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Abstract

Johansen’s (1988, 1991) likelihood ratio test for cointegration rank of a
vector autoregression (VAR) depends only on the squared sample canonical
correlations between current changes and past levels of a simple transformation
of the data. We study the asymptotic behavior of the empirical distribution of
those squared canonical correlations when the number of observations and the
dimensionality of the VAR diverge to infinity simultaneously and proportion-
ally. We find that the distribution weakly converges to the so-called Wachter
distribution. This finding provides a theoretical explanation for the observed

tendency of Johansen’s test to find “spurious cointegration”.

1 Introduction

Johansen’s (1988, 1991) likelihood ratio (LR) test for cointegration rank is a very
popular econometric technique. However, it is rarely applied to systems of more than
three or four variables. On the other hand, there exist many applications involving
much larger systems. For example, Davis (2003) discusses a possibility of applying
the test to the data on seven aggregated and individual commodity prices to test
Lewbel’s (1996) generalization of the Hicks-Leontief composite commodity theorem.

In a recent study of exchange rate predictability, Engel et al. (2015) contemplate
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a possibility of determining the cointegration rank of a system of seventeen OECD
exchange rates. Banerjee et al. (2004) emphasize the importance of testing for no
cross-sectional cointegration in panel cointegration analysis (see Breitung and Pesaran
(2008) and Choi (2015)), and the cross-sectional dimension of modern macroeconomic
panels can easily be as large as forty.

The main reason why the LR test is rarely used in the analysis of relatively
large systems is its poor finite sample performance. Even for small systems, the test
based on the asymptotic critical values does not perform well (see Johansen (2002)).
For large systems, the size distortions become overwhelming, leading to severe over-
rejection of the null in favour of too much cointegration as shown in many simulation
studies, including Ho and Sorensen (1996) and Gonzalo and Pitarakis (1995, 1999).

In this paper, we study the asymptotic behavior of the sample canonical corre-
lations that the LR statistic is based on, when the number of observations and the
system’s dimensionality go to infinity simultaneously and proportionally. We show
that the empirical distribution of the squared sample canonical correlations converges
to the so-called Wachter distribution, originally derived by Wachter (1980) as the
limit of the empirical spectral distribution of the multivariate beta matrix of grow-
ing dimension and degrees of freedom. Our analytical findings explain the observed
over-rejection of the null hypothesis by the LR test.

The basic framework for our analysis is standard. Consider a p-dimensional VAR
in the error correction form

k—1

AX; =X+ ) TidXe i+ @D + <, (1)

i=1
where D; and ¢; are vectors of deterministic terms and zero-mean, not necessarily
Gaussian, errors with unconstrained covariance matrix, respectively. The (quasi) LR

statistic for the test of the null hypothesis of no more than r cointegrating relationships

between the p elements of X; against the alternative of more than r such relationships

is given by
p
LR, pr==T )  log(1-X), (2)
i=r+1
where 1" is the sample size, and A\; > ... > A, are the squared sample canonical

correlation coefficients between residuals in the regressions of AX; and X;_; on the

lagged differences AX; ;, ¢ = 1,...,k — 1, and the deterministic terms. In the ab-



sence of the lagged differences and deterministic terms, the \’s are the eigenvalues
of 50151’115615&)1, where Syg and S7; are the sample covariance matrices of AX; and
X;_1, respectively, while Sy, is the cross sample covariance matrix.

Johansen (1991) shows that the asymptotic distribution of LR, ,r under the as-
ymptotic regime where T' — oo while p remains fixed, can be expressed in terms of the
eigenvalues of a matrix whose entries are explicit functions of a (p — r)-dimensional
Brownian motion. Unfortunately, for relatively large p, this asymptotics does not
produce good finite sample approximations, as evidenced by the over-rejection phe-
nomenon mentioned above. Therefore, in this paper, we consider a simultaneous

asymptotic regime p, T —. oo where both p and T' diverge to infinity so that
p/T — c € (0,1]. (3)

Our Monte Carlo analysis shows that the corresponding asymptotic approximations
are relatively accurate even for such small sample sizes as p = 10 and 7" = 20.

The basic specification for the data generating process (1) that we consider has
k = 1. In the next section, we discuss extensions to more general VARs with low-
rank I'; matrices and additional common factor terms. We also explain there that our
main results hold independently from whether a deterministic vector D; with fixed
or slowly-growing dimension is present or absent from the VAR.

Our study focuses on the behavior of the empirical distribution function (d.f.) of

the squared sample canonical correlations,
1 p

Fp<A>=]—721{AiSA}, (4)
i=1

where 1 {-} denotes the indicator function. The dependence of F), (\) on T' is sup-
pressed to keep notations simple. We find that, under the null of r cointegrating

relationships, as p, T" —. oo while r/p — 0,
Fy(A) = We(A) =W (A¢/(1+¢),2¢/(1+¢)), (5)

where = denotes the weak convergence of d.f.’s, and W (X; y,, 7,) denotes the Wachter

d.f. with parameters ~, and y,, described in detail in the next section.



As explained below, convergence (5) guarantees that the probability of the event

LReyir/p* 2~ [log (1= 0w, (n) ~ (6)

converges to one as p,T —. oo, for any 6 > 0. In contrast, we show that under
the standard asymptotic regime, where 7" — oo while p is held fixed, LR, ,7/p*
concentrates around 2 for relatively large p. A direct calculation reveals that 2 is
smaller than the lower bound (6), for all ¢ > 0, with the gap growing as ¢ increases.
That is, the standard asymptotic distribution of the LR statistic is centered at a
too low level, especially for relatively large p. This explains the tendency of the
asymptotic LR test to over-reject the null.

The reason for the poor centering delivered by the standard asymptotic approxi-
mation is that it classifies terms (p/7")’ in the asymptotic expansion of the LR statistic
as O (T77). When p is relatively large, such terms substantially contribute to the fi-
nite sample distribution of the statistic, but are ignored as asymptotically negligible.
In contrast, the simultaneous asymptotics classifies all terms (p/T)’ as O(1). They
are not ignored asymptotically, which improves the centering of the simultaneous
asymptotic approximation relative to the standard one.

Our study is the first to derive the limit of the empirical d.f. of the squared sample
canonical correlations between random walk X;_; and its innovations AX,;. Wachter
(1980) shows that W (X;7,,7,) is the weak limit of the empirical d.f. of the squared
sample canonical correlations between ¢- and m-dimensional independent Gaussian
white noises with the size of the sample n, when ¢, m,n — oo so that ¢/n — =, and
m/n — 7. Yang and Pan (2012) show that Wachter’s (1980) result holds without
the Gaussianity assumption for i.i.d. data with finite second moments. Our proofs do
not rely on those previous results. The novelty and difficulty of our setting is that X,
and AX; are not independent processes. This requires original ideas for our proofs.

The rest of this paper is structured as follows. In Section 2, we prove the con-
vergence of F), (\) to the Wachter d.f. under the simultaneous asymptotics. Section
3 derives the sequential limit of F), (\) as first 7" — oo and then p — oo. It then
uses differences between the sequential and simultaneous limits to explain the over-
rejection phenomenon. Section 4 contains a Monte Carlo study. Section 5 concludes.

All proofs are given in the Supplementary Material (SM).



2 Convergence to the Wachter distribution

Consider the following basic version of (1)
AXt = HXt,1 + (th + Et (7)

with dp-dimensional vector of deterministic regressors D;. We allow innovations ¢; to
be i.i.d. vectors with zero mean and a non-singular covariance matrix, not necessarily
Gaussian. Let Ry and Ry, be the vectors of residuals from the OLS regressions of

AX; on D;, and X;_; on Dy, respectively. Define

T T T
1 1 1 3

Soo = T E Rot Ry, Sor = T g Ry Ry, and Sy = T Ry Ry, (8)
t=1 t=1 t=1

and let \; > ... > A, be the eigenvalues of 50151_115615&)1.

The main goal of this section is to establish the weak convergence of the empirical
d.f. of the X’s to the Wachter d.f., under the null of r cointegrating relationships,
when p,T"—. oo and 7/p — 0. The Wachter distribution with d.f. W (A;v4,7,) and
parameters vy, v, € (0,1) has density

L O N0
27y, Al =N) (9)

Jw (As71,72) =

on [b_,b;] C [0, 1] with

by = (\/71(1_72)i\/’72(1_’71))27 (10)

and atoms of size max {0,1 — v,/7v,} at zero, and max {0,1 — (1 — v,)/7,} at unity.
We assume that model (7) may be misspecified in the sense that the data gener-

ating process is described by the following generalization of (1)

k—1
AXy=TIX, 1 + Y TiAX, ; + UF, +¢, (11)

i=1
where ¢, t = 1,...,T, are still 1.i.d.(0,X) with arbitrary ¥ > 0, rankIl = r, but k
is not necessarily unity, and F; is a dp-dimensional vector of deterministic or sto-

chastic variables that does not necessarily coincide with D;. For example, some of



the components of F; may be common factors not observed and not modelled by
the econometrician. Further, we do not put any restrictions on the roots of the
characteristic polynomial associated with (11). In particular, explosive behavior and
seasonal unit roots are allowed. Finally, no constraints on F;, and the initial values
Xi g, ..., Xo, apart from the asymptotic requirements on dr and k as spelled out in

the following theorem, are imposed.

Theorem 1 Suppose that the data are generated by (11), and let I' = [I'q, ..., Ty _1].
If as p, T —. o0,
(dp +dp + 7+ k +rankI) /p — 0, (12)

then
F,(A) = We(A) =W (Ae/(1+¢),2¢/(1+¢)), (13)

in probability. In special cases where innovations e, are Gaussian, convergence (13)

holds almost surely.

The weak convergence in probability of empirical d.f. F, (\) to W, ()\) can be
understood as the usual convergence in probability of the Lévy distance between
F, (X) and W, ()) to zero (see Billingsley (1995), problem 14.5). Theorem 1 implies
that the weak limits of F, (\) corresponding to the general model (11) and to the
basic model AX; = I1X,; ; + ¢; are the same as long as (12) holds.

Condition (12) guarantees that the difference between the general and basic ver-
sions of Sp;577'Sh; S5 has rank R that is less than proportional to p (and to T).
Then, by the so-called rank inequality (Theorem A.43 in Bai and Silverstein (2010)),
the Lévy distance between the general and basic versions of F, (A) is no larger than
R/p, which converges to zero as p,T —. oo. For further details, see the proof of
Theorem 1 in the SM.

Figure 1 shows quantile plots of W, (\) for different values of ¢. For ¢ = 1/5, the
dimensionality of the data constitutes 20% of the sample size. The upper boundary
of support of the corresponding Wachter distribution is above 0.7. In particular, we
expect A; be larger than 0.7 for large p and T, even in the absence of any cointegrating
relationships. For ¢ = 1/2, the upper boundary of support of the Wachter limit is
unity. This accords with Gonzalo and Pitarakis’ (1995, Lemma 2.3.1) finding that as
T/p— 2, \y — 1. For ¢ = 4/5, the Wachter limit has mass 3/4 at unity.

Wachter (1980) derives W (X;7,,7,) as the weak limit of the empirical d.f. of
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Figure 1: Quantile functions of W, () for ¢ =1/5, ¢ =1/2, and ¢ = 4/5.

eigenvalues of the p-dimensional beta! matrix B, (n1/2,n2/2) with ny, ny degrees of
freedom as p,ny,ng — oo so that p/ny — v,/v, and p/ny — 7,/(1 — 7,). The
eigenvalues of multivariate beta matrices are related to many important concepts in
multivariate statistics, including canonical correlations, multiple discriminant ratios,
and MANOVA. In particular, the squared sample canonical correlations between ¢-
and m-dimensional independent Gaussian samples of size n are jointly distributed as
the eigenvalues of B, (m/2, (n —m)/2), where ¢ < m and n > g+m. Therefore, their
empirical d.f. weakly converges to W (\; vy, 7,) with 7, = limg/n and v, = limm/n.

Note that the latter limit coincides with W, (A\) when n = T+p, ¢ = p, and m = 2p.
Hence, Theorem 1 implies that the limiting empirical distribution of the squared
sample canonical correlations between 1" observations of p-dimensional random walk
and its own innovations is the same as that between T+ p observations of independent
p- and 2p-dimensional white noises. This suggests that there might exist a deep
connection between these two settings, which is yet to be discovered.

The weak convergence in probability of F}, (A) established in Theorem 1 implies the
convergence in probability of bounded continuous functionals of F, (). An example

of such a functional is the scaled Pillai-Bartlett statistic for the null of no more than

'For the definition of the multivariate beta see Muirhead (1982), p. 110.



r cointegrating relationships (see Gonzalo and Pitarakis (1995))

P
PB.yr/v* = (T/) D A

j=r+1

which is asymptotically equivalent to the scaled LR statistic under the standard

asymptotic regime. Since, by definition, A; € [0, 1], we have

r

PEyr/s’ = (Tfp) | FNAF, )~ (/%) 3 A (14

j=1

where f is the bounded continuous function

0 forA<O
fA) =< X for Ae0,1]
1 for A > 1.

As long as v/p — 0 as p,T —. oo, the second term on the right hand side of
(14) converges to zero. Therefore, Theorem 1 implies that PB, ,7/p* converges to
! / f(A)dW. (A) in probability (a.s. in cases of Gaussian ;). A direct calculation

of the latter integral yields the following corollary.

Corollary 2 Under the assumptions of Theorem 1, as p,T —. oo,
PByyr/r? 2/ (14 0) ¢ max (0,2 - 7'}

The above convergence in probability becomes the a.s. convergence when €, are Gaussian

vectors.

A similar analysis of the LR statistic (2) is less straightforward because log (1 — \)
is unbounded on A € [0,1]. In fact, for ¢ > 1/2, the statistic is ill-defined be-
cause a non-negligible proportion of the squared sample canonical correlations ex-
actly equal unity. However for ¢ < 1/2, we can obtain an asymptotic lower bound

on LR, ,r/p*. Note that for such ¢, the upper bound of the support of W, (\) equals



by =c(vVZ—vI—c) " <1 Let

0 for A <0
log(1—X) =1 log(l—X\) for\el0,b,] (15)
log(1—0by) for A >b,.

Clearly, log (1 — \) is a bounded continuous function and

LR,pr/p” > — (T/p*) Y Tog(1—\y).

j=r+1

As we show in the SM, the latter inequality yields the following asymptotic lower
bound on LR, ,7/p?.

Corollary 3 Under the assumptions of Theorem 1, for any ¢ € (0,1/2) and § > 0,
Pr{LR,,r/p* < LR,— 0} — 0 as p,T —. 0o, where
1+e¢ 1—-c 1—2¢c

. In(1+c)— > In(l—c)+—5

LR, =

C

In(1—2c).
= In(1-2)

Furthermore, in cases where ¢, are Gaussian vectors, liminf LR, ,r/p* > LR, a.s.

Corollary 3 implies that an appropriate “centering point” for the scaled LR sta-
tistic when p and T are large cannot be lower than LR.. As we show in the next
section, the standard asymptotic distribution concentrates around a point that is be-
low LR, for large p, which explains the over-rejection phenomenon. To study such
a concentration, in the next section, we consider the sequential asymptotic regime

where first T" — oo, and then p — oo.

3 Sequential asymptotics and over-rejection

To obtain useful results under the sequential asymptotics, we study eigenvalues of the
scaled matrix

(T/p) So1.511" Sty o - (16)

Under the simultaneous asymptotic regime, the behavior of the scaled and unscaled

1

eigenvalues is the same up to the factor ¢! = lim T'/p. In contrast, as T — oo while

p remains fixed, the unscaled eigenvalues converge to zero, while scaled ones do not.

9



We focus on the basic case where r = 0, the data generating process is
AXy=¢, t=1,....,T, with Xy =0, (17)

and the only deterministic regressor included by the econometrician in model (7) is
constant, that is dp = 1. Then, Johansen’s (1988, 1991) results imply that, as T" — oo
while p is held fixed, the eigenvalues of the scaled matrix (16) jointly converge in

distribution to the eigenvalues of

% /01 (dB) F' </01 FF’du) h /01 F(dB)", (18)

where B is a p-dimensional Brownian motion and F' is its demeaned version. We
denote the eigenvalues of (18) as \; o, and their empirical d.f. as F},o ()).

It is reasonable to expect that, as p — 0o, Fj,(A) becomes close to the limit of
the empirical d.f. of eigenvalues of (16) under a simultaneous, rather than sequential,
asymptotic regime p,T" —, oo, where 7 is close to zero. We denote such a limit
as F, (\). This expectation turns out to be correct in the sense that the following

theorem holds.

Theorem 4 Let Fy (\) be the weak limit of F.,(\) as v — 0. Then, as p — o0,
F,o(A) = Fy (), in probability. The d.f. Fy () corresponds to a distribution sup-
ported on [a_,ay] with

o= (1£v2)", (19)

and having density

_ 1 /(as =N\ —a)
27 A '

f (A (20)

A reader familiar with Large Random Matrix Theory (see Bai and Silverstein
(2010)) might recognize Fy (M) as the d.f. of the continuous part of a special case
of the Marchenko-Pastur distribution (Marchenko and Pastur (1967)). The general
Marchenko-Pastur distribution has density

fup (N, 0%) = 1 lag =N (A—a)

202k A

over [a_,a;] with ar = 02(14 /%) and a point mass max {0,1 — 1/x} at zero.

10



Density (20) is two times fip ()\; k,0?) with k = 2 and ¢ = 1. The multiplication
by two is needed because the mass 1/2 at zero is not a part of the distribution Fj.

Note that, as T' — oo while p remains fixed,
i 1
LRo,r/p* = ;32 Ajo = / AF, o (). (21)
j=1

One may therefore conjecture that under the sequential asymptotics, LR, r/p* con-
verges in probability to [ AdFp ()).

Our next result verifies this conjecture. Since f(A) = A is not a bounded function,
the verification cannot rely solely on Theorem 4. In the proof of the next theorem,
we show that the tails of F}, () behave sufficiently regularly so that the convergence
[AdE,o(A\) = [ AdF, (A) does take place.

Theorem 5 Under the sequential asymptotics, LRg,r/p* converges in probability to
[ AdFy (N) =2.

Theorem 5 is consistent with the numerical finding of Johansen et al. (2005, Table
2) that, as T' becomes large while p is being fixed, the sample mean of the LR statistic
is well approximated by a polynomial 2p? + ap (see also Johansen (1988) and Gonzalo
and Pitarakis (1995)). The value of o depends on how many deterministic regressors
are included in the VAR. Our theoretical result justifies the 2p? term in the above
approximation. A theoretical analysis of o would require a further study.

The concentration of the LR statistic around 2p? explains why the critical val-
ues of the LR test are so large for large values of p. The transformation LRy, —
LRy, r/p — 2p makes the LR statistic ‘well-behaved’ under the sequential asymp-
totics and leads to more conventional critical values. We report the corresponding
transformed 95% critical values alongside the original ones in Table 1.

The transformed critical values resemble 97-99 percentiles of N(0,1). Since the
LR test is one-sided, the resemblance is coincidental. However, we do expect that the
sequential asymptotic distribution of the transformed LR statistic is normal (possibly
with non-zero mean and non-unit variance). A formal analysis of this conjecture is
left for future research.

Corollary 3 and Theorem 5 can be used to explain the over-rejection phenomenon
from a theoretical perspective. The reason for finding spurious cointegration when p

is relatively large is the discrepancy between simultaneous and sequential asymptotic

11



p Original CV. CV/p—2p | p Original CV CV/p—2p
1 4.13 2.13 7 111.79 1.97
2 12.32 2.16 8 143.64 1.96
3 24.28 2.09 9 179.48 1.94
4 40.17 2.04 10 219.38 1.94
) 60.06 2.01 11 263.25 1.93
6 83.94 1.99 12 311.09 1.92

Table 1: The 95% asymptotic critical values (CV) for Johansen’s LR test. The original
values are taken from the first column of Table II in MacKinnon et al. (1999).

behavior of the LR statistic. As can be seen from Figure 2, the lower bound, LR,, for
LRy, r/p* under the simultaneous asymptotics is larger than the probability limit,
2, under the sequential one.

The Monte Carlo analysis in the next section shows that ‘typical’ values of LRy, r/p?
in finite samples with comparable p and 7" are concentrated around LR,.. In contrast,
the standard asymptotic critical values (divided by p?) are concentrated around two.
Hence, the standard asymptotic distribution of the LR statistic is centered at a too
low level. As ¢ = limp/T increases, the discrepancy LR, — 2 grows, and the over-
rejection becomes more and more severe.

In addition to LR., Figure 2 shows the probability limit of the scaled Pillai-
Bartlett statistic under the simultaneous asymptotics, derived in Corollary 2. In
contrast to LR, this limit lies below 2. Therefore, we expect the Pillai-Bartlett
test to under-reject, especially in high-dimensional situations. This agrees with the
numerical findings of Gonzalo and Pitarakis (1995).

Incidentally, the average of LR, and the probability limit of the Pillai-Bartlett
statistic is numerically close to the sequential limit, at least for ¢ < 0.3. This explains a
relatively good performance of the test based on the linear combination (LR+ PB)/2,
proposed by Gonzalo and Pitarakis (1995).

4 Monte Carlo

Throughout this section, the analysis is based on 1000 Monte Carlo (MC) replications.
We consider three different distributions for simulated data: Student’s ¢(3), which has
only two finite moments; Gaussian; and centered x?(1) distribution, which is skewed

to the right. For each of the MC experiments, we report results only for the Student

12
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Figure 2: The simultaneous and sequential asymptotic behavior of the scaled (divided
by p?) LR and PB statistics. Dashed line: sequential probability limit of the scaled
LR and PB. Upper line: simultaneous asymptotic lower bound on the scaled LR.
Lower line: simultaneous probability limit of the scaled PB.

case. The corresponding results for the other two cases turn out to be very similar.

First, we generate pure random walk data with zero starting values for (p,T) =
(10,100) and (p,T") = (10,20) . Figure 3 shows the Tukey boxplots summarizing the
MC distribution of each of the A\,11_;, 7 =1,...,p. Indexing A\’s by p + 1 — ¢ ensures
that 7 = 1 corresponds to the smallest squared sample canonical correlation, \,, and
1 = p corresponds to the largest squared sample canonical correlation, \;.

The boxplots are superimposed with the quantile function of the Wachter limit
with ¢ = 1/10 for the left panel and ¢ = 1/2 for the right panel. Precisely, the boxplot
for \,+1—; is compared to the value of the 100 (i — 1/2) /p quantile of the Wachter
limit. For i = 1,2, ..., 10, these are the 5-th,15-th,...,95-th quantiles of W, (\). We see
that, even for such small values of p and T', theoretical quantiles track location of the
MC distributions of the empirical quantiles very well.

The dispersion of the MC distributions around the corresponding theoretical quan-
tiles is quite large for the chosen small values of p and 7' It is slightly smaller for
the Gaussian case, not reported here. To see how such a dispersion changes when
p and T increase while p/T remains fixed, we generate pure random walk data with
p = 20,100 and 7" = 200, 1000 for p/T = 1/10, and p = 20,100 and T = 40, 200 for

13



p=10,T=100 p=10,T=20

12 3 4 5 6 7 8 910 1 2 3 4 5 6 7 8 910

Figure 3: The Tukey boxplots for 1000 MC simulations of ten sample squared canon-
ical correlations correponding to pure random walk data. The boxplots are superim-
posed with the quantile function of the Wachter limit.

p/T =1/2.

Instead of reporting the Tukey boxplots, we plot only the 5-th and 95-th percentiles
of the MC distributions of the A\,41_;, ¢ = 1,...,p against 100 (i — 1/2) /p quantiles
of the corresponding Wachter limit. The plots are shown in Figure 4. We see that
the [5%,95%)] ranges of the MC distributions of A,1_; are still considerably large for
p = 20. These ranges become much smaller for p = 100.

The behavior of the smallest squared canonical correlation A, (that is, \,41-;
with ¢ = 1) in Figures 3 and 4 is special in that its MC distribution lies below
the corresponding Wachter quantile. This does not contradict our theoretical results
because a weak limit of the empirical distribution of \’s is not affected by an arbitrary
change in a finite (or slowly growing) number of them.

Our next experiment simulates data with the number of cointegrating relation-
ships, 7, equal to 1,2,3, and p. In each case, we set the first r diagonal elements
of matrix II to p = —1, leaving the other elements equal zero. The sample size is
(p,T) = (20,200). Figure 5 shows the 5-th and 95-th percentiles of the MC dis-
tributions of A,;;_; (solid lines) plotted against the 100(i — 1/2)/p quantiles of the
corresponding Wachter limit.

Interestingly, exactly r squared canonical correlations deviate from the 45° line.
This remains to be the case when we set the first r diagonal elements of II to

p = —0.75, or when we increase the sample size to (p,T) = (100,1000). When p

14
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Figure 4: The 5-th and the 95-th percentiles of the MC distributions of A,;_;, which
are plotted against 100(i — 1/2)/p quantiles of the Wachter limit. The dashed line is
the 45° line. Pure random walk data.

is further increased to —0.5 so that the stationary components of the data become
less persistent, the deviations from the 45° line become less pronounced.

The remarkable fact that the number of the squared canonical correlations deviat-
ing from the 45° line equals the cointegrating rank cannot be explained by Theorem
1. It is because the limiting empirical distribution of the squared canonical correla-
tions is insensitive to the asymptotic behavior of any finite number of them. We leave
asymptotic analysis of individual squared canonical correlations, as opposed to their
empirical distribution, for future research.

Plots of squared canonical correlations against the corresponding quantiles of the
Wachter distribution are known in the statistical literature as Wachter plots. They
were proposed by Wachter (1976) in the context of multiple discriminant analysis
as a tool to “recognize hopeless from promising analyses at an early stage.” Results
reported in Figure 5 suggest that counting the number of points where a Wachter
plot deviates from the 45° line might be useful for the determination of cointegration
rank.

For the interested reader, we now provide details on how to construct a Wachter

plot. First, find the squared canonical correlations A\; > ... > A, by computing the
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Figure 5: The 5-th and 95-th quantiles of the MC distribution of \,1;_; plotted against

100(i —1/2)/p quantiles of W 19(A). The number of cointegrating relationships r # 0.
(n, T) = (20,200).

eigenvalues of Sp1.5,'S5, Sy . Next, set ¢ = p/T. Using the Wachter density formula
(9) with parameters v, = ¢/(1+¢) and v, = 2¢/(1+ ¢), compute the 100 (i — 1/2) /p
quantiles of W, (A) for i = 1,2,...,p. Finally, plot points with xz-coordinates equal
to the computed quantiles and y-coordinates equal to the corresponding A, 41_;. A
MATLAB code for the construction of a Wachter plot is available from the authors
upon request.

Our final MC experiment studies the finite sample behavior of LRy, r/p*. The
simulated data are pure random walk. Figure 6 shows the Tukey boxplots of the
MC distributions of LRg,7/p? corresponding to p/T = 1/10,...,5/10 with p = 10
(left panel), and p = 100 (right panel). The boxplots are superimposed with the
plot of the simultaneous asymptotic lower bound LR, with ¢ replaced by p/T. For
p = 10, we also show (horizontal dashed line) the standard 95% asymptotic critical
value (scaled by 1/p?) taken from MacKinnon et al. (1999, Table II). For p = 100,
the standard critical values are not available, and we show the dashed horizontal line
at height 2 instead. This is the sequential asymptotic probability limit of LRg, r/p*

as established in Theorem 5.
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Figure 6: The Tukey boxplots for the MC distributions of LRy, r/p* for various p/T
ratios. The boxplots are superimposed with the simultaneous asymptotic lower bound
LR.. Dashed line in the left panel correspond to 95% critical value for the satandard
asymptotic LR test (taken from MacKinnon et al. (1999, Table II)). Dashed line in
the right panel has ordinate equal two.

The left panel of Figure 6 illustrates the over-rejection phenomenon. The horizon-
tal dashed line that corresponds to the standard 95% critical value is just above the
interquartile range of the MC distribution of LRy ,r/p* for ¢ = 1/10, is below this
range for ¢ > 3/10, and is below all 1000 MC replications of the scaled LR statistic
for ¢ = 5/10.

The SM contains two additional MC experiments, where we explore the sensitiv-
ity of the empirical distribution of the squared canonical correlations to the nuisance
parameters ¥ and I". We find that the effect of ¥ and I' is mostly confined to a few of
the largest squared canonical correlations. For example, when I'; is a rank-one ma-
trix with a sufficiently large norm, the largest squared canonical correlation becomes
substantially larger than the 100 (p — 1/2) /p quantile of the Wachter limit. However,
the MC distributions of the other squared canonical correlations do not substantially
change, and the entire empirical distribution remains close to the Wachter distribution

in terms of the Lévy distance.
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5 Conclusion

In this paper, we consider the simultaneous, large-p, large-T', asymptotic behavior
of the squared sample canonical correlations between p-dimensional, not necessarily
Gaussian, random walk and its innovations. We find that the empirical distribution
of these squared sample canonical correlations weakly converges in probability to the
so-called Wachter distribution with parameters that depend only on the limit of p/T
as p,T —. co. In contrast, under the sequential asymptotics, when first 7' — oo and
then p — oo, we establish the convergence in probability to the so-called Marchenko-
Pastur distribution. The differences between the limiting distributions under the
simultaneous and sequential asymptotics allow us to explain from a theoretical point
of view the tendency of the LR test for cointegration to severely over-reject the null
when the dimensionality of the data is relatively large.

The Monte Carlo analysis shows that the quantiles of the Wachter distribution
constitute very good centering points for the finite sample distributions of the cor-
responding squared sample canonical correlations. The quality of the centering is
excellent even for such small p and T as p = 10 and T' = 20. However, for such
small values of p and T, the empirical distribution of the squared sample canonical
correlation can considerably fluctuate around the Wachter limit. As p increases to
100, the fluctuations become numerically very small.

This paper opens up many directions for future research. For example, it would
be interesting to study the simultaneous asymptotic behavior of a few of the largest
sample canonical correlations. As our Monte Carlo analysis suggests, when r # 0, ex-
actly r of the squared canonical correlations deviate from the corresponding Wachter
quantiles. Hence, the Wachter plot may potentially be useful for the determination
of the cointegration rank in high dimensional systems.

It would also be interesting to study the first order simultaneous asymptotic be-
havior of the centered and scaled LR statistic. This paper has established the lower
asymptotic bound on LR/p*. We conjecture that, after centering by this bound and
proper scaling, LR/p? is distributed normally, at least when e has sufficiently many

moments. We are currently investigating this research direction.
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1 Introduction
1.1 There is no supplementary material for this section of OW.
2 Convergence to the Wachter distribution

2.1 Proof of Theorem OW1

Throughout the proof, we will assume without loss of generality that p, T —. co so that p is strictly increasing,
and thus, T is a function of p. This convention allows us to index various quantities that depend on p and
T by p only, which simplifies notation. Various constants will be often denoted as K. The value of K may
change from one appearance to another.

2.1.1 Reduction to random walk

In this section, we prove that the following three simplifications incur no loss of generality. First, instead
of data generating process OW(11), we may consider pure random walk with zero initial values. Second,
instead of defining Syg, So1, and S11 as in OW(8), we may redefine them as

1 1 1
Soo = TEM[E/’ So1 = TEMZU/MlE/, and Si; = T&MZUMZU'M15'7 (1)

where ¢ = [e1,...,er], M; is the projection on the space orthogonal to the constant vector [ = (1,1, ..., 1)/,
and U is the upper triangular matrix with ones above the diagonal and zeros on the diagonal. As we shall
see below, M;, MU' M;, and M;U MU’ M; are circulant matrices (see Golub and Van Loan (1996, ch. 4.7.7)).
Therefore, they are simultaneously diagonalizable, which makes the second simplification desirable. Finally,
we may assume that the variance of ¢, equals I, for any t =1,...,T.

We need the following two auxiliary lemmas. Let {G,, (\)} and {G}, (\)} be sequences of random distri-
bution functions (d.f.’s). We call these sequences asymptotically equivalent in probability, G, ¥ G’p, if the
Lévy distance £(G),G,) converges in probability to zero as p,T —, oo. Since Lévy distance metrizes the

weak convergence, if G, L G, and G, L F (that is, G (A) weakly converges to F, in probability), then

C‘p LF too, and vice versa. We define a.s. asymptotic equivalence similarly, and denote it as G,, w Gp.
Let S; and S; with ¢ = 0,1,2 be random p X p matrices, and let Si_l and Si_l be their Moore-Penrose
generalized inverses (see Horn and Johnson (1985), p. 421).

Lemma 1 Ifp~'rank (Si - S’l) 220 asp, T —c 00 fori=0,1,2, then Gp < ép, where G, (A\) and G’p (N

are the empirical d.f.’s of eigenvalues of SQSl_lSéSo_l and 5’25’1_15'55'0_1, respectively.

Proof. Let R = rank(S,S; 155551 — 85571555, !). The convergence p~'rank(S; — S;) *5 0 implies
that R/p %% 0. On the other hand, by the rank inequality (Theorem A.43 in Bai and Silverstein (2010)),
L(Gy Gy) < Rfp DI

Let X = [X_g41,..., X7|, where X_1, ..., Xp are arbitrary initial values and X; with ¢ > 1 are generated

by OW(11), that is
k—1

AXy =Xy 1 + Z DiAX_; + UF 4 .

=1

- - N ¢ - - -
Further, let X g1, ..., Xg be zero vectors, X; = Z G fort >1,and X = [X_gy1,..., X7).

Lemma 2 rank (X 75() < 2(r +rankD + & + dp).



Proof. Write X; in the VAR(k) form,
k
=Y X, + UF + &,
i=1
k k . . . .
where II; are such that Il = Zi:l II; - I, and T'; = — Zj:iﬂ II;. Express X; as a function of the initial
values, e; and F} (see Johansen (1995, thm 2.1))

k—s+1

th s Z Hs-l—z 1X1 z+ZC Et— ]"'\I/Ft ]) (2)

kA

where Cy = I and C), is defined recursively by C,, = Z TCn,jHj, n = 1,2,... Here k A n denotes the
j=

minimum of k and n. Let us denote IIy — I, as II] and let II7 = II; for j > 2. Then, for n =1,2,...,

kAn INk nAk
AC, =Cp—Chy =) Cyyll; = Z AC,_; ZH* + ZH*. (3)
j=1

Clearly the column space of AC is spanned by the column spaces of II%, j = 1,...;k. Use this as the basis
of induction. Suppose that the column spaces of each of AC; with j < n are spanned by the column spaces
of I}, 7 = 1,...,k. The identity (3) then implies that the column space of AC), is spanned by the column
spaces of II7, j =1, ..., k, too.

Now rewrite (2) as

k t—s t—1 J
ZZAchZHs—H 1X1 z+ZZA0h Et— j+\IIFt j)
s=1h=0 j=0 h=0

where ACy = Cy = I, and II; = 0 for j > k. Represent X; as the sum Xt(o) + Xt(l) with

k k t—1
Xt(o) ZZHS_H‘_le_i-FZ(Et_j +\I/Ft_j)7 and
s=1 i=1 =0
k t—s t—1 g
xV o= 3y ChZHSJ” 1 Ximi+ )Y AC) (61— + UF,_j). (4)
s=1h=1 i=1 =0 h=1

Since the column spaces of each of AC), with h > 1 are spanned by those of II7, j = 1,...,k, the space

spanned by Xt(l), t=1,...,T is also spanned by the column spaces of II7, j = 1,..., k. Since the union of the
latter column spaces coincides with the union of the column spaces of II and I', we have

rank X" < 7 4 rank T, (5)

where XM =[x, XM with zero XM, X§Y ) and X with ¢ > 1 defined by (4).
Next, represent Xt(o) as the sum Xt(oo) + X,, where

t—1
Xt(oo ZZHSH 1 X1 z‘f‘\I’ZFt j» and X = thfj’ (6)
=0

s=1 =1

and let X0 =[x xO7 with x° = X, for t =1 —k,...,0, and X\°* with ¢ > 1 defined by (6).
Note that the columns space X (%9 is spanned by those of %, j =1,..., k, the column space of the matrix of
the initial conditions [Xj_g, ..., Xo], and the column space of ¥. Therefore,

rank X9 < p 4+ rank ' + k + dp. (7)

Since X = X1 4 X (00) L X inequalities (5) and (7) yield the statement of the lemma.[]



Proof of no loss of generality. Now we are ready to prove the absence of a loss of generality in the
proposed simplifications. Rewrite definitions OW(8) in the following form

1 1 1
S()O = TAXMDAX/; SOl = TAXMDXI_la and Sll = TX—IMDX/—D (8)

where AX = [AXy,...,AX7], X1 = [Xq,..., X7_1], and Mp is the projection on the space orthogonal to
the rows of matrix [Dy, ..., Dr]. Let S00, So1, and Siq be defined similarly, by replacing AX and X_; in (8)

by AX = {A)N(l, ...,AXT] and X_; = [XO, ...,XT,l} , respectively.
By the definitions of Spg and S‘oo,

rank (SOO —5'00> = rank{% (AX — Af() MpAX' + %A)N(MD (AX — Af()l}

IN

2rank (AX — AX') .

On the other hand,
rank (AX — AX) V rank (X,l — )N(,1> < rank (X — X) ,

where a V b denotes the maximum of a and b. Therefore, by Lemma 2,
rank (5’00 — 500> <4(r+ranklT +k+dp).
Similarly, we have
rank (511 — 5’11) V rank (501 — 5’01) <4(r+rankl+k+dp).

Since by assumption, (r + rank'+ &k 4+ dr) /p — 0, Lemma 1 implies that the sequences of the empirical
d.f.’s of the eigenvalues of S01S771 84, S0t and of Sp1577155, S5 are a.s. asymptotically equivalent. Since
SOO, 5’01, and S;; can be thought of as the equivalents of Spg So1, and Sy, after the original data, X, were

replaced by pure random walk with zero initial values, X, we conclude that such a replacement does not
incur any loss of generality.
If the data generating process is pure random walk with zero initial values, then (8) can be rewritten as

1 1 1
Soo = TsMpe', So1 = TEMDU’s’, and S11 = TsUMDU’s’.

The differences of so defined S;; and their counterparts in (1) are matrices of rank no larger than dp + 3.
Indeed, for Spg, we have

1 1
rank <T€MD€, — TEMZ€I> <rank (Mp — M) <dp + 1.

For Sp1, we have

1 1
rank <T5MDU,€I — TaMlU’Mls’) < rank (MpU' — MU’ M;)

= rank ((MD — Ml) U/ + MZUI (IT — Ml)) S rank (MD — Ml) + rank (IT — Ml)
< dp+2.

Finally, for S11, we have

1 1
rank (TEUMDUIEI — T&M;UM;U’M;E’) < rank (UMpU' — MUM,U’ M)

= I‘ank(([T—MZ)UMDU/-FMIUMDU/(IT—Ml)+MlU(MD—Ml)UIMl)
< rank (Mp — M;) 4+ 2rank (I — M;) < dp + 3.



Therefore, by Lemma 1, there is no loss of generality in redefining Spo, So1, and S7; as in (1). Hence, in
the rest of the proof of Theorem OW1, we use the definitions (1), and assume that the data are p-dimensional
pure random walk with zero initial values. Moreover, since the eigenvalues of Sp;57;'Sh; Sy, are invariant
with respect to the transformation e — Y ~/2¢, we will assume that the columns of € are standardized so
that their variance equals I,,. [

Before proceeding to the next section, let us show that matrices involved in the definitions (1) are
circulant, as mentioned above.

Lemma 3 Matrices M;, M;U'M;, and M;UM;U'M; are circulant.

Proof. Matrix M, is clearly circulant. Further, let e; denote the j-th column of Iy, and let Z =
[ea, ..., eT, e1]. By definition, A is circulant if ZAZ' = A. Now note that M; commutes with Z and

ZUZ' =U + e} —ell'.
Therefore,
ZMUMZ' = MZUZ'M; = M;UM,.

Hence, ZUZ' is circulant. It remains to note that the transpose of a circulant matrix is a circulant matrix
and the product of two circulant matrices is a circulant matrix.[]

As is well known (see e.g. Golub and Van Loan (1996, ch. 4.7.7)), any T x T circulant matrix V with
the first column v admits the diagonalization V = %.7-' * diag (Fv) F, where

F = {exp (—iws_1 (t — 1))}Zt:1 ©)

with w, = 27ws/T is the discrete Fourier transform matrix. Here the star superscript denotes transposition
and complex conjugation. Note that the first column of M; equals e; — /T, and that of M;UM, equals
/T — (T +1)/(2T) with 7 = (1,2,...,T)". A direct calculation of the products of F and these vectors
yields

M, = %}'* diag (0, Ir_1) F,
MUM, = %f* diag (0, ﬁ*) F, (10)
MUMU'M, = %]—'* diag (0, ﬁ*ﬁ) F,
where
v =diag {(¢ —1) ", (o = 1) (11)

2.1.2 Stieltjes transform

Our proof of the weak convergence F), (\) £ w, (M) consists of showing that the Stieltjes transforms of

FP ()‘)’ 1
mylz) = [ (@), (12

converge in probability pointwise in z € CT = {( : 3¢ > 0}, where J¢ denotes the imaginary part of a complex
number (, to the Stieltjes transform m(z) of the Wachter distribution. The fact that a pointwise convergence
in probability of Stieltjes transforms implies the weak convergence in probability of the corresponding d.f.’s
is mentioned in Chatterjee (2006). However, since we cannot find a proof in the literature, we provide details
specific to our problem below.

In fact, we will prove the following more general fact.

Theorem 4 Let G, (\) and C~7‘p (N) be two sequences of d.f.’s, supported on a subset of a fized interval [—b, b]

with b < 0o, and such that the corresponding Stieltjes transforms s, (z) and 5,(2) satisfy |sp (2) — 5,(2)] Lo

as p — 00, pointwise in z € CT. Then, L (Gp, ép) .



Proof. Suppose, as a matter of contradiction, that £ (Gp, G’,,) does not converge. Then, there exist €, > 0

and a subsequence {pg}, along which
Pr (£ (Gpus Gy ) > €) >0, (13)

Let G}, and Gck be convolutions of G, and G, with distribution ®, of a zero mean Gaussian variable

with variance Ug so small that
Pr (,c (ng,

Gs,) > e/2) > 4. (14)

Note that
L (GC

Pk’

G, ) < |G -6,

= sup G5, () = G, )]

By Theorem B.14 of Bai and Silverstein (2010)!,

- 5(1+b) K B B
les, 65| < & s () = 55, ) dut Tsup [ |G aw) = Gy @)y (19
—5(1+b) v oa Jiyl<2va
K c ~e
+— ‘ka (z) - G}, (x)‘ dz,
U J|z|>b+1

where u = Rz is the real part of z, v = Jz, and K > 0 is an absolute constant. Note that the density of ng
. -1
is bounded by (v27ro) , and that?

—1

/|z|>b+1 )G;’“ (z) = é;”“ (x)‘ dz < 4[m @, (y)dy < 4036_1/(2”2)/\/%_

Choosing v, o, v/, and o3¢~ 1/(207) /v all sufficiently small, we can make the sum of the second and the
third term on the right hand side of inequality (15) smaller than €/4. Then from (14),

5(1+b)
Pr K/ 156 (2) — & (2)| du > ¢/4 | > &. (16)
—5(1+b) )
Since for any z1, 29 s.t. Jz3 = Jzo = v > 0,
|55, (21) = 85, (22)| V |35, (21) = 5, (22)| < Rz — Rzo| J0?,

the integral in (16) is different from a Riemann sum with a sufficiently large, but finite, number of summands
by less than €/4. Therefore, |s¢ (2) — §¢, (2)| does not converge to zero in probability pointwise in z € C*.
But such a convergence does take place.

Indeed, suppose not. Then, there exist z € CT and €;,d; > 0 such that

Pr(|sS (2) = 5 (2)] > €1) > 01 (17)

along a subsequence {p;,} of the subsequence {p;}. But

A
© (2) / s (=) a0 () + /W 59 (2 — ) dD, (y), and

A
© (2) = / 5 (=) () + /W 5, (2 — ) d®, (1)

ITn Bai and Silverstein’s notation, we choose a = v/3, B = b+ 1, and A = 5B. Such a choice yields v = 2/3 > 1/2, and
Kk = 3/m < 1, so that the conditions of Theorem B.14 are satisifed.
2The first of the two displayed inequalities uses the fact that G, and Gp, are supported on a subset of [—b,b], whereas

—o

the second one uses the bound &4 (y) < ymeﬂv’?/(%z) for y < 0, and an inequality for the incomplete Gamma function (see
Olver (1997, p.67)).




The absolute value of the second integrals on the right hand sides of the above equalities can be made less
than €1 /4 by choosing a sufficiently large A. The first integrals differ from corresponding Riemann sums with
a sufficiently large, but finite, number N of summands by less than €; /8. Therefore, from (17), we must have

.

where ¢, is the derivative of ®,. However, (18) is impossible because s, (2) — §p,. () converge to zero in
probability, pointwise in z € C*.0

N
D (spe (2= 9) = 8p, (2 = 92) b (93) (s — wi-1)
i=1

>€1/4> >(51, (18)

2.1.3 Reduction to Gaussianity

This section shows that we may assume Gaussianity of the data without loss of generality. Then, the
rotational invariance of the multivariate Gaussian distribution allows us to effectively use the simultaneous
diagonalization (10), which is a key element of the proof of Theorem OW1.

Let n be a p x T matrix with i.i.d. standard normal entries, independent from ¢, let

1 1 1
Scoo = fﬁMNﬂ Sao1 = TUMlU/Mm/a Sai1 = TUMZUMZUIMW/;

and let Fg, (A) be the empirical d.f. of the eigenvalues of SGOlSélll S'GOlSééO. We would like to establish the

asymptotic equivalence F), L Fgp. This is achieved in four steps, similarly to Yang and Pan (2012), who
study the convergence of the empirical d.f. of the squared canonical correlations between two independent,
not necessarily Gaussian, white noise samples.

First, we show that F}, L Fgp follows from Fp L ﬁ'Gp, where Fp () is the empirical d.f. of the eigenvalues
of the product of two random projection matrices, and FGP (A) its Gaussian counterpart. Second, we prove

that Fp N Fp, where Fp is a version of Fp obtained by truncating, centralizing, and scaling the entries of
g. Third, we perturb the random projections to ensure the boundedness of a few of the related matrices.
The size of the perturbation is captured by parameter ¢, so we denote the perturbed Fj, (A) as Fp; (A), and

perturbed FGP (\) as ngt (\) . We prove that F), X FGP follows from the asymptotic equivalence F; 2 ngt

for all fixed ¢t > 0. Finally, we establish the asymptotic equivalence F’pt X ngt for any fixed ¢ > 0 by using
the generalization of the Lindeberg principle due to Chatterjee (2006).

Step 1: sufficiency of 13’,, 9 FGP. Note that matrix 50151_1156150_01 and the product of two projections
P, P, where

1 1 -t
P o= ZMUME <T5M1UM1U’M15’) eMUM, and
P = lMe/ lsMs/ 71€M
2 = pMe | 7eM 1s

have the same non-zero eigenvalues, and Py P, has additional T'—p zero eigenvalues. Therefore, the empirical
d.f. F, (N\) of the eigenvalues of P; P, satisfies

T _
pl{,\zo}a

By (V) = 5F () + =+

where 1()>¢y is the indicator function. Hence, it is sufficient to prove that F'p N 2 FG,p (M), where the
latter d.f. is the analogue of the former for the Gaussian data.

Step 2: truncation, centralization, and scaling. Foreachm =1,2, ..., let T}, be such that T;, > T}, _1
and for all T > T,,,, we have

3 2 —-m
m E(Elll{\su\>ﬁ/m}) <27



Let 6 = 1for T < Ty and 7 = 1/m for all T € [T}, Tynt1)- Then, as T — oo, d7 — 0 and VT — .
Furthermore,

T67' Pr(ler| > 67VT) < 67°E (e§11{‘8u‘>5Tﬁ}) <1 (19)

Let & = eij1y\., |<srvT) and let P{", Pi" be the matrices P;, P, with ¢;; replaced by &;;. Denote the

empirical d.f. of the eigenvalues of P{"P§" as F'" (\), and Pr(|e11| > d7VT) as gr. Then for any 6 > 0, by
the rank inequality

Pr(L (F;T, Fp) > §) < Pr(vank(PI"Pi" — P,Py) > 0T)
< Pr(rank(P{" — Py) > 6T/2) + Pr(rank(Pi" — Pp) > 6T/2)

IN

)
2Pr(D Ly, soprvmy > 0T/2) <2Pr [ 1D (L sopvry — 4)| > DT (2—p - qT)
ij ij
Applying Bernstein’s inequality (see e.g. Bai and Silverstein (2010, p. 21)) to the latter probability, we obtain

Pr(L (F;T7Fp> > 0) < dexp <—p2T(2ip - qT)2/5> :

By (19), 6/ (2p) — g > 6/ (4p) for all sufficiently large p and T'(p) along the sequence p, T —. co. Therefore,
for all sufficiently large p,
Pr(L (F; F,,) > 6) < 4etP

for some b > 0. It then follows from the Borel-Cantelli lemma that
c (F;r, Fp) =) (20)
as p, T —. 0.

Next, let g;; = &; — E&;; and 71517, =) be the matrices Pl Pi" with g;; replaced by &;;. Denote the
empirical d.f. of the eigenvalues of P, P, as Fj, (A). Again, by the rank inequality, we have

_ . 1 - .
L (Fp, F;’) < T rank(Py P, — P}"Py")
1 _ 1 = .
< T rank(P; — P{") + T rank(Py — Pi7").

Note that & — 2 = E¢ and that rank(E&) = 1 by the i.i.d assumption. Therefore, we have

—_

—rank(P; — P}")

—1

IN
Sl= S

1 1 o/
rank{TMlU/Mlg/ [(TEMZUMZU/Ml§/> — <T5M1UM1U/MZ§/)

éMlUMl} (21)

1 1 1 !
+T Taﬂk{TMlU/Ml(é—ﬁ)/ <T8M1UM1U/MZ€/) &‘MZUMZ}

1 1 1 -
+T rank {TMIUIMZE‘/ <T€MZUMZU/M16/> (g‘ - €)MZUM[} .

The latter two ranks are no larger than rank(Eé&) = 1. Since
1 ) (L )
TEM[UM[U MlE — TEM[UM[U MZE
1. ’ ~/ - 1. ! ~/ 1_ ’ =/ 1_ ! =/ -
= TEMlUMlU Ml&‘ T&‘M[UM[U MZE — TleUMZU Ml&‘ T&‘MZUMZU Mlé‘ s



the first rank on the right hand side of (21) is no larger than 2rank(Eé) = 2.
To summarize, % rank(P; — P{") — 0 and similarly, % rank(P, — Pi") — 0 as p,T —. oo. Therefore
L (F,, Fl") 220, which, taken together with (20), yields

(B By) =o.

Since P; Ps is invariant to rescaling of £, and since Var (éij) — 1 as p,T —. 0o, we may and will assume
that &;; are i.i.d. with zero mean, unit variance, and satisty |e;;| < 87T, where 67 — 0 and d7vVT — oo
as p, T —. .

Step 3: perturbing the projections. Matrices U, (EMIE")_l, and (EMZUMlU’Mlé’)_l involved in the
definitions of projections P; and P, may have large norms, asymptotically. Therefore, we winsorize U and
replace the two other matrices by matrices of bounded norms.

The winsorization of U is done as follows. Let

T
! 2 : l
MlU Ml = O'juJ'Uj
j=1

be a singular value decomposition of M;U’M;, where o1 > ... > o are the singular values. Throughout this
note, we will assume that 7" is an odd integer. The case of even T can be analyzed similarly, and we omit the
corresponding analysis. From (10), 09j_1 = 02 = (2 — ZCoswj)_1/2 for j=1,..,(T—=1)/2, and o7 = 0.
Let
Ttp[—1 T-1 1
U, = Z TepUsV; + Z 0 UiV} + Survr,
Jj=1 J=ltp[

where ¢ is a small positive number and |z| denotes the smallest even integer larger than or equal to x.
For future reference, note that the norm of M;U’M; is of order T?, whereas

—1/2
U] = o1epr = (2 — QCosw]tp[/g) / < \/§T/ (7tp), (22)

where the latter inequality uses the fact that 1 —cosz > 2%/4 for x € [0,7/2]. For any fixed ¢ > 0, the right
hand side of (22) remains bounded as p, T —. o0.
Let

.1 1 -t -1, (1 )\
Py = TUt’é’ (TéUtU£E’> EUy and P, = Té/ (TEE') g,

and let ﬁ'pt (M) be the empirical d.f. of the eigenvalues of PPy

Lemma 5 Let Y7 and Ys be n X m matrices and let Py, and Py, be projections on the spaces spanned by
the columns of Y1 and Ys, respectively. If rank (Y7 — Ya) = k, then there exist n X k matrices y; and yo such
that Py, — Py, = P, — P,,, where P, and Py, are projections on the spaces spanned by the columns of y1
and ya, respectively. In particular, rank (Py, — Py,) < 2k.

Proof. Assume that Y — Y, = ab, where a is n x k and b= ( 0, I} ). This assumption does not lead
to a loss of generality because Py, and Py, are invariant with respect to multiplication of Y7 and Y3 from
the right by arbitrary invertible m x m matrices. Let us partition Y; and Y5 as [Y11,Y12] and [Ya1, Yool ,
where Y75 and Y2o are the last & columns of Y7 and Y5, respectively. We have Y5, = Y77 and Yoo + a = Yio.
Denote I,,, — Py,, as M;, where Py,, is the projection on the space spanned by the columns of Y5, and let
Yo = Ml}/ég. Note that

Py, = P[Y217y2] = Py, + Py,,

where the second equality holds because Ys; is orthogonal to ys. Similarly, we have

PY1:PY11+Py1:PY21+Py1’



where y; = M;Y12. Therefore, Py, — Py, = Py, — P,,..
By rank inequality (Bai and Silverstein (2010, thm. A.43)) and Lemma 5,
_ o~ 1 _ ~ o~
c (Fp,Fpt) < rank(Pi Py — Py P) (23)

1 — - 1 _ - 2|tp| + 2
< T rank(P; — Pyy) + T rank(P — P) < %,

which converges to zero as p,T" —. oo and t — 0. A similar inequality holds for the Gaussian analogues,
FGp()\) ngt( ), of d.f.’s Fj,(N), Fpt()\)
Next, let

_ 1 1 -t 1,/1 -t
Py = TUt’é’ <T5UtUt’a’ + tlp> gU, and Py, = T*’ <Tea’ + tlp> g,

and let Fj; (\) be the empirical d.f. of the eigenvalues of P;Ps (for later use, we denote the Gaussian
analogue of F; (\) as Fape (V). Since the eigenvalues of Py Py and Pay Py Po; coincide, and the eigenvalues
of P14P> and P, Py P5 coincide, Corollary A.41 of Bai and Silverstein (2010) yields

c? (Fpt; Fpt) < %tr (PztpltPQt - p2p1tp2)2 (24)
< ?tr (131t—]31t)2+§tr (PQt —152)2

for an absolute constant K.
On the other hand,

1 _ ~ 2 1 1_ .
T tr (Plt — P1t> = T tr TEUtUtE

1 -t 1 -17\?
(TgUtUt’s’thIp) —(TeUtU££'> D

2 1_ 1—y -2 t2 1, -
= tr ?5UtUt5 +tI, < tr ST +tI, ,

T T

where the last inequality follows from the fact that, by construction, U;U; > Iy /2. By Theorem 3.6 in Bai
and Silverstein (2010), the empirical d.f. of the eigenvalues of %EE’ a.s. converges to the Marchenko-Pastur
distribution. Hence, for any fixed t > 0,

2 1 - s V=) (
t ( ’+t1p> 4t2/

—tr | —¢ée¢
2nA (A + 2t)

7

T 2T

where b= (1++/¢)° and a = (1 — /2)°.

For ¢ € (0,1), the above a.s. limit is bounded by K#?, where K is a constant that depends only on c. For

c =1, we have
\/ (4-X) d)\ > 4d\
/ <t / G g~V
0 27A (A +2t)° o TAYE(\+2t)
In any case, the limit converges to zero as t — 0. Similarly,

1 /o =n\2 2 (1 -
7t (Pgt - P2> =gt (T&e/ + tlp)

with the a.s. limit of the latter expression converging to zero as t — 0.
Using (24), we arrive at the following result. With probability one, for any § > 0, there exists ts > 0 s.t.
for any t € (0, ts)

limsup £ (Fpt, Fpt) <46 (25)

as p, T —. co. A similar result holds for £ (ngt, ngt) . Combining (23), (25), and similar inequalities for

the Gaussian case, we conclude that the asymptotic equivalence Fp 9 FGP would follow from F’pt X ngt for
all fixed ¢ > 0.

10



Step 4: using the Lindeberg principle. Let m,;(2) and m,; (z) be the Stieltjes transforms of F,; and
ngt, respectively. By Theorem 4, the equivalence Fpt z ngt would follow from the pointwise in z € C*

convergence |myi(z) — myp (2)] L, 0. In this section, we establish the latter convergence using Chatterjee’s
(2006) extension of the Lindeberg principle.

The Lindeberg principle is a method of establishing the convergence in distribution of sums of independent
random variables to a normal one by showing the closeness of the expectations of three-times differentiable
functions of the original sums and sums of independent normals. The method is concisely described in
Bentkus et al (2000). It has been extended by Chatterjee (2006) beyond sums, to cover nonlinear functions of
random variables. We will use Chatterjee’s Theorem 1.1 that we reproduce here for the reader’s convenience.

Theorem 6 (Chatterjee (2006)) Suppose X and Y are random vector in R™ with Y having independent
components. For 1 <i <mn, let

A, = EBIE(X;|X1, ... X1 —EM))],
B; = EB|E(X7|X1,...X;1| - E(Y?))].
Let M3 be a bound on max; (E X +E |Yi|3) . Suppose f : R™ — R is a thrice continuously differentiable

function, and for r = 1,2,3, let L, (f) be a finite constant such that |0f f (x)| < L, (f) for each i and x,
where O] denotes the r-fold derivative in the i-th coordinate. Then,

- 1 1
B (X) ~Bf (V) < 3 (s (1) + 3Bl (1)) + gL () Mo
i=1
Let n = pT, X = vec(g), and Y = vec(n) so that 4; = B; = 0. Since | X;|* < |X;|*67VT and Y; are
standard normals, we have
M3 S STTl/Q + 23/2/77_1/2.

Further, let g : R — R be a thrice continuously differentiable function with bounded derivatives up to the
third order. Finally, let f (X) = g (Rmy (2)) and f(Y) = g (Rmye (2)) . The following lemma is proven at
the end of this section.

Lemma 7 For any z € CT and t > 0, there exists K > 0 such that

Omype (2)

2
Ul

< KT3/2 P ()| gep-sre,

'3mp—t(z) < KT72 and

on; j

Similar inequalities hold for the derivatives of My (2) with respect to &;;.

The lemma and Theorem 6 yield
[Bf (X) - Bf (¥)| < K07

for some K > 0. This implies |[Ef (X) —Ef(Y)| — 0 as p,T —. oo because 7 — 0 and p/T — ec.
Furthermore, since g can be any thrice continuously differentiable function with bounded derivatives, we
have

Ritipe (2) — Rmge (2)] 2 0.

Similarly, setting f (X) = g (Imy (2)) and f(Y) = g (Imp (2)), and using Lemma 7 and Theorem 6, we

obtain |Jmy; (2) — Imy (2)] L, 0, and hence,
_ P
Mt (2) — mype (2)] = 0,

as required.

11



It remains to prove Lemma 7. Recall that

1 1 _
Mpt (Z) = T tI‘B_1 = T tr (Pltp2t — ZIT) !
with
1 1 -t 1
P, = T ' <T77UtUt/7]/ —I—t1p> nUs = T ' Dy Uy,
1 1 -t 1, _
Py = 0 (TTITI/ +t1p) n= g A .
Note that
877 / aA;l 1 —1 /] / —1
= e€, =——A; (eiesn +neje;) Ay, and
anij 7 877” T t ( 7 J ) t
oD;? 1 _
877;- = 7TD,5 (e UU' +nU,Ujeje;) Dyt

Therefore, the chain rule for the derivative B/9n,; yields a sum of terms, each of which has form

1
:E—M(l)eLe/RMI({l)

VT

" or eje; (the superscript ‘(1)’ reminds us that the terms correspond to the

J
first-order derivative of B). The “left” matrix M g) belongs to the set

where eLe/R equals either e;e

MY e {U}, Py, Py,U}, Hy, PiHo, Py Pa} (26)
with
1
VT

The “right” matrix Mg) belongs to the set

1
Uln'D;t and Hy = —=n' AL

VT

H, =

Ml(gl) € {Ir, Pay, Ui Pay, Hy, Hy Poy, Uy Pry Pay } . (27)
For some constant K > 0 that depends on ¢, we have
||| < K and || < &

To see this, note that ||Uy]|, || Pit||, and || Ps|| are clearly bounded, whereas

1 - - —

”Hl” < H\/—TUt/nlDt 1/2 HDt 1/2H — HPItH1/2 HDt 1/2” <K,
1 - - —_

Il < (a2 a2 = vl | <

Since

Oyt (2) 1 ( _, OB _1)
———~ =——tr(B"—8B
877z'j T 3771'3'

and ||B_1|| < 1/3z, we conclude that

lamm e (28)

3%

for some constant K that depends on ¢ and z.

12



To obtain the second derivative 9?B/ (‘377”, we need to differentiate each term £ \/—Mg)e erM 1(21) in the

expansion of the first derivative separately. This amounts to obtaining either oM 7 / dn;; or OM 1(%1) une
Given (26) and (27), we have

otV oPy 0Py, ., OH, 0Py OHy O (PiyPa)
07 9 to 9 H27P1t - a___ (>
8772’;‘ 8772’;‘ 3% 5‘%— 377@3 3771]' 3%

and

oM OPy 0Py OH, OH 0Py O (PyPay)
€ 07 Ut P2t7 .
anij 8 anw 877” 877” ;4 5'77ij

Whatever the specific values of 9M " 7 /8771-]» and QM| 7 b /On;; are, these derivatives can be represented as
sums of terms of the form

1
j:—MLeLelRMR (29)

VT

where My, and Mp may be different from Mg) and Mj(%l), but must satisfy
|Mp|| < K and ||Mg| < K.
To see this, it is sufficient to verify that any of the matrices

8P1t 8P2t 8H1 8H2 0 (PltP2t>
9 ) ) ) and
Onij Ong; Ony; Ony; Mz

can be represented as a sum of terms of the form (29). For 9 (Py;Pat) /0n;;, we have established this fact
above. For the other matrices, we have

Py lo ol I / 1 ’ 1 ,
87713 /_ t€j ’L ﬁ 1€ e] t \/T 1€ 6] e — \/T Lt eje 1
0Py 1 P 1 1 , 1 .
on;; \/Tejel 2+ JT 2646 T 26572t Nii heje; Hy
O0H; 1 1
= /_Ue elD; ' — —=Hye; .U H, — —=P;U/ejelD; ", and
877”. t€j = 1€;e;UsHy — Nia U e
O0Ho 1

1
HQGZB;-HQ —

1
—_— 1 —_—— —_—
on; j \/T \/T \/T

Hence, indeed, these matrices can be represented as sums of terms of the form (29). To summarize, the
second derivative 92 B/9e;; can be represented as a sum of terms of the form

1 A—1
PQtEjeiAt

1
:E?Mg)eLe’IVILM](VQ[)eMRe'RMg)

where the “left”, “middle”, and “right” matrices M f), M ﬁ), M 1(22) are products of constant matrices of
bounded norm and terms of the form

Py, Py, Hy, Hi, Hy, Hy, Py Py, D71 A (30)
In particular,
|| < | M| < K ||| < &

On the other hand,

O*mypt (2) 2 ( 1 0B __, 0B 1) 1 10°B
—_— = B —B "—B | — B —B " |].
877?]- T om;; ;i T 877”

13



Therefore,

'M < KT2 (31)

2
377ij

For the third derivative, the same logic implies that 93B/ 5‘7]%— can be represented as a sum of terms of
the form

M(S)eLeMLM](\?[)LeLMeﬁ{MM](\f[EeMREQ{Mg’),

1
:I:T3/2 L

where “left”, “middle-left”, “middle-right”, and “right” matrices M £3)7 M ](\/‘;)L, M ](\3)3, M 1(32) satisfy

< | < . o] < i <

The arguments used to establish this fact remain the same as above. The only additional fact that needs to
be established is that D; !/ on;; and 0A; 1 dn;; can be represented as sums of terms of the form (29). The
reason we need this is that D, L and Ay L enter products defining M f), M ﬁ), M 1(22 ), in addition to matrices
Py, Pot, Hy, Hi, Hy, and HJ (see (30)). We have

oD; ! T 1 _

= ——D;te;elUHy — —=H!Ule;e.D;t,
8nij \/T t CiCYtAl \/T 1Y 6
QAT 1

1
_ L P o1
= ——=A4; eie;Hy — Hyeje; A .

3771'3' \/T \/T
Hence, indeed, 6Dt_1/8mj and 5‘A[1/877ij are sums of terms iﬁMLeLe}%MR with | M| < K and ||MRg]| <

K.
A straightforward calculation shows that

83mp§ (2) _ 6 r (B_l 0B B-1 0B p-1 0B B_l)
3% 3% 5‘% 877z’j

T
2
+%tr (B‘la BB—1 0B B—1>

377% 3%—
3 OB 0°B 1 03B
—tr| B '=—B '—B!'|-—=tr| B!'=—=B!|.
+T r( 3771'3' 87722]‘ ) T r( aﬁ?j

The facts that |[B~|| is bounded, and that B/de;;, 8?B/d%;; and 0°B/d¢;; can be represented as sum
of terms, respectively,

1
VT

1
:ETMéz)eLeE\/ILM](\;)eMRe'RMg), and

+ Mg)eLe'RMg),

+ Még)eLe’MLMﬁ)LeLMe/RMMﬁ)ReMRe}zMS)

T3/2

with norm-bounded matrices M J(l) M ;2), and M ;3) , implies that
Py (2)

2 < KT75/2. (32)
3771-]»

The proof of inequalities (28), (31), (32) for m, (2) is exactly the same as above, after 7 is replaced by . O

14



2.1.4 Identities for Stieltjes transform
For the rest of the proof of Theorem OW1, we assume that the data are generated by

Xt = Xt—l + ure t= 1, ,T
with i.i.d. n, ~ N (0,I,) and X, = 0. Replacing ¢ by 7 in the definition (1) of S;;, we obtain
1 1 1
Soo = anm', So1 = fﬁMzU'Mm/, and 511 = anzUMzU’Mm'~
Further, for the rest of the proof, we will assume that
ce (0,1). (33)

For ¢ = 1, the Wachter limit W, equals the distribution having mass one at unity. On the other hand, matrix
S0157155, 8o (with Sii' and Syt being Moore-Penrose generalized inverses) equals I, plus a matrix of rank
converging to zero as p,T —1 oo. Hence, Theorem OW1 holds.

Let 7 = nF™* be a p x T matrix whose rows are the discrete Fourier transforms at frequencies 0, wq, ..., wy
of the rows of 7. Here and in the rest of the proof, T = T — 1. The discrete Fourier transform matrix F
is as defined in (9). Further, let 7)_, be the p x T matrix obtained from 7 by removing its first column,
corresponding to zero frequency. The diagonalization equations for M;, MU’ M;, and M;UM;U’ M;, given in
(10), yield

1 % Ak A

~ ~ 1 ~ Ak 1 - A sk
Soo = 7777077—07 So1 = Tnf()anO, and S11 = Tn,OV Vi,

Below we will work with real-valued sin and cos Fourier transforms of 7. In addition, we will interchange
the order of frequencies so that ws, and ws, with s1 +s2 = T become adjacent pairs. Specifically, recall that
T is assumed to be odd so that T is even. Let P = {ps:} be a T x T permutation matrix with elements

1ifs:1_,...,T/2&n(_it:2sfl B
pse =4 lifs=T/2+1,.. ., Tandt=2(T—-s+1) , (34)
0 otherwise

and let )
1 1
w-stpe (11, (3)
where ® denotes the Kronecker product, and i = \/—1 is the imaginary unit. Further, let € = 7j_oPW*/VTT
and V = diag {Vl, e VT/2} with
1 1 —cot (w;/2)
Vi=3 ( cot (w;/2) 1 : (36)

A direct calculation shows that

VV' =V'V = diag {7"14127 ...71“%/1212} with 7; = 4sin® (w;/2). (37)

Lemma 8 The columns of € are i.i.d. N (0, I,/T) vectors. Matriz So1.57;'Sh1 S50 equals CD™1C" A~ where

C=eV'ed,D=cVV'E, and A = €€

Proof. Let P, = diag{l, P} and W, = diag {1, W}. Note that P; is an orthogonal matrix and W, is
a unitary matrix. In particular, PLWiW, P, = Ip. The statement about e follows from the rotational

invariance of Gaussian distribution and from the fact that F*P, W7/ VT is an orthogonal matrix. The
statement about Sp157;'Sh; Syg follows from a direct verification of the identity WP VPW* =V'0

The convenience of the CD~'C"A~" representation of Sp1.57;'S4;Sp" stems from the block-diagonality
of V and the diagonality of VV'. Let €(;) be a p x 2 matrix that consists of the (2j — 1)-th and the 2j-th
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columns of €. In particular, e = [6(1), ey e(T/Q)] . Then C, D, A can be represented as sums of independent
components of rank two. Specifically,

C= Z Ve])’D ZJ 6(J)7 and A = Z

Below, we exploit these representations to derive the following identities that involve the Stieltjes trans-
form m,, (2) of the empirical d.f. of the eigenvalues of CD~1C' A1,

LT/
_ (@) !
my(z) = PR —Z - ( (L2, 7V} Q% Lo, 7; V] ) ; (38)
7 T/2
L - =z (1 I '
’ + zmy(2) 212 Z - ( 2,152V ] [ 2,215 V] ) ) (39)
T/2
!
1—|—zmp(z) = p].—Z _—Z 1_ ( I27TJZV ] [12’7‘JV]} )a (40)
i
0 — _Z tr(O LY [, V)] (41)
where 1
Q) = = zfz SO =AY ERTO (42)
v, —I—u(q)(z) L I + 254 (2) ’
and the 2 x 2 matrices vj@ = qu 2) Q) = (q)( ), and v(q) = ﬁj(»Q)(z) are defined as follows. Let
-1
Aj = A*G(J)G C C — e(j)V 63), D =D — j E(j)el(j),
M; = C;D;'Cj—zA;, and M; = CjA;'C; — 2D;.
Then,
(@) _ -1 (@) _ -1 -1 ~(a) _ 1
vjq = e’(]—)Mj €G)» ujq = el(j)Dj CiM; "¢, and vjq = e’(]—)Mj ()

The entries of these matrices are quadratic forms in the columns of €;). In what follows, we use superscript
‘(¢)’ to denote matrices that involve quadratic forms in the columns of €;) to distinguish them from related
matrices that do not involve such quadratic forms.

First, we establish the following lemma. Let

(@ _ p@ — - Vi -
jq = E(j)D 10’ 10 .D‘7 E(j), wtq = EI(])A 1CM 1CA !
(@ _ 1 (@) _ (0 _
jq = e(j)Aj Cij €(j)> sjq = e(])D ), and §; e e])A G)
Further, let
vp =y (2) = tr (M) /T, By = By (2) = tr (M1) /T,
up = up (2) = tr (D1C'M~1) /T, Up = Uy (2) = tr (A_lCM_1> /T,
wy =, () =t (D CMTODT) JT, iy = iy (2) = tr (A~ CAI'CAT) T,
sp =tr D71/T, and 5, =tr A71T,

where M = CD~1C’" — 24 and M = C'A~1C — zD. For the reader’s convenience, Table 1 lists definitions of
matrices and scalars used in our proofs below.

Lemma 9 The following identities hold

(q) u; q)/ zf)j(-q) _ w§q> . s;_q)’ and zv(q) wgq) o gg_q)_ (43)

Similarly,
Up = Up, 20p = Wp — Sp, and zvp = Wp — 5p. (44)
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Table 1: Definitions of matrices, quadratic forms and traces that are used in the derivations below. Notations
used in this table suppress the dependence of various quantities, such as M, vy, up, wp, etc., on z.

p X p matrices 2 x 2 matrices scalars

M =CD'C" — zA vj(.Q) :5/(j)Mj_15(j) vp = %tr{M’l}

[=C'AT'C-2D ¥ = 5'@)13;10;.1\4;15(].) up = & tr {D7'C' MY
Cij=C—eViely, w\? =&l Dy CIM;'CID ey wy = 2t {D'C'M~1CD 1}
Dj=D- Tflf(j)g/(jw 55 = ()05 e sp=gtr{D7}
Aj=A—egel, 00 = e M e B, =Lt {M*l}
M;=CiD; 0 — 24; @l = e[, A7 O ey iy = tr {A-tCM 1}
My = CjATICy = 2Dy ) = ey AT O AT ey ity = ke {4 1CM 1At}

50 = clyyAiteq) §p = g tr{A”
p =St {( CD oAt - 2n)

Proof. The identity ugq)

(9) /
uy” =€)

= 6/(]-) (CJ — ZAj (le)il DJ>

(q)

=1, is established by the following sequence of equalities

-1 -1 -1 -1 -1
D CiM; ey = €(;) Dy C (CiD;Cj = 24;) ey

-1

1 !
€G) = (6(;) (C —2D; (C5) 1Aj) 6(j))

_ -1 ! _ ~ r
= (e(] A7 C (C’J’.Aj 1Cj — sz) e(j)) = (e’(j)Aj leMj 1e(j)) = u§q>l.

The relationship zv

LU~

Zf}](q) + S§Q)

Q) _ w](-Q)

- sgq) is obtained as follows

= ey (7 + D7) ey =€y D7 (+1 (CIAT' G = 28,) T + 1) ey

= e'(j)Dfl (=1 + CjAT DT (CiAT DT = 28,) 4 ) e
1

The relationship zvj(.q) =w

ZU](q) + §§q)

= 6(]

= 6(] A

/ —
= pn4;

ATIC) (C) — 2A;C7 D)) ey = €y AT ICy (A0 — 205 7D;) T ATt

D;'C (C) — 2D;C7 A)) gy = ;D 1C (DI, — 2G5 A) T D e

-1 1 1 _ (@)
j CJ/ (Cij CJ/ — ZAj) Cij E(j) = qu .

-3 j is obtained as follows

_ _ -1
= e'(j) (zM + A7 )e(J = e(j)A (zIp (Cij 1C’;»Aj - zI,)  + Ip) €(5)
! (pr +C;D; ' Ci AT (C;D; 1 Cl AT — 2L) '+ Ip> €4)

ARE)

105 (CIATICy — 2Dy) ~ ClAT ey = @'\,

Identities (44) are established similarly. The only differences are that the matrices involved are not indexed
by j, and instead of the quadratic forms in the columns of €(;) we work with traces.[]

Derivation of (38) Applying the Sherman-Morrison-Woodbury formula

(V+XWY) =V -V IX (Wl +yVvlx) vyt (45)
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to the right hand side of
= (Dj + Tj_le(j)e’(j))_l ,
we obtain
D™ = D;t = Dye) (rif 4 si7) it (46)
Using this and the identity
C = Cj+eiViey, (47)

we expand CD~1C" in the following form
—1
CJDflcé + G(j)v;EEj)D;10; — CjD;16(j) ('I"jIQ + SSQ)) El(j)D.ilc,l- + C-Dile(j)vjf/(j)

(@) @\ " e (@) 5 /
—e) Vs (rifa +57) ey D7 IC) = Oy ey (12 + ) Vel + e Vs Vel

7) J)

—e(j)V;-s;-q) (T]‘IQ + 85-‘”)7 sg-q)Vje'(j).
Simplifying this expression yields

1 1
CD™'C' = C;D;Cl—CyD; e (rjlg—l—s(q)) DT+ ey Vi (il +57) ey D7)

- —1
+C;D; e (T‘j]g + s§q)) Vi€t + e(j)V;»sg-’J) (T‘j]g + S§»q)) Vi€t
Since M = CD'C" —zAand A= A; + e(j)e'(j), it follows that

M~ = (M + a;Ka) (48)
where
aj = [e(), Cj Dy i)l

and

-1 —1

o (T )
I (9) kv .. (9)
7"][2+5 ’I"]v] T]IQJrsj

Applying (45) to the right hand side of (48), we obtain

ijj' - ZIQ V;—T'j ('I"jIQ + SEQ))
-1

_ _ _ _ _ —1 —
M~ =Mt = My ay (K + oM ag) ol M (49)
The identity V Vj=r; 11, yields

—1

(q) (q)
Kj:(v;' 0 ) %) (TJI2+SJ 1

1
rj —zrils (ijz + S;g)) rj ( v, 0 )

1 ]
0 I (TJIQ + sg )> T — (T]‘IQ + sg-q)>

which implies that

Kl 1 vitoo ri'l Iz vl
j 1—2 0 I, I Z(%ng))_s;q) L )

and therefore, using V Vj=r; 11, again, we obtain

1 1 !

I V'
Kfl _ 1—z 1—-2"7 %7 ) 50
J ( 1 ,],.ij Z o, (q) ( )

1—2'J

o

18



Further, the definitions of U(-Q), u§-q) and w](-q) yield

J
(@ @
/ -1 _ vy uy
J J
Using (50) and (51) in (49), we obtain
M~ = M7 - M7 QW el M (52)
where
~1 —1
g _ [ =Ry Vi O I A R 53
e S S O R () RN (1) =\ e e 200 e , (53)
1—zT] J +uj 1—zT] 2 S] +w] 1—zT] J +u] 1—zT] 2+ZU]

and the latter equality holds by Lemma 9.
Equation (52) yields

!
el(j)M_le(j) = U](-Q) — [v§q)7u§-q)/] Q§-q> [U§Q),u§qy} . (54)
Note that

_ 1 !
o9 = 4909 00 1 = o9 9 (£ 4 12,9 ).

and thus, (54) can be rewritten as

- L [ @, @] o '
€ihM ey = T [vjq g }qu (12,7 V]
1 1 @ 1 / (q) 1 1 / (q) 17!
= 11—~ <|:1_ZIQ+’Uj 71—ervj+uj — 1—2I27:ijj Q] [IQ,’I"jvj]
1 71/ 1 1 / (q) 71/
= ([0 (Lo, m;V)] — TV Y [I2,7;V}]
1 1 (q) /
= 1 — zI2 — (1 — Z)2 [IQ,TjV;] qu [IQ,TjVIQj] .
To summarize, we have the following identity
M e = ——1 LI A ARV AR AL 55
() 6(]')—1722_(1_2)2[277“]’ 1" [ Vi) (55)

Recall that by definition,
1 1 12
my (2) = —tr [(C’Dilc"Afl - zIp)_l] = —tr [AMfl] = - Ztr [e/(j)Mfle(j)] .
p P P
This equation and representation (55) yield identity (38)
T/2

T 1 1 1 (q) /
iy (2) =~ 5; " (125931 9 1,75 95])
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Derivation of identity (39) Since the eigenvalues of CD~1C’A~! coincide with those of C’A=1C D!,
we have

T/2

my (2) = %tr {(C'A_lCD_1 - zIp)fl} = %tr [ ] Ztr [ r; e'(j)M_le(j) . (56)

Note that matrix M can be obtained from M by swapping A for D and C for C’. Performing such a swap
in the above derivations of (55) yields

2
-1, " " 16@ N
€/(')]W G T 1 ZIQ - (1—2) (L2, V5] Q7 I, V5], (57)

where

Lemma 9 implies that

j - (9) (a) j (9) _
Q(Q) — ( TCLZIQ +z 1 (qu _ qu ) TT;LZVJ +uj(.q ) _ < 0 =zl ) Q(q) < 0 =z 1_[2 > ’
J

! =V +u§qy 215 + 20,

so that (57) yields

2
—1 Ty ATy -1 (@) ,-1 /
GI(J-)M E(j) = 1— ZIQ — (1 — Z>2 [Z Vj,]g} Q [Z V Ig] (58)

Combining this with (56) gives us

L
my (2) = — —Ztr . [27'V;, L] Q@ [z7'V; IQ]/ .
b pl—z 1—z 7 J 7

j=1

Further, since ij_jv;' = I, we have

[V B [V B = s [0V [T, B] 9 [, 1
(1-2) (1—2
—-1
zZT; _ _ z
- s V5V V97 (279,95, V)| = P tr ([ 2V 947 (B2, 2,95 )

and therefore,
T/2 1

e R AR A

my (2) = pl—z

which is equivalent to identity (39),

1—z*_z (1—2)7 (I“JZV]Q [I%ZTJVH/)'

Derivation of identity (40) Multiplying both sides of the identity

MA ' =0D 'C’A™! — 21,
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by AM™!, taking trace, dividing by p, and rearranging yields

L T2
14 2zmy, (2 Ztr [ ;ezj)DflC'Mfle(j)} . (59)
Equations (46), (47), and (52) imply that
1 — 1 (q) -1, -1 ’ /
x (M7 = M a0l ).

Opening up brackets, we obtain
D'C'M!
= D;'CiM; " = Djle;) (TJIQ + 55‘1)) 1 € D5 ' CiM + D e Ve My
_DjilC;'Mjilajﬂg'q)a;'Mjil o Dgle(j) (rjj2 * qu)) h 6I(J')Dj'ile(j)VJ'EI(J')]MJ1
+D;e(j) (ij + S;@) B €y D7 CpM; g P o M — D e Vel M g Pl M
+D; e (leg + S;Q)>71 €Dy e Ve My a]Q(-q)a;-Mj*l.

Multiplying from the left by e’( ) and from the right by €(;), and using the definitions of u(q) v, 857, and

w§q> , we obtain

(D TIC M ey

—1 /

;q) B s§-q> (rjlg T sj(g)) u;q) + Sg_q)vjvj(Q) _ [ugq)7w§Q)} Q;q) [WJ(Q),u;q)/]
—1

_s;q) (T]b + S;_q)) S;_q)vjvj(_q) + Sg_q) (ij n s;_q)> [u(_q) w(_‘l)} 0l [U§Q)7U§Q)’]

/ ~1
_SS‘Q)VJ' [UJ(Q),UEQ)/} leq) [U§q)7u§q)/] _|_8§q) (ijz + S§q)) S§q)vj UJ(}J) u(q)/} QEQ) [UJ(Q),UEQ)/} _

= u

-1

Rearranging terms and simplifying gives us
-1
DM ey = 1y (rh+s?) S0, (v§q>_[v§q>7u§q)/} Q) [, ng (60)
!
i1y (ry+50) <u§q> [l ] 0 ol o] )

As follows from (54) and (55)

! 1 1
of? = [0, w0 [of? 0] = =D - o (Vi) Q@ [I,r; V)] (61)
Further,
u§q) [UEQ)7w§q)} leq) [Uj(q) (q)]/ _ [UEQ)7w§q)} ng)(Q(q))ﬂ[I of [ (9) j(g)} ol [v](q) (q)/}
1
= 1 {uEQ),wgq)} Q@ [IQ,TJV;]
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Note that

1 [u(q)7w§q)} Q§q) [IQ,T’J—V’-]'

1—z1L" J
1 Ty () _T5% (@0 _ () ] ri® () (a) 1!
= 1Z(|:12Vj+uj ,172,[24-11)]- —Sj - :Vj7:12—5j Qj [IQJ”jvj]
1 L (a) ' @] @ '
= 1 ([0,12] [I2,7; V)] — 112 (271, L] Q9 [, V5] + [o,sjq}gjq (12,7 V]
_ 1 Tj% ~1 (a) a2k 1 @] @ Ak
= T."Vy (1 Z)2 [2: Vj,]g] Qj [IQJ”jvj] —‘r: {O,Sj }Q] I:IQ,TJ‘V]‘} .
Therefore,
i 1 TiZ _ /
= [ ] (o ] = oYy - s [ B [V
1 /
T {o,sﬂ QY (1,7,
Using this and (61) in (60), we obtain
€D O M e
= L) sy, (Log L [0V Q9 (L0 Lts@)
= Tj(?“j 2+ ) 5 Vil T3 2—(1_2)2[2%‘ 31 " [I2, 75 V5] +7“j(7"j 2+ $; )

1 TiZ _ 1
X <1ervj - (112)2 [V L) 7 [1,7 V5] + 7 [0755.‘”} QLo [ijv;.]’)

(@)
1 T (T‘jIQ + 8; ) /
- 1= ervj - 1—2) [sﬁ-‘”vj +r;V;, zs§-q> + zrjlg] Q;.q) [I2,7; V)]
— 2T -1 (q) /
= 7 _] Zv]' - (1 _;)2 [2: Vi, IQ] qu [IQ,TJ'VH ,

that is,
T‘j Z’I’j

//' Dflc/Mfl N = v o
€G) B T,V (1—2)7

[Zilvj‘,fg] ng) [IQ,T‘J'VHI. (62)
This identity together with (59) yield

T/2

1 T 2r; _ ’
1+zmp(z) = ; E tr V; (1_32%—@ [Z 1Vj7]2} Q§q) [[Q,T‘jvg]>
=1
T/2
1 1 1 (@) /
=N Kl_zb Ty el AT el ) |

which is equivalent to identity (40),

- T/2
T 1 1 1
]_ +Zmp (z) = 51 . — 5]; (1 — Z)2 tr ([IQ,T’]ZV;] Q‘gq) [127ij‘/7':|/) .

Derivation of identity (41) An obvious identity

L [C'M] = L [DD~'C'M ]
p p
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T/2 T/2
and representations C’ = Z / €V e(j) and D = Z _ /1 rj_le(j)e'(j) yield
]:

L L
= Ztr {V €M e(j)] Ztr [ ;16'(J)D_IC"M_16(J-)} :

Using (62) and (55) in this equation, we obtain

T/2 1
—Z“l( 2 2[Imwvg}ﬂﬁ-q’[f%”w‘]')

(1-2)

T/2
- —E:tr i TV - s [V, B 9 [ V)
1_ Vi (l—z) Jo yTjVj

Equivalently,

_ 2 DL, r b . @ 17, 0]
' Z l( Gy W B Vi) - o sl 0 [ Jvﬂﬂ

—tr ([0, 2] Q7 [, V] ).

which is the same as identity (41).

2.1.5 From identities to a system of approximate equations

As we will see below, matrices vy, I, 0,12, upl2, etc. are close to UJ(Q), 17]<q)7 qu), etc., uniformly in j =1, ..., T/Q

(see Table 1 for definitions of vp,ﬁp,v(-Q) 17(-‘1), etc.) Therefore, matrices Q§-q), defined in (53), can be well

3 Y
approximated by

1
Q; = 11%2[2 + vpl2 1 TJV/ + upls (63)
E’I‘jvj'-i-upfg . ZT]IQ+(wp—Sp)IQ

1=z < T=rils + 20,15 —ﬁrjvj —upls >

{ 1
Opj 757V — upls =L+ opls

where the latter equality follows from (44), and
Opj = (1= 2) (20pvp —u ) + 20, + 15 (up + 2vp — 1) (64)

Approximating ngn by ©;, sums by integrals, and p/T by c in equations (38-41), we obtain the following
system of “approximate equations”

my (2) = 5= 027r 6t ©) (20pvp — u? — 4v, sin > 0) dp + e1p(z)
my () = — A < —uZ) dip + e2,(2) -
L+ 2zmy (2) = 5= f 1 (Qup sin® ¢ + 20, — u2) A + e3,(2) ,
Oz—f S )(4vpsm © + 2up) dp + eqp(2)
where
Sp (0) = (1 = 2) (2Tpvp — ul) + 20 + 4sin® @ (20, + up — 1), (66)

and ey, (z) are the approximation errors. Of course, system (65) can be viewed simply as the definition of
ekp (2), k =1,...,4. That these quantities are indeed the errors of the above mentioned approximations will
be clear from the proof of the following lemma.
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Lemma 10 There exists ( > 0 such that, for any z with Rz =0 and Tz > (,
erp(2) =0
fork=1,...,4 as p, T —. c0.

Proof. Consider a decomposition e, (z) = egj) (2)+ 6(2) (2), where eé? (z) is the error due to the replace-

ment of QEQ) by ©; and e,(;) () is due to the replacement of sums by integrals, and p/T by c. For example,
for K =1, we have

T/2

el () = lzﬁ v ([0 V5] (25 = 947) [y V)] ) (67)
Jj=1
and
L T2
) () = pl—z - ‘Z 1z ( I, r; V'] [Iz,rjv;]’) (68)
L " 6" () (2Tpvp — u2 — dvy, sin” ) dop.
2re fy F P

Using equations (53) and (63), we obtain

(9)
(q vy

—vpla U

— uply w; —s

Therefore, for any z € C*, the convergences eé? (2) 230, k= 1,...,4, would follow from the a.s. uniform in
j convergence to zero of all the elements of the matrix sandwiched between 2; and Q;q) in the above display,
and from the a.s. uniform in j boundedness of ||€;]|, HQEQ)H , and ||TJV;H The uniform convergences of
the matrix elements are established in Lemma 14 below. The uniform boundedness of Hrj V;- H immediately
follows from the definitions of r; and V;. The uniform boundedness of ||€2;|| follows from Lemmas 15 and
16. Finally, the uniform boundedness of ’ Q](-q) H follows from that of ||Q;|| and from Lemma 14.
For eﬁ) (2), using the explicit expression (63) for matrix Q; and the identities r;V;V; = I and tr V; =
—1, we obtain

T/2
71/
p]_—z__z 1_ (IQ,T]V]]QJ‘ [Ig,TjVﬂ)
T/2 - T/2
B zvp—i—rj(up—i—vp—l
= pl—z__zl—z 5, Z(S (20pvp — Ul — r50p)
Since 7; = 4sin®(nj/T) and T = T — 1, the latter expression can be interpreted as a Riemann sum
approximation for the integral
1 o 671 ~ 2 4 02 d
5o O () (20pvp — u,, — 4vy, sin ©) de.
The derivative of the integrand with respect to ¢ equals
745;2 (@) sin 2¢ ((vp 4+ up — 1) (200, — ui) + 2UpTp) - (69)
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As follows from Lemmas 15 and 16, there exists ¢ > 0 s.t. for any z with Jz > (, expression (69) a.s. remains

uniformly bounded in ¢ as p,T —. oo. Therefore, eﬁ)

are established similarly, and we omit the corresponding details.[]

2) 23 0. The convergences e\2) (z) 23 0, k = 2, .., 4,
kp

In the remaining part of this section, we formulate and prove Lemmas 14, 15, 16, referred to in the above
proof. We start from the following three auxiliary results.

Lemma 11 Let Q be a p x p deterministic complex matriz, and £ ~ N, (0, Ip/T). Then, for any p > 2
E|¢'Q¢ - trQ/T|” < Kp?/*T=|Q|°

where K depends only on p.

Proof. The lemma is a straightforward corollary of Lemma 2.7 in Bai and Silverstein (1998).00

Lemma 12 As p,T —. oo,
sp 54t/ (1-¢7). (70)

Proof. By definition, s, = tr D~!/T = tr (eVV’e’)fl /T. Let Fp (z) denote the empirical distribution of
the eigenvalues of D, and let

in(z) = [ AP (2)

r—z

a.s.

be its Stieltjes transform. Then by Theorem 1.1 of Silverstein and Bai (1995), for any z € C*, mp(z) =

mp(z) with X a8 ()
mp(2) /1+7’cmD(z)’

z =

where H (1) is the limit of the empirical distribution of the diagonal elements of VV’, 7“]71, j=1,..,T)/2.
Recall that
r; = 4sin® (w;/2) =2 — 2cosw; = 2 (1 — cos (27§ /T)) .

Therefore, H (7) is the cumulative distribution function of the random variable [2 (1 — cosU)] ™", where U
is distributed uniformly on the interval [0, 7] . This fact implies that

1 +l/“ du
= mp(z) 7w Jyg 2(1—cosu)+cmp(2)

_ _;jLL]{ ds
mp() " 2 T (2 (1 =57 4 emp(2))

|s]=1
1 1 ds

“mp(z) 2 lsl=1 (s = 2+ cemp(2)) s +1)

The integrand has two poles at

emp(2) +2 £ \/2m? (2) + demp(z)
5 :

S12 =

Note that s1s9 = 1, which implies that one of them is inside the contour and the other is outside. Therefore,
we have

1 1
z = — +
mp(z)  s1 — S2

1 1
“mp(2) + VeEm?(z) + demp(z)

(71)
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where the choice of + or — sign depends on which of s; 2 is inside the contour. Squaring and rearranging,
we obtain
¢(zmp(2) +1)° (emp(z) +4) — mp(z) = 0. (72)

Further, since min;_; 7,9 rot>1 /4, denoting the k-th largest eigenvalue of a symmetric matrix S as
Ak (S), we have (see e.g. Bai and Yin (1993))

A (D) = 4y ((V77¢) > 26 25 = VO)

Therefore, mp(z) is analytic at z = 0, rip (0) ¥ mp (0), and mp(0) satisfies equation (72) with z = 0.

That is,

N . 4c
mp (0) a—s> mD(O) = 1_—02

But s, = £ p (0) . Hence, we have (70).00

Lemma 13 Let fiyi, s Himax,j N fhnin 0 Pmax,0 D€ the smallest and largest eigenvalues of A; and of A,
respectively. Then,

IN

HMj71|| 1/ ((jz) Mmin,j) ) HD;IH S 4/p’min,j7 ||D;1C;H2 S 4lu‘max,j/p’min,j7
HM71|| S 1/ ((jz) Mmin,()) ’ HD71|| S 4/N’min,0’ and ||‘D716’/H2 § 4lu‘max,0/ﬂ’min,0'

Further,

o (7 = M) <8/ (92) ) [ (D O30 = D7 0| < 33l o/ (02) 32,

max,0 p‘mln,j
and
|tr (D; ' CM;C D — DTN C'MTICD T | < 9640/ ((32) pnin ;) -

Proof. By definition of M;, we have

-1
145l

[p;7 lH—H 712 (45 ey ey A7 1/2—zlp)71A;1/2

’( A7 oD AR ety

1

On the other hand, HA;1H = u;iln,j and <1/(Jz). Therefore,

’(A V20,10 A7 1/2—,2])

HM]‘_lH <1/ ((jz) .Umin,j) . (73)

The required bound for HM -1 || is established similarly.
Further, denoting the k-th largest eigenvalue of a symmetric matrix S as A (S), we have

HDle =1/Xp(D;) <1/ (A (VV) tiagin ;) < 4/ thnin - (74)
The required bound on ||D_1 || is established similarly. Next,
1072651 = 107 €3607 | = | D576y Vsl - Vs 057

where V_; is the block-diagonal matrix obtained from V by removing its j-th 2 x 2 block, and e_;) is
obtained from & by removing the 2j — 1-th and 2j-th columns. On the other hand,

HDJ-_lé‘,(j)V_jE HE- (])VI !

3
IN

HD e-()V- Vel D H

g HDj -

Mmaxg
= fmax |05 D307 || =

/”’max
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Using (74), we obtain
- 2
HDJ 1C§ || S 4:umax,j/.u’min,j' (75)

The required bound for HD‘IC” || is established similarly.
Now let us establish the bounds on the differences of traces. As follows from (52), M ;1 differs from M1
by a matrix of rank no larger than 4. Therefore,

Jor (M7 = MTH[ < 4|[M7 = M < 4 ([|a7] + [l (76)

so that
itI‘ (Mj_l - M71)| S 4/ ((jz) :umin,j) + 4/ ((jz) :umin,O) S 8/ ((jz) :U‘min,j) ) (77)
where the last inequality holds because A — A; is a positive-semidefinite matrix and hence i, ;j < fhinin,o-
Similarly, Dj_le’-M j_l differs from D~1C’M~! by a matrix with rank no larger than 8. It is because

Dy'CiM; = DT C'M T = DO (M = M) + Dy (C - C) M 4+ (DT - DT O'M

where the rank of M;l — M~! is no larger than 4, and the ranks of Cj’» — (" and D;l — D~! are no larger
than 2 each. Therefore,

(D7 ot Do o < s (|07 oyl + 070 ) < 32wt/ (0206302,

max,0 l’[’min,j

where we used (73) and (75). Finally, D; 'C{M;'C;D; " differs from D~'C’M~'CD~! by a matrix with
rank no larger than 12. Therefore,

|tr (D;lc;.M;ICjD;I —D7'C'MT'CD ™| < 9640/ ((32) pinin ;) -0

Now, we are ready to formulate and prove Lemmas 14, 15, and 16.

Lemma 14 For any pair (zg.q),znp) € {(s(q) sp) , (uSQ),up) , (v(,q),vp) , (w(Q),wp)} and any z € C*, as

Joo J J
p, T —. 00, we have

max. ng-q) —x,l5|| 23 0.
Jj=1,....T/2
Proof. First, let us prove the convergence
(q) a.s.
max s: —s,15|| = 0. 78
j:l,‘..j"/QH J p-2 (78)

Since the square of the spectral norm is no larger than the sum of the squared elements of the matrix, it is
sufficient to prove the element-wise convergences. Take, for example, the element in the second row and the
second column of sj(-q) — 5pla. We need to show that

/ —1 a.s.
max |€y, D "€es; — s, = 0 79
=t T2 255 €25 2 ) ( )
or, equivalently, that for any 7 > 0
Pr( max |e;D; " e —sp| > 7i0.) =0, (80)
j=1,...T/2"

where “i.0.” stands for “infinitely often”.

Let B; be the indicator function of the event fi,;, ; > p, where p is a positive number smaller than
(1- \/5)2 (recall that ¢ < 1 without loss of generality). Theorem II.13 of Davidson and Szarek (2001)
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implies that the probability of B; = 0, is decaying exponentially fast in p. Hence, by the Borel-Cantelli
lemma,

Pr (uf:/f (B; = 0) i.o.) =0.
On the other hand,

=1,...,T/2
— T/2 . T
< Pr <]_{11?)%/2 ’6'2ij €25 Sp‘ >7N;L (B =1) 1.0.> + Pr (Uj:/1 (B; =0) i 0)

Therefore,

IN
g
—

IN
2",
=

IN
g
-

: B : = :
+ |§ V’ﬂ\
o
N
O
15
&

V)
>
vV
\]
o)

<
~
—
=
Il
=
o
N———

{na;}%ﬂ |eh; Dy ' Bjea; — tr [D7'B;] /T| > 7/2 i.o.)

-1_p-Y\YB,1/T .
+Pr j:{??,’%/z}“[(D DY) B;] /T| > 7/2 1.0.).

By Lemma 11, for any p > 2,
E |eh; D; ' Bjey; — tr [D;'B;] /T|" < Kp?*T~PE || D; ' B (81)

On the other hand, by Lemma 13,

Dj_lH < 4/ ppin,; and thus,
105 Bj|| < 4/p, and B DFB;||" < (4/p)"
Combining this with (81), we obtain
E ’6’2]»D;18]‘€2j — tr [DIIBJ} /T}p S Kpp/QT—p7
where K depends only on p and c¢. By Markov’s inequality

- B _ T KpP/2T—r
Pr( max e, D; ' Bea, — tr[D;'B)) /T’”/z) =27y

J=1,...,T/2
The right hand side of the latter inequality is summable over p for sufficiently large p, and therefore,

Pr <j_{na)%/2 |eh; Dy ' Bjey; — tr [Dy'B;] /T| > 7/2 i.o.> =0. (82)

Finally, since the rank of the positive semi-definite matrix D;l — D7 is no larger than two, we have by
Weyl’s theorem (see Theorem 4.3.6 in Horn and Johnson (1985))

tr [(D™! = D; ) B;]| < 2||D; 'B;|| <8/p,
and

-1 _ p~YRB.I1/T i —
Pr <j—:{?.§7};/2 |tr [(D DiY) B;| /T| > 7/2 1.0.) 0. (83)
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Equalities (82) and (83) imply that (80) holds.
The convergence of the element in the first row and the first column of s;-'J) — spl2 can be shown similarly
to (79). For the off-diagonal elements, note that

. 1 0 D' (e
€3;-1D; legj = 3 YRR ( D! é ) ( 26]2]'1 > .
J

Hence, we again can use Lemma 11 and the Borel-Cantelli lemma to obtain desired results.

The a.s. convergences of the maxima over j = 1,...,7/2 of HUEQ) — upIQH , Hv§q) — vaQH and Hw](»q) — wplgH
can be proven by closely following the strategy of the above proof of (78). We omit details. The only two
new aspects of the remaining proofs are related to the need for bounds on the spectral norms of Dj_le’- M j_l,
M j_l, and Dj_le’-M j_ICij_l, and on the differences between the traces of these matrices and the traces of
D7C'M~', M~', and D='C'M~'CD™!, respectively. Such bounds are provided by Lemma 13.0]

Lemma 15 For any z € Ct, quantities u, = u,(z), vp = vp(2), wp = wy(z), and s, = s, almost surely
remain bounded as p, T —. co.

Proof. By definition

funl < 20102 oyl < 2 3071y < 2 D00 and sl < 2 |D71).

Therefore, Lemma 15 follows from Lemma 13 and the convergences (see e.g. Bai and Yin (1993)) fipin o —
(1= v0)" and o =3 (14 /0)" .0
Lemma 16 There exists ( > 0 such that, for any z with Rz =0 and Iz > (, a.s.,

J}%nj?joj:{?a . 6p;] > 2/ (1 —¢*) and phirrn_}?oi sgp 10, ()] >/ (1= c?).

ey

Proof. By Lemma 9, 20, = wp, — sp. Elementary algebra then yields the following representation ¢,; =
5;;) + %61(3), where

0% = (rj + sp) (20, = 1),

pj

and
1—=2

(Zup>2

Note that for z € C*, v, € C*. Hence, for z € C* such that Rz = 0, we have R (zv,) < 0 and

51(5') = (2wp) (1 +vp — 2vp) — 8 (2vp) + 15 (2up) —

|zv, — 1] > 1. (84)

)

This inequality and Lemma 12 imply that, for any z € C* such that Rz = 0, ’(Spj

‘ > % for sufficiently
large p, T as p,T —. 00, a.s.

Further, Lemma 13 implies that |zu,|, |zv,|, and |zw,| (as well as |u,|, |vp|, and |w,|) remain bounded
for sufficiently large p, T as p,T —. oo, a.s. Moreover, the presence of the imaginary part of z in the

denominator of the bound on HM -1 H in Lemma 13 imply that, for = € CT such that Rz = 0, the value of
the bound on |zuy|,|zv,|, and |zw,| does not depend on z. In particular, for any such z, ’61(02]-)) is bounded

for sufficiently large p, T as p,T —. 00, a.s., uniformly in j, with the value of the bound independent from z
with Jz > (.3 Hence, by choosing ( sufficiently large, we can ensure that, for any z with Rz = 0 and Jz > (,

%(5;3-)) < % ‘5&-)) , and therefore

[0ps] > ¢/ (1 =)

A proof of the a.s. uniform over ¢ bound on ¢, () is almost identical to the above proof, and therefore we
omit details.[]

3For such z, there exist bounds on |up|, |vp|, and |wp| that depend only on (.
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2.1.6 Solving the system

By definition, |m,(z)| is bounded by (Jz)~'. Further, by Lemmas 9 and 15, v, = v,(2), 7, = 0,(z), and
up = up(2) are a.s. bounded by absolute value. Therefore, with probability one, there exists a subsequence
of p, T along which my(2),v,(2), 0p(2), and u,(z) converge to some limits m, v, 7, and .

These limits must satisfy a limiting version of system (65), that is equations

o T ) T o)
m:27rcf[)ﬂ )(UU—U—U)d(p (85)
L am = o 5’1( ) (2usin’ o + 200~ w?) dip
271'0 (] (2] ©
0= fo ©) (2v sin? o + u) dp
where
3 (p) = (1 —2) (200 — u?) + 20+ 4sin® (20 +u — 1). (86)

Let us consider, until further notice, only such z that 8z = 0 and Jz > (, for some ¢ > 0. Let us solve
system (85) for m. Adding two times the last equation to the first one, and subtracting the second equation

we obtain
1 27‘(

0=5— 0 () (2u+ ) de. (87)
0

Note that fOQW 61 (¢) dp # 0. Otherwise, from the second equation of (85), we have m = 0, which cannot
be true. Indeed, for any 0 < A <1 and z € C* with Rz =0,

1 Jz Jz
J =12 7 2 2"
A=z A"+ (32) 14 (32)

Therefore, D’mp( ) > Jz/ (1 + (32)2) , and m,, (z) cannot converge to m = 0.
Since f (p)de # 0, (87) yields

b42u=0 (88)

with © # 0 and u # 0 (if one of them equals zero, the other equals zero too, and m = 0 by the second
equation of (85), which is impossible). Since u # 0, the last equation implies that v # 0 as well.

Further, subtracting from the third equation the sum of z times the second and u/v times the last
equation, and using (88), we obtain

1 27

1:% e )U(QZ’L}‘FU)(Z’U*’U*l)d(p. (89)

This equation, together with (88) and the second equation of (85) yield

_ v (2204 u — 2)
" (14+v—2v)(2zv+u)’ (90)

Next, for the integrand in the last equation of (85), it is straightforward to verify using (66) and (88)
that

_ . 1 v _ u((1l=2)v2zv+u)+2(2zv+u—1)
1 2 1
2 3 = - - * 1
0 (90)(1}5111 <p+u) 2,21)—|—u—1—|—(S (@)2< 2v+u—1 (01)
This assumes that
w4u—1#0, (92)

which must hold because otherwise,

§(p) = (1—2) (200 —u?) + 20
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would not depend on ¢ and the last equation of (85) would imply that u + v = 0. The latter equation and
the equality zv +u — 1 = 0 would yield v = — (1 — z)f1 , which, when combined with the second equation
of (85), would give us m = —¢~1 (1 — z)fl . This cannot be true because m, being a limit of my, (z), must
satisfy IJm > 0 for Jz > 0.

Equations (89), (91), and the last equation of (85) imply that

_ 2c
u_2c—1—(1—z)v(1—0)

— 2zv. (93)

Combining this with (90) yields
1—
m=v— < (94)

Finally, elementary calculations given at the end of this section show that

1o ’ 1
2 ) = 95
(271'/0 x + 2sin® 80) z(z+2) (95)

where x € C\ [-2,0]. Using (95), (89), and the definition of ¢ (¢), we obtain the following relationship

( 2cv (zv4+u—1) 4(zv4u—1)° (96)
u

2z04u) (20 —v — 1)> B w((1—2)(—2z2v—u) —22) (—u+uz+2) (u+2vz —2)’
that holds as long as
w((l—=2)(—2zv—u) —22)
2(zv+u—1)

€ C\ [-2,0].

The latter inclusion holds because otherwise d () is not a bounded function of ¢, which would contradict
Lemma 16.
Using (93) in (96), and simplifying, we find that there exist only three possibilities. Either

1
V=T (97)
I1—(ctez—Dv+2z(1-2)(1-c)v?=0, (98)
L—(c—l—cz—z)v—i—z(l—z)(l—c)v2:0. (99)

1-c
Equation (97) cannot hold because otherwise, (94) would imply that Jm < 0, which is impossible as
argued above. Equation (98) taken together with (93) implies that

u—+zv—1=0,

which was ruled out above. This leaves us with (99), so that, using (94), we get

—(z—c—cz) £ z—c—cz)? —de(1—2)z
m = ( ) \2/,2((1—z)c) ( ) (100)

For z € C* with Rz = 0, the imaginary part of the right hand side of (100) is negative when ‘— is used
in front of the square root. Here we choose the branch of the square root, with the cut along the positive
real semi-axis, which has positive imaginary part. Since Jm cannot be negative, we conclude that

—(z—c—cz)—l—\/(z—c—cz)2—4c(1—z)z
22(1—2)c '

m = (101)
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But the right hand side of the above equality is the value of the limit of the Stieltjes transforms of the
eigenvalues of the multivariate beta matrix B, (p, (' — p) /2) as p,T —. oco. This can be verified directly by
using the formula for such a limit, given for example in Theorem 1.6 of Bai, Hu, Pan and Zhou (2015). As
follows from Wachter (1980), the weak limit of the empirical distribution of the eigenvalues of the multivariate
beta matrix B, (p, (T — p) /2) as p,T —. 0o equals W (A\;¢/ (1 +¢),2¢/ (1 +¢)).

Equation (101) shows that, for z with 8z = 0 and Jz > (, with probability one, any converging sub-
sequence of my(z) converges to the same limit. Hence, m,(z) a.s. converges for all z with Rz = 0 and
Jz > ¢. Note that m,(z) is a sequence of bounded analytic functions in the domain {z : Jz > d} , where d
is an arbitrary positive number. Therefore, by Vitaly’s convergence theorem (see Titchmarsh (1939), p.168)
mp(z) a.s. converges to m, described by (101), for any z € C*. The a.s. convergence of F}, (\) to the Wachter
distribution follows from the Continuity Theorem for the Stieltjes transforms (see, for example, Corollary 1
in Geronimo and Hill (2003)).

Note that we have just proven the a.s. weak convergence F, (A\) = W, ()\) for Gaussian data. Since, as
has been shown above, the Gaussian and non-Gaussian versions of Fj, (A) are asymptotically equivalent in
probability, we conclude that the weak convergence F, (A\) = W, () takes place for non-Gaussian data too,
albeit, possibly only in probability.

Proof of (95). Consider
B 1 2w 1
C2m o x4 2sin’e 4
where z € C\ [-2,0]. Changing the variable of integration to z = exp {i¢} , we obtain
1 1 d 1 2
— S - dz,

= omi z—(z—271) /27 2mi (22 — 1) (22 — x2)
|z|=1 |z|=1

where
T2 =2+ 1E£+/z(r+2).

Since z1z2 = 1, whereas |z1]| # 1 and |z2| # 1, there are only two poles of the integrand that are situated
1/2 1/2 1/2 1/2

inside the unit circle. They are either ;””, —z;’~, which we shall call case 1, or 25", —x5’ ", which we shall
call case 2. By Cauchy’s residue theorem,
2
I=xF ;
T1 — X2
with “—” corresponding to case 1 and “4” corresponding to case 2. Whatever the case, we have
4 1

= (9U1—=’E2)2 :x($+2).

2.2 Proof of Corollary OW2

Since the probability limits of PB,.,, r/p* and PBg, r/p* are the same as long as 7/p — 0, we shall only
compute the latter limit. As p,T —. 0o, we have

PBypr/p> > ¢t / AW, ().

Using the explicit formula for the density of the Wachter distribution OW(9), we obtain,

- 52 LT

d\+max{0,2 —1/c}, (102)

where
-2

be=c(V2FVI-c)
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Denote [ AdW,()\) — max{0,2 —1/c} as Z. Let
z=A=b)/(by —b-)
so that A =b_ + (by —b_) z. Then

1 Y —
T 1—|—c/ (by —b_)" /(1 x)xdx.
2er Jy 1—b_—(by—b_ )z

Changing variables to 6 where z = (1 — cosf) /2 so that dz = § sin#d6, we obtain

1 ™ (b, —b_)*sin20
I “/ Q_b( + 2 L)
8cm *2 - + *2*0059

Further, letting z = cos § + isin # so that

—1 _ -1 d
Zte ,sinb‘zz : ,anddé?:,—z,
iz

cost =

we obtain

b

2
2 27271
T — 1 +c (b+ - b—) ( D) ) dz
" 16w 2-bp—bo | by—bo z4el -
|z|=1 2 2 2

where the contour integral is taken over the unit circle in the complex plane. Noting that

2—b+—b_ +b+—b_2’+2’_1
2 2 2

_\/17b_+\/1—b+ b_\/l—b_—\/l—b+
“= 2 0T 2 ’
we represent Z in the following form

B 1+67{ (b —b-) )de

64eri a+bz)(z + b/a) z

=(a+b2)(a+bz""),

where

Since a > b > 0, the integrand has poles at 0 and —b/a. The corresponding residues are

ro = 1+C(a2+b2),

2c
and 1+
Cra 42
_ —b
T—b/a 2% (CZ ) 5
so that 1+ 1+
c c
T— 2 12 2 32
5 (a® + %) 5 ( b?)
Noting that
a2+b2_—c+202;_1 da2—b2=1_2c,
(c+1) 1+e¢
we further simplify the above expression for Z to obtain
-2
c+1
Therefore,
2
/AdWC()\) = c+—01 +max{0,2 — 1/c},
and

1
PBo,r/p > o7 g max {0,2—1/c}.

As follows from Theorem OW1, in cases where €; are Gaussian, the convergence is a.s.
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2.3 Proof of Corollary OW3
As explained in OW, for ¢ < 1/2, we have

p
LR, pr/p” > — (T/p*) > Tog(1-X)).
j=r+1

Therefore,

LR, pr/p” > — (T/p) / Iog (1 A)dF, () + (T/p?) 3" Tog(1 - Ay).
j=1

If r/p — 0 as p,T —. oo, the second term on the right hand side of the above display converges to zero.
Therefore, by Theorem OW1, for any § > 0,

Pr (LRWT/p2 < —c! /@(1 — A dW.(\) — 6) — 0,
and in cases of Gaussian e, almost surely,
liminf LR, ,7/p? > —c ! / Tog (1 — \) dW.(N).
By definition of log,
e /@(1 CA)AWL(A) = /10g (1— N dW,(\) = LR,.

Using the explicit formula for the density of the Wachter distribution OW(9), we obtain

c [ — —b_
LRC:—;:CQ /b, log (1 — ) W’*A(f)(;) b-) an,

where

-2
bi:c(\/iqix/l—c> .
Let 2 =(A—b_)/(by —b_) so that A =b_ + (by — b_)z. Then

_ 14e 1log(l—b,—(b+—b,)x)\/(l—x)x(bJr—b,)Qx
= A (T o i T e e o

¢ 2c2m

Changing variables to § where x = (1 — cos#) /2 so that dz = %sin 0d6, we obtain

dé.

LR, =

14ec /7r log (Q_bg_b’ + b*;b’ cos@) (by —b_)*sin6
* (

T 8¢2 byitb_  by—b_ 2 br—b_ |, bi—b_
8cim %—*Tcosﬁ)( - + =5 cos@)

Further, letting z = cos# 4+ isin 6 so that

—1 _ ,—1 d
212 gne=2"%  anddo=2
2i iz

cost =

we obtain

LR, =

s f (Bt g s -0 (557)

162 i byt+b.  by—b_ z4r—1 2-by—b + bi—=b_ z42-1) z’
\z\:l 2 2 2 2

2 2
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where the contour integral is taken over the unit circle in the complex plane. Noting that

2—by —b_ by —b_ -1
by — b + = Pt =(a+b2)(a+bz""),

2 2 2
where
\/1—b—+\/1_b+ \/l—b_—\/l—bJr
a= , b= ,
2 2
and that ) ) ; ; )
+ 0 by -z g1
5 5 5 =(e—dz) (e—dz7"),
where

b++¢lfd_ﬁ—¢bf
2 T 2 ’

we represent LR, in the following form

1+e¢ log ((a + b2) (a+bz_1))(ed)2 (22—1)2%
4027ri|| (e —dz) (ez — d) (a+ b2) (az + b) z
z|=1
1+¢ log ((a+bz) (a+bz7")) ed? (22 — 1)2%
ale—dz) (z—2)(a+b2)(z+2) =

LR, =

C

The integral has form LR, = ?{ log (¢(z)q (27')) H (z) z~'dz with H(z) = H (2~'). Hence, expanding
z|=1

the logarithm yields two identical terms, so that

l4c log (a + bz) ed? (2% — 1)2 dz
LRC_QCQWi 7{ a(e—dz)(z——)(a—i—bz)( b) z

|z|=1 @

Since ¢ > b > 0 and e > d > 0, log (a + bz) is analytic inside the unit circle and the integrand has three
simple poles there: 0, —b/a, and d/e. The corresponding residues are

1+ced
2 ab

1+c¢
o = — loga = — = log a,

_ 14clos (a_ _> S )
T—bjfa = c2 ab (ae + db) (be + ad)

1+c¢ b?
= = \/l—b\/l—b+10g<a—;>

1-2c ( b2)
= logla——|,
c? a

B 1+ clog (a+ %)ed(e2 —d?)
fdfe = 2 (ae + bd) (be + ad)

1+c¢ bd
= = \/bi1/b_log <a+?)
1 < bd)
= —logla+—]).
c e
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Summing up, we obtain

1 1-2 b2 1 bd
LR.=— tcloga—i— 2610g<a——>+—10g(a+—>.
c c a c e

Noting that

1-— 1-2 V2 2 (1 —
a:—c,a2—b2: 676: C,andae+bd:M7
1+c¢ 1+c 1+c 1+¢
we further simplify the above expression for LR, to obtain
1+c¢ 1—¢ 1-2¢
LR, .= = log (14 ¢) — = log (1 —¢) + = log (1 — 2c).

3 Sequential asymptotics and over-rejection

3.1 Proof of Theorem OW4

First, let us show that the weak limit Fy (A) of F, (\) as v — 0 exists and equals the continuous part of
the Marchenko-Pastur distribution with density OW(20). By definition and Theorem OW1, F, ()) is the

(scaled) Wachter d.f. W (yA; v/ (1 +7),2v/ (1 + 7)) with density f,(\) and support [b_,b,] given by

1y b =N - bo)
27 A(l=~A)

£ Cand by = (VEF \/m)”.

As~y — 0, by — ay, where ay = (1+ \/5)2 as in OW(19), and f,()\) converges to the density given by
OW/(20). This implies the weak convergence of F, (A) to Fy (A\) with Fy supported on [a_,a4] and having
1
/ F(dB)’ (103)
0

density OW(20).
1 ! 1
- / (dB) F' ( / FF’du)
P Jo 0

Next, recall that matrix
has been derived by Johansen (1991) as the limit in distribution of matrix %5’0151_115’615001 as T — oo,
where

-1

~ 1 ~ 1 ~ 1
SOO = T&Mgz’:‘/, S()l = TngU/E/’ and Sll = TEUMlU/&J. (104)

In that derivation, the distribution of the data generating process is inessential. Only the i.i.d.-ness of
innovations and the existence of their second moments are of importance. Therefore, for the purpose of
proving Theorem OW4, we may and will assume that ¢ is Gaussian.

In addition, and again without loss of generality, we will assume that ¢ and (103) are defined on the
common probability space so that the convergence of %5’01 S350, 854 to (103) is in probability. We denote

the empirical d.f. of the eigenvalues of %Smgﬂlg(ng&)l as FnT (A\), and note that, £ (Fp,Ta Fp)()) — 0 as

T — oo while p is held fixed. Here L (-,-) is the Lévy distance.
To establish Theorem OW4, we need to show that Fj,o(A) = Fy()) in probability as p — oco. It is
sufficient to show that for any 6 > 0 and all sufficiently large p,

Pr (L (Fy,Fpo) < 6) >1—6. (105)

We shall split £ (Fy, Fj,0) into several parts, and show that each of them is small with high probability.
Let
C=eV'ed,D=¢eVV'e, and A = €€,

as in Lemma 8. For any p, let T be the smallest integer satisfying p/7T, < -y and let T > T,,. Let F, r denote
the empirical distributions of eigenvalues of

ZCD*C’A*, (106)
p
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and let F, 1 be its counterpart when T' is replaced by T’,.
By the triangle inequality,

£ (Fo, Fyo) < £(Fo, ) + £ (Fy o, ) + £ (B, Fyir) + £ (Fpirs By ) + £ (B, Fo) - (107)
We can choose 7 > 0 so small that the first term on the right hand side of (107) satisfies
L (Fy, Fy) < 6/4. (108)

By Theorem OW1, the second term a.s. converges to zero as p — oo. Therefore, for all sufficiently large p,
we have
Pr ([, (Fvan,Tw) <6/4)>1-6/4. (109)

Further, for any p and T, the rank of the difference between %C’D‘lc'A_l and %5’01 S’ﬁl 5’615’&)1 remains
below a fixed positive integer, say m. Indeed, by Lemma 8§, %C’D‘lC’A_1 equals %50151_1156150_01, where
S;; are defined by (1). On the other hand, comparing (1) with (104), we see that the rank of the difference
between %SOlSilS(’nS(i,l and %gmgﬁlg{ng&,l is bounded by a fixed positive integer. Therefore, for the
fourth term on the right hand side of (107) we have

£ (Fp,Ta Fp,T) <m/p. (110)
As was mentioned above, as T' — oo while p is fixed, the fifth term satisfies
£ (Fprs Fro) = 0. (111)

To establish (105), it remains to show that the third term on the right hand side of (107), £ (Fy,r,, Fp7),

is small with high probability for sufficiently small v, all large p, and all T' > T', where T" may depend on p.
Hence, the following lemma completes the proof of Theorem OW4.

Lemma 17 For any 6 > 0, there exists v5 > 0 such that for any v € (0,75) , all sufficiently large p, and all
T > T, where T may depend on p, we have

Pr (,C (Fp,Tvan,T) < (5/4) >1- 5/2 (112)

3.1.1 Proof of Lemma 17 (Lévy distance between F), 1 and F, 1 is small)

Below, whenever we need to say “for any § > 0, there exists 75 > 0 such that for any v € (0,v4), all
sufficiently large p, and all T > T, where T may depend on p”, we will abbreviate this statement by “under
conditions of Lemma 17”.

Let £ = ﬁe, where T =T — 1. Then the elements of £ are i.i.d. N(0,1). Some of the arguments below
are more conveniently expressed in terms of & rather than e. Consider

—1/2

M, = (T/p) (¢¢//T) " (ev'¢)T) (6VV'€T) 7 (Ve /T) (6¢/T)

Note that M, r is identical to the real symmetric matrix A~'/2C (pD/T)"" C’A=1/2 and thus, Fy, 1, and
F, 1 are the empirical distributions of eigenvalues of M), 7. and M), 7, respectively. By Theorem A.45 (norm
inequality) of Bai and Silverstein (2010),

L(Fpr,, For) < ||Mpz, — Mpr||- (113)
Hence, it is sufficient to prove that under conditions of Lemma 17,

Pr (|| Myr, — M| <6/4) >1-6/2. (114)
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Let us introduce some new notation. Let T7 = T, — 1, and let V. be defined similarly to V with
T replaced by T,. Consider a partition { = [fy,f_v] , where £, and §_, are p x T, and p x (T —1,),
respectively. Define

A’y = é.’ygiy/T’Y? D, = §vany§;/Tw C’y = é.’yv'/'ygfy/T’Yv
and
Ao = &€ /T, Dy = EVV'E T, Cy = EV'ET.
Then
My, = A7, (pD, /T,) ™" CL AT and M,z = A5 Co (pDo/T) ™ CoAG?

By Theorem 1 of Onatski and Wang (2017a), when p — oo,

My, || = (V2 - \/1*7)_2- (115)

In particular, |M, 1. || a.s. remains bounded by an absolute constant. Convergences (115) and

HA;I/Q =5 (14 /7) (116)

-y, Ay

(see e.g. Geman (1980) and Silverstein (1985)) imply that there exists an absolute constant K such that, for
any sufficiently small -y,

lim sup H (pD-/T,)~'/? c

<K (117)

with probability one. In addition, for any sufficiently small , (116) implies
lim sup HA;U? - I,,H <3.7. (118)
Further, it is also true that, for any sufficiently small ~,

lim sup HAEI/2 -1,

< 3V7 (119)

with probability one. To see this, consider a py x T matrix n with p, = [yT'| > p (here |-] denotes the
integer part of a real number), such that the upper p x T block of i coincides with £, and the remaining part
of n consists of i.i.d. N(0, 1) variables independent from &. Note that Ay can be viewed as a p X p principal
submatrix of Ao = nn’/T. By Theorem 4.3.15 of Horn and Johnson (1985),

>\min (A»yo) S )\min (AO) S /\max (AO) S >\max (A'yO) ) (120)

where Apin(S) and Apax(S) denote the smallest and the largest eigenvalues of a symmetric matrix S. Since
A, is the sample covariance matrix with p, = |yT'|, its largest and smallest eigenvalues a.s. converge to
the same limits as those of A, and thus, (120) yields (119).

Inequalities (118) and (119), and convergence (115) imply that to establish Lemma 17, it is sufficient to
show that under conditions of Lemma 17,

Pr (HM P M“TH < 5/4) >1-6/2, (121)

where ~ ~
M,r, = C, (pD,/T;) " !, and M, 1 = Cy (pDy /7)1 .

Let
ap = (pDy/T)"? (pDo/T) " (pD,/T,)* — I, and ac = Cy — C.,.

Using the identity

Co (pDo/T) ™" Ch = (Cy + ac) (0D /T5) ™2 (I, + ap) (0D, /T5) ™% (Y + o)
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it is straightforward to verify that

My — Myz, = (B, + B1) + By + (B3 + B5) + By, (122)
where
By = ac(pD,/T,)" C.,
By = Cy(pDy/Ty) Y ap (pD,/Ty) V2 CL,
By = ac(pDy/Ty)*ap (pD,/T,) 2!, and
By = ac(pDy/Ty)" " (I, + ap) (pD/T,) " .

The following two lemmas are proven in the next two subsections of this note.

Lemma 18 There exists 7y, such that for any v € (0,7,) , the smallest eigenvalue of pD~ /T, a.s. converges
as p — oo to a number larger than 1/17.

Lemma 19 Under conditions of Lemma 17,
Pr([lap| < Kv and [lac| < Ky/7) >1-46/2,
where K is an absolute constant.

These lemmas together with inequality (117) and the decomposition (122) guarantee that under conditions
of Lemma 17,

PrGMYJHfNQTHSKVW)>175ﬂ.
This implies (121), which yields Lemma 17.

3.1.2 Proof of Lemma 18 (lower bound on the smallest eigenvalue of pD. /T,)

Without loss of generality, assume that 7, is odd so that 7, = T, — 1 is even. For any § > 0, define
D.s = f,YAM;{ﬁY/Tv, where

1 1

Ay = I, ...
¥ 2(1406 — cosws) 2(1—}—5—00sz-7/2)

I

with w; = 2rj/T, (cf. (37)). Note that ||A,s|| < 1/(25). Denote the Stieltjes transform of the empirical
d.f. of the eigenvalues of D. 5 as m.s, (z) . By Silverstein and Bai (1995), for any 2 € C*, m.5, (2) “ mys (2)
as p — 00, where m = m.; (z) satisfies

11 [ du
=—— 4 — . 123
: m+27r/0 2(14+6—cosu) +ym (123)

Let F,5(\) be the d.f. whose Stieltjes transform is ms (z), and let b be the lower boundary of its support.
By Theorem 1.1 of Bai and Silverstein (1998), the smallest eigenvalue of D.s a.s. converges to b. Since
D.s < D,, it remains to show that for any sufficiently small v, b > 1/(177).

Silverstein and Choi (1995) show that the support of Fys5 (A) can be found as follows. Find S C R, such
that for any m € S, z is well defined by (123) as a function of m and has positive derivative at m. Then the
complement of the support of Fy;s (\) coincides with z(.5).

Clearly, z (m) is well defined for (i): m < —y~1 (26 +4), (ii): m € (—y7'26,0), and (iii): m > 0. For
case (i), we have

1 [ ~vydu

dz/dm=m"2 - — <m™ -y
/ 21 Jo  (2(1+6 — cosu) +ym)® ~ K

Im=2 <.
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For case (ii), we have

1 [ 2+2d
d*z/dm? = —2m ™3 4+ — Ty

= >0
2m Jo (2(1+6 —cosu) +ym)

so that dz/dm is strictly increasing. Furthermore, as m 7 0, dz/dm — +oo and z — +o00. Let (m,0) C
(—7_125,0) be the interval where dz/dm > 0. Then, according to Silverstein and Choi’s (1995) result,
(z(m),400) is outside the support of F.s(A\) and hence, any point in the support of Fys(A) is no larger
than z (m).

For case (iii), we need to use an explicit form of z(m). Changing the variable of integration in (123) from
u to s = e'*, we obtain

z(m)——l n 1 % ds
 om  2mi s(24+25—s—s14+ym)’

|s]=1
Using Cauchy’s theorem,
) ~1/2
z(m) = —m™' + ((2 + 25 +ym)” — 4) ,

and hence
1 v (2426 +ym)

dz/dm = — —
((2 + 26 +ym)* — 4)

2 3/2°

Let £ = 2+ 2§ + ym. Then, dz/dm > 0 at m > 0 if and only if
g(z) =~> (x2—4)3—(x—2—25)4x2>0

at > 24 2§. When v = § = 0, g(z) has two roots at zero and four roots at two. By continuity, for small
~ and §, there are two roots in a neighborhood of zero, and four in a neighborhood of two. Now, for v < 1,
g (z) » —o0 as x — +oo. Furthermore, g (2) < 0 and ¢ (2 + 26) > 0. Therefore, there can be either one or
three roots of g(x) that satisfy = > 2 + 20.

Subcase (1): There is only one root x; > 2 4 26. We then have dz/dm > 0 for m € (0, "”1%2*26) , and

thus, according to Silverstein and Choi’s (1995) result, the lower boundary of support of F.s (X) equals
ol 1

- . 124
T —2-25 2 4 (124)

b:

Let 0 = o(y?). Then, writing #1 = 2+ a1 + a27? + 0 (v?) , and substituting this to g(z1) = 0, we find that
1 :2+1672+0(72).

Using this in (124), we obtain b =1/ (167) + o (y~!) . Hence, b > 1/(17~) for sufficiently small .
Subcase (2): There are three roots z1 < z < x3, each of which is larger than 2 + 26. Then, dz/dm > 0

for m € (0 2 —2-25 29—2-25 33—2-28 z1—2-25
’ v v ’ v v
from —oo to b defined by (124). Therefore, the lower boundary of the support of F,;(A) cannot be smaller
than b. Repeating arguments used for subcase (1), we again find that b > 1/(17v) for sufficiently small .

) and for m € ( ) . Note that as m goes from 0 to , z(m) goes

3.1.3 Proof of Lemma 19 (ap and a¢ are small)

First, let us focus on ap. Define
_ -1 _ —-1/2 —1/2
a= (I, +ap)  —1I,=(pD,/T,) (pDo/T — pD,/T) (pD+/T5) .
We would like to show that under conditions of Lemma 17,

Pr(|la| < Kv) >1—4/4. (125)
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Consider partition VV’ = diag {A,, A_,}, where A, is T, x T,,. Then,

a = (pDv/Tw)_l/z (hWAAYg;/TQ _pD’Y/T’Y +p§—7A—7§/—7/T2) (pr/Tv)_l/2 . (126)

By Lemma 18, almost surely, as p — oo,
lim sup H(pr/Tv)_l/zH < V17 < 5. (127)

Further,
PE, AL T? — pD, T, = p., (A, /T? =V, V. /T2) €.

Recall that the diagonal elements of A, have form 3 (1 — cos 27/ T) ' withj < T ~/2. The diagonal elements

of VAYV'AY have a similar form with 7" replaced by T’,. Since

1
cosz=1— =22+ =z*cost

2 4!

for some t € [0, z], we have

~1
R 1 cost (2mj)°
ﬁ(l—COSQW]/T) t= (1—

(2m5)° 12 1

for some ¢ € [0, 7], and hence

—1
1 1 1 cost cost (2m)
— (1 - 275 /T — = 1- :
oT2 ( COos 7Tj/ ) (271'])2 12772 ( 12 T2

Since j < T,/2 and T > T, we have

9 N2
o SStEMI) 2195 1/10,

12 77
and thus
1 1 1 9
—— (1 —cos2nmj/T) " — ——=| < 1/T~. 128
o ( T = s < (128)
A similar inequality holds for the elements of VWV;:
! (1 — cos 2mj /T,) " LI 1/72 (129)
— (1 - s - .
273 S CT )
Therefore,
1 1 1 . 1
‘W (1—cos2mj/T)" " — 2_T$ (1 —cos2mj/T) ’ < 2/T§7
and hence,
[P, 8,85 /T = pDo /T || < [[2(p/T) €8, /Ty || < 47 (130)

with high probability for any sufficiently small v, sufficiently large p, and all 7' > T’,. To obtain the last
inequality in (130), we used the fact that the largest eigenvalue of 5759 /T a.s. converges to (1 + \/'7)2 .
Consider now the component p¢_ A_,&"_ /T? of (126). Since 1 — cosx > /6 for x € [0,7], we have

272 (1 — cos 275 /T) > (2mj)* /3. (131)
Let us represent A_, as diag {A_, 1,...,A_4 r}, where

k=(T-T,) /T,
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and each block A_, ; is Tv—dimensional. We can choose T so that k is an integer, so such a representation
is possible. Using the fact that the diagonal elements of A_, ;/T? have form

(277 (1 — cos 275 /T)) ™" with j = iT, /2 + 1, ..., (i + 1) T, /2,

we find that the upper bound on the diagonal elements of A_W/T2 equals (2T2 (1 — cos ’iT,YW/T))_l . By
(131), this is no larger than 3/ (Z'7TT7)2.
Let us partition {_., conformably with A_, so that {_., = [57%1, ...,ffmk] . Then, from the above, we

have
k

I A€ T2 <30/ (52T) 3072 e i/ T .

i=1
The Gaussian concentration inequality for the singular values of a rectangular matrix with i.i.d. Gaussian
entries (see Theorem II.13 of Davidson and Szarek (2001)) implies that, for any ¢ > 0,

Pr (ngg’_w/TWH > (1 +/p/ T, +t) ) <exp{-T,t*/2}.

Take ¢ = i'/*. Then,

k 2 e}
ZPT (Hf—w,ifl—w,i/TvH > <1 +1/p/T, +i1/4> ) < Zexp{—Tyil/Q/Q} .
i=1

i=1

Clearly, the right hand side of the above inequality can be made arbitrarily small by choosing sufficiently

large T’,. Therefore, with large probability, for sufficiently large 7%, all ||£7W.§LW- /T,YH are smaller than
_ 2
(14 Vp/Ty + V1) and
L _ 2
Ipé A& /T?|| < 3p/ (w°T,) Y i? (1 +\/p/T, +i1/4> < Ky (132)
i=1

for some constant K that does not depend on 7. Using the definition of «, (130), (132), and (127), we
conclude that inequality (125) does take place under conditions of Lemma 17

Let us now consider a¢. Partition V as diag {V1,,V_4}, where V1, is T, x T),.Write ¢ in the following
form

ac = (~€¢/ @D +&, (Vi + Ir, /2) €/T = C, ) + €, (V0 + Ir_z /2) €., /T.

Let us denote V', + Iy /2 as @/17 and V’, + Iy /2 as @; Then
A/ ~/
By definition, the block-diagonal elements of @ll,y have form (cf. (36))
sin 27wy /T
0 _%17c052j7r/j/T

1 _sin275/T 0

2 1—cos2nj/T
The block-diagonal elements of @; have a similar form with 7" replaced by T,. Now,

. costy 4 1 5 costa 4
sint =2 — —(—2” and cosx =1— -2+ ——
3! 2 4!

for some t1,t2 € [0,z]. Therefore, we have
1 sin2mj/T  2mj/T — <58 (2nj/T)° 11— 8 (27j/T)°
21—cos2mj/T  (2mj/T) — k2 (2mj/T)*  27§/T 1 — <t (275 /T)>
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so that

1 sin2rj/T 1 (2mj/T)° < - <ol
2T 1 —cos2mj/T  2mj  2mj 11— <2f2 (27j/T)°
and thus,
1 sin27j/T 1 2
e 6w/ T=. 133
2T 1 —cos2nj/T 27Tj‘ < 6mj/ 139)
Similarly,

1 sin2nj/T,

S T R D Y Y 134
T —coseny) T, 2mj| < O/ (184)

Let 1 and £, be px T, /2 matrices that consists of the odd and even columns of £, respectively. Then,
the latter two inequalities and the fact that j < T /2 imply that

<2 Hgvlrglﬂ}

; (135)

& (Vi /T VT )€,

where T' is a diagonal matrix with diagonal elements smaller than 37 /T, by absolute value. On the other
hand, H§71F5/72H is the square root of the largest eigenvalue of §,Y1F§;2§72F§/71.

Note that the rank of T,YFffﬂﬁ 42T is no larger than p, and there exists an orthogonal transformation R such
that RT7F§;2§V2FR/ is diagonal with only the first p diagonal elements potentially non-zero. Furthermore,
these non-zero diagonal elements coincide with the eigenvalues of Tvgﬂlﬁflﬂ. But

(37)% €126
2 T1,/2°

T,&,,T%¢ 5 <

With high probability, for sufficiently any small v and large p,
1642852/ (Ty/2)]| < 2.

Hence, the only p potentially non-zero diagonal elements of RT,YF§;2§V2I‘R/ are smaller than (37r)2.
Let £,4; be the p x p matrix that consists of the first p columns of 571R’ . Note that the entries of {14
are i.i.d. standard normals. Then, we have

E1TE56,5TEN 1 < (3m)* €118l /T
Since the norm of gmg’m /p is smaller than 5 with high probability for sufficiently large p, it must be that
€,1T€426,2T€4 || < (9m)%

with high probability for any sufficiently small ~, large p, and all T > T, where T may depend on p.
Combining this with (135), we obtain

&, (Vin/m=viT) € < 187 7. (136)

Further, . )
I=¢¢'/ @T) + €,€0/ @T)|| < 5 [ = €€6'/T || + 5 1o — &,8,/Th]| < 47

with high probability, for sufficiently small ~, large p, and T' > T,. Combining this with (136), we obtain
|-e¢' 1)+, (V4 + Iz, /2) €/ = C, | < 20m /3. (137)

Next, consider &_ (v’_ N A /2) ¢ T part of ac. Tet €, and £__ , be px (T —T,) /2 matrices
that consist of odd and even columns of {_. Then,

)’£*V (VI*V + IT—Tw/2> gL’Y/THQ =4 ||£*772T£L%1||2 =4 H57%2T£L%1£7%1T£L%2H ’
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where _
1 sin2rj/T }m

T=d BRI
lag{QT 1— cos2mj/T

j:T'Y/Q""l

Let R be the orthogonal matrix such that RY¢" €, TR’ is diagonal. Note that the rank of Y¢' (& | T
is no larger than p. Therefore, there are only p potentially non-zero elements on the diagonal of RY¢ L%1§ ,,Y)lTR’ .
Without loss of generality, these are the first p elements. Let {_. 5, be the first p columns of £ 7%2R' . Then,
we have

IN

4 ’|§—'y,21§/—'y,21 H HRTfl—qglg—'y,lTR/H (138)
A€y 226y || (|62 T2 A -

Consider the partition {_., ; = [{7%11, ...,ffmlk] , and note that Y2 = diag {T%, ey T%} with

o (52 n )]

(e E0E) o, (6ot
Y, = diag ¢ — o — =
2T1—cos((z—+1) ) 2T 1 _ cos ((Z—i—l)—éﬁT)
We have
_ 2 _
1 sin((i%——i—k)%” 1 cosz(i%‘—&—k:)% B 1 1 ; 3 1
2T'1 — cos ((17"-1-]6) 2%) 277 1 _ cos (z%—&—k)%” B QTQI—cosiTT”r T3m? i
Therefore,
: GO S B S iy
2+ 2! —v, 115 —~,12
||£*’Y,1T 5*’%1“ = Z }|£77,1iri£77,1i}| < Z 2T77T2 ’L_2 T,y/2
=1 i—1

Using the large deviation inequality argument as above, we conclude that with high probability,
Hg—’y,lTQSI—’y,lH S K/T’Y7
where K is an absolute constant. This and (138) yield
2 _
e, (90 + Iz, /2) €T < 4K (o/T) |6 i€l /o] < Fv,

where K7 is an absolute constant. Hence, with high probability, for any sufficiently small -y, large p, and all
T > T, where T may depend on p,

6o (V2 + Tror, 12) €,/T|| < KA
for some absolute constant K. Combining this with (137), we conclude that under conditions of Lemma 17,

Pr(|ac|l < KA) > 1—6/4

for some absolute constant K.

3.2 Proof of Theorem OW5

The plan of our proof is as follows. First, we show that [ AdF} (\) = 2, as stated by the theorem. Next, we
prove that, for any é > 0,

Pr (‘/ (A — min (ay +6,3)) dF) 0 ()\)’ > 5) ~0 (139)
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as p — oo. For this, we establish the convergence A o L a4, and show that A1 o = op (p) as p — co. Since

P
Z —min (a+ + 5, A,0)),

Jj=1

/(A—min(a++5,/\))deo :1—17

such an asymptotic behavior of Ag g and A\; ¢ implies (139). Finally, by Theorem OW4,
Pr ('/min(a+ +0,\)dFp0(N) — /)\dFO ()\)‘ > 5) —0

This convergence and (139) yield Theorem OWS5.
Throughout the proof, we interpret matrix

%/01 (dB) F’ (/OlFF’du>

as the probability limit of %5015’1_115'615’@1 when T' — oo (see Johansen (1991)), where

-1

/ 1 F(dB)' (140)
0

- 1 ~ 1 5 1
Soo = TEMlEI;Sm = T€M1U/6/, and 511 = T6UM1U/€/. (141)

The same argument as in the proof of Theorem OW4 allows us to assume, without loss of generality, that e
is Gaussian.

3.2.1 Showing that [AdF,()\) =2
By OW(20),

/AdFO (A):/aagwm—m O—ady,

2w A

where at = (1+ \/5)2 Let x = (A—a-)/(ay —a_) so that A=a_ + (ay —a_)z. Then

2 1 2
/AdFo(A):%/O \/(l—x)xdx:wgzz

2

3.2.2 Convergence of the second largest eigenvalue

In this subsection, we would like to show that A LR a4 as p — 00. Suppose this is not true. Then, for
some d > 0 and any pg > 0, there exists p > pg such that

PI‘(|>\270 — CL+| > (5) > 20.

Denote the eigenvalues of %Sméﬁlﬁglé(;} as 5\17PT > > S\M;T. Since the latter matrix converges in
probability to (140) as T' — oo, it must be true that for any p and all sufficiently large T

Pr (‘)\2’0 — 5\2,pT

> 5/2) <4

Hence, to prove the convergence As o LR a4, it is sufficient to show that for any py > 0, there exists p > pg
such that for all sufficiently large T

Pr(Repr —ai| > 5/2) <. (142)
We can interpret pS\j,pT /T as the j-th largest eigenvalue of the product of projections P, P, Py, where

P = MU'e (cUMU'e") " eUM;, and Py = M (eMe')” " eM,.
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Let
P, = MU' M (eMUMU' M)~ e MU M,.

Then, by Lemma 5, there exist projections P; and P, on one-dimensional subspaces of RT such that
PyPPy — PP\ Py = PyP;Py — P,P,P;.

Since PPy P, and P> P, P, are positive semi-definite, by interlacing inequalities (see Theorem 4.3.4 in Horn
and Johnson (1985)), }
)\3,pT < )\Q,pT < )\1,pT7 (143)

where pA; ,7/T is the j-th largest eigenvalue of P, Py Ps.
Note that \; ,r equal the eigenvalues of %50151_115615’0_01, where S;; are as defined in (1), that is

1 1 1
S()o = T&?M[EI, 501 = fEMlUIMIEI, and Sll = ?EMZUMZU/MIEI.
By Lemma 8§,
L 15780, 50 = Lep-tora-?
—RP01°11 P01P00 T ; ’
p

where
C=eV'ed,D=eVV'e, A=el,

and € is a p x T matrix (T'=T — 1) with i.i.d. N (0,1,/T) entries.
For any p, let T, be the smallest integer satisfying p/T, < ~. Onatski and Wang’s (2017a) Theorem 1
and Theorem OW1 imply that Ay 7, =5 by and Ag 7, =5 by as p — oo, where

b= (VE-vT7) .
As v — 0, we have |b; — ay| — 0. Therefore, for sufficiently small v and large p,
Pr (|A1pr, — as| V[ Aspr, —ay| > 6/4) <6/2.
This inequality, together with (143) and inequality (114) imply (142).

3.2.3 Asymptotic behavior of the largest eigenvalue

In this subsection, we would like to show that A1 o = op (p) as p — co. Since (140) is the probability limit of
%5’01 S111S41 S50t as T — oo, it is sufficient to show that for any ¢ > 0, all sufficiently large p, and all T > T,

where T may depend on p,
Pr (XLPT > 5p) <. (144)

We start from reinterpreting the eigenvalue \; 7 as the largest eigenvalue of matrix %flfl/ 20D1CT A2,
defined below. Recall definitions (9), (34), and (35) of the discrete Fourier transform matrix F, the permu-
tation matrix P, and the unitary matrix W. Let P, = diag {1, P}, W, = diag {1, W}, and let a p x 1 vector
no and a p x T matrix n_q (with T =T — 1) be defined as

[10,m—0) = eF"PLW/VT.

Since F*Py W /V/T is an orthogonal matrix, the entries of [M0:m_o] are i.i.d. N(0,1).
Using (10) and (141), we obtain after some algebra

Soo =n_on"-o/T,

So1 = eMyU' M JT + MU' |T? = n_oV'n o /T + n_oym/T,
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where 3/ = (y’l, ...,y%m) with
1 sin w;
(], —=—L
Yi ﬂ(’l—coswj)’

St =n_oVV'o/T +n_oany/T +nox'n’o/T + (T? — 1) neny/(127),

and
where © = Vy, so that 2’ = (a?'l, "'795/7'“/2> with
o = 1 COS W —sinw;
J V2 \1—cosw;’ 1—cosw,; )"

Next, let Ry be a random orthogonal p x p matrix, independent from 7_g, and such that Ryn, equals
1m0l €1p, where ey, is the first column of I,. Denote |||l as x,, and Ron_g as &, and let

= RoSooRf = &€'/T,
= RoSn Ry =E&V'E /T + x,¢yey, /T, and
= RoSuR) =EVV'E T + x €ael, /T + xpe1,0' /T + X2 (T* — 1) exper,’ /(127).

T Qo

Since Ry is an invertible matrix, the eigenvalues of %5015’1_115615&1 and %A‘l/zé’f)_lé”fl_lm coincide,
and in particular, :\17PT is the largest eigenvalue of ZA=1/2CD~1C"A~1/2 as claimed above.

Now recall some notation from Section 3.1.1. éjgeciﬁcglly, recall that T, denotes the smallest integer
satisfying p/Ty <, T,, = T, — 1, and V, denotes a T, x T, matrix defined similarly to V with T replaced
by T’,. Further,

! !
Ay = gyf/w/T% Cy = €VV;£7/T77 D, = ngvvlwgw/Tw

where & is a p X T, matrix from the partition £ = [57, §77] .
Let us define

= A, C,=C,+ Xp&~Yr€rp/ Ty, and

i,
D, = Dy+ XpérTreip/ Ty + Xpe1pt), 85 /Ty + X;zza (Twz —1) epel,/(12T5),

where y, and z, defined as y and x after 1" is replaced by T’,, and let 5\11pT’Y be the largest eigenvalue of

L ASY26 D10 A Y. The following two lemmas are established in the next two sections of this note.
p Y Y=y yEHY

Lemma 20 Under conditions of Lemma 17,

Pr (Xl,pT > Kvyp (1 + Xl,pTw)> <4,

where K is an absolute constant.

Lemma 21 For any § > 0, there exists s > 0 such that for any v € (0,7vs) and all sufficiently large p,
Pr (Xl,pTy > K’y*3/4) <4,
where K is an absolute constant.

Choosing ~ sufficiently small and using Lemmas 20 and 21, we obtain (144).
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3.2.4 Proof of Lemma 20 (lower bound on )i ,r in terms of \; ,r,)

Let
U - /2 , . -1, . 1/2
dc=C—Cyandap = (pDy/T,)  (pD/T)  (pD:/T,) " =1
Then
~ ~ ~ - -1 /. ~
N = [ (@ vac) (s0/) " (0 vac) A
- . . -1 - -1
< 2 HA%H (‘ c, (pD/T) | + ||ac (pD/T) &L ) .
Since
N N -1 - . —1/2 R N —1/2 .
Cy (pD/T) C’/y = C (pD'y/T’y) (Ip + ap) (pD’v/Tv) C,/Y
- . -1 ~ - —1/2 . —1/2 _
= & (pDy/Ty) 4+ Cy (pDyyTy) an (pD/Ty) T CL
we have
- - . - -1 ~ - =
s < 2|i (|6 (0orm) el sty + | (o0rm) | 16e?)
- - . N -1
< 2fa7| (Al,pn A+ sl + H(pD/T) ' ||&c||2> : (145)
We will now establish bounds on various terms in the latter expression.
Bounds on H/LYH and HA*H . Since HA’Y 5 (1 + ﬁ)Q and H[l;l 5 (1 - \/7)72 as p — 0o, we have

i <4 o] < i < o

for any v € (0,1/4), with probability arbitrarily close to one, for all sufficiently large p, and all T' > T.,.

Bound on H (pD/T)71 H . This norm equals the inverse of the smallest eigenvalue of pgn /T. Recall that
(see (141) and (1))
pS11/T = peUMU'e' JT? and pSy1/T = pe MU MU' M€’ /T?
Note that the eigenvalues of UM;U’ are the same as those of M;U’'UM;,. Further,
MU' UM, = MiU'M,UM,; + M;U'II'UM;)T = M;UM,U’ M; + M;U"lI'UM,T.

Hence, the j-th largest eigenvalue of UM;U’ is no smaller than the j-th largest eigenvalue of M;U MU’ M,.
Therefore, the probability that the smallest eigenvalue of pgn /T is below some number, say § > 0, is no
larger than the probability that the smallest eigenvalue of pSy1/T is below 0.

On the other hand, in notation of Section 3.1.1, pS11/T = pDy/T. Therefore, by Lemmas 18 and 19, for
any 6 > 0, all sufficiently large p, and all T > T, where T may depend on p,

Pr (H(pSll/T)_IH > K) < 6/4,

N -1
where K is an absolute constant. The same inequality must hold for (p511/ T) and thus, for any § > 0,
all sufficiently large p, and all T' > T, where T may depend on p,
. -1
Pr (H(pD/T) H > K) < 5/4. (147)
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Bound on ||&¢||. Consider the following decomposition

ac = C(] - C’Y + ngyellp/T - prfyyﬁe/lp/T'Y
= CO - C’Y + ngw (ylz’fn, /T - y’Y/T’Y> e/lp + Xpé.—fny.Y:Tellp/T5

where y5.; denotes the sub-vector of y that consists of all entries of y starting from entry s and ending with
entry t. By Lemma 19, under conditions of Lemma 17,

Pr(||Co — Cy|| < Ky\/v) >1—-4/8. (148)
Next, by definition of y,
yll;T,Y/T - y'/y/T’Y = (yll/T - y’/y,l/T’Yv sy ylj_’,y/Q/T - yfy,TA,/Q/T’Y> )

where

1 _ . 1 sinw; 1 sinw;
y;’/T_y'Iy,j/Tvz_ﬁ (T Pt . I )

Using (133) and (134), we conclude that for some absolute constant K and all T' > T,

= _
T1—cosw; T,1-—coswjy

o, /T = s/ Tl < KT < K.

This inequality and the fact that X;,% is independent from ¢ and has the chi-squared distribution with p
degrees of freedom imply that

oty (e, /7 =iy €4, | < Ky (149)

with probability arbitrarily close to one, for all sufficiently large p, and all T' > T,.
Finally, since by definition of y and by (131),

2
lvea/T| <y + Y sTE<K/T < Ky,
s=T/2+1

we have
Hngf'nyw:’fellp/TH < K\/py (150)

with probability arbitrarily close to one, for all sufficiently large p, and all 7' > T.,.
Combining (148-150), we obtain that under conditions of Lemma 17,

Pr(|jac| < K\/py) >1-46/4. (151)
Bound on ||@p||. Using the definition of &p, we have
[épll < 1+ H (pD'v/Tw>1/2 (pD/T)_l (pb'v/Tv) v =1+ H (pD/T)_1/2 (pDv/Tw) (pD/T)_1/2H
< 24 H (pD/T)_1/2 (vD/ — pD,/T,) (0D/T) I P H (pD/T)_l [pD/7—pD,/15)|.

By (147), we have with high probability
lall <2+ K |[pD/T - pb, /T

for some absolute constant K, all sufficiently large p, and all T > T, where T' may depend on p.
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Now, consider pD/T — pﬁw /T. By definition, we have

- - 1 _ _
pD/T —pD., /T, = pDy/T —pD,/T,+ prgelpellp (T -T2
0%, (& (21, /T2 = 2 /T2) €y + exy (27, /T2 = 0,/ T2) €))
+po (g—fsz.Y:Tellp + elpmgfw:'fgl—’)’) /T2

The decomposition
DO = f'yA’Ygfy/T + f—yA—’Yg/—W/T
and inequalities (130) and (132) imply that, under conditions of Lemma 17,
Pr(|l[pDo/T — pD~ /T, | < Kv) > 1—6/8. (152)

Further, with probability arbitrarily close to one, for sufficiently large p and all T" > T,

’ < K~ (153)

1 _ _
Hﬁpxz%elpellp (T’Y -T 2)

Next, by definition of z,

$/1:T7/T2 - x’v/Tf = (gv'l/T2 - xlml/T,f, ...,:10'7—,7/2/T2 - xlmTw/Q/T’?) ,

where
T — ! TP = — 1 (i cosw; 1 coswjy, 1 —sinw; 1 —sinwy, >
J vl ty T 271 _ . 271 _ o2 _ . 271 _ ]
V2 \T? 1 — cosw; T3 1—coswjy T?1—cosw; T35 1—coswjy

Using (128-129) and (133-134), we conclude that for some absolute constant K and all T' > T,
Ha;m/:r2 - xv/TfH < KT;' < Kv/p.

Therefore, with probability arbitrarily close to one, for all sufficiently large p, and all T' > T,

prp (5V (ml:Tw/TQ - xw/T3> €y +e1p (xllzT.,/TQ - w;/Tﬁ) 5;) H < Kvp. (154)

Finally, by definition and by (131)
[
Therefore, with probability arbitrarily close to one, for all sufficiently large p, and all T' > T,
prp (f,vxTW:Te/lp + elpdfw;ffl_,y) /T2H < KA3/2p1/2, (155)

Combining (152-155), we obtain that under conditions of Lemma 17,

Pr(flap| < Kpy) >1-6/4. (156)

, llaell, and ||&pl| together with (145) yield

)

The established bounds on HAW)

i

: H(pf)/T)1

Lemma 20.
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3.2.5 Proof of Lemma 21 (lower bound on A, )

The largest eigenvalue, pS\LpT7 /T, of C’Vﬁ; 16’;[1; I equals that of the product of the projections on the
column spaces of matrices V;f; + Xy~ €1, and 5/7 Since the former space is spanned by the columns of

(Y, V;g;] , pXLPT7 /T cannot be larger than ”751772’
spaces of [y,, V. ¢, ] and £

Denote the projection on the column space of V;{; as P1, and that on the orthogonal space as Mj.
Then

2 ~
, where P; and P, are the projections on the column

731P2 =P1Ps+ 7),/\/11%7)2,
where Ppy, 4, is the projection on the space generated by the vector Myy.,. This yields

Y, M1 P2 My,

Moz [Ty < 2| PiPol? + 2| Patyy. Po||* = 2| PLPo)* + 2
pALpr, [Ty < 2| P1Ps| | Pryy, P2 [P1 Pl My,

Onatski and Wang’s (2017a) Theorem 1 implies that, as p — oo,

IPPal? 25y (V2 VI—7) (157)

Therefore, to establish Lemma 21, it is sufficient to show that for any § > 0, there exists v5 > 0 such that
for any v € (0,7s) and all sufficiently large p,

! My PaM
Pr(% 1PoMuyy

KW‘*) <4, 158
Yl Mayy (158)

where K is an absolute constant. Below, we will denote absolute constants that may take different values
from one appearance to another as K, K1, and K5. We will denote constants that depend on the value of ~
as K.

To simplify notation, we will omit the subscript v from y,, V., and £,. However, we will keep notation
T, and T, = T, — 1 to remind the reader that p/T, is close to 7. Our plan is to derive bounds on y' My
and y' M1P2 My, and then combine these bounds to obtain (158).

By definition,

y My =y'y - '€ (EVV'E) 7 o,

where

. . !
1 ( coswi —sinw; COS Wo —sinws )

x:Vy:—%

1—coswy;’ 1 —coswy; 1 —coswy’ 1—cosws

Therefore,

T’Y
Y My =o' A e — 7 aiase) (M) €

4,j=1

where x; and §; are, respectively, the j-th element of x and the j-th column of &, and

T, /2

A = V'V = diag {(2 — 2cosws) 12} o (159)
Denoting matrix pEAgl/Tf as W, we obtain
Y My = infﬂj (Aﬁl@:j —pfgwflgj/Ts) ) (160)

i,J

where §;—; is the Kronecker delta. First, we are going to analyze the part of the sum corresponding to i = j.
We call this part the diagonal component of 3’ Miy.
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The diagonal component of 3’ M;y. Using the Sherman-Morrison-Woodbury (SMW) formula (see (45)),

we obtain Wle !
w1l —w-l_ cSEW I p (161)
- 1T2/p +EWE /D
where W_; = (p/T2) Z ” Ajj€;€;. Therefore,
JF
—2T2/p
A pEW e T2 =
T AT WG
Since 2? = 25?A%, where s? = cos® wr;/9) for odd i and s? = sin® wri/2) for even i, we have
282T2 2
o} (AF' —pEW TG /TY) = —/p (162)
bpi "‘5 Wz, f /p

where by; = A3 T2 /p?.
Bounds on £,W ¢, /p.  In this subsection, we show that there exist Ko > K; > 0such that &, W =}'¢, /p €

[K1, K5] with overwhelming probability as p — co.

Definition 22 (Tao and Vu (2011)) Let £ be an event depending on p. Then £ holds with overwhelming
probability (w.ow.p.) if Pr(£) > 1—-0g (p’K) for every constant K > 0. Here Ok (p’K) denotes a quantity
that is smaller than Bp~ ™ with constant B that may depend on K.

Assuming that v < 1/2, we have

W_; = (p/T,?) ZAjjfjé} 2 p/T2 Z Aji&;E5,

J#i J#4,j<2p
and, by (159), minj<a, Aj; > (27p/T,) ">, so that

-1

W= < || @em)2p! Z ;& =22\ (163)
J#1,5<2p
where A\, is the smallest eigenvalue of the Wishart matrix Z &€/ (2p) . Therefore,
j#i,j<2p >3

EWZre, /p < 2w ALl €1 /p.

Gaussian concentration inequalities for x? (p) and Amin (see e.g. Theorem II.13 of Davidson and Szarek
(2001)) imply that there exist K3 > 0 and K > 0 such that

Pr(&W2lE/p > Ka) <e 7. (164)

Now, let us establish a lower bound. The following inequality follows from the tail inequality for linear
combinations of x? (see Laurent and Massart (2000), Lemma 1)

(f e /p <t W=l /p— (2/p) W) <ot

where ¢ is any positive number. Setting ¢ = ,/p/2 and using

q/ttrW <2\/t|| 1||—tW < tH 1||+—ptrW_
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we obtain
Pr (W2 /p < e W2/ (2p) — |W2H| //p) < e VP2, (165)

To analyze the term tr V[/’__i1 (2p) in (165), consider the decomposition
Woi=(p/T7) D> Au&&+/T3) Y. A&
J#4,5<p/2 J#4,i>p/2

Since the rank of the first term on the right hand side is smaller than p/2; we have by Weyl’s inequalities
for eigenvalues, for any j < p/2,

~1 ~1
N W) > N || 0/T5) D0 DitE > (/T D2 Qi
J#4,3>p/2 J#4,3>p/2
where \; (M) denotes the j-th largest eigenvalue of symmetric matrix M. Therefore,

—1

(B/T5) DY D

J#1,32p/2

tr W=/ (2p) >

NG

oy —1
Since Aj; = (2 — 2cos M) and 1 —cosz > 22 /6 for z € (0, 7],

6
2(2m [4/21/T5)

Ajj < 5 <3735/ (7%5%)

and

-1

2
eW3l @) > 5| Y weE| (166)

J#i,5>p/2
For simplicity, assume that ¢ < p/2 (the other case can be analyzed similarly with only minor changes).
!/

Let ¢ = (g;/Q, ...,5’@) and

/
Then, f(-) is a 2/,/p-Lipschitz function. Indeed, let § = ( ;/2, very S/Tw) € RI5=P/2)P Then

1 1
f (1/1) = \/;[_’) H [mfp/% teey T_V£T7:|

648 = £ 0] < VB | gm0,

2
<= 19l,,
<=1,
where [|§]|, is the Euclidean norm of 6. Therefore, by Gaussian concentration inequality (see Ledoux (2000)
prop. 2.18), for every t > 0,
Pr(f (¥) > Bf (4) +1) < /% (167)

On the other hand, by Latala’s (2004) Theorem 1, there exists K such that

BF ) < VoK | [ 52+ o/ /27 + | 3 it

Jj>p/2 j>p/2
The right hand side of the above inequality is smaller than some other absolute constant K, so that

Bf(¢) < K, (168)
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and hence, there exist K1 > 0 and K5 > 0 such that

Pr(f () > Ky) <e ™22, (169)
Combining (166) and (169) yields
—1/2
PritrW=l/(2p) <m®/ (12K7)} < Pr||| Y pi%¢¢)| <A
izp/2

= Pr(f@) 7 SK) =Pr(f(®) 2 Ky) < e
Hence, for some absolute constants K; > 0 and K5 > 0, we have
Pr(tt W2/ (2p) < K;) < e K22, (170)

Combining (165) and (170), and recalling that HI/V:Z.1 H is bounded from above with probability approaching
one exponentially fast (see (163)), we conclude that there exists an absolute constant K; > 0 such that

Pr(&W=re,/p < K1) < 2e7 VP, (171)
This and (164) yield the following lemma.
Lemma 23 For some absolute constants K1 > 0 and Ky > 0, &iW. Sz/p € [K1, Ks] w.ow.p.

The order of the diagonal component. Lemma 23 and equation (162) imply that

252T2/p ) 252T2/p
2 (ATY —pelwte. T2 172
Bk S 2 (A e TRy (172)
w.ow.p. On the other hand, since s? + sfﬂ =1 and bp; = bp ;41 for odd 7, we have, for any K > 0,
282T2 Tw/z 1 T T d
2Ly =t [ e o)
— b+ K = k—cos(2mj/Ty) 2m Jo k—cosg
as p — 0o, where k = 1+ $Kp?/T2. According to Gradshteyn and Ryzhik (2000, formula (2.553)),
T, [T de T,
o Jo k—cosep  2VEZ — 1
Hence, there exist K; > 0 and K > 0 such that, w.ow.p.,
p/ (K27?) Zx (A7 L pew— 15 /TQ) p/ (K1v?) . (173)

The off-diagonal component of ¢y’ M;y. We will now establish a bound on the second moment of the
off-diagonal component of 3y’ Mjy. The square of this component consists of three parts
2

T2szxj EWTI | = (/)" (M + My + M),
T iy

where

My o= 2 aZa? (W /p)”,

i#£]

My = 4% walw (GW'E/p) (W ¢, /p), and
i£j#£t

My = > mwjme (W /p) (EWTE,/p).
i#jF st
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The above sums run over ordered pairs, triples, and quadruples of unequal indices (no repeated indices
in any of these sets). Multiplier 2 in the definition of M; takes into account the fact that the term, say,

2
23 (5’1W’1£2/p)2 appears in (Z#J_ mixjgg-W’lfj/p) four times (corresponding to o1 2ox1 T2, T1T2T271,
XoX121T2, and Tax1xexy), Whereas it appears in Z 2?2z 2 (§'<W_1§-/p)2 only two times (corresponding

to #2232 and xZx?). Multiplier 4 in the definition of M2 has a similar justification.

Analysis of M;. By (161),

I i — / §§W7 /p pz(f g/p)
-Wl-:-W.l— P A At Y LA 174
W e /o @( 2oy 5/p)g/ e (1)
Similarly,
byj (€] ﬂ,jf /)
g / bp] + 5 —1 jg /p
where W_; ; = (p/TZ) ZS#J Ag€EL, so that
b b ’
2,2 (¢'Wle /p)? = L50pj LiOpi 175
W) = () (bm FEWLE by + €W /p> )
Lemma 24 For any i # j, xfz? (§QW’1§j/p)2 < K.,p* for some constant K., that depends on .
Proof. Similarly to (174), we get
 (gwlen)”
é/p & 7”5/ J+§ 72]5 /p
Using this in (175), we obtain
2$? (f;W_lgj/p)Q _ (ijpj>2 (wibm) ( —i ]5 /p)
By the Cauchy-Schwarz inequality,
( 71]6 /p)( 71j§/p) ( 717J£ /p) Z
Therefore,
21,? (ggw—lé-j/p)Q (x]bp.7>2 (mibln) ( —1 jg /p)
( pZ§ —1 ]g‘y/p+ bp.?é. 77,,.]6 /p)
< M = 257 32A”AN (Tv/p)4 < K.,p'.0O
2bpiby;
The fact that
22b%, = 252 (T, /p)*, (176)

together with Lemma 23 and an analogous result for .f W_; f /p imply that the last squared term in (175)
is bounded by K., w.ow.p. This and Lemma 24 guarantee that for any integer k,

Ea?e? (W16, /p)" < KB (EWZ1€,/p)" +o(p™) (177)
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as p — 00.
But

E(&W-L¢;/p)" =B (W22, /p) /p < Byl /p,

N £,£5/(2p) (see (163) for a similar
§#£1,7,8<2p ©

inequality derived above). Lemma 25 below implies that ]E,u;fn is bounded by an absolute constant for all
sufficiently large p, so that

where p,;, is the smallest eigenvalue of a Wishart matrix Z

E(€W=Le,/p)° < K/p.

This inequality, inequality (177) and the fact that there are less than T 3 terms in the sum defining M;
implies that
EM, < K,p (178)

for all sufficiently large p. How large p needs to be may depend on ~.

Lemma 25 Let ) be a p x m matriz with i.i.d. N(0,1) entries, where p < (14 7)m/2 with 7 € (0,1). Let
Kmin De the smallest eigenvalue of n'/m. Then, for any p > 0, there exists K, ; > 0, which may depend on
p and 7, such that Bu ! < K, - for all sufficiently large p and m along a sequence p,m —, co.

m —

Proof: It follows from Chen and Dongarra (2005, p. 610) that
Pr (i < 1) < m™ P =FS T (- p+2).

Their Amin, 7, and m equal my,;,, m, and p in our notation, respectively. By Stirling’s formula (see e.g. 6.1.38
in Abramowitz and Stegun (1970)),

T(m—p+2) > V21 (m—p+1)" PH3/2 e (moptD),

Further, for p < (1 +7)m/2, we have (1 —7)m/2 < m — p + 1. Therefore, for all N > 0 we have
m—p+1

— 3 1— 2\ 2
Pr (fihy > N) <m™ PHNT=F2 0 (m - p+2) < 27 (m —p+1))/* <N< > )

2e

Hence, for any ¢ > 0 and sufficiently large p, m along a sequence p, m —, co, we have

1—7\ %
Pr (uz >N)qu< - ) .

On the other hand, according to Lemma 2.6 of Bai and Silverstein (1998), if for all N > 0, Pr (M;iln > N) <
N~1K for some positive ¢ and K, then, for any positive p < g,

Bjugf, < KP/4—1— 0
q—p
Analysis of M. Similarly to (175), we have
ZEi.’E?ZEt (é-;lW*lé'j/p) (§;W*1£t/p) = ( —1 jgj/p) (f ij tgt/p)

22b2
ZTibpi Tibpt T bpj

bp1+§ 72]5 /pbpt—i_ét 7Jt§t/p (bp] +£ g /p)

Further,
(EWZ 6 /p) (EWZ €5 /D)

GW e Ip =W 8 /p - =
> SR byt + §:€W—i1,j,t£t/p
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and

(GWZia€alp) (EWZL46/p)

tht/p gW_lJtét/ - p2+£Wth£/p

To shorten notation, denote

fW zjtf /p_auvg sz]tft/p_azta etc.

Further, let ol = W& b, alf =¢w ~1&/p, and aj) (rint) — = &WZ /¢, /p. Then
2 Irr—1 Irr—1 A4t @5t it Qg
T WE W = i — ——— - — 179
X xjwt (57, é-]/p) (5] gt/p) (a’ J bpt 4 att) (ajt bpi + a’ii) ( )
Tibpi Tibpe J2 b229]

X i 3
bpi + al(jt) bpt + ag ) (bpj + ag.j.l’t))

Using the identity
1 1 T -«

btz bta (b+z)(b+ )’

we expand the right hand side of (179) as follows

a QitAjt a At Qg
i T gt T
bpt + au bpi + ai;

zibm‘ ( Ej—t) Ea(+t)>

Zibp;
X J—
bpi + Eaﬁ_t) (bpz + G,(th ) (b i+ Eaijt))
Zbpe T1bpt (agtﬂ) EGEJFZ))
x b, +E (+i) (+1) (+1)
pt it bpt + ayy bpt + Eay,
2
(41,t) (41,t)
o 2;bp; mibl’j( @y Eajj )

bpj + Ea(ﬂ D (bp] + a('H t)) (bm + IE}a('H t))

It is straightforward to verify that E (a;ja;¢) = 0. Therefore, opening up brackets in the above expression
and taking expectation, we obtain a sum of terms each of which is proportional to a monomial in a;j, a;t, ajt,
Ht) Ea(H) (H) — Eaﬁﬁ% and o\ — Ea§]+-i’t) of degree no less than three. Moreover, the coefficients
of proportlonahty are smaller by absolute value than a quantity which depends only on v, w.ow.p.
The validity of the last statement follows from Lemma 23 (cf. discussion immediately below (176)) and
from the fact that ]Ea(+t) ]Ea(H and Ea(H’t) are bounded from below by a positive absolute constant. We

establish this fact for IE}a(+ 2 (a proof for the other expectations is similar). By definition of a(+ 2

(166),

and by
-1

2
i, — m _
Ea("Y =Bt W=} /p> =B S s

57£7,5>p/2
By Jensen’s inequality
-1 1/2\ 2
Bl Y psE| 2| B> psTLL > K
s#£J,s2p/2 s#j,s2p/2

for some absolute constant K, with the last inequality following from (168).
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Lemma 24 and the boundedness of the coefficients of proportionality w.ow.p. imply that an upper bound
on the expected value of the right hand side of (179) would follow from upper bounds on the expected value

of monomials in a;j;, a, aj¢, a(uﬂ) — Ea(ﬁ), a(H) — Ea(H) and a(»j-i’t) — Ea(-j»i’t) of degree no less than three.

We will use Holder’s inequality. Take, for example, the monomial a;;a;; (a(H) Eagj t)) . We have

4\ 1/4
aijaie (ol — Bal")| < (Ba2)"* (Bak)""* (E (aﬁ“—Eaﬁf“)) - (180)

On the other hand, for any k > 2

1., 0 W=} i
E|a”\ —Eiﬁ mtf /p| ' p[gi’gj] ( W=l OMt ) [ gj ]

—1,5,t

E

k

Therefore, by Lemma 2.7 of Bai and Silverstein (1998),
k)2

EtrW 2 < Kp~ "2

k _
E‘aiﬂ SK;D k2 —i,j,t

where the latter inequality can be established using a slightly modified version of (163) and from Lemma 25.
L. . . k .
A similar inequality holds for E |a;|" . Finally,

+t +t (+t)
Eagi) )‘ <KE‘ trW”/p) —I—K]E‘tr ﬂj/p Etr 71]/])’

The first term on the right hand side of the above inequality is bounded by Kp~*/2

bound the second term, we use the following decomposition
oW /p — B Wl p= 3 (B — B tr (W2l W2 ) /.
s#£1,j
where E; denotes the expectation conditional on g1y, ..., (), and By = E denotes the unconditional expec-
tation. SMW formula yields

similarly to B \aij|k . To

EW 2 L /p
by + ELWC S

tr (W*.l. —w-1 ) =

-] —%,7,8

Hence,
|EW 2, &S ik
|bps + EW 5 Eo/p I

where the last inequality follows from an inequality similar to (163) and from Lemma 25.
Now using the Burkholder inequality (see Bai and Silverstein (1998), Lemma 2.2), we get

B (W), - w2l )| -

=478

<K

- <E|W

—1%,75 5” ’

— _ k _
E|trW_i17j/p—EtrW_i17j/p| SKTfﬂp k

and hence .
o~ Baf?)

S K'ypik/Q-

Recalling (180), we obtain
&

aijait ( (+ ) ]Eagj_t))‘ < K7p73/2.
Similarly, expected value of monomials of order r are bounded by Kvp_T/ 2. We conclude that, for any k& > 0,

E < Kp 3% +o(p™")

1, _
xiﬂc?xtﬁfﬁw W,

as p — o0. Since there are less than T;;3 such terms in the sum defining Ms, we have
EM, < K. p*/? (181)
for all sufficiently large p.
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Analysis of M3. By (175)

1, _
xiijsxtﬁﬁiW e W,

1 Z;bp; Zibpi
= f *%Jgj b 1 b 1
p DJ + é] —1 jgj i + gz 61

1 _ Tsbys b
X _fbwfslt t £ 1t £ —1
p bp.s + f W—‘s té. bpt + gt ft

Further, L
nggtEtpgt 72]t§
bpt + gft ﬂ',j,tft
SEWIL G EiWE, i
1 .
bpi + %&W—i,s,tfi

1 +s -1 +1,5,8
Denoting 5 W2, t§ as a;;°, pft & as a7, ete., we have

)

1 _
Egiwfllng = g W —1,7, tg

_§ —.st t— § 7z5t§t

T T 5Ty 2£W 1§§W e, = HM3r

where
+s +J +J
. al Sa : a;’a;
Mz = a _tierM& a7 -
bpt +a bpi + Q4
Iy z;bpj M ZTibpi and
33 = T s34 T T o
bm +a+ t bpi—i-aj;]’”t
Tsbys Tebpt
J\4’35 — 717, M36 = 71)
bys + a +z,j byt + G;Z,LS
Consider now the following identities
+s _+s +s +s +s tsgts s
My =t al’aj; 4 aj"afy (ay” — Bay”) Gy Ay (ai” — Baf; ) : (182)
bpt + Ea’tt (bpt + Eatt ) (bpt + Ea’tt ) (bpt + a’tt )
ajFat a7at? (a” — Eaj ) alay’ (au Eaﬂ)
M32 _ a:;] - - — - NIE (183)
byi +Ea;;’ (bpi + Ea;’ ) (bpi + Ea;]) (bm‘ + a;j)
2 r +st 5,1\ T Fst Tt
M= (=1)"@jbps (a5 —Baji™)  wsbyy (aj;"" — Baj” X (184)
33 = b Eqtst 14r b Eats? b +s5t
=0 (bps + Baj;™) (b +Baf;")” (b +a5)
y 22: (_I)T xibpi (a;]ﬁvt — Ea j;j ' t) xibpi (a;—’]’S’t — Ea j’;] o t) (185)
34 -0 b +E +7,8,t 1+r b +3,85t +_1,=;,t
— i a; pi + Ba;; bpi + a;;
2 T NA%
(1) @by (0 —Bafi9)"  aibys (a7 —Bafld)
Mz =Y — - » = (186)
= (b ) (bpe + Bt )" (bye +aii)
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and 5
- s -
T +1,7,8 +1,7,8 +1,7,8 +1,7,8
2 (=1) ziby (att 4 — Bay,"’ ) Tibpy (att & — Bay,"’ )
M3 = E —

1+r 3 .
= (b0t + Bagi ) (bt + Bafi ) (b + )

(187)

Further, note that

=a

) (@) (@) (o - map)
o~ L —qgli - + (188)

+1,5
a - N -
ss ss bpi + aj;] 55 pr —+ EaJr] (bpz + Ea;]> (bp’L + a;g])

and

2 2 SN2 , ,
+i.s +3,8 +7,8 +7,8 +3,8
+i,,s _ +Js ( lt] ) +3,s ( ’tj ) (ait] ) (aii] _Eaii] )
ot maipr - L e L ) S T L s
bpi +ay; bpi + Ea“‘ (b;m + ]Ea I ) (bpz + a;; g, )
Using (188) and (189) in the terms of (186) and (187) corresponding to r = 1, we obtain
Zsbps :1csbpS (Eajg — ]Ea'f‘si’j) Tsbps (a;? — Ea‘fg)

+z, 2 2
bp,s + Ea J (bps + Ea“rlﬂ) (bps + Ea+l,])

Mzs =

N\ 2
msbps (a’:;?) xsbps (ajsi’j _ Ea+i’j)2
+
+1i,5 +J +1i,j 3
(bps + Eass ) (bm + Ea;; ) (bp6 + Eass )
\ 2 . .
Tsbps (a;:‘j) (ajij - ECLZ‘]) Zsbps (a+ivj — Ea+i’j)3

(Brs + Eam) (b0 +Ba?) (b +a?) (b + Eam) (b + 0

(190)

and

+3, +4,5, +7, +7,
M - ZTebpt _ byt (Eatt] * — Bay,"’ S) B Tibpt (attj * — Bay’ s)
36 - b +Ea+z,j ,S t+ids 2 tis 2
pt (bpt + Baj,7 ) (bpt + Baj,? )

Tibpt (a;j’s)Q Tibpt (a;w’ an’j’sf
N2 ) 13
(B (1 Ba) (b B )
N2 , , - C\3
Tibpt (ay’s> (a;.';]’s - Ea#’s) Tibpt (a;’;m’s - an’]’s)

(i) (o) (o) (o) (o)

(191)

6
Using identities (182-185) and (190-191), we represent the product H M3, in the form of a weighted

sum of monomials in a;;s, ai’, a;rts, afy’ —Baf®, ol af7, ol al? ]Ea:gj , etc. A somewhat lengthy but

straightforward inspection reveals that the expectation of all the monomial terms of degree less than five is
zero. Take, for example the monomial term

+s,t Ea +s,t> -Tibpi (a‘vaSvt _ Ea,—kj’s’t)

+s +jijpj (a‘jj i i1
A5 Qg +st st 2
(bpj + Bay; ) (bpi + Ea )
. . +5J,s +1,7,8
1 zsbys (Bafd — Ea‘“v]) Tyt Tibpt (Eattj — Eag"’ )
X — —
+i,J +2,] s 2 ’
bps + Ea (bps + E(LJF%']) bpt + ]Ea (bpt + Ea+l,J S)
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which is obtained by taking the product of the first order terms in (182-185) and zeroth order terms in
(190-191). We have

E [atsajt] (ajjs’t — ]Eajjs’t) (ait-j’s’t — Ea;gj’s’t)} =0
because the expression under the expectation can be represented in the form of a weighted sum of monomials
in the components of vector ¢; of order three and one only. The expectation of such monomials, conditional

- 1
on §;,8&, &, ﬂjt,WﬂSt,W and WZ, jISZGI‘O

77
By the same logic as in the above subsectlon the expectation of the monomial terms of order five and
more in the expansion of H ) M3, is bounded by K p~ 5/2_ Since there are no more than T;l such terms,
r=
we have
EM; < K, p*/? (192)

for all sufficiently large p.
Combining (178), (181), and (192) yields

p
B 2 Z‘E Tj— fz lfj < KWPS/Q
T i

or all sufficiently large p. By Markov’s inequality,

Pr QZmJ Wl =M | < Kop (193)
T i#y

This inequality and (173) imply that there exist absolute constants K7 > 0 and K5 > 0 such that

p / p
P < < — 1
T <K272 Sy Mly = K172)

as p — 00.

Comparison to y’ M1PMiy. Represent y as y = y; + y_s, where

Sy for j <t
Yij 0 otherwise

We will choose the value of the integer ¢ later.
We have
Y My PaMyy < 2y, My PaMyys + 2y MiPaMiy—y

Now, recall that P; = It — M. Therefore,
y'_t/\/thMly_t = y/_tpgy_t — Zy/_tPﬂ)Qy_t + y'_tPﬂ?gPly_t,

and hence,
Y MiPaMiy_ <y Pay—i + 3| PiP2 ly—|?. (194)

Further, clearly
Yy MiPaMuyy; < yp My (195)
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Analysis of y;M;y;. By definition

t
yiMuy, =2} (AL = p&W ¢/ T2) — (p/T) Zfﬂ 2 EW S /.
=1

i#]
Similarly to (172), we have w.ow.p.,
282T2 ¢ 282T2
i 2 (A—1 ry—1 2 i
Zb+&§§}m%—mwgﬂ“ Zb+m (196)
— i=1 —
Let ¢ be an even integer. Then,
t/2 -
ey - el
= b = kK—COSQTﬂ 2T 0 kacosgo

as p — 0o, where kg =1+ $Kp?/T2. According to Gradshteyn and Ryzhik (2000, 2.553 (3)),

T, [T dy T, 2k% —1
—L = arctan | —S—t———tan 5—
27 Jo kx — cosg Tk — 1 Kp /T'v 2T,

Choosing t to be the even integer closest to p (p/ TW)I/ 4 , we obtain (using linear approximations of tan and

arctan around zero)
3/4 T
i K@) / 5/ YR de ) 1
p/Ty—0 T, 27 Jo kg — cosp ’

so that for any § > 0, there exists vs > 0 such that for all v < 5, we have

2

t
T.
: 'Y <(1+0) —L—-.
Zb K (p/T,)%*

Combining this with (196) yields
Zt:xZ (A,,l _ ﬂg’.w%.) I
eSS RE
for an absolute constant K > 0 and all sufficiently small v, w.ow.p. Since, similarly to (193), we have
t
Pr p_2 Z vy = 51 15;‘ > p4/5 < Kyp’l/lo,
i

we conclude that, for all sufficiently small -,

Pr (yéMlyt < Kp/v”“) —1 (197)

as p — o0.

T’Y
Analysis of ', Pay_; +3||P1Pa| |ly_¢||*. By definition, we have ||jy_¢||* = Z - y;. Recall that
=

_ 1 1 sin wq 1 sin wso !
vy= V2 \ "1 —coswy” 1 —coswy )

62




Therefore,

T, 1 1 Ty/2 Sinw. 2 1 T,/2 .

2 : 2 = ; B
U ICRUREIDY (_7) <ST+ Y ———

j=t+1 4 2 ey %) 1 —coswj 4 i 1— cos TWZ
For t which is the even integer closest to p (p /T7)1/4 . we have
T, /2 Bl
1 T dx T 1 ”
_ 27j s — N
jotjze1 L T COS T 27T Jr(pyT,)3/4 1 — cosx o 5

as p — 00, so that
ly—l* < KT,/ (p/T,)""*

for all sufficiently small v and some absolute constant K > 0, as p — oo.
Since, by Theorem 1 of Onatski and Wang (2017a), ||P1 P < K,/ as p — oo, we have

2 3/4
BIPiP2ll ly—el* < KT/ (p/T;)*".
On the other hand, since Ps is a projection on a random p-dimensional subspace of RTV,

p
Y Payy < K |y 7 < KT/ (/T )"
Yy

with high probability as p — oo. Hence,
Y- Pay—e + 3| PiPall ly—|* < KT,/ (p/T,)** (198)

with high probability as p — oco.
Combining (197) and (198) yields

Y MyPa My < Kp/y™/*
with high probability for all sufficiently small v as p — oo. To summarize,

yMiPaMiy _ Kp/y™
yMuy T p/y?

with high probability, for all sufficiently small vy as p — co.

4 Monte Carlo

In this section, we explore the sensitivity of the empirical distribution of the squared canonical correlations
to the nuisance parameters ¥ and I". All figures given below show the 5-th and 95-th percentiles of the MC
distributions of the squared canonical correlations, A,11—;, (solid lines) plotted against the 100(i — 1/2)/p
quantiles of the corresponding Wachter limit. The figures correspond to the entries of ¢ having Student’s
t(3) distribution. The results for Gaussian and centered x? (1) distributions are very similar.

4.1 Sensitivity to ¥
We simulate the data generating process

k—1
AX, =X, | + Z [iAX,_; + UF, + &4,

=1
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Figure 1: The 5-th and 95-th quantiles of the MC distribution of A,41_; plotted against 100(: — 1/2)/p
quantiles of Wy,19(A). (p, T') = (20,200). The data generating process has a linear deterministic trend with
iid. N(0,1) coefficients collected in matrix ¥ (the first column - intercept, the second column - slope).
Right panel corresponds to the case where the trend is omitted from the econometrician’s model.

where W is a p x 2 matrix with i.i.d. N(0,0?) entries, and F; = (1,t)’. Matrices IT and I'; are set to be zero.
That is, the data components are random walks with heterogeneous linear time trends. The initial values
are zero, and the sample size is (p,T) = (20, 200).

The left panel of Figure 1 corresponds to the case where the econometrician’s model

AXt = Hthl + (I)Dt + &¢ (199)

is correctly specified. That is, D; = (1,t)’ and ® is not constrained to be zero. The right panel corresponds
to an under-specification, where the deterministic terms are mistakenly omitted from (199). Parameter o2
is set to one.

We see that omitting two deterministic terms (the constant and the time index) leads to a deviation of
the two largest squared canonical correlations from the 45° line. This is, perhaps, not surprising because
under the mis-specification the canonical correlations are based on changes and levels of the raw data, as
opposed to the residuals from the regressions on the deterministic terms. Therefore, the changes and levels
contain two deterministic components resulting in the two largest canonical correlations being large.

The degree of the deviation of the two largest squared canonical correlations depends on the value of o.
When o decreases, the deviation becomes smaller, and entirely disappears when ¢ = 0. When we increase
o to 1.9, the time trend starts to dominate the data so much that matrix Sj; becomes very poorly scaled
under the mis-specification, and the numerical results become inaccurate.

When the model is correctly specified, the MC quantiles of Wachter plots lie close to the 45° line.
However, in contrast to Figure OW4, the line is closer to the 5-th and is further away from the 95-th MC
quantile. This phenomenon does not disappear even when o = 0.

4.2 Sensitivity to I

First, we generate data with I'; = ovv’, where v is a p-dimensional vector uniformly distributed on the unit
sphere, and o € (0,1) so that the generated process does not become I(2). We set II, ¥, and the initial
values to zero. The samples size is (p,T") = (20,200) . The econometrician’s model is (199) with & = 0.
Figure 2 reports results for ¢ = 0.1,0.4,0.7, and 0.9. As ¢ increases, the MC distribution of the largest
squared canonical correlation shifts upwards and away from the corresponding quantile of the Wachter limit.
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Figure 2: The 5-th and 95-th quantiles of the MC distribution of \,;1_; plotted against 100(¢ — 1/2)/p
quantiles of Wy 19(A). (p,T) = (20,200). The data generating process has I'y = ovv’, where v is uniformly
distributed on the unit sphere.

The deviation becomes clearly noticeable for o = 0.7. The other squared canonical correlations remain close
to the Wachter limit.

We repeat this MC experiment with I'; = ovv’, where v is a p X 2 matrix distributed as the first two
columns of a random orthogonal matrix (uniformly distributed over the orthogonal group). The results are
reported in Figure 3. Now the two largest squared canonical correlations deviate from the corresponding
quantiles of the Wachter limit for relatively large 0. The reason is the presence in AX; and X; 1 of two
persistent and related stochastic components, v’AX; and v/ X;_.

Note that the econometrician’s model is still (199). Hence, it omits the lag AX; 1, and the canonical
correlations are computed using the raw data, not regressed on AX; 1.

Overall, we see that making ¥ or I' non-zero does influence the empirical distribution of the squared
canonical correlations when the econometrician’s model is misspecified. However, this influence is mostly
confined to a few of the largest squared canonical correlations. In particular, for low-rank non-zero ¥ or I,
the empirical distribution of the squared canonical correlations remains close to the Wachter limit in terms
of the Lévy distance.
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