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Abstract. We extend the relation between the Witten-Dijkgraaf-Verlinde-Verlinde equation and N = 4
supersymmetric mechanics to arbitrary curved spaces. The resulting curved WDVV equation is written
in terms of the third rank Codazzi tensor. We provide the solutions of the curved WDVV equation for
the so(n) symmetric conformally flat metrics. We also explicitly demonstrate how each solution of the
flat WDVV equation can be lifted up to the curved WDVV solution on the conformally flat spaces.

1. Introduction

One of the areas where the famous Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equation [1] and [2]
plays a significant role is the n-particle N = 4 supersymmetric mechanics. Indeed, it was firstly
demonstrated in [3] that if we insist that the N = 4 supercharges Q% Qp, (a,b=1,2)

Q% = p; ™ + iF Y 1/){,' O Qu = pi UL + iy 0 98 (1.1)

form the N = 4 super Poincaré algebra
(@@} =0 (@@} =0 (@@} =50 (12)

then the totally symmetric over the indices structure functions ﬁ”k(a:) entering into supercharges (1.1)
have to obey the equations

Bifjkl — 8jﬁikl =0, ﬁikp(quﬁjmq — ~jkp5pqﬁimq =0. (1.3)
The second equation in (1.3) in which the evident solution of the first equation

- 93 -

k= 90 Ok (1.4)

is substituted, is just the WDVV equation.
While evaluating the brackets between the supercharges in (1.2), it was supposed that the basic
variables obey the standard Dirac brackets

{a'p;} =8, {w", i} = 50007, (L5)
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Therefore, the bosonic part of the Hamiltonian H in (1.2)
H = 6pip, (16)

describes the motion over a flat space. Clearly, this is not the most general case and the interesting
question is what will be the analog of the WDVV equations (1.3) in the case of N = 4 supersymmetric
mechanics defined on an arbitrary space with the metric g;;7 The main goal of this Letter is to answer
this question by providing the corresponding curved WDVV equation and discussing its solutions.

2. Supercharges and generalized WDV'V equation
In the case of the spaces with the metric g;; the Dirac brackets between the basic variables have to be
written in a covariant way as

{2, p;} =0, {v* ¢} = %5;‘)‘ g7, Api, v} =The™* {pdl} =194k,
{pisp;} = —2iRijkm¥ ™ by . (2.1)

Here, g;; is a metric on the bosonic space, while the Levi-Civita connection I'*. and the curvature tensor
y g J p ? 17
Rijkl are defined as

1
F?j = 5 gkm (aigjm + ajgim - amgij) s
R = Okl — O + T T — Dt Thy. (2.2)

It should be noted that the structure of the brackets (2.1) is completely fixed by the Jacobi identities
as soon as we defined the first two brackets in (2.1).
To construct the supercharges Q%, Qp, we will use the same Ansatz (1.1) :

Q" = pi " +1F W L 0, Qo = pitly + 1k Y F (2.3)
where Fj;;, is an arbitrary, for the time being, function depending on the n-coordinates 2 and is, by
construction, symmetric over the first two indices. Now it is a matter of straightforward calculations to

check that the conditions that these supercharges span the N = 4 super Poincaré algebra (1.2), with
the new Dirac brackets (2.1) taken into account, result in the following equations on the function Fjj:

Fiji — Firy = 0, = Fyji is totally symmetric over the indices (2.4)
ViFjkm — VjiFipm = 0, (2.5)
Fipg" Fimq — Fikpg" Fimg + Rijkm = 0, (2.6)
where, as usual,
ViFjp = 0 Fjp — FZLFklm — T3 Fjim — Ui Fligm. (2.7)
Once the equations (2.4)-(2.6) are satisfied, the Hamiltonian H acquires the form
H = g"pipj = 2[ViFrmj + Vi Fiji + 2Rimgie] 00" V1" (2:8)

Equations (2.4)-(2.6) are just the curved WDVV equations we were looking for.

3. Particular solutions of the curved WDVYV equation

The serious problem with construction of the solutions of the curved WDVV equations (2.4)-(2.6) is
that even for the first equation (2.5), which defines the so called third rank Codazzi tensor, the general
solution, to the best of our knowledge, is known only for the constant curvature spaces [4]

1 4R
Fijk = g(VZV]VkF + VjVNkF + VkVNjF) + m(giijF + giijF + gjkViF) =
R o
ViV,;ViF + m@gjk@F + gijOF + gikajF), R = ngR;Z-k = const. (3.1)
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The pre-potential F' has to be determined by the second equation (2.6). Clearly, this is a very
complicated task. In what follows, we will present particular solutions of the curved WDVV equations
for some special metrics g;;.

3.1. Real Kdhler metrics

In a series of papers [5, 6] the many particle N = 4 supersymmetric mechanics was considered within
the superfield formalism. One of the main results obtained in these papers is the conclusion that the
resulting bosonic metrics is the real Kéhler one, i.e.

82

9ii = Hriomd (3.2)

Let us analyze how this case fits in our scheme.
With the metrics (3.2), the Levi-Civita connection with all lower indices is fully symmetric, and the
Riemann tensor does not contain the fourth and higher derivatives of A(z):

1 0%A(z)
Lijk = 3 DI Ok’ Rijim = 9" (CimpT jkg — Cikp jmq)- (3.3)
With such structure of the Levi-Civita connection and Riemann tensor, it is rather easy to check that
the choice
Fijp = £k (3.4)

solves both curved WDVV equations (2.5), (2.6).

3.2. so(n)-invariant metrics
Careful analysis of equation (2.5) shows that it admits a series of solutions in case of the conformally

flat metrics depending on z? only, i.e. in the case when
1
Gij = 2 dij- (3.5)
Indeed, starting from the following Ansatz on the Fjjj:
(Fl)ijk = A[1’2]5ii/6jj/5kk/xilftj,.’£k/ + B[$2] ((sij(skerk/ + 6jk5ii’$i/ + 5ik(5jj/.’ljj/) R (36)

one may check that equation (2.5) is satisfied if the functions A and B obey the equation

A(2f'z* — f) +8Bf' +2fB' = 0. (3.7)
Here, prime means differentiation over z2. _
Besides the solution (3.7), there are also solutions which generalize any solution Fjj;, of the flat
WDVYV equations (1.3) which additionally obey the condition (see, e.g., (2.15) from [13])

:Eiﬁijk = 6jk- (38)
This new solution of equation (2.5) reads
1 ~
(F2) 1, = FFZJk (3.9)

Combining now these two solutions, one may check that the second curved WDVV equation (2.6) is
satisfied by the choice

! -/ ’ / ! -/ 1 =~

Fij = Aaii/éjj’ékk/xl ol ok + B ((5ij6kk/.%'k + (5jk.5ii/xl + 6¢k5jj/xj ) + ﬁﬂjk (310)
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if the functions A and B are further constrained to obey the equations

" !/
2 2 f 2 2 4f" 9

A+fB(xA+B):74F, B(2+me):F(a:f’ff). (3.11)

One may check that equation (3.7) is satisfied automatically if the functions A and B obey the equations
(3.11).

Equations (3.11) may be easily solved as
532 4 " + -2 2 ¢l
Ao B g fE( -2 (3.12)
3 (1+22f2B) x2f3

Thus, for the so(n)-invariant conformally flat metrics (3.5) the curved WDVV equations (2.4), (2.5),
(2.6) admit a quite general solution (3.10).

4. Conclusion
In the present Letter we have used the relation between the WDVV equation and n-particle N = 4
supersymmetric mechanics to find the curved WDVV equations (2.4)-(2.6) defined on arbitrary spaces
with the metric g;;. In these generalized equations, the third derivative of the pre-potential E-jk = f)fjkﬁ
is replaced by the third rank Codazzi tensor Fjj;, while the WDVV equation itself acquires the non-
trivial r.h.s. equal to the curvature tensor. Due to existing problems with the explicit structure of
the third rank Codazzi tensors on arbitrary spaces, we have found the solutions of the curved WDVV
equations on the so(n)-invariant conformally flat spaces. A nice feature of these solutions is that they
include an arbitrary solution of the flat WDVV equation. Thus, any solution found for the lat WDVV
equations in [7]-[11] (with the constraint (3.8) being satisfied) can be lifted up to the solution of the
curved WDVV equations.

As concerns the applications of the obtained results to the N = 4 supersymmetric mechanics, the
urgent task is to extend the supercharges by the potential terms (as it was done in [3], [12], [13] for the
flat space case) and to find admissible potentials. This task will be considered elsewhere.
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