provided by Central Archive at the University of Reading

University of
<> Reading

Isometries of Grassmann spaces, Il

Article
Accepted Version

Creative Commons: Attribution-Noncommercial-No Derivative Works 4.0

Geher, G. P. and Semrl, P. (2018) Isometries of Grassmann
spaces, Il. Advances in Mathematics, 332 (9). pp. 287-310.
ISSN 1090-2082 doi: https://doi.org/10.1016/j.aim.2018.05.012
Available at http://centaur.reading.ac.uk/77194/

It is advisable to refer to the publisher’s version if you intend to cite from the
work. See Guidance on citing.

To link to this article DOI: http://dx.doi.org/10.1016/j.aim.2018.05.012

Publisher: Elsevier

All outputs in CentAUR are protected by Intellectual Property Rights law,
including copyright law. Copyright and IPR is retained by the creators or other
copyright holders. Terms and conditions for use of this material are defined in
the End User Agreement.

www.reading.ac.uk/centaur

CentAUR

Central Archive at the University of Reading

Reading’s research outputs online


https://core.ac.uk/display/157860667?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://centaur.reading.ac.uk/71187/10/CentAUR%20citing%20guide.pdf
http://www.reading.ac.uk/centaur
http://centaur.reading.ac.uk/licence

[sometries of Grassmann spaces, 11 *

Gyorgy Pal Gehér §  Peter Semrl]"

Abstract

Botelho, Jamison, and Molnér [1], and Gehér and Semrl [4] have re-
cently described the general form of surjective isometries of Grassmann
spaces of all projections of a fixed finite rank on a Hilbert space H. As
a straightforward consequence one can characterize surjective isometries
of Grassmann spaces of projections of a fixed finite corank. In this paper
we solve the remaining structural problem for surjective isometries on the
set Poo(H) of all projections of infinite rank and infinite corank when H
is separable. The proof technique is entirely different from the previous
ones and is based on the study of geodesics in the Grassmannian Ps(H).
However, the same method gives an alternative proof in the case of finite
rank projections.

AMS classification: Primary: 47B49, Secondary: 54E40.

Keywords: Isometry, Grassmann space, projection, subspace, gap metric, geodesic
structure.

1 Introduction and statement of the main re-
sults

Let H be a (real or complex) Hilbert space and n a positive integer. We denote
by P,.(H) the set of all rank n projections on H. In the case when H is an
infinite-dimensional separable Hilbert space, the symbol P (H) stands for the
set of all projections whose images and kernels are both infinite-dimensional.
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By || - || we denote the usual operator norm on B(H), the set of all bounded
linear operators on H. The distance on the set of all projections induced by the
operator norm is usually called the gap metric.

In [1], Botelho, Jamison, and Molnar described the general form of surjec-
tive isometries of P, (H) under some dimensionality constraints and under the
additional assumption that H is a complex Hilbert space. Their main tool was
a non-commutative Mazur—Ulam type result on the local algebraic behaviour
of surjective isometries between substructures of metric groups. The authors
of the present paper succeeded to extend this result also to the real case and
all possible dimensions [4]. They proved that if dim H > n and dim H # 2n,
then for every surjective isometry ¢: P,,(H) — P, (H) there exists a unitary or
an antiunitary operator (an orthogonal operator in the real case) U on H such
that ¢(P) = UPU*, P € P,(H). In the case when dim H = 2n, we have either
the above form, or ¢(P) =U(I — P)U*, P € P,(H).

The main idea was to show that the set of certain geometric midpoints
between two projections P and @ is a compact manifold if and only if P and
Q are orthogonal. Then the structural result for orthogonality preserving maps
on P,(H) was used to complete the proof. This approach works in all cases but
the case when dim H = 2n. In this exceptional case orthogonality preservers
may have a wild behaviour and additional tools coming from the geometry of
algebraic homogeneous spaces were needed to complete the proof.

Using the obvious fact that for any pair of projections P, Q) we have

1P =Qll = (I -P)—(I-Q)

we can also solve the problem of describing the general form of surjective isome-
tries on the set of all projections of a fixed finite corank leaving open only the
case of surjective isometries on the set of projections of infinite rank and infinite
corank.

The aim of this paper is to solve this remaining case, thus completing the
research program that started with [1].

Theorem 1.1. Let H be an infinite-dimensional complex (real) separable Hilbert
space and ¢: Po (H) — Py (H) a surjective map such that

lo(P) = o(Q)ll = 1P - <l

for every pair P,Q € Psx(H). Then there exists a unitary or an antiunitary
operator (orthogonal operator) U on H such that either we have

#(P) = UPU*

for every P € Py (H); or

is satisfied for every P € Py (H).



It should be emphasized here that there is an essential difference between
surjective isometries of P,(H) and P, (H). While each surjective isometry
¢: P,(H) — P,(H) preservers orthogonality, that is, for every pair P,Q €
P, (H) we have PQ =0 < ¢(P)¢(Q) = 0, this is not true for surjective
isometries of P, (H). Indeed, let an infinite-dimensional separable Hilbert space
H be represented as the orthogonal direct sum of three copies of a Hilbert space
K, H=K®K®K, and let ¢: Poo(H) — P (H) be a bijective isometry
defined by ¢(P) = I — P, P € P, (H). Then for P,QQ € P (H) that have
matrix representations

I 0 0 0 0 0
P=|0 0 0 and Q=10 I O
0 0 0 0 0 0

with respect to the above direct sum decomposition of H, we have PQ = 0,
while

00 0 I 00
p(P)=10 I 0| and ¢(@) =1[0 0 0
00 I 00 I

are obviously not orthogonal.

This difference indicates that the structural problem for isometries of Pu.(H)
might be more difficult and that the methods used in the case of isometries on
P, (H) do not work in the present case. However, a careful reader will notice
that the proof techniques we will use here to prove the above theorem work also
for isometries on P, (H).

The main motivation for studying this kind of problems comes from math-
ematical physics. The Grassmann space Pj(H) is used to represent the set
of pure states of the quantum system, and the quantity tr (PQ) is the so-
called transition probability between two pure states. The famous Wigner’s
unitary-antiunitary theorem describes the general form of transformations of
Py(H) which preserve the transition probability. One can easily verify that
IIP—Q| = +/1— tr PQ holds true for every pair P,Q € P;(H). Hence, Wigner’s
theorem can be interpreted as the structural result for isometries of P;(H). For
more detailed explanation with many other references, other motivations, and
some recent related results we refer ro [1, 3, 4, 6].

Let H be an infinite-dimensional separable Hilbert space and n a positive
integer. We will use the notation Ng = {0,1,2,...}. By P"(H) we denote the
set of all projections on H whose kernel is n-dimensional, and by P(H) the set
of all projections on H. We further set Py(H) = {0} and P°(H) = {I}. Then
clearly, P(H) is a disjoint union of subsets of projections

oo

P(H) = (U (P,(H)U P”(H))) U Py (H).

n=0

After having a full understanding of the structure of isometries of P, (H), n =
1,2,..., and Py, (H) one may ask what are all surjective isometries of P(H). As



we shall see this is a rather easy question once we observe that
IP-Qll=1

whenever P and @ belong to two different subsets P, (H), P"(H), n € NoU{co},
while in the case that P and @ both belong to the same subset there exists a
finite sequence of projections P = Py, Py,..., P, = @ such that

||Pj—1_PjH<1a ]217,]6
Using this simple observation it will be easy to prove the following.

Theorem 1.2. Let H be an infinite-dimensional separable Hilbert space and
¢: P(H) — P(H) a surjective map such that

lo(P) = o(Q)Il = 1P - Qll

for all pairs P,QQ € P(H). Then the set Ny can be written as a disjoint
union Ng = M U N, and there exists a system of operators Uy, Uy, Us, .. .;Us;
Wo, Wi, Wy, ... such that each of them is a unitary or an antiunitary operator
on H (orthogonal operator in the real case) and that we have

o(P) = U,PUL  and  §(Q) = WoQWS,
for everyn € M, P € P,(H) and Q € P"(H);

$(P) = Un(I = P)UZ and  §(Q) = Wo(I — Q)W
for everyn € N, P € P,(H) and Q € P"(H); and we have either

P(P) = Uso PUS
for every P € P (H), or
P(P) = Uso(I = P)US

for every P € Py (H).

Of course, one can also ask what are all isometries of P(H) in the case
when H is finite-dimensional, dim H = m. Note that this time we do not need
to assume that the isometry is surjective. The reason is that each isometry
¢: P(H) — P(H) is an injective continuous map and since

P(H) = {0} UP,(H)U...U Py _1(H)U{I}

is a finite disjoint union of Grassmann spaces and each of them is a compact
and connected manifold, we see by the domain invariance theorem that ¢ must
be automatically surjective. Moreover, comparing the dimensions of these man-
ifolds we see that every isometry ¢: P(H) — P(H)



e cither maps 0 to 0 and I to I; or maps 0 to I and I to 0,

e cither maps P;(H) onto Py(H) and P,,—1(H) onto P,,_1(H); or maps
Py(H) onto P,,—1(H) and P,,,_1(H) onto P, (H),

e cither maps P2(H) onto Py(H) and P,,_o(H) onto Pp,_o(H); or maps
Py(H) onto P,,_o(H) and P,,_o(H) onto Py(H),

We can now easily get the full understanding of the structure of isometries on
P(H) using the main theorem from [4]. In particular, one needs to know what
is the general form of all isometries from Py(H) into P,—x(H) when k < m/2.
All one needs to observe is that if ¢: Py(H) — Py—x(H) is an isometry then
the map &: Pr,(H) — Py (H) defined by

§(P)=1I-¢(P), PeP.(H),

is an isometry, too, and hence, the main theorem from [4] implies that there
exists a unitary or an antiunitary operator (orthogonal operator) U on H such
that o(P)=U(I — P)U*, P € P,(H).

To avoid using too much space for trivialities we leave the exact formulation
of the structural results for isometries of P(H), dim H = m, (there is a slight
difference between the cases when m is even or m is odd) to the reader. In the
rest of the paper we will often speak of unitary operators, unitary or antiunitary
operators, and unitary similarities without mentioning the real case — it will
be self-understood that this will mean orthogonal operators and orthogonal
similarities.

2 Preliminary results

One of the main tools we will need all the time is the famous Halmos’ two
projections theorem, see [2], which reads as follows.

Theorem 2.1 (P.R. Halmos). Let H be a real or complex Hilbert space and
P, Q be projections on H. Then up to a unitary similarity H can be written as
an orthogonal direct sum decomposition H = H1 ® Hy ® H3 S H1 & K ® K (note
that the last two summands are equal) and the projections P and @Q have the
corresponding matrix representations

I 00000 0000 0 0
000000 07 00 0 0
0071 000 007 0 0 0
P=loo0o0o0o00| ™ 9=/ 9000 0 of W
000O0T 0 0000 C SC
000000 0000 SC §2

where S,C: K — K are self-adjoint injective operators satisfying 0 < S,C < I
and S? + C? = I. Moreover, we have H; = Im PN Ker@Q, Hy = Ker PNImQ,
H3;=ImPNIm@ and Hy = Ker P N Ker Q.



Note that it may happen that in the above representation of P and @) some
of the subspaces Hy, Ho, H3, Hy, K are zero subspaces. Observe also that S is
the unique positive square root of I — C?. In particular, S and C' commute.

Next, using Halmos’ two projections theorem, we prove an inequality that
is probably known, however, we were not able to find it in the literature.

Proposition 2.2. Let H be a real or complex Hilbert space and P,Q € P(H).
IfKer PNImQ # {0} or Im PN Ker@ # {0}, then

1P —Qll =1,

otherwise we have

1P =@l = VI - P)QU — P)|| = |IS]],

where S is the operator from (1) in the previous theorem. In particular, we
always have the following inequality:

1P =@l = VI - P)QU — P)].

Proof. Without loss of generality we may assume that P and @) have the matrix
representations (1), in which case we have

I 0 00 O 0
0 -I 00 0 0
0 0 00 0 0

P*Qfoooo 0 0
0o 0 00 S* -—SC
0 0 0 0 —SC -—52

Thus, if Hy # {0} or Hy # {0}, then clearly ||P — Q|| = 1. On the other hand,
if Hy = Hy = {0}, then we have

-ai=|Se S =11 S SISl

00 0 O
=Isi=vI&I= |||o o o olll=vVIT-Pea—P,
0 00 S?
where we observed that :SYC : S} is a unitary operator. As we obviously
have ||(I — P)Q(I — P)|| < 1, the stated inequality is straightforward. O

From now on till the end of this section H will always denote an infinite-
dimensional real or complex separable Hilbert space.



Lemma 2.3. Let x € H be a vector of norm one and assume that matrix
representations of P,Q € Ps,(H) with respect to the orthogonal direct sum de-

composition H = span{x} @zt are

1 0 0 O
SRR

for some projections Py,Q1 € Pso(zt). Let 6 € (0, 5). Assume further that
R € Py, (H) satisfies

|R—P| <sinf® and ||R— Q| < cosé.

Then there exists a vector y € H of norm one such that x 1 y and the matriz
representations of P,Q, R with respect to the orthogonal direct sum decomposi-
tion H = span {x} @ span {y} @ {z,y}* are

1 0 0 0 0 O
P={0 0 O}, @Q=1(0 1 0 |,
0 0 P 0 0 Q2
and
cos? 6 cosfsind 0
R = | cosfsinf sin? 0 0
0 0 Ry

for some Py, Qa2, Ry € Poo({m,y}+). Moreover as a consequence, we have that
|R— P|| =sinf and |R — Q|| = cos¥.

Proof. Let the matrix representation of R with respect to the orthogonal direct
sum decomposition H = span {z} @ z* be

rmout

i+l =71 (2)

From R? = R we get

Further, the inequality

ry—1 u* .
— = <
e[ |
yields
(r1 = 1)2 + [Jul < sin?0 (3)
and similarly,
r? + |lul|* < cos? 6. (4)

It follows from (2) and (4) that r; < cos?#, while (2) and (3) imply 1 —r; <
sin” 6, or equivalently r; > cos? 6.



Thus, r; = cos?6, and consequently, by (2) we have |lu||> = cos? 6 sin? 6.
Setting y = (cos §sin @) ~'u, the matrix representations of P, Q, R with respect
to the orthogonal decomposition H = span {z} @ span {y} @ {z,y}* are

1 0 0 0 0 O
P = 0 D2 v* ) Q = 0 q2 w* )
0 v P 0 w Q2
and
cos? 0 cosfsind O
R = | cosfsinf ro z* 0,
0 z Rg

for some po, g2, 72 € [0,1], v,w, z € {x,y}*, and some Py, Q2, Ry € B({z,y}).
It follows from R2? = R that

cos® @sin 6 + o cos 0sin @ = cos @ sin 6.
Therefore, 7o = sin? @, and then applying R? = R once more, we conclude that

z=0.
The inequality

IR — Q| < cosb
implies that
cos?f  cosfsinf
< .
H[cos@sin@ sin? 0 — ¢ < cosd

Denoting
[ cos?0 cos 0 sin 0
~ | cosfsing sin®6 — ¢

we have tr A =1 — g2 > 0 and det A = —go cos? §. Because ||A]| < 1 we have
q2 # 0, and consequently, det A < 0 which further yields that A has one positive
and one negative eigenvalue. Since the trace of A is nonnegative, the norm of
A equals the positive eigenvalue. The characteristic polynomial of A is of the
form p(X) = X2 — (tr A)X + det A, and hence

2| A =tr A+ /(tr A)2 —ddet A =1 — g + /(1 — q2)% + 4g3 cos2 6.

It is straightforward to check that the derivative of the real function f defined
on the unit interval [0, 1] by

f@)=1—t+ /(1 —t)2+4tcos2 6

is negative, and thus the minimal value of the function f on the unit interval
is f(1) = 2cos@. Since 2||A|| < 2cosd we conclude that g = 1. Then Q < I
immediately yields that w = 0.

In the same way we verify that po = 0 and v = 0. O



For any projection P € P (H) and any positive real number ¢ we denote
PS¢ ={R¢€ P(H): |R— P| <c}.

Let P,Q € P (H). Set H; = Im PNKer@ and Hy = Ker PN Im Q. Note
that one or both of these two subspaces might be trivial. Obviously, they are
orthogonal and both invariant for both P and ). Hence, with respect to the
orthogonal direct sum decomposition H = Hy & Hs ® H3 the projections P and
@ have the matrix representations

I 0 0 0 0 O
P=]0 0 0| and Q=1|0 I 0|,
00P1 OOQl

where P; and @ are projections on H3 with the property that Im P, NKer Q1 =
{0} and Ker P, NIm @, = {0}.

Lemma 2.4. Let P and Q be as above and 0 € (0,5). Let R € Po(H) and
assume that '
Re PgsmO n Qgcosﬁ.

Then there exists a unitary operator U: Hy — Hs and a projection R; on Hj
such that
(cos?0)  (sinfcosO)U* 0
R = | (sinfcosf)U (sin? 0)T 0
0 0 Ry

In particular, if dim H, # dim Ha, then the set P50 0 Q=080 s empty.

Proof. Take any unit vector x € H;. By Lemma 2.3 we have Rz = (cos? )z +w,
where v is some vector in Hs with norm cosfsinf. Hence, the restriction of
R — (cos?6)I to H; maps H; into Hy. This restriction is a linear isometry
multiplied by cosfsinf. It follows that R must be of the form

(cos? 0)I * %
R=|(sinfcos®)U * x|,
0 *

where U is an isometric embedding of H; into Hs. In exactly the same way we

see that
* (sinfcosf)V =«

R=|x (sin® 0)1
* 0
with V' being an isometric embedding of Hs into H;. It follows that H; and H,
are of the same dimension. Since R is self-adjoint, we have necessarily V = U*.
In particular, U is surjective. It follows that R is of the desired form. O

Lemma 2.5. Let P,Q, R € P, (H) with P and Q orthogonal and

IR=Pl=[R-Ql=

Sl



Then there exists exvactly one mapping v: [0, 5] — Poo (H) such that

70)=P, ~ (g) =Q, and v (%) =R,

and
[7(61) = 7(02) || = sin |61 — 6, (5)
for all 01,0, € [0, T].
Moreover, the exact same statement holds if I — P and I — @ are orthogonal.

Proof. Since P and @ are orthogonal we have an orthogonal direct sum decom-
position H = Hy @ Hy ® Hs (with Hs possibly a zero subspace) such that the
corresponding matrix representations are

P:

S O M~
o O O
o O O

0
and Q= |0
0

O N O
o O O

We need to prove the existence and the uniqueness of v with the above proper-
ties. By (5), we will have

7(9) € Pgsinﬁ N Qgcose (6)

for all § € [0, 5] and thus, by Lemma 2.4, we will further have

0
v(0) = 0
T

O % ¥
S ¥ *

for some projection T on Hs. But T has to be zero. Indeed, if T' was nonzero
we would have ||y(8) — P|| = 1 = ||7(0) — Q||. Hence, all projections (6) will
have nonzero entries only in the upper-left 2 x 2 corner. In other words, there
is no loss of generality in assuming that H3 = 0, and then

I 0 0 0
P—[O 0} and Q_[O I]'
Also, since Hy and Hs are of the same dimension, they can be identified, and

thus, H can be considered as the orthogonal direct sum of two copies of Hj.
Using Lemma 2.4 once more we see that R must be of the form

iy 1y
U 51

for some unitary operator U on Hy. Replacing P, @), and R by WPW* WQW™*,
and WRW™, where W is the unitary operator given by

I o
v-[o o]

10



we may assume that

ir i

1 1
r=1; 1]
24 2

It is an elementary linear algebra exercise to show that the map ~+:[0, ] —
P, (H) defined by

10 = b s 0<[3]

satisfies (5). Thus, the proof will be completed if we show that for any 6 € (0, 7)
the projection «(f) above is the unique projection satisfying (5) with 6; = 6
and 03 =0, 7, 5.

So, choose 6 € (0, 7) and assume that S € P, (H) is a projection such that

= Pgsine N QSCOSQ
and ||S — R|| = sin |§ — 6]. Then, by Lemma 2.4 we have

_ (cos? )1 (cosOsin)V*
"~ | (cos@sing)V (sin? 0)1

for some unitary operator V. We will complete the proof by showing that
|S — R|| = sin|§ — 0] implies that V = I.
Observe that

1 1 1 1
—ﬁf ﬁf ﬁj Woll 0 0
and
1 1 1 17
Al [ :[* 1 : ]
—%I %I %I %I_ % 5[I —cosfsinf(V 4+ V*)| |’

and therefore, by Proposition 2.2 we have

| _ [T o] * *
Sm‘40‘”SR”H[O O_L é[ICOSHSiHQ(V+V*)]:|H

1
> \li—cosesinﬁzsin‘g—e‘.

Since all inequalities are actually equalities, we have V = I, as desired.
For the case when I — P and I — Q) are orthogonal we only have to observe
that P — I — P is a bijective isometry of Py (H). O

1 1
> \/HQI_ §cos931n9(V+V*)

11



Lemma 2.6. Let L be a Hilbert space (finite or infinite-dimensional) having
the orthogonal direct sum decomposition L = K & K and assume that P,Q €
Paim i (L) have the corresponding matriz representations

I o c Sc
P‘[o 0} and Q_[sc 52]

with S, C' self-adjoint injective operators satisfying 0 < S,C < I and S? +C? =
I. Denote ||S|| = sinv, 0 <o < T. We define a map «:[0, 5] — B(L) by

0) = cos? (2—: arcsin S) cos (27:) arcsin S) sin (% arcsin S)
e\ = cos (2779 arcsin S) sin (2?9 arcsin S) sin? (2—7;0 arcsin S)

for 6 e [0, g] Then
04(9) S PdimK(L)

for every 0 € [0, 3],
T
OL(O):P7 O‘<§):Qa
and 50, _ g
Jaf6) - a(6n)] =sin (22 =221y)
for all pairs 01,05 € [0, .

Proof. The verification of a(0) = P and « (g) = (@ is straightforward, since
arcsin S = arccos C. It is also clear that () is a projection for all 6 € [0, T].
If I' C P(H) is a curve in the set of all projections then all projections on this
curve have the same rank and the same corank. Consequently, a(0) € Paim i (L)
for all § € [0, T].

We set

Cy = cos (29 arcsin S) , Sp=-sin <29 arcsin S) ,
T ™

and

So  Cy

Clearly, each Uy is a unitary operator. Observe that

Uy = {09 _59} .

I 0

() = Uy [0 0} U = Upa(0)U;.

Moreover, for every pair 61,02 satisfying 0 < 61 < 6 < § we have

s Us — | €01C0: + 50156: Sp, Co, — Co, Sp,
6202 091 592 - 591 092 091 092 + 501 S92

— |:C9291 _592*91

=Up, ¢,
592*91 0&92*91 :| 2

12



Therefore,

I 0 " I 0 *
U91 |:0 0:| U917U92 |:O 0:| U92

I 0 . I 0 * *
Al 8wt 3 esn

I o I 0],.
g IR

Consequently, by Proposition 2.2 we have

a2 ] | i (22290,

la(81) — a(62)]] = \

= [la(0) — a(f2 — 61)]-

llee(6r) — a(02)[| =

™

as desired. O

Lemma 2.7. Assume that P,Q € P (H) have matriz representations

I 00 0 000 0
000 0 01 0 0
P=1lg o1 0| ™ Q@=|g g 1 0
000 0 000 0

with respect to the orthogonal direct sum decomposition H = H1 ® Ho® Hs® H,
and assume that dim H; = dim Hy # 0, dim Hz # 0 and dim Hy # 0.
Then there exists R € Poo(H) such that

1
IR— Pl =|R-Ql=

S

2

and there exist more than just one mapping 7: [0, 5] — Poo(H) with the proper-
ties
™ T
7(0) = P, 7(5)76;), and 'y(z>fR,
and
[7(61) — v(62)| = sin |61 — 6]
for all 6,,0; € [0, 3.

Proof. Since dim H; = dim Hs we can identify these two subspaces. Because
of dim H3 # 0 and dim H4 # 0 we can decompose both H3 and H, into direct
sums of a one-dimensional subspace and its orthogonal complement and then
the corresponding matrix representations of P and @ are

7100000 00000 0
000000 071 000 0
001000 00100 0

P=1g 00000 ™ @=]0g000 0 0
00001 0 0000 T 0
000000 00000 0

13



with the third and the fourth subspace in the corresponding orthogonal direct
sum decomposition of H being one-dimensional.

Choosing 17 00 0 0
%I %I 0 0 0O

0 0 1 0 00O

k= 0O 0 0 0 00O

0O 0 0 0 I O

0 0 0 0 0 O

we immediately see that for every Lipschitz function f:[0,%] — [0, ] with
Lipschitz constant 1 satisfying f(0) = f(%) = f(5) = 0 the mapping v:[0, 5] —
P, (H) given by
Y(0) =
(cos?2 ) (cos@sinf)I 0 0 00
(cos@sin®)I  (sin?6)I 0 0 0 0
_ 0 0 cos? f() cos f(B)sin f() 0 0
o 0 0 cos f(0) sin f(6) sin® £(0) 0 0
0 0 0 0 I 0
0 0 0 0 00
has the desired properties. O

Lemma 2.8. Assume that P,Q € P, (H) have matrix representations

I 00000 0000 0 0
000000 07 00 0 0
0071 00 0 0071 0 0 0
P=log 00000l ™ Q=g 000 0 o]
0000T 0 0000 C® SC
000000 0000 SC S2

with respect to the orthogonal direct sum decomposition H = L& L& H1 & Hy B

K @ K (note that the first two and the last two summands are equal). Assume

further that L, K # {0} (while any of H1 and Hy might be a zero subspace and

then, of course, some columns and rows in the above matrixz representations of

P and Q are absent) and that S,C: K — K are self-adjoint injective operators

satisfying 0 < S,C < I and S? + C? = I. Suppose finally that || S| = sin < 1.
Then there exists R € Poo(H) such that

1
IB =Pl =|r-Qll=—7%

and there exist more than just one mapping v: [0, 5] — Pso(H) with the proper-
ties
0=r 2 (5)=0. wi +(%)=n
and
[7(61) — 7(62)|| = sin |61 — o]
for all 6,65 € [0, 3.
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Proof. We set
Cy = cos <29 arcsin S) and Sy = sin <29 arcsin S) , B¢e |0, f] .
™ s 2

Obviously, there are infinitely many Lipschitz functions f:[0, 5] — [0

Lipschitz constant 5 satisfying f(0) =0, f(7) = 7 and f(3) = 5. Choose
%1 %1 00 0 0
51 51 0 0 0 0
0 0 I 0 0 0
E=10 0 00 o 0
0 0 00 C’z% CzSx
0 0 00 Cz85: 52
4
and the mapping v: [0, 7] — Px(H) given by
(cos?0)I  (cosfsin®)I 0 0 0 0
(cos@sin@)I  (sin®0)I 0 0 0 0
0 0 I 0 0 0
() = 0 0 0 0 0 0
0 0 0 0 C?(a) Cr9)Ss0)
2
0 0 0 0 CreSre Sf(a)
A straightforward application of Lemma 2.6 completes the proof. O

Lemma 2.9. Assume that P,Q € Ps(H) have matriz representations

I 00000 0000 0 0
00000 0 071 00 0 0
0071 00 0 0071 0 0 0

P=1o000000| ™ 9=lg000 0 o]
0000 I 0 0000 C SC
00000 0 0000 SC 82

with respect to the orthogonal direct sum decomposition H = LB L& H1 & Hy B
K ® K. Assume further that K # {0} and that S,C: K — K are self-adjoint
injective operators satisfying 0 < S,C < I and S? + C? = I. Suppose finally
that ||S|| = 1.

Then there exists R € Poo(H) such that

1
17 =Pl =|r-Qll=—7%

and there exist more than just one mapping 7: [0, 5] = Pso(H) with the proper-
ties . -
W) =P, 7(5)=@ ed y(])=R

and
[7(601) — v(62)]| = sin |01 — O2]
for all 6,65 € [0, 3.
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Proof. Note that ||S|| = 1, S? + C? = I, and the injectivity of both S and C
impy that K is infinite-dimensional. By the spectral theorem the bottom-right

corners of P and Q:
I 0 and c? Cs
0 0 cs §?

can be rewritten as

1000 c2 S 0 0

000 0 L las s o 0

o071 of ™ 0 0 C2 (38,

000 0 0 0 (98 82
with [|S1]] = 1 and 0 < ||Sz|| < 1. One can now use the same ideas as before to
complete the proof. O

For P,Q € P (H) we write P ~ Q ifand only if P L Q or (I—P) L (I-Q),
and P4Q if and only if P L Q and P+ Q € P (H), that is, we have P#Q if and
only if P and @ are orthogonal and the kernel of P + @ is infinite-dimensional,
or in other words, P + ) have up to a unitary similarity matrix representations

0

0
0| and Q=10
0 0

O N O
o O O

where the three direct summands in the corresponding orthogonal direct sum
decomposition of H are all infinite-dimensional. Note that above we could define
P4Q if and only if P4+ Q € P (H), since P+ Q € P (H) yields P L Q.

Lemma 2.10. Let P,Q € Py (H). Then there exist j € {1,2,3} and a sequence
P =Py, P,...,P; =Q such that P, € Po(H), k=0,1,...,7, and P,_1 L Py,
k=1,....5.

Proof. By the two projections theorem we have up to a unitary similarity matrix
representations

I 00000 0000 0 0
000000 07 00 0 0
00171 000 00171 0 0 0
P=lg 00000l ™ @=]g000 0 o]
00 00T 0 0000 C SC
000000 0000 SC 2

where the underlying orthogonal decomposition of H is H = Hy & Hy & H3 &
Hy & K@ K and 5,C: K — K are self-adjoint injective operators satisfying
0<S,C<Iand S2+C?=1.

In the case when K is infinite-dimensional the bottom-right corners of P

and Q:
I 0 c* CS
[0 0} and [C’S 52] € B(K®K)
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can be rewritten as

I 000 2GS, 00
0000 as S2 00
00 1 of ™ 0 0 2 G| EBEE)
0000 0 0 S 82

where all the underlying direct summands are infinite-dimensional, and then the
projections Py = P, P; = @, P; whose matrix representation has bottom-right
corner equal to

0 0 00
0 I 00
000 0 € B(K® K)
0 000

and zeros elsewhere, and P, whose bottom-right corner equals

00 0 0
00 0 0
00 2 _Cys,| EBESK)
0 0 —CS, (2

while all other entries are zero, do the job.

In the case when H, is infinite-dimensional we simply choose Py = P, P, =
@, and P; is a projection whose image is Hy to complete the proof.

It remains to consider the case when both K and H, are finite-dimensional.
Then both H; and Hs must be infinite-dimensional. This case is easy and is
left to the reader. O

Corollary 2.11. Let P,Q € P (H). Then there exist j € {1,2,3} and a
sequence P = Py, P1,...,P; = Q such that P, € Po(H), k =0,1,...,7, and
Pk—lﬁPk; kzlaa]

Proof. By the previous lemma we can find a sequence P = Qp,@Q1,...,Q; = Q
such that Q € Poo(H), k=0,1,...,7, and Qg—1 L Qx, k =1,...,5. There is
no loss of generality in assuming that j > 1. Indeed, in the case when j = 1 we
have P L @ and we can choose the sequence Q¢ = P, Q1 = @, Q2 = P, and
Q3 = Q. Thus, we may assume that j € {2, 3} and all we need to do is to replace
Q1,...,Q;-1 by projections P, ..., P;_; satisfying P, < Qi, k=1,...,5 — 1,
and the image of Qf — P is infinite-dimensional. ]

In the next few lemmas we will always assume that ¢: Poo(H) — Py (H) is
a bijective map preserving the relation ~ in both directions, that is,

Pr~@Q = ¢(P)~¢(Q), P,Qe Po(H).

Lemma 2.12. Let P; € P(H), j = 1,2,3, and assume that Pyi{P,, whenever
k # m. Then either ¢(Px)id(Py,) whenever k # m, or (I — ¢(Py)){(I — ¢(Pr))
whenever k # m.

17



Proof. Of course, we only need to verify that either ¢(Py) L ¢(F,,) whenever
k#m,or (I —¢(Py)) L (I—¢(Py)) whenever k # m.

For each pair k,m, k # m, we have ¢(Py) L ¢(Pp,) or (I — ¢(Py)) L (I —
¢(Pp,)). It follows that there exists r € {1,2, 3} such that either ¢(P.) L ¢(Pp,)
for both integers m # r, or (I — ¢(P,)) L (I — ¢(P,,)) for both integers m # r.

We will consider only the first possibility and we will assume with no loss of
generality that » = 1. Hence, we have

¢(P1) L ¢(P2) and o(Pr) L ¢(Ps).

Clearly, I — ¢(P») and I — ¢(Ps3) cannot be orthogonal, as their images contain
Im ¢(Py), forcing ¢(P,) and ¢(Ps) to be orthogonal. O

Lemma 2.13. Let P,Q, R € P(H) satisfy PiQ, PtR, and ¢(P)i¢(Q). Then

P(P)io(R).

Proof. With respect to the orthogonal direct sum decomposition H = Im P @
Ker P we have

I 0 0 0 0 O
=i o] eso g mn-li al
with @1, Ry € Po(KerP). According to Lemma 2.10 we can find @ =
To,Th,...,T; = Ry such that T € Poo(KerP), k=0,1,...,7, and Tp_1 L Ty,
k=1,...,7. Set
0 0 )
Sk—|:0 Tk:|7 k=0,1,...,5.
Then SO :Q, Sj ZR, and Sk_ﬂisk, k= 1,...,j, and PﬁSk, ]{JZO,...,j.
Using Lemma 2.12 for the triple P,Q = Sy, S1 we see that ¢(P)f¢p(S1). If
j = 1 we are done. Otherwise we apply Lemma 2.12 once more, this time for the
triple P, S1, Ss to conclude that ¢(P)id(Ss2). If j = 2 we are done. Otherwise
we need one more step to conclude the proof. O

For P € P,,(H) we denote
P*={Q € Px(H): P1Q}.

Lemma 2.14. Assume that there exist P,QQ € Po(H) such that PiQ and
d(P)od(Q). Then for every R € Poo(H) we have

$(RF) = (¢(R))",
that is, ¢ preserves the relation § in both directions.

Proof. If for some R € Py (H) there exists S € R* such that ¢(R)#¢(S), then
Lemma 2.13 yields that ¢(R*) C (¢(R))*. But as ¢! has the same properties
as ¢, we actually have ¢(R*) = (¢(R))*.

It follows that if for some R € P, (H) we have ¢(R*) = (¢(R))¥, then
#(S*) = (¢(9))* for every S € RE.

The lemma is now a straightforward consequence of Corollary 2.11. O
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Corollary 2.15. Let ¢: Poo (H) — Poo(H) be a bijective map such that for every
pair P,Q € Py (H) we have

Pr~Q = ¢(P)~ Q).

Then there exists a unitary or an antiunitary operator (orthogonal operator) U
on H such that either
¢(P)=UPU*

for every P € Py (H); or
o(Py=UI - P)U*
for every P € Py (H).

Proof. We take P,QQ € Po(H) with P§Q. By Lemma 2.12 we have either
d(P)iod(Q), or (I — d(P)(I — ¢(Q)). In the second case we replace the map
¢ by the map P — I — ¢(P). Thus, there is no loss of generality in assuming
that we have the first possibility. But then we already know that for every
S,T € Py, (H) we have

T4S <= ¢(T)19(5). (7)

We will prove that for every S,T € Py (H) we have
T1S < o(T) L ¢((S).

Once we will verify this the conclusion follows from [7, Theorem 1.2] (or from a
result of [5]).

Because the inverse of ¢ has the same properties as ¢, it is enough to check
that for every S, T € P..(H) we have

T 18 = ¢(T) L (S).

Let T, S be any elements of Py (H). Clearly, S < T if and only if for every
M € Py (H) we have
T4M = SHM,

and hence (7) yields that
S<T <= ¢(5) < o(T).

Let T € Poo(H). Then I — T can be characterized as the unique element L
of Py, (H) with the properties:

e for every M € P, (H) we have: M§T = M < L, and
e for every pair M, N € P, (H) we have: M, N < T and M§N imply that

MtL and N{L.
It follows that ¢(I —T) =I—¢(T'). Since T' L S holdsif and only S < IT—-T
we conclude that ¢ preserves orthogonality. O
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3 Proofs of the main results

We start with the proof of our main result.

Proof of Theorem 1.1. Assume that P,Q € P (H) and P ~ Q. We already
know from the proof of Lemma 2.5 that then there exists an R € Py, (H) with

1

[R=P|=[R-Ql=— (8)

S

Note that for such an R we also have

[6(R) = o(P)|| = [[6(R) = ¢(Q)[| =

V2
By Halmos’ two projections theorem, up to a unitary similarity H can be

written as an orthogonal direct sum H = H1 ® Hy @ Hs ® Hy & K ® K such
that the corresponding matrix representations of ¢(P) and ¢(Q) are

(9)

I 00000 0000 0 0
000000 07 00 0 0
0071 000 0071 0 0 0
SP)=1g 0000 0| @ Q=15 0900 0 o/
00 00T 0 0000 C SC
000000 0000 SC 2

where S,C: K — K are self-adjoint injective operators satisfying 0 < S,C < [
and S2 4+ C? =1.

By (9) and Lemma 2.4 we have necessarily dim H; = dim H,. Furthermore,
from ||¢(P) — ¢(Q)|| = 1 and Proposition 2.2 we immediately conclude that
either dim H; = dim Hy # 0, or K # {0} and ||S| = 1.

Next, we prove that the second possibility cannot happen. Let Re P (H)
be arbitrary such that it satisfies

1= 0P = IR - 6(Q)l =

Note that by (9) such an R exists. We set R := ¢~1(R) which clearly satisfies
(8). By Lemma 2.5 there exists exactly one mapping «: [0, 5] — P (H) such
that «(0) = P, a (%) = Q, @(3) = R, and [|a(61) — a(6-)|| = sin |01 — 65|
for all 01,0, € [0, 5]. Since ¢ is a bijective isometry, it is straightforward that
there exists exactly one mapping 7: [0, §] — P (H) such that v(0) = #(P),
7(3) =¢(Q), 7 (5) = R, and ||y(61)—(62) || = sin |61 —b2] for all 61,6, € [0, Z].
Using Lemma 2.9 we see that we cannot have K # {0} and ||S| = 1.

Hence, we have dim H; = dim Hy # 0, furthermore if K # {0}, then ||S] <
1. In a similar way as above, we get from Lemma 2.8 that K actually must be

the zero subspace. Now, using the same argument once more, we conclude from
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Lemma 2.7 that dim Hs = 0 or dim H4y = 0. Thus up to a unitary similarity we
have either

I 00 0 0O
¢(P)=10 0 0 and ¢(Q)=1(0 I 0
0 00 0 00
(note that the last row and the last column may be absent), or
I 00 0 0 0
p(P)=10 0 0 and ¢(Q)=10 I 0
0 0 I 00 I

In other words, P ~ @ implies ¢(P) ~ ¢(Q). Since ¢! has the same properties
as ¢, we obtain that

P~@Q = ¢(P)~¢(Q)
for every pair P,Q € Py (H). We complete the proof using Corollary 2.15. O

Proof of Theorem 1.2. We need to prove that

e either 0 is mapped to 0 and [ is mapped to I, or 0 is mapped to I and I
is mapped to 0,

e for every positive integer n either P,(H) is mapped onto P,(H) and
P"(H) is mapped onto P"(H), or P,(H) is mapped onto P"(H) and
P"(H) is mapped onto P,(H),

e and ¢(Px(H)) = P (H).

Once we will verify that the above is true the proof follows directly from struc-

tural results for bijective isometries of P,(H), n = 1,2,..., Theorem 1.1, and

the obvious fact that ¢: P,(H) — P,(H) is a bijective isometry if and only if

the maps P — I — o(P), P € P,(H), and P — I — (I — P), P € P*(H), are

bijective isometries of P,(H) onto P"(H), and P™(H) onto itself, respectively.
If P,Q € P(H) belong to two different subsets

{0}7{I}aPI(H)7P1(H)7P2(H)7PQ(H)a"'7POO(H)> (10)

then clearly ||P — Q|| = 1. On the other hand, if P and @ belong to the same
subset, then one can easily find a chain of projections P = Py, Py,..., P, = Q
with &k a positive integer such that ||P;_; — Pj|| < 1, j = 1,...,k. Of course,
this is trivial when ||P — Q| < 1 and it follows easily from the two projections
theorem when |P — Q|| = 1.

Hence, each of the subsets from the list (10) is mapped bijectively onto
some subset in the list. In this list we have two singletons and then of course,
each of them is mapped onto itself, or each of them is mapped onto the other
one. It was proved in [4] that if |P — Q|| = 1 for some positive integer n

1

and some P,Q € P,(H), then P<Vi N QS% is either a compact manifold
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homeomorphic to the unitary group U, of all n x n unitary matrices, or a
non-empty non-compact subset of P,(H). As P,(H) is isometric to P"(H) we
immediately conclude that for every pair P,Q € P"(H) with ||P — Q| = 1 the

set P<ViN QS% is either a compact manifold with the same dimension as U,,,
or a non-empty non-compact subset of P,(H). The dimensions of the compact
manifolds U,,, n = 1,2,..., are well-known. For us the exact values are not
important, we only need the obvious fact that the dimension of U, is a strictly
increasing function of n. Finally, Lemma 2.4 tells that for every P € Py, (H) we
1 1

can find Q € Po(H) such that [P — Q|| = 1 and P=VZ N Q"2 is the empty
set.

It follows that for every positive integer n either P,(H) is mapped onto
P, (H) and P™(H) is mapped onto P"(H), or P,(H) is mapped onto P"(H)
and P"(H) is mapped onto P, (H), and ¢(Psx(H)) = Px(H), as desired. O
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