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Three dimensional (3D) topological materials have a linear energy dispersion and exhibit many

electronic properties superior to conventional materials such as fast response times, high mobility,

and chiral transport. In this work, we demonstrate that 3D Dirac materials also have advantages over

conventional semiconductors and graphene in thermionic applications. The low emission current

suffered in graphene due to the vanishing density of states is enhanced by an increased group

velocity in 3D Dirac materials. Furthermore, the thermal energy carried by electrons in 3D Dirac

materials is twice of that in conventional materials with a parabolic electron energy dispersion. As a

result, 3D Dirac materials have the best thermal efficiency or coefficient of performance when

compared to conventional semiconductors and graphene. The generalized Richardson-Dushman law

in 3D Dirac materials is derived. The law exhibits the interplay of the reduced density of states and

enhanced emission velocity. Published by AIP Publishing. https://doi.org/10.1063/1.5006277

The power generation and cooling based on electron (or

hole) transport has been continually researched for over

100 years. Solid state power generation and cooling are based

on two mechanisms; thermoelectrics (TE) and thermionics.

Both realize energy conversion between heat and electricity.

Thermoelectric materials are characterized by the merit,

defined as ZT ¼ S2rTðjL þ jeÞ�1
, where S is the Seebeck

coefficient, r is the electrical conductivity, T is the tempera-

ture, and jL (lattice) and je (electronic) are thermal conductiv-

ities. The relatively low thermodynamic efficiency of

commonly used TE materials has prevented their use in large-

scale applications. Advancement of TE materials and devices

requires finding materials with a high S, a high r, and low jL

and je. The bottleneck is that these quantities are intrinsically

connected, as a good electrical conductor is normally a good

thermal conductor, thus making further improvement of ZT of

bulk materials extremely difficult. Moreover, jL of a solid can-

not be reduced below its amorphous limit.1–4 Recent develop-

ment in nanotechnology allows further reduction of jL by

using material design, crystal structure design1,2,5,6 and nano-

structuring,3,7–10 nano-precipitation in PbTe,10 nano-grained

Bi2Te3,3,10 and liquid-like ions in Zn4Sb3 (Ref. 2) and Cu2Se.1

These approaches have been the focus in thermoelectric

research in the last decades and have resulted in an increase of

the peak ZT to 1.5 and higher. It has been demonstrated that a

high band degeneracy,11–13 a low band effective mass,14 and

weak scattering strength15 can lead to an increase in ZT.

Thermionic generators or coolers operate using an

energy barrier between two materials at different tempera-

tures to allow high-energy electrons in the hot material to

flow across the barrier into the cold material, establishing an

electrical current. They differ from thermoelectric devices in

the way electrons travel. In thermoelectric devices, electrons

travel diffusively. In thermionic devices, the barrier between

the hot and cold regions of the device is shorter than the

mean free path of the electrons, so electrons travel ballisti-

cally. The efficiency of both thermoelectric and conventional

thermionic devices is lower than the theoretical upper limit,

known as the Carnot efficiency, for all finite barrier

heights.16 The basic structure of the thermionic cooler con-

sists of two planar electrodes separated by a potential barrier,

such as metal-vacuum-metal system.17

Semiconductor systems were considered as a promising

candidate for thermionic cooling due to their low work

functions. The science of thermionics and its potential

applications in integrated cooling of electronic and opto-

electronic devices have attracted considerable interest both

theoretically and experimentally. The newly discovered

materials with a linear energy-momentum dispersion such

as graphene,18 topological materials,19 and Dirac materi-

als20 have attracted enormous attention in the past decade.

These materials exhibit extremely high mobility, strong

optical absorption, and a fast response. These properties

make this class of Dirac materials a promising candidate for

applications in electronics and photonics.21–23 However, it

is generally expected that energy transport in these materi-

als would be less significant because of the zero mass nature

of charge carriers. In this paper, we shall demonstrate that

while the thermal emission current from Dirac particles is

less than that from massive carriers, the thermal efficiency

and the coefficient of performance in massless thermionic

device is higher compared to the massive particle based

thermionic devices.

The thermionic process was originally discovered by

Richardson in 1901 who proposed a law, now known as the

Richardon-Dushman (RD) law, to describe the emission cur-

rent density of conventional materials17

JRð/; TÞ ¼
qmk2

B

2p2�h3
T2e�q/b ¼ ART2e�q/b; (1)
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where / is the surface potential, T is the temperature, q is the

electronic charge, m is the mass of electron, kB is the

Boltzmann constant, �h is the reduced Planck’s constant,

b ¼ 1=ðkBTÞ and AR � �120 A cm–2 K–2 is the Richardson

constant.17 The conventional materials refer to those having

parabolic energy-momentum dispersion.

Recently, the thermionic properties of graphene have

been investigated both experimentally24 and theoretically.25

The results showed that the mass-dependent Richardson-

Dushman no longer holds for graphene due to the massless

energy dispersion, E ¼ �hkvF, where vF is the Fermi velocity

and k ¼ jkj is the electron wavevector. A modified therm-

ionic law was established by assuming graphene to have a

linear energy-momentum dispersion within the layer and a

parabolic energy-momentum dispersion in the perpendicular

direction25,26

JGð/; TÞ ¼
qk3

BT

p2�h3v2
F

T2e�q/b ¼ AGT2e�q/b; (2)

where AG is the modified RD constant for graphene. The modi-

fied RD law is mass independent. The main difference between

graphene and conventional materials is that AG is linearly

dependent on temperature. The work function of graphene

extracted by the law agrees well with results in literature.27,28

Based on the modified law, graphene-based thermionic devices

were further investigated.26,29 Although the free-standing sin-

gle layer graphene has high electron mobility, its thermionic

emission ability is limited due to a small density of states and

its emission ability would be affected by a substrate. Recently,

research showed Cd3As2
30–32 has an unexpectedly low thermal

conductivity and extraordinary performance in thermoelectric

devices.33 In the present work, we will analyse the thermionic

emission and cooling based on 3D Dirac materials.

For 3D Dirac semimetals with a low energy-momentum

dispersion given by E ¼ �hkvF, the number of electrons per

unit volume n(E) and the velocity vz are given by

nðEÞ � E2

p2�h3v3
F

eðEF�EÞb; (3)

vz ¼
@H

@pz
¼ vFkz

k
; (4)

where EF is the Fermi energy. In Eq. (3), we have assumed

E� EF > 3kBT, which enables us to replace the Fermi-Dirac

distribution with the Maxwell-Boltzmann distribution. The

assumption is reasonable if the work function (q/) is greater

than 3kBT (about 90 meV). The thermionic emission current

density is calculated by

JD ¼
ð

qnðEÞvzðEÞdE ¼ ADT2e�q/b; (5)

with modified Richardson’s coefficient

AD ¼
qk2

B

p2�h3v2
F

ðq/þ EF þ kBTÞ; (6)

where JR is mass dependent, and JG and JD are mass inde-

pendent due to the massless nature of charge carriers in

Dirac systems. JR and JG have parabolic and cubic tempera-

ture dependence, respectively. The temperature dependence

of the thermionic current density for conventional materials

(JR), single graphene (JG), and 3D Dirac materials (JD) are

shown in Fig. 1. JG is much smaller compared to the emis-

sion current from other systems so we plot 10JG in the figure.

Figure 1 shows JR > JD > JG, which indicates that conven-

tional materials have the highest rate of thermionic emission

and that single-layer graphene has the lowest rate.

Comparing Eq. (5) to Eq. (2), the emission current from a

3D Dirac system is greater than that from graphene by an

amount, DJ ¼ qk2
B

p2�h3v2
F

ðq/þ EFÞT2e�q/b: This difference has

the same form as JR in terms of the temperature dependence.

This is an intriguing result. In the model used to calculate

JG, the carriers have a linear energy dispersion in the direc-

tion perpendicular to the emission direction and a parabolic

dispersion in the emission direction. The emission current is

greatly reduced as compared to JR. In 3D Dirac materials,

the energy dispersion is linear in all three directions so JD

adds an extra term on to JG. We analyse this change by con-

sidering both the density of states and the group velocity of

emitted electrons. The emission current increases with both

the density of states and the emission velocity. When the in-

plane energy dispersion changes from parabolic to linear, the

density of states is significantly reduced near the bottom of

the conduction band. This is the origin of JG being much

smaller than JR. On the other hand, the group velocity of the

emitted electrons along the emission direction, given by

@E=@kz, increases when the energy dispersion along the kz

direction changes from a parabolic to linear momentum

dependence. For a parabolic dispersion, the group velocity

goes to zero as kz goes to zero. For a linear dispersion, the

group velocity can be finite when kz goes to zero if kx and ky

both go to zero. In the case of 3D Dirac materials, the van-

ishing in-plane density of states is somewhat compensated

by the enhancement of the group velocity along the emission

direction. Our result indicates that the materials with the

highest emission current would be those with a parabolic in-

plane energy dispersion and linear energy dispersion along

the emission direction.

Based on the above model, we consider a thermionic

refrigerator made up of Dirac materials. The net charge cur-

rent and the net energy current can be written as17

FIG. 1. Temperature dependence of the thermionic current density (absolute

value) for conventional materials (JR), single layer graphene (JG), and 3D

Dirac materials (JD), where EF ¼ 0:1 eV and q/ ¼ 0:3 eV. In addition, we

plot 10JG instead of JG to make it visible.

183902-2 Huang et al. Appl. Phys. Lett. 111, 183902 (2017)



I ¼ Ic � Ih; (7)

Q ¼ ðq/þ 4kBTcÞIc � ðq/þ 4kBThÞIh½ �=q; (8)

where Ic ¼ JDð/; TcÞ; Ih ¼ JDð/; ThÞeqVb, and the positive

direction is from the cold side to the hot side.

The average thermal energy per particle is given by

h�i ¼ �hvF

ð1
0

ke�akdkð1
0

e�akdk

; (9)

where a ¼ b�hvF.

For a Dirac system, h�i is found to be kBT for each

degree of freedom. This is in contrast to a conventional sys-

tem where h�i is found to be 1
2

kBT per degree of freedom.

This results in the total average thermal energy for a system

with 4 degrees of freedom to be 4KBT for Dirac systems, and

the usual 2KBT for conventional parabolic systems.

The voltage and hot side temperature dependence of the

energy flow are investigated (shown in Fig. 2). The energy

flow is negative when the voltage is absent or small since the

energy tends to flow from hot side to cold side. Here, we

have set the negative Q to be zero for visual effect (the left

corner of Fig. 2). As the voltage increases, Q first increases

dramatically and then approaches a constant. The reason is

that the voltage only weakens the emission ability of the hot

side and keeps the cold side unchanged. Because of this,

Q will only be determined by the cold side and will be

kept unchanged with the increasing of voltage. The threshold

voltage, which changes Q from negative to positive,

increases with the hot side temperature due to the increase of

the temperature difference between the hot and cold sides.

The threshold voltage (Vc) is obtained by setting Q¼ 0

Vc ¼
q/ðTh � TcÞ

kBThTc
þ 4 ln

Th

Tc

� �
þ ln

q/þ 2kBTh

q/þ 2kBTc

� �"

þln
q/þ EF þ kBTh

q/þ EF þ kBTc

� ��
kBTh

q
: (10)

The efficiency (g) of the refrigerator is calculated by

g ¼ �Q=ðIVÞ. In order to characterise the performance of

the refrigerator, the relative ratio of g and the Carnot effi-

ciency gc ¼ TcðTh � TcÞ�1
is calculated as

g
gc

¼ � 1

V
/þ 4kBT

q
� Th � TcIch

1� Ich

� �
; (11)

where Ich ¼ Ic=Ih. The voltage and hot side temperature

dependence of the efficiency g is investigated (shown in

Fig. 3). No cooling takes place when the voltage is too low

or the hot side temperature is too high (top left corner). As

the voltage goes up, the efficiency first increases rapidly to a

maximum value and then gradually decreases. The current

(I) has the same previously discussed voltage independence

at high V as exhibited by Q. This results in the efficiency

gradually decreasing with the voltage after the initial

increase, which can also be seen from Eq. (11).

The performance of Dirac materials (labeled by sub-

script D) and conventional materials (labeled by subscript R)

in thermionic refrigeration is compared in Fig. 4. Although

the energy flow QR is about four times larger than QD, the

efficiency of Dirac materials is considerably high than that

of conventional materials. The main reason behind the

higher efficiency of 3D Dirac materials is the energy carry-

ing capability of electrons in the different materials. As

shown in Eq. (9), the energy carried by Dirac particles per

degree of freedom is twice that of a particle with a parabolic

energy dispersion. Carriers with a parabolic dispersion have

FIG. 2. Voltage and hot side temperature dependence of the energy flow

(Q), where Tc¼ 250 K, EF¼ 0.1 eV, and q/¼ 0.2 eV.

FIG. 3. Voltage and hot side temperature dependence of efficiency (g),

where EF¼ 0.1 eV and q/¼ 0.2 eV. The color indicates the value of g in

units of gc.

FIG. 4. The voltage dependence of energy flow Q and efficiency g of Dirac

materials and conventional materials, where the solid line and dashed line

are Q and g, respectively. The red lines are for Dirac materials, and the black

lines are for conventional materials. The parameters Tc¼ 250 K, Th¼ 300 K,

EF¼ 0.1 eV, and q/¼ 0.2 eV are used.

183902-3 Huang et al. Appl. Phys. Lett. 111, 183902 (2017)



the highest charge current as shown in Fig. 1. Due to the

increase in the average of the thermal energy in 3D Dirac

systems, the energy current is enhanced which leads to the

system having the greatest thermal efficiency compared to

both regular and graphene-based systems. Because of this,

considering both their low thermal conductivity and high

electron mobility, it is rather reasonable to expect that 3D

Dirac materials should make excellent candidates for therm-

ionic devices. It should be pointed out that we only consid-

ered the ideal case of no heat backflow. In a practical device,

there is heat backflow due to phonon conduction which is

described by Qp ¼ ðTh � TcÞ=Rth, where Rth is the thermal

resistance. The heat backflow will significantly reduce the

thermal efficiency in all three systems discussed.

In summary, we have shown that 3D Dirac materials

exhibit excellent properties with respect to thermionic cool-

ing. Due to an enhanced group velocity along the emission

direction, the thermionic current is enhanced compared to

graphene. Due to the greater energy carrying capability, the

efficiency of thermionic cooling is higher than that in gra-

phene and other conventional materials.

This work was supported by the Australian Research

Council Grant (DP160101474).
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