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Abstract

The evolution of the remnant of the merger of two white dwarfs is still an open problem. Furthermore, few studies
have addressed the case in which the remnant is a magnetic white dwarf with a mass larger than the Chandrasekhar
limiting mass. Angular momentum losses might bring the remnant of the merger to the physical conditions suitable
for developing a thermonuclear explosion. Alternatively, the remnant may be prone to gravitational or rotational
instabilities, depending on the initial conditions reached after the coalescence. Dipole magnetic braking is one of
the mechanisms that can drive such losses of angular momentum. However, the timescale on which these losses
occur depends on several parameters, like the strength of the magnetic field. In addition, the coalescence leaves a
surrounding Keplerian disk that can be accreted by the newly formed white dwarf. Here we compute the post-
merger evolution of a super-Chandrasekhar magnetized white dwarf taking into account all the relevant physical
processes. These include magnetic torques acting on the star, accretion from the Keplerian disk, the threading of
the magnetic field lines through the disk, and the thermal evolution of the white dwarf core. We find that the central
remnant can reach the conditions suitable to develop a thermonuclear explosion before other instabilities (such as
the inverse beta-decay instability or the secular axisymmetric instability) are reached, which would instead lead to
gravitational collapse of the magnetized remnant.
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1. Introduction

Type la supernovae (SNe Ia) are one of the most energetic
explosive events in the cosmos. Since there is a well-
established relationship between their intrinsic brightnesses
and the shapes of their light curves (Phillips 1993) and,
moreover, because they are so luminous that they can be
detected at very large distances, SNe Ia can be used as
standardizable cosmological candles. This has opened a new
era in cosmology and has enabled us to measure the
acceleration of the universe (Riess et al. 1998; Perlmutter
et al. 1999). Additionally, SNe Ia play an important role in
modern cosmology, since they allow us to probe the
fundamental physical theories underlying dark energy—see,
for instance, Weinberg et al. (2013) for a recent review on this
interesting topic.

Nevertheless, despite the importance of SNe Ia, we still do
not know the nature of their progenitor systems. Actually, this
has remained a long-standing mystery for several decades. We
do know that the outburst is driven by the explosion of a
carbon—oxygen white dwarf in a binary system, but we do not
know the precise mechanism that destabilizes the white dwarf.
Several hypotheses have been put forward over the years, and
most likely SNe Ia may have a diversity of progenitors. In the
following we superficially describe the possible evolutionary
channels leading to an SN Ia. In the so-called single-degenerate
(SD) channel a white dwarf in a binary system accretes matter
from a nondegenerate companion and explodes as it
approaches the Chandrasekhar limiting mass—see, for
instance, Han & Podsiadlowski (2004) for a recent discussion.
In the double-degenerate (DD) scenario two white dwarf

members of a close binary system lose angular momentum and
energy through the radiation of gravitational waves, and a
merger occurs (Iben & Tutukov 1984; Webbink 1984).
Another possible scenario is the core-degenerate (CD) scenario.
Within this formation channel a hot core is formed at the end of
the common envelope phase of the binary system (Livio &
Riess 2003; Kashi & Soker 2011), and the merger of the core of
the asymptotic giant branch (AGB) star and a secondary white
dwarf powers the explosion—see Aznar-Sigudn et al. (2015)
for a scrocess. Another recently proposed pathway is the white
dwarf-white dwarf collisional scenario, in which two white
dwarfs collide—see Aznar-Sigudn et al. (2013) for a recent
summary of the relevant literature on the subject. Despite some
attractive features of this scenario, it has been shown that it can
only account for at most a few percent of all SNe Ia (Ilkov &
Soker 2013). Each of these formation channels has its own
advantages and drawbacks, and in some cases these are severe.
Currently, one of the most favored ones is the DD channel,
because it provides adequate answers to two important
observational facts, namely, the absence of hydrogen in the
nebular phase (Leonard 2007) and the delay time distribution
(Totani et al. 2008). Consequently, we focus on it.

Smoothed particle hydrodynamics (SPH) simulations of the
coalescence of binary white dwarfs show that a prompt
explosion is not always the result of the interaction during
the dynamical phase of the merger (Yoon et al. 2007; Lorén-
Aguilar et al. 2009). Only those binary systems in which both
the secondary and primary stars are massive enough lead to an
SN Ia outburst. Actually, the parameter space for violent
mergers is very narrow (Pakmor et al. 2010; Sato et al. 2015),
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and only when two carbon—oxygen white dwarfs of masses
larger than ~0.8 Mg merge is the result of the dynamical phase
a prompt explosion. Within this theoretical framework, the
dynamical phase of the merger is followed by a second phase in
which the material of the debris region can be accreted and
possibly lead to an SN Ia explosion.

The existing simulations of the coalescence of binary white
dwarfs (Benz et al. 1990; Lorén-Aguilar et al. 2009; Raskin
et al. 2012; Zhu et al. 2013; Dan et al. 2014) show that the final
result of the coalescence consists of a central white dwarf made
of the undisrupted primary star and a hot, convective corona
made of about half of the mass of the disrupted secondary. This
central remnant is surrounded by a heavy Keplerian disk, made
of the rest of the mass of the disrupted secondary, since little
mass is ejected from the system during the merger episode. The
rapidly rotating, hot corona is convective, and an efficient
aw dynamo can produce magnetic fields of up to B ~ 10'° G
(Garcia-Berro et al. 2012). Recent two-dimensional magneto-
hydrodynamic simulations of post-merger systems confirm the
growth of the white dwarf magnetic field after the merger
(Ji et al. 2013; Zhu et al. 2015). Thus, the role of magnetic
fields in the aftermath of the dynamical merger needs to be
explored. This is precisely the aim of the present work, as very
few studies (Ji et al. 2013; Kiilebi et al. 2013; Beloborodov
2014) of the post-merger evolution including magnetism have
been done so far. On the other hand, there are few works that
explore the evolution of the post-merger systems but without
considering the effects of the central remnant magnetic field—
see, e.g., Yoon et al. (2007), van Kerkwijk et al. (2010), Shen
et al. (2012), and Schwab et al. (2012).

Our paper is organized as follows. In Section 2 we explain
the model of the evolution of the post-merger system. In
particular, we describe the torques that act on the central
remnant (Section 2.1), the structure of the rotating central white
dwarf (Section 2.2), and its thermal evolution (Section 2.3). In
Section 3 we present the prescriptions adopted to model the
accretion rate on the central star. In Section 4 we present our
choice of initial conditions. In Section 5 we discuss extensively
the results of our simulations for two prescriptions to compute
the accretion rate. Specifically, in Section 5.1 we discuss the
case in which the accretion rate is obtained employing the
cooling timescale, while in Section 5.2 we present the results
obtained when it is computed using the viscous timescale.
Finally, in Section 6 we compare our results with previous
works, and in Section 7 we summarize our major findings,
elaborate on their significance, and present our concluding
remarks.

2. Numerical Setup for the Post-merger Evolution

Numerical simulations of binary white dwarf mergers
indicate that in those cases in which a violent merger does
not occur the merged configuration has three distinct regions
(Benz et al. 1990; Guerrero et al. 2004; Lorén-Aguilar
et al. 2009; Raskin et al. 2012; Zhu et al. 2013; Dan
et al. 2014). First, there is the central white dwarf that rotates
as a rigid solid. On top of it a hot, differentially rotating,
convective corona can be found. This corona is made of matter
accreted from the disrupted secondary star. The mass of this
region is about half of the mass of the secondary white dwarf.
Finally, surrounding these two regions there is a rapidly
rotating Keplerian disk, which is made of the rest of the
material of the disrupted secondary, since only a small amount
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of mass is ejected from the system during the coalescence. The
evolution of the post-merger configuration depends, naturally,
on the mass of the central remnant, which is made of the
primary white dwarf and the hot corona, and on the properties
of the surrounding disk.

Before entering into details, it is important to discuss some
timescales, which are relevant to adopting a reasonable
approximation for the evolution of the system. The post-
merger configuration formed in the coalescence has a clear
hierarchy of timescales. First comes the dynamical timescale
fayn ~ Q! with Q being the rotation velocity. This timescale
is typically of the order of a few seconds. Next in order of
magnitude is the viscous timescale, t.;., of the Keplerian disk.
This timescale governs the transport of disk mass inward and of
angular momentum outward. The viscous phase of the
evolution is normally followed using the Shakura—Sunyaev «
prescription (Shakura & Sunyaev 1973). Adopting typical
values, van Kerkwijk et al. (2010) found that ;. ranges
between 10° and 10*s. However, for the merger remnants
studied here we find that the viscous timescales could be
significantly shorter, typically 1 s—see Section 3.2. These
viscous timescales are a little longer than, but of the same order
as, the dynamical timescale of the post-merger, super-
Chandrasekhar white dwarf studied here (t4,, ~ 0.2-0.3 s; see
Section 2.2). Finally, in this set of characteristic times is the
thermal timescale of the merger product, #;,, which is typically
much longer and will be discussed in detail for every
simulation.

In the following we first discuss the interactions between the
remnant and the disk in order to identify the torque that acts on
the central remnant and model the evolution of its angular
momentum. Then we present how we model the structure of the
rotating white dwarf central remnant, as well as its thermal
evolution. The fate of the white dwarf depends crucially on the
accretion rate in the post-merger phase. Thus, we consider two
very different physical scenarios to determine the accretion rate
onto the central remnant. In the first of them the accretion rate
is determined by the viscous timescale, whereas in the second
scenario the accretion rate is governed by the thermal
timescale. These will be discussed in Section 3.

2.1. Torques on the Central Remnant

The most commonly employed model of disk evolution is
that of Ghosh & Lamb (1979). This model was later improved
by Wang (1987, 1995). Within this model the magnetic field of
the remnant penetrates the disk in a broad transition zone as a
result of the Kelvin—Helmholtz instabilities, turbulent diffusion,
and magnetic field reconnection. Furthermore, the material of
the disk corotates with the star only in a narrow region and
reaches its surface channeled by the magnetic field lines. We
assume that the magnetic field of the remnant penetrates the
disk up to approximately the Alfvén radius (Davidson &
Ostriker 1973):

2/7
Bp ] /

R =
e [Mdisk\/ 2GMwp

where fiywp = BwpRyp is the magnetic moment of the star,
Bwp is its magnetic field, and Mg is the mass flow through
the inner radius of the disk, Ry.

The angular momentum per unit mass entering into the
magnetosphere of the white dwarf through the inner radius is

ey
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lo = R§QY, where
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is the Keplerian angular velocity at Ry. This material is
channeled by the magnetic field onto the surface of the
remnant. Thus, the resulting spin-up torque on the star due to
accretion of disk matter is given by

Tace = EaeeMwp R Qi (Ro), A3)

where Mwp = Mgy is the mass accretion rate on the white
dwarf, ¢ measures how efficient accretion is, and &, is a
parameter that accounts for the deceleration of the accreted
matter in the inner region of the disk. The values adopted for
these two parameters will be discussed below. If the star rotates
faster than the matter at the inner disk radius, the centrifugal
barrier blocks this material. Hence, it cannot reach the surface
of the newly born white dwarf. This matter is therefore ejected
from the system. This happens when the inner edge of the disk
moves beyond the corotation radius, which is beyond the
distance at which the disk rotates with the same angular
velocity of the central object:

1/3
Reo = (GMWD) . (4)

2
QWD

When Ry > R.,, the system enters into the dubbed propeller
regime (Illarionov & Sunyaev 1975). During this phase, the
material reaching the magnetosphere is ejected with higher
specific angular momentum than the one it had previously, thus
resulting in a spin-down torque acting on the star. This torque
is given by (Menou et al. 1999)

Torop = N GMwpRo Mgisk (1 — wy). )

In this expression we have introduced the so-called fastness
parameter:

wr = Qwp /K (Ro) = (Ro/Reo)>/?. (6)

The rotating magnetic field of the star originates an induced
electric field that results in a wind. The wind fills the
magnetosphere and corotates with the star (Goldreich &
Julian 1969). At the light cylinder, R = ¢/Qwp, the
corotation velocity reaches the speed of light, delimiting the
region within which corotation of the magnetosphere is
enforced. At larger distances, the field lines become open.
For the spin-down torque due to electromagnetic energy losses
in a force-free magnetosphere, Ty,, we adopt the result of
Spitkovsky (2006):

/“L%VDQ%VD

2 (1 + kysin®6), (7
p

'Eiipole = kl
where k; =1+ 0.05, k =1+ 0.1, and 6 is the angle
between the magnetic moment and the rotation axis of the star.

Finally, an additional torque, Ty, Tresults from the
interaction of the disk with the magnetic field of the white
dwarf. According to Ghosh & Lamb (1979), matter of the disk
moving in the magnetic field of the white dwarf generates
currents that confine the stellar field inside the disk. The
magnetic field threading the disk is Bgisk = nB%p, where Bwp
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is the magnetic field of the white dwarf, By, is its projection
on the plane of the disk, and i < 1 is the screening coefficient
that accounts for the effect of currents in the partially
diamagnetic disk induced by the stellar field. In particular,
the poloidal field induces an azimuthal current due to the radial
motion of the plasma, which partially screens the stellar
magnetic field. Also, the relative motion between the disk and
the star magnetosphere generates a toroidal field, By In the
simulations, we have considered that the growth of B, is
limited by diffusive decay due to turbulent mixing within the
disk (Wang 1995). Following the analytical formulation of
Wang (1997), the magnetic torque acting on the central star due
to its interaction with the disk is given by

_ Dy
Tmag - 53
RO

CO

2
x [%(1 — wp)sin?f + =2 90— 2wf)], (8)
Ro 3
where h < 1 is the thickness of the disk and '~ 1 is a
parameter that characterizes the steepness in the vertical
transition from Keplerian rotation inside the disk to corotation
with the star at the top of the disk. In the derivation of
Equation (8), the magnetic field of the white dwarf has been
approximated as a dipole, and it was assumed that the rotating
axis of the star is perpendicular to the plane of the disk. Note
that this expression generalizes the models of Wang
(1987, 1995).

Based on this, the post-merger evolution of the angular
momentum of the white dwarf is the result of the combined
effect of the dipole radiation torque, Tgipole» the accretion
torque, T, the disk-interaction torque, Tg4;sx, and the propeller
torque Tprop:

Toce Rwp > Ry
jWD = 7;100 + 7ziipole + Tmag
’Eiipole + ’Ii)rop

Rwp <Ry ANwg <1, (9)
Rwp <Ry N ws>1

In the simulations presented here we assumed that the inner
disk radius is the Alfvén radius.

2.2. Rotating White Dwarf Configurations

We follow the evolution of the spin of the post-merger
remnant, calculating at every time step the new stable rotating
configuration with mass, Mwp + 6M, and angular momentum,
Jwp + 8J, adopting the slow rotation approximation (Hartle
1967; Hartle & Thorne 1968). We also assumed that the central
remnant product of the merger rotates as a rigid body, as
predicted by detailed SPH simulations (Lorén-Aguilar
et al. 2009). The equation of state of the white dwarf is
assumed to be that of a zero-temperature degenerate electron
gas (Chandrasekhar 1931), to which we add the corresponding
contribution of ions.

The region of stability of uniformly rotating white dwarfs is
bound by the secular axisymmetric instability limit, the mass
shedding or Keplerian limit, and the inverse 3-decay instability
limit, which for pure carbon is 3.49 x 10'°gcm® (Rotondo
et al. 2011; Boshkayev et al. 2013).

Figure 1 shows the mass—central density relation for the
general relativistic uniformly rotating white dwarfs: the static,



THE ASTROPHYSICAL JOURNAL, 857:134 (18pp), 2018 April 20

L5}

1.4+

1.3+
2 1.2+
s

1.1F

Lol — Static sequence

. Keplerian sequence

——  Secular instability
0.9 —— Inverse 8 — decay instability
107 108 10° 10"
3
pe (g/cm”)

Figure 1. Instability lines of rotating white dwarfs in the diagram of mass vs.
central density. The stability region is delimited by the static sequence (black
line), the Keplerian sequence (orange line), the line of secular instability (green
line), and the inverse §-decay line (blue).

Keplerian, secular axisymmetric instability and inverse $-decay
sequences enclose the stability region. The mass-shedding, or
Keplerian, limit is reached when the angular velocity of the star
equals the Keplerian velocity of a particle orbiting at the
equator, namely, when the centrifugal and gravitational forces
are balanced. In this situation matter at the surface of the star is
marginally bound to it. Hence, small perturbations result in
mass loss until the star either becomes stable again or arrives at
a dynamical instability point (Shibata et al. 2000; Stergioulas
2003). If the white dwarf crosses the J-decay instability limit,
electrons are captured by nuclei. Since the principal contrib-
ution to the pressure of the star comes from electrons, electron
captures reduce the pressure, leading to an instability
(Salpeter 1961). The secular axisymmetric instability arises
because the star is unstable with respect to axisymmetric
perturbations. In a first phase, the star is expected to evolve
quasi-stationarily with the instability growth timescale, which
depends on the time required for angular momentum to be
redistributed either by viscous dissipation or by the emission
of gravitational waves (Chandrasekhar 1970). This timescale
is typically long compared to the dynamical timescale
(Boshkayev et al. 2013), except in the nonrotating case, where
they are equal, because in this case there is no angular
momentum to be redistributed. Eventually, when the star
crosses the dynamical instability limit, gravitational collapse
takes place (Stergioulas 2003). A sufficient (but not necessary)
condition for the onset of secular instability can be obtained
using the turning-point method (Friedman et al. 1988). This
method considers a sequence of uniformly rotating models of a
given (constant) angular momentum. The secular axisymmetric
instability sets in at the density of the turning point:

(M] o 10)
e ),

Finally, the maximum mass of static configurations is the
Chandrasekhar limiting mass Mp.,x = Mcn ~ 1.4 Mg, while the
maximum mass of rotating white dwarfs lies on the Keplerian
sequence Mnjjz(o = 1.52 M. The configurations with mass
between M/~0 < Myp < M7 are called super-Chandrasekhar
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white dwarfs and are metastable since they are supported by
rotation. As the angular momentum of the star varies, the central
white dwarf necessarily evolves toward one of the previously
described instability limits (mass-shedding or secular axisym-
metric instability).

2.3. Temperature of the Central Remnant

We turn now to the thermal evolution of the central white
dwarf remnant. We have seen above in Sections 2.1 and 2.2,
and we shall see below from the energy balance and transport
equations, that the structure and thermal evolution of the white
dwarf depend crucially on the accretion rate, which is set by the
disk physics. In Section 3 we analyze the evolution and fate of
the post-merger system for two physical prescriptions to set the
accretion rate. In the first case the infall rate is driven by the
disk angular momentum transport (viscous) timescale, which,
owing to its shortness for the present binary parameters, leads
to highly super-Eddington rates. It has been argued in the
literature that the dissipation required to produce such very
short viscous timescales might heat the disk to the point of
carbon ignition (see, e.g., Mochkovitch & Livio 1990). Such
heating effects are not accounted for in the disk model adopted
here. In addition, we also compute the evolution of the system
in the case when the matter infall is driven not by the viscous
timescale but by the cooling timescale. We show that this
assumption leads to accretion rates near the Eddington limit
value.

The thermal evolution of an accreting white dwarf has been
studied by many authors (Nomoto & Iben 1985; Saio &
Nomoto 1985; Yoon et al. 2007). The main goal of most of
these works was to establish whether the conditions that may
lead to an SN Ia were reached. For instance, in a pioneering
work Nomoto & Iben (1985) found that for accretion rates
larger than a critical value My~ 2 x 107© Mg yr~! the outer
layers of the star are heated by mass accretion, while heat
conduction and neutrino emission cool it. This results in a
thermal inversion near the surface of the star and ultimately
leads to an off-center carbon ignition. Saio & Nomoto (1985)
followed the subsequent evolution of the star and determined
that carbon is burned in the entire white dwarf, being the final
outcome of an oxygen—neon white dwarf. However, these
works only considered nonrotating configurations and constant
accretion rates. More recently, Yoon et al. (2007) studied the
viscous evolution of remnants of white dwarf mergers,
introducing the effects of rotation, but did not consider the
effects of the magnetic field of the white dwarf. The post-
merger object was modeled as a differentially rotating white
dwarf with a cold core and a hot envelope accreting mass from
a surrounding Keplerian disk at a constant rate. This allowed
them to compute the conditions under which the off-center
ignition can be avoided for the case in which the magnetic field
is not taken into account.

We have explained above (see Section 2.1) how the rotation
rate of the merged remnant evolves owing to the interaction of
the magnetic field and the disk, which are the equilibrium
configurations of the rotating white dwarf. However, during the
course of the evolution the temperature of the white dwarf also
changes owing to accretion from the disk, which heats the
white dwarf interior. This, in turn, may trigger an SN Ia
explosion. In order to assess this possibility, we follow the
evolution of the interior temperature of the post-merger central
white dwarf in an approximate way, which is described next.
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The equation of energy conservation reads
dL
dm

where m is the mass coordinate (i.e., the mass enclosed within
the radial distance r), L is the luminosity, T is the temperature, s
is the specific entropy, and €,,. and ¢, are the energy release
and energy loss per unit mass by nuclear reactions and neutrino
emission, respectively.

For carbon-oxygen white dwarfs, thermonuclear energy is
essentially released by two nuclear reactions:

12C 4+ 12C — 20Ne + o + 4.62 MeV, (12)
12C 4 12C — 2Na + p + 2.24 MeV, (13)

& + T, 1)

= €nuc —

with nearly the same probability. We adopted the carbon fusion
reaction rates of Gasques et al. (2005), which are valid for all
regimes of p and 7, which is from the thermonuclear regime to the
pynonuclear regime. For the neutrino energy losses, we used the
analytical fits of Itoh et al. (1996), which consider electron—
positron pair annihilation (e~e™ — ), photo-neutrino emission
(e + v — evp), plasmon decay (y — vP), and electron—nucleus
bremsstrahlung [e(Z, A) — e(Z, A)vr]. As will be discussed
below, the dominant channel for neutrino losses in the central
regions is electron—nucleus bremsstrahlung, while in the outer
layers emission of neutrinos is dominated by plasmon decay.
The energy flux is given by

dar 3 kp L

dr 160 T3 4mr?’
where o is the Stephan—-Boltzmann constant and x is the
opacity, which can be written as

1 1 1
- = +—, (15)

R Kcond Rrad

(14)

with Kp,q and Keong the Rosseland mean radiative opacity and
the conductive opacity, respectively. In the white dwarf core
degeneracy is so high that the most efficient transport
mechanism is conduction. Hence, the opacity is dominated
by the first term. We adopted the thermal conductivity of Itoh
et al. (1983, 1984), whereas for the radiative opacity we used
Kramer’s law, fipq = 4.34 x 10%#pT 35 cm? g~ '

The change of entropy with time can be obtained from

. P ou
Ts=c¢,T—-|—=—-|—1 |p. (16)
['Dz [aP)T]

where u is the specific internal energy and c, is the specific heat
capacity at constant volume. The first term on the right-hand
side of Equation (16) corresponds to the release of the internal
energy, while the second term accounts for the change of
gravitational potential energy due to the expansion or
compression of the configuration.

To evaluate the term in square brackets in Equation (16), we
considered a fully ionized nonideal electron—ion plasma, taking
into account the ion—ion and the ion—electron Coulomb
interactions, as well as the exchange-correlation corrections
of electrons. We note that for super-Chandrasekhar white
dwarfs both Coulomb corrections and quantum effects are
important. The importance of Coulomb corrections is measured
by the Coulomb coupling parameter I' = Z* ez/(aT), where
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a = (3/(4mn;)!/? is the mean interaction distance and n; is the
ion number density. At I' <1 the ions behave as a gas, at
I' > 1 as a strongly coupled Coulomb liquid, while crystal-
lization occurs at I' &~ 175. Quantum effects become important
at temperatures smaller than 7, = 7w, /ks, where w,=
(4nZ%%n;/m;)'/? is the ion plasma frequency. Finally, we
used analytical fits to the heat capacity obtained from the free
energy computed by Chabrier & Potekhin (1998) and Potekhin
& Chabrier (2000).

Following Nomoto (1982), we obtained the density change
by adopting the white dwarf mass coordinate, gy, = m/Mwp,
as the independent variable:

. dp ) dwp [ dp ] y
b= - Myp.  (17)
[( OMwp Mywp\ Oqwp M e

9wp

This equation explicitly provides the contribution of the global
structural changes, as well as the contribution of the internal
distribution of density to the thermal evolution during the
accretion process.

The post-merger evolution of the system is computed
assuming that the central white dwarf evolves in a sequence
of stable configurations (see Section 2.2). To calculate the
evolution of the temperature, at each time step we integrate
Equations (11) and (14) using Equations (16) and (17).

In order to integrate Equations (11) and (14), a set of
boundary conditions at the surface of the star must be
adopted. We treat the material accreted in each interval time
as a thin envelope surrounding the star. Following Townsley
& Bildsten (2004), we assume that the accreted material
enters on top of the shell and pushes down the existing
material deeper into the star. Then, the local heat equation
becomes

0 0 Os dL
T — r— s = Tv,— = — — (e — &), 18
(8t i 8r)s ! or dm (& &) (18)

where v, = Mwp /(47r?p) is the velocity of the material given
by mass conservation. We constructed static envelopes for each
stable configuration with total mass Mwp and radius Rwp,
integrating Equations (14) and (18).

To analyze whether the newly formed white dwarf reaches
during its evolution the conditions suitable to produce an SN
Ia, we adopted the following procedure. We first require as a
necessary condition that the white dwarf crosses the ignition
curve, i.e., the curve in the logp—logT plane where the
nuclear energy released becomes larger than the neutrino
emissivity, €,,c = €,. For temperatures and densities beyond
this curve nuclear energy production exceeds neutrino losses
and the star is heated, possibly leading to an SN outburst.
Additionally, we require that burning proceeds in an almost
instantaneous way. The characteristic time 7cc of nuclear
reactions is

fnuc I 8€nuc 71 afnuc 71
Tcc= — ~ el T =c s 19
7 e ( or ) ”( or ) 1)

where ¢, is the specific heat at constant pressure. If this
characteristic timescale becomes shorter than the dynamical
timescale

Tgyln = /247Gp, (20)
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the star reaches the thermodynamic conditions necessary to
explode as an SN Ia.

3. Mass Accretion Rate on the Central Remnant

As mentioned before, the accretion rate onto the post-merger
central remnant can be computed in two different ways. Within
the first approximation, the accretion rate is set by the thermal
state of the envelope of the white dwarf (Yoon et al. 2007).
Within the second one, the central remnant accretes mass from
a thin Keplerian disk and its evolution is given by the viscous
timescale—see van Kerkwijk et al. (2010), but also Ji et al.
(2013). Since, due to the lack of full numerical analyses of this
process with realistic physical ingredients, it is not yet clear
which one of these treatments is more appropriate, we will
calculate the evolution of the central white dwarf remnant
adopting both prescriptions, and we will discuss the differences
between both sets of calculations. In both cases we are
interested in determining the long-term evolution central white
dwarf taking into account the interaction between the disk and
the magnetic field resulting from the merger. To handle this
problem, we adopt a simplified picture of the post-merger
system consisting of a magnetized rotating white dwarf
surrounded by a thin Keplerian disk.

3.1. Accretion Rate Set by the Thermal Timescale

As discussed by Yoon et al. (2007), the assumption that the
accretion timescale is set by the viscous timescale given by the
Shakura—Sunyaev « prescription could be inappropriate to
estimate the accretion timescale onto the newly formed white
dwarf since the structure of the merged system deviates from a
central, point-like mass surrounded by a thin disk that is the
central assumption adopted within the a-formalism. Yoon et al.
(2007) argued that under these conditions the relevant
timescale might be the cooling timescale of the low-density
envelope between the central object and the disk. If the relevant
timescale is the cooling timescale of the envelope of the post-
merger white dwarf, the accretion rate will be given by

My = —0k @

min(7,, Tihermat)
where My;q is the total mass of the disk, and 7, and Tyermar are
the neutrino cooling time and the thermal time on the envelope

of the white dwarf, respectively. These two timescales are
given by

Cy
7, = —15
€y

(22)

and

3 ke, )12 .
Tthermal =— 640 (Lr( T3 ) 1% di") (23)
(Henyey & L’Ecuyer 1969; Piersanti et al. 2003), where c, is
the heat capacity at constant volume,  is the opacity, ¢, is the
energy release by the neutrino emission, and Ar delimits
the region of interest—see Section 2.3 for a discussion of the
thermal properties of the white dwarf.

For the values typical of the post-merger white dwarf
(p = 10°gcm ™ and T = 10® K), the neutrino 1um1n0512y will
be L, ~ 102 Ly, and the thermal energy will be U ~ 10*® erg.
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At the beginning of the simulations the neutrino cooling
timescale is about 7, ~ 6 x 10° yr, while the thermal timescale
iS Tinermat ~ 10° yr. Then, the initial accretion rate is about
Mwp ~ 1077 Mg yr~!, close to the Eddington limit.

3.2. Accretion Rate Set by the Viscous Timescale

Numerical simulations—see, e.g., Benz et al. (1990), Lorén-
Aguilar et al. (2009), and Dan et al. (2011)—show that the disk
product of the coalescence of two white dwarfs of unequal
masses is not thin, although it is not thick either. Specifically,
Lorén-Aguilar et al. (2009) found that the thickness of the
newly formed disk is H ~ 5.0 x 1073 Ry, while the typical
size is Rgisx ~ 0.2 Rg—see their Table 1. Hence, H/Rys ~
0.025. Thus, assuming that the disk is thin is not an extreme
assumption, and in the worst of the situations, it can be
considered as a limiting case. Obviously, the other limiting case
is to assume that the disk is thick. Here we assume that the disk
is thin, and we postpone the study of a thick disk to a
forthcoming publication.

For a thin, Keplerian accretion disk, the evolution of the
surface mass density, >, is given by the diffusion equation:

92 _39

1/2 172
ot r ar[ (Vzr )] @4

where v is the turbulent kinematic viscosity. To describe the
time evolution of the disk, we use one of the three self-similar
solutions of Equation (24) found by Pringle (1974). These
solutions are obtained for an opacity parameterized as K =
kopT?. Within this approximation mass is accreted onto the
central white dwarf, but the angular momentum of the disk is
conserved, Jy;sx = Jo, because the outer edge of the disk moves
outward—see Equation (26). In a general case Jgix would not
be conserved because there is a trade-off of angular moment
between the disk and the central white dwarf. However, since
the angular moment of the white dwarf, Jwp, is much smaller
than that of the disk, this solution is accurate enough for the
purpose of estimating the accretion rate onto the white dwarf.
Actually, we have checked that at all times Jwp /Jgisx < 0.1 in
our simulations.

Within this approximation mass flows at the inner disk
boundary at a rate

-0

. 1M, t ‘

Mgisk = G- 0(1 + —) , (25)
Lyise Lyisc

and the disk outer radius evolves as

283
! ) , (26)

Lyisc

Row = rO(] +

where M, and J, are, respectively, the initial mass and angular
momentum of the disk, jo = Jo/My, ro = 3.88 jo2 / (GM,), and
[ is a constant that depends on the opacity regime. Here we
have adopted a bound-free opacity (3 = 5/4). The viscous
timescale within this model is determined by M, and j, as
follows (Ertan et al. 2009):

:25/7 17/ - 15/14
Jo o Himtp @7)
MM\ abrg K ’

tyise = 9.82 x 10°
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Table 1
Parameters of the Simulations of Post-merger Remnants

Becerra et al.

Model M, M, Mwp My Req, wp Bwp Qwp Jwp Jo € tdyn Lyisc Teool
M)  Ms) (Mo)  (Mo) (Ro) @  (ads™)  (gem’sT) gem®s™) (=) ©® ) (yr)
A 1.12 0.78 1.45 0.45 0.0026 10° 3.00 279 x 10% 5.86 x 10°° 0.1 0.3 0.745 2.26 x 10*
B 1.12 0.78 1.45 0.45 0.0026 10° 3.00 2.79 x 10% 5.86 x 10°° 0.1 0.3 0.745 2.26 x 10*
C 1.12 0.78 1.45 0.45 0.0026 107 3.00 279 x 10% 5.86 x 10°° 0.1 0.3 0.745 2.26 x 10*
D 1.12 0.78 1.45 0.45 0.0026 108 3.00 279 x 10% 5.86 x 10°° 0.1 0.3 0.745 2.26 x 10*
E 1.12 0.78 1.45 0.45 0.0026 10° 3.00 279 x 10% 5.86 x 10°° 0.1 0.3 0.745 2.26 x 10*
F 1.12 0.78 1.45 0.65 0.0026 10° 3.00 279 x 10% 5.86 x 10°° 0.1 0.3 0.253 2.26 x 10*
G 1.12 0.78 1.45 0.45 0.0026 100 3.00 279 x 10% 5.86 x 10 0.1 0.3 0.745 226 x 10*
H 1.12 0.78 1.45 0.45 0.0026 10° 3.00 279 x 10% 5.86 x 10°° 0.5 0.3 0.745 2.26 x 10*
I 1.12 0.78 1.45 0.45 0.0039 10° 2.30 456 x 10% 5.69 x 10%° 0.1 0.4 0.668 279 x 10°
J 1.12 0.78 1.45 0.45 0.0034 10° 2.50 3.87 x 10% 5.76 x 10°° 0.1 0.4 0.697 5.66 x 10°
K 1.12 0.78 1.45 0.45 0.0032 10° 2.60 3.60 x 10% 5.78 x 10°° 0.1 0.4 0.709 7.79 x 10°
L 1.12 0.78 1.45 0.45 0.0030 10° 2.70 3.35 x 10% 5.83 x 10°° 0.1 0.4 0.719 1.05 x 10*
M 1.12 0.78 1.45 0.45 0.0029 10° 2.80 3.14 x 10% 5.68 x 10°° 0.1 0.4 0.729 1.38 x 10*
N 1.12 0.78 1.45 0.45 0.0028 10° 2.85 2.93 x 10% 5.68 x 10°° 0.1 0.4 0.665 1.57 x 10*
e} 1.12 0.78 1.45 0.45 0.0028 10° 2.90 293 x 10% 5.68 x 10°° 0.1 0.3 0.737 1.78 x 10*
P 1.12 0.78 1.45 0.45 0.0022 10° 3.50 2.24 x 10% 5.86 x 10°° 0.1 0.3 0.769 5.34 x 10*
Q 1.12 0.78 1.45 0.45 0.0017 10° 450 1.75 x 10% 5.96 x 10°° 0.1 0.2 0.793 8.79 x 10*

where m, is the proton mass and p the mean molecular weight.
Adopting o = 0.1 for the viscosity parameter (Shakura &
Sunyaev 1973) gives

. 25/7 =3/7
fise ™ 10.9(¢) M 1 s
108 cm? 5! 0.1 Mg

This solution has been employed to describe debris disks
around massive black holes formed by tidal disruption of stars
(Cannizzo et al. 1990) and in SN fallback disks around young
neutron stars (Chatterjee et al. 2000). This formulation was also
used in Kiilebi et al. (2013) to study the long-term evolution of
the disk interaction of magnetized white dwarfs resulting from
white dwarf mergers that do not develop prompt explosion
conditions.

We obtain that the initial conditions of the merged system are
such that #,;,. ~ 0.2-0.8 s (see Table 1). This, in turn, results in
accretion rates at early times Mwp = My /tyisc ~ 107! Mg st
and an initial disk outer radius R, ~ 0.1Rg. However, for
times longer than t,;, the accretion rate drops one order of
magnitude, and after 10? s, the accretion is 10™4 Mo s

In the above equations the disk viscous timescale, f,;s, is a
constant. It is clear from Equation (27) that it is a good
approximation for low infall rates because the specific angular
momentum would not change appreciably. The above estimate
of the accretion rate shows that this is not the present case, so
we have checked the effect of the assumption of the constancy
of fyis on the evaluation of My as follows. First, we compute
the accretion rate using Equation (25), keeping f.;s. constant
and then allowing it to increase with time owing to the mass
loss by the disk. We found that the increase of ¢,;;. would lower
Mgig at most by 10% during the evolution. This result assures
us about our assumption of a constancy of the viscous
timescale on the estimate of the infall rate at the inner
disk radius.

4. Initial Conditions

We compute the post-merger initial configuration assuming
that both mass and angular momentum are conserved during
the merger. This is a reasonable assumption, since
SPH simulations show that very little mass is ejected from
the system. Moreover, little angular momentum is carried away
by the unbound material, since its velocity is mostly radial. A
rough estimate of the degree to which mass and angular
momentum are conserved is Jg; /J ~ M, /M ~ 1073 (Lorén-
Aguilar et al. 2009; Dan et al. 2014). Consequently, the orbital
angular momentum of the coalescing white dwarfs is invested
in spinning up the primary white dwarf and in the angular
momentum of the rapidly rotating disk.

If the spin angular momentum of the merging white dwarfs
is neglected, the total angular momentum just before the

merger is
GM; (R + R
hys = g | PEETR) 29)
d+a

where (M;, R;) and (M,, R,) are the masses and radii of the
merging stars, respectively, and ¢ = M,/M; is the mass ratio of
the original binary system. Figure 2 shows the contours of
constant angular momentum and of constant total mass in the
plane defined by M; and M,. Given an initial total mass and
angular momentum of the remnant (Myp, Jwp) and an initial
disk mass My, we computed the initial angular momentum of
the disk, Jy, assuming that the central remnant rotates as a rigid
body. To do this, we considered that just before the mass
transfer episode the orbital separation was such that the
secondary was about to fill its Roche lobe, for which we
adopted the expression of Eggleton (1983), which is in all
the cases close to R;+R,. This is the same as saying that the
merger episode begins when both stars are in contact. We also
took into account that according to detailed SPH simulations of
the merger process roughly half of the mass of the secondary
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Figure 2. Parameter space of the initial white dwarf binary system. Solid lines
are contours of constant total angular momentum, labeled in units of
10°° g cm?s~1. The gray dotted straight lines are contours of constant total
mass, from 1.4 to 2.6 Mg, in steps of 0.1 Mg. The shaded area corresponds to
configuration with g > 1. The orange line corresponds to the location of the
system when the secondary is filling its Roche lobe (R, = Ry).

star goes to form the disk, whereas the rest of the material is
directly accreted onto the primary component of the binary
system (Lorén-Aguilar et al. 2009).

Nevertheless, given the exploratory nature of the simulations
presented here, we did not constrain ourselves to the values
obtained in the SPH simulations, and we adopted different
values for the mass of the remnant and for the mass of the disk.
Since a rigidly rotating white dwarf can support a maximum
angular momentum <105 g cm” s ~' (Boshkayev et al. 2013),
angular momentum conservation implies that a substantial
fraction of the angular momentum of the binary system goes to
the Keplerian disk.

Also, we mention that detailed SPH simulations of
nonsymmetric white dwarf mergers show that as the less
massive white dwarf is disrupted and part of its matter is
accreted onto the primary star, the accreted mass is compressed
and heated. Thus, for all the cases studied here we have
assumed an inverse initial temperature profile. Specifically, we
adopted initial temperature profiles similar to those resulting
from detailed SPH simulations.

In Table 1 we list the initial masses of the stars of the original
binary system—Columns (2) and (3), respectively—as well as
the initial conditions for the models presented in this work. The
top section of this table lists the characteristics of the models
for which the accretion rate was computed employing the
cooling timescale, while the bottom section summarizes the
most relevant information of those models computed employ-
ing the accretion rate given by the viscous timescale. Note that
the mass of the rapidly rotating central white dwarf My of all
these simulations (listed in Column (4)) is the same. Since we
are modeling white dwarfs as rigidly rotating configurations,
only two parameters are needed to determine the remaining
characteristics of the merged configuration. Thus, we decided
to vary the initial angular velocity Q2wp and the mass of the
disk Mj. These two quantities are listed in Columns (8) and (5),
respectively. For a super-Chandrasekhar white dwarf of
1.45 Mg, the minimum angular velocity for the gravitational
stability to set in is around 2.03 rad s'. Note that the angular
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velocities adopted here are in all cases larger than this value.
Once the angular velocity of the white dwarf is known, we
determine its total angular momentum, Jywp, which is listed in
Column (9) of the table, and the equatorial radius of the white
dwarf, Rwp, listed in Column (6). The adopted magnetic field
Bwp of the white dwarf is given in Column (7). The rest of the
columns of Table 1 list the initial angular momentum J;, (Column
(10)) of the disk and the efficient parameter ¢ (Column (11)),
which is relevant for estimating the mass accretion rate, the
dynamical timescale t4y,, the viscous timescale tyi,, and the
cooling timescale of the disk 7., (Columns (12)—(14)).

In our simulations the magnetic field of the remnant was kept
fixed at Bwp = 10° G, a representative value of the magnetic
field resulting from the stellar dynamo that originated during
the coalescence (Garcia-Berro et al. 2012). For the typical
values found in the SPH simulations of merging white dwarfs
the magnetic field can be as high as ~10'° G, depending on
whether the dynamo is saturated. However, we decided to
adopt a conservative value as a reference magnetic field, 10° G.
However, we also computed some models with various
magnetic field strengths, ranging from 10° to 10° G. An
important point that is worth emphasizing is that for the
simulations presented here we assumed that during the merging
process an ordered global dipole field is produced. However,
this is not guaranteed—see, for instance, the discussion in the
conclusions of Schwab et al. (2012).

5. Results

Since the evolution of the post-merger system depends
critically on the adopted prescription for the mass accretion rate
onto the central white dwarf resulting from the coalescence of
the binary system, we discuss the results obtained using the
accretion rates described in Sections 3.2 and 3.1 separately. We
first discuss the results obtained using an accretion rate set by
the cooling timescale, and subsequently we present the results
obtained when the viscous timescale is employed.

5.1. Accretion Rate Set by the Cooling Timescale

To start with, we discuss our reference model. This is model A
in Table 1. For this model we adopted a magnetic field
B = 10° G. We note that during the early phases of the evolution
of the post-merger remnant the dominant cooling mechanism of
the external layers of the central white dwarf is neutrino emission.
Therefore, the initial relevant timescale to compute the accretion
rate is Mwp = Mwp /7, ~ 102 g s~ This accretion rate is of
the order of the Eddington limit. However, in our calculations the
evolution of the model is followed self-consistently. That is, we
computed the mass accretion rate with the cooling timescale
provided by the evolution—see below.

For this model, the magnetospheric radius is Ry, = 0.062 Rg
and the corotation radius is R., = 0.0039 Rg. Thus, Ry, >
R, > Rwp, so the dipole radiation torque and the propeller torque
drive the evolution of the spin of the remnant. Under these
conditions the central object does not accrete matter. To illustrate
the evolution, Figure 3 shows some temperature profiles at
selected times. In particular, we show these profiles at times 7,
(corresponding to the beginning of the evolution; solid line) at a
time just before the central white dwarf reaches explosive
conditions (time ¢ = t3; long-dashed line) and at two intermediate
stages (times #; and #,; short-dashed line and dot-dashed line,
respectively). As can be seen in this figure, during the entire
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Figure 3. Temperature—density profiles of the central white dwarf at different
times of the evolution for model A. This model was computed assuming
B = 10° G and an accretion rate set by the cooling timescale. We also show the
carbon ignition line, labeled as ecc = ¢, and two carbon-burning timescales
Tce = Tagn and 7cc = 1 s. In these panels the crystallization curve is labeled as
I' =175 and the plasma temperature as 7T}, The configuration at ¢, has a
temperature profile almost equal to the initial one. At #, and #;, it heats at the
center and at the surface.

evolution both the central regions and the outer layers of the white
dwarf are compressed and heated. These two regions of the white
dwarf are separated by the line at which the temperature of the
nearly isothermal core equals the plasma temperature, Tp. This
behavior is a consequence of the torques acting on the white
dwarf. The acting torques brake the white dwarf, decreasing its
angular velocity. As a consequence, the centrifugal force decreases
and the gravitational force dominates. Thus, to balance the
enhanced gravity, the density increases, as does the temperature.
Ultimately, the center of the star reaches the thermodynamic
conditions needed to burn carbon explosively. These conditions
are illustrated in this figure by the curves €, = €,, Tcc = Tayn,
and 7cc = 1s. This occurs at time 40.8 yr, just before these
regions reach the beta-decay instability limit, and when the central
regions of the star are already crystallizing. Figure 4 displays the
evolution of model A in the mass—central density plane. As can be
seen, the evolutionary track corresponds to pure compression, and
no matter is accreted. Note as well that carbon in the central
regions of the star is ignited before the inverse S-decay instability
is reached.

Figure 5 shows the run of the neutrino and thermal
timescales in the white dwarf interior of model A at two
relevant times, namely, t = o and t = 13, as previously defined.
As can be seen, for t = 1y neutrinos cool the external layers of
the star, while in the internal regions thermal diffusion is the
dominant transport mechanism. At time #; the relevant cooling
timescale in the outer layers of the white dwarf is no longer the
neutrino timescale, but the thermal timescale. Actually, it is
important to realize that in the dense inner core of the white
dwarf the shorter timescale is always the thermal timescale.
Thus, Figure 5 clearly shows that the cooling timescale must be
computed self-consistently along the evolution of the remnant
to obtain physically sound results. We emphasize that although
this plot illustrates these timescales for model A, our
calculations demonstrate that this is a representative case and
that for all the models listed in the top section of Table 1 the
run of these timescales is similar.
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Figure 4. Evolution of model A in the mass—central density plane, at selected
times; see text for details. The colors of the lines indicating the regions of the
various instabilities discussed here are the same as shown in Figure 1. Also
shown are the contours of constant angular momentum (dotted lines).
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Figure 5. Run of the neutrino and thermal timescales in the interior of model A
at selected times; see text for details.
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To study the dependence of the evolution of the merged
configuration on the magnetic field, we ran a suite of models
with varying strengths of the magnetic field. These are models
B, C, and D in Table 1, for which we adopted magnetic field
strengths B = 10°, 107, and 10® G, respectively, keeping
unchanged the rest of the parameters of model A. For the sake
of conciseness we only discuss model B, which corresponds to
the smallest magnetic field strength, 10° G.

Figure 6 shows the evolution of the remnant at different
times for this model. These times were selected using the same
criteria we used previously, and the line coding is the same. In
this case Ryae < Rwp and the central white dwarf can accrete
matter from the disk. Under these conditions we find that
accretion onto the white dwarf heats the outer layers of the star,
while the temperature of its core remains almost unchanged.
Ultimately the very outer layers of the white dwarf are heated
to such an extent that carbon is ignited off-center. However, an
inspection of Figure 7, which shows the evolution in the mass—
central density plane, reveals that actually the central regions of
the star expand slightly. This again is due to the acting torques,
which spin up the white dwarf.
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Figure 6. Same as Figure 3, but for the case in which a modest magnetic field,
B = 10° G, is adopted. This is model B in Table 1.
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Figure 7. Same as Figure 4, but including the case in which a magnetic field,
B = 10° G, is adopted (yellow line). This is model B in Table 1.

We found that if the magnetic field of the white dwarf is
higher than 3.84 x 10° G, the magnetospheric radius is larger
than the corotation radius. Thus, in this case the central remnant
does not accrete more material after the merger, so the propeller
torque and the dipole radiation torque drive the evolution of its
spin rate. On the other hand, if the magnetic field is lower than
1.88 x 10° G, the magnetospheric radius is smaller than the
white dwarf radius. Hence, the central white dwarf accretes
material. Consequently, in this case the evolution of the
rotation rate is driven by the accretion torque. Thus, for these
initial conditions the magnetic field determines the accretion
rate and the evolution of the star.

To further study the dependence of these results on the input
parameters, we also analyzed the dependence on the initial
angular velocity. In Table 2 we list the times at which the post-
merger central star reaches the conditions suitable for a
explosion to occur, for several magnetic field strengths (models
A to D) and initial angular velocities. Clearly, the duration of
this phase and the final outcome depend sensitively on the
value of the adopted magnetic field, and to a lesser extent on
the initial angular velocity.

10

Becerra et al.

5.2. Accretion Rate Set by Viscous Timescale

In the previous section we have assumed that the accretion
rate on the white dwarf is given by the shorter timescale of the
cooling mechanisms. In this section we present the results for
the case in which the white dwarf accretes material at a rate set
by the viscous timescale of the Keplerian disk.

For the sake of definiteness, in the following we discuss in
detail, with the help of Figures 8 and 9, the time evolution of
model E, which is similar to model A, the only difference being
that in this case the accretion rate is computed adopting the
viscous timescale, while the rest of the initial conditions and
assumptions are exactly the same. Furthermore, for this model
we study two possibilities for the efficiency parameter .. in
Equation (3). The first of these possibilities corresponds to the
case in which &,.. = 1.0, that is, when matter is accreted on the
remnant with the Keplerian velocity at the inner disk radius.
The second one corresponds to the case in which matter is
accreted on the remnant with the Keplerian velocity at the
surface of the remnant, which we label as &,.. = &wp in the
figures discussed below.

Shortly after the merger, due to the high accretion rates,
Riag < Rwp (see the top panel of Figure 8). Hence, the only
torque acting on the white dwarf is that resulting from
accretion. For the set of parameters of model E, the initial
accretion rate onto the white dwarf given by Equation (25)
is large, even if an efficiency of ¢ = 0.1 is adopted, Myp ~
0.01 Mg s~'. Consequently, the mass of the white dwarf rapidly
increases during this phase. However, its central density only
increases in the case in which matter is accreted with the
Keplerian velocity of the remnant (blue line in Figure 9),
whereas in the case in which & . = 1.0 (green line in this
figure) the central density of the white dwarf decreases.

The evolution of the central density of the remnant is the
result of an intricate trade-off between the increase in mass, the
change in the rotation period due to the acting torque, and
the evolution of the moment of inertia of the remnant. The
increase in mass of the remnant alone clearly would result in an
increase of the central density. The change in the rotation speed
due to the acting torque—which tends to increase the angular
velocity—would result in a decrease of the central density,
as the centrifugal force increases. Finally, since I o MywpRan,
as the mass of the white dwarf increases as a result of accretion,
the moment of inertia would increase. However, since the
mass—radius relationship for rotating white dwarfs depends
crucially on the angular velocity, the radius of the remnant,
hence I, ultimately depends on the acting torque. Furthermore,
for super-Chandrasekhar white dwarfs the slope of the
mass—radius relationship is very steep. Consequently, small
changes in the mass can induce large variations of the radius of
the remnant. The interplay between these factors is rather
complex, but in general terms we find that the evolution of the
moment of inertia is dominated by the variation of the radius of
the remnant.

It is then clear that the crucial parameter that dictates the
evolution of the central density of the remnant is &..
Specifically, when &,.. = 1.0 is adopted, the remnant is spun
up very rapidly by the acting torque (as is shown in the bottom
panel of Figure 8), its radius increases notably (see the top
panel of this figure), the moment of inertia increases markedly,
and the central density first decreases. On the contrary, if matter
is accreted onto the surface of the white dwarf with the
same angular velocity of the remnant, the acting torque is
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Table 2
Carbon Ignition Location and Evolutionary Times of the Post-merger Remnants for Several Values of the Magnetic Field Strength and Initial Angular Velocity

Model Bwp (G)

At (yr)

Carbon Ignition

Qwp 79 2.3 2.5 2.6

2.7

2.8 29 3.0

A 10° 5.50 x 10! 468 x 10! 433 x 10!
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considerably smaller, the moment of inertia remains approxi-
mately constant, the radius of the remnant decreases, and the
central density increases steadily. In both cases, once the
magnetic radius becomes larger than the radius of the white
dwarf (Rwp < Rmag < Reo), the dipole and the disk-interaction
torques drive the evolution of the remnant—the top panel of
Figure 8 clearly depicts this. When this happens, the fastness
parameter of the white dwarf is ~0.8. Consequently, shortly
after (<0.5yr), the remnant reaches a fastness parameter
wg = 1, and the evolution is driven by the propeller torque. At
this point of the evolution, accretion from the disk stops.
Consequently, the moment of inertia of the remnant decreases
considerably, the rotation period decreases as well, and the
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10° 3% 10°

white dwarf contracts. Hence, the central density increases
rapidly (see the top panel of Figure 8). This entire sequence of
events ultimately leads the remnant to cross the line of inverse
[-decay instability. It is interesting to note that the mass of the
remnant when it crosses the instability line does not depend on
the adopted valued of ... This depends on the mass accretion
rate onto the white dwarf, and consequently on the adopted
efficiency parameter . The parameter &, is directly related to
the change of angular momentum. Thus, &, and ¢ play
different roles in the evolution of the post-merger configura-
tion, although its effect is combined as shown by Equation (3).

We now address our attention to thermal evolution of the
post-merger remnant of model E. Figure 10 shows several
temperature—density profiles at selected times after the merger
took place. The top panel of this figure shows the case in which
& = &uec 1s adopted, whereas the bottom panel corresponds to
the case in which £ = 1 is employed. The initial temperature
profiles are shown as the solid blue and green lines in
Figure 10, respectively. In both cases, during the first
evolutionary phases the large accretion rates discussed earlier
heat the outer layers of the star. However, neutrino emission
also plays a significant role. When & = &, is adopted,
compressional work exceeds neutrino emission, and thus an
off-center temperature peak rapidly grows. In particular, the
temperature profile peaks at log p ~ 6.54. As time passes by,
the peak temperature increases, and ultimately the outer layers
of the white dwarf reach the thermodynamic conditions needed
to ignite carbon explosively.

On the contrary, when & = 1.0 is adopted (bottom panel of
Figure 10), the evolution is more complex. In this case
accretion first heats the outer layers of the central white dwarf,
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Figure 10. Temperature—density profiles of the central white dwarf at different
times of the evolution for model E. The top panel shows the model with
& = &uec» While the bottom panel displays the model for which £ =1 is
adopted. Time #; corresponds to a time shortly after accretion from the disk
starts (short-dashed line), #, is the time at which the merged remnant enters into
the propeller phase and accretion stops (dot-dashed line), and #; is a time just
before the post-merger object crosses the beta-instability limit (long-
dashed line).

but neutrino cooling dominates. Hence, after a short time
interval the entire central white dwarf cools to a temperature
smaller than the initial one. Time #, is the time at which
accretion stops. Thus, for times longer than ¢, the evolution of
the star is driven by angular momentum losses by dipole
emission. Eventually, at time #; carbon is ignited at the center
of the white dwarf.

5.2.1. Sensitivity of the Results to the Free Parameters

We first compare the evolution when different masses of the
disk are adopted, keeping the mass of the remnant fixed. With
this in mind, in Figure 11 we show the evolutionary tracks of
model F and compare them with those of model E. This model
corresponds to a final post-merger remnant of mass 1.45 Mg
and an initial disk mass of 0.65 Mg, whereas the rest of the
parameters of the model were not varied—see Table 1.
Additionally, as we did for model E, we also studied two
possibilities. The first of these corresponds to an accretion
efficiency parameter &,.. = 1.0, whereas for the second one we
assumed that at the inner disk radius the accreted material has
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Figure 12. Same as Figure 9, but here we compare models E (solid lines) and
G (dashed lines) for two different values of the white dwarf magnetic field, 10°
and 10° G, respectively.

the angular velocity of the white dwarf, §, .. = &yp. Note that,
in the case in which &,.. = 0.1 is adopted, the evolution of this
model is very similar to that of model E, but it arrives at the
mass-shedding limit in the accretion phase. When &,.. = &wp
is chosen, the remnant also crosses the line of inverse (3-decay
instability. The only difference is that for model F, which has a
disk considerably more massive, more mass is accreted before
the remnant crosses the instability line. Hence, the remnant has
a larger mass in the propeller phase, and the line of (3-decay
instability is crossed when the white dwarf is more massive.
Next, we analyze the influence on the evolution of the
strength of the magnetic field, as we did previously for those
models in which the accretion rate is computed using the
cooling timescale. We do this comparison adopting a very low
value for the magnetic field strength, B = 10 G (model G in
Table 1, the same value adopted in Section 5.1). The results of
this analysis are shown in Figure 12. As can be seen, the
differences between the evolution of models E and G are
minor. Thus, we conclude that for the typical values of the
magnetic field strength that originated in the merger of two
white dwarfs, the evolution of these models is not significantly



THE ASTROPHYSICAL JOURNAL, 857:134 (18pp), 2018 April 20

1.514
\\
\
N
1.491 \ 350 2.76
\
\
450 |
R 224
~ 4
= 1.47
i
=
167
1.454
—— £=0.1; &ace = Ewp
ol ee 0.90
1.439 ——- £€=0.5: e = Ewp
£=05;6uc =1 —
10 3% 10° 101 3x 10"

Pe <g/cm3>

Figure 13. Same as Figure 9, but for two values of the accretion efficiency
parameter, € = 0.1 (solid lines) and 0.5 (dashed lines), for models E and H,
respectively.

affected by the adopted magnetic field. This can be explained
by the fact that, at early times in the viscous timescale
prescription, the mass and angular momentum of the white
dwarf post-merger evolution are dominated by the accretion
torque and the effect of the magnetic field is neglected until the
magnetospheric radius equals the white dwarf one. It is in this
initial phase that more significant accretion of mass onto the
central star occurs. Since the accretion timescale in this
scenario is so short, the evolution of the magnetospheric radius
is dominated by the change of the mass accretion rate.

Another free parameter of our formulation is e, which, we
recall, measures how efficient accretion is. All the calculations
presented until now have been performed adopting ¢ = 0.1.
However, since the accreted mass depends significantly on the
precise value of this free parameter, it is important to assess its
impact on the results. We now study the sensitivity of our
calculations to the value adopted for it. To this end we
conducted an additional set of simulations in which we adopted
€ = 0.5. This is model H in Table 1. In Figure 13 we compare
the results of these calculations with those of model E. As
could be expected, this parameter turns out to be critical, since
it controls how efficient accretion is. Consequently, when
€ = 0.5 is adopted, the remnant evolves toward the mass-
shedding limit instead of crossing the (-instability line. We
consider model E as a reasonable guess, although keeping in
mind that larger values of ¢ cannot be discarded ““a priori” and
therefore could alter the evolution of the remnant.

Naturally, another key ingredient of our approach is the
initial angular velocity of the central white dwarf, Qwp.
Figure 14 shows the evolutionary tracks for different values of
the initial angular velocity of the post-merger remnant, keeping
unchanged the rest of initial conditions of model E (models I to
Q in Table 1; dashed lines), and we compare them with the
evolutionary sequence of model E, our reference model for this
prescription for the accretion rate (solid lines). As can be seen,
the model with the smallest initial angular velocity—namely,
that with initial angular velocity 2.30 rad s~—!, model I—reaches
the mass-shedding limit during the accretion phase. Further-
more, for this model the central density decreases, irrespective
of the value adopted for £,... Model J, for which we adopted
Qwp = 2.50rad s~!, only reaches the mass-shedding limit if
&ec = 1.0; otherwise, it reaches the (3 instability region. The
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10.0

rest of the models do not cross the mass-shedding instability
line. Note as well that for model J, as occurs for model I, the
central density decreases, independently of the value adopted
for {,... For model K the central density decreases if {,.. = 1.0
and increases otherwise. This is also true for models with even
faster rotation rates.

Additionally, to take into account the effects of the initial
temperature for the case in which & = £,.. is adopted, we
computed a model in which the initial configuration corre-
sponds to a white dwarf in which the external layers have a
temperature sizably smaller (i.e., 10® K) than that of our
standard case—that is, model E—which was computed
adopting a temperature for the external layers of 3 x 10% K.
The evolution of this additional model is shown in Figure 15,
and it is markedly different from that of model E. Specifically,
when the adopted temperature is 10® K, the external layers of
the white dwarf are initially heated by the accreted material, as
happens also for model E. However, in this case neutrino
cooling (basically dominated by neutrino bremsstrahlung) is so
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strong that the remnant cools rapidly and eventually carbon is
ignited at the center of the star, when the central regions have
already crystallized.

5.2.2. Evolutionary Times

Finally, we study the time needed to reach the instability
lines, At. We have shown before that the most important
parameter that determines the evolution of the system is the
initial period of the system. In the top panel of Figure 16 the
dependence of At on the initial period of the rotating white
dwarf resulting from the merger is displayed, for our two
choices for the value of &,... Clearly, the larger the period is,
the longer Az is. This is the natural consequence of the smaller
initial centrifugal force.

The second important parameter that determines the duration
of this evolutionary phase is the strength of the magnetic field
of the remnant. We showed before that the value of Bwp has
little effect on the outcome of the post-merger system—see
Figure 12. Notwithstanding, Bwp influences considerably At.
This occurs because the larger Bwp is, the larger is the
magnetospheric radius. Thus, we expect that large values of
Bwp would result in substantially smaller values of Ar. To
illustrate this in a quantitative manner, in the bottom panel of
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Figure 16 the total time needed to reach the instability region is
plotted as a function of the surface magnetic field of the
remnant. As can be seen, the evolution of the systems is indeed
faster for large magnetic field strengths. This behavior is
natural since for large magnetic field strengths the central
remnant is more tightly coupled with the surrounding Keplerian
disk. Consequently, the accretion phase is shorter. In addition,
in this panel we also show (using a solid red line) the time it
takes for the remnant to become unstable when only magnetic
dipole braking is considered. Since, in this case, there is no
accretion, the star evolves in a constant-mass sequence. From
Equation (7), we obtained

ArE [
2Byp Y7

WD,0

dJ WD

3 p6 "
QwpRwo

(30)

It can be seen that At is inversely proportional to the square of
the magnetic field. Ilkov & Soker (2012) give an analytical
expression of Equation (30) in the approximate case when
changes in the white dwarf structure due to the configuration
rearrangement during the angular momentum loss are
neglected. It is important to mention that such changes are
very important for the determination of the rotational evolution
of super-Chandrasekhar white dwarfs (Boshkayev et al. 2013).
Clearly, the evolution of the system is always much faster when
all the torques acting on the remnant are correctly taken into
account. Furthermore, it is important to realize that the
evolution is even faster when matter is accreted onto the
surface of the remnant with the Keplerian velocity. Finally,
note as well that when &,.. = 1.0 is adopted, moderately longer
durations of the post-merger phase, when compared with the
case in which the accreted matter has the Keplerian velocity at
the surface of the remnant, are obtained.

6. Comparison with Previous Works

A detailed study of the evolution of the remnant of white
dwarf mergers started with the work of Yoon et al. (2007).
They mapped the final configuration of the SPH simulations of
the merger of a 0.9-0.6 M, binary into a 1D stellar evolution
hydrodynamic code and followed its forward evolution. Their
merger remnant is represented by a cold, slowly rotating rigid
core surrounded by a hot, rapid rotating envelope with a
Keplerian disk around it. They allowed the accretion from the
disk by a constant accretion rate (of the order of the Eddington
limit) and included a prescription for the transport of angular
momentum with timescales of the order of the thermal
timescale. They conclude that an off-center carbon ignition
can be avoided if the transport angular momentum timescale is
greater than the cooling timescale by neutrino emission
and the accretion rate on the star is slow enough, i.e.,
Mwp < 5 x 107°-10-5 M, yr . We improved this approach
by allowing the mass accretion rate to vary with time,
consistently with the white dwarf thermal evolution. Addition-
ally, we introduced a framework for evolution of the angular
momentum of the post-merger white dwarf including the torque
that acts on the star, taking into account the magnetic field
effect of the central white dwarf on the evolution of the post-
merger configuration. We have found that strong magnetic
fields, Bwp > 10’ G, can also avoid an off-center carbon
ignition.
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Van Kerkwijk et al. (2010) estimated the post-merger
evolution based on the results of the SPH simulations of
Lorén-Aguilar et al. (2009) and concluded that the accretion
occurs in a shorter timescale (~10 hr), causing a compression
of the white dwarf core, with a consequent increase of its
temperature until it reaches the carbon ignition runaway,
leading to a delayed explosion. However, they focus on mass-
symmetric white dwarf mergers (0.6-0.6 M,,), in which the two
white dwarfs are disrupting and the final remnant configuration
has a temperature profile that peaks at the center.

A different approach was presented in Shen et al. (2012) and
Schwab et al. (2012, 2016). In these works it was argued that,
due to the differential rotation of the system, after the
dynamical phase of the merger the magnetorotational instability
becomes effective, and that in a viscous timescale of 10%*s
(orders of magnitude shorter than the thermal timescale of
~10%yr) the angular momentum of the tidally disrupted white
dwarf can be redistributed in the surface of the central star,
leading to a rotating configuration with a hot envelope and with
almost all the mass of the secondary star. These works also
computed the thermal evolution of the post-merger remnant
characterized by a timescale of the order of 10°~10% yr. Schwab
et al. (2012) studied the merger of a 0.9-0.6 M., white dwarf
binary, and Schwab et al. (2012, 2016) extended the initial
conditions’ parameter space, but the evolution of the post-
merger configuration in the presence of a magnetic field of the
central white dwarf was not considered. These configurations
spin down during the viscous evolution, while our super-
Chandrasekhar remnants spin up during the entire evolution,
even in the case of angular momentum losses.

There are two works considering the effect of the magnetic
field during the dynamical timescale of the merger (Zhu
et al. 2015) and in the viscous timescale of the post-merger
evolution (Ji et al. 2013). In these works, the evolution of the
system magnetic field is followed in a different fashion with
respect to our approach, since we have adopted a dipole
magnetic field with constant magnitude and inclination angle.
Assuming as an initial condition the remnant of the merger of a
0.6-0.6 M, carbon—oxygen white dwarf binary from the
SPH simulation of Lorén-Aguilar et al. (2009), Ji et al.
(2013) evolve the system for 3 x 10* s with the FLASH code in
a 2D axisymmetric cylindrical Eulerian grid. They introduced a
weak poloidal magnetic field and showed that the magnetor-
otational instability developed in the disk leads to a rapid
growth of its magnetic field, the spin-down of the white dwarf
remnant, and its magnetization to field strengths around
~2 x 10% G. They computed an effective magnetic Shakura—
Sunyaev parameter of the order of () ~ 0.01, a value one
order of magnitude smaller than the o we adopted here. They
found that the white dwarf magnetic field varies with time,
indicating a disordered interior magnetic field. At the end of the
simulation the magnetic field toroidal component is 1.5 times
bigger than the poloidal one. In our model we have assumed a
dipole magnetic field aligned with the white dwarf rotation
axis. In this case, the magnetic field has no toroidal component.
However, the simulations of Ji et al. (2013) have limited
resolution, and the field strengths are affected by numerical
resistivity. In addition, in these magnetohydrodynamics
simulations the disk lost almost 90% of its initial mass, with
82% of it accreted by the white dwarf remnant and the rest
going into outflows of which about 10> M, are ejected and
unbound to the system. The central white dwarf spins down,
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losing angular momentum owing to the development of
Maxwell stresses at the white dwarf boundary. A direct
comparison is difficult, since we have studied super-Chan-
drasekhar white dwarfs with initial angular velocity one order
of magnitude higher than that studied by Ji et al. (2013)
(Qwpo = 0.03 sfl). However, one difference is that in our
model the white dwarf first gains angular momentum owing to
the mass accretion and then loses it owing to the magnetic
torque.

Zhu et al. (2015) simulated the merger of a 0.625-0.65 M,
carbon—oxygen white dwarf binary, giving to each white dwarf
a dipole seed magnetic field with the moving-mesh code
AREPO (Springel 2010). They found that during the merger
dynamics the magnetic field was too weak to have an effect on
the evolution, obtaining a final remnant composed by a
degenerate core with a thermally supported envelope sur-
rounded by a rotationally supported disk. This configuration is
similar to the one obtained in the SPH simulations (Zhu
et al. 2013). However, the remnant magnetic field has a
com}i)lex structure with a volume-averaged field strength
>10"°G in the core, with both poloidal and toroidal
components.

Table 3 summarizes the main features of the post-merger
evolution studied in this paper and the comparison with those
of the works discussed above. We specified the binary mass of
the merger configurations studied, the post-merger configura-
tions after the merger (for the works of Yoon et al. 2007; van
Kerkwijk et al. 2010; Zhu et al. 2013) or after the viscous
evolutions of the system (for the works of Schwab et al. 2012;
Shen et al. 2012; Ji et al. 2013), and the magnitude and
configuration of the central remnant magnetic field (if it is
considered). In the last column, we specified whether the
central remnant developed conditions for an off-center or center
carbon ignition.

7. Conclusions

The evolution of the remnant of the merger of a binary white
dwarf is still an open problem. Detailed hydrodynamical
simulations show that the product of the merger consists of a
central white dwarf that rotates as a rigid body, surrounded by a
hot, rapidly rotating corona—which has been proven to
produce large magnetic fields—and a Keplerian disk. In this
paper we studied the evolution of metastable, magnetized
super-Chandrasekhar white dwarfs formed in the aftermath of
the merger of close binary systems made of two white dwarfs.

Our simulations take into account the magnetic torques
acting on the star, accretion from the Keplerian disk, and the
threading of the magnetic field lines through the disk—
therefore improving previous calculations of this kind.
Furthermore, in our computations—at odds with previous
efforts—we employ a mass—radius relationship for rotating
white dwarfs. Also, our calculations incorporate the thermal
evolution of the white dwarf.

Furthermore, our simulations were performed using two
different prescriptions for the mass accretion rate on the central
white dwarf. In a first set of simulations we adopted an
accretion rate set by the cooling timescale of the Keplerian
disk, whereas in the second suite of models the adopted
accretion rate was computed using the viscous timescale of the
disk. These two prescriptions for the accretion rate cover a very
large range of values and therefore allow us to investigate the
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Table 3
Comparison with Previous Works

Magnetic Magnetic Field
Work Merger Configuration Post-merger Configurations Field Configuration Carbon Ignition
Yoon et al. (2007) 09M-—0.6 M., 09 M.—0.7 M., 1.0 M-1.0 M.,  Slowly rotating cold core (0.6 M) with a rapidly Center/off-center ignition
rotating hot envelope (0.5 M) + a Keplerian disk
0.4 My)
van Kerkwijk 0.6 M.-0.6 M., C/O WD Rapidly rotating WD + thick disk Center ignition
et al. (2010)
Shen et al. (2012) 0.6 M.-0.9 M., C/O WD WD (~0.9 M) with a hot, slowly rotating and radially Off-center ignition that leads
extended envelope supported by thermal pressure to a high-mass O/Ne WD
(~0.6 M)
Schwab et al. (2012)/ 0.6 M,—09 M, 0.9 M.~1.2 M, C/O WD WD with a thermally supported envelope (1.5 M) Off-center ignition that leads
Schwab et al. (2016) to an O/Ne WD
Ji et al. (2013) 0.6 M.-0.6 M, C/O WD Rotating WD (0.96 M) surrounded by a hot corona 2 x 108G % 1.5 Center ignition
(0.04 M,,) + thick disk (0.2 M) Y
Zhu et al. (2015) 0.625 M.-0.65 M, C/O WD WD (0.64 M) surrounded by thermally supported hot 4 x10"° G i‘: =0.6
envelope (0.42 M) + disk (0.21 M)
This work 0.78 M.-1.12 M, C/O WD 1.45 M., rigidly rotating super-Chandrasekhar WD + [10%, 10°] G Poloidal Center/off-center ignition

0.45 M, thin Keplerian disk

Note. B,/B,: ratio of the toroidal to the poloidal field strength. Ep, /Ep: ratio of the toroidal to the total magnetic energy.
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possible outcomes of the evolution of these systems in a quite
generic way.

Finally, we also explored the effects of the adopted set of
initial parameters. These include the mass of the remnant star,
its radius, angular velocity, and moment of inertia, as well as
the strength of the magnetic field. We showed that the
timescale in which the newly formed white dwarf evolves to
reach the thermodynamical conditions for carbon to be burned
explosively, or to reach the Keplerian mass shedding, secular
axisymmetric instability, or inverse beta-decay instability
depends crucially on all these parameters.

However, we have made a number of assumptions that might
be relaxed in forthcoming works. For instance, we allow a
nonzero inclination angle between the spin axis and the
orientation of the dipole magnetic field and its evolution with
time. Also, the post-merger central remnant rotates differen-
tially between the core and the corona, while we have adopted
a totally rigid central remnant. Thus, the model can be
improved by implementing a transport mechanism for the
angular momentum in the interior of the central white dwarf
remnant.

For the accretion rate prescription set by the viscous
timescale, we have adopted a geometrically thin disk model.
At the early times in the evolution of the post-merger remnant,
we obtain a highly super-Eddington accretion rate of up to
107" M. s~'. The dissipation required to produce the needed
very short viscous timescales might heat the disk to the point of
carbon ignition (Mochkovitch & Livio 1990), but we did not
consider these heating effects in the present work. The disk of
the post-merger remnant could be best described by a thick-
disk model. This might also be studied in a forthcoming work.

On the other hand, we have approximated the white dwarf
magnetic field to a prefect dipole configuration, but this is not
necessarily the case, as has been shown by the MHD
simulations of Ji et al. (2013) and Zhu et al. (2015). This
work could be extended in order to introduce additional
configurations of the magnetic field and its interaction with the
surrounding disk.

We showed that in most of our models carbon reactions are
highly efficient in heating the interior of the remnant, with
timescales shorter than the dynamical time. This can happen
either in the outer layers or at the center of the newly formed
white dwarf, depending on the initial conditions of the white
dwarf and on the efficiency of mass accretion and angular
momentum evolution (see Figure 10). In most cases, the time it
takes the star to reach explosive conditions is shorter than that
needed to reach the inverse beta-decay instability or the secular
instability, which lead to gravitational collapse. Hence, we
conclude that the central white dwarf can reach conditions for a
delayed explosion for a sufficiently broad set of initial
conditions. Whether carbon is ignited at the center or is burned
off-center depends crucially on the magnetic field strength and
is almost independent of the post-merger WD initial angular
velocity. Our simulations show that when the magnetic field is
weak, carbon is ignited off-center, while central explosions are
the outcome when an ordered global strong dipole magnetic
field is produced in the hot, rapidly rotating convective corona
formed in the aftermath of white dwarf mergers. Naturally, this
depends on whether the stellar dynamo is saturated or not.

In summary, spinning, magnetized, super-Chandrasekhar
white dwarfs, resulting from the merger of two less massive
white dwarfs that do not produce an SN Ia in a violent merger,
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can produce a delayed explosion, provided that the remnant is
massive enough and a strong magnetic field is produced during
the merger.

During the refereeing process of this work our colleague and
dear friend Enrique Garcia-Berro sadly passed away. To him
and to his memory, we dedicate this work and express all our
gratitude. We thank the referee for the detailed comments and
suggestions, which helped improve the presentation of our
results. Part of this work was supported by MINECO grant
AYA2014-59084-P and by the AGAUR.
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