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1. Introduction

The starting point is the classical Newton dynamics for point particles interacting
through the interaction force F' in the presence of noise:

dXi = Vjidt,

1 X . ,  4i=1,...,N, t>0, (1.1)
v =+ ZlF(Xg — X})dt + v20dBi,
-

where (X, V;) = (X}, ..., XN, V;E, ... VN) € R?IV are positions and velocities of
the particles in R%, and o > 0 is the noise strength. Here, {(B{);>0}Y, are N
independent d-dimensional Brownian motions constructed over some probability
space not specified for simplicity. There are many examples of physical systems of
the form (). Most classical examples of interaction kernels are the Coulombian
or gravitational forces:

F(z) = fW, where £ =

T +1 for plasma problems,
(1.2)

—1 for astrophysics problems.

We are interested in the rigorous derivation of the Vlasov—Poisson—Fokker—Planck
(VPFP) equation as N — oo:

Orfr+v-Vafi4+ (Fxp)) -Vofi =0Aufy, (z,0) € RTxRL t>0,
(1.3)
pe(@) = | fi(z,v)dv,
Rd

with the Poisson force F(x) = &x/|x|?, € = £1, where f = f(z,v,t) is the probabil-
ity density function at phase space (z,v) at time ¢. Note that the VPFP system is
the formal mean-field limit equation associated to (IIJ). This is a classical kinetic
equation whose well-posedness and qualitative properties were studied in different
settings: classical solutions [37, [3], weak solutions [4] [8], 0] [36], 24] and the references
therein. We refer to [I7, B2] for general theory on these problems.

The rigorous proof of the mean-field limit in the one-dimensional case for (L3)
with the force F' given in ([LZ) was obtained in [I9] 23]. In [26], the propagation of
chaos for the system (L3)) with bounded forces, i.e. F € L°°(R?) is studied based on
relative entropy arguments. The intimately related classical Vlasov—Poisson system
has also received lots of attention in the last years. This system corresponds to (1)
and (I3) with o = 0. The propagation of chaos has been shown in [20,[21] for the less
singular case, i.e. |F(z)| < |z|~® with @ < 1. More recently, the physically relevant
case of the propagation of chaos for the Newtonian potential with polynomial cut-off
has been obtained in [27].

The propagation of chaos and its consequence, the rigorous proof of the mean-
field limit, are questions of nowadays importance in many other problems; for
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instance, in kinetic models of collective behavior [2, [5l [7, with or with-
out noise in velocity, see also [13, for more general types of equations. However,
in most of these applications, the singularity of the kernels is much better behaved.
The case of Holder interaction with Hélder exponent greater than 2/3 was also
recently treated in [25]. The main motivation of our present work is to obtain the
propagation of chaos in the degenerate diffusion setting, as the noise acts only on
velocity, in the classical case of Newtonian interaction with cut-off.

Finally, let us point out that most of the propagation of chaos results for non-
linear nonlocal conservation equations with non-Lipschitz interaction, concern first-
order models. Without diffusion, the mean field limit for the aggregation equation
with interaction less singular than the Newtonian is studied in [6]. In one dimen-
sion, the case of all power-law singularities was treated in [I] (also with noise) while
a corresponding result in higher dimensions was recently obtained in [14] [35] for
the repulsive case. With diffusion, the case of Holder interaction is treated in [25]
by quantitative means leading to explicit rates of convergence. For the 2D Navier—
Stokes equation in vortex formulation, the propagation of chaos is obtained in [16]
by compactness, thanks to result of [22]. Similar techniques have been applied to
the case of the diffusion dominated 2D Keller-Segel equations in [I8] [34] and geo-
metrical constraint interactions with reflecting diffusions in [10].

Let us be more precise about the different approximation levels involved in the
propagation of chaos. Consider the regularized particle system

dXN = viNat,
. . v @=L N, >0,
v, :NZF(;N(XZ’ — X]V)dt + v20dB; ",

j=1
(1.4)

with the initial data (XN (0), V&N (0)) = (X, ViN) for i = 1,..., N, where the
interaction force F{¥,d > 0 is given by

T

N
W and F5 (0) = 07

Fy(z) =€
where a V b := max{a, b}. Note that this system of stochastic differential equations
(SDEs) (L.4) has a unique strong solution by the standard theorem for SDEs. It is
worth mentioning that the sign of force term is not important for the propagation
of chaos provided that we analyze it on a finite time interval. Thus, we only focus
on the case & = 1.

Our main purpose is to provide a quantitative error estimates between the solu-
tions to the particle system ([C4) and the VPFP equation (I-3), which extends
the work and method in [27] to the case with noise. For this, we need to intro-
duce an intermediate system of independent copies of nonlinear SDFEs with cut-off
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given by
ayN =wpNdt, i=1,...,N, t>0,
WY = FN « pN (VPN Vdt +V20dBEY, pN = LYY, (1.5)
YoM oWy = (xpN vy Ny fori=1,...,N,

where pl¥ = [, fNV dv, and fN = £L(Y,"N,WPN), forall i = 1,..., N, is the global-
in-time weak solution to the regularized VPFP system

8tftN—|—v~sztN—|—(FgV*piv)~vatN:aAvftN, (x,v)eRded, t>0,
(1.6)

with the initial data f&¥ = L(YOi’N, Wé’N), t=1,...,N. Due to the regularization,
we can easily obtain the global existence of weak solutions to Eq. (L) under
suitable assumptions on the initial data. Solving the system ([C3) with the given
pN to get the existence and uniqueness of solutions to the system (LH) is by now
standard.

Before stating our main result in this paper, we need to introduce some notions
and notations. We define the empirical measure p associated to a solution to
the particle system (CZ) and v}V the one associated to the nonlinear independent

particle (CH) as

N
uivz E X7.N 7,N and

1 N
N _
S DILITESE
=1

respectively. For a function f and p € [1,00], || f]|, represents the usual LP-norm
for functions in LP(R2?), and || f|/p.q := | fllp + | fll4 for p,q € [1,00]. For T > 0,
L?(0,T, E) is the set of LP functions from an interval (0,7") to a Banach space E.
P(R??) and P,(R??) stand for the sets of all probability measures and probability
measures with finite moments of order p € [1,00). We consider the Wasserstein
distance of order p, W,, p € [1, oc], on P, (R??), see [38] for classical definitions and
properties of optimal transport distances. We also denote by C' a generic positive
constant independent of N.

The main result of this work gives an explicit estimate on the decay of the dis-
tance between the empirical measure of the interacting particle system ¥ and the
solution of the VPFP equation f; in optimal transport distances in the probability
sense.

Theorem 1.1. LetT > 0,d > 1 and 6 < 1/d. Let (Xé’N,V(f’N)izl,...7N be N inde-
pendent random variables with law fo. Let fi and fY be the solutions to the VPFP
equation ([L3) and its regularized version ([LB), respectively, up to time T > 0.
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Assume further that f, f¥ € L°°(0,T; (L' N L>)(R2%)) N C([0, T]; Py(R??)) with
the same initial data fo € (L' N L N P,)(R*) for some q > 2, and that their
respective spatial densities p; and pl¥ satisfy

T
[ ot <o ana s [ 1t < i,
0 NeN

with Co independent of N. Then, given any p € [1,2q), v < (53957 (de A ), and

ee€ (0,q— the estimate

)

sup POV, (ul, f;) > CN~7) < CN»(1~ U-pme))
0<t<T

for N large enough,
holds for some constant C' > 0 depending only on d,T,p,q,¢, fo, and Cy. Here
a A b :=min{a, b}.

We next present the existence and uniqueness of weak solutions for Eq. (I3),
which gives all the required a priori hypotheses in Theorem [Tl for the propagation
of chaos, see also Lemma 11

Theorem 1.2. Let p > 1 and (Yo, Wy) be independent of (By)i>o with law fo.
Suppose that fo satisfies

foe (L'NnL>®n Pp)(RQd) and  folz,v) < C{v)™7,

for some v > d and C' > 0, where ( \/W Then there exists a unique
solution to the following nonlinear SDES.
dYy = Wydt,
AW, = (F % p)(Yy)dt +V20dBy, pr = L(Y}), (1.7)
L(Yo, Wo) = fo,

where py = [ga fedv and fi € L°°(0,T.; (L' N L) (R??)) N C([0, T3]; Pp(R??)) is the
unique weak solution to the equation (L) satisfying p; € L>(0,T.; L>(R?)) for
some Ty > 0.

Let us briefly explain the strategy of the proof of this theorem.

e First, using the techniques introduced in [27], one can estimate the probability
that the error between the empirical measure ;¥ associated to the particle system
() and the empirical measure v associated to the nonlinear independent
particle system with cut-off (T.4]) exceeds the threshold N~7. In this way, it is
shown that this probability decreases faster than any negative power of N (see
Lemma [32]).

e Then using a concentration inequality of [I5], one can obtain bounds on the prob-
ability that the error between v¥ empirical measure associated to i.i.d. random

variables and their law f}¥ solution at time ¢ to Eq. (IH) exceeds the threshold
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N~7. The main results in [I5] provide an optimal rate of convergence which is of
order of some negative power of N. (See Proposition 2T]).

e Finally, we show that the error between the solution to Eq. (LGl and the solution
to Eq. (L3) never exceeds the threshold N =7, for N large enough. Contrary to [27]
Proposition 9.1], this error has to be estimated in W, distance with 1 < p < oo
due to the presence of noise in velocity (See Proposition BI]).

Our main contributions in comparison to the noiseless case treated in [27] are
the following. On the one hand, we provide a convergence result of the solution
to Eq. ([CE) to the solution to Eq. (I3), in W, metric for p € [1,00), which is
crucial since the support of f/¥ and f; are not compactly supported in our present
case. On the other hand, we provide a well-posedness result for Eq. (3). This
requires to show that the spatial density p; of solution to this equation lies in
LY0,T; L>=(R%)). For the case without diffusion, i.e. Vlasov—Poisson system, char-
acteristic methods can be used to get a uniform bound on the spatial density, which
leads to a uniqueness of solutions, under suitable assumptions on the initial density
[28] 291 B1]. However, the presence of diffusion makes it more complicated. In [33],
an uniform-in-time L°°-bound of the spatial density is obtained by means of the
stochastic characteristic method under the assumptions on compactly supported
initial density fo in velocity. We also provide a simple proof of the local-in-time L>
propagation by employing Feynman—Kac’s formula assuming only that the initial
data has a polynomial decay in velocity (see Lemma[I]together with Theorem[T.2)).
Note that obtaining the bound estimate of p; in L>(R?) is equivalent to the one
for || pl¥||oe in N.

The rest of this paper is organized as follows. In Sec. B, we deal with some
preliminary materials introduced in [27]. Section [J] contains the new key estimate
on the W, stability between the solutions the VPFP equation with and without
cut-off. Section Ml shows the well-posedness of solution to the VPFP equation with
the assumed regularity in Theorem [[1] i.e. the assumed L* bound on the spa-
tial density. Finally, Sec. [l contains generalizations of this result for less singular
kernels.

2. Preliminaries

In this section, we provide estimates for the force fields in Eqs. (IL3) and (LG)
in L1(0,T; L>=(R9)) and the gth moment estimate for the solutions of that. We
also recall several useful estimates on the force fields whose proofs can be found
in [27].

Under the assumptions on the spatial densities p; and pY¥ in Theorem [T} we
can easily find

T T
/ | F' * pt]|codt < oo and sup/ | EN « pN || sodt < o0,
0 NeNJo
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due to || F # ptlloo < C|lptll1,00 and [|[EN % pl¥||eo < C[p]|1,00 With C' > 0 indepen-
dent of N. These estimates together with straightforward computations yield that
for some ¢ > 2

d
had q q
& | (el + o) e
= q/ |z|97 %2 - v fdrdy + q/ 0|7 20 - (F * p) fdxdv
R2d R2d

+oqlg—2+ d)/ |v|72 fdxdv
2d

R
< C+C/ |ac|qfdacdv—|—0(1—|—||ptH1,oo)/ [v|? fdzdv.
R2d R2d

Thus, we obtain

sup / (|27 + |v]?) ft dzdv < C sup / (|z|? + |v]?) fo dzdv,
0<t<T JR2d 0<t<T JR2d
and similarly, we also have
sup sup / (|| + [v]|?) fN dedv < C sup / (|7 + |v]?) fo dxdv,
R2d 0 R2d

NENOLtLT <t<T

where C' > 0 is independent of N.
Let us now recall the interaction force with a cut-off:

FN = S
SO N
and define IY¥ (z) by
1 y
— if [z > dN7°,
(@) =

N4 otherwise.

We drop the subscript § in F{¥ and [ for notational simplicity in the rest of paper,
ie. F5N = FV and lé\’ =[N,

Lemma 2.1. Let d > 1 be given.
(1) There exists a constant C, which depends only on d, such that
|FN (@) = FY (x + 2)| < CIY ()2,

for any x, 2 € R with |z| < (d — 1)N~°.
(2) There exists a constant C > 0 independent of N such that

11 5 plloe < CNllpll1oo  and  [[VEY 5 plla < ClnNp]l1,00.
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Proof. See [27, Lemmas 6.1 and 6.3]. O

Then we recast here some laws of large number like estimates. For s, > 0, we
set h: R4 — R? such that

|h(z)| < co(NFO A || 77). (2.1)

Lemma 2.2. Let (Y1,...,Yn) be i.i.d. random variables of law p € L>®(R?), and
define the associated empirical measure py = % Zfil Oy, . Suppose that 0 < ¢ :=
260 + (1 — dd6)11>as < 2. Then, for all integer m > 21:7 there exist Y, Cp > 0
such that

E| sup [hxpn(Yi) = hxp(Yy)P™| < CpN™™,
1<i<N

where Y = (2 —)m — 1.
Proof. See the proof of Proposition 7.2]. O

We conclude this section by recalling some concentration inequalities in Propo-
sition 2] whose proof can be found in [I5, Theorem 2].

Proposition 2.1. Let N > 1 and (Y1,...,Yn) be Ni.i.d. random variables of law
p € Pg(R?*) for some ¢ > 0. Let py := Zfil dy,. Then, for any p € (0,q/2),¢ €
(0,q), there exist constants C,c > 0 depending only on d,p,q,e and the g-order
moment bound of p such that

a—-c

POW(pw.p) = @) < CN(Nz)~ "% +a(N.2)le<1, for any x>0,
where a(N, x) is defined by

CN$2 ifp>d7
2
T .
—loga(N,z) = { ¢N RVEESRY ifp=d,
ln( )
x
cNz2d/p if 1 <p<d.

3. Propagation of Chaos: Proof of Theorem [1.1]

In this section, we provide the details of the proof of Theorem [[LI] We begin with
the following Lipschitz estimates on the force fields F and FV.

Lemma 3.1. For x,y € R%, we get

|ﬂ@—F@ﬂ<%x—y(§g+E%)

1850039-8
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and

1 1
7o) = P < Ol =t (s ey * o o)

where Cy is a positive constant depending only on d.

Proof. The first assertion is straightforward. For the proof of the second one, we
consider three cases as follows:

(i) |z, |ly| > N~9: In this case, we get FV(x) = F(x) and thus it is clear to obtain
[N (2) — FY(y)] = |[F(z) = F(y)| < (IVF()| V [VF(y))]z — yl.
Note that

1
V() TRx C’d C

= I—del e |[VF@) < — =
e~ Ygave: e WE@IS pa = mgRs

where C' > 0 depends only on d. This yields

M<C\x— ( 1 + 1 )
(e A yD? = Y\ (el vN=9)2 " (ylvN-)d )

[N () = F¥(y)| <
(ii) |z|, |y| < N=%: By definition of FV, we find

_ |z —yl 1 1
70 = 7l = 5= < o= (g ey * e o)

(iii) |#| < N=° < Jy| or |y| < N9 < |z|: For |z| < N7 < |y|, let us define & as
the intersection between the line segment [z,y] and the ball B(0, N=?). Then
we get

2] < |Z|=N"°<|yl and |v—2|+|i—y|=|v—yl|

By employing the similar arguments as in the previous cases (i) and (ii), we

have
N Clx — 2
. Clz—yl Clt—y| Clz—yl
FN(z) - FN Y| < — = - = .
F@ WIS @A = TR T N

This implies that for [z| < N7° < |y|
[EN(x) = FN(y)| < |[FY(2) — FY(2)| + [FY (2) — F¥(y)|
Clo—y| _ _Clz—y|

N—dd (‘.’E‘ \/Nfci)d'

IN
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Similarly, we have

Clz —y _
FN(z) = FN(y)| < ——Z— fory| < N7° < |z].
Combining the above all cases, we conclude to the desired result. O

Set
G:=|X-Y|+|V-W| and Gy:=VIhN|X Y|+ |V—-W|

Proposition 3.1. Let (X,V) and (Y, W) be two random variables of law f1 and
fo respectively, such that their first marginal are py and pa, respectively. Let (X,Y)
be an independent copy of (X,Y). Suppose p1,p2 € L®(R?) and N > e. Then we
have

E[|[F(X - X) - F(Y -Y)|GP™!]
< Cllpnll + o2l B (1 - 1 ™ BIGP])
and
E[[FY(X — %) = P¥(Y — Y|G4 ™) < VTN (ol + o2l oo EIGE

for p> 1, where In™ (x) :=In(xz) A0 and the constant C' > 0 depends only on d.

Proof. Let us denote by a4 the surface area of unit ball in R<.
Estimate for the non-cut-off force field. First, we note that

[F(X = X) = F(Y —Y)|

— - 1 1
CIX-Y|+|X-V —
1% Y1+ X =7 (=55 + =77
<
- 1 1

— + — .
X — X1 ' |y —Y|d-!

This yields that for any » > 0

E[|[F(X - X) - F(Y -Y)|GP™!]

1 1 .
=E [(X — X1 + Y — 7|d1) Lx %y -7 G ]

1 1

Y _ Vv o o —1
+ CE| (3 = Y1+ X~V 5+ ) B w71

=: Il + IQ.

1850039-10
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o Estimate of I;: Note that the event {|X — X| A |Y — Y| <} can be partitioned
as

{IX -XIAlY Y] <r}
=X -X|V]Y -Y|<r}U{X-X|>r> Y Y|}
U{|I X -X|<r<|Y -Y]|.

Taking into account this, we split I; into three terms:

1 1
_ S
b K|X —Xp Y—Yd—l) Lx Xy -71<r@ }
1 1
o [<|X — X[d-1 " Y—Yd‘1> x-S )y-7C }

1 1 )
+E [<|X — X1 + Y _7d1> 1\X—YIST<\Y—7IGP }

= I +I;+ 1.

For the estimate of I}, by separating in the notations the expectation with respect
to the independent copies (X,Y), from the expectation with respect to the random
variables (X, V), (Y, W), we get

1 1
1 -1
Il = E(X,V),(Y,W) |:EX,Y |:( |X . Y‘d,]_ + ‘Y . ?dl) 1\X—Y|\/\Y—?\STGP :|:|

1
<Ex. / (e
(X, V), (Y, V) l( X al<r |X—x\d*1p1( )

1 -1
- /Y—y|<r Y — yd1p2(dy)> Gp

< ag([lp1lloe + [lp2llc)rEIGP1.

For I, we obtain

2 _ p—1
I <E [Y —Y|d-1 1|Y*Y|§TG }

1
=2Exv), / —————po(dy) | GP!
(X, V), (Y, W) [( ¥ —yl<r Y — y[d-T

< 204l pa o EIGP ).

1850039-11
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Similarly, we estimate I3 as I$ < 2aq4]|p1/|rE[GP~1]. Combining the above esti-
mates, we have

L < C(llprlloe + llp2lloc)rEIGP ] < Cllprlloc + [lp2lloc)rEIGP] P~ 177,
where C' > 0 only depends on d.

o Estimate of Io: We decompose I as

1 1 )
|X —Y‘d + |Y _?|d) 1|X—Y|/\\Y—?|>TGP :l

I = C]E[X—Y|<

1 1 B
|X _Y‘d + |Y _?|d> 1\X—Y|/\\Y—?\>TGP :|

CE [|7_?|<
= Iy +I3.

First, we easily obtain

Iy = CE(xv),(v.w)

1 1
GPE~ — — —
EX,Y |:<|X . )(‘d |jr . jr|d> 1|XX|/\YY|>T:| ‘|

1
< CE(x,v),(v,w) {Gp (/ mhx-mzrﬁ)l(d@

+ / ﬁly—yzrpz(dy))] .

We then consider two cases: » > 1 and 0 < r < 1. For r <1, we get
1 1
| X — x‘dllX—m\erl(dx) = mhx—zblpl (dz)
1
| g txeierup(de)

1
< loalls + callor ]l / wldu
T

<1—agllptlecIn™ 7.

For the case r > 1, it is clear to obtain
1
P x|d1|x_m\zrp1(dx) <|p1llr =1.
This yields

I < C(llpallos + llp2ll0)EIGP](1 — In™ 1),
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where C' > 0 only depends on d. For the term I3, we use Hélder inequality to find

5 o _ 1 1 1/p
o =CF X -l (X—Yw * |Y—?d)

1 1 1/p p—l
x <|X _Y‘d + Y_7|d> G 1\X*Y|/\\Y7?\>r

o 1 1 1/p
—Y|P b v
<CE |:X Y| <|X —X| + Y _7|d> 1XX|AYY>T:|

1 1 (p—1)/p
= () ]

Similarly as before, we take the expectations on (X,Y) and (X,Y) for the first and
second expectations in the above, respectively, to find

13 < C(lprlle + lp2ll) (1~ In™ P)E[LX — YPVPE[GP)00/P
< Olllpalloo + lIp2lloc)(1 — In™ P)E[GP),

due to | X — Y] < G, where C' > 0 only depends on d. Thus, by putting all those
estimates together and using Hélder inequality, we have for any r > 0

E[|F(X - X) - F(Y —=Y)|GP™]
< C(llp1llse + [Ip2]loc) (1 = In™ 7)E[GP] + C([lp1llo + llp2lloc)rE[GP) P~ D/P.

Finally, we choose r = E[GP]'/P to obtain the desired result.
Estimate for the cut-off force field. Note that since F'V is continuous, we have

E|FN(X = X) - FN(Y = Y)|G} ']
< CE[(|X = Y[+ [X = Y)(IVFN(X = X)|+|[VFY(Y = Y))GR ']
< CE[|X = Y[(|[VFN(X = X)|+|VFY(Y - Y) )G ]
+CE[X - Y|([VFN(X = X)|+ |[VFN(Y = Y))G% ]
=:J1+ Jo.
As in the proof above, we first easily get
Ji < CE(x,vy,vom | X = YIG  Ex [V (X = X)| + [VFN(Y = V)]
< C(llprlloe + llp2lloc) In NE[| X = V|GR]
< C(llprlloc + Il p2lloc) VIn NE[GR],
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where we used Lemma[ZI] and vIn N|X — Y| < Gy. For the term .J5, we again use
the similar argument as before to find

Jo < CE[[X —Y[P(IVFN(X = X)| + |[VFN(Y = Y)|)]"/?
X E[([VFN(X = X)| + |[VFN(Y - Y)|)G% |~ D/P,

Taking the expectations on (X,Y) in the first expectation and on (X,Y) in the
second one leads to the desired result. O
We next estimate the error between solutions to the nonlinear SDEs and the

one with cut-off given by

e Nonlinear SDEs:

dY; = Wydt,
AWy = (F % p)(Yy)dt +V20dBy, pr = L(Y), (3.1)
‘C(Yba WO) = fO'

e Nonlinear SDFEs with cut-off:
dYN = Wxdt,
dWPN = (FN « pM) (Y N)dt + V20dB;, pY = LYY, (3.2)
‘C’(YE)N7WON) = fO'
Here, p = [p. [ dv and f} is the global-in-time weak solution of Eq. (LG). As
mentioned in Sec.[T] for fixed N > 0, the global existence and uniqueness of solutions
to (B2) is ensured due to classical SDEs theory. At the moment, we assume the

existence of solutions to the SDEs (821 and its associated PDE (3) up to a given
time 7' > 0. We will give the details of that in Sec. 4.

Proposition 3.2. For a given T > 0, let (Y;, W) and (Y,N, W) be the solutions
to the equations (BI) and B2) for the same initial condition on the time interval
[0, T, respectively. Suppose that py, py € L*(0,T; L=(R%)) and ||p} || 10, 7;1.) < C
with C' > 0 independent of N. Then, for N > e and p > 1, we have
1/p
E| sup (VInNYN Y[+ [W]N —=Wi)?| < CN’exp(CVInN),
0<t<T

where C' is a positive constant independent of p and N.

Proof. For p > 1, we set

D, :=VInN|YY - Y| + WY —W,| and ¢ := sup DP.

0<s<t
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Then we estimate ¢¥ as

t
oY <p / (VIRNWY — W] + |[F™ 5 p¥ (YY) = F % p,(Y2))DP s
0

t
<p [ VINDL 4 FY s (o (V) - pu V)02
0

FI(EN — F) % pu(¥2)| DY ds,

Taking the expectation on both sides of the above inequality and using Fubini’s
Theorem, we obtain

E[¢;"

< p\/lnN/O E[¢)]ds +p/0 E[[FY % (p3 (YY) — ps(Y5))| D2~ ]ds

Tt / E[|(FN — F) # pa(Y2)| D2 ds

=0+ I+ I,

where we can directly use the cut-off force field estimate in Lemma [3:I]to estimate
I as

t
o < CpVIRN [ (¥ ow + s ELD)ds,
0
where C' > 0 only depends on d. For the estimate of I3, we easily find

Y = Pyep s [l i = N )pu(a)
sTYIS -

< / ‘Ys - y‘i(dil)Ps(dy) < O‘dHPSHOONiﬁ'
[Yo—y|<N—?
This yields

t t
I < pOédN_(;/ |95l E[D?~Hds < padN—5/ 105 | o E[¢ | P~ D72 ds
0 0

t t
< (p - Dou / el oo B[N 1ds + a7 / sl odls,
0 0

where we used Young’s inequality for the last inequality. We then combine the above
estimates to have

t t
E[¢}] < pCVInN / (L + [1palloe + 10N | ) ELSNds + agN P / sl odis,
0 0

where C' > 0 only depends on d. We now apply Lemma [A1l1 with
) =Elg], g(t) =pCVIn N1+ [[pslleo + 110 o), and

t
h(t) = agN~ / losllsods,
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to obtain
t t
Bl < aaV ™ [ lpdlwexp (bOVIR [0+l + 1 ) )
0 s

< CtN~P exp(pCVIn Nt),

due to the uniform bound assumption on both p; and p in L'(0,T; L°>°(R?)). This
completes the proof. O

Remark 3.1. Note that for any p > 0

exp(VInN) = exp(%) = Nv=¥ = o(NP).
n

Let us define the functional JV : R*N — R by
TN (X, VW) e RN S 1A (VIDNN X — Y]oo + NV = W]o).

Then by using the same argument as in [27) Theorem 4.2], which is based on Gron-
wall lemma, Lemma 2] and Markov’s inequality, we obtain the following estimate
on JV.

Lemma 3.2. Let (XN, VY );>0 be a solution to (L) and let (YN, W} )i>o be solu-
tions to (L) with the same independent identically distributed initial conditions.
Assume that

T
sup/ oM || sodt < oo.
NeNJo

Then, for any ¢ € (0, %) and 3 > 0, there exists Cg > 0 such that
C
P( sup JY > 1) < —B,
<0§t£T bt =") = NP

where JN = JN (XN, VN, YN WHN).

Proof of Theorem [I.I} For any p > 1, we first estimate W, (12, f;) as

Wh(' s fe) < Woo i 1) + Wo (], £Y) + W (7, fo),

where the empirical measure v}¥ is associated to N copies solutions to the nonlinear

SDEs with cut-off (&d)). It follows from Proposition B2 that for any v < § and
t € 10,T], we find

Wo(fN, f) SCNeCVInN < N~V for N large enough.
This implies
POV (i, f1) = BN™Y) < POVao (il v¥) = N7) + POV, (0, J2) = N ),
(3.3)
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Note that under the event {JY < 1}, we get
WOO(H:{V7V£N) < Nﬁéa

thus by using Lemma B:2] we obtain
BOVac(, 1) 2 N70) S BV (1) 2 N ) < BUY 2 1) < o,

where Cz > 0 is independent of N. For the estimate of last term in ([B3), we use
Proposition 2Tl with z = N~P7 to have

(A—py)(a—e

P(Wﬁ(V§V7ffV) > NP7 < oNI-EEEeE a(N, N~P7).

Combining the above estimates concludes the desired result. O

4. Well-Posedness of Nonlinear SDEs and PDE: Proof of
Theorem

In this section, we study the well-posedness of nonlinear SDEs (7)) which is associ-
ated to the VPFP equation (I3)). For this, we use the nonlinear SDEs with cut-off
given by

dyN = whdt,
(4.1)
dWN = (FN « pM) (YN )dt + V20dB;, pN = L(V}),

where pY is the spatial density of solution to (ICH). We first show the uniform-in-N
estimate of spatial density pY in L(0,T; L>=(RY)).

Lemma 4.1. Let T > 0. Assume that the initial data fo satisfies fo € (L' N
L>)(R2?). Then there exists a unique weak solution fN to the system (L8) with
the initial data fo, such that fN € L>(0,T; (L' N L>)(R??)). Furthermore, if we
assume that for some C > 0

folz,v) < C@)™Y,  where (v) = /1 + |v|?,

then, for v > d, there exists a time T > T, > 0 such that

sup sup o7 oo < 00,
N>10<t<T,

where pN denotes the spatial density of the law of solution at time t to Eq. (@I).
Proof. Since the existence and uniqueness of solutions f¥ to Eq. (L)) is classical

due to the regularity of the force fields, we only focus on the uniform-in-V estimate
of the spatial density pl¥ in the rest of the proof. We divide the proof into two steps.

e Step A (Feynman—Kac’s representation formula). Let (x:)c>0 be a family
of mollifying kernels. First, we note that f¥ = L(Y;Y,W2}), the law of solution
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to (@), is a solution in the sense of distributions to
OufN +v-VofN 4+ (FN 5 pN) Vo fN = oA fY, (z,v) e REx R, ¢ >0,

with the initial data fo = L(Y{Y, W{¥). Denote by f{"*° the solution to the same
equation with initial condition fj * y.. Since the coeflicients of the above equation
are Lipschitz and locally bounded, classical existence theory guarantees the global
existence and uniqueness of strong solutions. We now fix ¢ > 0 and consider the
following “backward” stochastic integral equations:

YU =g — / WV du, WY =y — / FN s ol (V) du + /20 Bs.
0 0

It is classical that there exists a unique strong solution to the above equations due
to the strong regularity of the force fields. We next set

B, = S, W),

and apply Ito’s rule to 6 to find

0, =9O+/ O (Y W) — (VS W), W) )du
0

AWf“W“W“)Nme“W

+\/_/ Nsymv Wmv dB +U/A Nsymv Wmv)d
Taking the expectation to the above equation together with

[/ (Vo N (v W) B, >]:O

0

E[6s] = E[6o] + /0 E || =0ufd —v-Vaflo — (FN %o 5) (@) - Vo f 08 + 08 f05 (2, 0)

=0

x (Y2, W& | du.

Thus, finally, we choose s =t to have

tN,s(J% U) = ]E[fo * X‘f(th,U? th,v)]'

e Step B (Uniform-in-IN estimate). It follows from the previous bound that

¢ -
% (2,0) < CE <v—/ FN s ple (V) du + /2 Bt> .
0

1850039-18



Commun. Contemp. Math. 2019.21. Downloaded from www.worldscientific.com
by IMPERIAL COLLEGE LONDON on 08/05/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

Propagation of chaos for the VPFP equation with a polynomial cut-off

Note that for all v,w € R? and v > 1
(- ) < V) ) and (o) < Cy(1+ 7+ ful).

Using those facts, we get

,y
Ne(a,0) < ) [( [ E i e,

and further we find for v > d

t
Il [P i
0

)
))

Due to ||FN % p™5(z)||oo < Cl|p™?||1,00, we find for any fixed time T > 0

lo < C (1 + (V20)E[|B:|"] + E

t
§C<1+t7+]E /FN*pt (YY) du
0

t
mgc(1+/ pév’sHZOds) for 0 <t <T,
0

N,
1o :

where C' > 0 is independent of N. Finally, we use Lemma [A-1l.3 to have

1
e <C with T, <min{7—,T},
v

N,
sup ||p;
0<t<T.

where C' > 0 is independent of N. The result follows from the fact that piv €
converges at least weakly star to pl¥ in L>(R?) as e goes to 0. O

We are now ready to give the details of the proof of Theorem

Proof of Theorem We split the proof into three steps.

e Step A (Cauchy estimates). Let (V,Y,W}¥) be the strong solution to the
system (@I) on the time interval [0, T]. Then by using a similar argument as in
Proposition [3:2] we can show that for N, N’ > e
’ ! 1/p
sup (VIn N[V, — V| 4+ W — W)
0<t<T
< C(N7° 4+ (N')"%)exp(CVIn N),

where C is a positive constant independent of p, N and N.

e Step B (Existence). It follows from the previous step that the sequence
(YN, W) nen of solution to (1)) is a Cauchy sequence. Thus, there exists a limit
process (Yy, Wi)iepo, 7] such that (YN, W/) goes in law to (Y;, W;) as N goes to
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infinity. Moreover, denoting by (f¥)yen the sequence of the law of solution to (@),
we find
1/p

sup Wo(fN, i) <E| sup (VInN|YY — YN[+ W — W)y
0<t<T 0<t<T

< C(N72 + (N %) exp(VInN),

where C is a positive constant independent of p and N. This deduces that (f")nen
converges weakly to some f; € C([0,T]; P,(R?)) which is the law of (Y;, Wy)sejo,7)-
It now remains to prove that this process is indeed a solution to (7). In order to
check this, it is sufficient to prove that (F % p¥ (Y,N))iepo,7] converges P almost
surely (up to a subsequence) to (F'* p¢(Y;))sepo,]- It follows from Proposition [3.1]
LemmalL) and [[(FY = F) # pilloc < [1F™Y = Flli]lpilloc < CN=pil|oo that

T
B[ 1PN o (1) = Fx pu(hi)
0

T
<E| [PV (1) - P (Vi
0

T
VE| [N (¥ - Fr (Yl
0

<OmN [l + Dol Y Vil + N [ it

InN c/mw
< Cwe

—0 as N — o0,

where C' > 0 is independent of N.

e Step C (Uniqueness). Let (V;',W}!);>0 and (Y2, W?);>0 be two solutions
to (I7) with the same initial data (Yo, W) such that pi € L'(0,T; L>(R%)),i =
1,2. Set

= |K&1 - Yt2| + |Wt1 - Wt2|'
Then it follows from Proposition Bl that

d _ _
TEIAY] < pE[W/ — WF[A7 N ERIF *pp (V) = Fx g} (V)| A7

p 1 2 p 1 0 p
< PE[A?] 4 pO(lo oo + 172 ]1)EIAT] (1 H E[At])
Set Q(t) := E[AY], then we get
Q') < Q) + Cpllpt e + 12210) Q) (1 — In™ Q1)
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for Q(t) < e. On the other hand, since Qg = 0, applying Lemma [AT]2 yields
Q) = 0 for t € [0,T]. It is very clear that the uniqueness of solutions to
implies the uniqueness of weak solutions to Eq. ([[Z3). O

5. Vlasov—Fokker—Planck Equation with Less Singular
Interactions than Newtonian

The previous strategy can directly be applied for the system (L3) with milder
singular interaction forces (see also [27, Sec. 10] for the case without noise). To be
more precise, let us consider the following nonlinear Vlasov-Fokker—Planck equation
with singular interactions:

Oife+v-Vaufe+ (Faxpt)-Vofi=0Aufr, (z,0) ERTxRY >0,  (5.1)

where F,, satisfies

1 1
|Fy(x)] < P and |VF,(x)| <
with F,(0) = 0 by definition. Note that o = d — 1 corresponds to the Newtonian
case (L2). Concerning the particle approximations, in a similar fashion as before,
we consider the following stochastic particle system with cut-off given by
dx N = viNa,
N .
) 1 ) ) ) i=1,...,N, t >0,
v = = 3 TEN (XY — XPN)dt + V2odBy Y,
j=1
(5.2)
where the cut-off interaction potential F({V& is given by F(;Na(x) = F,(x) for |z| >
N9 and satisfies

[FN ()] < N®° and |VE,(z)] < NOTD? for |z < N7°.

Then defining the associated empirical measure
1
N _ ) )
ut = N Z(Sth,N,V;,N,
i=1
we can state the following result.

Theorem 5.1. Let T > 0 and d > 1. Let (Xé’N,‘/J’N)¢:17.,,7N be N independent
variables with law fo. Let f; and fN be the solutions to the nonlinear Viasov—
Fokker—Planck equation (B1l) and its corresponding regularization (ICH) with F ga
instead of FN respectively, up to time T > 0. Assume that 0 < o < d/¢' — 1 and
that f, fN € L>=(0,T; (L* N LY (R2?))NC([0, T); Py (R?4)) with the same initial data
fo € (L* N LN P,)(R?) for some q > 2 and 1/ + 1/¢' = 1. Furthermore, assume
that their respective spatial densities p; and pl satisfy

T T
/ loelledt < Co and  sup / 107 ledt < Co,
0 NeNJO
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where Cy only depending on the initial data and T. Then, for any p € [1,2q), ¢
satisfying either

v 1
75 17a
or
d v
/ - -
€>2(1+a) and 5<d,

and e € (0,q — ﬁ), the estimate

sup POV, (Y, £,) > 3N~9) < CN3 05
0<t<T

for N large enough

holds for some constant C' > 0 depending only on d,T,p,q,c,c, ¥, fo, and Cy.

Remark 5.1. Using almost same argument as in the proof of Theorem [[.2] we
can obtain the well-posedness of the nonlinear SDEs (B.I) and the corresponding
PDE (EJ) with F,, instead of F under the assumption on the initial data: fy €
(L* N LN P,)(R?) for some ¢ > 2 and fo(x,v) < C{v)~™Y with v > d.

Set
L
1N (z) = || +1

I,
N(@t+1)3  gtherwise,

if || > (a+1)N 9,

for o € [0,d — 1). Similarly as before, for notational simplicity, we omit the sub-
script ¢ in FjY, and [§', in the rest of this section, i.e. FY = Fi\, and I =1},
In Lemma BTl we provide the weak—strong gradient estimate and uniform bound
estimate of the gradient of force field in the cut-off parameter IV, which can be
obtained in the same manner as Lemma [2.1]

Lemma 5.1. Letd — 1> a > 0 be given.
(1) There ezists a constant C, which depends only on d, such that
|[FY (x) = F3 (2 + 2)| < CLY ()],

for any z,z € R? with |z| < aN~?.
(2) There exists a constant C' > 0 independent of N such that

2" * pllsc < Clipllie  and [VEY # plloc < Cllplle,
where £ > 1 satisfies d > (o + 1)¢ with 1/¢' +1/¢ = 1.
Then slightly modifying the proof of Lemma [Z2] we have the following lemma.

Lemma 5.2. Let (Y1,...,Yn) be ii.d. random wariables of the law p €
LY(R?), define the associated empirical measure py = = Zfil dy,. Then define
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€:= 2,6 + (1 —d6/0)1p~qs with 1/0+ 1/0 = 1. If £ < 2 then for all integer
m > 2%5 there exist Y, C' > 0 such that

E| sup [h#pn(Y) —hxp(Yo)'| <CN~™,
1<i<N

where Yy = (2 — &)m — 1 and h is defined as in 2.

Due to the milder singularity in the interactions than the Newtonian, we can
bound the gradient of the force term uniformly in N in Lemma BTl This also
enables us not to introduce the different weights in position and velocity for the
error estimate between solutions of the corresponding nonlinear SDEs and the one
with cut-off. More precisely, we have the following proposition which corresponds
to Proposition 3.2

Proposition 5.1. For a given T > 0, let (Y;, Ws) and (YN, W}N) be the solutions to
the equations [3:2) with FY and (B1) with F, appeared in (&) on the time interval
[0, T, respectively. Suppose that ps, pf¥ € L'(0,T; L“(RY)) and ||p) || 110100y < C
with C' > 0 independent of N. Then, for p > 1 and d > (a4 1)¢', we have
1/p
E | sup (VY = Yi[ + WY =Wy < ON-(@men,
0<t<T

where C' is a positive constant independent of p, v, £, and N.
Let us define functional J : R*N — R, by
J (X, 0V, Y W) € RN 5 1A (NO|X — Voo + N2V — W|o0).

In Lemma B3, we provide the estimate on JN whose proof can be obtained by
using the similar argument as in Lemma B2L

Lemma 5.3. Let (XY, VN )i>0 be a solution to (ED) and let (YN, WN)i>0 be N
copies solutions to (CH) with FY instead of FN and the same independent identi-
cally distributed initial conditions. Define JN by

I = TN VN YW,

Suppose d > (a4 1)¢ and ||pN||L1(0,T;LZ) < C. Then for any B > 0 there is a
constant Cg > 0 such that it holds

N Cy
P sup JV>1)< 22,
<0<th Lo >_Nﬁ

Proof of Theorem The strategy of the proof is the same as the one of
Theorem [l We first estimate W, (ul¥, f;) as

Wp(/'l‘ivaft) S WOO(/"’){V?VtAN) + Wp(ytjvaftN) + Wp(ftNaft)7
for any p > 1, where the empirical measure /¥ is associated to N copies solutions
to the nonlinear SDEs with cut-off with F¥. We now estimate each of the three
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terms as follows:
e It follows from Proposition Bl that for ¢ € [0, T, we find that
W,(fN, fi) < CN~—(d/t'=2)5 < N=6 {51 N large enough,
due to d/¢ — a > 1. Then we deduce
POy (i s fr) = BN70) <PWao (Y, 1Y) 2 N70) + POV, (v, £)) = N7°).
e Note that under the event {JN < 1}, we get
Weo (i) < N7%,
thus by Lemma [5.3] we obtain
PWeo (i, vY) > N70) <P(JN > 1) < CyN 7,

for any 5 > 0.
e Finally, we use Proposition BTl with = N =79 to have

(A—pd)(g—¢)

POVEwY  fN) > NP <CN'™" % +a(N,N ).

This completes the proof. O

Appendix A. Gronwall Type Inequalities

In this appendix, we provide several Gronwall type integral and differential inequal-
ities.

Lemma A.1. (1) Let f, g, h be nonnegative functions satisfying

£ < o)+ [ e 10, (A1)

Then we have

t
flit) < h(O)efot 9(s)ds —|—/ h’(s)efst 9(Mdrgs > 0.
0

(2) Let f be nonnegative function satisfying
fit) <Cf) A =1In" f(t)) forte[0,T], (A.2)
where C' > 0. If fy satisfies
fo < min{exp(1 — e“7T), 1},
then we have
f@) <exp(l—(1—1nfo)e ") forte[0,T].
In particular, if fo =0, then f(t) =0 fort € [0,T].
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(3) Let v > 1 and f be nonnegative function satisfying

t
f(t) < Cy+ Cl/ f(s)yd&

0
where Cy, C1 > 0. Then we have
¢ N\ Co (=1
< 1—y 1 0 .
ft) < <C'0 o | 1t) fort < —

Proof. (1) Set

F) = [ o)1)
then it follows from (AZT) that
F/(t) = g() f(t) < g(t)(h(t) + F(2)).
This yields
(B(t)e 5 960 < h(t)g(t)e™ Jo o) = —h(t)(e Jo 90y,

Since Fy = 0, we get

F(t)e™ I3 9()ds < _h(t)e~ Jdas)ds h(0) + /Ot W (s)e 3 907 g
ie.

F(t) < —h(t) + h(0)e)s 9% 4 /0 " (s)el o g
Thus, we have

t
F(t) < h(t) + F(t) < h(0)elo 914 4 / B ()6l 97 g
0

(2) We first claim that
f(t) <1 fortel0,T].
Since f is continuous, there exists a Ty > 0 such that f(¢) < 1 for ¢ € [0,Tp). Set
T* =supf{t € [0,T]: f(s) <1 for s €[0,¢]}.
Let us assume that 7% < T'. Then for ¢ € [0,7*), we obtain from (AZ2) that
(Inf) <CA—-Inf(t), ie (I1-Inf) >-C(1—1Inf(t)).
This yields
1—Inf(t) > (1 —Info)e ©", de Inf(t)<1—(1—1Info)e “"
Thus, we get
f(t) <exp(l—(1—1Info)e ") forte[0,T%).
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We now let t — T in the above inequality to find

L= lim f(t) < exp(l— (1 —Info)e™) <1,

due to the assumption on the initial data fy. This is a contradiction that T* < T
and implies 7% = T'. Hence we have f(t) < 1 and

f(t) <exp(l— (1 —1Info)e™ ) forte[0,T).

(3) Set

t
F:.=Cy+ Cl/ f(S)’de,
0

then we get F(0) = Cy and

F'(t)=Cif(t)Y < CLF(t).

This yields

(F'=7) >

and for t < Cy 7 (y — 1)C;*

sy < Fi < (PO - 0T = (a0 - S0 T g
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