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Coverage Analysis of Reduced Power Subframes
Applied in Heterogeneous Networks with Subframe
Misalignment Interference

Haonan Hu'2, Baoling Zhang?, Qi Hong?, Xiaoli Chu? and Jie Zhang?

Abstract—In heterogeneous networks (HetNets), to reduce the
interference to users in Cell Range Expansion (CRE) areas of
small cells, Reduced Power Subframes (RPSs) are used by macro
base stations (BSs) to serve their center region users. CRE
users can receive full power subframes (FPSs) from small-cell
BSs in the same time slots as RPSs. However, it is difficult to
maintain strict subframe alignment (SA) between neighbouring
cells. Subframe misalignment (SM) between RPSs and FPSs
transmitted by neighbouring macro BSs and small-cell BSs
may degrade the coverage performance for macrocell center
and small-cell CRE users. With existing time synchronization
techniques used in HetNets, the SM offsets are actually upper-
bounded. In this letter, we propose a novel SM model for a
two-tier HetNet adopting RPSs with SM offsets restricted within
a subframe duration, and analyse the coverage probability under
the effects of RPSs and SM based on stochastic geometry. The
results show that the strict SA requirement can be relaxed by
up to 20% of subframe duration with below 5% coverage loss.

Index Terms—subframe misalignment, reduced power sub-
frames, stochastic geometry, heterogeneous networks

I. INTRODUCTION

In heterogeneous networks (HetNets), due to the difference
in downlink transmit power between different tiers, cell range
expansion (CRE) has been proposed to extend the coverage
areas of small cells by using a range expansion bias without in-
creasing their transmit power. However, small-cell CRE users
become vulnerable to interference from macrocells. Almost
blank subframes (ABSs) [1], with no transmit power on data
channel, were used in macrocells, so that small-cell CRE users
can receive full power subframes (FPSs) in the same time
slots as ABSs without suffering from significant interference
from macro base stations (BSs). Nevertheless, this technique
will cause significant capacity loss to macrocells. In order to
reduce the capacity loss, reduced power subframes (RPSs) [2],
with a relatively low transmit power as compared with FPSs,
have been proposed to serve macrocell center region users,
while mitigating the interference to small-cell CRE users.
However, the use of RPSs requires strict subframe alignment
(SA), which cannot always be satisfied. The SA between
macrocells and small cells is achieved through control signal
exchanges via the backhaul [3], which may be congested in a

This work acknowledges the support of the MOST of China (Project
No. 2015DFE12820), the is3ADMIMO (Project No. 734798), and the China
Scholarship Council.

'H. Hu is with the School of Communication and Information Engineering,
Chongqing University of Posts and Telecommunications, Chongqing 400065,
China (e-mail:haonan.hu@sheffield.ac.uk). 2H. Hu, B. Zhang, Q. Hong, X.
Chu and J. Zhang are with the Department of Electronic and Electrical
Engineering, The University of Sheffield, Sheffield S10 2TN, UK.

high density scenario. Moreover, due to random propagation
delays, subframes transmitted from neighbouring cells may be
misaligned, namely subframe misalignment (SM). Because of
SM, macrocell center and small-cell CRE users may suffer in-
creased interference from FPSs, which degrades their coverage
performance.

In [2], it was shown that RPSs can increase the total
network capacity of a two-tier HetNet, assuming no RPSs
transmitted from neighboring cells. In [4], it was shown that
with a static range expansion, RPSs outperform ABSs in
terms of the average rate of a user under strict SA. In [5],
the downlink coverage with asynchronous slots was studied
in a two-tier HetNet, where the offsets of unsynchronized
slots may take arbitrarily large values. However, by employing
existing time synchronization techniques via the backhaul, the
offsets of unsynchronized slots may not exceed a slot duration
[6]. The offsets of unsynchronized slots can be considered
as the SM offsets, since a subframe consists of two slots in
an orthogonal frequency-division multiple access (OFDMA)
network. Accordingly, the SM offsets are also restricted in a
specific range, and the maximum value of this range is defined
as the maximum subframe misalignment offset (MSMO).

In this letter, we analyse the effect of SM on the coverage
probability in a two-tier HetNet adopting RPSs. We propose
an SM model with the misalignment offsets restricted by the
MSMO, which is a more practical misalignment model than
that in [5]. Based on this proposed SM model, the downlink
coverage probability for a typical user is derived based on
stochastic geometry and validated through Monte Carlo sim-
ulation. By analysing the coverage degradation caused by SM
versus the subframe duration, we provide design insights into
the SA requirement for using RPSs in HetNets.

II. SYSTEM MODEL

We consider a two-tier HetNet, where macro BSs form tier
1 and small-cell BSs form tier 2. Define K = {1, 2}. For a BS
in the ¢-th tier, ¢ € K, the transmit power in an FPS is P;, and
the transmit power in an RPS is p; P;, where p;(0 < p; < 1)
is the power reduction factor. The proportion of RPSs among
all transmitted subframes, which is defined as the duty cycle,
is §; and can be considered as the probability of a subframe
being an RPS. We assume that small-cell BSs transmit at full
power in RPSs, i.e., po = 1. The positions of the ¢-th tier BSs
are modelled as an independent spatial Poisson point process
(PPP) ®,, with the density of \;, ¢ € K. The locations of users
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Fig. 1. SM between tier-1 serving BS and tier-1 interfering BSs

are modelled as another independent spatial PPP. According
to Slivnyak’s theorem [7], we assume a typical user located
at the origin without loss of generality. The location of the
j-th BS in the i-th tier is denoted by X; ;, and its distance to
the typical user is given by 7; ; = ||x; ;||. The corresponding
pathloss is given by 7, ; i where «; is the i-th tier pathloss
exponent. We assume independent Rayleigh fading for each
link, thus the fading power gain h; ; on the link from the j-th
BS in the i-th tier to the typical user follows an exponential

distribution h; ;~ exp(1).

A. User Association

BSs in the i-th tier use the range expansion bias B;(i € K)
for CRE. The typical user is associated with the nearest BS
of the k-th tier, where k = arg max;ex B; Pir;, o, i is the
distance between the typical user and the nearest BS in the
i-th tier. This k-th tier typical user is classified as a Center
Region User (CRU) if Pyrp gt > M{Pr; ", i € K/{k},
and otherwise an Edge Region User (ERU). M; is defined
as the center region factor, which decides the center region
area of a k-th tier cell. The value of M} should be larger
than B;/Bj, so that the center region area of a k-th tier cell
is smaller than the range-expanded coverage area of a k-th
tier cell (influenced by B;/Bj), and the resulting value of
AR /AF is comparable to that of 3j/(1— 534 ), where AR and A%
respectively denote the probabilities of the typical user being a
CRU and an ERU [4]. For small cells, the center region factor
is set at M21 = 1, so that the center area is the same as the
original coverage area without CRE. CRUs and ERUs in each
tier are respectively allocated with RPSs and FPSs, and the
tier-1 RPSs and FPSs share the same transmitting slots with
the tier-2 FPSs and RPSs, respectively. This is because that
ERUs should be protected by BSs in the other tier transmitting
RPSs. For example, the tier-2 ERUs suffer the FPS interference
from other tier-2 BSs, and suffer the RPS interference from the
tier-1 BSs. Consequently, the duty cycles follow 8y = 1 — f3;.

B. Interference Caused By Subframe Misalignment

A full buffer traffic model is assumed for each BS, i.e., each
BS always has data to transmit. Fig. 1 shows that due to SM, a
serving subframe for a tier-1 typical user suffers interference
from two consecutive subframes transmitted by a tier-1 BS.
It can be extended to a more general case that a serving
subframe for the k-th tier typical user suffers interference from
two consecutive subframes transmitted by an i-th tier BS. We
assume that the MSMO T7** between an i-th tier interfering
BS and a k-th tier user does not exceed the subframe duration
T,, ie., Ty < T, [6]. For analytical tractability, the SM
offset between an i-th tier BS and the k-th tier typical user

is modelled as a uniformly distributed random variable in
the range of [0, 7;%*| [5]. We define Ny; = T,,/T;%* as the
maximum SM factor. BSs in the same tier share the same value
of Ny;. The signal-to-interference ratio (SIR) of the serving
subframe for the k-th tier typical user is given by:

t t —Ook
thk,Ork,O

ZiEK in,je‘bi/{xk,o} Pz‘Af”;hi,jT;;‘i )
where t € {R,F}. If t = R, then the typical user is a CRU
served by RPSs; otherwise it is an ERU served by FPSs. PR =
ok P, P,c = P, and A . is the random bias caused by SM
on the received 1nterference power from the j-th BS in tier

1 to the k-th tier CRU or ERU. In the following, we omit
the BS index (i.e., the subscript j) from Ak-t and denote it

I = )

by Ak ! because the SM offsets of BSs in the same tier are
1ndependent identically distributed.

For the two consecutive interfering subframes transmitted
by an i-th tier BS, there are four different possible combina-
tions: FPS and FPS, FPS and RPS, RPS and FPS, and RPS
and RPS. Note that the type of one of the two consecutive
interfering subframes can be determined because the SM
offsets do not exceed the subframe duration. For example,
if the typical user is a tier-1 CRU, then one of the two
consecutive subframes must be an RPS from an interfering
tier-1 BS, and must be an FPS from an interfering tier-
2 BS. Herein we categorize the random bias Af’t as the
RPS random bias AR(7) or the FPS random bias Af (i) if
the determined subframe in the two consecutive subframes is
found to be an RPS or an FPS, respectively. According to the
subframe allocation described in the user association strategy,
we can determine the transformation between Af’t and AZ (1),
t' € {R,F}, as follows:

ARR {Aﬁ(ixz’:k ARF {Ai(z’),z:k

' @i#k ARG i# kS

The randomness in AR(:) and A%(7) is caused by the
undetermined subframe in the two consecutive interfering
subframes. For the RPS random bias, if the undetermined
subframe is an FPS, then AR (i) follows a uniform distribution
in the range of [p;, p; + 1 L1], following the average interfer-
ence power calculation in [8] otherwise, AR(i) = 1. For the
FPS random bias, if the undetermined interfering subframe is
an FPS, then Af(i) = 1, and otherwise follows a uniform

(@3]

distribution in the range of [1 — 1N‘)‘ 1]. The Probability
Density Functions (PDFs) of A} (i) and AR(4) are given as:
BiNki
far@(€) = (1= F)o(€ —1) + T pilge[l—ﬂ;—’j@]v 3)
(1 — Bi) N
far@ (§) = Bid(§ — pi) + T eeloopit i “4)

where §(-) is the Dirac delta function, and 1, is the 1nd1(:at0r
function. The function 1, = 1 if the subscript z is true, and
otherwise 1, = 0.

III. COVERAGE PROBABILITY ANALYSIS

In this section, we analyse the coverage probability of
the two-tier HetNet employing RPSs under SM. The cov-
erage probability is defined as the probability that the SIR
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of the typical user is greater than a threshold 7, i.e.,
Ykek 2teqrpy ARP(I}, > 7). The PDFs of the distance
to the serving BS, conditioned on the typical tier-k user
being a CRU or an ERU, ie., fx (r) and fTZ,o(T)’ are
respectively obtained as fx (r) = D(k, M}, M}, r)/A} and
frp (r) = (DUk, B, BS, 1) = D(k, M}, M2, 1))/ A}, where
Ef = B;/By, it € K. These PDFs are obtained following
similar steps in [9], with function D(-) defined as:

~ ) ak
D(k7y1,y27r) =27y exp(_ﬂ'z)‘i(yipik)g/al’r?/ ‘ )7 (5)
i€k

where P¥ = P;/P;, and @ = «;/ay. The probabilities
AR and A} can be obtained in a way similar to Lemma
1in [9] as A} = [°D(k,M} M2 r)dr and A =
1" Dk, Bk, BE, r)dr— AR, respectively. Based on these con-
ditional serving-BS-distance PDFs, the coverage probability of
a tier-k CRU or ERU under SM is given in Theorem 1.

Theorem 1. The coverage probability of the typical user in
the k-th tier (as a CRU if t = R and as an ERU if t = F)
under SM is given as:

P(T}, > 7) :/

exp (—27r)\i Z F kot (SZ(T))) frt O(T)dr,
R ieK N

(6)
where si.(r) = 7r® | PL. For notational simplicity, s., is used
to replace s},(r) in the following. The function F \r.:(s},) can
be transformed into .FAI;;(Z*)(S};) or .FAZ(,;)(S};) based on (2)
as follows: '

]‘-Aﬁ(n(si) = BiGi(mP" nt) + (1= Bi)Hilpi, pi + 1]; [_Jiv”f’t),

o

Farq(sk) = (1= B)Gi(my" ,ni™") + BiHi(1 — ]; {)i S 1L,ng ),

. o ®)

where mPt = st P, 0t = (mPH=F (dF)T dP s the
minimum interfering distance, and is given by:

1
1
o,

P aF
(PEMG)=ir, b i # k,t =R,

kit
ot —

1
1 ©)
(PEB)>ir g itk t=F,

Tk0, Otherwise.

The function H;(b, ¢, y) is given in (12) at the top of next page,
with the function C;(b, c,y) represented as:
Cilhey) = ed(—ey™ % 1,~2) —bo(~by~F,1,-2), (10)

where ¢(-) denotes the Lerch’s Transcendent function [10].
Denoting o F1(-) as the Gauss hypergeometric function, the
Sunction G;(a,y) in (7) and (8) is given as:

2 a;
() =207 g 2., 2 ey
gz(avy) - 01172 2F (171 ai72 (17;7 Y ) (11)
Proof. See Appendix A. O

The coverage probability in (6) can be calculated numeri-
cally with a one-dimensional integration if pathloss exponents
of the two tiers are different. Therefore, the coverage prob-
ability of a typical user, i.e., 324 cic D ek} ALP(TE > 1),
can be analysed.

IV. SIMULATION RESULTS

The simulated network area is a square of 400 ka, with the
tier-1 BS density A; being 1 node/km?. We simulate 10,000
realizations of the BS locations following the PPP, where the
user is deployed at the origin, to obtain the complementary
cumulative distribution function of the coverage probability.
Note that in a full buffer traffic network, the MSMOs between
a tier-2 BS and the typical user of each tier (i.e., Nio and
Ns5) have no effect on the coverage probability, thus they can
be neglected in the discussion. We assume that the MSMOs
between a tier-1 BS and the typical user of each tier, i.e.,
N1; and Nsp, have the same value to simplify the discussion.
Besides, a typical tier-1 CRU and tier-2 ERU are respectively
referred to as a tier-1 victim user (VU) and a tier-2 VU, as
they will suffer from increased interference due to SM.

Fig. 2 plots the analytical and simulated coverage probabili-
ties of a typical user versus the SIR thresholds for the strict SA
case (V11 = oo) and the SM cases with N1; = 1, 2, under the
low (A2 = 10A1) and the high (A = 50\;) small-cell density
scenarios. It shows that the theoretical results closely match the
simulation results, proving the effectiveness of our proposed
SM model for analysing the coverage probability under SM.
We can see that the SM causes severe coverage probability
losses, especially in a low small-cell density scenario, in which
the coverage probability declines approximately by 17% at 0
dB SIR threshold. In addition, the coverage losses caused by
SM diminish with the increase of small-cell density.

Fig. 3 illustrates the theoretical coverage probabilities of
VUs of both tiers versus Ni; for p; = 0.1 and p; = 0.3
under Ay = 10\; and Ao = 50)\;. It shows that SM decreases
coverage probabilities of VUs remarkably. The tier-2 VU in a
low small-cell density scenario suffers a maximum 20% cover-
age probability reduction. Moreover, a larger power reduction
factor p; alleviates the coverage probability degradation of
VUs of both tiers caused by SM, but the coverage probability
of a tier-2 VU becomes undesirably poor. In addition, the
coverage probabilities of VUs decrease with the increase of the
MSMO, regardless of the small-cell density. According to the
coverage probabilities of VUs of both tiers with p; = 0.1 and
A2 = 10\, in which the effect of SM is the most significant
as observed in Fig. 2, we can see that the strict SA requirement
can be relaxed by up to 20% of a subframe duration, while
ensuring the coverage losses caused by SM below 5%.

V. CONCLUSION

In this letter, we have analysed the downlink coverage
probability for a two-tier HetNet employing RPSs under SM.
Our analytical and simulation results show that the SM will
significantly decrease the coverage probability of a typical
user, which can be mitigated by increasing the small-cell
density. However, the coverage losses of VUs of both tiers
caused by SM cannot be mitigated by increasing the small-
cell density, but it can be reduced by increasing the tier-1
power reduction factor. Unfortunately, the coverage probability
of a small-cell CRE user will be degraded if the tier-1 power
reduction factor increases. For protecting the VUs with below
5% coverage reduction caused by SM, the SA requirement can
be relaxed by up to 20% of the subframe duration.
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a;+2

Hi(b,c,y) =

(i +2)(b— 2
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Fig. 2. Coverage probability validation of a typical user under SM, where
A1 = 1 node/km?, Pi = 100P,, Bo = 4By, [MZ,M1] = [20,1],
[pl,pg] = [0.17 1], [ﬂl,ﬁQ] = [0.5,0.5], and [041,(12] = [3, 4}.
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Fig. 3. The theoretical coverage probabilities of VUs versus the maximum SM
factor N1, with A1 = 1 node/km2, P1 = 100P;, By = 4By, [M?, M}] =
[20,1], 7 = 0 dB, p2 =1, [B1, B2] = [0.5,0.5], and [a1, 2] = [3,4].

APPENDIX A
PROOF OF THEOREM 1

According to the definition in Section III, the coverage
probability of the k-th tier user can be calculated as follows:

rh > 1) /HE etk L (),

i€ K

13)

where If, denotes the aggregate interference power of the i-
th tier BSs on the k-th tier CRU or ERU. Then the result
is transformed into a form with the product of Laplace
Transforms (LTs) of the aggregate interference power of each
tier. The LT £ I, (st),i € K, can be represented as follows:

“Nudu),

(14)
which is obtained by the moment generatmg function
[7]. By substituting [ (1 —Epale =Sk Phi AT )y dy
with Fuee(sh), we have Lr,(sh) = exp(—=2mA\iF e (sh)).
Equipped with the transformation between Af’t and Ag (7)
as in (2), the expectation Ej, A [exp(— k’th-Ak’t)] in (14) can
be calculated as follows with wk b= = st Pu= i

¢ - —st PR ARty
£nk(sk)=exp(f2m/k (1= By afe=kPitia]
- kot

Ea (B fexp(—wf AL ()h0)]) = Ba [(1 + AL ()] (15)

Based on (3) and (4), the expressmn in (15) can be respectively

transformed into (1 — ;) +wk =+ B f - ﬁkt& fi"pii dg
l+ N i . o
andeH_ s +(1-5:) fp Nt 1+L,£1’€pd§w1tht’

and R. Then by calculating the integrals in these two results,
the defined function F A;;,t(sk), combined with (15), can be
generally denoted by F Att/(i)(a, b, c) as:

k

Favry(asb,c) = / (B QM) + (1= B)QE (b, 9)udu, (16)
k d ,t

where {R, GF} = {B;,1—f:}, a, b and ¢ are three parameters
with a € {p;, 1}, b€ {p;, 1 — 1= N ) and ¢ € {p; + = L1
Qla)=1-1/(1+ awf’t), and Q?(b,c) is given by.
In(1 4+ cw") — In(1 + bw)

(¢ = b)w; '

The closed form result of function f dokot

Qi (b,c)=1— (17)

Ql(a)udu can be

easily obtained as G (a, n”

/k Q3 (b, ¢)udu =
ak ,t

) [4]. Moreover, we have:

kot = k.t ™y
my e [T In(14 cw) —In(1 + bw) | -2+
B ° 1- i dw,
o 0 (c—b)w
(18)
which can be transformed into H;(b,c, nk ") as expressed

in (12) by symbolic integration in Wolfram Mathematica.
Equipped with G;(a,n®") and H;(b,¢,n"), the result of
function F AY( (a b,c) in (16) can be achieved. As a result,
we can obtaln the LTs of the aggregate interference power
Ly, (st), i € K, as in (14). Then by incorporating the result
of Ly, (s}) into (13), the result in Theorem 1 can be yielded.
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