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Abstract

Approximate message passing (AMP) refers to a class of efficient algorithms for statisti-
cal estimation in high-dimensional problems such as compressed sensing and low-rank matrix
estimation. This paper analyzes the performance of AMP in the regime where the problem
dimension is large but finite. For concreteness, we consider the setting of high-dimensional re-
gression, where the goal is to estimate a high-dimensional vector 3y from a noisy measurement
y = APg+w. AMP is a low-complexity, scalable algorithm for this problem. Under suitable as-
sumptions on the measurement matrix A, AMP has the attractive feature that its performance
can be accurately characterized in the large system limit by a simple scalar iteration called state
evolution. Previous proofs of the validity of state evolution have all been asymptotic conver-
gence results. In this paper, we derive a concentration inequality for AMP with i.i.d. Gaussian
measurement matrices with finite size n x N. The result shows that the probability of deviation
from the state evolution prediction falls exponentially in n. This provides theoretical support
for empirical findings that have demonstrated excellent agreement of AMP performance with
state evolution predictions for moderately large dimensions. The concentration inequality also
indicates that the number of AMP iterations ¢ can grow no faster than order 10201% Zn for the
performance to be close to the state evolution predictions with high probability. The analysis
can be extended to obtain similar non-asymptotic results for AMP in other settings such as
low-rank matrix estimation.

1 Introduction

Consider the high-dimensional regression problem, where the goal is to estimate a vector fy € RY
from a noisy measurement y € R given by

y = ABo + w. (1.1)

Here A is a known n x N real-valued measurement matrix, and w € R" is the measurement noise.
The sampling ratio & € (0,00) is denoted by 4.

Approximate Message Passing (AMP) is a class of low-complexity, scalable algorithms to
solve the above problem, under suitable assumptions on A and By. AMP algorithms are derived
as Gaussian or quadratic approximations of loopy belief propagation algorithms (e.g., min-sum,
sum-product) on the dense factor graph corresponding to (|1.1)).

*Department of Statistics, Columbia University. Email: cynthia.rush@columbia.edu.
TDepartment of Engineering, University of Cambridge. Email: ramji.v@eng.cam.ac.uk. This work was presented
in part at the 2016 IEEE International Symposium on Information Theory.


https://core.ac.uk/display/157857942?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Given the observed vector y, AMP generates successive estimates of the unknown vector, denoted
by gt € RN for t =1,2,.... Set 8° = 0, the all-zeros vector. For t = 0,1, ..., AMP computes

t—1 IV
=y - AR+ 214774 67, (1.2)
B = m(A2 1 B, (13)

for an appropriately-chosen sequence of functions {n:}:+>0 : R — R. In and , A* denotes
the transpose of A, n; acts component-wise when applied to a vector, and 7; denotes its (weak)
derivative. Quantities with a negative index are set to zero throughout the paper. For a demon-
stration of how the AMP updates and are derived from a min-sum-like message passing
algorithm, we refer the reader to [1].

For a Gaussian measurement matrix A with entries that are i.i.d. ~ A(0,1/n), it was rigorously
proven [1,|7] that the performance of AMP can be characterized in the large system limit via a
simple scalar iteration called state evolution. This result was extended to the class of matrices with
i.i.d. sub-Gaussian entries in [§]. In particular, these results imply that performance measures such
as the L2-error % H,Bg — ,BtH2 and the L'-error % Hﬂo — ﬂtﬂl converge almost surely to constants
that can be computed via the distribution of fy. (The large system limit is defined as n, N — oo
such that § = ¢, a constant.)

AMP has also been applied to a variety of other high-dimensional estimation problems. Some
examples are low-rank matrix estimation [9H14], decoding of sparse superposition codes [15-17],
matrix factorization |18], and estimation in generalized linear and bilinear models [5}19,20].

Main Contributions: In this paper, we obtain a non-asymptotic result for the performance
of the AMP iteration in 7, when the measurement matrix A has i.i.d. Gaussian entries
~ N(0,1/n). We derive a concentration inequality (Theorem that implies that the probability
of e-deviation between various performance measures (such as % H Bo — BtH2) and their limiting
constant values fall exponentially in n. Our result provides theoretical support for empirical findings
that have demonstrated excellent agreement of AMP performance with state evolution predictions
for moderately large dimensions, e.g., n of the order of several hundreds [2].

In addition to refining earlier asymptotic results, the concentration inequality in Theorem
also clarifies the effect of the iteration number ¢ versus the problem dimension n. One implication
is that the actual AMP performance is close to the state evolution prediction with high probability
as long as t is of order smaller than blgoign. This is particularly relevant for settings where the
number of AMP iterations and the problem dimension are both large, e.g., solving the LASSO via
AMP |6].

We prove the concentration result in Theorem by analyzing the following general recursion:

bt = Afy(h', Bo) — Mege—1 (b1, w),
Rt = A*gt(bt, w) — ﬁtft(hta Bo)-

Here, for t > 0, the vectors b € R™, ht*1 € RY describe the state of the algorithm, f,g; : R — R
are Lipschitz functions that are separable (act component-wise when applied to vectors), and A, &
are scalars that can be computed from the state of the algorithm. The algorithm is initialized with
fo(h® =0, Bp). Further details on the recursion in , including how the AMP in f can
be obtained as a special case, are given in Section

For ease of exposition, our analysis will focus on the recursion and the problem of high-
dimensional regression. However, it can be extended to a number of related problems. A symmetric

(1.4)



version of the above recursion yields AMP algorithms for problems such as solving the TAP equa-
tions in statistical physics [21] and symmetric low-rank matrix estimation [10,12]. This recursion
is defined in terms of a symmetric matrix G € RV*V with entries {G;;}i<; ii.d. ~ N (0, %), and
{Gi} iid. ~ N(0,%) for i € [N]. (In other words, G can be generated as (A + A*)/2, where
A € RV*N has iid. N(0, &) entries.) Then, for t > 0, let

miT = Apy(m') — by pr_1(mih). (1.5)

Here, for t > 0, the state of the algorithm is represented by a single vector m! € RV, the function
p: : R — R is Lipschitz and separable, and b; is a constant computed from the state of the algorithm
(see |1, Sec. IV] for details). The recursion is initialized with a deterministic vector m! € R¥,

Our analysis of the recursion can be easily extended to obtain an analogous non-asymptotic
result for the symmetric recursion in . Therefore, for problems of estimating either symmetric
or rectangular low-rank matrices in Gaussian noise, our analysis can be used to refine existing
asymptotic AMP guarantees (such as those in [9-11]), by providing a concentration result similar
to that in Theorem We also expect that the non-asymptotic analysis can be generalized to
the case where the recursion in generates matrices rather than vectors, i.e, b* € R"*? and
hi+l € RV*4 (where ¢ remains fixed as n, N grow large; see [7] for details). Extending the analysis
to this matrix recursion would yield non-asymptotic guarantees for the generalized AMP [5] and
AMP for compressed sensing with spatially coupled measurement matrices [22].

Since the publication of the conference version of this paper, the analysis described here has
been used in a couple of recent papers: an error exponent for sparse regression codes with AMP
decoding was obtained in 23], and a non-asymptotic result for AMP with non-separable denoisers
was given in [24].

1.1 Assumptions

Before proceeding, we state the assumptions on the model (1.1)) and the functions used to define
the AMP. In what follows, K,k > 0 are generic positive constants whose values are not exactly
specified but do not depend on n. We use the notation [n] to denote the set {1,2,...,n}.

e Measurement Matrix: The entries of measurement matrix A € R™" areii.d. ~ N(0,1/n).
e Signal: The entries of the signal fy € RY are i.i.d. according to a sub-Gaussian distribution

pg. We recall that a zero-mean random variable X is sub-Gaussian if there exist positive
constants K, k such that P(|X — EX| > €) < Ke "<, Ve > 0 [25].

e Measurement Noise: The entries of the measurement noise vector w are i.i.d. according
to some sub-Gaussian distribution p,, with mean 0 and E[w?] = 02 < oo for i € [n]. The
sub-Gaussian assumption implies that, for € € (0, 1),

p<1

n
for some constants K,k > 0 [25].

2
lw]|* - o

> e) < Ke "< (1.6)

e The Functions 7;: The denoising functions, 7, : R — R, in are Lipschitz continuous
for each t > 0, and are therefore weakly differentiable. The weak derivative, denoted by 7},
is assumed to be differentiable, except possibly at a finite number of points, with bounded
derivative everywhere it exists. Allowing 7; to be non-differentiable at a finite number of
points covers denoising functions like soft-thresholding which is used in applications such as
the LASSO [6].



Functions defined with scalar inputs are assumed to act component-wise when applied to vectors.

The remainder of the paper is organized as follows. In Section [2| we review state evolution, the
formalism predicting the performance of AMP, and discuss how knowledge of the signal distribution
pg and the noise distribution p, can help choose good denoising functions {7;}. However, we
emphasize that our result holds for the AMP with any choice of {r,} satisfying the above condition,
even those that do not depend on pg and p,,. In Section we introduce a stopping criterion for
termination of the AMP. In Section |3} we give our main result (Theorem which proves that the
performance of AMP can be characterized accurately via state evolution for large but finite sample
size n. Section {4 gives the proof of Theorem The proof is based on two technical lemmas:
Lemmas [£.3] and The proof of Lemma is long; we therefore give a brief summary of the
main ideas in Section and then the full proof in Section [bl In the appendices, we list a number
of concentration inequalities that are used in the proof of Lemma [£.5] Some of these, such as the
concentration inequality for the sum of pseudo-Lipschitz functions of i.i.d. sub-Gaussian random
variables (Lemma , may be of independent interest.

2 State Evolution and the Choice of 7

In this section, we briefly describe state evolution, the formalism that predicts the behavior of
AMP in the large system limit. We only review the main points followed by a few examples; a
more detailed treatment can be found in [1,/4].

Given pg, let 3 € R ~ pg. Let o = E[8%/§ > 0, where § = n/N. Iteratively define the
quantities {77 };>0 and {07 }i>1 as

2 =0+ o2, o2 = %E [(m_l(ﬂ +112) — ﬂ)ﬂ , (2.1)
where 5 ~ pg and Z ~ N(0,1) are independent random variables.

The AMP update is underpinned by the following key property of the vector A*z! + B
for large n, A*z' + B is approzimately distributed as By + 12, where Z is an i.i.d. N'(0,1) random
vector independent of By. In light of this property, a natural way to generate 5**! from the “effective
observation” A*z! + 3¢ = s is via the conditional expectation:

BH(s) =E[B| B+ 7Z = 5], (2.2)

i.e., i1 is the MMSE estimate of By given the noisy observation g + 7;Z. Thus if pg is known,
the Bayes optimal choice for 7,(s) is the conditional expectation in .

In the definition of the “modified residual” 2%, the third term on the RHS of is crucial to
ensure that the effective observation A*z! + 3% has the above distributional property. For intuition
about the role of this ‘Onsager term’, the reader is referred to [1, Section I-C].

We review two examples to illustrate how full or partial knowledge of pg can guide the choice of
the denoising function 7;. In the first example, suppose we know that each element of 3y is chosen
uniformly at random from the set {+1, —1}. Computing the conditional expectation in with
this pg, we obtain 7;(s) = tanh(s/77) [1]. The constants 77 are determined iteratively from the
state evolution equations ([2.1]).

As a second example, consider the compressed sensing problem, where ¢ < 1, and pg is such
that P(By =0) =1 — . The parameter £ € (0,1) determines the sparsity of 3. For this problem,
the authors in [2,4] suggested the choice 1.(s) = n(s; 6;), where the soft-thresholding function 7 is



defined as
(s—0), ifs>0,
n(s;0)=<¢ 0 it —0<s<9,
(s—0), ifs<—6.

The threshold 6; at step t is set to #; = a7, where « is a tunable constant and 7; is determined
by (2.1), making the threshold value proportional to the standard deviation of the noise in the
effective observation. However, computing 7; using ({2.1) requires knowledge of ps. In the absence

of such knowledge, we can estimate 77 by % Hzt||2: our concentration result (Lemma (e)) shows
that this approximation is increasingly accurate as n grows large. To fix «, one could run the AMP
with several different values of «, and choose the one that gives the smallest value of % Hthz for
large t.

We note that in each of the above examples n; is Lipschitz, and its derivative satisfies the
assumption stated in Section

2.1 Stopping Criterion

To obtain a concentration result that clearly highlights the dependence on the iteration ¢ and the
dimension n, we include a stopping criterion for the AMP algorithm. The intuition is that the
AMP algorithm can be terminated once the expected squared error of the estimates (as predicted
by state evolution equations in ) is either very small or stops improving appreciably.

For Bayes-optimal AMP where the denoising function 7;(-) is the conditional expectation given
in , the stopping criterion is as follows. Terminate the algorithm at the first iteration ¢ > 0 for

which either 5
o

o} <eo, or ——>1-—¢g, (2.3)

Oi—1
where 9 > 0 and &) € (0,1) are pre-specified constants. Recall from (2.1)) that o} is expected
squared error in the estimate. Therefore, for suitably chosen values of ¢¢, (,, the AMP will terminate
when the expected squared error is either small enough, or has not significantly decreased from the

previous iteration.

For the general case where 7,(+) is not the Bayes-optimal choice, the stopping criterion is: ter-

minate the algorithm at the first iteration ¢ > 0 for which at least one of the following is true:
02 <ey, or (o) <eq, or (17)? <es, (2.4)

where €1, 2,63 > 0 are pre-specified constants, and (0;")?, (r;-)? are defined in (£.19). The precise
definitions of the scalars (07-)2, (1i-)? are postponed to Sec. as a few other defintiions are needed
first. For now, it suffices to note that (o;-)?2, (7;+)? are measures of how close o7 and 77 are to o7 ,
and 77, respectively. Indeed, for the Bayes-optimal case, we show in Sec that

2 2
otrmat (1= 55) et (1- ).
-1 Ti—1

Let T > 0 be the first value of ¢ > 0 for which at least one of the conditions is met. Then the
algorithm is run only for 0 <t < T*. It follows that for 0 <t < T,

0-152 > €1, 7-152 > 0-2 + €1, (O-lg_)2 > €9, (TtJ-)2 > €3. (25)

In the rest of the paper, we will use the stopping criterion to implicitly assume that o, 77, (07-)?, (7;-)?
are bounded below by positive constants.



3 Main Result

Our result, Theorem is a concentration inequality for pseudo-Lipschitz (PL) loss functions. As
defined in [1], a function ¢ : R™ — R is pseudo-Lipschitz (of order 2) if there exists a constant
L > 0 such that for all z,y € R™ |¢(x) — ¢(y)| < L(1 + ||z|| + ||ly||) ||z — y|| , where ||-|| denotes the
Euclidean norm.

Theorem 3.1. With the assumptions listed in Section the following holds for any (order-2)
pseudo-Lipschitz function ¢ : R? —+ R, e € (0,1) and 0 <t < T*, where T* is the first iteration for
which the stopping criterion in (2.4]) is satisfied.

4

In the expectation in (3.1), f ~ pg and Z ~ N(0,1) are independent, and ¢ is given by (2.1). The

constants Ky, ke are given by K; = C’Qt(t!)m, Kt = W, where C,c > 0 are universal constants

1 N

5 2 OB Bo) ~E[6 (e (B+Z). )]
i=1

> e> < Kye e, (3.1)

(not depending on t, n, or €) that are not explicitly specified.

The probability in is with respect to the product measure on the space of the measurement
matrix A, signal £y, and the noise w.

Remarks:

1. By considering the pseudo-Lipschitz function ¢(a, b) = (a—b)?, Theorem [3.1| proves that state
evolution tracks the mean square error of the AMP estimates with exponentially small probability
of error in the sample size n. Indeed, for all ¢ > 0,

1
r <‘N HBHI - 50H2 - 5U§+1

> e) < K mne, (3.2)

Similarly, taking ¢(a,b) = |a — b| the theorem implies that the normalized L;-error % Hﬁ”l — BOHI
is concentrated around E |n, (8 + 7 Z) — f|.

2. Asymptotic convergence results of the kind given in [1,/6] are implied by Theorem Indeed,
from Theorem we have for any fixed ¢t > 0:

5P| o A o) — Bl (34 72,81 > €) <0
1=1

Therefore the Borel-Cantelli lemma implies that for any fixed ¢ > 0:

N
1
lim — 1 Bp,) L E Z .
Jim ;m o) = El (m (B +72),5)]

3. Theorem [3.1] also refines the asymptotic convergence result by specifying how large ¢ can be
(compared to the dimension n) for the state evolution predictions to be meaningful. Indeed, if we
require the bound in (3.1]) to go to zero with growing n, we need s;ne? — oo as n — oo. Using the

logn
loglogn /) *

Thus, when the AMP is run for a growing number of iterations, the state evolution predictions are
guaranteed to be valid until iteration ¢ if the problem dimension grows faster than exponentially
in £. Though the constants Ky, x; in the bound have not been optimized, we believe that the

expression for k; from the theorem then yields ¢ = o (



dependence of these constants on t! is inevitable in any induction-based proof of the result. An
open question is whether this relationship between ¢ and n is fundamental, or a different analysis
of the AMP can yield constants which allow ¢ to grow faster with n.

4. As mentioned in the introduction, we expect that non-asymptotic results similar to Theorem
can be obtained for other estimation problems (with Gaussian matrices) for which rigorous
asymptotic results have been proven for AMP. Examples of such problems include low-rank matrix
estimation [9-11], robust high-dimensional M-estimation [26], AMP with spatially coupled matrices
[22], and generalized AMP [7,27].

As our proof technique depends heavily on A being i.i.d. Gaussian, extending Theorem
to AMP with sub-Gaussian matrices [8] and to variants of AMP with structured measurement
matrices (e.g., [28-30]) is non-trivial, and an interesting direction for future work.

4 Proof of Theorem [3.1]

We first lay down the notation that will be used in the proof, then state two technical lemmas
(Lemmas and and use them to prove Theorem

4.1 Notation and Definitions

For consistency and ease of comparison, we use notation similar to [I]. To prove the technical
lemmas, we use the general recursion in , which we write in a slightly different form below.
Given w € R™, By € RY, define the column vectors AL ¢tt! € RN and bf,m! € R™ for t > 0
recursively as follows, starting with initial condition ¢° € RV:

b= Ag' — Aym', m' = g;(b", w),

4.1
h‘t+1 = A*mt - étqta qt = ft(hta BO) ( )
where the scalars & and \; are defined as
1 1 Y
ét = Ezgé(bg’wi)v At 1= Wng(hfvﬁoz) (4'2)
i=1 i=1

In , the derivatives of g; : R? — R and f; : R> — R are with respect to the first argument.
The functions f;, g; are assumed to be Lipschitz continuous for ¢t > 0, hence the weak derivatives
g, and f] exist. Further, g; and f/ are each assumed to be differentiable, except possibly at a finite
number of points, with bounded derivative everywhere it exists.

Let 02 = E [fg((),ﬁ)] > 0 with 8 ~ pg. We let ¢ = fo(0, 8p) and assume that there exist
constants K, k > 0 such that

l o2 _ 2
P (|51 - o3

> e) < Kerne’, (4.3)
Define the state evolution scalars {72};>0 and {o?};>1 for the general recursion as follows.

7 =E [l Z W], ot = 5B [(hnaZ 0] (14)

where 5 ~ pg, W ~ py, and Z ~ N (0, 1) are independent random variables. We assume that both
02 and 73 are strictly positive.



The AMP algorithm is a special case of the general recursion in (4.1) and (4.2). Indeed, the
AMP can be recovered by defining the following vectors recursively for ¢ > 0, starting with 8% = 0
and 20 = y.

ht+1 = 50 - (A*Zt + ﬁt)v qt = Bt - ﬁ07

b =w— 2! mt = —2". (4.5)
It can be verified that these vectors satisfy (4.1)) and (4.2]) with
fi(a, Bo) = m—1(Bo —a) — fo, and  gila,w) =a—w. (4.6)

Using this choice of f;,g; in (4.4) yields the expressions for o2, 77 given in (2.1). Using (4.6) in
(4.2), we also see that for AMP,

1 N
R N A (47)

Recall that By € RY is the vector we would like to recover and w € R" is the measurement
noise. The vector h*! is the noise in the effective observation A*z! + B¢, while ¢! is the error in
the estimate $°. The proof will show that A’ and m' are approximately i.i.d. N'(0,72), while ¢’ is

approximately i.i.d. with zero mean and variance Uf.

For the analysis, we work with the general recursion given by (4.1) and (4.2)). Notice from (4.1))
that for all ¢,

b+ am' Tt = Ad', W 4Gt = APt (4.8)
Thus we have the matrix equations X; = A*M; and Y; = AQ:, where
Xpo='+ & | RP+&a' || M+ &1dY, Q=" ... | ¢, (49)
V= [0 |0t 4+ Am® | 6 e N mTR), My = [m | mtT. '
The notation [c1 | ¢2 | ... | ¢x] is used to denote a matrix with columns cy,...,c;. Note that My

and @ are the all-zero vector. Additionally define the matrices

Hy:=[h']..|AY],  E;:=diag(&,...,&-1),
By =[O, (0", As:=diag(No,..., A1),
Note that By, Hp, Ag, and =y are all-zero vectors. Using the above we see that Y; = B, +[0|M;—1]A;
and Xy = H; + Q=4
We use the notation mt| and qﬁ to denote the projection of m! and ¢' onto the column space of
M; and @y, respectively. Let

(4.10)

o= (ad, ... al ), vl= ()" (4.11)
be the coefficient vectors of these projections, i.e.,
t—1 t—1
mﬁ = Zaﬁmi, qﬁ = nyqi. (4.12)
i=0 i=0

The projections of m! and ¢’ onto the orthogonal complements of M; and Q;, respectively, are
denoted by
mb =m! - mﬁ, ¢ =q" — qﬁ. (4.13)

Lemma shows that for large n, the entries of o’ and 4! are concentrated around constants. We
now specify these constants and provide some intuition about their values in the special case where
the denoising function in the AMP recursion is the Bayes-optimal choice, as in (2.2)).



4.2 Concentrating Values

Let {Zt}tZO and {Zt}tzo each be sequences of of zero-mean jointly Gaussian random variables whose
covariance is defined recursively as follows. For r,¢ > 0,

~ v

= 5 Er > 7 Er
E[Z,Z) = —X,  E[Z,Z)] = =2, (4.14)
0,0t TrTt
where
. E[f,(Tr—1Zp—_1, T, y y y
B, - [fr(Tr—1Zr-1, B) fi(Tt-1Z1-1, B)] By o= Elgy (0020, W)ge (0022, W], (4.15)

b 5 ?
where W ~ py, and Z ~ N(0,1) are independent random variables. In the above, we take

fo(,B) = fo(0, B), the initial condition. Note that Eyy = o7 and Ey¢ = 7, thus E[Z7] = E[Z}] = 1.
Define matrices C?, C* € R**! for ¢t > 1 such that

éf+1,j+1 = E;j, and éf+1,j+1 =Ej, 0<ij<t-1 (4.16)

With these definitions, the concentrating values for 4* and ot (if C* and C* are invertible) are

v

Ati=(CHT'E, and & = (CHTIE, (4.17)

Et = (E()t e ;Et—l,t)*7 and Et = (EO,t NN 7Et—1,t)*- (418)

Let (07)? := 02 and (73°)? := 72, and for ¢t > 0 define
) (4.19)

Finally, we define the concentrating values for \; and & as

A\ = %E[ fl(r-1Zi-1,B)], and & = E[g}(01Z, W)]. (4.20)

Since {f;}t>0 and {g¢ }+>0 are assumed to be Lipschitz continuous, the derivatives {f;} and {g;} are
bounded for ¢ > 0. Therefore \;, & defined in (4.2)) and A, & defined in (4.20)) are also bounded.
For the AMP recursion, it follows from (4.6)) that

. 1 - .
)\t = —EE[ng_l(ﬁ - Tt,th,l)], and gt =1. (421)
Lemma 4.1. If (o) and (15)? are bounded below by some positive constants (say é and ¢,

respectively) for 1 < k < t, then the matrices C* and C* defined in (4.16) are invertible for
1<k<t.

Proof. We prove the result using induction. Note that C! = 08 and C! = Tg are both strictly
positive by assumption and hence invertible. Assume that for some k <, C* and C* are invertible.
The matrix C**! can be written as

~ My M
k1 _ |V 2
o= )

9



where My = C* € RFF My = Ejj, = 07, and My = M} = B € RF*! defined in (£18). By the
block inversion formula, C**! is invertible if M, anfi the Schur complement My — M3|\/|1_1l\/|2 are
both invertible. By the induction hypothesis M; = C* is invertible, and

My — M3M1_1M2 = Ek,k - EZ(CN'k)ilEN'k = (O'é')2 >c¢> 0. (4.22)
Hence C**! is invertible. Showing that C**1 is invertible is very similar. O
We note that the stopping criterion ensures that Ct and C? are invertible for all ¢ that are
relevant to Theorem [3.1]
4.3 Bayes-optimal AMP

The concentrating constants in (4.14)—(4.19) have simple representations in the special case where
the denoising function 7;(-) is chosen to be Bayes-optimal, i.e., the conditional expectation of (
given the noisy observation 8 + 7:Z, as in (2.2)). In this case:

1. It can be shown that E~’r7t in ([4.15) equals 07 for 0 < r < t. This is done in two steps.
First verify that the following Markov property holds for the jointly Gaussian Z,., Z; with

covariance given by (4.14]):
EB | B+7Zt, B+7Z) =EB|B+nZ), 0<r<t.

We then use the above in the definition of E‘r,t (with f; given by (4.6)), and apply the
orthogonality principle to show that E,; = o2 for r < t.

2. Using E,; = o7 in (#.14) and (#.15), we obtain Er,t =02+ o0 =17
3. From the orthogonality principle, it also follows that for 0 < r <,
E [Hﬁtﬂ‘ﬂ —E[*8"], and E [Hﬁrﬂ‘ﬂ —E[(g 8],

where 81 = E[3 | B+ 7 Zy).

4. With Er,t = 0? and E'r,t = 72 for r < t, the quantities in (4.17)—(4.19) simplify to the following
for t > O:

2>
~+
|
=)
=
Q
=+ Do
~
3
| no
—
joN
<+
I
=)
=
<k
~
b
i

o=t (1- 50 ). = (1- ), (1.23)

Ti—1
where 4!, &' € R%.

For the AMP, m! = —z? is the modified residual in iteration t, and ¢ = B* — 3 is the error
in the estimate 3. Also recall that ' and o are the coefficients of the projection of m! and ¢
onto {mY, ..., m!~!} and {¢°,...,q'"'}, respectively. The fact that only the last entry of 4° is
non-zero in the Bayes-optimal case indicates that residual z! can be well approximated as a linear
combination of 2~! and a vector that is independent of {2%,...,2!71}; a similar interpretation
holds for the error ¢* = 8¢ — 3.
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4.4 Conditional Distribution Lemma

We next characterize the conditional distribution of the vectors h!*! and b' given the matrices in
(4.9) as well as By, w. Lemmas and show that the conditional distributions of h!*! and
b' can each be expressed in terms of a standard normal vector and a deviation vector. Lemma
shows that the norms of the deviation vectors are small with high probability, and provides
concentration inequalities for various inner products and functions involving {hf*1 ¢, b, m?}.

We use the following notation in the lemmas. Given two random vectors X,Y and a sigma-

algebra .7, X| & 2 ¥ denotes that the conditional distribution of X given . equals the distribution
of Y. The t x t identity matrix is denoted by l;. We suppress the subscript on the matrix if the
dimensions are clear from context. For a matrix A with full column rank, P[|4 = A(A*A)~lAx

denotes the orthogonal projection matrix onto the column space of A, and Pj =1— P‘IL. If A does
not have full column rank, (4*A)~! is interpreted as the pesudoinverse.
Define .#}, 1, to be the sigma-algebra generated by

0 t1—1 .0 t1—1 31 ta 0 ¢
b, .., mY . om T kY, L R g, ..., g2, and By, w.

A key ingredient in the proof is the distribution of A conditioned on the sigma algebra ., ; where
t1 is either ¢t + 1 or ¢ from which we are able to specify the conditional distributions of b¢ and
Rl given %, and %414, respectively. Observing that conditioning on %, ; is equivalent to
conditioning on the linear constraintsﬂ

AQy =Yy, A™M,; = Xy,
the following lemma from [1] specifies the conditional distribution of Alg, ,.

Lemma 4.2. [1, Lemma 10, Lemma 12] The conditional distributions of the vectors in (4.8))
satisfy the following, provided n >t and My, Q¢ have full column rank.

* d * — * * — * A *
A mt‘%ﬂ,t = X¢ (M My) 1Mt mﬁ + Qu+1(Qi1Qe+1) 1Yt+1mi + PétHA thv
d - * * - 1
Az, = Yi(QF Q) ' Qi gl + My(M; M) ' X{ g + Pag, Adl,
. ~ ~d S
where mﬁ,mi,qﬁ,qi are defined in (4.12) and (4.13)). Here A, A = A are random matrices inde-
pendent of Siy1 and Sy

Lemma 4.3 (Conditional Distribution Lemma). For the vectors h'™! and b' defined in ([4.1), the
following hold for t > 1, provided n >t and My, Q¢ have full column rank.

t—1
d d N
hl‘ylyoz T()Z() + AL(), and ht+1|54+1!t: Z Ozihwrl + TtJ'Zt + At+1,t7 (4‘24)
r=0
p p t—1
0| s0= 002y + Doo, and by = Z AT+ 0 Z] 4 Ay (4.25)
r=0

where Zy, Zy € RN and Z{, Z{ € R™ are i.i.d. standard Gaussian random vectors that are inde-
pendent of the corresponding conditioning sigma algebras. The terms 4! and &! fori € [t — 1] are

While conditioning on the linear constraints, we emphasize that only A is treated as random.
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defined in [A17) and the terms (177-)% and (07-)? in (&19). The deviation terms are

Aoy = Il oo | Z4 (4.26)
) \/ﬁ 0>

Zot (ugf)“ <<60>;m0 _gquZHQ) e

and fort >0
S [ [ Nl o Z
Agy = Tz:;(% )b NI ln — NG P,

M*M, -1 H* t M. * -1

() (5]
ST [0 — [l
AVIRIE z_:o(ozT —ab)prtt 4 NG -1 | In— T PQt+1 Zy
% -1 B* t Q* — .

+ Qs (Qt+1th+1> < t+TllmL _ :rl lgtqt _ z;&aﬁqz]> . (4.29)

Proof. We begin by demonstrating (4.25). By (4.1)) it follows that

) 0= Ad® 2 (||°]| /v/m) Zs,

where Z), € R" is an i.i.d. standard Gaussian random vector, independent of .% .
Define Q; := Q; Q¢ and M; := M M;. For the case ¢t > 1, we use Lemma to write

d _ _ < _
V.= (Ad" — Mm' V)| 5, = YiQ, ' Qi qf + MM, ' X{ ¢ + Py, Al — xym™™!
= BiQ; 'Qfqf + [0|M—1]A Q' Qi + MMy HY g + Py, Agl — Ay’
The last equality above is obtained using Y; = By + [0|M;— 1]At, and X; = H; + Z:Q¢. Noticing

t
that B,Q;'Qiqf = Y20 7ib and P, Agy = (1— P, )Agt £ (1 - P']'wt)%zg where Z/ € R" is

an i.i.d. standard Gaussian random vector, it follows that
d q 1 1 ey _
b, = (1 P” gl lH Zl+ nytbl [0[M;1]AQ; ' Q7 gl + MM Hygh — \em~'. (4.30)

All the quantities in the RHS of (4.30]) except Z; are in the conditioning sigma-field. We can rewrite
(4.30) with the following pair of values:

t—1
d ~
bt|5ﬂt,tzz +O't Zt‘l‘Att,

S | lat |
Dup =Y (k=AY + (”ql —al>|_ el |

+ [0 M)A Qy ' Qi af + MMy Hygl — Ay

12



The above definition of A;; equals that given in (4.28]) since

t—2
[OlMt—l]AtQt_leqﬁ + MM, M (Atmt_l - Z )\z‘+1’Yf+1mi> — Aym!~?

i=0
=2 t—2
= )‘j+1’7§+1mj + )\tmtil — Z )\Z-_~_1’yf+17nZ — )\tmtfl =0.
J=0 i=0
This completes the proof of (4.25)). Result (4.24]) can be shown similarly. 0

The conditional distribution representation in Lemma implies that for each ¢ > 0, A!*! is
the sum of an i.i.d. A'(0,72) random vector plus a deviation term. Similarly b’ is the sum of an
i.i.d. M(0,0?) random vector and a deviation term. This is made precise in the following lemma.

Lemma 4.4. Fort >0, let Z, € R", Z; € RN be independent standard normal random vectors.
Let V2 o = 002}, hi e = 1020, and recursively define for t > 1:

pure pure

pure Z pure + Oy Zt7 hi)trle Z &f“h;j;rle + Ty Zt' (431)

Then fort > 0, the following statements hold.

1. For j € [N] and k € [n],

d s . i, -
(bgurej .. ,b;ure]) = (00Z0,...,01%), and (hll)urek, cel h;t}ek) = (1020, ..., Te2),
(4.32)

where {Zt}tzo and {Zt}tZO are the jointly Gaussian random variables defined in Sec. .

2. Fort >0,

b re ZZ’ Al e ZZ mitdt, (4.33)

where the constants {ct}o<i<i and {d'}o<i<i are recursively defined as follows, starting with
c=1andd}=1. Fort>0,

cd=1, —Zc AL for0<i < (t—1), (4.34)
t—1

di=1, di=> djal, for0<i<(t—1). (4.35)
r=i

3. The conditional distributions in Lemma[{.3 can be expressed as

t t
bt‘ St ti bf)ure Z Cf" A"“ﬂ“? ht+1 ’ Fet1, ti h’fatge + Z dfﬂ AT—FLT' (436)
r=0
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Proof. We prove (4.32)) by induction. We prove the bpure result; the proof for hfmre is very similar.
The base case of t = 0 holds by the deﬁmtlon of bpure Assume towards induction that (| - ) holds
for (bgure, .., b5L). Then using blure has the same distribution as ZT O’YTO'TZ + 0 Z
where Z € R" is a Standard Gau881an random vector independent of Zo, cees Zi_1. We now show
that > '_ %)’3/;20'7«2 +o0}Z L 57, by demongtrz}tmg that: (i) var(3lC %)'Ayf,orZ + U#Z) = o?; and
(i) Elop Zr(302 %)"%EJTZ + 0iZ)) = 0,0tE[ZkZy) = Eyy, for 0 < k < (t — 1). The variance is

t—1 t—1 t—1
o 2 -
E(Z’%UTZT + O'#Z) =" Ak Ery + (0f)? = of,
r=0 r=0 k=0

where the last equality follows from rewriting the double sum as follows using the definitions in

Section .1t

Y AikErr = ()0 = [Ef (C)TICH(CY T E] = Ef (C) "By = Ere — (07)%. (4.37)

Next, for any 0 < k <t — 1, we have

t—1 t—1
o N 3 (@) = . () AL (o £
ElonZe( Y Ao Zy + ot 2 )] DS Bdt L 164 € B
r=0 r=0

In the above, step (a) follows from (4.14)); step (b) by recognizing from (4.16) that the required
sum is the inner product of 4 with row (k + 1) of C%; step (c) from the definition of 4* in (4.17]).

This proves

Next we Show the expression for bpu]re in using induction; the proof for hwe is similar.

The base case of ¢ = 0 holds by definition because (71l = o01. Using the induction hypothesis that

([4.33) holds for 89, ...,b5.k, the defintion (£.31]) can be written as

pure Z <Z >+UtZ/*ZZ/ L(Z’Y )+Ut —zt:Zz{Uicha (4.38)
i=0

=0 =0

where the last inequality follows from the definition of ¢! for 0 <14 <t in (4.35)). This proves (4.33).
The expressions for the conditional distribution of b* and h!*! in (4.36]) can be similarly obtained
from (4.25) and (4.24]) using an induction argument. O

4.5 Main Concentration Lemma

For t > 0, let

1 K
Ky=C")", k= K/ =Ct+1)°K, &= Fa +t1)u,

2 (#)22 (4.39)

where C| ¢ > 0 are universal constants (not depending on t, n, or €). To keep the notation compact,
we use K, k, k' to denote generic positive universal constants whose values may change through the
lemma statement and the proof.

Lemma 4.5. The following statements hold for 1 <t <T* and € € (0,1).
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(a)

1 KK,_M
P 180l 2 €) < KERL e {2 (4.40)
1 _
P=||Aul®>e) < KK, jexp { -2 (4.41)
n t4

(b) i) Let X, = c be shorthand for P(|X, —c| > €) < Kt®K,_,exp{—rk,_ne?/t"}. Then for
pseudo-Lipschitz functions ¢p, : R1T2 — R

N
1 . 5 5
=20 (bl h o) 2By (2o, 1020,8) . (4.42)
=1
The random variables Zy, ..., Zy are jointly Gaussian with zero mean and covariance given by

(4.14), and are independent of B ~ pg.

ii) Let ¢y, : R? — R be a bounded function that is differentiable in the first argument except
possibly at a finite number of points, with bounded derivative where it exists. Then,

p ( —I{H;_ITL62}

t4
As above, Z; ~ N'(0,1) and B ~ pg are independent.

iii) Let X, = ¢ be shorthand for P(|X, —c| > €) < Kt*K;_y exp {—rri_1ne*/t"}. Then for
pseudo-Lipschitz functions ¢y : R7T2 — R

N
% > n(hi, Bo,) — Evn(rZe, B) (4.43)
=1

> 6) < Kt?K|_, exp{

1« , y y
=3 on (B bhwr) ZEy <O‘0Z0, oy, W) . (4.44)
i=1
The random variables Zo, ey Z; are jointly Gaussian with zero mean and covariance given by

(4.14), and are independent of W ~ p,,.

iv) Let 1 : R — R be a bounded function that is differentiable in the first argument except
possibly at a finite number of points, with bounded derivative where it exists. Then,

e zn:q,z; (b8, w;) — Ey(0 20, W)| > €| < K£2K, ;e e (4.45)
— . i) — s = S _ X . .
n pat b\Y;, b\OtLt € t—1 p t4
As above, Zy ~ N(0,1) and W ~ py, are independent.
(c)
ht+1 * .0 htJrl *
( )"q =, ( )" Bo =0, (4.46)
n n
bt *
B)w -y (4.47)
n
(d) For all 0 <r <t,
(hr+1)*ht+1 L
= Lty 4.4
N y (4.48)
b *bt ~
( 71 = By (4.49)



(e) For all0 <r <t,

0\* t+1 _ r+1\x t+1 _
(Ul )nq = FEoty1, @ zlq = Erg1,t41, (4.50)
mr *mt .
( T)l = B, (4.51)
(f) For all0 <r <t,
ht+1 * r+1 . o hr—i—l * t+1 . 3
IESHI. iq =SBy, 7)1 IR Y (4.52)
s by mt . - B *m” | . -~
gt = §t7 ( ) = gtEr,ta ( ) = frEr,t (453)
n
(9) Let Quy1 := %Q?ﬂ@tﬂ and My := %Mt*Mt. Then,
P (Qy1 is singular) < tK;_je” "= (4.54)
P (M is singular) < tK;_je” "-1"", (4.55)

When the inverses of Qui1, My exist,

P(|[azt - €]

>e| < KK! ,exp{—kk. ne
| = >_ t—1 p{ t—1 }7

ikl e (4.56)
P (i =4t =€) < KK exp {';;1} . 0<ij<t,
P ‘ [M;l — (é’t)_l] > e) < KK; jexp {—/mt,lng} ,
1,541 157)
¢ 4 — Kk 1ne” . 4.
P (|af —af| > €) < Kt'Ky_1exp — [ 0<i,j<(t—1).
where 41 and &' are defined in ([4.17)).
(h) With i1, 7 defined in (£.19),
1y 2 5 71 —/mg_lnez
Pl|= HqJ_ H (051)| > €) < KPK]_ exp — (4.58)
_ 2
P <‘ [t ||* = (52| > e> < Kt5Kt_1exp{"m;11m}. (4.59)

4.6 Remarks on Lemma [4.5]

The proof of Theorem below only requires the concentration result in part (b).(i) of Lemma
but the proof of part (b).(i) hinges on the other parts of the lemma. The proof of Lemma
given in Section [p| uses induction starting at time ¢t = 0, sequentially proving the concentration
results in parts (a) — (h). The proof is long, but is based on a sequence of a few key steps which
we summarize here.

The main result that needs to be proved (part (b).(i), (4.42)) is that within the normalized
sum of the pseudo-Lipschitz function ¢y, the inputs h',. ,h’f“'1 can be effectively replaced by
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1020, . .., 7+, respectively. To prove this, we use the representation for ht*™! given by Lemma
and show that the deviation term given by can be effectively dropped. In order to show that
the deviation term can be dropped, we need to prove the concentration results in parts (¢) — (h)
of Lemma Parts (b).(ii), (b).(iii), and (b).(iv) of the lemma are used to establish the results in
parts (¢) — (h).

The concentration constants k¢, K;: The concentration results in Lemma, and Theorem
for AMP iteration ¢t > 1 are of the form Kte*”tm?, where k¢, K; are given in . Due to the
inductive nature of the proof, the concentration results for step ¢ depend on those corresponding
to all the previous steps — this determines how k;, K; scale with t.

The t! terms in k¢, K; can be understood as follows. Suppose that we want prove a concentration
result for a quantity that can be expressed as a sum of ¢ terms with step indices 1,...,¢. (A typical
example is Azyqy in ) For such a term, the deviation from the deterministic concentrating
value is less than € if the deviation in each of the terms in the sum is less than e/¢. The induction
hypothesis (for steps 1,...,t) is then used to bound the €¢/t-deviation probability for each term in
the sum. This introduces factors of 1/t and ¢ multiplying the exponent and pre-factor, respectively,
in each step ¢ (see Lemma , which results in the ¢! terms in K; and k.

The (C2)" and (cg)! terms in ry, K; arise due to quantities that can be expressed as the product
of two terms, for each of which we have a concentration result available (due to the induction
hypothesis). This can be used to bound the e-deviation probability of the product, but with a
smaller exponent and a larger prefactor (see Lemma . Since this occurs in each step of the
induction, the constants K, r; have terms of the form (Cs)?, (ca)?, respectively.

Comparison with earlier work: Lemmas and are similar to the main technical lemma
in |1 Lemma 1], in that they both analyze the behavior of similar functions and inner products
arising in the AMP. The key difference is that Lemma replaces the asymptotic convergence
statements in |1] with concentration inequalities. Other differences from |1, Lemma 1] include:

— Lemma |4.5| gives explicit values for the deterministic limits in parts (¢)—(h), which are needed
in other parts of our proof.

— Lemma [4.3] characterizes the the conditional distribution of the vectors ht1 and b' as the
sum of an ideal distribution and a deviation term. |1, Lemma 1(a)] is a similar distributional
characterization of h'*! and b, however it does not use the ideal distribution. We found that
working with the ideal distribution throughout Lemma simplified our proof.

4.7 Proof of Theorem 3.1l
Proof. Applying Part (b).(i) of Lemmal4.5|to a pseudo-Lipschitz (PL) function of the form ¢y, (h**1, By),

we get
P (

where the random variables Z ~ N(0,1) and § ~ pg are independent. Now let ¢h(h§+1, Bo;) =
o(ne(Bo, — hi™), Bo,), where ¢ is the PL function in the statement of the theorem. The function
gbh(hﬁﬂ, Bo,;) is PL since ¢ is PL and 7, is Lipschitz. We therefore obtain

N
% > on(hi, Bo,) — Elpn(r Z, B)]
=1

> e) < Kjemmne

N
P (‘;f Z o (ne(Bo, — h§+1)7 Bo;) — E[p(ni(8 — 12), B)]
i=1

> e) < Ktef’“"EQ.

The proof is completed by noting from (1.3) and ([&.5]) that B+ = n(A*2 +5) = e (Bo—h!T). O
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5 Proof of Lemma 4.5

5.1 Mathematical Preliminaries

Some of the results below can be found in |1, Section III.G], but we summarize them here for
completeness.

Fact 1. Let u € RY and v € R™ be deterministic vectors, and let A € R™N be a matriz with
independent N'(0,1/n) entries. Then:

(a)

s 2 e
= — —||v
Vn vn

where Z, € R™ and Z, € RN are i.i.d. standard Gaussian random vectors.
(b) Let W be a d-dimensional subspace of R™ for d < mn. Let (w1, ...,wq) be an orthogonal basis

Au |\ul| Z, and A*v 4 Zy,

of W with ||w||* = n for £ € [d], and let P|1|/V denote the orthogonal projection operator onto W.
Then for D = [wy | ... | wg], we have P%Au 4 ﬁ [l ul PlJ/VZu £ L |u|| Dz where x € R? is a

n
random vector with i.i.d. N'(0,1/n) entries.

Fact 2 (Stein’s lemma). For zero-mean jointly Gaussian random variables Z1, Zs, and any function
f R =R for which E[Z, f(Z2)| and E[f'(Z5)] both exist, we have E[Z1 f(Zs)| = E[Z1 Z2|E[f'(Z5)].

2
Fact 3. Let v1,...,v: be a sequence of vectors in R™ such that for i € [t] % v — Py_l(vi) > c,
where ¢ is a positive constant that does not depend on n, and Pl-lfl 1s the orthogonal projection onto
the span of vi,...,vi—1. Then the matriz C € R™" with C;; = viv;/n has minimum eigenvalue

Amin > ¢}, where ¢} is a positive constant (not depending on n).

Fact 4. Let g : R — R be a bounded function. For all s, A € R such that g is differentiable in the
closed interval between s and s+, there exists a constant ¢ > 0 such that |g(s + A) — g(s)| < c¢|A].

We also use several concentration results listed in Appendices [A] and [B] with proofs provided for
the results that are non-standard. Some of these may be of independent interest, e.g., concentration
of sums of a pseudo-Lipschitz function of sub-Gaussians (Lemma .

The proof of Lemma proceeds by induction on t. We label as H!*! the results ,

4.42), (4.43), (4.46), (4.48), (4.50), (4.52), (4.54), (4.56), (4.58) and similarly as B! the results
4.41), (4.44), (4.45), (4.47), (@.49), @.51), @.53), (@.55), (4.57), (#.59). The proof consists of

showing four steps:

1. By holds.
2. H; holds.
3. If B,,Hs holds for all r < ¢ and s < ¢, then B; holds.

4. if B, Hs holds for all » <t and s < ¢, then H;1 holds.
For the proofs of parts (b).(ii) and (b).(iv), for brevity we assume that the functions 1, and

iy, are differentiable everywhere. The case where they are not differentiable at a finite number of
points involves additional technical details; see Appendix
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5.2 Step 1: Showing By holds

°l

We wish to show results (a)-(h) in (4.41)), (4.44)), (4.45)), (4.47), (4.49), (4.51)), (4.53)), (4.55), (4.57),
2 (a)
P <||A0,0|| 26> < P( [l "
n

[@.59).
o] )~ (221D
(0)

(a) We have
< K exp {—keane/4} + 2exp {—ne/8}.

Step (a) is obtained using the definition of Ag in (4.26)), and then applying Lemma For step

(b), we use (4.3), Lemma and Lemma
(b).(iii) For ¢t = 0, the LHS of (4.44) can be bounded as

P ( :de)b (b?,w@) — E[gbb(Jozg, W)] > €>
(a) Z¢b UOZO AO 0]z7wl) _ E[¢b(0—020, W)]

o )
|

®) <
(‘ Z¢b (002, + [Dopli, wi) — Z¢b (002, wi)| > ;)

Step (a) uses the conditional distribution of »° given in (4.25), and step (b) follows from Lemma
@l Label the terms on the RHS of (5.1)) as 7} and 7. Term T} can be upper bounded by Ke—rne
using Lemma We now show a similar upper bound for term T5.

Z% 002y, wi) — El¢p(00Z0, W)]

>

N o

(a) 1 & €
T, < P (n;L (14 2|00, | + [[Aoolil + 2 |wi]) [[Aooli| = 2)

(b) A

§P< |\/‘%0|+2 ‘Z°’+2’w| EL)

© (Aol [ Aol 1Zoll | llwl| €

< O (1 ’ > S .
_P<\/ﬁ (+ Vn 200 f+2f>_413)’ (5:2)

where inequality (a) holds because ¢ is pseudo-Lipschitz with constant L > 0. Inequality (b)
follows from Cauchy-Schwarz (with 1 denoting the all-ones vector). Inequality (c¢) is obtained by

applying Lemma From ([5.2)), we have

[[wl] 1Zo|l A emin {1, 7}
T, <P >o0+1 P >2 P — >
25 (f R R Y TNV T i4d00+20

(a) _ . _ 2
< Ke " 4e "+ Ke Nne’

(5.3)

where to obtain (a), we use assumption ([1.6)), Lemma and By(a) proved above.
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(b).(iv) For ¢t = 0, the probability in (4.45]) can be bounded as

p ( ;gwb(b?,wi) — Elyu(00Z0, W)]| > 6)
i ( Zwb UoZo + [Ao0li, wi) — E[¢b(0020’w)] =
(b) 1 & ’ /
< P ( n Z (¥u(00Z5, + [Dooli, wi) — vu(00Zp,, wi))
i=1
P ('; ;@Db((foz(l)i, w;) — E[¢b(00207 W) )

Step (a) uses the conditional distribution of b° given in (4.25)), and step (b) follows from Lemma
. Label the two terms on the RHS of as T1 and T o, respectlvely We now show that each
term is bounded by Ke "<, Since [1)] is bounded (say it takes values in an interval of length B),
the term T5 can be bounded using Hoeffding’s inequality (Lemma [A.1)) by 2e~ ne?/(2B%)

Next, consider T. Let IIp be the event under consideration, so that 77 = P(Ilp), and define an

event F as follows. .
F :{‘\/EHQOH—UO >60}, (5:5)

where ¢ > 0 will be specified later. With this definition, we have

> ;) (5.4)

>

DN

Ty = P(Ily) < P(F) + P(IIo|F¢) < Ke "% + P(Ily| F°). (5.6)

The final inequality in (5.6)) follows from the concentration of HqOH in (4.3). To bound the last term
P(IIp|F€), we write it as

P(llo|F¢) = E[{TIo}| 7] = E [E [{Tlo}|F*, -#0,0] | F*]

c . (5.7)
=E [P (| 7%, S,0) | 7,
where 1{-} denotes the indicator function, and P (IIo|F¢, % 0) equals
P lzn: Do - HQOHZ/ w; | —y(00Z,, wi) || > SlFe 0,0 (5.8)
" vn oo 00 W) ) =g |7 00 ) :

To obtain , we use the fact that O'oZO [Aooli \f HqOH Z(’)i which follows from the defini-
tion of Agp in Lemma Recall from Section @ that .75 is the sigma algebra generated by
{w, Bo, q"}; so in , only Zj) is random — all other terms are in .. We now derive a bound
for the upper tail of the probability in ; the lower tail bound is similarly obtained.

Define the shorthand diff(Zj ) := wb(ﬁ |°|| Z5,, wi) — (002, ws). Since 1y is bounded, so
is diff(Z,). Let 4] < B/2, so that |diff(Zj )| < B for all i. Then the upper tail of the probability
in can be written as

P <izdiff(26i>— [diff(Zp,)] > g ;ZE[diff(Z{)i)]’fc,yQo). (5.9)
=1 i=1



We now show that ‘E[difF(Z(’]i)H < Zefor all i € [n]. From here on, we suppress the conditioning
on F¢, Sy for brevity. Denoting the standard normal density by ¢, we have

IE[diff(Z),)] /¢> Idiff(z ydz</¢ (Hq”“ 0)

The above is bounded by %e if we choose €y < €/8C. In the chain above, (a) follows by Fact 4| for a
suitable constant C' > 0 as v, is bounded and assumed to be differentiable. Step (b) follows since

(b)
dz < 2Cey.

‘ﬁ HqOH - 0'0’ < ¢p under F°.
The probability in (5.9) can then be bounded using Hoeffding’s inequality (Lemma [A.1)):

( Zduff (Z),) — E[diff(Z),)] >

Substituting in ((5.8)) and using a similar bound for the lower tail, we have shown via (5.7)) that
P(Ily | F¢) < 2e~"/(8B%)_ Using this in (5.6) with €y < ¢/8C proves that the first term in (5.4) is
bounded by Ke "~

(c) The function ¢y (bY,w;) := blw; € PL(2) by Lemma [C.1] By Bo(b).(iii),

P ( e

n
This result follows since E[JOZOW] =0 by the independence of W and Z.

(d) The function ¢,(b?,w;) := (b?)? € PL(2) by Lemma By By (b). (i),

7 ) < efnez/(832).

(%) w — E[UQZ@W]‘ > e> < Kerne

P (|L 11 - B 2 €) < K

This result follows since E[(00Z0)?] = 02.
(e) Since go is Lipschitz, the function ¢,(bY,w;) := (go(b?,w;))* € PL(2) by Lemma By
Bo(b) (i),

1 2 = —Kne
P (|2 1o - E[(go(aoZo,W))Q]’ > o) < Kee
This result follows since E[(go (00 Zo, W))?| =75 by (4.
(f) The concentration of £ around &g follows from By (b).(iv) applied to the functlon Yp (b, w;) ==
gh(bY,w;). Next, the function ¢, (bY, w;) := b go(bY, w;) € PL(2) by Lemma Then by By (b).(iii),

1
P ( L

n
This result follows since E[og Zogo(c0Zo, W)] = 02E|gh(00Z0, W)] = £0Eo o by Stein’s Lemma given
in Fact 21

(g) Nothing to prove.
(h) The result is equivalent to By(e) since Hm‘iH — HmOH and (Td_)2 _ 7'02.

(bo)*m0 — E[Uoéggo(aozo, W)]’ > e) < Ke e

21



5.3 Step 2: Showing H; holds

We wish to show results (a)—(h) in (4.40)), (4.42), (4.43)), (4.46)), (4.48)), (4.50), (4.52)), (4.54), (4.56),
(@53).
(a) From the definition of Aj in (4.27) of Lemma we have

mo mO|l 027 OV im0 0[2

where ¢ = ¢°/ HqOH, and Zy € R is a standard Gaussian random variable. The equality in ([5.10))
is obtained using Fact |1 to write P”OZO 4 7°Zy. Then, from (5.10) we have

¢ m’ m? 20 €
P(}lv,mm‘ﬁze)ggj(‘u . |1 12, \@>+P<”\/ﬁ”-|\fﬁ|z\@>

®)ym® Nl [
oo )

ol %

Step (a) follows from Lemma applied to Ay o in (5.10]) and Lemma Label the terms on the
RHS of (5.11]) as T3 — T5. To complete the proof, we show that each term is bounded by Ke™""¢
for generic positive constants K, k that do not depend on n,e.

Indeed, 77 < Ke "€ using Lemma Lemma result By(e), and Lemma Similarly,
To < Ke "¢ using Lemma Lemma result By(e), and Lemma Finally,

@ 10%)m® i 1\/? (3 I N WK
n e ([ o Ao B

) —Kne —Kne

= 2Kexp{4(92)5max(1,5800, o 2>} rater {4(92)5“"(1’53’”3) } |

Step (a) follows from Lemm and step (b) from Lemma Bo(f), the concentration of HqOH

given in (4.3), and Lemma
(b) (i) The proof of (4.42)) is similar to analogous By(b)(iii) result (4.44)).

(b)(ii) First,
Ly 1 .
P Nz¢h(hzvﬁoz) _E[wh(TOZO7ﬁ)] Z €
N ~
2 p < Z V(1020 + [A1,0]is Bo;) — E[Yn(10Z0, B)]

N
+p<‘ > vnmza ) ~ BltuinZo. )

— &oao| >

—
=

)

N
Z V(10 Z0, + [A1,00i, Bo,) — ¥r(1020;, Bo,))| =

|/\°*

)
) (5.12)

Step (a) follows from the conditional distribution of h! stated in (4.24)) and step (b) from Lemma
@L Label the two terms on the RHS as Ty and Ty. Term Tj is upper bounded by Ke "< by
Hoeffding’s inequality (Lemma[A.1)). To complete the proof, we show that 77 has the same bound.

DN

>

DO
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Consider the first term in ((5.12)). From the definition of A in Lemma

[lm]] || (b0)*m
T()Z()i + [ALO]i = 7[“ -P )Z()}Z + u;, where u; := q? ( — fo) . (5.13)
Vi o la°l?
For ¢y > 0 to be specified later, define event F as
1 0 Loy o 1 0|2
.F:—{ %Hm H—T() 260} U{‘n(b ) m _E&)Hq H > € - (5.14)

Denoting the event we are considering in 7} by IIy, so that T} = P(II;), we write
Ty = P(I) < P(F) + P(Il; | F°) < Ke "% + P(I1y | F°), (5.15)

where the last inequality is by By(e), Bo(f) and the concentration assumption (4.3) on ¢°. Writing
P(I1;|F¢) = E[P (IL1|F¢, 1,0) | F¢|, we now bound P(II;|F€,.#1 ). In what follows, we drop the
explicit conditioning on F¢ and .71 ¢ for brevity. Then P(II;|F¢, .71 ) can be written as

() 9

N m()
2 <¢h (H\/ﬁH[( Pgo)Zo}H-uz',Boi) ¢h(ToZOZ,501)>
=1

<P 1iwh HmOH[(I_PH )Zoli + i, Bo, H HZO + i, Bo,
B\ E = N Vi "

(s )

The above uses Lemma |A.2) m Note that in , only Z; is random as the other terms are all in
1,0- Label the two terms on the RHS as T1 4 and T7 . To complete the proof we show that
both are bounded by Ke "¢,

First consider 717 4.

(a) C N e\ (® C N I €
T1,a§P<NZ — 0l >4> <P<NZ;’TO+EO"[P‘IOZO]i ZZ

&Y € |Z| € )(e) N
— | <P > < e Ve
( Z| 4|7’0—|—60|> (\/N_4C|TD+EO| -

Step (a) holds by Fact [dfor a suitable constant C' > 0. Step (b) follows because we are conditioning
on F°¢ defined in ([5.14). Step (c) is obtained by writing out the expression for the vector P(!O Zy:

i) (5.16)

mo
Zl/ﬁ (H HZO +Uz,ﬁo> — ¥n(1020,, Bo,)| =

= o

I/\O

0
Pl 2z, = Z,
v HqOH Z HqOH HqOH

where Z € R is standard Gaussian (Fact [1)). Step (d) follows from Cauchy-Schwarz and step (e) by
Lemma Bl
Considering 71, the second term of (5.16]), and noting that all quantities except Zy are in .71 g,

define the shorthand diff(Zy,) := ¢p, <ﬁ |m°|| Zo, + s, ﬁoi) — ¢¥n(1020,, Bo,i)- Then the upper tail
of T1p can be written as

N N
(;f z; (diff( Zo,) — E[diff(Z0,)]) > § - &;E[diff(zoi)] ‘fc’y”’) ' >4
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Since 1y, is bounded, so is diff(Zy,). Using the conditioning on F¢ and steps similar to those in
Bo(b)(iv), we can show that 3 Zil E[diff(Zy,)] < ée for eg < C1pe, where C > 0 can be explicitly
computed. For such ¢, using Hoeffding’s inequality the probability in can be bounded by
e~ne’/(1288%) hen ¥, takes values within an interval of length B. A similar bound holds for the
lower tail of T ;. Thus we have now bounded both terms of by K e~"*¢* The result follows
by substituting the value of €y (chosen as described above) in ([5.15)).

(c),(d),(e),(f) These results can be proved by appealing to Hi(b) in a manner similar to
Bo(e)(d)(e) (/).

(g) From the definitions in Section and defining Q; := % HqOH2, we have 7§ = Q! n( N)*qt
and 4§ = E()’l/EO’O = Eo,lao_% Therefore,

(a) 1 -
P02 < P(Qr" —op7| 28 + P (‘n(q%*ql — Eoa| >

g) (5.18)

where (a) follows from Lemma with € := min{\/€/3, €/( BEO 1), €02/3}. We now show that

each of the two terms in is bounded by K e—rné® Slnce 00 > 0, by Lemma and .,
we have P (‘Q1 -0, 2‘ > e) < 2K e rné*oi min(L08) The concentration bound for 1 (qo)* ! follows
from #Hi(e).

(h) From the definitions in Section we have Hqﬂf = quHQ — HqﬁHQ = Hq1H2 —
and (01)? = 0? — (33)202. We therefore have

P(iluqiuz 2 =)

2P (|3 100 - 2 ) + 2 (|obrs bl - b

(b) —HTL€2
<K K
exp {—wne?} + K exp {4<9> st G

€
> —
8|2 5)

In the chain above, (a) uses Lemma [A.2] and (b) is obtained using H;(e) for bounding the ﬁrst
term and by applying Lemma |A.3[to the second term along with the concentration of qu H in ,
H1(g), and Lemma |A.5( (for concentration of the square).

5.4 Step 3: Showing B; holds

We prove the statements in B; assuming that By, ..., B;_1, and H, ..., H;: hold due to the induction
hypothesis. The induction hypothesis implies that for 0 < r < (¢ — 1), the deviation probabili-

ties P(2]|A,[> > €) in and P(L(|A;41,]? > €) in are each bounded by K, e "r"¢
Similarly, the LHS in each of - is bounded by K,e e,

We begin with a lemma that is required to prove B;(a). The lemma as well as other parts of B;
assume the invertibility of My, ..., My, but for the sake of brevity, we do not explicitly specify the
conditioning.

Lemma 5.1. Letv := 2 Hfq¢' —1 M [Ath — S At and My == LMEM,. If My, ... M,

are invertible, we have for j € [t],

P (}[M;lv]j| > e) < K?K;_4 exp{—nmﬁt_leQ/tQ}.
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Proof. We can represent M, as

1 M, M* t—1
Mt_((n t—1 tlm2>,

My mt=1y Hmtle
Then, if M;_; is invertible, by the block inversion formula we have
11— t 1 tfl * 1|~ *1
Mt—l — ( Mt 1 +n Hmj_l H_Q . 1( ) -n Hmj_ Hl 9 ) , (5.19)
—n|[m ) n|jm
where we have used a!~! = %Mt__lMt*_lmt*1 and (M} m!=h)*al~! = (mtfl)*mﬁ_l. Therefore,
—1 — — *
M; o = [Mt—lv[t—l] + ?tl H((eh Uie—1] — vt) atl} 7 (5.20)
— (Y op_y) — ve) a1

where a, :=n/ ||m’, ||* for € [t], and v;;) € R™ denotes the vector consisting of the first 7 elements
of v € Rt. Now, using the block inverse formula again to express Mtillv[t,l} and noting that

af~t = (ab71, ... al7]), we obtain

1 M, vppg) + o7 (@ 72) vy — vro1) 3 + 0‘[ 12] (@) o) = vr) ars
M; o = — (0" 2)*vp_g) — v4—1) a2 + =y (@)
— ((at= 1) Vjg—1] — ) ag-1

Ult—-1] — Ut) at—1

Continuing in this fashion, we can express each element of M, Ly as follows:

X v1agp + Z;fll ad () v — vj41) a] ' . k=1,
[Mt_ U}k = - ((Oék_l) V[k—1] — Uk) ag—1 + Z] —k ai 1 ((oﬂ)*vm — Uj-i-l) a; 2<k<t, (5.21)
— ("o U[t—1] — vt) a1 k=t

We will prove that each entry of Mt_ v concentrates around 0 by showing that each entry of v
concentrates around zero, and the entries of o/ ,aj concentrate around constants for j € [t].

For k € [t], bound |vg| as follows. Substituting ¢} = ¢' — ZJ O*yjqf in the definition of v and
using the triangle inequality, we have

hk *qt mkfl *mtfl h q0 t—1 h qz mkfl *mifl
’”’f’g‘( ) T A I 1 A S e L B
" " i=1
Therefore,
1 1
Pl 20 < P ([Lutyd - ad iyt 2 ) 4 p (bl [ty 2 ¢
(5.23)

1 .
hk q . )\ 7(mk71)*mzfl
n

+ZP<}% 26’>

where ¢ = 7r1- The first term in can be bounded using Lemma and induction hypotheses
H.(f) and B;_1(e) as follows.
> 6’)

kyx .t k—1\*, t—1
P<’(h)Q_/\t(m )*m
n
¢
> — P
=5)
/2

n
KKi_1Me€
< K; 1exp {—Imt,lne'Q} 4+ 2K; 1 exp {— 1 } .

m

M,

(mkz—l)* t—1

At —MEg_14-1| >

)

N |

n

hk * b o
P <‘( /g — MEp_14-1
9max(1, 2, EZ 1, )
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For k € [t], the second term in ([5.23)) can be bounded as
1 .
P (bl Fya?] = ) < P (6 -3

<P (|6 -3 = V) + P (‘ (h¥)*q°

1
n

(h*)*¢°

2t
0

_l’_

)|ty

g
.

where the last inequality follows from induction hypotheses H;(g) and H¢(c). Similarly, for k €
[t], i € [t — 1], the third term in (5.23]) can be bounded as

k\x 1
P<hﬂ (h)q >6/>
n n
k\x 1 kE—1\*,,i—1
SP((M—%H )‘(h)q o m)m

n
k\* 0 k—1\*, i—
<P (=il 2 V) 4 p (| ST - a e

> € i {1 |46
— min
=9 » |70

< K;_1exp{—rki_1ne'} + K;_1 exp{—kr;_1ne?},

(mk:fl)*mifl

—\

At
Yi

< K;_1exp {—ﬁmt,lnel} + 2K;_1exp {—/{/@t,lneg} .
Substituting ¢ = tﬁ in each of the above bounds and using them in ,
P (Jvg| > €) < KtK;_1 exp { —rri_1€%/t*} . (5.24)
Furthermore, from induction hypotheses By(g) — Bi—1(g), for 0 <i < j < (t —1):
P (‘af — &Z‘ > e) < K;_1exp {—n/-it,162} ) (5.25)
Also, using induction hypotheses By(h) — B;—1(h) and Lemma for0<r<(t—1):
o

Finally, from (/5.21)), we have for k € [t],

ar — (Tf)_Q’ > 6) < Ky yexp {—nw 1€} . (5.26)

P(|[M; 0], | >e) (%)P (uke[t] {|vr] > €} Up<ret { a, — (#)*2) > /ﬂe/t}
> Hgﬁ/t}>

©)
< Kt?K;_4 eXp{*TLI{K,t,1€2/t2}.

VY
o — o

Uo<i<j<t {

where in step (a), k1, k2 are appropriately chosen positive constants, and step (b) follows from the

bounds in (524), (5.25), and (5.28). O
(a) Recall the definition of A;; from (4.28). Then using Fact |1} it follows ﬁ Hqﬂ_H P|J|\Jt A 4

% Hqu MtZ,{, where the columns of M; € R™? form an orthogonal basis for the column space of
M; with M;jM; = nl;, and Z] € R! is an independent random vector with i.i.d. N'(0,1) entries.
Then,
t—1 1 1 o
Bu= Y0 =900+ 2 (= e =) = | ¥+
r=0
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where M; € R and v € R? are defined in Lemma [5.1} Writing M;M; 'v = Z; _om) (M 0]

. 3 J+1
and using Lemma we have

t—1

2 o L ’
>t 5P I + 12 (ﬁ it ot

r=0

A < 2(t+1)

2
Ll P |z e

g

Applying Lemma [A22]
<HA“H_€>§X_: ( At||b||2f> H\/iﬁl!” n > V&

+p< |

where €, := m. We now bound each of the terms in (5.27]).
For 0 <r <t —1, the first term is bounded as

v y 1 T ~
P(hﬁ— ||>f> <p<\% At <‘Hb | — o —i—aT,) > 6t>
\/>
1
SP(M—% Z2\/gmin{1,ar_l}>+P(’f|]br|—aT >\/>

(a)
< Kirexp{—rki_1né} + Ky 1exp {—rri_1ne},

I

LIe f> +ZP (, ), Il \f) s

where step (a) follows from induction hypotheses H:(g), Bo(d) — Bi—1(d), and Lemma Next,
the third term in ([5.27)) is bounded as

P( H>ﬁ><P( il _ .

\F Ot
(b)

< K1 exp {—kki_1né} + exp {—n/8},

ld']

LD

R Vi

) (1202 )

where step (b) is obtained using induction hypothesis H;(h), Lemma and Lemma Since
ﬁ Hqu concentrates on o by Hy(h), the second term in (5.27) can be bounded as

P(jﬁ ] |z > V&)
=P < \/171 | 2 \[> + P < HMtZ, \len{l (o) }) (5.28)

< K1 exp{—kki—1né&} + t KKy 1 exp{—rrKi_1né/t},

}_Ut

where the last inequality is obtained as follows. The concentration for Hqﬂ_” /+/n has already
been shown above. For the second term, denoting the columns of M; by {mo,...,my_1}, we have
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M Z||% = S50 il * (Z))% = n > _iZo(Z},)? since the {in;} are orthogonal, and ||ri;]|* = n for
0 <i <t —1. Therefore,

t—1
Lo o < - né\ (@) néy
P(ﬁ HMtZt/H > Et) = P(Z(Zt > net> ZP(’Zt | > \/7) < ote 3t
=0

1=

Step (c) is obtained from Lemma and step (d) from Lemma This yields the second term

in (529)

Finally, for 0 < j < (¢t — 1), the last term in can be bounded by
J
Pty 2] > 7 = ( M ]jﬂr(]”%”—n\m)z@)
<P ‘Hmj —T" > e | +P(|[M; 0]51]> }\/gmin{l 1
> \/ﬁ 7| = t I+ 2 t » g

(e)
< Ky_jexp{—kki_1ne} + Kt*K;_1 exp {—mit_lnét/tQ} ,

where step (e) follows from induction hypothesis B:_1(e), and Lemma Substituting € = m,
we have bounded each term of ( as desired. y
(b).(iii) For brevity, define Eqﬁb = E[¢p(00Z0, ..., 012, W)], and

_ 10 t 0 t

- (bz . ’bw ) (bpure IR 7bpure ’ ) (5'29)
Using Lemma we have

()*Z(ﬁb - wwz‘)—E(Zﬁb‘Zf)
(5.30)

< P(IX S ante) ~Ear| > 5) + P(|2 Z dola) = dulei))| > 5.
=1 i=1

Lemma (Eq. (4.32)) shows the joint distribution of (bgure - ,b;ure ) is jointly Gaussian for
i € [N]. The first term in (5.30]) can therefore be bounded as

P(‘% En:%(cz') - Ecbb‘ > %) = P(‘% En:%((fozom o012y, w;) — E¢b‘ > %)
=1 i=1

9
< 2exp< ’;?E ) , (5.31)

where the last inequality is obtained from Lemma [B4] Here x > 0 is a generic absolute constant.
We now bound the second term in ([5.30) using the pseudo-Lipschitz property of ¢,. Denoting
the pseudo-Lipschitz constant by L, we have

n

2 2
‘* ¢b a;) — ¢p(cs)) ’ [ Z!% (ai) — o Cz)ll < [iZ(l'f‘zHCi”'f‘Hai_CiH)Hai_CiH]

i=1

< 3L

4 & 1< 1<
2 2 2

D S SR | D SRt 532
i=1 i=1 j=1
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where the last inequality is obtained by first applying Cauchy-Schwarz, and then using Lemma[C.3|
For j € [N], note that E||c; 1> =02+...+ 02402 Now using (5.32) we bound the second term

in (5.30) as follows.

2

P(‘% i(%(ai) - ¢b(ci))’ > %) = P(‘% i(@:(ai) - ¢b(ci))‘2 > %)
_J%h+if]mW+;fmw—qFH XM%—qn}_up)

€ mln{l, 12L2} 2 2 2 2
§ = eil* > .
( lai — cil|* > T 807 -+0?+02)) + P<”j:1 lejl? > 2(c + ...+ 07 + 0 ))
(5.33)

| A

Label the two terms above as T7 and T5. We bound T, as

P zmqu>2a+§jo)= (ij@u—wmu za+§:a)_*m“7

7j=1
(5.34)

for an absolute constant x > 0, where the last inequality is obtained by applying the concentration
result in Lemma to the pseudo-Lipschitz function ¢,(c;) = ||¢; /).

zun:zz zz(zc )

=1 k=0
n t k k t k
-3y (z<c':,>zz<mwm2) -y (zwz uam) z N SN
i=1 k=0 \r'=0 r=0 k=0 r=0

r’'=0 k=r r'=0
(5.35)

where the inequality is obtained by applying Cauchy-Schwarz.
Comparing ([4.32) and (4.33)) in Lemma [£.4] we observe that for k > 0 and j € [n],

t
2
E(bgure]‘) = Jl% = Z(U%)Q(Cf)% (5.36)
=0
Therefore,

. o? ol
)P ——t s < E (5.37)
i—0 mlnogigk(ai ) £9

where the last inequality follows from the stopping criterion in (2.5). Using (5.37)) and (5.35) we

have
1 & 1<
2
S e al?< Y0 0A,
=1 r=0

k=r
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Therefore we can bound the first term 77 in ([5.33) as follows.

-r(- ZHA

keZ\ (a) Kki_1neE>
Z <|| el < t3> < Kt*K; 4 exp{—tﬂl}. (5.38)

where K, k > 0 are some absolute constants. The inequality (a) follows from steps By(a) — Bi(a).

Finally, substituting (5.38) and (5.34)) in , and then combining with (5.31)) and (5.30)), we
obtain

€9 €2 min{l,ﬁ} )
o) (2+8(0F+...+0+02))

P(‘% i ép (80, ..., L w;) — Egbb) > e) < K$3K,_ 1 exp {— (5.39)
=1

KKi_1n€e>
t7

(b).(iv) For brevity, we write by ; := >.'_{ 4tbf. Then using the conditional distribution of b

in (4.25) and Lemma[A.2] we write

(e fj«z}b(bﬁ,wi) — Elgy(oeZe W))| 2 ¢)

— P(‘ Zwb by —i—at Z 4 [Ag iy wi) — [wb(atzt,W)]’ > e)
< P(‘ (% bei + 072, + [Agli,wi) — ty(bei + GtLZA.,wi)> ‘ > %) (5.40)
+ P(‘ Zwb (bui + o 2}, wy) — :Lf:ﬂzzé[wb(bt,i + otizgi,wi)]‘ > %)

i=1

+p( ;Ezg [ (brs + 07 21, w)] — Elty (020, W)]| = £).
Label the terms of as T1 —T3. First consider T5. Since 13 is bounded, Hoeffding’s inequality
yields Ty < 2e—rne’,

To bound T3, first note that the R? — R function Ez[yy(x + Z,y)], Z ~ N(0,1), is bounded
and differentiable in the first argument (due to the smoothness of the Gaussian density). Hence,
using induction hypotheses By (b).(iv) — Bi—1(b).(iv), the probability of each of the following events
is bounded by K;_ 1 exp {—/{t,lneQ/tz}

1 <& =t =2 ) ] )
ﬁ Z:Ewb(z ’Yr i+ O Zt ,wz) El/Jb(Z_: ’yﬁb; -+ 'Yz;flo't—th—l + U#ZA” W) > %’
t—2 1 6
= r=0 r'=t—2
t—1 —1 )
Z ZE% (466D + le 10121+ 0 ZL W) - ]E%(,z:oﬁy;,ar,zr, + otz W) > ‘.
= o
(5.41)
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In the above, the expectation in each term is over the random variables denoted in upper case.
Recall from the proof of Lemma, above that Z i 1 o 1+ lop Zti 4 0¢Z;. Thus T3, the
third term in , can be bounded by the probability of the union of the events in , which
is no larger than tK; 1exp {—ﬁt,1n62/t2}.

Finally, consider T}, the first term of . From the definition of A;; in Lemma we
have by; + o Zi + [Apgli = bua 1 ||qu [(1 = P ) Z0i + wi, where u = (un, ..., uy,) is defined
wi= S0 = AL+ Z —omI M, )41, with v and M; defined as in Lemma For ¢g > 0
to be specified later deﬁne the event F as

1
Fo={| el - ot |2 o} o {1 2 ozt {| ot -

Denoting the event we are considering in 7T} by II; and following steps analogous to (5.15)—(5.16))
in #;(b).(ii), we obtain

P(h) < P(F) + E[P(IL; | F5, ) | FF
< Kt?K;_1 exp { —rri_ined/t*} + E[P(I; | F©, S14) | F,

> eo} (5.42)

(5.43)

where the bound on P(F) is obtained by the induction hypotheses H:(h), Bo(d) — Bi—1(d), Lemma

and steps similar to the proof of By(a) for the concentration of ||[ul|? /n (cf. (5.27)).
For the second term in (5.43)), we have

P(Ht|]-'c Ft) =

t
<‘ ( bt ; ||i1/% [(| — P‘jl\/[t)Zt/]z + ui,wi) - wb(bt,i + U#Zt/b,wl))‘ > 6)
t
q € (5.44)
<P (’n ; (%(bm‘ + |\/%” Zy, 4 ui, wi) — Yp(bri + J#_Zéi’wi))‘ > 2)
]f - (s0tons+ L0~ Pl ) — o+ L2 ) 2
\/ﬁ My /)<t ’ > \/ﬁ t; s =9’
where we have omitted the conditioning to shorten notation. Label the two terms in (5.44) as 77 4
—kne? [t

and T . To complete the proof we show that both terms are bounded by Ke
First consider T ;. We note that

1 e Ll e
P')WtZ’—Zf[ NG } Z\[ (5.45)

where ", 0 < r < t—1, are columns of M;, which form an orthogonal basis for M; with Mt*Mt = nly,
and Uy, ...,U; are i.i.d. ~ N(0,1). Then,
€
>
S 2)

(a) C ¢ (b) C
7, Y p (nz | ”q;” Pl 2z > 2) 2p <n2 (o + )P, 20
' i=1
mU € () Cn \1/2 Z €
Pl |— r S B —
(‘ =1 r—0 n 2‘0’ —Féo‘) <‘n;(§(mz)) f 2|0_t +60|

) € 2
v —Kkne* [t
P(\/;|Z|Z 20|th‘+60|) S 2 '
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In the above, (a) follows from Fact 4] for a suitable constant C' > 0. Step (b) holds since we are
conditioning on event F¢ defined in ([5.42)). In step (c), Z ~ N(0,1) since Y, m! U, is a zero-mean
Gaussian with variance Y, (m7)2. Step (d) uses the Cauchy-Schwarz inequality and the fact that
|lm”|| = /n for 0 <r < t.

Finally T1 4, the first term in , can be bounded using Hoeffding’s inequality. Noting that
all quantities except Z} are in .% 4, deﬁne the shorthand diff(Z;,) := Yp(3 lofytbr + ﬁ Hqﬂ_ H Zi, +

g, w;) — 1/11,(27;0 ALY, + o Z],,w;). Then the upper tail of T}, can be written as

( def (Z..) — E[diff(Z].)] g %Z d.ff(zgi)]‘}“a%t) (5.47)

Using the conditioning on F¢ and steps similar to those in By(b).(iv), we can show that 1 3=, E[diff(Z] )]]
< %e for eg < C(0j")e, where the constant C' > 0 can be explicitly computed. For such e, using
Hoeffding’s inequality the probability in (5.47) can be bounded by e~ne?/ (3232), where B is the
upper bound on |diff(-)|. A similar bound holds for the lower tail of T ,. Thus both terms of
are bounded by Ke~"ne’/t,

The proof is completed by collecting the above bounds for each of the terms in , and
observing that the overall bound is dominated by P(7}) in . Hence the final bound is of the
form Kt?>K;_1exp {—nnt_lnGQ/t4}.

(¢) The function ¢p(bf, w;) := blw; € PL(2) by Lemma Then by By(b).(iii), 1(b")*w =
oE[ZW] = 0.

(d) The function ¢(b},b
B(b).(iii).

(e) The function ¢y (b}, bt, w;) := g, (b7, w;)ge (b, w;) € PL(2) since g; is Lipschitz continuous (by

7?7 @7

Lemma [C.1)). Then by By(b).(iii),

1 . ~ U U
E(mr)*mt = Elgr(07Zr, W)gi(04 2y, W)] = Ep.y.

w;) = blbt € PL(2) by Lemma The result then follows from

7 Z’

where the last equality is due to the definition in (4.15|).

(f) The concentration of & around &; follows from By(b).(iv) applied to the function v (bt, w;) :=
g, (bt w;). Next, for r < t, ¢p(b?,..., b, w;) := bl ge (bl w;) = bim; € PL(2), by Lemma Thus
by Bu(b). (i),

@ orJtE[ZTZt]E[gQ(UtZVm W)l

= E.(Elg)(0: 21, W)] = E, &,

1 . o .
ﬁ(br)*mt = Elo,Zy gi(0e 2, W)]

where (a) holds due to Stein’s lemma (Fact [2).

(g) For 1 <r,s <t, note that [M,], , = +(m"1)*m*~1. Hence by B;_1(e), [M], ; concentrates
on [CY,s = E,_1,4 1. We first show (@55). By Fact 3] if Hm7i||2 >c>0forall0<r<t-—1,
then M, is invertible. Note from B;_1(h) that X ||[m] ||* concentrates on (r;-)?, and (7;5)? > &3 by

the stopping criterion assumption. Choosing ¢ = %53, we therefore have

t—1
1
P (M, singular) < ZP (’ Im’ |2 = (r)?] > 283)
o (5.48)
< Kr—le_’w 1n(e3)?/4 < th_le—mft_1n(53)2.
r=0
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where the second inequality follows from By(h) — Bi—1(h).
Next, we show (&.57). Recall the expression for M; ' from (5.19):

1 172 t—1/.t—1 o 172 -1
M;l:(M Ry G ) (5.49)
1 0t

Block inversion can be similarly used to decompose C? in terms of Cu'tfl, which gives the concen-
trating values of the elements in (5.49)).
Let F, denote the event that M, ! is invertible, for r € [¢t]. Then, for i,j € [t], we have

P (![Mfl]z‘,j —[C7Mijl= €| ]:t)
< P(FE) + P (1M i = (67 g l> €| Fiu Fia) (5.50)
< (¢ = ) Eimae ™2 4 P (IIMG iy = (G il = €| Fo Fica)

where the final inequality follows from the inductive hypothesis ;_1(g). Using the representation
in , we bound the second term in for 4, j € [t]. In what follows, we drop the conditioning
on F;, F;—1 for brevity.

First, consider the entry at ¢ = j = ¢. By B;_1(h) and Lemma

P ([nllmi )72 = (r-1)72] 2 e) < Ky exp {—rre-1ne?} .

Next, consider the i element of —n ||m' 1H_2 . Forie[t—1],
P (|n[[m T alzh = ()26l 2 €) < 2K e, (5.51)
which follows from B;_1(g), the concentration bound obtained above for n Hm 7 -1 H , and combining

these via Lemma [A3] )
Finally consider element (4, §) of M, +n ||m ||~ o'~} (a!~1)* for i,j € [t — 1]. We have

P (M4 ey + |l hat ot = 6y — ()2t hal Y = o)

(a) v_ € _ it €
< P (1M = (67l 5) + Pl - a7 5)

=5 _
2 n 6/
=172 t-1 —2at—1
4 P(in m' ol - () 2= §)
(b) “t71”52 Hnt71n€/2 g 1n€/2 5
< Ky 1e7 7 1 +2K; 1€ 1 + K je 1 < AK;_ e fri-ine

1 2
Step (a) follows from Lemma |A.2| and Lemma [A.3[ with € := min( € i) %) Step (b)
j—1

37 3ai7] 7 3alz
follows from the inductive hypothesis, H¢(g), and (5.51)).
Next, we prove the concentration of o’ around &'. Recall from Sectionthat of = IM; Mm!
where My := 2MyM,. Thus for 1 <i <t of | = %Z;:l [M; ]” (m?~Y*m!. Then from the
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definition of &' in ([@.17)), for 1 <i < ¢,

t
Plloly —aty12 ) = P(| S MG o™ ymt — (G i By 1| > o)
J=1

2 [ P ] ) + PAMG Y — (€l gf)]
j=1

n

(b)
< Kt*K, 1 exp {—nnt_1n62/t9} + 4tK; 1 exp {—Fmt_lt_QneQ} .

} and follows from Lemma [A.2] and Lemma |A.3

Step (a) uses €; := min {\/%, 3tE;,1,t’ 3t[(ét§fl}
Step (b) uses B(e) and the work above.

k.j

(h) First, note that Hm’iHZ = |mt|? - HmﬁH2 = ||m?||? — || Mat||?. Using the definition of 7;-
in (ET9).
P51 = 2] = €) = (|5 P = 2| = o2 + (@) 5] > o)
n (5.52)

1
< P(| I = 72| = 5) + (| o' — (@) E| >

2)
The bound for the first term in (5.52)) follows by By(e). For the second term,
t—1

HMtatHQ _ n(at)*Mtat (i) (at)*MtMt—lMt*mt _ (at)*Mt*mt — Zag(mi)*mt’
i=0

where (a) holds because ot = M; ' M;m!/n. Hence

(a 1 . g R
< S P(lal — @tz &) + ZPQE(W) mt— E;,| > ei)
1=0 1=0
(b)
< Kt°K,_1 exp {—/mt,lneg/tn} + Kt*K,_q exp {—Kﬁt,lneQ/tg} .
Step (a) follows Lemma [A.2|and LemmalA.3| using € := min {./é, Gtg , 6m } and step (b) using

By(e) and the proof of B.(g) above.

5.5 Step 4: Showing H;.1 holds

The statements in H;y1 are proved assuming that By, H; hold due to the induction hypothesis.
(a) The proof of Hiyi(a) is similar to that of Bi(a), and uses the following lemma, which is
analogous to Lemma

Lemma 5.2. Let v := 2By mi — 107 (&q' — TS altigh) and Qi = LQ71Qi1. Then for
jet+1
P([Q;hv)j|> €) < KK}y exp {—r;_ne/t*} .
(b)—(h) The proofs of the results in H¢41(b) — H¢t1(h) are along the same lines as Bi(b) — Bi(h).

By the end of step H¢y1(h), we will similarly pick up a t°K term in the pre-factor in front of the
exponent, and a xkt~!! term in the exponent. It then follows that the K, r; are as given in (4.39).
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A Concentration Lemmas

In the following, € > 0 is assumed to be a generic constant, with additional conditions specified
whenever needed.

Lemma A.1 (Hoeffding’s inequality). If X1,...,X,, are bounded random variables such that a; <
X; < b;, then for v =2 [Zz(bl — ai)Q]_l

n n
2.2 1

P(% > (Xi—EX) 2 ) e p(| 03 (X - EX)
= =1

2

> 6) < 9evme”

Lemma A.2 (Concentration of Sums). If random variables X1,..., X satisfy P(|Xi| > €) <
g€ for1 <i< M, then

M
(|3
i=1

Lemma A.3 (Concentration of Products). For random variables X,Y and non-zero constants
Cx,Cy, Zf

M
Y YA p—
=1

P(X —cx|>e) < Ke ™, and P(|Y —cy|>e) < Ke ",
then the probability P (|XY — cxcy| > €) is bounded by

P et (5 55)) + (o (5. 55)

2

Kne
<2K - .
- exp{ 9max(1,c§(,c%,)}

Proof. The probability of interest, P (| XY — cxcy| > €), equals
P((X —ex)(Y —cy)+ (X —cx)ey + (Y —ey)ex| > €).

The result follows by noting that if | X — cx| < min(,/$, 3e-) and [Y —ey[ < min(,/§, 3. ), then
the following terms are all bounded by £:

(X —ex)ey], (Y —ex)ey|, and |[(X —ex)(Y —cy)|. O
Lemma A.4 (Concentration of Square Roots). Let ¢ # 0.
If P (’X,QL - 02‘ >€) < e~ then P (| Xn| =] =€) < e=rmlele®,

Proof. If € < 02, then the event ¢2 — € < X?l <c+e implies that V¢ —e < | X,| < V246 On
the other hand, if € > ¢2, then ¢? — ¢ < X2 < ¢ + € implies that 0 < |X,,| < v/c2 + e. Therefore,
| X2 — c?|< e implies

[1Xn] = le|| < el max(1 = v/(1 = (¢/€2))4, V1 + (¢/c?) = 1),

where 4 := max{z,0}. Note, (14 z)"/2 <1+ 22 for > 0, and (1 — 2)Y/2>1—zfor z € (0,1).
Using these, we conclude that | X2 — c?|< € implies




Lemma A.5 (Concentration of Powers). Assume ¢ # 0 and 0 < € < 1. Then for any integer
k>2,

pr(’X’n o C’ > 6) < e—ﬁn€2’ then P <’X7]§ _ ck‘ > 6) < e—ﬁn€2/[(1+‘c‘)k_‘c‘k}2_
Proof. Without loss of generality, assume that ¢ > 0. First consider the case where € < ¢. Then
c— €< X, <c+ e implies

k

k .
(c—af = <xf—F<(craf ==} (-)C’“‘Zez,

- (3
=1

Hence, | X,, — ¢| < e implies }X,’f — ck’ < ecg, where

cozi(k)sz() TS

i=1
Therefore,
P(IXE — F|> €) < P(|Xn — ¢| > €/cg) < e~ e/ [(14e) =", (A.1)
For the case where 0 < ¢ < € < 1, X, € [c—¢,c+¢] implies (c—e€)F —cF < Xk —ck < (e+e)k —ck.

Using € < 1, we note that the absolute values of

k k

(c—af ==Y <’;> Fi(—e)i, and (c+ef —cF =3 (’j) h-i

=1 =1

are bounded by ¢; := (1+¢)¥ — c*. Thus |X,, — ¢| < e implies | X} — ¢¥| < ec;. Therefore the same
bound as in - ) holds when 0 < ¢ < ¢ < 1 (though a tighter bound could be obtained in this
case). O

Lemma A.6 (Concentration of Scalar Inverses). Assume ¢ # 0 and 0 < e < 1.
If P(I1X, —c|> €) < e " then P(|X;' — ¢ 7[> ¢) < 2e e’ ¢ min{e?,1}/4
Proof. Without loss of generality, we can assume that ¢ > 0. We have

P(X, ' —cl<e)=Plc ' —e< X, < te).

-1

First consider the case 0 < € < ¢ . Then, X, is strictly positive in the interval of interest, and

therefore

CcC - —€

—1 -1 1 B €c
P(C _GSXTL SC +€)—P(617<|>6<X 1 )
>1— 6—m:e c?/(e+c™1)? >1- 6—')’“{6264/4‘ (AZ)
Next consider 0 < ¢~! < € < 1. The probability to be bounded can be written as
PX;'>ct+e)+P(—(e—c ) <X, ' <0)

:P(Xn—cg ;“_1) +P<

_ 2 2 ) 2 )
<ennec/(e+c)+€mic Sennc/_i_en/ic Szem{c/’

c
— <X, —c< —c) (A.3)

€—C

where the last two inequalities are obtained using € > ¢! and € < 1, respectively. The bounds
(A.2) and (A.3]) together give the result of the lemma. O
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B Gaussian and Sub-Gaussian Concentration

2

Lemma B.1. For a random variable Z ~ N(0,1) and e >0, P (|Z]| > ¢€) < 22

Lemma B.2 (x2-concentration). For Z;, i € [n] that are i.i.d. ~ N(0,1), and 0 < e <1,

1 n
P(‘— N 72 - 1‘ > e> < 2e eS8,
n
=1

Lemma B.3. [25] Let X be a centered sub-Gaussian random variable with variance factor v, i.e.,
InE[eX] < t%”, for allt € R. Then X satisfies:

22
1. Forallz >0, P(X >x)VP(X < —z) <e 2, for all x > 0.

2. For every integer k > 1,
E[X ] < 2(kN(2v)F < (k) (4v)*. (B.1)

Lemma B.4. Let Zy,...,Z; € RN be random wvectors such that (Z14y ... Zyy) are i.i.d. across
i € [n], with (Z14,...,2Z;) being jointly Gaussian with zero mean, unit variance and covariance
matric K € Rt Let G € RN be a random vector with entries G, ...,Gn i.i.d. ~ pg, where pa
is sub-Gaussian with variance factor v. Then for any pseudo-Lipschitz function f : R+ — R,
non-negative constants o1,...,0¢, and 0 < € < 1, we have

P(’% i F(01Z14, ... 00204, Ga) —EBIf(Z1a,- .., Zus, G)]‘ > )
=1

—Ne2

<
< 2exp 1282 2 2 ¢ 2 4
(t+ 12 (v+42 430, (07 +407,))

)

where L > 0 is an absolute constant. (L can be bounded above by three times the pseudo-Lipschitz
constant of f.)

Proof. Without loss of generality, assume E[f(01Z14,...,0¢Z¢;,G;)] = 0 for i € [N]. In what
follows we demonstrate the upper-tail bound:

1Y —Né?
P(N Z;f(alZl,i, e ,O'tZtJ',Gi) Z 6) S exp < 47% ) y (BQ)
1=
where .
Re = 32L2(t +1)? (y + 42+ Y (0% + 40,%”)). (B.3)
m=1
The lower-tail bound follows similarly.
Using the Cramér-Chernoff method, for any s > 0 we can write
1 N N
P(N Zf(a'lzl,i7 ey 01213, Gi) > 6) < E[esziﬂf("lzlﬁi"""’tZ@“Gi)}e’SNE. (B.4)
i=1
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To prove (B.2), we will show that

| =

< exp (N/%tsz) for 0 <s <4/ (B.5)
¢

Then, using in and taking s = /27 yields the upper tail bound in
We now prgve Ijor i € [N, let (21 ivee s Zy > G;) be an independent copy of (Zl,w e 21y Gy).
Since E[f(01Z1,, - .- ,Uth-, G;)] = 0, using Jensen s inequality we have

exp ( Zf (012135 -, 0t Z1 5, Gz‘))

R

E[exp(—sf(alzlvi, e Uth, él))] > exp(—sE[f(mZLi, . ,atZt,i, GZ)]) =1.
Therefore, using the independence of Z and Z we write
E[ sf(o121,i,.,0t Z4 4, 2)] < E[ Sf(01Z1,z‘7--~7UtZt,¢,Gi)] ,E[efsf(ﬂlzl,i,m:UtZt,i,éi)]

_ E[es( (0'1Zl,i:-nyo'tzt,ini)*f(UlZl,ivnyUtZt,iyéi))]. (B.ﬁ)
Using (B.6|) we prove (B.5) by demonstrating that for each i € [N],
E[es(f(Ulzm ----- O'tZt,i7Gi)_f(0'121,i7---70't2t,ivéi))] < exp (Rt32) for0 < s < /i‘ (B.7)
Rt

For i € [N] we have

E[es(f(o'lZl,z‘7~-~70'tZt,i7Gz‘)_f(UlZl,iamvo'tZt,hG’i))]

o Sq ~ ~ ~
- Z —E(f(01215 - 00213, Gi) — f(01 214, - - - 01213, Gi))*

=0 ¢
(ﬂ)OOSQkE 7 7 G 7 7. C))2k B8
= (2]{,‘)' (f(al 1,17..-70t t,0y Z)_f(al 1,15'-';Ut tis ’L)) , ( . )

k=0

where step (a) holds because the odd moments of the difference equal 0. Next, using the pseudo-
Lipschitz property of f, for an absolute constant L > 0, we have for k£ > 1:

(f(01 21401213, Gi) — F(01 214, - - 00213, Gi))F
k

t
SL* |1+ > on(Zh,+ 20) + G+ G}

k
(a) ¢ - ~
< L 0N on(Zoi+ Zii) + G+ G

m=1

t
V4> on (20 + Z0) + Gi + G

m=1

k
b

< (2L2)*

—
=

)

Za 2t 22 )+ G+ G+ (2t +2) <Za i+Z§17i)+G;‘+é§>

() (2L2(4t + )k [ < . . _ .
< mz::l O Z® + Z2) + GFF+ G+ (2t + 2)F Z o (Zak + Z0F ) + G 4 G

< D oM(ZE + ZE) + G+ G+ Z oak(ZMk + Z ) + G+ GF

_ 2Let+2)* [ !
m=1 m=1

(B.9)
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where inequalities (a), (b), () are all obtained using using Lemma [C.3] Using (B.9) in and
recalling that {(Z,,:)1<k<t, Gi} are identically distributed as {( m1)1<k<t, G, i}, we get

]E[es(f(o'lZl,irn;o'tZt,ini)*f(UlZl,i,n-vatzt,i:éi))]

1 i 32L 2t +2)) Z o EZZ, + BG4 Z ok EZ 1+ EGH

=T (4t + 4

(@ & (s2L(2t + 2 :

<1+ S(zk; 2t +)2)) 3 oZka(kn)2t + 2(k!)(20)F + Z o 2(2K1)27F + 2(2k1) (20)*
k=1 m=1 m=

t

©) o~ (202 +2)) [ 1 ! N
<1 il -
+; (t+1) k!n;aer +m§::1 V)

. k
v+ 4%+ Z (02, + 4(7;1”)]

m=1

o0
Z $2L(2t +2))
k=1

—

¢ -1
©) (1 — s?16L2(t + 1)* [1/ +4 4+ (o0, + 4a§n)D

m=1

(d)  s232L2(t+1 2[1/ 41?2 (02, 403,1]
() ##32L2 1) |24 s (ol | (B.10)

In the chain of inequalities above, (a) is obtained using the sub-Gaussian moment bound (B.1));

(2F)! )

step (b) using the inequality > 2FE!, which can be seen as follows.

k k
(2k)! o k k
el | (CEELN ]| (3+1) > (k1)2
J=1 7=1
The equality (c) holds because s lies in the range specified by (B.5), and (d) holds because 11— < **
for z € [0, %] This completes the proof of (B.7)), and hence the result. O

C Other Useful Lemmas

Lemma C.1 (Product of Lipschitz Functions is PL(2)). Let f : RP — R and g : RP — R be
Lipschitz continuous. Then the product function h : RP — R defined as h(x) = f(x)g(x) is
pseudo-Lipschitz of order 2.

Lemma C.2. Let ¢ : R'"*? — R be PL(2). For (ci,...,ci1) constants and Z ~ N(0,1), the
function ¢ : RIT1 — R defined as ¢ (v1, ..., v, w) = Ez[o(vy,. .., v, Zizl Crr + 12, w)] is then
also PL(2).

Lemma C.3. For any scalars ay,...,a; and positive integer m, we have (la1]+ ...+ |a])" <

tm=LSag|™. Consequently, for any vectors uy, ..., u, € RY, L ngQ <t gl
Proof. The first result follows from applying Hélder’s inequality to the length-¢ vectors (|a1], ..., |a:|)
and (1,...,1). The second statement is obtained by applying the result with m = 2. O
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Supplementary Material: Proof of Lemma [4.5] parts (b).(ii) and (b).(iv)

The supplement available at http://bit.1ly/2iWMgbr contains the proof of Lemmal[d.5| parts (b).(ii)
and (b).(iv) for the case where the denoising functions {n.(-)};>o are differentiable in the first
argument except at a finite number of points. The proof in Sec. covers the case where the
denoising functions {n:(-) }+~o are differentiable everywhere. The proof of the general case is longer
and somewhat tedious, so we include it in the supplement.
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