ HA bHB (2.16)

Thanks to (2.16), a state |ψy P H can be expressed as:

|ψy “
ÿ

i,j

Ci,j |φiyA b |χjyB (2.17)

where t|φiyAui and t|χjyBuj are the complete orthonormal bases respectively of HA

and HB and Ci,js are the normalized complex coefficients:
ÿ

i,j

|Ci,j|
2
“ 1 (2.18)

2.4.1 The Reduced Density Matrix

In order to deal with the subsystems, it is useful to introduce the reduced density operator
which acts non-trivially only on one of those two parts. For instance, if O is an operator
that is defined only on the partition A, then it can be written as O “ OA b 1B. We are
interested in the expectation value:

xψ| O |ψy “ TrHtρOu “ xψ| OA b 1B |ψy (2.19)
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xψ| OA b 1B |ψy “
ÿ

i1,i2,j1,j2

Ci1,j1C
˚
i2,j2

xφi2| OA |φi1y xχj2| 1A |χj1y (2.20)

“
ÿ

i1,i2

ˆ

ÿ

k

Ci1,kC
˚
i2,k

˙

xφi2 | OA |φi1y

Defining the reduced density matrix ρA:

xφi1| ρA |φi2y :“
ÿ

k

Ci1,kC
˚
i2,k

(2.21)

we can finally rewrite (2.20) as:

xψ| OA b 1B |ψy “
ÿ

i1,i2

xφi1| ρ |φi2y xφi2| OA |φi1y

“
ÿ

i

xφi| ρAOA |φiy “ TrHA
tρAOAu (2.22)

Thus, thanks to the reduced density matrix, it is possible to take into account only
one partition. Furthermore ρA can be expressed as the trace of the density matrix acting
on the Hilbert space HB:

ρA “ TrHB
ρ (2.23)

Indeed:

TrHB
ρ “

ÿ

j

xχj| ρ |χjy “
ÿ

j

xχj|ψy xψ|χjy

“
ÿ

j

xχj|
ˆ

ÿ

i1,j1

Ci1,j1 |φi1y b |χj1y
˙ˆ

ÿ

i2,j2

C˚i2,j2 xφi2 |b xχj2|
˙

|χjy

“
ÿ

j,i1,i2,j1,j2

Ci1,j1C
˚
i2,j2

xχj|χj1y xχj2 |χjy |φi1y xφi2|

“
ÿ

i1,i2

ˆ

ÿ

j

Ci1,jC
˚
i2,j

˙

|φi1y xφi2|

(2.24)

Finally :

xφi1|TrHB
ρ |φi2y “

ÿ

j

Ci1,jC
˚
i2,j
“ xφi1| ρA |φi2y (2.25)
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Properties of the reduced density matrix ρA:

1. It is non-negative: xα| ρA |αy ě 0 @ |αy P HA

2. It is self-adjoint: ρ:A “ ρA

3. Its trace on HA is 1: TrHA
ρA “ 1

4. if ρA “ |ψAy xψA| then it satisfies the idempotent relation: ρ2
A “ ρA (only if |ψAy is

a pure state)

2.4.2 The Schmidt Decomposition

Let us introduce a new basis of the second partition:

|χ̃iy “
ÿ

j

Ci,j |χjy (2.26)

As a consequence, a pure bipartite state such as (2.17) can be rewritten as:

|ψy “
ÿ

i,j

Ci,j |φiy b |χjy “
ÿ

i

|φiy b |χ̃iy (2.27)

The properties 1 and 2 of the reduced density matrix ensure that it is always possible
to find a complete eigenbasis of ρA whose eigenvalues are non-negative. Let us suppose
that t|φyui is such an eigenbasis for ρA with eigenvalues tpiui therefore we can express:

ρA “
ÿ

i

pi |φiy xφi| (2.28)

Using (2.21), we obtain:

xφi1 | ρA |φi2y “
ÿ

i

pi xφi1 |φiy xφi|φi2y “ pi1δi1,i2 “
ÿ

k

Ci1,kC
˚
i2,k

(2.29)

An important consequence of property 3 and (2.29) is:
ÿ

i

pi “ 1 (2.30)

In addition

xχ̃i1 |χ̃i2y “
ÿ

j1,j2

Ci1,j1C
˚
i2,j2

xχj1 |χj1y “
ÿ

k

Ci1,kC
˚
i2,k
“ pi1δi1,i2 (2.31)

Thus, we can introduce the new normalized basis of HB
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|χ̄iy “
1
?
pi
|χ̃iy (2.32)

and finally obtain the Schimidt decomposition of the state |ψy:

|ψy “
ÿ

i

?
pi |φiy b |χ̄iy (2.33)

The reduced density matrix permits to deduce some statements that involve the
whole bipartite system. Let us now introduce the number of non-zero eigenvalues pi
of ρA, which is called Schmidt number and plays an important role in distinguishing
between entangled and separable states: if the Schmidt number is equal to one
then the pure bipartite state |ψy is separable because it is composed by an only
term in (2.33) therefore |φy and |χy are pure states (since p “ 1 from (2.30)).1 On the
other hand if the Schimidt number is greater than 1 the state |ψy is entangled
and the subsystems are described by mixed states.
It is important to stress that if we previously focused on the complete eigenbasis |χiy of
part B, ρB would take the same form as ρA, and, pj would be the same coefficients as
those in (2.28):

ρB “
ÿ

j

pj |χjy xχj| (2.34)

Indeed, the density operators ρA and ρB have common spectrum, this means that they
are "equally mixed". If they have a different number of eigenvalues, then they can only
differ by the number of zero eigenvalues.

Examples of entangled and separable states:
A simple example of maximally entangled states is provided by the Bell states [14]

that form an orthonormal basis in the two-qubit Hilbert Space H “ H1 b H2 where 1
and 2 are the two qubits. The Bell states are quite popular in quantum information since
they are widely used in both theoretical and experimental works. This basis is composed
by the symmetric Bell states |Φ˘y, |Ψ`y and the anti-symmetric Bell state |Ψ´y:2

∣∣Φ˘D “ 1
?

2

`

|Ó1Ó2y ˘ |Ò1Ò2y
˘

∣∣Ψ˘
D

“
1
?

2

`

|Ó1Ò2y ˘ |Ò1Ó2y
˘

(2.35)

1we already mentioned the following statement: a pure bipartite state is not entangled if and only if
it can be written as a tensor product of pure states of the parts.

2this symmetry is understood under the exchange of the subsystems 1 Ø 2
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where |Ò1Ó2y “ |Òy1b |Óy2. Let us consider, for example, |Φ˘y. The density operator ρ is
given by:

ρ “
∣∣Φ˘D @Φ˘

∣∣ “ 1

2

`

|Ó1Ó2y xÓ1Ó2|` |Ò1Ò2y xÒ1Ò2|˘ |Ò1Ò2y xÓ1Ó2|˘ |Ó1Ó2y xÒ1Ò2|
˘

(2.36)

The reduced density matrix of 2 is obtained by:

ρ2 “ TrH1ρ “ 1 xÓ| ρ |Óy1 ` 1 xÒ| ρ |Òy1

“
1

2

`

|Óy2 2 xÓ|` |Òy2 2 xÒ|
˘ (2.37)

Thus, the subsystems are in a mixed state and |Φ˘y is entangled. In an analogous
way, we could obtain a similar result for |Ψ˘y.
Another important example is the already mentioned singlet and triplet states. It is easy
to show that states such as |soy and |toy are entangled while states like |t1y have density
matrix:

ρ “ |t1y xt1| “ xÒ1Ò2| (2.38)

and the reduced density matrix of 2:

ρ2 “ TrH1ρ “ |Òy2 2 xÒ| (2.39)

Therefore, states like |t1y and |t´1y are separable.

In general, the Schmidt decomposition of a two-qubit state can be written as:

|ψy “ ?p |Ó1Ó2y `
a

1´ p |Ò1Ò2y (2.40)

Therefore the reduced density operator of one qubit becomes:

ρ1 “ p |Òy xÒ|` p1´ pq |Óy xÓ| (2.41)

It is clear from (2.41) that the state (2.40) is maximally entangled when p “ 1
2

while it is completely separable when p “ 0, 1. Otherwise (2.40) and (2.41) describe
the spectrum of all possible intermediate states which are simply entangled. The amount
of entanglement these states possess can be quantified by the entanglement entropy that
will be introduced in the next section.
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2.5 Entanglement Entropy
Entanglement Entropy is a key concept in quantum information: it measures how much
uncertainly there is in the state of a physical system. Starting from the Shannon En-
tropy, which is related to classical information, we will extend it to quantum systems by
introducing the Rènyi Entropy and the Von-Neumann Entropy.

2.5.1 The Shannon Entropy

As already mentioned in section 2.2, a quantum system may present an uncertainly on
its initial state therefore we can treat the state of the system as a random variable X. As
a consequence, we can introduce the Shannon entropy which is a quantity that measures
the amount of uncertainty about X before we learn its value [5]. This allow us to write
the Shannon entropy as a function of a classical probability distribution P that is now
described by the set tpkuk. The latter associates to each state |ψky a probabilistic weight
pk (like in (2.2)) that must satisfy the following properties:

1. the sum over all pk must be equal to one:
ř

k pk “ 1

2. the pks form a convex combination: 0 ď pk ď 1 @k

As a result we can use this classical distribution P to express the expectation values
of the observable O:

xOy “
ÿ

k

pkxOyk (2.42)

.
and xOyk “ TrtρkOu. We can now define the Shannon entropy:

HrPs “ Hpp1, p2, . . . , pnq “ ´
ÿ

k

pk log pk (2.43)

where the logarithm is taken on base two therefore the corresponding unity of the
Shannon entropy is the bit.3 For instance, choosing a constant probability distribution
pk “ const lead to the maximal value of the Shannon entropy in contrast to the choice
pk “ δk,j for which (2.43) vanishes.

Following [15], the Shannon entropy satisfies the set of postulates known as the
Fadeev’s postulates :

(a) Hpp1, p2, . . . , pnq is a symmetric function of its variable pks.
3If we choose another base of the logarithms, the unity changes i.e. for natural logarithms it is the

natural unit of information (nat). We will use this unity in the chapter 3 and 5.
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(b) Hpp, 1´ pq is a continuous function of p for 0 ď p ď 1.

(c) Hp1{2, 1{2q “ 1

(d) Hptp1, p1´ tqp1, p2, . . . , pkq “ Hpp1, p2, . . . , pkq ` p1Hpt, 1´ tq
for P “ pp1, . . . pkq and for all ď t ď 1

It is important to stress that the postulates (a)-(d) characterize the quantity (2.43)
uniquely.

2.5.2 The Rènyi Entropy

Let us consider two independent probability distributions, namely P “ pp1, . . . pnq and
Q “ pp1, . . . pmq. Denoting by P ˚ Q the direct product of P and Q, e.g. the probability
distribution with weight pjqk for all j “ 1, . . . n and k “ 1, . . .m. In particular, it turns
out from (2.43):4

HrP ˚ Qs “
ÿ

j,k

pjqk log pj `
ÿ

j,k

pjqk log qj

“

ˆ

ÿ

k

qk

˙

ÿ

j

pj log pj `

ˆ

ÿ

j

pj

˙

ÿ

k

qk log qk

“ HrPs `HrQs

(2.44)

The latter is one of the most important properties of the entropy that is called
additivity. It is essential to remark that one cannot replace the postulate (d) with (2.44)
since the latter is much weaker. However it is possible to define another quantity known
as Rènyi entropy of order α which satisfies the postulate (a), (b), (c) and (2.44):5

SαrPs “ Sαpp1, . . . , pnq “
1

1´ α
log

ˆ

ÿ

k

pαk

˙

(2.45)

where α is a non-negative real number and α ‰ 1. Furthermore it can be thought as
a generalization of the Shannon entropy since its limit leads to (2.43) when α tends to
one:

HrPs “ lim
αÑ1

SαrPs (2.46)
4It is important to stress that (2.44) holds only if P and Q are independent of each other while in

general: HpP ˚ Qq ď HpPq `HpQq
5(2.45) is not the only quantity defined by the postulates (a)-(c) and (2.44).
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2.5.3 The Von Neumann Entropy

:
In the context of quantum mechanics, a more general picture is provided by the von

Neumann entropy. In particular, it generalizes the Shannon entropy, replacing probabil-
ity distributions with density operators:

Spρq “ ´Trtρ log ρu (2.47)

It is clear that (2.43) and (2.47) coincide when we consider a density operator such
as (2.2). Furthermore it is possible to re-define the Rényi entropy in the density matrix
picture:

Sαpρq “
1

1´ α
logTrtραu α P R` (2.48)

and, consequently, it can be related to the Von Neumann entropy:

Spρq “ lim
αÑ1

Sαpρq (2.49)

Another way to express (2.47) is provided by the set tλkuk that consists in the eigen-
values of ρ:

Spρq “ ´
ÿ

k

λk log λk (2.50)

The Binary Entropy
A particular case of the von Neumann entropy that gains importance in the context

of bipartite systems is the binary entropy. It describes a system that involves a two
out-come random variable. A special example is provided by the two-qubit state such
as (2.40) whose reduced density operator ρ1 of one qubit is (2.41). The binary entropy
may be calculated by (2.47) and written as:

Sbinppq “ Spρ1q “ ´p log p´ p1´ pq logp1´ pq (2.51)

where p and 1 ´ p are the probabilities of the two outcomes e.g. the eigenvalues of
ρ1 in the considered case. It is important to stress that (2.51) is related to one qubit
therefore it involves only one partition.

Analogously, we can introduce the binary Rényi entropy :

Sbinn ppq “
1

1´ n
log

`

p2
` p1´ pq2

˘

(2.52)
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Figure 2.1: S is the binary entropy expressed in nat.

The figure 2.1 shows the form of Sbin with respect to p: it peaks at p “ 1
2
e.g. the state

(2.40) is maximally entangled while it has zeros at p “ 0, 1 when (2.40) is completely
separable.
The equations (2.51) and (2.52) suggest that both the von Neumann entropy and Rényi
entropy are good measures of entanglement.

2.6 Entanglement Measure Of A Pure State
Let us now list the main properties of the von Neumann Entropy [5, 16]:

(i) Spρq is non-negative. The entropy is zero if and only if the state is pure.

(ii) The entropy is always bounded from above: S ď log d where d is the dimension of
the Hilbert space H in which ρ is defined. In particular Spρq is equal to log d if and
only if ρ describes a mixed state.

(iii) The entropy is invariant under unitary transformations: Spρ1q “ SpU´1ρUq “ Spρq

(iv) The entropy is concave: Sptρ1 ` p1´ tqρ2q ě tSpρ1q ` p1´ tqSpρ2q for 0 ď t ď 1

(v) The entropy is sub-addictive: SpρAŤ

Bq ď SpρAq ` SpρAq ( ρA is defined by (2.21))
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We can compare (i)-(v) with the properties that are required in order to obtain a
"good" measure of entanglement Epρq [16, 17]:

1. An entanglement measure of a separable state is zero:
Epρq “ E

`
ř

i ciρ
piq
A b ρ

piq
B

˘

“ 0

2. A measure of entanglement is bounded from above by its values for maximally
entangled states.

3. An entanglement measure is not increasing under LOCC6: EpUρU´1q ď Epρq

4. An entanglement measure is convex: Eptρ1`p1´ tqρ2q ď tEpρ1q` p1´ tqEpρ2q for
0 ď t ď 1

5. An entanglement measure is sub-addictive: EpρA b ρBq ď EpρAq ` EpρAq

It turns out that (i)-(v) and (1)-(5) are compatible except for the properties (iv) and
(4), as a consequence the von Neumann entropy describes the amount of entanglement
only if the whole system is in a pure state, whose Schmidt decomposition is unique.
As a result, considering the bipartite system A

Ť

B we have seen in section 2.4, SpρAq
provides a good measure of entanglement for the whole system (2.33). Furthermore it
is easy to see that SpρAq “ SpρBq thus the amount of entanglement does not depend on
which of the two partitions we choose to calculate (2.47).
Analogously, it is possible to extend these considerations to the Rényi entropy.

Many different ways of quantifying entanglement may be introduced for mixed states
[13] e.g. the entanglement cost, the distillable entanglement [18] and the entanglement
of formation EF [19] although they may present many problems. For instance, the main
difficulty behind the calculation of EF lies in the infinite number of possible decomposi-
tion of a density matrix that introduce a sort of "ambiguity". Indeed, even knowing how
to quantify entanglement in pure bipartite states, this knowledge is not directly applied
to mixed states in order to obtain the latter as average over the mixture of the pure
states. Thus, different decomposition may lead to different averages of entanglement. In
order to overcome this problem the entropy of formation may be defined:

EF pρq :“ mint
ÿ

j

pjSpρA,jqu (2.53)

where the minimum is taken over all realizations of the mixed state ρAB “
ř

j |ψjy xψj|
and SpρA,jq is the von Neumann entropy of the reduced density matrix ρA,j:

6Local Operations and Classical Communication are argued in section 2.1, in particular local opera-
tions can be implemented by unitary operators U : “ U´1.
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ρA,j :“ TrHB
t|ψjy xψj|u (2.54)

(2.53) may be obtained by the requirement that entanglement must not increase on
average by means of local operatiors including LOCC.
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Chapter 3

Replica Trick

3.1 The Bipartite Quantum Spin Chain
Let us focus on a particular case of a bipartite system provided by a quantum spin chain
which consists in a infinitely long sequence of equidistant atoms characterized by their
spin. Our aim is to analyze the entanglement entropy in the scaling limit where the
connection with the (1+1) Quantum Field Theories emerges.
Hence, let us consider the whole chain in a pure state as we discussed in section 2.4. We
initially choose the ground state |gsy that is always a pure state, then we will extend
some results to excited states. Dividing the chain in two connected regions, say A and its
complement Ā such that we can define two sets of local observables that act separately
in each part, then we can express the Hilbert space of the whole system as H “ Ab Ā.
Since we are interested in calculating the von Neumann entropy, we focus in part A
supposed to contain L sites. Thus, if we take the dimensionless lattice scaling ã equal to
the unity, L measures the length of A.
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x x x2s Ls

xx x x

A L: sites

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

��
��
��
��
��
��
��

��
��
��
��
��
��
��

......
1s x

... ......
is i+L−1sxi+1s

a)

Figure 3.1: a) bulk case and b) boundary case (picture taken from [20])

There are many ways to implement this partition. We essentially look at two cases:
the first one is the infinite chain in both directions where A is in contact with Ā at two
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points i.e. two boundary points, (see a) in figure 3.1); the second one is the semi-infinite
chain where A is a connected segment starting at the boundary of the chain, with only
one true point of contact with Ā, see b) in figure 3.1). The former is called bulk case
while the latter is referred as the boundary case.

3.1.1 Scaling Limit

A relevant length-scale in the scaling limit is the correlation length ξ. The latter normally
depends on the coupling constants of the theories g (e.g. temperature, external magnetic
field, etc . . . ) and can be varied by varying them1. In general, the physical meaning of
the correlation length is connected with the critical phenomena. Indeed, away from the
critical point g ‰ gc, the correlation length is finite and provides a length-scale for the
connected correlation functions [22]:

xsisjyc :“ xsisjy ´ xsiyxsjy „

#

exp
”

´
|i´j|
ξpgq

ı

if |i´ j| " 1 , g ‰ gc
1

|i´j|2d
if |i´ j| " 1 , g “ gc

(3.1)

where i and j denotes the position of the sites and xsisjyc measures the mutual
statistical dependence of the spin si and sj. When the system approaches the criticality
at g “ gc, ξ increases toward infinity. The divergence of the correlation length is one of
the most important characteristic of the critical points.

In quantum spin chain such as a) and b) and close to the critical points, it turns out
that ξ " ã. In these conditions, it is natural to adopt a formalism based on continuous
fields, but it is important how to take this limit. Indeed, the scaling limit is obtained by
implementing an appropriate scaling transformation while at the same time taking the
limit ξ Ñ 8.

Let us consider, in general, an infinite quantum spin chain. If we take any k-point
correlation functions xOn1 . . .Onky of the local operator O acting at the sites n1 . . . nk
and we scale up all positions nj while we simultaneously send the correlation length ξ to
infinity with constant ratio nj

ξ
, then the result of this limit is zero. In contrast, if we now

take the same limit, where the correlation function is multiplied by ξkd for appropriate
constant d (which uniquely characterizes O), then the result of the limit is non-zero and
it is described by QFT [23].
A way to exhibit this is by using the scaling transformation nj ÞÑ xj “ `pξq´1 nj for all

1Here, g “ pg1, g2, . . . q is thought as the vector, whose components are the coupling constants
characterizing the theory. It lives in the manifold of the coupling constants where the procedure of the
Renormalization Group (RG) is normally implemented [21] by means of a non-linear transformation
R̃. The latter has the effect of moving the system along the so-called renormalization group trajectory.
The critical point gc is a point of this trajectory that is invariant under R̃ such that its corresponding
correlation length ξpgcq diverges.
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j “ 1, . . . k such that `pξq “ m
ã
ξ for some dimensionful quantity m and where ã is the

lattice spacing. This transformation leads to dimensionful coordinates x such that:

|xi ´ xj| “
|ni ´ nj|

`pξq
“

ã

m

|ni ´ nj|

ξ
(3.2)

Thus, the scaling limit is obtained by looking at large distance |ni´nj| while keeping
nj{ξ fixed in the limit:

lim
ξÑ8
loomoon

nj
ξ

fixed

`kd xO`x1 , . . . ,O`xkychain 9 xOpx1q . . .OpxkqyQFT (3.3)

where the correlation function on the r.h.s. is calculated in QFT and m represents the
smallest mass of the theory. Furthermore, the unique (positive) number d making the
limit (3.3) finite is called the scaling dimension of the local field Opxq and the QFT
correlation function is referred to as a scaling function. It is important to stress that the
result of (3.3) is largely independent of the details of the underlying quantum spin chain,
in fact, different quantum chains may give rise to the same limit (3.3). This leads to the
universality of the scaling limit: models may be organized in universality classes [24].

In addition, the scaling limit can be used to obtain the CFT by approaching directly
the criticality ξ “ 8 and taking the scaling transformation nj ÞÑ xj “ p`

1q´1nj looking
at large distance |ni ´ nj| i.e. `1 " 1:

lim
`1Ñ8

`1kd xO`1x1 , . . . ,O`1xkychain|ξ“8 9 xOpx1q . . .OpxkqyCFT (3.4)

We can finally make a few comments on (3.3) and (3.4):

(i) We can obtain in most cases (but not all) the CFT by taking the limit of the QFT in
(3.3) m|xi´xj| Ñ 0 therefore the scaling transformation at short distance |ni´nj|.
This is known as massless limit.

(ii) (3.3) and (3.4) tell us that QFT and CFT correlation functions describe asymptotic
behaviours of quantum chain correlation functions.

(iii) the scaling limit is independent of the state we choose to evaluate the correlation
functions therefore both ground and excited states may be used.

Looking back at the quantum spin chain such as a) and b), the scaling limit allows
us to analyze the system in a QFT (which we assume to possess Poincarè invariance) or
CFT in order to obtain information about the universal features of the Entanglement
Entropy. The scaling limit is here obtained by approaching the critical point while letting

25



the length L of the the region A go to infinity such that the ratio L
ξ
is a constant. In

this context, the end sites of the region L take an important role in the (Euclidean) QFT
model, essentially they are the points involved in the boundary conditions. The scaling
transformation leads to euclidean distance:

|a´ b| “
L

mξ
(3.5)

where pa, 0q and pb, 0q are the dimensionful euclidean coordinates of the end points in
the QFT model.

3.2 The Riemann Surface
Following [7], let us consider the partition function of a (1+1)-dimensional Quantum
Field Theory defined on the Riemann Surface R and described by the local Lagrangian
density L. It can be written in the path integral formalism as:

ZrL,Rs “
ż

DRφ exp

„

´

ż

R
dxdyLrφspx, yq



(3.6)

Focusing on the Riemann surface R̃ with zero curvature everywhere except for a
discrete set of points (let us call the latter I), it is clear from (3.6) that the Lagrangian
density does not depend explicitly on the Riemann surface since it is local. As con-
sequence, we can express the path integral (3.6) as an object evaluated on R2 where
the structure of R̃ is implemented by appropriate boundary conditions CpIq around the
points of I:

ZrL, R̃s “
ż

CpIq
DR2φ exp

„

´

ż

R2

dxdyLrφspx, yq



(3.7)

CpIq may be realized by some special fields2 that are called twist fields and defined by
(3.7).

In general, the twist fields exist whenever the QFT is equipped with a global internal
symmetry σ.3 It is important to stress that, although the symmetry does not affect the
action

ż

R2

dxdyL̃rφspx, yq “

ż

R2

dxdyL̃rσφspx, yq (3.8)

σ modifies the surface in which the field φ lives. A simple example is provided by
classical statistical mechanics when one wants to evaluate the partition function of a

2the term "field" is taken in the most general QFT sense: it is an object which depends on x and y
and such that we can evaluate its correlation functions.

3here, σ is thought as an operator that implements the symmetry transformation.
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system composed of N indistinguishable particles in a three-dimensional space i.e. there
is a symmetry under the permutation group. The partition function is not evaluated
on the whole phase space that is isomorphic to R6N but it is calculated on a restricted
manifold in order to avoid the overvaluation when the multi-particle states differ by a
permutation over the particles.
This modification can be implemented on the boundary condition. Introducing:

Cσpx̃, ỹq : φpx, ỹ`q “ σφpx, ỹ´q x P rx̃,`8r (3.9)

we can write the k-point correlation function of some fields O1pz1q . . .Okpzkq as:

xO1pz1q . . .OkpzkqyR̃,L̃9
ż

Cσp0,0q

Dφ O1pz1q . . .Okpzkq exp

„

´

ż

R2

dxdyL̃rσφspx, yq



(3.10)
A simple way to evaluate the l.h.s. of (3.10) on R2 is to involve the twist field Tσ

that implements directly the symmetry σ without any boundary conditions:

xO1pz1q . . .OkpzkqyR̃,L̃ “ xTσpz̃qO1pz1q . . .OkpzkqyR2,L̃ (3.11)

9

ż

Dφ Tσpz̃qO1pz1q . . .Okpzkq exp

„

´

ż

R2

dxdyL̃rσφspx, yq



where z̃ “ px̃, ỹq. This procedure may be generalized, we can essentially insert in
(3.11) as many Tσ as points belonging to I i.e. the number of boundary points (3.9)
involved in (3.10).

3.2.1 The Replica Trick

We now concentrate attention on the Riemann surfaceMn,a,b consisting of n sheets se-
quentially joined to each other on the segment described by px, yq “ pp, 0q with p P ra, bs
whose a pictorial representation is provided by the figure 3.2.1. The implementation of
(3.6) on R2 will involves certain fields acting on the coordinates pa, 0q and pb, 0q P R2.
However these fields appear to be non-local in the new model on R2. Indeed, evaluat-
ing the Lagrangian density L (defined inMn,a,b) at the points pa, 0q and pb, 0q actually
changes the value of the correlation function since it gets to a different Riemann sheet.
In other words, the Lagrangian density L is not well-defined on R2.

In order to overcome this problem we will consider a multiple-copies model that is
larger than the previous one described by (3.7) on R2: it is called the replica model and
involves n independent copies of R2 (where n is the number of Riemann sheets whose
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n

1

2

..

.

Figure 3.2: A representation of the Riemann surfaceMn,a,b taken from [20].

Mn,a,b is composed of) with a branch cut along ra, bs. This means we now deal with n
fields φi and, consequently, with n Lagrangian densities Lrφis such that

Lpnqrφ1, . . . , φ2spx, yq :“ Lrφ1spx, yq ` . . .Lrφnspx, yq (3.12)

is well-defined and local on the multiple copies model. Therefore (3.6) becomes:

ZrL,Mn,a,bs “

ż

Cpa,bq
Dφ1 . . .Dφn exp

„

´

ż

R2

dxdytLrφ1spx, yq ` . . .Lpx, yqrφnsu



(3.13)
where Cpa, bq denotes the boundary conditions on the fields φi:

Cpa, bq : φipx, 0
`
q “ φi`1px, 0

´
q @x P ra, bs, i “ 1, . . . , n (3.14)

and we require n` i ” i. The local fields defined by (3.14) are examples of twist fields.
Furthermore, the n-copy model presents a symmetry under exchange of the copies i.e. the
cyclic permutation symmetries σ and σ´1. This allows us to introduce the branch-point
twist fields and anti-twist fields T and T̃ acting at the branch points, respectively:

T :“ Tσ , σ : i ÞÑ i` 1 (3.15)

T̃ :“ Tσ´1 , σ´1 : i` 1 ÞÑ i

Thus the fields T and T̃ implement the symmetry transformations of the fields
φ1, . . . , φn when z1 “ px1, y1q and z “ px, yq such that y “ y1 :

φipzqT pz1q “ T pz1qφi`1pzq x1 ě x (3.16)
φipzqT pz1q “ T pz1qφipzq x1 ď x

Thanks to (3.10) and (3.11), (3.13) becomes
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(a)

i

i+1
φ T

(x)

(x)

φ

Figure 3.3: The representation of the semi-local field φ with respect to T pa, 0q on the
n-copy model. This picture is taken from [7].

ZrL,Mn,a,bs 9 xT pa, 0qT̃ pb, 0qyLpnq,R2 (3.17)

and more generally we can write the correlation functions in the model L on the
Riemann surfaceMn,a,b as:

xOpxR, yR; sheet iq . . . yMn,a,b,L “
xT pa, 0qT̃ pb, 0qOipx, yq . . . yLpnq,R2

xT pa, 0qT̃ pb, 0qyLpnq,R2

(3.18)

where OpxR, yR; sheet iq is the field on the ith-Riemann sheet of the model pMn,a,b,Lq
while Oipx, yq lives on the ith-copy of the replica model defined by Lpnq.

It is important to stress that the branch-point twist fields Tσ and T̃σ live only on
the replica model and, in addition, they are not uniquely defined by (3.17). As we have
already mentioned, implementing Tσ corresponds to perform a symmetry transformation
to the field O in the l.h.s of (3.18). In the multi-sheet covering of R2 this means that Tσ
leads to a clockwise turn of the field Oi around ra, bs that is equivalent to the transfor-
mation O ÞÑ σO. If σO ‰ O then the field Oi in the ith-copy crosses the branch cut and
it is said semi-local with respect to Tσ. This is essentially a consequence of (3.16) and
can be illustrated as in figure 3.2.1. This property, along with the condition that Tσ has
the lowest scaling dimension and be invariant under all symmetries that commute with
σ, uniquely fixes the field up to a normalization [7].

Finally, an important consequence of the symmetry is that the correlation function
(3.17) is invariant under continuous changes of the shape of the branch cut up to symme-
try transformations of the field Tσ [20]. The reason why this holds it that we can always
implement symmetry transformations without changing the result of the path integral
(3.13) up to transformations of the local fields in (3.13). The result of these symmetry
transformations is a change of the boundary condition and consequently it modifies the
shape of the branch cut.
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3.2.2 Branch Point Twist Fields in Conformal Field Theory

Let us now suppose L describes a Conformal Field Theory (CFT). Choosing conformal
maps and thanks to the conformal invariance of the theory, we can always define another
CFT with local Lagrangian Lpnq.
For instance, following [6, 7], let us consider the complex coordinates ω “ xR ` iyR and
ω̄ “ xR ´ iyR ofMn,a,b, we can maps these coordinate to the z-plane C by making the
conformal transformation:

z “
´ω ´ a

ω ´ b

¯
1
n
, Mn,a,b Q ω ÞÑ z P C (3.19)

Calling c the charge of the CFT described by L, we can easily obtain the stress tensor
T pωq from L. Furthermore, the transformation rule of the stress tensor is well-known by
CFT [25]:

T pωq “
´ dz

dω

¯2

T pzq `
c

12
tz, ωu (3.20)

where we have introduced the Schwarzian derivative:

tz, ωu “
z3z1 ´ 3

2
pz2q2

pz1q2
(3.21)

Since xT pzqyC,L “ 0 in CFT, we obtain from (3.20) and (3.21):

xT pωqyMn,a,b,L “ xT pzqyC,L `
c

12
tz, ωu

“
cpn2 ´ 1q

24n2

pa´ bq2

pω ´ aq2pω ´ bq2

(3.22)

Furthermore, we can evaluate the l.h.s. of (3.22) on the n-copy model thanks to
(3.18):

xT pωqyMn,a,b,L “
xT pa, 0qT̃ pb, 0qT pnqpωqyLpnq,R2

xT pa, 0qT̃ pb, 0qyLpnq,R2

(3.23)

and it is straightforward from (3.12) that

T pnqpωq “
n
ÿ

j“1

Tjpωq (3.24)

where Tj is the copy of T on the jth-sheet. Since c is the central charge of the CFT on
Mn,a,b, it follows that the central charge of the n-copy model is equal to nc.
In order to define uniquely the twist fields T and T̃ , they must have the lowest scaling
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dimension. In the language of CFT, this means they are suppose to be primary fields.
As consequence, using the conformal ward identity, we can write:4

xT pa, 0qT̃ pb, 0qT pnqpωqyLpnq,R2 “ (3.25)
” 1

pω ´ aq

B

Ba
`

1

pω ´ bq

B

Bb
`

∆T

pω ´ aq2
`

∆T̃
pω ´ bq2

ı

xT pa, 0qT̃ pb, 0qyLpnq,R2

where ∆T and ∆T̃ are the conformal weight respectively of T and T̃ . Identifying the
scaling dimension dn “ 2∆T , d̃n “ 2∆T̃ such that

xT pa, 0qT̃ pb, 0qyLpnq,R2 “
1

|a´ b|2dn
(3.26)

then we can compare (3.22) and (3.23) with (3.25), and finally find:

dn “ d̃n “
c

12

´

n´
1

n

¯

(3.27)

3.3 Entanglement Entropy And Replica Trick
Our interest in the replica trick is that the partition functions on the the replica model
with branch-point twist fields provide a way to analyze the entanglement entropy of the
original quantum spin chain (or more generally of the QFT associated to it by the scaling
limit ). Following [6, 20, 7], we will define the reduced density matrix ρA on 1 copy in the
path integral formalism and then we will provide a connection with the n-copy model.
As a result, we will obtain a formula similar to (2.48) that defines the Renyi entropy, but
now the parameter n P N. As a consequence, in order to obtain the Renyi entropy, it is
necessary to find an appropriate analytic continuation on the parameter n such that its
limit R` Q nÑ 1` gives a finite result.

3.3.1 The Reduced Density Matrix On The Replica Model

We are now interested in calculating the reduced density matrix ρA such that:

SA “ ´TrAtρA log ρAu , ρA “ TrÃ |ψy xψ| (3.28)

where |ψy is the state of the quantum chain. As we have already seen, the scaling limit
of the quantum chain gives rise to a corresponding euclidean QFT model on R2. If we
choose the ground state |gsy, then the scaling limit maps it to the QFT vacuum state
|0y while excited states of the quantum chain are mapped to QFT asymptotic states
characterized by the particle content and their momenta5.

4In this thesis we do not discuss in detail the fundamentals of Conformal Field Theory. The conformal
ward identity and the primary fields may be found in [21]

5We will generally keep the notation |ψy for these asymptotic states.
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Following [20], let us consider the QFT Hilbert space of field configurations on R
Hφ,R “ tφpxq ; x P Ru. We can write the state |ψy as the linear combination:

|ψy “
ż

DRφ |φy xφ|ψy (3.29)

the coefficients xφ|ψy are evaluated by path integrals on the lower half of the R2-plane
under appropriate boundary conditions C´φ,ψ:

xφ|ψy “
1
?
Z1

ż

C´φ,ψ
DR2

´
ϕ e

´SR2
´
rϕs

(3.30)

where R2
´ “ tpx, yq P R2 ; x P R, y ď 0u, SΩr. . . s “

ş

Ω
d2xLr. . . s is the action of the

theory on Ω and

C´φ,ψ :

#

ϕpx, 0´q “ φpxq , x P R

ϕpx, y Ñ ´8q „ fψpx, yq , x P R
(3.31)

where fψpx, yq represents the asymptotic condition of the state |ψy. If fψpx, yq “ 0 then
|ψy is the vacuum state otherwise fψpx, yq reproduces wave packets corresponding to
asymptotic particles.
Analogously, we can write the state xψ| as the complex conjugation of (3.29) where now
the coefficients xψ|φy are evaluated by path integrals on the upper half of R2 namely
R2
` “ tpx, yq P R2 ; x P R, y ě 0u with the boundary condition C`φ̄,ψ:

C`φ1,ψ :

#

ϕpx, 0`q “ φ1pxq , x P R

ϕpx, y Ñ `8q „ f˚ψpx, yq , x P R
(3.32)

Hence, the factor Z1 emerges from the normalization xψ|ψy “ 1 and can be written as:

Z1 “

ż

Cψ
DR2ϕ e´SR2 rϕs (3.33)

and Cψ “ C`φ1,ψ
Ť

C´φ,ψ.

Let us consider the system such as the bulk case in figure 3.1 and focus on one copy of
the replica model. We can define the field configurations on A as AφA “ tφApxq ; x P Au
and similarly ĀφĀ “ tφĀpxq ; x P Āu. The reduced density matrix ρA is obtained
by the path integral on the whole R2, with continuity on Ā but with an open slit on
I “ tpp, 0q P R2 ; p P ra, bsu:

xφA| ρA |φ1Ay “ xφA|TrĀ ρ |φ1Ay “ xφA|TrĀ t|ψy xψ|u |φAy

“

ż

DAφĀ xφĀ, φ
1
A|ψy xψ|φĀ, φAy

“
1

Z1

ż

CI,ψ

DR2zI ϕ e
´SR2zI rϕs

(3.34)
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where the boundary conditions CI,ψ:

CI,ψ :

$

’

&

’

%

ϕpx, 0´q “ φApxq , ϕpx, 0
`q “ φ1Apxq x P ra, bs

ϕpx, y Ñ ´8q „ fψpx, yq , x P R

ϕpx, y Ñ `8q „ f˚ψpx, yq , x P R

(3.35)

We now assume that the state of the chain is the ground state. Let us calculate the
n-th power of ρA:

xφA| ρnA |φ1Ay “ xφA| ρA ¨ 1 . . . ρA ¨ 1 ¨ ρA |φ1Ay

“

ż

DAφ1 DAφ2 . . .DAφn´1 xφA| ρA |φ1y xφ1| ρA |φ2y . . . xφn´1| ρA |φ1Ay

(3.36)

Each factor xφi| ρA |φjy reproduces an independent path integral such as (3.34) over φj
on a R2-sheet with the same slit on I. In order to have continuity we need to require, as
consequence of (3.35), that φj “ φj`1 and thus the n sheets appear to be sewed together.
In particular, performing the trace of (3.36), the nth-sheet is connected to first one so
that the n sheets are cyclically connected. It is easy to see from (3.34) that what we
obtained is:

TrA ρnA “
Znpa, bq

Zn
1

(3.37)

where Z1 is given by (3.33) while Znpa, bq by (3.13):

Znpa, bq :“ ZrL,Mn,a,bs (3.38)

3.3.2 The Analytic Continuation On The Parameter n

The next step consists of performing the analytic continuation of the quantity Znpa, bq
from n P N, where it is naturally associated to Riemann surfaces such as Mn,a,b, to
Re n Ps1,`8r.
Looking back at the section 2.4.1, it is important to remark that ρA has non negative
eigenvalues λ such that they are 0 ď λ ă 1 and TrA ρA “ 1 . Thus we can rewrite the
l.h.s. of (3.37) as:

TrA ρnA “
ÿ

λ

λn (3.39)

the properties of ρA ensure that (3.39) is absolutely convergent and therefore analytic for
all Re n ą 1. In addition, the derivative with respect to n also exists and it is analytic. If
the entanglement entropy SA is finite, we can use the identity ρA log ρA “ limnÑ1`

B

Bn
ρnA

SA “ ´TrtρA log ρAu “ ´ lim
nÑ1`

B

Bn
TrρnA (3.40)
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where the trick consists in evaluating the trace with n P N and then to take the analytic
continuation. It follows from (3.37):

SA “ ´ lim
nÑ1`

B

Bn

Znpa, bq

Zn
1

(3.41)

when we evaluate (3.41) on the quantum chain, we have to take into account the scalar
limit:

Znpa, bq

Zn
1

“ Znε2dn x0| T pa, 0qT̃ pb, 0q |0y (3.42)

where Zn in an n-dependent non-universal constant, dn is the scaling dimension of the
twist and anti-twist fields, ε is the short distance cut-off which is scaled in such a way
that BZn

Bn
“ 0 when n “ 1.6 This is known as the CFT normalization and it is built in

such a way as to obtain exactly the CFT correlation function (3.26) when we look at the
short distance behavior i.e. m|a ´ b| Ñ 0, the dependence of n is absorbed into Zn and
Z1 “ 1 because the twist fields become simply the identity when we deal with one copy.
Furthermore, ε is related to the correlation length ξ via ε “ c̃

mξ
for some dimensionless

non-universal constant c̃.7

3.4 Entanglement Entropy In The Ground State
As a result of section 3.3, the bulk entanglement entropy can be expressed as:

Sbulk
A p`q “ ´ lim

nÑ1`

B

Bn
Znε2dn x0| T pa, 0qT̃ pb, 0q |0yLpnq,R2 (3.43)

where ` “ |a ´ b| and the correlation function on the l.h.s. is evaluated in the replica
model described by (3.12).

The boundary case can be implemented by the bulk result. In particular we can con-
sider the case where the system A lies completely on the region R̃ “ tpx, yq P R2 ; x ą
0, y P Ru. This requires an additional boundary condition at x “ 0 in (3.35) in order
to fully define the model. A way to implement this condition is to insert an extra term
SB “

ş

dyLBrϕspyq in the action of the theory such that this term is supported on x “ 0.
As consequence the new term affects the Hilbert space therefore the new ground state
|0yB will be different from the previous |0y and consequently even the excited states
will be influenced by the boundary condition. In the previous Hilbert space on the full

6This choice basically makes the von Neumann entropy independent of the constant Zn.
7ε is essentially proportional to the inverse of scale parameter `pξq introduced in section 3.1.1 and

that makes a connection with the asymptotic behaviour of the quantum chain by (3.3) such that nj ÞÑ
xj 9 εpξqnj . Looking at short distance behaviour (ultra-violet), ε tends to be very small. Thus, the
expression (3.42) is obtained in the scaling limit.
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line, this boundary condition corresponds to a boundary state |By which depends on the
particular model under consideration [20].

Choosing z “ px, 0q, z1 “ px1, 0q P R̃, we can write:

Sbulk
A pz, z1q “ ´ lim

nÑ1`

B

Bn
Znε2dnB x0| T px, 0qT̃ px1, 0q |0yB (3.44)

Now, taking the limit x1 Ñ `8 the two point function in (3.44) becomes:

B x0| T px, 0qT̃ px1, 0q |0yB „ B x0| T px, 0q |0yB B x0| T̃ p`8, 0q |0yB (3.45)

where the the last factor does not depend anymore on the boundary condition at 0
therefore it can be evaluated in the usual Hilbert space as x0| T |0y and it contributes
to (3.45) as a constant. Dividing out this factor means to subtract the contribution
evaluated at infinity to the entanglement entropy [20]. The l.h.s. of (3.45) may be
expressed in the Hilbert space associated to |0y:

B x0| T px, 0qT̃ px1, 0q |0yB “ x0| T px, 0qT̃ px1, 0q |By (3.46)

In (3.44), we essentially calculated SĀ. But remembering SA “ SĀ and using an appro-
priate branch-point regularization, we can finally write:

Sboundary
A p`q “ ´ lim

nÑ1`

B

Bn
Znεdn x0| T p`, 0q |ByLpnq,R2 (3.47)

where ` is the distance between the boundary at zero and the end point of A.

Thus, expressions such as (3.43) and (3.14) allow us to calculate the entanglement
entropy once we manage to evaluate the correlation function on the r.h.s. in the replica
model.

A special case is provided by considering the CFT correlation function (3.26) for the
bulk case:

Sbulk
A |CFT “ ´ lim

nÑ1`

B

Bn

´ ε

|a´ b|

¯2dn
“
c

3
log

`

ε
(3.48)

where dn is the scaling dimension of the twist field T and anti-twist field T̃ given by
(3.27), c is the central charge of the original CFT and and ` “ |a´ b|.
Another way to express (3.48) is by using the Rènyi entropy SpnqA defined by (2.48) and
then taking the limit SA “ limnÑ1` S

pnq
A . The Rènyi entropy may be useful in order to

build the Entanglement Entropy in the replica model. In CFT it turns out:

S
pnq
A “

cpn` 1q

6n
log

`

ε
(3.49)
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An important consequence of (3.37) is that TrAρnA transforms under a general conformal
transformation as a two-point correlation function of primary fields i.e. T and T̃ . Thus
we can consider the conformal mapping z ÞÑ ωpzq [26] :

xT pz1, z̄1qT̃ pz2, z̄2qy “ |w
1
pz1qw

1
pz1q|

dnxT pω1, ω̄1qT̃ pω2, ω̄2qy (3.50)

This allows us to evaluate TrAρnA in other geometries. Particular interesting is the finite
size case where the transformation ω Ñ z “ pL{2πq logω maps the system into a
cylinder with the branch cut perpendicular to the axis which corresponds to the case
where the subsystem of length ` belonging to a finite system of length L with boundary
condition. It leads to the the Rènyi entropy

S|0y
n p` ;Lq “

cpn` 1q

6n
log

ˆ

L

πε
sin

π`

L

˙

(3.51)

where we changed the notation in order to remark we are evaluating entropy in the
ground state. Consequently, the von Neumann entropy:

S
|0y
1 p` ;Lq “ lim

nÑ1`
S|0y
n p`q “

c

3
log

ˆ

L

πε
sin

π`

L

˙

(3.52)

Notice the limit ` ! L reproduces (3.48). It is important to stress that in finite volume
the symmetry under `Ñ L´ ` emerges in order to guarantee SA “ SĀ

3.4.1 The Asymptotic Behaviour and Form Factor Expansion

The CFT describes the short distance behaviour of SA i.e. m` small, also known as
the ultraviolet limit (UV). Essentially, in this limit, the leading term consists of one
contribution c

6
log ξ to SA for each point in the correlation function.

In contrast, the large distance behaviour i.e. the infrared limit (IR) is established by
QFT and it turn out that SA saturates to a constant value in this limit. More precisely,
we can sum up some results obtained in [27, 6] as in [7, 20]:

SBulk
A p`q “

#

c
3

log
`

`
ε

˘

` op1q ε ! ` ! m´1 UV limit
´ c

3
logpmεq ` Umodel `Opprmq´8q ε ! m´1 ! ` IR limit

(3.53)

where Umodel is a model-dependent constant. On the other hand, the boundary entropy
asymptotic behaviour is given by:

Sboundary
A p`q “

#

c
6

log
`

2`
ε

˘

` V pκq ` op1q ε ! ` ! m´1 UV limit
´ c

3
logpmεq ` Umodel

2
`Opprmq´8q ε ! m´1 ! ` IR limit

(3.54)
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where V pκq is related to the boundary state |By via κ and the term Umodel
2

is obtained
by an appropriate choice of ε.8

In general, the way to compute the one- and the two-point correlation functions
(respectively for the boundary and the bulk case) is by taking advantage of quantum
integrable model techniques. As a consequence, we suppose that the original QFT which
we handle in order to obtain the replica model is integrable and thus we deal with a
Integrable Quantum Field Theory (IQFT).
In the scattering picture, integrability is normally associated to some scattering proper-
ties of the system we are taking into account (see section 4.2). The locality of the twist
and anti-twist fields on the replica model allow us to use some mathematical objects
knows as Form Factors that are defined as matrix elements of local operators at the
origin between a "in" asymptotic multi-particle state and the vacuum:

FO|µ1,...,µk pθ1 . . . θkq “ x0| O |θ1, . . . , θky
in
µ1,...,µk

(3.55)

where the particles are characterized by the real rapidities θi and the quantum num-
ber µi. In case of the replica model they also depend on the copy in which they live,
this dependence may be absorbed in µi. Furthermore, fixing the order of the rapidities
θ1 ą ¨ ¨ ¨ ą θk the multi-particle states provide a complete basis for the massive QFT
considered identifying |θ1, . . . , θky as the incoming state. We will discuss in detail inte-
grability and Form Factor in the next Chapter.

Our interest in Form Factors arises from the fact that the one- and two-point cor-
relation functions such as (3.47) and (3.43) can be evaluated by using the form factor
expansion of the twist and anti-twist fields [20].
For instance, let us consider the bulk case, we can use the completeness relation for the
multi-particle states:

1 “
8
ÿ

k“1

ÿ

µ1,...,µk

ż

θ1ą¨¨¨ąθk

dθ1 . . . dθk
p2πqk

|θ1, . . . , θkyµ1,...,µk µ1,...,µk xθk, . . . , θ1| (3.56)

Inserting (3.4.1) into the two-point correlation function, we obtain the form factor
expansion:

x0| T paqT̃ pbq |0y “ x0| T paq ˆ 1ˆ T̃ pbq |0y “ (3.57)
8
ÿ

k“1

ÿ

µ1,...,µk

ż

θ1ą¨¨¨ąθk

dθ1 . . . dθk
p2πqk

exp

«

´`
k
ÿ

i“1

mµi cos θi

ff

| x0| T p0q |θ1, . . . , θkyµ1,...,µk
|2

where ` now expresses the space-like relativistic distance in Minkowsky space-time and
T̃ : “ T . The exponential factor, which is due to covariance transformations, is crucial in

8In general, the short distance cut-off ε is different in the bulk and boundary cases.
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the large-distance limit. Although the expansion (3.57) is over infinite terms, each term
contributes at least with an exponential factor goes to e´`km1 where k is the the particle
number involved in the considered term and m1 the lowest mass of the theory. Thus,
the Form Factors involving large number of particles tend to be negligible in the large
distance limit and the leading terms are obtained from the lowest particles contributions.

Thus, if we are interested in the large distance behaviour, we can assume the two-
particle approximation for which we consider only the two-particle contributions to the
Form Factors expansion in order to obtain the first correction in the IR limit.
This was successfully implemented in [7] for the bulk case:

SBulk
A p`q “ ´

c

3
logpmεq ` Umodel

`

8
ÿ

k“1

ekp`mq (3.58)

where

ekp`mq “ lim
nÑ1`

B

Bn

n
ÿ

µ1,...,µk

ż

θ1ą¨¨¨ąθk

dθ1 . . . dθk
p2πqk

exp

«

´`
k
ÿ

i“1

mµi cos θi

ff

|F T |µ1,...,µk pθ1, . . . , θ2q|
2

essentially Umodel is seen as the 0-particle contribution that is proportional to |xT y|2.
(3.59) leads to the important result in the IR limit

SBulk
A p`q “ ´

c

3
logpm1εq ` U

model
´

1

8

N
ÿ

α“1

K0p2`mαq `Ope
´3`m1q (3.59)

providing the next-to-leading order correction to the large distance behaviour in (3.53).
In particular, mα is the mass the particle types involved in the IQFT and K0pzq is the
modified Bessel function. The relevance of the new correction arises from the fact that
it does not depend on the detail of the scattering content but just on the mass spectrum
of the IQFT making a connection between the entanglement entropy and the universal
properties.

3.5 Entanglement Entropy In Excited States
Since the relation (3.43) does not require any particular choices of the state in which to
calculate the correlation function, the result in the ground state (3.43) and (3.47) may be
generalized for excited states. Indeed, the choice of excited state basically modifies the
boundary condition (3.35) we use to calculate the path integral (3.34) in particular the
asymptotic behavior of the state |ψy. As a consequence, we now deal with correlation
function evaluated in the excited state, such as:

xψ| T paqT̃ pbq |ψy
xψ|ψy

(3.60)
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It is important to stress that now the normalization of the state |ψy is not the standard
one we introduced in order to define (3.33). Indeed, in the scattering picture, the numer-
ator xψ| T paqT̃ pbq |ψy presents some infinite-volume divergences coming from coinciding
rapidities of the asymptotic states on the left and the right. These infinite-volume diver-
gences are expected to be cancelled out by similar divergences in the denominator xψ|ψy.
The most convenient approach in order to treat these divergences is to consider the QFT
in finite volume and thus to adopt a finite size approach. This choice permits to obtain
information about both finite and infinite volume behaviours. Indeed the result will be
given as a series expansion in power of `{L therefore it is possible to take the limit ` ! L
in order to obtain infinite volume corrections.
In general, we will consider a QFT in finite volume L and a region `. In this case, it is
still possible to write the Rényi entropy in the form:

S|ψy
n p`q “

1

1´ n
log

ˆ

L xψ| T p0qT̃ p`q |ψyL
L xψ|ψyL

˙

(3.61)

where now (3.61) involves correlation functions evaluated in finite volume. It is important
to remark that |ψy is defined in each copy, thus:

|ψy “ |ψoy1 b ¨ ¨ ¨ b |ψoyn “ |ψoy
bn (3.62)

where |ψoy is the state in the original model. In the chapter 5 we will deal with the
finite-volume approach in the replica model by using the U(1) twist fields.

3.5.1 Excited States In Conformal Field Theory

A special case is provided in [8] considering a finite system A
Ť

B of length L with
boundary condition on the space coordinate x such that x ` L “ x. The partition is
implemented at length `.
The main idea is to focus on the simplest excited state we can construct in CFT i.e.
the state generated by acting on the vacuum |0y with the primary field Υpζ, ζ̄q with
conformal weight ph, h̄q:

|ψy “ lim
ζÑ´8

Υpζ, ζ̄q |0y (3.63)

where ζ “ x ` iy and ζ̄ “ x ´ iy (with 0 ď x ď L and ´8 ď y ď 8) describes
a cylinder of circumference L and infinite height. Essentially the construction of the
reduced density matrix ρA in the path integral formalism is similar to that implemented
in section 3.3 but now we have to consider boundary condition on the cylinder. In
order to do that we can take advantage of the conformal invariance and use appropriate
conformal transformations (for details see [8, 9]) such that in the end we can express the
Rényi entropy as:

S|ψy
n ´ S|0y

n “
1

1´ n
logF

pnq
Υ pxq (3.64)
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where x “ `{L and F
pnq
Υ quantifies the excess of entanglement of the excited state |ψy

with respect to the ground state. The latter is obtained by implementing conformal
techniques as in [8] and it turns out to be related to the 2n-point correlations functions
of the primary field Υ and its conjugate Υ: evaluated on a cylinder of circumference 2π

F
pnq
Υ pxq “ n´2nph`h̄q x

śn´1
k“0 Υp2πj

n
qΥ:p

2πpj`1q
n

qycy

rxΥp0qΥ:p2πxqycysn
(3.65)

Considering the limit ` ! L i.e. x ! 1 the product ΥΥ: in (3.65) can be expressed
by the Operator Product Expansion (OPE)9:

ΥˆΥ:
“ 1`Ψ` . . . (3.66)

where Ψ is the field with the lowest conformal dimension ∆Ψ of the theory. The OPE
allows us to evaluate F pnqΥ :

F
pnq
Υ “ 1`

1´ n2

3n
π2
ph` h̄qx2

`Opx4∆ψq (3.67)

and therefore the Rényi entropy:

S|ψy
n ´ S|0y

n “
1` n

3n
π2
ph` h̄q

´ `

L

¯2

`O
´ `

L

¯4∆ψ

(3.68)

Finally, we can obtain the von Neumann entropy:

S
|ψy
1 ´ S

|0y
1 “ ´

B

Bn
F
pnq
Υ “

2π2

3
ph` h̄q

´ `

L

¯2

`O
´ `

L

¯4∆ψ

(3.69)

9In this thesis we do not discuss in detail the fundamentals of Conformal Field Theory. The definition
of OPE can be found in [22].
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Chapter 4

Integrability And Form Factors

4.1 The Scattering Picture
In QFT, it is possible to implement the structure of the Hilbert Space without knowing
the details of the Hamiltonian by means of the relativistic invariance. Indeed, we can
introduce the eigenbasis of Hamiltionian |θym describing one-particle states of mass m
such that

H |θym “ m cosh θ |θym , P |θym “ m sinh θ |θym , B |θym “ ´
B

Bθ
|θym (4.1)

where θ is the relativistic parameter known as rapidity and H, P , B are respectively the
Hamiltonian, the momentum and the boost operator that satisfy the algebra

rH,P s “ 0 rB,P s “ H rB,Hs “ P (4.2)

thanks to the relativistic invariance. In case of other internal symmetry we have to
consider additional quantum numbers in order to describe correctly the states. Notice
that (4.1) leads to the well-known mass-shell relation:

H2
´ P 2

“ m2 (4.3)

If we want to describe the scattering process of a multi-particle system, we can develop
the multi-particle basis by the tensor product of the one particle states :

|θ1, θ2, . . .ym1,m2,...
“ |θ1ym1

b |θ2ym2
. . . (4.4)

where we do not specify the particle number. In this context, we assume that the
particles are initially located at very large distance each other, then, they will be at
finite distance for a finite period of time before and after the interaction and finally,
waiting enough (ideally infinite time) they might be infinitely separated (free again) or
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involved in bound states. Thus, it is convenient to consider the in and out asymptotic
states describing respectively the infinite past and infinite future of the system. They
both form a eigenbasis of the multi-particle Hamiltonian H:

H |θ1, θ2, . . .y
in,out
m1,m2,...

“
ÿ

j

mj cosh θj |θ1, θ2, . . .y
in,out
m1,m2,...

(4.5)

Furthermore assuming to know the in state we have to deal with a linear combination
over the out states. This is essentially expressed by the scattering matrix whose elements
describe how in and out states are related each other [23]:

|θ1, θ2, . . . ; ‹iny
in
a1,a2,...

“
ÿ

b1,b2,...

ż

dθ1dθ2 . . . S
b1,b2,...
a1,a2,...pθ1, θ

1
1, θ

1
2 ; ‹in, ‹outq

∣∣θ11, θ2, θ
1
2, . . . ; ‹out

Dout

b1,b2,...

(4.6)
where in the last expression we generalize the mass of the particle to the index aj which
contains all information about the particle species e.g. mass and quantum numbers,
and, ‹in denotes the set of impact parameters involved in the interactions. Indeed, the
scattering processes may be realized in many ways. For instance, if we consider the three
states |ayin, |byin, |cyin with the rapidities θa ă θb ă θc, they may collide simultaneously
(at some time t) or in such a way that the whole scattering process involves three different
two-particle collisions, e.g. first |ayin and |byin crash at time t1 and then |byin and |cyin
at time t2. Essentially, the asymptotic state may be defined by the asymptotic limit of
some wave packets that are solutions of the field equations established by the species.
The amplitudes of these wave packets may leave a trace of the different ways how to
implement the scattering process and these will be described by the impact parameters
[23]. These amplitudes define the multi-particle states on the θ-space, therefore also the
latter may depend on the impact parameters.

4.2 Integrability
QFTs can be expressed in terms of local fields. The connection between the local-field
picture and the scattering picture is non trivial and hard to find in general. However
this connection emerges in Integrable Quantum Field Theory (IQFT). Integrability is
related to another important concept in field theories that is the locality. In particular,
introducing hpxq and ppxq such that

H “

ż

dx hpxq , P “

ż

dx ppxq (4.7)
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and H and P are respectively the Hamiltonian and the momentum operator of the system,
we can say that the operator Opxq is a local field if [23]

#

rOpxq, hpyqs “ 0 for x ‰ y

rOpxq, P s “ ´i d
dx
Opxq

(4.8)

We can express locality with respect to another operator O1pyq. Two operators are local
fields with respect to each other if

rOpxq,O1pyqs “ 0 for x ‰ y (4.9)

Furthermore a conserved quantity Q is said to be local if it can be expressed as

Q “

ż

dx qpxq (4.10)

and the density qpxq is a local field.
We can now introduce the definition of IQFT [23]: A QFT is said integrable if there
exists a set of infinitely many local conserved charge Qj such that rQj, Qks “ 0 @j, k,
and whose densities are local with respect to each other.

4.2.1 Elastic Scattering

A trivial example of these local conserved quantities is provided by the H and P in the
scattering picture. It is convenient to define the new quantities

Q1 “ m´1
pH ` P q , Q´1 “ m´1

pH ´ P q (4.11)

which present better properties under boost transformations. In (4.11), m is an arbitrary
mass of the theory that is used to normalize the operators, it is normal to assume it the
lowest mass. Since Q˘1 are local conserved charges, these operators obviously commute
with the Hamiltonian and have eigenvalues:

Q˘1 |θ1, θ2, . . .y
in,out
a1,a2,...

“
ÿ

j

q̃p1qaj e
˘θj |θ1, θ2, . . .y

in,out
a1,a2,...

(4.12)

where the species-dependent part is given by q̃
p1q
aj “ maj{m. It is clear from (4.12)

that Q˘1 transform with spin s “ ˘1 under boost. Furthermore, we can easily prove
that rB,Q˘1s are local conserved quantities too. Indeed, rB, q˘1pxqs are local since
Q˘1 “

ş

dx q˘1pxq are local conserved charges. In addition, using the Jacobi identity1,
it turns out from (4.2) and (4.8)

rrB,Q˘1s, Hs “ rB, rQ˘1, Hss ` rQ˘1, rB,Hss “ rQ˘1, P s “ 0 (4.13)
1ra, rb, css ` rb, rc, ass ` rc, ra, bss “ 0
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and

rrB, q˘1pxqs, P s “ rB, rq˘1pxq, P ss ` rq˘1pxq, rB,P ss

“ rB,´i
d

dx
q˘1pxqs ` rq˘1pxq, Hs “ ´i

d

dx
rB, q˘1pxqs

(4.14)

this may be generalize for all the local chargesQj of the integrable theory by construction,
and ,it allows us to label the infinite set of local charges Qs by using the spin s:

Qs |θ1, θ2, . . .y
in,out
a1,a2,...

“
ÿ

j

q̃psqaj e
sθj |θ1, θ2, . . .y

in,out
a1,a2,...

(4.15)

The quantity q̃psq depends on the particle species and it can be related to the internal
symmetry. Indeed it is usual to assume that this number is the same for different parti-
cles belonging to the same symmetry multiplet, otherwise it is different.

Considering (4.15) for a given in state |θ1, θ2, . . .y
in
a1,a2,...

and then inserting on its left
the corresponding equation (4.15) for the conjugate out state out

a11,a
1
2,...
xθ11, θ

1
2, . . .|,

out
a11,a

1
2,...
xθ11, θ

1
2, . . .|Q:s Qs |θ1, θ2, . . .y

in
a1,a2,...

“

out
a11,a

1
2,...
xθ11, θ

1
2, . . .|

ˆ

ÿ

k

q̃1
psq

a1k
esθ

1
k

˙:ˆ
ÿ

j

q̃psqaj e
sθj

˙

|θ1, θ2, . . .y
in
a1,a2,...

(4.16)

Since Q:s Qs “ 1, (4.16) is non zero if and only if:
ÿ

j

q̃1
psq

a1j
esθ

1
j “

ÿ

j

q̃psqaj e
sθj (4.17)

The (4.17) is a strict consequence of the conservation of the charges and it provides a
set of infinite equations. These lead to the solution:

tθjuj “ tθ
1
juj , q̃psqaj “ q̃1

psq

a1j
(4.18)

namely the set of the out-going particles must be the same as the set of the in-coming
particles. The exchange of the rapidities is allowed only for particles belonging to the
same symmetry multiplet (because they present the same number q̃psqaj ) and in this case
it is also possible the exchange of particle types as long as it is allowed by the internal
symmetry (the particle number of mass maj @j remains the same before and after the
collision). As a result, the IQFT describing scattering processes are elastic and
phenomena such as annihilation and production of particles are absent.
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Figure 4.1: the three equivalent scattering processes of a three-particle state in IQFT.

4.2.2 The Factorized S-Matrix

The most important consequence of the elastic scattering in integrable models is that
the S-Matrix is independent of the choice of the impact parameters.

Looking backward at the end of section 4.1, let us consider the example of the three
one-particle states |ayin, |byin and |cyin such that the rapidities θa ă θb ă θc. We
have already mentioned that each asymptotic one-particle state may be obtained by the
asymptotic limit of the wave function derived by the field equation of the considered
one-particle state. Each wave function is well-localized around the center of the packet
(in the momentum space). In integral model, it is possible to shift differently for each
particle the center of the wave packets by acting on it some operators eicQs with s ˘ 1
[21].2 Since these operators commute with the Hamiltonian, their action must lead to
equivalent physical situations [21], as a consequence there is no difference in the ampli-
tudes of the asymptotic wave packets and the S-matrix is invariant under changes of the
impact parameters.
Thus, we can always consider the scattering of three particles as described by the fac-
torization of the three-particle S-matrix in three two-particle terms, whose element:

Sa
1,b1,c1

a,b,c pθa, θb, θcq “ Sα,βa,b pθa, θbqS
a1,γ
α,c pθa, θcqS

b1,c1

β,γ pθb, θcq (4.19)

where the repeated indices are implicit summed.
The two equivalent ways how to realize this factorization lead to the so-called Yang-

Baxter equation:

Sα,βa,b pθa, θbqS
a1,γ
α,c pθa, θcqS

b1,c1

β,γ pθb, θcq “ Sβ,γb,c pθb, θcqS
α,c1

a,γ pθa, θcqS
a1,b1

α,β pθa, θbq (4.20)

where the figure 4.2.2 provides a pictorial representation.

2Q1 shifts equally all the wave packets.
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The previous result may be generalized for n-particle where the S-matrix factorizes
into npn ´ 1q{2 two-particle terms. The properties of elasticity and factorization that
the S-matrix show in IQFT allow us to focus on the two-particle S-matrix. In fact, it is
necessary to know only the structure of the two-particle S-matrix in order to
analyze any other scattering processes. In this respect, the two-particle S-matrix
may be found as solution of the Yang-Baxer equation along with other requirements that
we will discuss in the following subsection.

4.2.3 The Two-particle S-Matrix

In IQFT, we can essentially express the relation between the asymptotic two-particle
states as:

|θ1, θ2y
pinq
a1,a2

“
ÿ

b1,b2

Sb1,b2a1,a2
pθ1, θ2q |θ1, θ2y

poutq
b1,b2

(4.21)

where Sb1,b2a1,a2
pθ1, θ2q are the elements of the two-particle S-matrix.

We now list the main properties of the two-particle S-matrix. First of all, the Lorentz
invariance implies:

Sb1,b2a1,a2
pθ1, θ2q “ Sb1,b2a1,a2

pθ1 ´ θ2q (Lorentz invariance) (4.22)

thus it depends only on the difference of the rapidities θ1´θ2. Furthermore the orthonor-
mality of both in and out states leads to the property:

ÿ

b1,b2

Sb1,b2a1,a2
pθq

`

Sb1,b2c1,c2
pθq

˘˚
“ δc1a1

δc2a2
(unitarity relation) (4.23)

where we denotes θ “ θ1 ´ θ2. It is possible to identify by analytic arguments [28] a
physical sheet on the θ-plane which provides the physical domain of the two particle S-
matrix. This is provided by the strip Impθq P r0, iπs. The possible poles, i.e. the bound
states, arise on the imaginary axis of this strip. An important relation that is valid on
the physical sheet is :

`

Sb1,b2a1,a2
pθq

˘˚
“ Sa2,a1

b2,b1
p´θ˚q (Hermitian analyticity) (4.24)

combining (4.27) and (4.23) together:
ÿ

b1,b2

Sb1,b2a1,a2
pθqSc2,c1b2,b1

p´θ˚q “ δc1a1
δc2a2

(4.25)

If the system is invariant under parity:

Sb1,b2a1,a2
pθq “ Sb2,b1a2,a1

pθq (parity symmetry) (4.26)
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the validity of (4.27) and (4.28) lead to:
`

Sb1,b2a1,a2
pθq

˘˚
“ Sb1,b2a1,a2

p´θ˚q (real analyticity) (4.27)

Where the S-matrix is real for pure immaginary values of θ. Furthermore for time-
independent Hamiltonian:

Sb1,b2a1,a2
pθq “ S b̄2,b̄1ā2,ā1

pθq (time-reversal symmetry) (4.28)

where āi and b̄j denotes the corresponding anti-particles. Because of the Charge-Parity-
Time-reversal symmetry:

Sb1,b2a1,a2
pθq “ Sa1,a2

b1,b2
pθq (CPT symmetry) (4.29)

The last important property we mention is the crossing symmetry. This is a consequence
of QFT, making a π

2
rotation of the the space and time axis the result must provide the

same amplitudes. We essentially implement the transformation θ Ñ iπ
2
´ θ with θ on the

physical sheet and then the time-reversal transformation. It turns out:

Sb1,b2a1,a2
piπ ´ θq “ S ā2,b1

b̄2,a1
pθq (crossing symmetry) (4.30)

It is important to say a few words about bound states. Let us consider the case that
the scattering between to incoming particles described by |θ1, θ2yi,j leads to a bound
state and this occurs at the rapidity θ “ iunij with unij P r0, πs. Since the bound state
corresponds to a single pole of the S-matrix can be expressed:

Sklij pθ „ iunijq „ i
p Γni,j q

2

θ ´ iunij
(4.31)

where k, l are the indices characterizing the out-going particles and Γni,j is the on-shell
three-particle vertex functions [21]. In integrable model, it is usual to assume the so-
called nuclear democracy namely the bound states are assumed to belonging to the
asymptotic state spectrum [23]. As a result, the bound states are on the same footing
of the asymptotic particles. This leads to additional requirements. A first evidence of
them can be provided by the fact that this bound states occurs in the s-channel and it
implies a relation among the masses and unij:

m2
n “ m2

i `m
2
j ` 2mimj cosunij (4.32)

Notice that (4.32) can be seen as the geometrical relation known as Carnot‘s theorem
where the sides of the triangles are given by the masses mi,mj and mn, this leads to a
geometric relation among the external angles of this triangle:

unij ` u
j
in ` u

i
jn “ 2π (4.33)
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where ujin and uijn correspond to the poles in different channels.

In the context of Integrability, it can be convenient to introduce the so-called Zamolod-
chikov - Faddeev algebra [28, 23]. It essentially consists in associating to each asymptotic
basis a specific order of the set tθ1, . . . , θku and an operator Zaj for each particle of the
species aj, which represents the asymptotic wave packet of the considered particle:

#

Za1pθ1q . . . Zakpθkq ; in states : θ1 ą ¨ ¨ ¨ ą θk

Zakpθkq . . . Za1pθ1q ; out states : θ1 ă ¨ ¨ ¨ ă θk
(4.34)

the factorization of the k-particle S-matrix into 2-particle terms implies that the two-
particle interactions are events quite separated to each other. These two-particle scatter-
ing processes may be thought as interaction involving some "intermediate states", which
are neither in nor out states, whose basis can be implemented by any other orders of
tθ1, . . . , θku. It is important to stress that this makes sense only in IQFT thanks to the
independence of the k-particle S-matrix from the impact parameter that makes possible
such factorization.
After introducing this notation, we can rewrite (4.21) as :

Za1pθ1qZa2pθ2q “ Sb1,b2a1,a2
pθ1 ´ θ2q Zb2pθ2qZb1pθ1q for θ1 ą θ2 (4.35)

where we omit the sum, and, the Zamolodchikov-Faddeev algebra may be defined by the
relations:

Za1pθ1qZa2pθ2q ´ S
b1,b2
a1,a2

pθ1 ´ θ2q Zb2pθ2qZb1pθ1q “ 0 (4.36)

Z̄a1pθ1qZ̄
a2pθ2q ´ S

a1,a2

b1,b2
pθ1 ´ θ2q Z̄

b2pθ2qZ̄
b1pθ1q “ 0 (4.37)

Za1pθ1qZ̄
a2pθ2q ´ S

a2,b1
b2,a1

pθ2 ´ θ1q Z̄
b2pθ2qZb1pθ1q “ 2πδa2

a1
δpθ1 ´ θ2q (4.38)

As a consequence, we can represent the Hilbert space described by the basis

|θ1, . . . , θjy
in,out
a1,...,aj

@ j “ 1, . . . , k (4.39)

as the Fock space over the algebra (4.36) with vacuum defined by
#

Z̄α |0y “ 0 @ α-species
Z̄α “ pZαq

:
(4.40)

where the "creation" of the one-particle state is now associated to the operator Zα.

Additional simplifications may be provide by requiring the diagonal form of the two-
particle S-matrix. This can occur in two cases [21]:
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Figure 4.2: the boostrap principle: it is possible to shift the world-line of the particle Zi
thanks to integrability. This picture is taken from [21].

(i) the system has non-degenerate mass spectrum i.e each particle Zajpθq with different
mass mj.

(ii) the system has degenerate mass spectrum, but each particle is identified by the
other quantum numbers i.e. aj is uniquely associated to the particle Zajpθq.

In these cases the two-particle S-matrix becomes:

Sb1,b2a1,a2
pθq “ δb1a1

δb2a2
Sa1,a2pθq for θ “ θ1 ´ θ2 (4.41)

we can sum up all the equations for the diagonal two-particle S-matrix for parity invariant
system:

Si, lpθq “ S l,ipθq (parity symmetry) (4.42)

Si, lpθq “
`

Si, lp´θ
˚
q
˘˚ (real analyticity) (4.43)

Si, lpθq Si, lp´θq “ 1 (unitarity) (4.44)
Si, lpθq “ Si, l̄piπ ´ θq (crossing symmetry) (4.45)

Si, l̄pθq “ Si,jpθ ` ū
k
j, lq Si,kpθ ´ u

j
l,kq (boostrap principle) (4.46)

where l̄ denotes the anti-particle and ūkj, l :“ π ´ ukj, l. The boostrap principle is a
consequence of the nuclear democracy whose pictorial representation is provided by figure
4.2. In many cases, these equations are sufficient to fix the S-matrix completely [28]
and in general they provide the basis for the S-matrix boostrap namely the procedure
implemented in order to find solution for the two-particle S-matrix. Sometimes the
solution may be completely fixed up to some functions that do not involve new poles in
the physical sheet (this is known as the CDD ambiguity [28]).
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4.3 Form Factors Of Local Fields
Following the notation introduced in the previous subsection, we can express the asymp-
totic state by using the Zamolodchikov - Faddeev algebra for diagonal two-particle S-
matrix. In particular, we assume the following notation for the asymptotic states:

|iny : |θ1, θ2 . . . , θkya1,a2,...,ak
9 Va1pθ1q Va2pθ2q . . . Vakpθkq |0y (4.47)

|outy : |θk, θk´1 . . . , θ1ya1,a2,...,ak
9 Vakpθkq Vak´1

pθk´1q . . . Va1pθ1q |0y

where the order of θj into the kets denotes the asymptotic basis we are implementing and
the Vajpθjq is the "creation operator" that satisfies the Zamolodchikov-Faddeev algebra
(4.36). An important consequence of the algebra is [29]:

|. . . , θj , θj`1, . . .y...,aj ,aj`1,...
“ Saj ,aj`1pθj ´ θj`1q |. . . , θj`1, θj , . . .y...,aj`1,aj ,...

(4.48)

namely each exchange over neighbour particles introduces a two-particle S-matrix. An-
other consequence it that the normalization of the one-particle states is fixed by the
algebra:

a xθa|θbyb “ 2π δab δpθa ´ θbq (4.49)

Form Factors of local operators can by thought as the building blocks of the corre-
sponding correlation functions in some particular states. In particular the elementary
Form Factor 3:

F
O|a1,...,ak
k pθ1, . . . , θkq “ x0| Op0q |θ1, . . . , θkya1,...,ak

(4.50)

whose a graphical representation is provided in figure 4.3.

4.3.1 Form Factor Bootstrap

A first relevant property is provided by Lorentz invariance that establishes how (4.50) of
a local operator O with spin s transforms under simultaneous translation of the rapidities
[21]:

F
O|a1,...,ak
k pθ1 ` Λ, . . . , θk ` Λq “ esΛ F

O|a1,...,ak
k pθ1, . . . , θkq (4.51)

this means that the elementary form factors of local scalar operators only depend on
rapidity differences.
Like for the S-matrix, integrability constrains Form Factors so strongly that it is possible
to find exact solution in many cases. The basis of the Form Factor bootstrap programm
may be derived by the scattering properties of the states and written as [31]:

3we here follow the convention introduced in [29, 30] in which the Authors consider the matrix
element of an arbitrary operator located in 0 as a form factor.
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Figure 4.3: the n-particle elementary Form Factor of the local operator O placed at the
origin. This graph is taken from [21].

I. Exchange :

F
O|a1,...,aj ,aj`1,...,ak

k pθ1, . . . , θj, θj`1, . . . , θkq “ (4.52)

Saj ,aj`1
pθj ´ θj`1q F

O|a1,...,aj`1,aj ,...,ak

k pθ1, . . . , θj`1, θj, . . . , θkq

II. Cyclic property :

F
O|a1,a2,...,ak
k pθ1 ` 2iπ, θ2, . . . , θkq “ (4.53)

F
O|a2,...,ak,a1

k pθ2, . . . , θk, θ1q

III. Kinematical poles :

´ i Resθ̄“θ F
O|ā,a,a1,...,ak
k`2 pθ̄ ` iπ, θ, θ1, . . . , θkq “ (4.54)

´

1´
k
ź

j“1

Sa,ajpθ ´ θjq
¯

F
O|a1,...,ak
k pθ1, . . . , θkq

IV. Dynamical poles :

´ i Resθ̃“θ F
O|α,β,a1,...,ak
k`2 pθ ` iūβαγ{2, θ̃ ´ iū

α
βγ{2, θ1, . . . , θkq “

Γγαβ F
O|γ,a1,...,ak
k`1 pθ, θ1, . . . , θkq (4.55)

In order to have a power law behaviour of the two-point correlation of the field Opxq,
there is an additional condition for the corresponding form factors: these must behave
at most as an exponential term in the follow limit [21].

lim
|θi|Ñ8

F
O|a1,a2,...,ak
k pθ1, θ2, . . . , θkq „ ec |θi| @i “ 1, . . . , k (4.56)
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and c is a (i-independent) constant related to the conformal weight of the field O i.e.
c ă ∆.4

4.3.2 Correlation Functions
In general, we can define form factors by the matrix elements of the local Operator.
Following [29, 30]:

F
O|a1,...,am;b1,...,bn
m,n pθ11, . . . , θ

1
m| θ1, . . . , θnq “ a1,...,am

@

θ11, . . . , θ
1
m

∣∣Op0q |θ1, . . . , θnyb1,...,bn (4.57)

Form factor such as (4.57) are related to each other thanks to the recursive equation:

F
O|a1,...,am;b1,...,bn
m,n pθ11, . . . , θ

1
m| θ1, . . . , θnq “ (4.58)

F
O|a1,...,am´1;ām,b1,...,bn

m´1,n`1 pθ11, . . . , θ
1
m´1| θ

1
m ` iπ, θ1, . . . , θnq

`

n
ÿ

j“1

”

2πδaj am δpθ1m ´ θjq
j´1
ź

p“1

Sap ajpθ
1
p ´ θjq ˆ

F
O|a1,...,am´1;b1,...,bj´1,bj`1,...,bn

m´1,n´1 pθ11, . . . , θ
1
m´1| θ1, . . . , θj´1, θj`1, . . . , θnq

ı

where ām denotes the anti-particle of am. Indeed, using appropriate iterations of the
equation (4.58), we are able to express the form factors in terms of the elementary form
factor (4.50). Indeed, (4.58) may be derived by construction from the bootstrap equa-
tions.

Figure 4.4: The effect of inserting a complete set of states into a correlation function.
This graph is taken from [21].

Two-point correlation functions in the vacuum state may be given in terms of ele-
mentary form factors by the spectral decomposition in the euclidean space [29]:5

4The conformal weight dictates the short-distance behaviour of the correlation function xOp`qOp0qy „
r´4∆ for r Ñ 0.

5we essentially use the completeness relation (3.4.1).
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x0| Opx, yqÕp0, 0q |0y “
8
ÿ

k“0

ÿ

a1...ak

ż

dθ1 . . . dθk
p2πqk k!

F
O|a1,...,ak
k pθ1, . . . , θkq ˆ

„

F
Õ|a1,...,ak
k pθ1, . . . , θkq

˚

exp
”

´ `
k
ÿ

j“1

maj cosh θj

ı

(4.59)

where ` “
a

x2 ` y2 the euclidean distance and we use the complex conjugate state:
„

F
Õ|a1,...,ak
k pθ1, . . . , θkq

˚

:“ a1,...,ak xθ1, . . . , θk| Õp0, 0q |0y “ F
Õ|ā1,...,āk
k pθ1` iπ, . . . , θk` iπq

(4.60)
The equation (4.59) gives the large-distance behavior of the correlation function as the
exponential rapidly converges in this limit. In this case, it is referred to as the large-
distance form factor expansion. On the other hand, for the short-distance behaviour we
need to consider other terms in the sum, although in same cases it has been observed
a very fast convergence also for the short-distance limit. The short-distance properties
has been analyzed in many works, for instance [32].

The n-point correlation functions may be generalized inserting n´ 1 times the rela-
tion (3.4.1) although they take a more complicated form [21].

It is worthwhile to say that the form factor expansion of the two-point correlation
functions in excited states involve form factors such as (4.57). These will be discussed
in section 4.5 when we employ a finite volume approach.

4.4 Form Factors Of Twist Fields
Because of the geometry, the form factor of twist fields (introduced in section 3.2.1) have
different features and the set of equation (I-IV) showed the last section must be modified
[7].
Let us considering an integrable model consisting in n copies of a (1+1)-IQFT. Further-
more, let us suppose the scattering processes in each copy are described by a diagonal
S-matrix such as (4.41) and the bound states are absent, then the two-particle S-matrix
in the n-copy model takes the following form:

Sµi µjpθijq “ Sai ajpθijq
δni,nj “

#

Sai ajpθijq for ni “ nj

1 for ni ‰ nj
(4.61)

and we now label the ith-particle µi “ pai, niq where ai denotes the particle species and ni
the copy in which the particle lives. Thus, choosing an appropriate order of the rapidities
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tθiui , e.g. θ1 ą . . . θk for the incoming states, the states

|θ1, . . . , θkyµ1...µk
(4.62)

provide a basis of Hilbert space related to the replica model. S-matrix elements such as
(4.61) tell us that particles localized in different copies do not interact each other.
As we have already discussed in section 3.2.1, the existence of the permutation symmetry
among the copies implies the existence of the branch-point twist field T and anti-twist
field T̃ . If φ represents the state of a fundamental particle of the original IQFT, the
corresponding state in the replica model is Φ “ pφ1, . . . , φnq consisting in n copies of φ
and the effects of the twist fields is to implement the symmetry as

#

φi px, yq T px1, yq “ T px1, yq φi`1px, yq for x1 ą x, y1 “ y

φi px, yq T px1, yq “ T px1, yq φi px, yq for x1 ă x, y1 “ y
(4.63)

and
#

φi px, yq T̃ px1, yq “ T̃ px1, yq φi´1px, yq for x1 ą x, y1 “ y

φi px, yq T̃ px1, yq “ T̃ px1, yq φi px, yq for x1 ă x, y1 “ y
(4.64)

for i “ 1, . . . , n such that i`n “ i. A first consequence of these relations it that we have
on the Hilbert space:

T̃ “ T : (4.65)
We can define the elementary form factor of the twist field on a n-copy model as:

F
T |µ1,...,µk
k pθ1, . . . , θk ;nq “ x0| T p0q |θ1, . . . , θkyµ1,...,µk

(4.66)

An intrinsic assumption when we define Form Factors is the locality of the fields.
Because of the properties (4.63) and (4.64), the fields creating the one-particle states
on the n-copy model are semi-local with respect to the twist field T and T̃ (see the
subsection 3.2.1). Since both fields are involved in (4.66) it is necessary to extend the
boostrap equations and it will lead to different cyclic property and the kinematical poles
equations. However for the propose of this thesis we do not analyze this case.

In fact, in the chapter 5, we will consider a doubled boson theory obtained by dou-
bling a free boson theory. In this case, it is possible to see that the branch-point twist
field implementing the cyclic permutation symmetry can be decomposed into a direct
product of Up1q fields (induced by the doubling). We will see that these fields show
simpler properties and allow us to adopt a finite-volume approach.
Fields such as the U(1) fields are defined by relations including the factor of local com-
mutativity ω [33] which takes into account the semi-locality between the fields in the
θ-space:6

VµipθiqOp0q “ ωOp0qVµipθiq (4.67)
6This factor ω was first introduced in [34]. The locality may be implemented simply by requiring

ω “ 1.
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The modification of the equations (I-III) can be implemented by including ω and as a
result the cyclic property (4.53) and the kinematical poles (4.55) become

F
O|µ1,µ2,...,µk
k pθ1 ` 2iπ, θ2, . . . , θkq “ ω F

O|µ2,...,µk,µ̂1

k pθ2, . . . , θk, θ1q

“ ω
ź

i“2,k

Sµi,µ1pθi ´ θ1q F
O|µ1,...,µk
k pθ1, . . . , θkq

(4.68)

and

´i Resθ̄“θ F
O|µ̄,µ,µ1,...,µk
k`2 pθ̄ ` iπ, θ, θ1, . . . , θkq “

¨

˝1´ ω
ź

i“1,k

Sµ,µipθ ´ θiq

˛

‚ F
O|µ1,...,µk
k pθ1, . . . , θkq

(4.69)

The equations (4.68) and (4.69), along with the cyclic property (4.53) are implemented
in appendix A in order to obtain the two-particle form factor of the U(1) fields.

4.5 Form Factors In Finite Volume
In section 3.5, we have seen we are interested in employing a the finite size approach. In
general, in finite volume L a k-particle state |θ1, . . . , θkya1,...,ak

becomes quantized because
the wave function defining the state is periodic along the space direction. This enables us
to map the system into a cylinder of circumference L. The quantization conditions may
expressed by the system of k non-linear equation known as the Bethe-Yang equations :

eimai L sinh θi

k
ź

j‰i

Sai ajpθi ´ θjq “ 1 j “ 1, . . . , k (4.70)

where maj is the mass of the particle aj and mai sinh θi is the momentum of the single
particle. (4.70) is a consequence of S-matrix factorization and holds in all integrable
systems. Furthermore (4.70) may be seen as the analogy of the box quantization in a
quantum integrable model. In large volume, the energy of the k-particle state may be
expressed:

ELptθkuq “ EopLq `
k
ÿ

j“1

maj cosh θj `O
`

e´µL
˘

(4.71)

where EopLq is the Casimir Energy that is the finite volume ground state energy and
depends on the normalization. For our propose it is reasonable to assume EopLq “ 0.
The exponential correction come from virtual scattering process due to compactness on
the cylinder and depends on a characteristic mass scale µ [35].
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In Chapter 5 we will analyze a doubled free boson theory. Therefore for our proporse,
we consider only free boson theories. In this case the S-matrix is simply:

Sai ajpθq “ 1 @i, j “ 1, . . . , k (4.72)

and (4.70) provides the solutions:

Qj “ maj L sinh θj “ 2πIj @j “ 1, . . . , k (4.73)

where Ij are integers for boson theory. This implies that, in finite volume, the k-particle
state |θ1, . . . , θkya1,...,ak

is described by the set of quantum numbers tI1, . . . , Iku.

Denoting by |tI1, . . . , Ikuya1,...,ak,L
the finite volume k-particle states, if we consider a

complete set of these, we can expand the two-point correlation function in finite volume
[29]:

x0| Opτ, 0qÕp0, 0q |0yL “
8
ÿ

k“0

ÿ

a1...ak

ÿ

I1,...,Ik

ˆx0| Op0, 0q |tI1, . . . , Ikuya1,...,ak,L

a1,...,ak,L xtI1, . . . , Iku| Op0, 0q |0y exp
”

´ τ
k
ÿ

j“1

maj cosh θj

ı

(4.74)

where for simplicity we have restricted the formula to separation in Euclidian time τ .
Recalling the correlation function in infinite volume x0| Opτ, 0qÕp0, 0q |0y (4.59), it is
possible to argue, using the finite volume expansion developed by Lüscher in [35], that
the finite-volume correlation function differs from (4.59) only for terms that are rapidly
suppressed in large volume:7

x0| Opτ, 0qÕp0, 0q |0y ´ x0| Opτ, 0qÕp0, 0q |0yL „ O
`

e´µL
˘

(4.75)

it follows:

x0| Op0, 0q |tI1, . . . , Ikuya1,...,ak,L
“
F

O|a1,...,ak
k pθ1, . . . , θkq

a

ρa1,...,akpθ1, . . . , θkq
`O

`

e´µL
˘

(4.76)

where ρ is nothing but the Jacobi determinant corresponding to the change of variables
2πIj Ñ θj. In free theories ρ takes a diagonal form:

ρa1,...,akpθ1, . . . , θkq “
n
ź

j“1

majL cosh θj (4.77)

7Lüscher’s finite expansion is expected to hold non-perturbatively.
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furthermore (4.78) may be understood as a relation between the two bases:

|tI1, . . . , Ikuya1,...,ak,L
“

1
a

ρa1,...,akpθ1, . . . , θkq
|θ1, . . . , θkya1,...,ak

`O
`

e´µL
˘

(4.78)

Considering the case when tI1, . . . , Iku and tI 11, . . . , I 1mu are two disjoint sets it is possible
to construct:

a11,...,a
1
m,L xtI

1
1, . . . , I

1
mu| Op0, 0q |tI1, . . . , Ikuya1,...,ak,L

“ (4.79)

F
O|a11,...,a1m,a1,...,ak

m`k pθ1m ` π, . . . , θ
1
1 ` π, θ1, . . . , θkq

b

ρa11,...,a1mpθ
1
1, . . . , θ

1
mq ρa1,...,akpθ1, . . . , θkq

`O
`

e´µL
˘

these elements are called off-diagonal form factors. It is important to stress that this
result holds only when the rapidities tθju and tθ1iu are all different from each other. In-
deed, only in this case the disconnected pieces in (4.58) vanish. Otherwise, one has to
take into account the off-diagonal form factors that occur when the state on the left and
on the right are the same [30].

We will see later that for the double free boson only off-diagonal form factors con-
tribute. As a result, the elements (4.79) provide the building blocks we need to construct
the two-point correlation functions in excited states. In section 5.3.1 we will extend this
result to the replica model.
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Chapter 5

The Doubled Free Boson

5.1 The Doubling Trick
In this chapter we will adopt an approach known as the doubling trick and based on
the work [10]. The authors developed this technique in order to find some differential
equations known as Painlevè equations that are satisfied by appropriate combinations of
the correlation functions in the Ising model1.
The main idea is to double the theory in order to first analyze a complex version of the
theory then to come back to the real case by requiring appropriate conditions. For real
Majorana fermion, considering two copies of its fundamental fields namely pψa, ψ̄aq and
pψb, ψ̄bq it is easy to construct a new field describing the Dirac fermion:

Ψ “
1
?

2

ˆ

ψa ` iψ̄b
ψa ´ iψ̄b

˙

(5.1)

which possesses an internal continuous Up1q symmetry under rotation.
Similarly, we are now interested in doubling the free boson field therefore let us consider
two boson fields φa and φb , we can introduce the corresponding complex free boson fields :

Φ “
φa ` iφb
?

2
, Φ: “

φa ´ iφb
?

2
(5.2)

once again, the doubled theory possesses a Up1q symmetry.
In the context of the replica trick, we now deal with n copies of the complex boson:

¨

˚

˝

Φ1
...

Φn

˛

‹

‚

(5.3)

1The analogy between the content of the Ising model and the real Majorana Fermion fields is well-
known [21] and discussed in [36].
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where each complex field Φi is obtained by coupling the two free boson fields φpiqa and
φ
piq
b in copy i.

In section 3.2, we have discussed that twist fields are present whenever the theory presents
an internal symmetry. The advantage of doubling the theory arises from the presence
of a Up1q symmetry in each copy of the replica model. As a consequence, this Up1q
symmetry will be implemented by some twist fields defined on each copy. This permits
to build the branch-point twist field T (associated to the permutation symmetry of the
copies) in terms of those associated to the Up1q symmetry on each copy.

5.1.1 The complex Free Boson

The free real boson fields φa and φb are described by (1+1) QFT and in particular
they satisfy the Klein-Goldon equation therefore they may be expressed by the mode
expansion:

φapx, tq “

ż

dθ
“

a pθq eiP pθqx´iEpθq t ` a:pθq e´iP pθqx`iEpθq t
‰

(5.4)

where we introduced the rapidity θ to parametrize the energy

Epθq “ m cosh θ ; P pθq “ m sinh θ (5.5)

and a pθq and a:pθq are respectively the annihilation and creation operators associated
to the real free boson field φa. These operators define the Hilbert space Ha:

a pθq |0ya “ 0

a:pθq |0ya “ |apθqya
(5.6)

where |0ya is the vacuum and a:pθq creates a one-particle state in the θ-space. Further-
more a and a: satisfy the algebra:

rapθq, apθ1qs “ 0 “ ra:pθq, a:pθ1qs (5.7)
rapθq, a:pθ1qs “ δpθ ´ θ1q (5.8)

Similarly, we can express φb by equivalent relations where now the operators a pθq
and a:pθq are replaced with b pθq and b:pθq.

The complex free boson fields Φ and Φ: obey the Klein-Goldon equation whose solu-
tions may be expressed:

Φpx, tq “

ż

dθ
“

α pθq eiP pθqx´iEpθq t ` β:pθq e´iP pθqx`iEpθq t
‰

(5.9)

Φ:px, tq “

ż

dθ
“

β pθq eiP pθqx´iEpθq t ` α:pθq e´iP pθqx`iEpθq t
‰

(5.10)
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where now α:pθq and αpθq are understood as the creation and annihilaton operators of
the particles associated to the fields Φ, while β:pθq and βpθq creates and destroys the
corresponding anti-particles.
Inverting the relation (5.1) and comparing (5.4) of φa and φb with (5.9) and (5.10), we
obtain relations among the creation and annihilation operators:

apθq “
αpθq ` βpθq

?
2

; a:pθq “
α:pθq ` β:pθq

?
2

(5.11)

and

bpθq “
αpθq ´ βpθq

i
?

2
; b:pθq “ ´

α:pθq ´ β:pθq

i
?

2
(5.12)

In addition the commutation relations (5.7) (5.8) lead to a similar algebra for α, α:, β, β::

rαpθq, α:pθ1qs “ δpθ ´ θ1q (5.13)
rβpθq, β:pθ1qs “ δpθ ´ θ1q (5.14)

all other commutation relations are zero, since φa and φb commute with each other. As
a consequence, we can express an arbitrary states |Φyc created by the operators α:pθq
and β:pθq as the tensor product of states on the Hilbert spaces Ha and Hb:

|Φyc “ |φya b |φyb (5.15)

This factorization holds also for branch-point twist fields:

Tcomplex “ Ta b Tb (5.16)

where Ta and Tb are the twist fields involved in the single real theory. Consequently

c xΦ| Tcomplex |Φyc “ a xφ|b b xφ| Ta b Tb |φya b |φyb
“ a xφ| Ta |φya ˆ b xφ| Tb |φyb

(5.17)

and similarly for the two-point correlation function

c xΦ| T p0q T̃ p`q |Φyc “ a xφ| Tap0q T̃ap`q |φya ˆ b xφ| Tbp0q T̃bp`q |φyb (5.18)

If we choose |Φyc “ |φyab |0yb in the end, we will be able to come back to the real boson,
thanks to (5.18):

a xφ| Tap0q T̃ap`q |φya “
c xΦ| T p0q T̃ p`q |Φyc
b x0| Tbp0q T̃bp`q |0yb

(5.19)

and we will get results for the free real boson up to the quantity b x0| Tbp0q T̃bp`q |0yb. This
choice is motivated by (3.68) where the result is expressed by the difference between the
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entanglement entropy in the excited state and that in the vacuum.

Generalizing, let us consider the replica model with n copy of the previous (1+1)-
QFT, the complex boson theory on the n-copy model is given by

|Φy “ |φy1 b ¨ ¨ ¨ b |φyn (5.20)

where |φyi is a state created by the operators α:i pθq and β:i pθq on the ith-copy of the
replica model. The vacuum state |0y defines the Hilbert space in which |Φy lives:

|0y “ |0y1 b ¨ ¨ ¨ b |0yn (5.21)

such that the operators αipθq and βipθq destroy the vacuum state in the ith-copy:

αipθq |0yi “ 0 “ βipθq |0yi (5.22)

while the operators α:jpθq and β:j pθq create particles and anti-particles in the jth-copy
and the corresponding algebra in the replica model is given by

rαipθq, α
:

jpθ
1
qs “ δij δpθ ´ θ

1
q (5.23)

rβipθq, β
:
pθ1qs “ δij δpθ ´ θ

1
q (5.24)

while all other commutation relations are zero.

5.2 The Up1q Twist Field Action
The action of the branch-point twist field T on the single-copy field may be represented
in the matrix form by introducing the T-matrix. The latter act on the fields as:

T

¨

˚

˚

˚

˝

Φ1

Φ2
...

Φn

˛

‹

‹

‹

‚

“

¨

˚

˚

˚

˝

Φ2

Φ3
...

Φ1

˛

‹

‹

‹

‚

(5.25)

as a consequence, the T-matrix takes the following form [37]:

T “

¨

˚

˚

˚

˚

˚

˝

0 1 0 ¨ ¨ ¨ 0
0 0 1 ¨ ¨ ¨ 0
...

...
... . . . ...

0 0 0 ¨ ¨ ¨ 1
1 0 0 ¨ ¨ ¨ 0

˛

‹

‹

‹

‹

‹

‚

(5.26)
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It is easy to see that its eigenvalues are the n-th root of unity λk “ ei2π
k
n for k “

0, . . . , n´ 1. Changing basis by a unitary transformation we can diagonalize T and the
eigenvectors Φ̃k of T are related to the fields Φj by2

Φ̃k “
1
?
n

n
ÿ

j“1

ei 2πj
k
n Φj “

¨

˚

˚

˚

˝

ei 2π
k
nΦ1

ei 4π
k
nΦ2
...

Φn

˛

‹

‹

‹

‚

(5.27)

Similarly we can diagonalize T´1 which represents the action of the Up1q anti-twist field
and we obtain the eigenvalues λk “ e´i2π

k
n for k “ 0, . . . , n´ 1. Then, we can write the

complex conjugate fields of (5.27) as:

Φ̃:k “
1
?
n

n
ÿ

j“1

e´i 2πj
k
n Φ:j “

´

e´i 2π
k
nΦ:1 e´i 4π

k
n Φ:2 . . . Φ:n

¯

(5.28)

Both Φk and Φ:k are complex boson fields @k “ 0, . . . , n ´ 1 since their commutation
relations are:

rΦ̃k1 , Φ̃k2s “

«

1
?
n

n
ÿ

j1“1

ei 2πj1
k1
n Φj1 ,

1
?
n

n
ÿ

j2“1

ei 2πj2
k2
n Φj2

ff

“
1

n

n
ÿ

j1,j2“1

ei 2πpj1
k1
n
`j2

k2
n
q
rΦj1 ,Φj2s “ 0

(5.29)

Analogously rΦ̃:k1
, Φ̃:k2

s “ 0.
In the θ-space, the fields Φ̃k and Φ̃k involve the operators pa`k q

:pθq @k which create
particles (`) and anti-particles (´) associated to the new basis while the operators a˘k pθq
destroy the vacuum |0yk:

a˘k pθq |0yk “ 0 (5.30)

In particular, the creation operators are related to the old basis by (5.27) and (5.28):

pa`k q
:
pθq “

1
?
n

n
ÿ

j“1

ei 2πj
k
n α:j pθq ; pa´k q

:
pθq “

1
?
n

n
ÿ

j“1

ei 2πj
k
n β:j pθq (5.31)

α:jpθq “
1
?
n

n´1
ÿ

k“0

e´i 2πj
k
n pa`k q

:
pθq ; β:j pθq “

1
?
n

n´1
ÿ

k“0

e´i 2πj
k
n pa´k q

:
pθq (5.32)

2We here label the nth-copy of the model 0 for the new basis. This choice is always possible and
does not change the results. Furthermore, this new notation is motivated by the trivial properties of
the U(1)-fields on this copy.
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As a consequence, pa˘k q
:pθq and a˘k pθq satisfy the algebra (5.23):

r a
si
i pθq , pa

sk
k q

:
pθ1q s “ δsi sk δi k δpθ ´ θ

1
q (5.33)

r a
si
i pθq , a

sk
k pθ

1
q s “ 0 “ r pasii q

:
pθq , pa

sj
k q
:
pθ1q s (5.34)

The relevance of this basis arises from the exchange relation between twist fields and
the fields Φ̃k. Since the T-matrix acts diagonally on the new basis, it holds:

Φ̃jpx, tq T k
n
py, tq “

´

ei2π
k
n

¯δjk
T k
n
py, tq Φ̃jpx, tq For y ą x (5.35)

Φ̃jpx, tq T k
n
py, tq “ T k

n
py, tq Φ̃jpx, tq For y ă x (5.36)

where we have introduced the Up1q twist field T k
n
and j, k “ 0, . . . , n ´ 1 such that

j ` n “ j.

Following the section 3.2, the partition function of the QFT on the Riemann surface
is related to the two-point correlation function of the twist fields on the replica model
by (3.17). If we implement the Up1q twist fields T k

n
and T´ k

n
over all the replica model,

we will obtain the original twist field and anti-twist field associated to the permutation
symmetry as:

T “
n´1
ź

k“0

T k
n

; T̃ “
n´1
ź

k“0

T´ k
n

(5.37)

In particular, considering a state on the n-copy model such as (5.20), we can factorize
the correlation function in the free boson excited state as:

Z |Φy
rns 9 xΦ| T p0qT̃ p`q |Φy “

n´1
ź

k“0

k xφ| T k
n
p0qT´ k

n
p`q |φyk (5.38)

These twist fields T k
n
are well known in literature [38, 39] and the corresponding conformal

weight ∆k,n is given by CFT:

∆k, n “
1

2

k

n

ˆ

1´
k

n

˙

(5.39)

The sum reproduces (3.27) with c “ 2 i.e. complex free boson:

dn “ 2
n´1
ÿ

k“0

∆k, n “
1

6

ˆ

n´
1

n

˙

(5.40)

Notice that the field T0 for k “ 0 is the Identity.
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5.3 Entanglement Entropy In One-particle Excited State
Let us assume that the state |Φy in (5.38) is simply n copies pf a one-particle state. In
order to obtain a real free boson state in the end, we choose |Φy “ p|φya b |0ybqn which
is implemented by the operator a:jpθq in each copy. Using (5.11), we can write the state
as:

|Φy “
n
ź

j“1

a:jpθq |0yj “
1
?

2n

n
ź

j“1

pα:jpθq ` β
:

j pθq q |0yj (5.41)

Changing basis in order to diagonalize the T-matrix, we obtain:

|Φy “ 1
a

p2nqn

n
ź

j“1

˜

n´1
ÿ

k“0

e´i 2πj
k
n pa`k q

:
pθq `

n´1
ÿ

k“0

e´i 2πj
k
n pa´k q

:
pθq

¸

|0yj

“
1

a

p2nqn

ÿ

s1,...,sn“˘

n
ÿ

k1,...,kn“1

e´
i2πps1k1`2s2k2`¨¨¨`nsnknq

n pa
s1
k1
q
:
pθq pas2k2

q
:
pθq . . . pasnknq

:
pθq |0y

(5.42)

Thus the state |Φy may be expanded by appropriate n-particle states. Particles and
anti-particles are characterized by the same mass m. In this context, it is convenient to
express equation (5.42) in terms of the population in each-copy, therefore we may define
the set tN˘u “ tN`

0 , N
´
0 , . . . , N

`
n´1, N

´
n´1u, where N s

k is the number of particle (s “ `)
or anti-particles (s “ ´) that live in the kth-copy. Thus, (5.42) becomes:

|Φy “
ÿ

tN˘u

AptN˘
uq

n´1
ź

k“0

rpa`k q
:
pθqsN

`
k rpa´k q

:
pθqsN

´
k |0yk (5.43)

where AptN˘uq contain the multiplicity associated to the configuration tN˘ u and the
factor due to the phases in (5.43). It is clear from (5.42) that

N :“
ÿ

k

pN`
k `N

´
k q “ n @ tN˘

u (5.44)

We are interested in the correlation function (5.38):

xΦ| T p0qT̃ p`q |Φy “
ÿ

tN˘u,tM˘u

A˚ptN˘
uq AptM˘

uq ˆ (5.45)

n´1
ź

k“0

k x0| ra´k pθqs
N´k ra`k pθqs

N`k T k
n
p0q T´ k

n
p`q rpa`k q

:
pθqsM

`
k rpa´k q

:
pθqsM

´
k |0yk

Since T0p0q “ 1 “ T0p`q, their contribution is simply:

N0 “ 0 x0| ra´0 pθqsN
´
0 ra`0 pθqs

N`0 T0p0q T0p`q rpa
`
0 q
:
pθqsM

`
0 rpa´0 q

:
pθqsM

´
0 |0y0

“ 0 x0| ra´0 pθqsN
´
0 ra`0 pθqs

N`0 rpa`0 q
:
pθqsM

`
0 rpa´0 q

:
pθqsM

´
0 |0y0

(5.46)
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using the algebra (5.23), N0 constrains the states tN˘
k u and tM

˘
k u in (5.45) to have the

same number of particles and antiparticles on the 0th-copy:

N`
0 ´N

´
0 “M`

0 ´M
´
0 (5.47)

In order to express (5.45) in terms of form factors, we now introduce a sum over a
complete set of state between the fields T k

n
and T´ k

n
in each copy except to 0:

1 “
8
ÿ

pk“0

ÿ

s1,...,spk“˘

1

pk!

ż 8

´8

dθ1

2π

ż 8

´8

dθ2

2π
. . .

ż 8

´8

dθpk
2π

ˆ (5.48)

pa
s1
k q
:
pθ1q pa

s2
k q
:
pθ2q . . . pa

spk
k q

:
pθpkq |0yk k x0| a

spk
k pθpkq a

spk´1

k pθpk´1q . . . a
s1
k pθp1q

As a result, the correlation function may be written as

xΦ| T p0qT̃ p`q |Φy “
ÿ

tN˘u,tM˘u

A˚ptN˘
uq AptM˘

uq N0 ˆ (5.49)

n´1
ź

k“1

8
ÿ

pk“0

ÿ

s1,...,spk“˘

ż

dθ1 . . . dθpk
pk! p2πqpk

exp

«

m`

˜

pk
ÿ

i“1

cosh θi ´ pM
`
k `M

´
k q cosh θ

¸ff

F
N˘k ; s1,...,spk
k
n

pθ . . . |θ1, . . . , θpkq
”

F
M˘
k ; s1,...,spk

k
n

pθ . . . |θ1, . . . , θpkq
ı˚

where we introduce the form factor

F
N˘k ; s1,...,spk
k
n

pθ . . . |θ1, . . . , θpkq “ (5.50)

k x0| ra´k pθqs
N´k ra`k pθqs

N`k T k
n
p0q pas1k q

:pθ1q pa
s2
k q
:pθ2q . . . pa

spk
k q:pθpkq |0yk

which involves gk :“ N`
k ` N´

k ` pk particles. Although the equation (5.49) appears
quite complicated, the Up1q symmetry imposes many constrains:

(i) Only form factors with even particle number gk are non-zero.

(ii) Defining N`
k ´ N´

k the charge of the state on the kth-copy, the overall charge in
(5.50) must be neutral:

N`
k ´N

´
k “

n´1
ÿ

k“0

sk @k “ 1, . . . , n´ 1 (5.51)

As a result, only form factors involving the same amount of particles and antipar-
ticles may be non-zero. Furthermore it turns out from (5.49):

N`
k ´N

´
k “M`

k ´M
´
k @k “ 0, . . . , n´ 1 (5.52)
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We can consequently rewrite (5.50) as:

F
N˘k ; s1,...,spk
k
n

pθ . . . |θ1, . . . , θpkq “ F`´`´¨¨¨`´k
n

pθ . . . |θ1, . . . , θpkq (5.53)

The two-particle form factor may be obtained by solving the Form Factor Boostrap
equations. We have implemented these in appendix A and the solution is given by
(according with [39, 40]):

F`´k
n

pθ` ´ θ´q “
k x0| T k

n
p0q pa`k q

:pθ`q pa
´
k q
:pθ´q |0yk

xT k
n
yk

“ ´ sin

ˆ

πk

n

˙

ep
k
n
´ 1

2
qpθ`´θ´q

cosh pθ`´θ´q
2

“ F´`k
n

pθ´ ´ θ`q

(5.54)

where the latter expression is a consequence of the boson nature. Higher particle form
factors may be obtained by the two-particle form factors (5.54), for instance, for form
factors involving 2m particles :

F`´¨¨¨`´k
n

´

θ
p1q
` , . . . , θ

pmq
` , θ

p1q
´ . . . , θ

pmq
´

¯

“ (5.55)

xT k
n
y

ÿ

σ,κ PSm

F`´k
n

´

θ
σp1q
` ´ θ

κp1q
´

¯

. . . F`´k
n

´

θ
σpmq
` ´ θ

κpmq
´

¯

where σ and κ are permutations over the sets tθ1, . . . , θmu and tβ1, . . . , βmu.

5.3.1 The Finite-Volume Approach On The Replica Model

As we have already discussed in section 3.5, we are interested in the finite size approach.
In general, considering an euclidean (1+1) QFT in finite volume, we require the period-
icity along the space axis Φp0, tq “ ΦpL, tq, where L is the length of the finite volume.
This allows us to map the system into a cylinder with infinite height parametrized by
τ while the space axis is compactified along the circumference L and described by the
parameter σ. In this context, the periodicity condition may be expressed by the Bethe-
Yang equations.

In the context of the replica trick, the n-copy model is composed of n copies of the
cylinder where now the branch cut lies along the σ-direction (see a) in figure (5.1)).
However, the presence of the branch cut along the circumference L may affect the quan-
tization conditions.
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Figure 5.1: a single copy of the replica model in finite volume with the branch cut along
the circumference is represented in a) . Deforming the branch cut as in b) it is possible
to obtain two semi-infinite branch cuts along the time-direction as in c).

Since the correlation function is invariant under continuous changes of the shape of
the branch cut, in finite volume we may understand equation (5.49) as the insertion of
intermediate states has been deforming the branch cut along the space direction to basi-
cally get two semi-infinite branch cuts along the time direction, a pictorial representation
is provided by figure 5.1. This is a crucial point in order to obtain the right periodic
condition in the replica model.
In particular the periodicity condition of the intermediate states must be modified be-
cause of (5.35). If a particle α˘j performs a trip around the space direction, it will surely
gain a phase due to (5.35):

eimL sinh θj “ e¯
i2π kj
n (5.56)

where the sign `{´ denotes the particle/anti-particles associated to the field Φ̃j. Then
the quantization condition for the finite-size intermediate state becomes:

Q˘j “ mL sinh θj ˘
2π kj
n

“ 2π I˘j Ij P Z (5.57)

where the integer number Ii is because of the boson nature. In contrast, the periodicity
condition of the original states Φi are not affected by the action of the U(1) twist fields
T k
n
:

Q “ mL sinh θ “ 2π I I P Z (5.58)
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Since the matrix BQ˘j
Bθl

is diagonal

BQ˘j
Bθl

“ δj l mL coshpθjq (5.59)

the Bethe-Yang Jacobi determinant can be expressed simply as the product of the diago-
nal elements of (5.59). As a result, the finite-volume intermediate states may be related
to the infinite-volume states by:

|θ1, . . . , θpkys1,...,sp ;L “
pa
s1
k q
:pθ1q pa

s2
k q
:pθ2q . . . pa

spk
k q:pθpkq

a

pmLqpk cosh θ1 . . . cosh θpk
|0yk (5.60)

where θ1, . . . , θpk are related to the finite volume quantum number tIs1 . . . Ispk u by (5.57).
While the external states of (5.49) may be expressed by:

∣∣θ;N`
k , N

´
k

D

L
“
rpa´k q

: pθqsN
´
k rpa`k q

: pθqsN
`
k

b

rmL cosh θsN
`
k `N

´
k

|0yk (5.61)

Thus the correlation function (5.49) in finite volume takes the form:

L xΦ| T p0qT̃ p`q |ΦyL “
ÿ

tN˘u,tM˘u

A˚ptN˘
uq AptM˘

uq N0 ˆ (5.62)

n´1
ź

k“1

8
ÿ

pk“0

ÿ

s1,...,spk“˘

ÿ

I
s1
1 ,...,I

spk
pk

PZ

1

pk! p2πqpk
exp

«

m`

˜

pk
ÿ

i“1

cosh θi ´ pM
`
k `M

´
k q cosh θ

¸ff

F
N˘k ,pk ;L
k
n

pθ . . . |θ1, . . . , θpkq
”

F
M˘
k ,pk ;L

k
n

pθ . . . |θ1, . . . , θpkq
ı˚

where only tsju compatible with (5.51) gives non-zero form factors in finite volume:

F
N˘k ,pk ;L
k
n

pθ . . . |θ1, . . . , θpkq “ L

@

θ;N`
k , N

´
k

∣∣ T k
n
p0q |θ1, . . . , θpkys1,...,sp ;L

“

F`´`´¨¨¨`´k
n

pθ, . . . |θ1, . . . , θpkq
b

pmLqgkpcosh θqN
`
k `N

´
k . . . cosh θ1 . . . cosh θpk

(5.63)

which involves gk :“ N`
k ` N´

k ` pk particles and all (i-ii) are still valid in finite
volume.
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5.3.2 Large-Volume Leading Contribution to the Rényi Entropy
Sn

In order to evaluate the leading contribution to (5.62) we consider the two-particle form
factors

F`´k
n

pθ ` iπ ´ θiq “ ´ sin

ˆ

πk

n

˙

ep
k
n
´ 1

2qpθ´θi`iπq

cosh
`

θ´θi`iπ
2

˘

“ eiπ
k
n sin

ˆ

πk

n

˙

ep
k
n
´ 1

2qpθ´θiq

sinh
`

θ´θi
2

˘

(5.64)

where θ satisfies the quantization condition (5.58) while θi is associated to one particle
of an intermediate state therefore it satisfies (5.57). It is easy to see that the leading
contribution in the large volume expansion occurs when the rapidities are very close to
each other. Indeed, we can write:

sinh

ˆ

θ ´ θi
2

˙

“
sinh θ ´ sinh θi

2 cosh
`

θ`θi
2

˘ „θ«θi
π

mL

pI ´ I˘i ˘
k
n
q

cosh θ
(5.65)

In this case, the two-particle form factors are dominated by their behaviour around the
kinematic pole:

F`´k
n

pθ ` iπ ´ θiq „θ«θi e
iπ k
n sin

ˆ

πk

n

˙

mL cosh θ

π pI ´ I˘i ˘
k
n
q

(5.66)

In (5.62) the leading contribution comes from terms such that tN˘
k u “ tM

˘
k u and thus

when the product of the form factors becomes a square.
We have already mentioned that the gk-particle form factors may be obtained by ap-
propriate combination of two-particle form factors by using (5.55). The latter involves
nk “ N`

k ` N´
k factors like (5.64) for each term of the sum and the large volume limit

may be obtained when the nk different θis involved in the gk-particle form factor are
close to θ. Under this condition,it is possible to show that the only L-dependence may
come from the exponential in (5.62). In particular, it is necessary to keep the ratio `

L

finite in order to obtain non-trivial leading terms when we only consider the form factors
contribution around the poles. An example is provided in appendix B for the second
Rènyi entropy.
Once we evaluate the leading contribution to the correlation function (5.62), the leading
behaviour of the Rényi entropy is obtained by:

S|Φy
n

ˆ

`

L

˙

“ lim
LÑ8
loomoon

`
L

finite

1

1´ n
log L xΦ| T p0q T p`q |ΦyL (5.67)
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where we supposed the state |Φy to be normalized. In particular we are interested
in obtaining the quantity S|Φy

n ´ S0
n which measures the excess of entanglement given by

the excited state.

We will see this in detail for the specific case of the second Rényi entropy in the
following section.

5.4 The Second Rényi Entropy S2 In One-particle state
Let us consider a replica model consisting of n “ 2 copies, then the twist and anti-twist
fields associated to the cyclic permutation symmetry coincide T “ T̃ .
In this case the eigenvalues of the T-matrix take the values λ0 “ `1 and λ1 “ ´1. The
U(1) fields T0 and T 1

2
act diagonally on the new basis Φ̃k with k “ 0, 1 and such that

T0 corresponds to the identity 1. In the θ-space, the relations with the old basis can be
written:

α:1pθq “
1
?

2

`

pa`0 q
:
pθq ´ pa`1 q

:
pθq

˘

; β:1pθq “
1
?

2

`

pa´0 q
:
pθq ´ pa´1 q

:
pθq

˘

(5.68)

α:2pθq “
1
?

2

`

pa`0 q
:
pθq ` pa`1 q

:
pθq

˘

; β:2pθq “
1
?

2

`

pa´0 q
:
pθq ` pa´1 q

:
pθq

˘

(5.69)

We may expand the state (5.41) in the new basis. In particular, it turns out that the
state (5.41) takes a very simple form when n “ 2 and it can be written as a sum of two
states that live separately in copy 0 and copy 1:

|Φy “ 1

2

2
ź

j“1

pα:jpθq ` β
:

j pθq q |0yj “ |χ0y ` |ψ1y (5.70)

where:

|χ0y “
1

4
pa`0 q

:
pθq pa`0 q

:
pθq |0y ` 1

4
pa´0 q

:
pθq pa´0 q

:
pθq |0y ` 1

2
pa`0 q

:
pθq pa´0 q

:
pθq |0y

|ψ1y “ ´
1

4
pa`1 q

:
pθq pa`1 q

:
pθq |0y ´ 1

4
pa´1 q

:
pθq pa´1 q

:
pθq |0y ´ 1

2
pa`1 q

:
pθq pa´1 q

:
pθq |0y

(5.71)

Thus the case n “ 2 shows many simplifications. First of all, it is easy to see that
T´ 1

2
“ T 1

2
. Furthermore, thanks to the U(1) constrains, the correlation function gives

non-zero contribution only when (5.62) is such that tN˘
0 , N

˘
1 u “ tM

˘
0 ,M

˘
1 u.3 In fact,

3Although in the n-copy model tN˘k u “ tM˘
k u holds only in the large-volume leading behaviour,

when n “ 2 the U(1) constrains are so strong that this expression holds in general. This is essentially a
consequence of the low particle number involved in (5.62).
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the only other combination the U(1) symmetry allows is zero:

x0| a`0 pθq a´0 pθq T p0q T p`q pa´1 q: pθq pa`1 q:pθq |0y “ (5.72)

0 x0| a`0 pθq a´0 pθq |0y0 ˆ 1 x0| T 1
2
p0q T 1

2
p`q pa´1 q

:
pθq pa`1 q

:
pθq |0y1 “ 0

As a result, we can express the correlation function:

xΦ| T p0q T p`q |Φy “ xχ0| T p0q T p`q |χ0y ` xψ1| T p0q T p`q |ψ1y (5.73)

The first term can be easily evaluated and its calculation involves the norm of the two-
particle states. The latter may be obtained by implementing the algebra (5.33) and
(5.34), and, it turns out that the two-particle states are normalized to one when they
are composed by one particle and one antiparticle:

N˘¯
0 :“ 0 x0| a¯0 pθq a˘0 pθq a˘0 pθq a¯0 pθq |0y0 “ 1 (5.74)

otherwise:
N˘˘

0 :“ 0 x0| a˘0 pθq a˘0 pθq pa˘0 q: pθq pa˘0 q:pθq |0y0 “ 2 (5.75)

Notice that the state (5.70) is normalized xΦ|Φy “ 1. Since the state |χ0y involves
no particles in the 1st-copy and the U(1) twist field T0 acts trivially on the copy 0, we
can use directly (5.38) and write:

x0| as10 pθq a
s2
0 pθq T p0q T p`q pas20 q

:
pθq pas10 q

:
pθq |0y “ N s1s2

0 ˆ 1 x0| T 1
2
p0q T 1

2
p`q |0y1 (5.76)

for s1, s2 “ ˘. Then:

xχ0| T p0q T p`q |χ0y “

ˆ

N``
0

16
`
N´´

0

16
`
N`´

0

4

˙

1 x0| T 1
2
p0q T 1

2
p`q |0y1

“
1

2
1 x0| T 1

2
p0q T 1

2
p`q |0y1

(5.77)

The evaluation of the term xψ1| T p0q T p`q |ψ1y is non-trivial and requires the form
factor expansion (5.62). Its leading contribution in the large-volume limit L " 1 keeping
the ratio `

L
finite is calculated in Appendix B and it is given by (B.20).

As a result we obtain the large-volume behaviour of the correlation function:

L xΦ| T p0q T p`q |ΦyL
1 x0| T 1

2
p0q T 1

2
p`q |0y1

“ r2
` p1´ rq2 `O

`

L´1
˘

(5.78)

where r “ `
L
.

Reminding we doubled the free real boson theory in order to induce the Up1q sym-
metry, we now want to get results for the real state |φya. As we have discussed in section
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5.1.1, we chose the state (5.70) in such a way that |Φy “ |φya b |0yb. This allows us to
relate the correlation function of the complex boson state to those of the real states:

xΦ| T p0qT p`q |Φy “ a xφ| Tap0qT̃ap`q |φya ˆ b x0| Tbp0qT̃bp`q |0yb (5.79)

where we now omit the index L. In the replica model n “ 2, since T0 acts trivially,
the ground states is given by:

x0| T p0qT p`q |0y “ 1 x0| T 1
2
p0qT 1

2
p`q |0y1 “ p a x0| Tap0qTap`q |0yaq

2 “ p b x0| Tbp0qT̃bp`q |0ybq
2

(5.80)

As a consequence, we can easily express the result (5.78) by the real state |φya thanks
to:

xΦ| T p0qT p`q |Φy
x0| T p0qT p`q |0y

“
xΦ| T p0qT p`q |Φy

1 x0| T 1
2
p0qT 1

2
p`q |0y1

“
a xφ| Tap0qTap`q |φya
a x0| Tap0qTap`q |0ya

(5.81)

5.4.1 The Large-Volume Leading Behavior of S2

We can finally write the leading contribution to the second Rényi entropy in the large
volume limit:

pS
|φy
2 ´ S

|0y
2 q p`, Lq “ ∆S1

2prq `O
`

L´1
˘

“ ´ log
“

r2
` p1´ rq2

‰

`O
`

L´1
˘

(5.82)

where r “ `
L
is kept finite in this limit. In fact, it is easy to see that if one chooses

r ! 1, the formula (5.82) gives zero. This means that when ` ! L there i no entangle-
ment difference at leading order in 1{L, but there will be some subleading corrections
we have not yet studied.

However, keeping r finite, the second Rényi entropy shows an interesting behavior.
First of all, the result is independent of the energy of the excitation (the quantum number
I). Secondly, it satisfies manifestly the symmetry r Ñ 1 ´ r that is necessary to be a
measure of entanglement in finite volume.
Furthermore it has two zeros at r “ 0, 1 and a peak at r “ 1{2 with the value of
log 2 which corresponds to one bit of Entanglement. In fact, it is easy to see that the
expression (5.82) takes the same form of the binary Rényi entropy (2.52) where the two
outcomes are r and 1´ r.

This additional contribution ∆S1
2prq given by the one-particle state to the Rényi

entropy S2 in the vacuum may be understood as follows: it describes the two possible
outcomes for the excitation to be allocated on the sub-system ` or in its complement
L´`. This excitation contribution maximizes at 1 bit when both partitions are L{2 thus
identical and the uncertainty about the allocation is consequently maximal.
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Figure 5.2: the leading contribution to the second rényi Entropy in one-particle excitation
in the limit L " 1 while r “ `

L
is chosen finite. The entropy is expressed in nat where

1 bit “ log 2 nat „ 0.693 nat.
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Chapter 6

Conclusion

The aim of this thesis has been to investigate the bipartite entanglement entropy in ex-
cited states in a free boson theory. The thesis is a part of a wider research project which
will lead to a publication [41]. In particular, in this thesis, we have discussed the out-
comes obtained by January 2018. The investigation has been done by taking advantage
of the techniques we have presented in this thesis.

We first employed the replica trick [6]. We have considered a multi-copy model of
the original theory. Thanks to the cyclic permutation symmetry over the copies it has
been possible to define the branch point twist fields T and T̃ whose correlation functions
are directly related to the entanglement entropy. The evaluation of these correlation
functions normally requires integrable model techniques e.g. form factor expansions.
The replica trick was already used in order to obtain the asymptotic behaviour of the
entanglement entropy in the vacuum state [7] and in a CFT excited state [8, 9] and it
may be easily extended to our case.
We have adopted a finite-volume approach in order to avoid infinite-volume divergences
of the correlation function. However this approach has shown to be non-trivial in the
replica model because of the twist action of the fields T and T̃ .

In order to overcome this problem, we have considered a new model based on the
doubling trick [10]. We have essentially doubled a free boson theory in order to work
with complex boson fields. This doubling induces a U(1) symmetry on each copy of
the replica model, allowing us to define the corresponding twist fields T k

n
. The U(1)

symmetry lies at the heart of our work. In particular:

(i) we can introduce a new particle basis such that the U(1) fields have diagonal action
on this basis and are semi-local with respect to the fundamental fields on each copy,
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namely:

Φ̃jpx, tq T k
n
py, tq “

´

ei2π
k
n

¯δjk
T k
n
py, tq Φ̃jpx, tq For y ą x (6.1)

Φ̃jpx, tq T k
n
py, tq “ T k

n
py, tq Φ̃jpx, tq For y ă x (6.2)

@j, k “ 0, . . . , n´ 1. In addition, it turns out that the twist fields associated to the
cyclic permutation symmetry may be expressed in terms of the U(1) fields:

T “
n´1
ź

k“0

T k
n

; T̃ “
n´1
ź

k“0

T´ k
n

(6.3)

where T0 is simply the identity. These considerations allowed us to evaluate the
correlation function xΦ| T p0q T̃ p`q |Φy by introducing a complete set of intermediate
states for each copy therefore we were able to find a form factor expansion.

(ii) It has been possible to establish a finite volume approach. Here we worked on
the cylinder. The effect of inserting the intermediate state has been to deform the
branch cut along the circumference to basically obtain two semi-infinite branch cut
along the time direction ( see figure 5.1 ). The quantitation conditions associated
to the intermediate states have changed because of (6.1):

Q˘j “ mL sinh θj ˘
2π kj
n

“ 2π I˘j Ij P Z , kj “ 1, . . . , n´ 1 (6.4)

where I˘j denotes the quantum number of the particle (`) or anti-particle (´)
associated to the complex boson field Φj, θj is the rapidity and kj the copy in
which the field lives.

(iii) The factorization (6.3) constrains a lot the form factor expansion. For instance,
it imposes the same number of particles and antiparticles in the k-particle form
factors.

The points (i-iii) allowed us to evaluate the large-volume leading contribution to the
correlation function in a replica model with n “ 2.
In this limit, the two-particle form factors are dominated by their behaviour around
the kinematic pole. The calculation of this large-volume leading contribution have been
reported in appendix B. Here, we imposed the limit L " 1 keeping the ratio `{L finite,
where L and ` denote the length of the finite bipartite system and the sub-system chosen
to evaluate the entanglement entropy.
In the conclusion of the thesis, we have been able to give an expression for the large-
volume leading contribution to the second Rényi entropy:

pS
|φy
2 ´ S

|0y
2 q p`, Lq “ ∆S1

2prq `O
`

L´1
˘

“ ´ log
“

r2
` p1´ rq2

‰

`O
`

L´1
˘

(6.5)
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This result is surprising for its simplicity: it is independent of the energy of the excitation
and symmetric under the transformation r Ñ 1´ r. The latter is, in fact, an important
requirement for the entanglement entropy: the amount of entanglement measured on `
must be the same if we perform the measurement on its complement subsystem L´ `.
In addition, we have noticed (6.5) takes the same form as for the binary Rényi entropy
we have introduced in section 2.5.3, where now the random variable is provided by r: it
essentially measures the chance of finding the boson excitation in ` or its complement
L ´ `. Consequently, ∆S1

2 measures the uncertainly associated with the two possible
out-comes: it has two zeros at r “ 0, 1 and it maximizes at r “ 1{2 when the two sub-
systems are equal to L{2 and thus the uncertainly about the allocation of the excitation
reaches its maximum value (see the figure 5.2).

The result (6.5) may provide the basis to construct the large-volume leading be-
haviour of the Rényi entropy Sn in a k-particle excited state. This has been recently
implemented and will be shown in details in [41]. Some results so far generalize (6.5).
This is possible when we consider distinct rapidities, then the additional contribution to
the Rényi entropy in the large volume limit may be written as:

∆Skdn prq “
k logprn ` p1´ rqnq

1´ n
for k distinct rapidities (6.6)

For instance, the leading contribution from the two-particle excited state to the second
Rényi entropy in the vacuum is twice that of the one-particle state. For the von Neumann
entropy the leading contribution can be written:

lim
nÑ1

∆Skdn prq “ ´k r log r ´ k p1´ rq logp1´ rq (6.7)

and shows a pick at r “ 1{2 corresponding to k qubits. In addition, the boson nature
allows coinciding rapidities among the state and in case all the rapidities are equal, the
large-volume leading contribution is given by the following formula:

lim
nÑ1

∆Sken prq “
1

n´ 1
log

k
ÿ

q“0

„ˆ

k
q

˙

rq p1´ rqk´q
n

for k equal rapidities (6.8)

and the von Neumann entropy:

∆Sken prq “
k
ÿ

q“0

„ˆ

k
q

˙

rq p1´ rqk´q


log

„ˆ

k
q

˙

rq p1´ rqk´q


(6.9)

this essentially implies that when the rapidities coincide there are less ways in which
they can combine into the two partitions.
Even for k-particle excited states, the leading contribution takes a very simple form and
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is independent of the particle energies. These features have been confirmed numerically
and will be studied further. The outcomes will be shown in [41].

Having understood the free boson case, there are a few further projects that are of
interest:

(a) to consider the free fermion theory, where similar techniques may be used in order
to have a complete understanding of this large-volume leading contribution in free
theories.

(b) to investigate entanglement entropy in excited states beyond the free theories. In
fact, the results we presented mainly followed from the structure of the two-particle
form factor. This suggests that this large-volume behavior could hold more generally
in interacting theories.

(c) to analyze higher order corrections, which are expected to depend on the rapidities.

(d) to employ similar techniques in order to investigate other measures of entanglement
e.g. the logarithmic negativity.
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Appendix A

Two-particle Form Factors Of The U(1)
Fields

The bootstrap equation for the two-particle form factor are:

F˘¯j,n pθq “ F¯˘j,n p´θq pExchangeq (A.1)
F˘¯j,n pθ ` 2πiq “ γ˘F

¯˘
j,n p´θq “ γ˘F

˘¯
j
n

pθq pCyclic propertyq (A.2)

Resθ“0 F
˘¯
j,n pθ ` iπq “ ip1´ γ˘qFj,n pKinematical polesq (A.3)

here j “ 0, . . . , k ´ 1, the S-matrix is S˘¯pθq “ S˘˘pθq “ 1 because of the boson
nature, Fj,n “ xTj,nyj is the vacuum expectation value and γ˘ are the factors of local
commutativity associated to the bosons ˘. If we assume these to be phases and to be
conjugate to each other we have that γ` “ γ´1

´ .
Other two-particle form factors are zero because of the Up1q symmetry. We can make

a general ansatz for the equation above:

F`´j,n pθq “
Aeaθ

cosh θ
2

(A.4)

where A and a are constants to be determined. The cosh-function guarantees the presence
of a pole at θ “ iπ. From (A.2) we have that

Aeapθ`2πiq

cosh θ`2πi
2

“ γ`
Aeaθ

cosh θ
2

(A.5)

that is
´e2πia

“ γ` (A.6)

and from (A.3) we have

lim
θÑ0

θ
Aeapθ`iπq

cosh θ`iπ
2

“ ´2iAeaiπ “ ip1´ γ˘qFj,n (A.7)
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Let us now assume that γ` “ e
2πij
n . Then we have from (A.6)

e˘
2πij
n “ ´e2πia (A.8)

thus introducing ´1 “ e˘iπ

a˘ “
j

n
˘

1

2
(A.9)

there are two possible choices of a all satisfying (A.6). We now have that

1´ γ` “ 1´ e
2πij
n “ ´2ie

πij
n sin

πj

n
(A.10)

The kinematic residue equation gives

´2iAeiπp
j
n
˘ 1

2q “ 2e
πij
n sin

πj

n
Fj,n (A.11)

that is

Ap´iq e˘
iπ
2 “ sin

πj

n
Fj,n (A.12)

thus A˘ shows two possible values corresponding to the choices of a˘:

A˘ “ ˘Fj,n sin
πj

n
(A.13)

As a result we can write the solutions:

solution (+) : F`´j,n pθq “ F j sin
πj

n

ep
j
n
` 1

2qθ

cosh θ
2

(A.14)

solution (-) : F`´j,n pθq “ ´F
j sin

πj

n

ep
j
n
´ 1

2qθ

cosh θ
2

(A.15)

The second solution is in accord with the conformal result (5.39) therefore we will
assume this one.

79



Appendix B

Computation Of The Large-volume
Leading Contribution to S2

We are interested in calculating the correlation function xΦ| T p0q T p`q |Φy in the large-
volume limit. In section 5.4 we expressed it by the sum of two terms (5.73). The first
term xχ0| T p0q T p`q |χ0y gives trivial contribution and it was already calculated in (5.77).
We are now going to evaluate the second term which, according with (5.71), it can be
written as:

xψ1| T p0qT̃ p`q |ψ1y “ 0 x0|0y0 ˆ
ÿ

s1,s2“˘

As1,s2 xs1, s2| T 1
2
p0q T 1

2
p`q |s2, s1y (B.1)

where we redefine the two-particles state living in copy 1 as

|s2, s1y “ pa
s2
1 q
:
pθq pas11 q

:
pθq |0y1 (B.2)

and the coefficients are given by (5.71)

As1,s2 “

#

2
16

if s1 “ s2

1
16

if s1 ‰ s2

(B.3)

since the terms ps1, s2q “ p`,´q and ps1, s2q “ p`,´q in (B.1) are equal to each other.

First of all, we consider the term ps1, s2q “ p`,`q. Since we have two positive
particles on the considered state, the U(1) constrains imply that the intermediate states
that give non-zero contribution in (5.62) are composed by 2p ` 2 particles, where p ` 2
are the particles and p the antiparticles necessary to keep the neutral total charge on the
form factor. In finite volume the quantization conditions for the states are:
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mL sinh θi “ π p2Jj ´ 1q for particles j “ 1, . . . , p` 2 (B.4)
mL sinh βi “ π p2Ii ` 1q for antiparticles i “ 1, . . . , p (B.5)
mL sinh θ “ 2π I for the particles in copy 1 p`,´q (B.6)

In finite volume the correlation function of the twist fields in the state |`,`yL is given
by (5.62):

L x`,`| T 1
2
p0q T 1

2
p`q |`,`yL “ (B.7)

8
ÿ

p“0

1

p! pp` 2q!

ÿ

I1...Ip, J1...Jp`2 PZ

»

–

F
p1,2q
2p`4 pθ1, . . . , θp`2; θ ` iπ, θ ` iπ, β1, . . . , βpq

pmLqp`2 cosh θ
b

cosh θp`1 cosh θp`2
śp
j“1 cosh θj coshβj

fi

fl

2

ˆ

exp

«

i`

˜

ppθp`1q ` ppθp`2q ´ 2ppθq `

p
ÿ

j“1

pjpθq

¸ff

where the momenta are given by the quantization conditions and the form factors on
the l.h.s are evaluated in infinite volume and they are written in the form:

F
pk,nq
2m pθ1, . . . , θm; β1, . . . , βmq “ F`´¨¨¨`´k

n

pθ1, . . . , θm, β1, . . . , βmq (B.8)

In free theories, the latter may be expressed in terms of the two-particle form factors:

F
pk,nq
2m pθ1, . . . , θm; β1, . . . , βmq “ xT k

n
y

ÿ

σ,κ PSm

F
pk,nq
2 pθσp1q ´ βκp1qq . . . F

pk,nq
2 pθσpmq ´ βκpmqq

(B.9)
where σ and κ are permutations over the sets tθ1, . . . , θmu and tβ1, . . . , βmu and the
two-particle form factor is given by (5.54).

Focus on the leading contribution in the large volume limit, we have seen that this
occurs when the structure of the two-particle form factor is dominated by their poles:

F
pk,nq
2 pθ1˘ ´ θ ´ iπq “ F

pk,nq
2 pθ ´ θ1˘ ` iπq „θ«θ1 ´

i

π

mL cosh θ

pI 1˘ ´ I ¯
1
2
q

(B.10)

namely when we have θj « θ @j “ 1, . . . , p ` 2 and βi « θ @i “ 1, . . . , p. Since the sum
over all quantum numbers Ii and Jj makes these quantities essentially equivalent to each
other, in the large-volume limit it is reasonable to write:

ÿ

I1...Ip, J1...Jp`2 PZ

”

F
p1,2q
2p`4 pθ1, . . . , θp`2; θ ` iπ, θ ` iπ, β1, . . . , βpq

ı2

“ (B.11)

ÿ

I1...Ip, J1...Jp`2 PZ

«

F
pk,nq
2 pθa ´ θ ´ iπqF

pk,nq
2 pθb ´ θ ´ iπq

ÿ

σPSm

p
ź

j“1

F
pk,nq
2 pθjta,bu ´ βσpjqq

ff2

81



where the approximation arise from considering the rapidities θ in pairs with the same
two rapidities θa and θb where a, b P t1, . . . , p` 2u over all sum, this is motivated by the
domain of the poles that puts the two-particle form factors on the same footing once we
choose an appropriate order among the rapidities:

jta,bu “

$

’

&

’

%

j for j ă min ta, bu
j ` 1 for min ta, bu ď j ă max ta, bu
j ` 2 for max ta, bu ď j

(B.12)

Fixing θa and θb at θp`2 and θp`1, we obtain

ÿ

I1...Ip, J1...Jp`2 PZ

”

F
p1,2q
2p`4 pθ1, . . . , θp`2; θ ` iπ, θ ` iπ, β1, . . . , βpq

ı2
“ (B.13)

2pp` 2qpp` 1q

»

–

ÿ

Jp`1Jp`2 PZ

”

F
pk,nq
2 pθp`1 ´ θ ´ iπqF

pk,nq
2 pθp`2 ´ θ ´ iπq

ı2

fi

flˆ

»

–

ÿ

I1...Ip, J1...Jp PZ

«

ÿ

σPSm

p
ź

j“1

F
pk,nq
2 pθjta,bu ´ βσpjqq

ff2
fi

fl

where the factor 2pp ` 2qpp ´ 2q is due to the p ` 2 ways to choose θa in (B.11) and,
once we do this there are p` 1 remaining possibilities for θb. Finally, the factor 2 comes
from the square on the r.h.s of (B.11), in fact, there are essentially two way to extract
a similarly set of ta1, b1u from the other form factor in the square: one is a1 “ a and
b1 “ b another one is a1 “ b and b1 “ a. It is important to notice that these two options
may occur only if the particles a and b must be of the same type i.e. two particles or
two antiparticles. As a consequence the factor 2 will disappear if we consider the case
ps1, s2q “ p`,´q.
These considerations allows us to factorize the correlation function (B.7) into two terms,
where one is the correlation function in the vacuum state, indeed:

8
ÿ

p“0

1

pp!q2

ÿ

I1...Ip, J1...Jp PZ

»

–

śp
j“1 F

pk,nq
2 pθjta,bu ´ βσpjqq

pmLqp
b

śp
j“1 cosh θj coshβj

fi

fl

2

exp

«

i`

p
ÿ

j“1

pjpθq

ff

“ 1xT 1
2
p0q T 1

2
p`qy1

(B.14)
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As a result, we successfully obtain:

L x`,`| T 1
2
p0q T 1

2
p`q |`,`yL

1 x0| T 1
2
p0q T 1

2
p`q |0y1

“ (B.15)

2
ÿ

J1,J2 PZ

«

F
pk,nq
2 pθ1 ´ θ ´ iπqF

pk,nq
2 pθ2 ´ θ ´ iπq

pmLq2 cosh θ
?

cosh θ1 cosh θ2

ff2

expri` pppθ1q ` ppθ2q ´ 2ppθqqs “

2

»

—

–

ÿ

J 1 PZ

´

F
pk,nq
2 pθ1 ´ θ ´ iπq

¯2

pmLq2 cosh θ cosh θ1
exp

“

i`
`

ppθ1q ´ ppθq
˘‰

fi

ffi

fl

2

we are now interested in evaluating the large-volume leading contribution to the corre-
lation function using (B.15). The large volume limit L " 1 is taken in such a manner
as to keep the ratio `

L
finite. The exponential factor may be rewritten thanks to the

quantizazion condition:

i` pppθ1q ´ ppθqq “
2π`

L

ˆ

J 1 ´ I ´
1

2

˙

(B.16)

Implementing (5.62), the finite-volume leading behaviour of (B.15) can be written as:

L x`,`| T 1
2
p0q T 1

2
p`q |`,`yL

1 x0| T 1
2
p0q T 1

2
p`q |0y1

“ 2

»

—

–

ÿ

J 1 PZ

´

F
pk,nq
2 pθ1 ´ θ ´ iπq

¯2

pmLq2 cosh θ cosh θ1
exp

“

i`
`

ppθ1q ´ ppθq
˘‰

fi

ffi

fl

2

„
2

π4

«

ÿ

J 1 PZ

1

pJ 1 ´ I ´ 1
2q

2
exp

„

2πi
`

L

ˆ

J 1 ´ I ´
1

2

˙

ff2

„
2

π4
e´2πirp2I`1q

«

ÿ

J 1 PZ

e2πirJ 1

pJ 1 ´ I ´ 1
2q

2

ff2

(B.17)

where in the last expression we introduced the new variable r “ `{L.

The procedure may be iterated giving similar results. Indeed, in order to evaluated
other terms in (B.1) we analogously may extrapolate two two-particle form factors like
in (B.11) where now the particles a and b we choose are dictated by the Up1q constrains.
For instance, since the state |´,´y has two antiparticles, then we will extract two an-
tiparticles with rapidities βa and βb in order to factorize the correlation function in two
terms whose one is the correlation function in the vacuum state. This will lead to similar
formulas for the other terms where now some signs in (B.17) will be changed because we
are considering different quantizazion conditions for the integer J1 and J2 in (B.15). In
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other words, we may extend the result (B.17) to the other terms:

L xs1, s2| T 1
2
p0q T 1

2
p`q |s2, s1yL

1 x0| T 1
2
p0q T 1

2
p`q |0y1

„
2|λ1´λ2|

π4

2
ź

j“1

e´2πirpI`λjq

»

–

ÿ

Jj

e2πiJj r

pJj ´ I ´ λjq2

fi

fl (B.18)

where we denotes sj “ ˘ , λj “ sj
1
2
“ ˘1

2
, I the quantum number associated to |s2, s1y,

and, 2|λ1`λ2| a symmetry factor that does not appear when we extract a particle and an
antiparticle in (B.11). Finally we obtain:

L xψ1| T p0qT̃ p`q |ψ1yL

1 x0| T 1
2
p0q T 1

2
p`q |0y1

„
e´2πirp2I`1q

8π4

«

ÿ

J1

e2πiJ2 r

pJ1 ´ I ´
1
2q

2

ff2

`
e´2πirp2I´1q

8π4

«

ÿ

J2

e2πiJ2 r

pJ2 ´ I `
1
2q

2

ff2

`
e´4πirI

4π4

«

ÿ

J

e2πiJ r

pJ ´ I ´ 1
2q

2

ff«

ÿ

J 1

e2πiJ 1 r

pJ 1 ´ I ` 1
2q

2

ff

.

„
e´4πirI

8π4

«

e´πir
ÿ

J1

e2πiJ1 r

pJ1 ´ I ´
1
2q

2
` eπir

ÿ

J2

e2πiJ2 r

pJ2 ´ I `
1
2q

2

ff2

(B.19)

shifiting J1 “ J ` 1 we can write:

L xψ1| T p0qT̃ p`q |ψ1yL

1 x0| T 1
2
p0q T 1

2
p`q |0y1

„
e´2πirp2I´1q

2π4

«

ÿ

J

e2πiJ r

pJ ´ I ` 1
2q

2

ff2

„
1

2π4

«

ÿ

J

e2πirpJ´I` 1
2
q

pJ ´ I ` 1
2q

2

ff2
(B.20)

In the replica model n “ 2, (B.20) provides the r-dependent contribution to the
correlation function xΦ| T p0qT̃ p`q |Φy :

L xΦ| T p0q T p`q |ΦyL
1 x0| T 1

2
p0q T 1

2
p`q |0y1

“
xχ0| T p0q T p`q |χ0y

1 x0| T 1
2
p0q T 1

2
p`q |0y1

`
L xψ1| T p0q T p`q |ψ1yL

1 x0| T 1
2
p0q T 1

2
p`q |0y1

„
1

2
`

1

2π4

«

ÿ

JPZ

e2πirpJ 1` 1
2
q

pJ 1 ` 1
2q

2

ff2 (B.21)

where xχ0| T p0q T p`q |χ0y was already calculated in section 5.4 and given by (5.77).
It is possible to show that the sum (B.21) is a polynomial in r. As a result:

L xΦ| T p0q T p`q |ΦyL
1 x0| T 1

2
p0q T 1

2
p`q |0y1

„ 2r2 ´ 2r ` 1 (B.22)

(B.22) allows us to evaluate the second Rényi entropy in one-particle excited state.
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