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Abstract

We present a covariant multisymplectic formulation for the Einstein-Hilbert model of General

Relativity. As it is described by a second-order singular Lagrangian, this is a gauge field theory

with constraints. The use of the unified Lagrangian-Hamiltonian formalism is particularly interest-

ing when it is applied to these kinds of theories, since it simplifies the treatment of them; in particular,

the implementation of the constraint algorithm, the retrieval of the Lagrangian description, and the

construction of the covariant Hamiltonian formalism. In order to apply this algorithm to the co-

variant field equations, they must be written in a suitable geometrical way, which consists of using

integrable distributions, represented by multivector fields of a certain type. We apply all these tools

to the Einstein-Hilbert model without and with energy-matter sources. We obtain and explain the

geometrical and physical meaning of the Lagrangian constraints and we construct the multimomen-

tum (covariant) Hamiltonian formalisms in both cases. As a consequence of the gauge freedom and

the constraint algorithm, we see how this model is equivalent to a first-order regular theory, without

gauge freedom. In the case of presence of energy-matter sources, we show how some relevant geo-

metrical and physical characteristics of the theory depend on the type of source. In all the cases, we

obtain explicitly multivector fields which are solutions to the gravitational field equations. Finally, a

brief study of symmetries and conservation laws is done in this context.
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1 Introduction

The geometrisation of the theories of gravitation (General Relativity) and, in particular the multisymplec-

tic framework, allows us to do a covariant description of these theories, considering and understanding

several inherent characteristics of it, and it has been studied by different authors. For instance, relevant

references devoted to develop geometrically general aspects of the theory are [2, 5, 6, 7, 15, 22, 26, 40],

the reduction of the order of the theory and the projectability of the Poincaré-Cartan form associated

with the Hilbert-Einstein action is explained in [4, 38, 39], meanwhile in [32, 33] different aspects of the

theory are studied using Lepage-Cartan forms, and in [45, 46] a multisymplectic analysis of the vielbein

formalism of General Relativity is done. Finally, some general features of the gravitational theory fol-

lowing the polysymplectic version of the multisymplectic formalism are described in [21, 41], including

the problem of its precanonical quantization [27, 28, 29].

This paper is a contribution to the study of the most classical variational model for General Relativity

that is, the Einstein-Hilbert theory (with and without energy-matter sources), using the multisymplectic

framework for giving a covariant description of it. As it is well-known, this model is described by

a second-order singular Lagrangian, and thus this study presents General Relativity as a higher-order

premultisymplectic field theory with constraints. Our study is done from a different perspective since we

use the unified Lagrangian-Hamiltonian formalism developed for first and second-order multisymplectic

field theories [14, 35] (which was stated first by R. Skinner and R. Rusk for autonomous mechanical

systems [44]), and is specially interesting for analyzing non-regular constraint theories. Then we derive

from it the Lagrangian and multimomentum Hamiltonian formalism.

As a consequence of the singularity of the Lagrangian, the Einstein-Hilbert model exhibits gauge

freedom and it can be reduced to a first-order field theory [4, 32, 33, 38, 39]. Then, related to this

topic, we analyse also a first-order theory equivalent to Einstein-Hilbert (without matter-energy sources),

which is described by a first-order regular Lagrangian, showing, in this way, that General Relativity

can be realised as a regular multisymplectic field theory (without constraints). This first-order model is

different from the affine-metric or Einstein-Palatini approach which is also a first-order but non-regular

(gauge) theory. The gauge freedom of the Hilbert-Einstein theory is also discussed, in order to show

clearly the relation with the first-order case. In the case of the Einstein-Hilbert model with energy-matter

sources, we show how the behaviour of the theory (the constraints arising in the constraint algorithm

and the achievement of the multimomentum Hamiltonian formalism) depends on the characteristics of

the Lagrangian representing the sources. This study is done in detail for the most standard types of

energy-matter sources: those coupled to the metric.

In our analysis, the field equations are stated on their standard form (for sections), but also in a more

geometrical way, as equations for distributions (using multivector fields), which is the most suitable way

in order to obtain the set of points where these equations have consistent solutions. Thus, this allows

us to apply the extension of the geometrical constraint algorithms for singular dynamical systems to

(higher-order) singular field theories (see [10, 35]). In all the cases, we obtain explicitly multivector

fields (i.e., distributions) which are solutions to the gravitational field equations. As we will see, this

constraint algorithm plays a crucial role in obtaining the main features of the theory.

Another interesting aspect of the theory is the study of its symmetries. An analysis of this subject

is also given, stating the basic definitions and properties of symmetries and conservation laws in the La-

grangian formalism (including the corresponding version of Noether’s theorem) [12, 19], and extending

these concepts and properties to the unified formalism. The application of these results to the Einstein-

Hilbert model is briefly analyzed, recovering some previous results [32, 38].

The organization of the paper is the following: In Section 2 we present the Hilbert-Einstein La-

grangian (without energy-matter sources) in the ambient of higher-order jet bundles and their associated

multimomentum bundles. We develop the Lagrangian-Hamiltonian formalism for the theory and we ap-
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ply the constraint algorithm, obtaining the final constraint submanifold where the field equations have

consistent solutions. Then, we recover both the Lagrangian and Hamiltonian formalisms, using in the

last case, different charts of coordinates which show how this second-order theory can be equivalent to

a first-order one. This equivalent first-order model is studied in Section 3, using again the unified for-

malism, and recovering then the Lagrangian and Hamiltonian settings from it. Section 4 is devoted to

analyse the Hilbert-Einstein Lagrangian with energy-matter sources, following the same procedure as in

Section 2, and comparing the features of both cases. In Section 5 we discuss the basic concepts about

symmetries in the Lagrangian and the unified formalisms and for the Einstein-Hilbert model in particular.

Finally, in the appendices, the calculation of multivector fields which are solutions to the field equations

for all these models are explicitly done; as well as a brief review on multivector fields and distributions.

All the manifolds are real, second countable and C∞. The maps and the structures are C∞. Sum

over repeated indices is understood.

2 The Einstein-Hilbert model (without energy-matter sources)

2.1 Previous statements. The Hilbert-Einstein Lagrangian

Fist we consider the Hilbert Lagrangian for the Einstein equations of gravity without sources (no matter-

energy is present).

The configuration bundle for this system is a fiber bundle π : E → M , where M is a connected

orientable 4-dimensional manifold representing space-time, whose volume form is denoted η ∈ Ω4(M).
E is the manifold of Lorentz metrics on M ; that is, for every x ∈ M , the fiber π−1(x) is the set of

metrics with signature (−+++) acting on TxM .

The adapted fiber coordinates in E are (xµ, gαβ), (µ, α, β = 0, 1, 2, 3), such that η = dx0 ∧ . . . ∧
dx3 ≡ d4x and where gαβ are the component functions of the metric. It is usefull to consider also the

components gβα with β > α, since we should remember they are not independent because the metric is

symmetric, gαβ = gβα. Actually there are 10 independent variables, resulting that the dimension of the

fibers is 10 and dimE = 14. When we sum over the indices on the fiber and not all the components, we

order the indices as 0 ≤ α ≤ β ≤ 3.

In order to state the formalism we need to consider the kth-order jet bundles of the projection π,

Jkπ, (k = 1, 2, 3); which are the manifolds of the k-jets of local sections φ ∈ Γ(π); that is, equivalence

classes of local sections of π (see [42] for details). Points in Jkπ are denoted by jkxφ, with x ∈ M and

φ ∈ Γ(π) being a representative of the equivalence class. If φ ∈ Γ(π), we denote the kth prolongation

of φ to Jkπ by jkφ ∈ Γ(π̄k). We have the following natural projections: if r 6 k,

πkr : J
kπ −→ Jrπ
jkxφ 7−→ jrxφ

;
πk : Jkπ −→ E

jkxφ 7−→ φ(x)
;

π̄k : Jkπ −→ M
jkxφ 7−→ x

.

Observe that πsr ◦ π
k
s = πkr , πk0 = πk, πkk = IdJkπ, and π̄k = π ◦ πk. The induced coordinates in J3π

are (xµ, gαβ, gαβ,µ, gαβ,µν , gαβ,µνλ), (0 ≤ µ ≤ ν ≤ λ ≤ 3). Again, we will use all the permutations,

although only the ordered ones are proper coordinates.

A special kind of vector fields are the coordinate total derivatives [35, 42], which are locally given as

Dτ =
∂

∂xτ
+
∑

α≤β
µ≤ν≤λ

(
gαβ,τ

∂

∂gαβ
+ gαβ,µτ

∂

∂gαβ,µ
+ gαβ,µντ

∂

∂gαβ,µν
+ gαβ,µνλτ

∂

∂gαβ,µνλ

)
. (1)

Observe that, if f ∈ C∞(Jkπ), then Dτf ∈ C∞(Jk+1π).
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Next, consider the bundle J1π and let Mπ ≡ Λ4
2(J

1π) be the bundle of 4-forms over J1π vanishing

by the action of two π̄1-vertical vector fields; with the canonical projections

πJ1π : Λ
4
2(J

1π) → J1π ; π̄M = π̄1 ◦ πJ1π : Λ
4
2(J

1π) →M .

Induced local coordinates in Λ4
2(J

1π) are (xµ, gαβ , gαβ,µ, p, p
αβ,µ, pαβ,µν), with 0 ≤ α ≤ β ≤ 3 and

µ, ν = 0, . . . , 3. This bundle is endowed with the tautological (or Liouville) 4-form Θ1 ∈ Ω4(Λ4
2(J

1π))
and the canonical (or Liouville) 5-form Ω1 = −dΘ1 ∈ Ω5(Λ4

2(J
1π)) (it is a multisymplectic form; that

is, it is closed and 1-nondegenerate), whose local expressions are

Θ1 = p d4x+
∑

α≤β

(
pαβ,µdgαβ ∧ d3xµ + pαβ,µνdgαβ,µ ∧ d3xν

)
,

Ω1 = −dp ∧ d4x−
∑

α≤β

(
dpαβ,µ ∧ dgαβ ∧ d3xµ + dpαβ,µν ∧ dgαβ,µ ∧ d3xν

)
;

where d3xν = i

(
∂

∂xν

)
d4x. Now, consider the πJ1π-transverse submanifold s : J

2π† →֒ Λ4
2(J

1π)

defined locally by the constraints pαβ,µν = pαβ,νµ, which is called the extended 2-symmetric multimo-

mentum bundle (although it is defined using coordinates, this construction is canonical [43]). Let

π†
J1π

: J2π† → J1π ; π̄†M = π̄1 ◦ π†
J1π

: J2π† →M

be the canonical projections. Natural coordinates in J2π† are (xµ, gαβ , gαβ,µ, p, p
αβ,µ, pαβ,µν) (0 ≤

α ≤ β ≤ 3; 0 ≤ µ ≤ ν ≤ 3), with ∗sp
αβ,µν =

1

n(µν)
pαβ,µν (where n(µν) is a combinatorial factor

which n(µν) = 1 for µ = ν, and n(µν) = 2 for µ 6= ν). Denote Θs
1 = ∗sΘ1 ∈ Ω4(J2π†) and the

multisymplectic form Ωs1 = ∗sΩ1 = −dΘs
1 ∈ Ω5(J2π†), which are called symmetrized Liouville m and

(m+ 1)-forms, and their coordinate expressions are

Θs
1 = p d4x+

∑

α≤β

pαβ,µdgαβ ∧ d3xµ +
∑

α≤β

1

n(µν)
pαβ,µνdgαβ,µ ∧ d3xν ,

Ωs1 = −dp ∧ d4x−
∑

α≤β

dpαβ,µ ∧ dgαβ ∧ d3xµ −
∑

α≤β

1

n(µν)
dpαβ,µν ∧ dgαβ,µ ∧ d3xν .

Finally, consider the quotient bundle J2π‡ = J2π†/Λ4
1(J

1π), which is called the restricted 2-

symmetric multimomentum bundle, and it is endowed with the natural projections

µ : J2π† → J2π‡ ; π‡
J1π

: J2π‡ → J1π ; π̄‡M : J2π‡ →M.

Observe that J2π‡ is also the submanifold of Λ4
2(J

1π)/Λ4
1(J

1π) defined by the local constraints pαβ,µν−
pαβ,νµ = 0. Hence, natural coordinates in J2π‡ are (xµ, gαβ , gαβ,µ, p

αβ,µ, pαβ,µν), (0 ≤ α ≤ β ≤ 3;

0 ≤ µ ≤ ν ≤ 3). Obviously, dim J2π‡ = dim J2π† − 1.

The Hilbert-Einstein Lagrangian density (in vacuum) is a π2-semibasic form LV ∈ Ω4(J2π), then

LV = LV (π2)∗η, where LV ∈ C∞(J2π) is the Hilbert-Einstein Lagrangian function (in vacuum) given

by

LV = ̺R = ̺gαβRαβ ;

here ̺ =
√

|det(gαβ)|, R is the scalar curvature, Rαβ = DγΓ
γ
αβ − DαΓ

γ
γβ + ΓγαβΓ

δ
δγ − ΓγδβΓ

δ
αγ are

the components of the Ricci tensor, Γλµν =
1

2
gλρ (gνρ,µ + gρµ,ν − gµν,ρ) are the Christoffel symbols of

the Levi-Civita connection of g, and gαβ denotes the inverse matrix of g, namely: gαβgβγ = δαγ . As the

Christoffel symbols depend on first-order derivatives of gµν and taking into account the expression (1)

we have that the Lagrangian contains second-order derivatives of the components of the metric and thus

this is a second-order field theory.
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2.2 Lagrangian-Hamiltonian unified formalism

2.2.1 The higher-order jet multimomentum bundles

For the Lagrangian-Hamiltonian unified formalism, we have to consider the symmetric higher-order

jet multimomentum bundles W = J3π ×J1π J
2π† and Wr = J3π ×J1π J2π‡ (see [35, 36] for de-

tails), which have as natural local coordinates (xµ, gαβ , gαβ,µ, gαβ,µν , gαβ,µνλ, p, p
αβ,µ, pαβ,µν) and

(xµ, gαβ , gαβ,µ, gαβ,µν , gαβ,µνλ, p
αβ,µ, pαβ,µν), (0 ≤ α ≤ β ≤ 3; 0 ≤ µ ≤ ν ≤ 3). These bundles are

endowed with the canonical projections

ρ1 : W → J3π , ρ2 : W → J2π† , ρM : W →M

ρr1 : Wr → J3π , ρr2 : Wr → J2π‡ , ρrM : Wr →M .

Furthermore, the quotient map µ : J2π† → J2π‡ induces a natural submersion µW : W → Wr.

We can define the canonical pairing

C : J2π ×J1π Λ
4
2(J

1π) −→ Λ4
1(J

1π)
(j2xφ, ω) 7−→ (j1φ)∗

j1xφ
ω

,

and, from here, we have a new pairing Cs : J2π ×J1π J
2π† → Λ4

1(J
1π) defined as

Cs(j2xφ, ω) = C(j2xφ, js(ω)) = (j1φ)∗j1xφ js(ω) .

Therefore, the second-order coupling 4-form in W is the ρM -semibasic 4-form Ĉ ∈ Ω4(W) defined by

Ĉ(j3xφ, ω) = Cs(π32(j
3
xφ), ω) , (j3xφ, ω) ∈ W .

As Ĉ is a ρM -semibasic 4-form, there exists a function Ĉ ∈ C∞(W) such that Ĉ = Ĉρ∗Mη, and we have

the coordinate expression

Ĉ =


p+

∑

α≤β

pαβ,µgαβ,µ +
∑

α≤β
µ≤ν

pαβ,µνgαβ,µν


 d4x .

Denoting by L̂ = (π32 ◦ ρ1)
∗LV ∈ Ω4(W), we can write L̂ = L̂ ρ∗Mη, where L̂ = (π32 ◦ ρ1)

∗LV ∈
C∞(W). Then, we introduce the Hamiltonian submanifold

Wo =
{
w ∈ W : L̂(w) = Ĉ(w)

}
o
→֒ W ,

which is defined by the constraint

Ĉ − L̂ ≡ p+
∑

α≤β

pαβ,µgαβ,µ +
∑

α≤β
µ≤ν

pαβ,µνgαβ,µν − L̂ = 0 .

and it is µW-transverse and diffeomorphic to Wr, Φo : Wo → Wr. Then, the submanifold Wo induces a

Hamiltonian section ĥ ∈ Γ(µW) defined as ĥ = o ◦Φ
−1
o : Wr → W , which is specified giving the local

Hamiltonian function

Ĥ =
∑

α≤β

pαβ,µgαβ,µ +
∑

α≤β
µ≤ν

pαβ,µνgαβ,µν − L̂ .
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that is,

ĥ(xµ, gαβ , gαβ,µ, gαβ,µν , gαβ,µνλ, p
αβ,µ, pαβ,µν) =

(xµ, gαβ , gαβ,µ, gαβ,µν , gαβ,µνλ,−Ĥ, p
αβ,µ, pαβ,µν).

Hence, we have the diagram:

W

ρ1

��

µW

��
ρ2

��

Wr

ĥ

\\

ρr
1

��⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦

ρr
2

  ❆
❆❆

❆❆
❆❆

❆❆
❆❆

❆❆
❆❆

❆❆
❆

ρr
J1π

��

ρrM

��

J2π†

µ

��π
†

J1π

⑥⑥
⑥⑥

~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥⑥

J3π

π3

1 ''PP
PP

PP
PP

PP
PP

P J2π‡

π
‡

J1πww♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥
♥

J1π

π̄1

��
M

Now we define the Liouville forms in Wr, Θr = (ρ2 ◦ ĥ)∗Θs
1 ∈ Ω4(Wr) and Ωr = −dΘr =

(ρ2 ◦ ĥ)
∗Ωs1 ∈ Ω5(Wr), with local expressions

Θr = −Ĥd4x+
∑

α≤β

pαβ,µdgαβ ∧ d3xµ +
∑

α≤β

1

n(µν)
pαβ,µνdgαβ,µ ∧ d3xν ,

Ωr = dĤ ∧ d4x−
∑

α≤β

dpαβ,µ ∧ dgαβ ∧ d3xµ −
∑

α≤β

1

n(µν)
dpαβ,µν ∧ dgαβ,µ ∧ d3xν .

In the following, we commit an abuse of notation denoting also L̂ = (π32 ◦ ρ
r
1)

∗LV ∈ C∞(Wr). Then, it

is useful to consider the following decomposition [4, 38]:

L̂ =
∑

α≤β

L̂αβ,µνgαβ,µν + L̂0 , (2)

where

L̂αβ,µν =
1

n(µν)

∂L̂

∂gαβ,µν
=
n(αβ)

2
̺(gαµgβν + gανgβµ − 2gαβgµν) , (3)

L̂0 = ̺gαβ{gγδ(gδµ,βΓ
µ
αγ − gδµ,γΓ

µ
αβ) + ΓδαβΓ

γ
γδ − ΓδαγΓ

γ
βδ} . (4)

The point on this decomposition is to isolate the acceleration term, because L̂αβ,µν and L̂0 project onto

functions Lαβ,µν ∈ C∞(E) and L0 ∈ C∞(J1π), respectively. Another useful function is

L̂αβ,µ =
∂L̂

∂gαβ,µ
−

3∑

ν=0

1

n(µν)
Dν

(
∂L̂

∂gαβ,µν

)
=

∂L̂0

∂gαβ,µ
−DνL̂

αβ,µν . (5)

These forms are degenerate; namely,

ker Θr = ker Ωr =

〈
∂

∂gαβ,µν
,

∂

∂gαβ,µνλ

〉

0≤α≤β≤3; 0≤µ≤ν≤λ≤3

. (6)

For a premultisymplectic form Ω, we call (geometric) gauge vector fields to those vector fields belonging

to ker Ω. In this way, the coordinate vector fields in (6) are local gauge vector fields. Furthermore, Θr is

(π31 ◦ ρ
r
1)-projectable.
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2.2.2 The Lagrangian-Hamiltonian problem

Consider the system (Wr,Ωr).

Definition 1. A section ψ ∈ Γ(π̄k) is holonomic if jk(πk ◦ ψ) = ψ; that is, ψ is the kth prolongation of

a section φ = πk ◦ ψ ∈ Γ(π), and an integrable and π̄M -transverse multivector field X ∈ X4(Jkπ) is

holonomic if its integral sections are holonomic (see the appendix B for details on multivector fields).

A section ψ ∈ Γ(π̄‡M ) is holonomic in J2π‡ if π̄‡
J1π

◦ ψ ∈ Γ(π̄1) is holonomic in J1π, and an

integrable and π̄‡M -transverse multivector field X ∈ X4(J2π‡) is holonomic if its integral sections are

holonomic.

Finally, a section ψ ∈ Γ(ρrM ) is holonomic in Wr if ρr1 ◦ ψ ∈ Γ(π̄3) is holonomic in J3π, and an

integrable and ρrM -transverse multivector field X ∈ X4(Wr) is holonomic if its integral sections are

holonomic.

The local expression of a holonomic multivector field X ∈ X4(Wr) is

X =

4∧

λ=1

∑

α≤β
µ≤ν≤τ

(
∂

∂xλ
+ gαβ,λ

∂

∂gαβ
+ gαβ,µλ

∂

∂gαβ,µ
+ gαβ,µνλ

∂

∂gαβ,µν
+

Fαβ,µντλ
∂

∂gαβ,µντ
+Gαβ,µλ

∂

∂pαβ,µ
+Gαβ,µνλ

∂

∂pαβ,µν

)
, (7)

and, if ψ(xλ) = (xλ, ψαβ(x
λ), ψαβ,µ(x

λ), ψαβ,µν(x
λ), ψαβ,µντ (x

λ), ψαβ,µ(xλ), ψαβ,µν(xλ)) is an in-

tegral section of X, its component functions satisfy the following system of partial differential equations

∂ψαβ
∂xλ

= gαβ,λ ◦ ψ ,
∂ψαβ,µ
∂xλ

= gαβ,µλ ◦ ψ ,
∂ψαβ,µν
∂xλ

= gαβ,µνλ ◦ ψ ,

∂ψαβ,µντ
∂xλ

= Fαβ,µντλ ◦ ψ ,
∂ψαβ,µ

∂xλ
= Gαβ,µλ ◦ ψ ,

∂ψαβ,µν

∂xλ
= Gαβ,µνλ ◦ ψ . (8)

It is important to point out that the fact that a multivector field in Wr has the local expression (7) (and

then being locally decomposable and ρrM -transverse) is just a necessary condition to be holonomic, since

it may not be integrable. However, if such a multivector field admits integral sections, then its integral

sections are holonomic. In general, a locally decomposable and ρrM -transverse multivector field which

has (7) as coordinate expression, is said to be semiholonomic in Wr.

The Lagrangian-Hamiltonian problem associated with the system (Wr,Ωr) consists in finding holo-

nomic sections ψ ∈ Γ(ρrM ) satisfying any of the following equivalent conditions:

1. ψ is a solution to the equation

ψ∗ i(X)Ωr = 0 , for every X ∈ X(Wr) . (9)

2. ψ is an integral section of a multivector field contained in a class of holonomic multivector fields

{X} ⊂ X4(Wr) satisfying the equation

i(X)Ωr = 0 . (10)

As the form Ωr is 1-degenerate we have that (Wr,Ωr) is a premultisymplectic system, and solutions

to (9) or (10) do not exist everywhere in Wr. Then [35]:
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Proposition 1. A section ψ ∈ Γ(ρrM ) solution to the equation (9) takes values in a 140-codimensional

submanifold LV
: WLV

→֒ Wr which is identified with the graph of a bundle map FLV : J3π → J2π‡,
over J1π, defined locally by

FL ∗
V pαβ,µ =

∂L̂

∂gαβ,µ
−

3∑

ν=0

1

n(µν)
Dν

(
∂L̂

∂gαβ,µν

)
= L̂αβ,µ , FL ∗

V pαβ,µν =
∂L̂

∂gαβ,µν
. (11)

What is equivalent, the submanifold WLV
is the graph of a bundle morphism F̃LV : J3π → J2π† over

J1π defined locally by

F̃L
∗

V p
αβ,µ =

∂L̂

∂gαβ,µ
−

3∑

ν=0

1

n(µν)
Dν

(
∂L̂

∂gαβ,µν

)
= L̂αβ,µ ,

F̃L
∗

V p
αβ,µν =

∂L̂

∂gαβ,µν
,

F̃L
∗

V p = L̂−
∑

α≤β

gαβ,µ

(
∂L̂

∂gαβ,µ
−

3∑

ν=0

1

n(µν)
Dν

(
∂L̂

∂gαβ,µν

))
−
∑

α≤β
µ≤ν

gαβ,µν
∂L̂

∂gαβ,µν
.

The maps FLV and F̃LV are the restricted and the extended Legendre maps (associated with the La-

grangian density LV), and they satisfy that FLV = µ◦F̃LV (they can be also be defined intrinsically, as

we will see in Section 2.3.1). For every j3xφ ∈ J3π, we have that rank(F̃LV(j
3
xφ)) = rank(FLV(j

3
xφ)).

Remember that, according to [43], a second-order Lagrangian density L ∈ Ω4(J2π) is regular if

rank(F̃L(j3xφ)) = rank(FL(j3xφ)) = dim J2π + dim J1π − dimE = dimJ2π‡ ,

otherwise, the Lagrangian density is singular. Regularity is equivalent to demand that FL : J3π → J2π‡

is a submersion onto J2π‡ and this implies that there exist local sections of FL. If FL admits a global

section Υ: J2π‡ → J3π, then the Lagrangian density is said to be hyperregular. Recall that the regularity

of L determines if the section ψ ∈ Γ(ρrM ) solution to the equation (9) lies in WL or in a submanifold

Wf →֒ WL where the section ψ takes values. In order to obtain this final constraint submanifold, the

best way is to work with the equation (10) instead of (9).

Observe that the map ρV1 = ρr1 ◦ LV
: WLV

→ J3π is a diffeomorphism.

2.2.3 Field equations for multivector fields

First, the premultisymplectic constraint algorithm [10] states that:

Proposition 2. A solution X ∈ X4(Wr) to equation (10) exists only on the points of the compatibility

submanifold Wc →֒ Wr defined by

Wc =
{
w ∈ Wr : (i(Z)dĤ)(w) = 0 , for every Z ∈ ker(Ωr)

}

=
{
w ∈ Wr : (i(Y )Ωr)(w) = 0 , for every Y ∈ XV (ρr

2
)(Wr)

}
.

Bearing in mind (6) and that i

(
∂

∂gαβ,µντ

)
dĤ = 0, the functions locally defining this submanifold

have the following coordinate expressions

i

(
∂

∂gαβ,µντ

)
dĤ = pαβ,µν −

∂L̂

∂gαβ,µν
. (12)



J. Gaset and N. Román-Roy, Multisymplectic unified formalism for Einstein-Hilbert Gravity. 10

Then, the tangency condition for the multivector fields X which are solutions to (10) on Wc gives rise to

24 new constraints

pαβ,µ −
∂L̂

∂gαβ,µ
+

3∑

ν=0

1

n(µν)
Dν

(
∂L̂

∂gαβ,µν

)
= 0 .

which define a submanifold of Wc that coincides with the submanifold WL. Now the study of the

tangency of X along WL could introduce new constraints depending on the regularity of L, and the

algorithm continues until we reach the submanifold Wf . The final result is given in the next theorem:

Theorem 1. Let Wf →֒ Wr be the submanifold defined locally by the constraints

pαβ,µν −
∂L̂

∂gαβ,µν
= 0 , pαβ,µ − L̂αβ,µ = 0 , L̂αβ = 0 , Dτ L̂

αβ = 0 ;

for 0 ≤ α ≤ β ≤ 3, 0 ≤ µ ≤ ν ≤ 3 and 0 ≤ τ ≤ 3. Then, there exist classes of holonomic multivector

fields {X} ⊂ X4(Wr) which are tangent to Wf and such that

i (X)Ωr|Wf
= 0 , ∀X ∈ {X} ⊂ X4(Wr) . (13)

Proof. In order to find the final submanifold Wf we use a local coordinate procedure which is equivalent

to the constraint algorithm for premultisymplectic field theories. Bearing in mind (7), the local expression

of a representative of a class of a semiholonomic multivector fields, not necessarily integrable, is, in this

case,

X =
3∧

τ=0

Xτ =
3∧

τ=0

∑

α≤β
µ≤ν≤λ

(
∂

∂xτ
+ gαβ,τ

∂

∂gαβ
+ gαβ,µτ

∂

∂gαβ,µ
+ gαβ,µντ

∂

∂gαβ,µν

Fαβ;µνλ,τ
∂

∂gαβ,µνλ
+Gαβ,µτ

∂

∂pαβ,µ
+Gαβ,µντ

∂

∂pαβ,µν

)
,

then, equation (10) leads to

Gαβ,νν −
∂L̂

∂gαβ
= 0 , (14)

3∑

ν=0

1

n(µν)
Gαβ,µνν −

∂L̂

∂gαβ,µ
+ pαβ,µ = 0 , (15)

pαβ,µν − L̂αβ,µν = 0 . (16)

Equations (16) are what we obtain in Proposition 2 (see (12)), and they are the constraints defining the

compatibility submanifold Wc →֒ Wr. The tangency conditions on them,

L(Xτ )(p
αβ,µν −

∂L̂

∂gαβ,µν
)|Wc = 0 ,

allows us to determine some coefficients

Gαβ,µντ = Dτ
∂L̂

∂gαβ,µν
; (on Wc) . (17)

These new identities are not compatible with (10). Indeed, combining them with (15) we have:

0 =

3∑

ν=0

1

n(µν)
Dν

∂L̂

∂gαβ,µν
−

∂L̂

∂gαβ,µ
+ pαβ,µ = pαβ,µ − L̂αβ,µ ; (on Wc) . (18)
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These restrictions define the submanifold WLV
→֒ Wc. The tangency conditions on these new con-

straints,

L(Xτ )(p
αβ,µ − L̂αβ,µ)|WL

V
= 0 ,

lead to

Gαβ,µτ = Dτ
∂L̂

∂gαβ,µ
−DτDσL̂

αβ,µσ ; (on WLV
) . (19)

Contracting the indices µ and τ in these restrictions and combining them with (14), we obtain the new

functions

L̂αβ :=
∂L̂

∂gαβ
−Dν L̂

αβ,ν =
∂L̂

∂gαβ
−Dν

∂L̂

∂gαβ,ν
+
∑

ν≤µ

DνDµ
∂L̂

∂gαβ,νµ
= 0 ; (on WLV

) ,

which are explicitly

L̂αβ = −̺n(αβ)

(
Rαβ −

1

2
gαβR

)
= 0 ; (on WLV

) . (20)

These are the Euler-Lagrange equations, and when they are evaluated on sections in WLV
we recover

the Einstein equations (Rαβ − 1/2gαβR)|ψ = 0. From its definition we can see that L̂αβ do not depend

neither on the momenta, nor on higher order velocities than the accelerations of the components of the

metric, therefore L̂αβ project onto J2π. The equations (20) are algebraic combinations of the coordinates

of WL and a solution can only exists on the points where they vanish. Thus, L̂αβ are new constraints

which define locally the submanifold W1 →֒ WLV
→֒ Wr. (Note that, as a consequence of the Bianchi

identities, these constraints are not independent all of them). Continuing with the constraint algorithm,

we consider the tangency conditions on these constraints,

L(Xτ )L̂
αβ|W1

= 0 ,

which lead to

Dτ L̂
αβ = Dτ

(
−̺n(αβ)

(
Rαβ −

1

2
gαβR

))
= 0 ; (on W1) . (21)

These are new constraints again (observe that these functions Dτ L̂
αβ project onto J3π, since they do

not depend on the higher-order derivatives and the momenta). They define locally the submanifold

Wf →֒ W1 →֒ WLV
→֒ Wr. Finally, the new tangency conditions,

L(Xσ)Dτ L̂
αβ|Wf

= 0 ,

lead to

∑

γ≤λ
µ≤ν≤κ

(
∂

∂xσ
+ gγλ,σ

∂

∂gγλ
+ gγλ,µσ

∂

∂gγλ,µ
+ gγλ,µνσ

∂

∂gγλ,µν

+Fγλ;µνκ,σ
∂

∂gγλ,µνκ

)
Dτ L̂

αβ = 0 ; (on Wf ) . (22)

and these equations allows us to determine some functions Fγλ;µνκ,σ. The manifold Wf is actually

the final constraint submanifold because there exist integrable holonomic multivector fields solutions to

equations (13) on Wf , tangent to Wf , which are (partially) determined by the conditions (17), (19), and

(22); that is,

X =

3∧

τ=0

∑

α≤β
µ≤ν≤λ

(
∂

∂xτ
+ gαβ,τ

∂

∂gαβ
+ gαβ,µτ

∂

∂gαβ,µ
+ gαβ,µντ

∂

∂gαβ,µν
+

DτDγ(gλσ(Γ
λ
ναΓ

σ
µβ + ΓλνβΓ

σ
µα))

∂

∂gαβ,µνγ
+Dτ L̂

αβ,µ ∂

∂pαβ,µ
+Dτ

∂L̂

∂gαβ,µν

∂

∂pαβ,µν

)
.(23)
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One can prove (after a long computation) that this is actually an integrable solution (see section A for

more details). Finally, we have that the complete set of constraint functions defining the final constraint

submanifold Wf →֒ Wr are given by (16), (18), (20) and (21); that is,

pαβ,µν −
∂L̂

∂gαβ,µν
= 0 , pαβ,µ − L̂αβ,µ = 0 , L̂αβ = 0 , Dτ L̂

αβ = 0 .

2.2.4 Field equations for sections

Once the holonomic multivector fields which are solutions to equation (10) (on Wf ) have been obtained,

in order to obtain the field equations for sections we can use, either the equations (8), or the equivalent

equations (9) which the integral sections of these multivector fields satisfy. Thus, if these sections are

locally given by

ψ(xλ) = (xλ, ψαβ(x
λ), ψαβ,µ(x

λ), ψαβ,µν(x
λ), ψαβ,µντ (x

λ), ψαβ,µ(xλ), ψαβ,µν(xλ)) ,

the equation (10) leads to

∂ψαβ,µ

∂xµ
−

∂L̂

∂gαβ
= 0 , (24)

∂ψαβ,µν

∂xν
+ ψαβ,µ −

∂L̂

∂gαβ,µ
= 0 , (25)

ψαβ,µν − L̂αβ,µν = 0 , (26)

ψαβ,µ −
∂ψαβ
∂xµ

= 0 , (27)

ψαβ,µν −
1

n(µν)

(
∂ψαβ,µ
∂xν

+
∂ψαβ,ν
∂xµ

)
= 0 . (28)

Equations (27) and (28) are part of the holonomy conditions. Equations (25) and (26), as they do not

involve the derivatives of the fields higher than 3, are just relations among the coordinates of the points

in Wr, which are equivalent to equations (16) and (15), respectively, and they define the Legendre map

introduced in (11). They show that, as discussed above, the section ψ take values in the submanifold

WLV
=

{
w ∈ Wr | p

αβ,µν =
∂L̂

∂gαβ,µν
(w) , pαβ,µ = L̂αβ,µ(w)

}
= graphFLV .

Finally, combining the equations (24) with the local expression of the Legendre map given by the equa-

tions (25) and (26) we obtain

L̂αβ|ψ :=


 ∂L̂

∂gαβ
−Dµ

∂L̂

∂gαβ,µ
+
∑

µ≤ν

DµDν
∂L̂

∂gαβ,µν



∣∣∣∣∣∣
ψ

= −̺n(αβ)

(
Rαβ −

1

2
gαβR

)∣∣∣∣
ψ

= 0 .

(29)

These are the Euler-Lagrange equations for a section ψ ∈ Γ(ρrM ), which are equivalent to the Einstein

equations (
Rαβ −

1

2
gαβR

) ∣∣∣
ψ
= 0 ; (30)

and, as it is well known, they are of order two.
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If ψ is a holonomic section solution to (9), the tangency conditions on the Einstein’s equations are

automatically satisfied. Indeed, the last constraints (21) read

(
Dτ L̂

αβ
)∣∣∣
ψ
=
∂(L̂αβ ◦ ψ)

∂xτ
= 0 ,

which is automatically satisfied because ψ, in particular, is a solution to the Einstein equations (30) and

then (29) holds. Using the same reasoning, we can check that (22) is also automatically satisfied. These

last equations fix the gauge freedom, therefore the gauge symmetry does not show when considering the

Einstein’s equations for sections.

2.3 Recovering the Lagrangian and Hamiltonian formalisms

2.3.1 Lagrangian formalism

(See [35, 36] for the general details). Let Θs
1 ∈ Ω4(J2π†) and Ωs1 ∈ Ω5(J2π†) be the symmetrized

Liouville forms in J2π†. The Poincaré-Cartan forms in J3π are the forms defined as

ΘLV
= F̃L

∗

VΘ
s
1 ∈ Ω4(J3π) , ΩLV

= F̃L
∗

VΩ
s
1 = −dΘLV

∈ Ω5(J3π) .

The Poincaré-Cartan 4-form satisfies that ρ∗2Θ
s
1 = ρ∗1ΘLV

, and the same result holds for the Poincaré-

Cartan 5-form ΩLV
.

Remark: These forms coincide with the usual Poincaré-Cartan forms for second-order classical field

theories that can be found in the literature [1, 18, 30, 34], which are constructed taking the Lagrangian

density LV and using the canonical structures of the higher-order jet bundles. Therefore, starting from

the 4-Poincaré-Cartan form ΘLV
, the Legendre maps F̃LV and FLV can be defined in an intrin-

sic way as follows [14]: if Z1, . . . , Zm ∈ Tπ3(j3xφ)
E, and Z̄1, . . . , Z̄m ∈ Tj3xφJ

3π are such that

Tj3xφπ
3Z̄α = Zα; then, for every j3xφ ∈ J3π, the extended Legendre map, F̃LV : J3π → J2π†, is

given by [F̃LV(j
3
xφ)](Z1, . . . , Zm) := (ΘLV

)j3xφ(Z̄1, . . . , Z̄m), and then the restricted Legendre map is

FLV := µ ◦ F̃LV.

Using natural coordinates in J3π, we have the local expression

ΘLV
= −


∑

α≤β

Lαβ,µgαβ,µ +
∑

α≤β

Lαβ,µνgαβ,µν − L


 d4x

+
∑

α≤β

Lαβ,µdgαβ ∧ d3xµ +
∑

α≤β

Lαβ,µνdgαβ,µ ∧ d3xν . (31)

Notice that, if

H ≡ (LV
◦ (ρV1 )

−1)∗Ĥ =
∑

α≤β

Lαβ,µνgαβ,µν +
∑

α≤β

Lαβ,µgαβ,µ − L = ̺ gαβ,µgkl,νH
αβklµν , (32)

where

Hαβklµν =
1

4
gαβgklgµν −

1

4
gαkgβlgµν +

1

2
gαkglµgβν −

1

2
gαβglνgkµ , (33)

then

ΩLV
= −dΘLV

= dH∧d4x−
∑

α≤β

dLαβ,µdgαβ∧d
m−1xµ−

∑

α≤β

dLαβ,µνdgαβ,µ∧d
m−1xν ∈ Ω5(J3π) ;
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where we have denoted L = (LV
◦ (ρV1 )

−1)∗L̂, Lαβ,µν = (LV
◦ (ρV1 )

−1)∗L̂αβ,µν , Lαβ,µ = (LV
◦

(ρV1 )
−1)∗L̂αβ,µ, and L0 = (LV

◦ (ρV1 )
−1)∗L̂0, which have the same coordinate expressions than L̂,

L̂αβ,µν , L̂0, and L̂αβ,µ, given in(2), (3), (4), and (5), respectively. Observe that this is a pre-multisymplectic

form since, locally,

ker ΩLV
=

〈
∂

∂gαβ,µν
,

∂

∂gαβ,µνλ

〉

0≤α≤β≤3; 0≤µ≤ν≤λ≤3

.

Thus we have the Lagrangian system (J3π,ΩLV
), and the Lagrangian problem associated with this

system consists in finding holonomic sections ψL = j3φ ∈ Γ(π̄3) (with φ ∈ Γ(π)) satisfying any of the

following equivalent conditions:

1. ψL is a solution to the equation

ψ∗
L i(X)ΩLV

= 0 , for every X ∈ X(J3π) . (34)

2. ψL is an integral section of a multivector field contained in a class of holonomic multivector fields

{XL} ⊂ X4(J3π) satisfying the equation

i(XL)ΩLV
= 0 . (35)

In order to recover the Lagrangian field equations, the Poincaré-Cartan forms defined in J3π satisfy

(ρV1 )
∗ΘLV

= ∗LV
Θr and (ρV1 )

∗ΩLV
= ∗LV

Ωr. Then, the solution to the Lagrangian problem associated

with the singular Lagrangian system (J3π,ΩLV
), which is stated in the equations (34) and (35), is given

by the following Proposition 3 and Theorem 2:

Proposition 3. If ψ ∈ Γ(ρrM ) be a holonomic section solution to the equation (9), then the section

ψL = ρr1 ◦ ψ ∈ Γ(π̄3) is holonomic, and is a solution to the equation

ψ∗
Li(X)ΩLV

= 0 , for every X ∈ X(J3π) . (36)

Conversely, if ψL ∈ Γ(π̄3) is a holonomic section solution to the field equation (36), then the section

ψ = LV
◦ (ρV1 )

−1 ◦ ψL ∈ Γ(ρrM ) is holonomic and it is a solution to the equation (9).

In local coordinates in J3π, the equation for the holonomic section ψL = j3φ are the Euler-Lagrange

equations 
 ∂L

∂gµν
−Dµ

∂L

∂gαβ,µ
+
∑

µ≤ν

DµDν
∂L

∂gαβ,µν



∣∣∣∣∣∣
j3φ

= 0 . (37)

Theorem 2. Let X ∈ X4(Wr) be a holonomic multivector field solution to the equation (10), at least

on the points of a submanifold f : Wf ⊆ WLV
→֒ Wr, and tangent to Wf . Then there exists a unique

holonomic multivector field XL ∈ X4(J3π) solution to the following equation, at least on the points of

Sf = ρV1 (Wf ), and tangent to Sf ,

i(XL)ΩLV
= 0 , (38)

Conversely, if XL ∈ X4(J3π) is a holonomic multivector field solution to the equation (38), at least

on the points of a submanifold Sf →֒ J3π, and tangent to Sf ; then there exists a unique holonomic

multivector field X ∈ X4(Wr) which is a solution to the equation (10), at least on the points of Wf =
(ρV1 )

−1(Sf ) →֒ WLV
→֒ Wr, and tangent to Wf . (See diagram (47)).

The relation between these multivector fields is XL ◦ ρr1 ◦ f = Λ4Tρr1 ◦X ◦ f .
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As we have pointed out before, the equalities (16) and (18) define the submanifold WLV
which is dif-

feomorphic with J3π, and the constraint functions defining the Lagrangian final constraint submanifold

Sf →֒ J3π are

Lαβ =
∂L

∂gαβ
−Dµ

∂L

∂gαβ,µ
+
∑

µ≤ν

DµDν
∂L

∂gαβ,µν
= −̺n(αβ)

(
Rαβ −

1

2
gαβR

)
= 0 , (39)

DτL
αβ = 0 . (40)

The local expression of a representative of a class of holonomic multivector fields in J3π is

X =
3∧

τ=0

∑

α≤β
µ≤ν≤λ

(
∂

∂xτ
+ gαβ,τ

∂

∂gαβ
+ gαβ,µτ

∂

∂gαβ,µ
+ gαβ,µντ

∂

∂gαβ,µν
+ Fαβ;µνλ,τ

∂

∂gαβ,µνλ

)
;

(41)

then, there are holonomic multivector fields which are solutions to the equation (35) on Sf , and tangent

to Sf . They are obtained from (23) using Theorem 2:

XL =

3∧

τ=0

∑

α≤β
µ≤ν≤λ

(
∂

∂xτ
+ gαβ,τ

∂

∂gαβ
+ gαβ,µτ

∂

∂gαβ,µ
+ gαβ,µντ

∂

∂gαβ,µν
+

(gλσ(Γ
λ
ναΓ

σ
µβ + ΓλνβΓ

σ
µα))

∂

∂gαβ,µνλ

)
.

Finally, for the equations of the integral sections of these multivector fields (equation (34)), from

(30), we obtain that (39), evaluated on the points in the image of holonomic sections ψL = j3φ in J3π
(see Prop 3 and (37)), are equivalent to the Einstein equations

Lαβ|j3φ =


 ∂L

∂gαβ
−Dµ

∂L

∂gαβ,µ
+
∑

µ≤ν

DµDν
∂L

∂gαβ,µν



∣∣∣∣∣∣
j3φ

= −̺n(αβ)

(
Rαβ −

1

2
gαβR

)∣∣∣∣
j3φ

= 0 . (42)

All these results can be also obtained applying the constraint algorithm straightforwardly for the

equation (35), in the same way as we have done for the unified formalism; then doing a purely Lagrangian

analysis. Thus, the Euler-Lagrange equations for an holonomic multivector field like (41) (which are

obtained from (35)) read as

∑

ρ≤σ,µ≤ν,λ≤τ

(
∂2L

∂gαβ,µν∂gρσ,λτ

)
(Fρσ;λτµ,ν −Dνgρσ;λτµ) + Lαβ = 0 ,

and, as for the Hilbert-Einstein Lagrangian the Hessian matrix

(
∂2L

∂gαβ,ρσ∂gµν,λτ

)
vanishes identically,

we obtain that Lαβ = 0, which are the compatibility conditions for the Euler-Lagrange equations; that

is, the primary Lagrangian constraints (39). From here, the constraint algorithm continues by requiring

the tangency condition, as it is usual (see [20]).
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2.3.2 Hamiltonian formalism

(See [35, 37] for the general details). Consider the Legendre maps introduced in Proposition 1. Then

Tj3xφFLV =




1 0 0 0 0
0 1 0 0 0
0 0 1 0 0

0
∂L̂αβ,µ

∂gγδ

∂L̂αβ,µ

∂gγδ,τ
0 0

0
∂2L̂

∂gγδ∂gαβ,µν
0 0 0




,

and we have that rank(Tj3xφFLV) = 54. Furthermore, locally we have that

ker (FLLV
)∗ = ker ΩLV

=

〈
∂

∂gαβ,µν
,

∂

∂gαβ,µνλ

〉

0≤α≤β≤3; 0≤µ≤ν≤λ≤3

, (43)

and thus FLV is highly degerated.

Denote P̃ = F̃LV(J
3π)

̃
→֒ J2π† and P = FLV(J

3π)

→֒ J2π‡, and let FLoV be the map defined

by FLV =  ◦ FLoV and π̄P : P → M the natural projection. In order to assure the existence of the

Hamiltonian formalism we have to assure that the Lagrangian density LV ∈ Ω4(J2π) is, at least, almost-

regular; that is, P is a closed submanifold of J2π‡, FLV is a submersion onto its image and, for every

j3xφ ∈ J3π, the fibers FL−1
V (FLV(j

3
xφ)) are connected submanifolds of J3π. Then, the following result

allows us to consider the Hamiltonian formalism:

Proposition 4. LV is an almost-regular Lagrangian and P is diffeomorphic to J1π.

Proof. P is a closed submanifold of J2π‡ since it is defined by the constraints

pαβ,µν −
∂L̂

∂gαβ,µν
= 0; pαβ,µ − L̂αβ,µ = 0 .

The dimension of P is 4+ 10+40 = 54 and, as rank(TFLV) = 54 in every point, TFLV is surjective

and FLV is a submersion. Finally, bearing in mind (43), we conclude that the fibers of the Legendre

map, FL−1
V (FLV(j

3
xφ)) (for every j3xφ ∈ J3π), are just the fibers of the projection π̄31, which are

connected submanifolds of J3π. Recall that J3π is connected because we are considering metrics with

fixed signature. Thus, LV is an almost-regular Lagrangian.

Furthermore, taking any local section φ of the projection π31 , the map Φ = FLV ◦ φ : J1π → P is a

local diffeomorphism (which does not depend on the section chosen). Then, using these local sections,

from a differentiable structure of J1π we can construct a differentiable structure for P; hence P and J1π
are diffeomorphic.

J3π
FLo

V //

π3

1

��

P ⊂ J2π‡

J1π

φ

RR

Φ

@@
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Then, it can be proved that the µ-transverse submanifolds P̃ and P are diffeomorphic and the dif-

feomorphism, denoted µ̃ : P̃ → P, is just the restriction of the projection µ to P̃ . Therefore we can

define a Hamiltonian µ-section as hV = ̃ ◦ µ̃−1, which is specified by a local Hamiltonian function

HP ∈ C∞(P); that is, hV(x
µ, gαβ , gαβ,µ, p

αβ,µ, pαβ,µν) = (xµ, gαβ , gαβ,µ,−HP , p
αβ,µ, pαβ,µν). This

function HV is the Hamiltonian function defined on P and is given by H = (FLoV)
∗HV; where H is

the function defined in (32), which is FLoV-projectable.

P̃
̃ //

µ̃

��

J2π†

µ

��

W

µW

��

ρ2oo

P
 //

hV

77♣♣♣♣♣♣♣♣♣♣♣♣♣♣
J2π‡ Wr

ĥ

XX

ρr
2oo

Now, we can define the Hamiltonian forms

ΘhV := h∗VΘ
s
1 ∈ Ω4(P) , ΩhV := −dΘhV = h∗VΩ

s
1 ∈ Ω

5(P) ,

and thus we have the Hamiltonian system (P,ΩhV). Then, the Hamiltonian problem associated with this

system consists in finding holonomic sections ψh : M → P satisfying any of the following equivalent

conditions:

1. ψh is a solution to the equation

ψ∗
hi(X)ΩhV = 0 , for every X ∈ X(P) . (44)

2. ψh is an integral section of a multivector field contained in a class of holonomic multivector fields

{Xh} ⊂ X4(P) satisfying the equation

i (Xh)ΩhV = 0 , ∀Xh ∈ {Xh} ⊂ X4(P) . (45)

(Here, holonomic sections and multivector fields are defined as in J2π†). Then the Hamiltonian formal-

ism is recovered as follows:

Proposition 5. Let ψ ∈ Γ(ρrM ) be a solution to the equation (9). Then, the section ψh = FLoV◦ρr1 ◦ψ =
FLoV ◦ ψL ∈ Γ(π̄P) is a solution to the equation

ψ∗
h i(X)ΩhV = 0 , for every X ∈ X(P) .

Wr
ρ2 //

ρr
1

ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦

ρr
2

''❖❖
❖❖

❖❖
❖❖

❖❖
❖❖

❖

ρrM

��

ρr
P

  ❆
❆❆

❆❆
❆❆

❆❆
❆❆

❆❆
❆❆

❆❆
❆❆

J2π†

µ

��
J3π

π̄3

  ❆
❆❆

❆❆
❆❆

❆❆
❆❆

❆❆
❆❆

❆❆
❆

FLV //

FLo
V

❲❲❲❲
❲❲❲❲

❲❲❲

❲❲

++❲❲❲❲
❲❲❲❲

❲❲❲❲
❲❲❲

J2π‡

P
?�



OO

π̄P

vv♠♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠

M

ψL

VV

ψh=FLo
V
◦ψL

AA
ψ

II

Theorem 3. Let X ∈ X4(Wr) be a holonomic multivector field which is a solution to the equation (10),

at least on the points of a submanifold f : Wf ⊆ WLV
→֒ Wr, and tangent to Wf . Then there exists

a holonomic multivector field Xh ∈ X4(P) which is a solution to the following equation, at least on the

points of Pf = FLV(Sf ), and tangent to Pf ,

i(Xh)ΩhV|Pf
= 0 . (46)



J. Gaset and N. Román-Roy, Multisymplectic unified formalism for Einstein-Hilbert Gravity. 18

Conversely, if Xh ∈ X4(P) is a holonomic multivector field which is a solution to the equation (46),

at least on a submanifold Pf →֒ P, and tangent to Pf ; then there exist locally decomposable, ρrM -

transverse and integrable multivector fields X ∈ X4(Wr) which are solutions to the equation (10), at

least on the points of Wf = (ρV2 )
−1(Pf ) →֒ WLV

→֒ Wr, and tangent to Wf .

If X is ρrP -projectable (or, what is equivalent, if the multivector field XL in Theorem 2 is FLoV-

projectable), then the relation between these multivector fields is Xh ◦ ρ
r
P ◦ f = Λ4TρrP ◦X ◦ f .

Wr

ρr
1

		

ρr
P

		

ρr
2

��

WLV

ρV
1

ww♥♥♥
♥♥
♥♥
♥♥
♥♥
♥♥

ρVP

  ❆
❆❆

❆❆
❆❆

❆❆
❆❆

❆❆
❆❆

❆❆
❆❆

ρV
2

((PP
PP

PP
PP

PP
PP

P

?�

jLV

OO

J3π
FLV //

FLo
V

❲❲❲❲
❲❲❲❲

❲❲❲❲
❲❲❲

++❲❲❲❲
❲❲❲❲

❲❲❲❲
❲❲❲❲

J2π‡

Wf

?�

OO

ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦

''PP
PP

PP
PP

PP
PP

PP
P P

?�



OO

Sf
?�

OO

Pf
?�

OO

(47)

Formulation using non multimomentum coordinates.

From the unified formalism, the easiest way to describe locally the Hamiltonian formalism consists

in taking (xµ, gαβ , gαβ,µ) as local coordinates adapted to P. As the function H defined in (32) is FLoV-

projectable, the Hamiltonian function defined on P is just

HV =
∑

α≤β

Lαβ,µνgαβ,µν +
∑

α≤β

Lαβ,µgαβ,µ − L = ̺ gαβ,µgkl,νH
αβklµν , (48)

where Hαβklµν is given by (33). As LV is almost regular, the Hamiltonian section hV : P → J2π† exists

and its local expression is

hV(x
µ, gαβ , gαβ,µ) = (xµ, gαβ , gαβ,µ,−HV, L

αβ,µ, Lαβ,µν) .

Now we define the Hamilton-Cartan forms ΘhV = h∗VΘ
s
1 ∈ Ω4(P) and ΩhV = −dΘhV ∈ Ω5(P),

whose coordinate expressions are

ΘhV = −HV d4x+
∑

α≤β

Lαβ,µdgαβ ∧ d3xµ +
∑

α≤β

Lαβ,µνdgαβ,µ ∧ d3xν ,

ΩhV = −dΘhV

= dHV ∧ d4x−
∑

α≤β

dLαβ,µ ∧ dgαβ ∧ d3xµ −
∑

α≤β

dLαβ,µν ∧ dgαβ,µ ∧ d3xν . (49)

(Observe that, with this choice of coordinates,ΘhV and ΩhV looks locally like ΘLV
and ΩLV

). Thus,

we have the Hamiltonian system (P,ΩhV). Then, Proposition 5 and Theorem 3 establish the relation

between the solutions to the Hamiltonian and the unified problem.

In this case, first observe that, locally,

ker (πrP )∗ =

〈
∂

∂pαβ,µ
,

∂

∂pαβ,µν
;

∂

∂gαβ,µν
,

∂

∂gαβ,µνλ

〉

0≤α≤β≤3; 0≤µ≤ν≤λ≤3

,
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and as

L

(
∂

∂gαβ,µν

)
L̂λσ 6= 0 , L

(
∂

∂gαβ,µν

)
(Dτ L̂

λσ) 6= 0 , L

(
∂

∂gαβ,µν

)
(Dτ L̂

λσ) 6= 0 ,

we have that the constraints (20) and (21) (which define the final constraint submanifold Wf as a sub-

manifold of WLV
= graphFLV in the unified formalism) are not ρrP -projectable (see diagram (47)),

and this means that there are no Hamiltonian constraints and the Hamilton equations have solutions ev-

erywhere in P. (What is equivalent, the Lagrangian constraints (39) and (40) are not FLoV-projectable).

This is a consequence of the fact that, in the Lagrangian formalism, these constraints really arise as a

consequence of demanding the holonomy condition and hence, as it was studied in [9], they are not

projectable by the Legendre map. Then:

Proposition 6. An integrable (holonomic) multivector field solution to the equations (45) is

Xh =
3∧

ν=0


 ∂

∂xν
+
∑

α≤β

(
gαβ,ν

∂

∂gαβ
+ gλσ(Γ

λ
ναΓ

σ
µβ + ΓλνβΓ

σ
µα)

∂

∂gαβ;µ

)
 ∈ X4(P) .

Proof. The proof is given in the appendix A.

For the integral sections of Xh, which are solutions to (44), if ψ(xα) = (xα, ψαβ(x
α), ψαβ,µ(x

α)),
then the equation (44) reads

(
DµL

αβ,µ −
∂L

∂gαβ

)∣∣∣∣
ψ

= 0 ,

(
∂Lαβ,µν

∂gλσ
−
∂Lλσ,ν

∂gαβ,µ

)
gλσ,ν

∣∣∣∣
ψ

=

(
∂Lαβ,µν

∂gλσ
−
∂Lλσ,ν

∂gαβ,µ

)
∂ψλσ
∂xν

.

The last equation is equivalent to the holonomy condition,
∂ψλσ
∂xν

= ψλσ,ν (see the appendix A). Writing

the first one in terms of the Hamiltonian we obtain
(
∂Lαβ,ν

∂gab,µ
−
∂Lab,µν

∂gαβ

)∣∣∣∣
ψ

∂ψab,µ
∂xν

= −
∂HP

∂gαβ

∣∣∣∣
ψ

− ψab,µ

(
∂Lαβ,µ

∂gab
−
∂Lab,µ

∂gαβ

)∣∣∣∣
ψ

.

And rearranging the terms, these equations are equivalent to the Einstein equations (42).

Formulation using multimomentum coordinates.

As we have said, the coordinates (xµ, gαβ , gαβ,µ) arise naturally from the unified formalism. Never-

theless, the standard way to describe locally the Hamiltonian formalism of classical field theory consists

in using the natural coordinates in the multimomentum phase spaces; that is, multimomentum coordi-

nates. Then, the first relevant result is:

Proposition 7. The coordinates pαβ,µ and gαβ,µ are in one-to-one correspondence.

Proof. The starting point is to consider the constraints pαβ,µ = Lαβ,µ(xµ, gαβ , gαβ,µ) which define

partially the constraint submanifold WLV
, and from these relations we can isolate the coordinates gαβ,µ.

Indeed, the functions

Vαβ,µ(gαβ , p
αβ,µ) =

pλσ,ν

3̺n(αβ)
(−2gαλgβµgσν − 2gαµgβλgσν + 6gαλgβσgµν +

gανgβµgλσ + gαµgβνgλσ)

satisfy that

gαβ,µ = Vαβ,µ(gαβ , L
λσ,ν(gαβ , gαβ,µ)) ,

and these relations give the coordinates gαβ,µ as functions of pλσ,ν and the other coordinates.
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Thus we can use (xµ, gαβ , p
αβ,µ) as coordinates of P and then rewrite the Hamiltonian function

HV(x
µ, gαβ , p

αβ,µ) = HV(x
µ, gαβ , Vαβ,µ(p

αβ,µ, gαβ)) .

The field equations are derived again from (45) expressed using the new coordinates. Now, the Hamilton-

Cartan form Ωh has the local expression:

ΩhV = dHV ∧ d4x−
∑

α≤β

dpαβ,µ ∧ dgαβ ∧ d3xµ −
∑

α≤β

dLαβ,µν ∧ dVαβ,µ ∧ d3xν ,

and the local expression of a representative of a class {Xh} of semi-holonomic multivector fields in P is

Xh =
4∧

i=ν

(
∂

∂xν
+ Fαβ,ν

∂

∂gαβ
+Gαβ,µν

∂

∂pαβ,µ

)
; .

with Fαβ,ν(x
µ, gαβ , p

αβ,µ), Gαβ,µν (xµ, gαβ , p
αβ,µ) ∈ C∞(P). From (45) we obtain

∂HV

∂gαβ
= −Gαβ,µµ +Grs,kν

∂Vab,c
∂prs,k

∂Lab,cν

∂gαβ
+ Frs,ν

(
∂Vab,c
∂grs

∂Lab,cν

∂gαβ
−
∂Vab,c
∂gαβ

∂Lab,cν

∂grs

)

∂HV

∂pαβ,µ
= Fαβ,µ − Frs,ν

∂Vab,c
∂pαβ,µ

∂Lab,cν

∂grs
,

which would be the classical Hamilton-De Donder-Weil equations for a first order field theory except

by the fact that they contain extra-terms because the Hilbert-Einstein Lagrangian is of second order and

Lαβ,µν =
1

n(µν)

∂L

∂gαβ,µν
does not vanish. A solution to these equations is

Xh =

4∧

i=ν

(
∂

∂xν
+ Vαβ,µ

∂

∂gαβ
+ grs(Γ

r
νλΓ

s
µσ + ΓrνσΓ

s
µλ)

∂Vαβµ
∂gλσ,γ

∂

∂pαβ,µ

)
,

where the velocities in the connection are expressed using the momenta, which is a holonomic (i.e.,

integrable) multivector field in P.

Finally, we consider the equations of the integral sections of Xh. These equations can be obtained

from equation (44) which, for a section ψ(xα) = (xα, ψαβ(x
α), ψαβ,µ(xα)), leads to

∂HV

∂gαβ

∣∣∣∣
ψ

=
∂ψαβ,µ

∂xµ
+
∂ψrs,k

∂xν

(
∂Vab,c
∂prs,k

∂Lab,cν

∂gαβ

)∣∣∣∣
ψ

+
∂ψrs
∂xν

(
∂Vab,c
∂grs

∂Lab,cν

∂gαβ
−
∂Vab,c
∂gαβ

∂Lab,cν

∂grs

)∣∣∣∣
ψ

∂HV

∂pαβ,µ

∣∣∣∣
ψ

=
∂ψαβ
∂xµ

−
∂ψrs
∂xν

(
∂Vab,c
∂pαβ,µ

∂Lab,cν

∂grs

)∣∣∣∣
ψ

.

3 An equivalent first-order Lagrangian to Hilbert-Einstein

As we pointed out at the end of Section 2.2, there exists a first-order Lagrangian equivalent to the Hilbert-

Einstein Lagrangian [4, 38]. Now we study the Lagrangian and the Hamiltonian formalism of this model,

comparing them with the Hamiltonian formulations for the Hilbert-Einstein Lagrangian presented in the

above section. As it is a first order Lagrangian, we need to use the multisymplectic formalisms developed

for these kind of theories; in particular, those reviewed in [37].

The configuration manifold π : E → M , is the same described in Section 2.1, and the Lagrangian

formalisms takes place in the first jet bundle J1π, with coordinates (xµ, gαβ , gαβ,µ). The first-order
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Lagrangian density proposed in [38] is L = L d4x, where the Lagrangian function is

L = L0 −
∑

α≤β
λ≤σ

gαβ,µgλσ,ν
∂Lαβ,µν

∂gλσ
∈ C∞(J1π) . (50)

The Poincaré-Cartan form for this Lagrangian is

ΩL = dL ∧ d4x−
∑

α≤β

d
∂L

∂gαβ,µ
∧ dgαβ ∧ d3xµ . (51)

The Lagrangian L is regular and hence ΩL is a multisymplectic form. For the Lagrangian system

(J1π,ΩL) we look for solutions to the equations (36) or (38) and, as the system is regular, solutions

exist everywhere in J1π (there are no Lagrangian constraints). Although it is a first order system, in [38]

it is shown how these equations coincide with the Einstein equations.

As L is regular, we can state the standard Hamiltonian formalism for first-order regular field the-

ories. Being J1π∗ the (“first-order”) reduced multimomentum bundle, whose natural coordinates are

(xµ, gαβ , p
αβ,µ), the corresponding Legendre map FL : J1π → J1π∗ is given by

FL
∗
xµ = xµ , FL

∗
gαβ = gαβ , FL

∗
pαβ,µ =

∂L

∂gαβ,µ
= Lαβ,µ −

∑

λ≤σ

gλσ,ν
∂Lλσ,νµ

∂gαβ
.

Then we have the Hamilton-Cartan form Ωh := ((FL)−1)∗ΩL ∈ Ω4(J1π∗). This multisymplectic

form can also be obtained introducing the Hamiltonian section h : J1π∗ → Λ4
2(E) whose local expres-

sion is

h(xµ, gαβ , p
αβ,µ) = (xµ, gαβ ,−H, p

αβ,µ) .

where H is the Hamiltonian function associated with L, whose local expression is

H =
∑

α≤β

pαβ,µ(gαβ,µ ◦ FL
−1

)− L ◦ (FL)−1 = L ◦ (FL)−1 .

In this way, we have constructed the Hamiltonian system (J1π∗,Ωh) and the corresponding Hamilton

field equations have solutions everywhere in J1π∗ (there are no Hamiltonian constraints). Furthermore,

as FL is a diffeomorphism, every solution to the Lagrangian problem stated for the Lagrangian system

(J1π,ΩL) induces a solution to the Hamiltonian problem stated for the Hamiltonian system (J1π∗,Ωh)
via this Legendre map, and conversely.

The following result relates this approach to the one we have presented in the above section.

Proposition 8. Φ∗HV = L and, as a consequence, Φ∗ΩhV = ΩL.

Proof. In order to prove these equalities, it suffices to prove that, HV and ΩhV have the same local

coordinate expressions than L and ΩL, respectively.

First, from (48), using (50) and taking into account the coordinate expressions stated in (2), (3), (4),

and (5), we obtain that

HV =
∑

α≤β
µ≤ν

Lαβ,µνgαβ,µν +
∑

α≤β

Lαβ,µgαβ,µ − L =
∑

α≤β

(
∂L0

∂gαβ,µ
−DvL

αβ,µν

)
gαβ,µ − L0

= 2L0 −
∑

α≤β
λ≤σ

gαβ,µgλσ,ν
∂Lαβ,µν

∂gλσ
− L0 = L .
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We have used that
∂L0

∂gαβ,µ
gαβ,µ = 2L0, which is a consequence of L0 being homogeneous of degree 2

on the velocities. Now we compute

∂L

∂gαβ,µ
=

∂L0

∂gαβ,µ
−
∑

λ≤σ

gλσ,ν

(
∂Lαβ,µν

∂gλσ
+
∂Lλσ,νµ

∂gαβ

)
= Lαβ,µ − gλσ,ν

∂Lλσ,νµ

∂gαβ
;

then, using these last results and bearing in mind (51) and (49), we have that

ΩL = dL ∧ d4x−
∑

α≤β

d
∂L

∂gαβ,µ
∧ dgαβ ∧ d3xµ

= dHV ∧ d4x−
∑

α≤β

dLαβ,µ ∧ dgαβ ∧ d3xµ +
∑

α≤β
λ≤σ

d

(
gλσ,ν

∂Lλσ,νµ

∂gαβ

)
∧ dgαβ ∧ d3xµ

= dHV ∧ d4x−
∑

α≤β

dLαβ,µ ∧ dgαβ ∧ d3xµ +
∑

α≤β
λ≤σ

∂Lλσ,νµ

∂gαβ
dgλσ,ν ∧ dgαβ ∧ d3xµ

+
∑

α≤β

gλσ,ν
∂2Lλσ,νµ

∂gγη∂gαβ
dgγη ∧ dgαβ ∧ d3xµ .

The last term vanishes because the coefficient is symmetric under the change of the indices γ, λ by α, β,

but the exterior product is skewsymmetric. Finally, notice that Lλσ,νµ do not contain derivatives of the

metric, thus we can write

∑

α≤β
λ≤σ

∂Lλσ,νµ

∂gαβ
dgλσ,ν ∧ dgαβ ∧ d3xµ = −

∑

σ≤λ

dLλσ,νµ ∧ dgλσ,ν ∧ d3xµ ,

and, therefore, we can conclude that ΩL and ΩhV have the same local expression.

As a consequence of this result, the solutions to the Hamiltonian problem stated for the Hamiltonian

system (P,ΩP ) and to the Lagrangian problem stated for the Lagrangian system (J1π,ΩL) are in one-

to-one correspondence by the map Φ.

Observe that we have also the diffeomorphism Ψ = Φ−1 ◦FL : P → J1π∗. Therefore, the solutions

to the Hamiltonian problems stated for the Hamiltonian systems (P,ΩhV) and (J1π∗,Ωh) are also one-

to-one related by this map.

Summarizing, we have proved that the following formulations are equivalent:

(J1π∗,Ωh)
FL // (J1π,ΩL)

oo Φ // (P,ΩhV)
oo

(where, in the last case, we can use the local description using multimomentum coordinates or not). Lo-

cally, this equivalence means that all the formulations lead to the same equations (Einstein’s equations),

up to a change of variables and, hence, every solution in each formalism induces a solution in the others
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via the appropriate diffeomorphism. The following diagram summarizes all the picture:

J2π†

µ
��

J3π

π3

1

��

FLV //

FLo
V

++❳❳❳❳
❳❳❳❳

❳❳❳❳
❳❳❳❳

❳❳❳❳
❳❳❳❳

❳❳❳❳
❳❳❳❳

❳ J2π‡

Sf
P0

aa❈❈❈❈❈❈❈❈❈
// P
?�



OO h

ZZ

Ψ
��

J1π

Φ

33❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢❢
FL

// J1π∗

h
��

Mπ ≡ Λ4
2(E)

µ̄

OO

4 The Einstein-Hilbert model with energy-matter sources

4.1 Previous statements

The Einstein-Hilbert model with energy-matter sources is described by a Lagrangian density LS =
LV+Lm, where Lm = Lm (π2)∗η ∈ Ω4(J2π), and Lm ∈ C∞(J2π) represents the energy-matter source

and depends only on the metric and the first and second derivatives of its components. It is related with

the stress-energy-momentum tensor Tµν by

Tµν =
c4

̺n(µν)8πG
gαµ gβν L

αβ
m .

(For a geometric study on the stress-energy-momentum tensors see, for instance, [16, 17, 23, 31, 47]).

Then, we can write LS = LS (π2)∗η ∈ Ω4(J2π), with LS = LV + Lm ∈ C∞(J2π).

The behaviour of the theory depends on the source. Nevertheless, some qualitative properties can be

studied in general, as long as we know the degeneracy of the source.

Definition 2. For a function f ∈ C∞(J2π), consider

fαβ,µν :=
1

n(µν)

∂f

∂gαβ,µν
, fαβ,µ :=

∂f

∂gαβ,µ
−Dνf

αβ,µν , fαβ =
∂f

∂gαβ
−Dµf

αβ,µ.

(Notice that fαβ,µ ∈ C∞(J3π) and fαβ ∈ C∞(J4π)). Then, the degree of f is the smallest natural

number deg(f) = s such that:

L(X)fαβ,µ = L(X)fαβ,µν = 0 ; for every X ∈ XV (π3s−1) ; (0 ≤ α ≤ β ≤ 3, 0 ≤ µ ≤ ν ≤ 3) .

If fαβ,µ = fαβ,µν = 0, we define deg(f) = 0.

Now, applying the results of [20, 38] we obtain that:

Proposition 9. If deg(f) = s, then L(X)fαβ = 0; for every X ∈ XV (π3s) (α ≤ β), and hence fαβ are

π3s -projectable functions.

The degree of LS characterizes partially the behaviour of the theory, as we are going to see in the

next paragraphs. For instance, if a Lagrangian is regular it has degree 4, but there are also singular
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Lagrangians with degree 4. The Hilbert-Einstein Lagrangian in vacuum, LV, has degree 2. For a source

such that deg(Lm) > 2, we have that deg(LS) = deg(Lm). The so-called f(R) theories of gravity have

deg(LS) > 2. For these kinds of systems it is possible to obtain some constraints in the unified and the

Lagrangian formalisms but the Hamiltonian formalism depends strongly on the particular energy-matter

source. For a source such that deg(Lm) ≤ 2, we have that deg(LS) ≤ 2), and these theories have a

well defined Hamiltonian formalism; in particular, for the case that deg(Lm) ≤ 1 we obtain the general

semiholonomic solution. These cases include the energy-matter sources coupled only to the metric; that

is, deg(Lm) = 0, like the electromagnetic source or the perfect fluid. We will present the former as an

example.

4.2 Lagrangian-Hamiltonian unified formalism

As LS ∈ C∞(J2π), we can work with the same manifolds introduced in Section 2.2; that is, the

symmetric higher-order jet multimomentum bundles W = J3π ×J1π J
2π‡ and Wr = J3π ×J1π J

2π‡.
The pull-back of the Lagrangian to these manifolds is denoted in the same way as above: L̂S = (π32 ◦
ρr1)

∗LS ∈ C∞(Wr) (or in C∞(W)). Then,

ĤS =
∑

α≤β

pαβ,µgαβ,µ +
∑

α≤β
µ≤ν

pαβ,µνgαβ,µν − L̂S ;

The Liouville forms in Wr, ΘSr and ΩSr, are defined likewise and have the local expressions

ΘSr = −ĤSd
4x+

∑

α≤β

pαβ,µdgαβ ∧ d3xµ +
∑

α≤β

1

n(µν)
pαβ,µνdgαβ,µ ∧ d3xν ,

ΩSr = dĤS ∧ d4x−
∑

α≤β

dpαβ,µ ∧ dgαβ ∧ d3xµ −
∑

α≤β

1

n(µν)
dpαβ,µν ∧ dgαβ,µ ∧ d3xν .

As in Section 2.2, the Lagrangian-Hamiltonian problem associated with the system (Wr,ΩSr) con-

sists in finding holonomic sections ψ ∈ Γ(ρrm) satisfying any of the following equivalent conditions:

1. ψ is a solution to the equation

ψ∗ i(X)ΩSr = 0 , for every X ∈ X(Wr) . (52)

2. ψ is an integral section of a multivector field contained in a class of holonomic multivector fields

{X} ⊂ X4(Wr) satisfying the equation

i(X)ΩSr = 0 . (53)

Proposition 1, which defines the Legendre transformation, also holds for L̂S:

Proposition 10. A section ψ ∈ Γ(ρrM ) solution to the equation (52) takes values in a 140-codimensional

submanifold LS
: WLS

→֒ Wr which is identified with the graph of a bundle map FLS : J3π → J2π‡,
over J1π, defined locally by

FL ∗
S pαβ,µ =

∂L̂S

∂gαβ,µ
−

3∑

ν=0

1

n(µν)
Dν

(
∂L̂S

∂gαβ,µν

)
= L̂αβ,µS , FL ∗

S pαβ,µν =
∂L̂S

∂gαβ,µν
.
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What is equivalent, the submanifold WLS
is the graph of a bundle morphism F̃LS : J3π → J2π† over

J1π defined locally by

F̃L
∗

Sp
αβ,µ =

∂L̂S

∂gαβ,µ
−

3∑

ν=0

1

n(µν)
Dν

(
∂L̂S

∂gαβ,µν

)
= L̂αβ,µS ,

F̃L
∗

Sp
αβ,µν =

∂L̂S

∂gαβ,µν
,

F̃L
∗

Sp = L̂S − gαβ,µ

(
∂L̂S

∂gαβ,µ
−

3∑

ν=0

1

n(µν)
Dν

(
∂L̂S

∂gαβ,µν

))
− gαβ,µν

∂L̂S

∂gαβ,µν

= L̂S −
∑

α≤β

pαβ,µgαβ,µ −
∑

α≤β,µ≤ν

pαβ,µνgαβ,µν .

Theorem 4. A solution to the equation (53) exists only in a submanifold WS →֒ Wr wich, depending

on the degree of Lm, is locally defined by the following constraints (for 0 ≤ α ≤ β ≤ 3, 0 ≤ µ ≤ ν ≤ 3,

0 ≤ τ ≤ 3):

• If deg(Lm) = 4: pαβ,µν − ∂L̂S

∂gαβ,µν
= 0, pαβ,µ − L̂αβ,µS = 0.

• If deg(Lm) = 3: pαβ,µν − ∂L̂S

∂gαβ,µν
= 0, pαβ,µ − L̂αβ,µS = 0, L̂αβS = 0.

• If deg(Lm) ≤ 2: pαβ,µν − ∂L̂S

∂gαβ,µν
= 0, pαβ,µ − L̂αβ,µS = 0, L̂αβS = 0, Dτ L̂

αβ
S = 0.

Proof. For the case deg(Lm) = 4, the first two restrictions, which involve the momenta, hold for every

second order field theory (Proposition 10 and [35]).

If deg(Lm) ≤ 2, then deg(LS) = c ≤ 2. Therefore ΘLS
is π3c−1-projectable (in particular π31-

projectable), which implies the other two restrictions [20]. They can also be obtained by a similar

procedure as in Section 2.2.

Likewise, if deg(Lm) = 3, then deg(LS) = 3, and ΘLS
is π32-projectable, which implies L̂αβS = 0.

Depending on the energy-matter term, maybe there are not any holonomic solution on WS . In this

situations, a smaller submanifold has to be considered in order to find a holonomic solution.

4.3 Lagrangian and Hamiltonian formalisms

In section 2.3.1 we have stated how to recover the Lagrangian formalism from the unified formalism

for the Hilbert-Einstein Lagrangian with no energy-matter souces. As in that case, now the Lagrangian

formalism takes place in J3π, and the Poincaré-Cartan forms (31) associated with the Hilbert-Einstein

Lagrangian with energy-matter sources are

ΘLS
≡ F̃L

∗

SΘ
s
1 ∈ Ω4(J3π) , ΩLS

≡ F̃L
∗

SΩ
s
1 = −dΘLS

∈ Ω5(J3π) ,

which have the local expressions

ΘLS
= HSd

4x+
∑

α≤β

Lαβ,µS dgαβ ∧ d3xµ +
∑

α≤β

Lαβ,µνS dgαβ,µ ∧ d3xν ,

ΩLS
= dHS ∧ d4x−

∑

α≤β

dLαβ,µS ∧ dgαβ ∧ dm−1xµ −
∑

α≤β

dLαβ,µνS ∧ dgαβ,µ ∧ dm−1xν ;
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where

HS ≡ (L ◦ (ρL1 )
−1)∗ĤS =

∑

α≤β

Lαβ,µνS gαβ,µν +
∑

α≤β

Lαβ,µS gαβ,µ − LS ,

and Lαβ,µνS , Lαβ,µS have the same coordinate expressions than L̂αβ,µν , L̂αβ,µ, and L̂0.

The Lagrangian problem associated with the Lagrangian system (J3π,ΩLS
) is stated like in equa-

tions (34) and (35), but for ΩLS
instead of ΩLV

. The solutions are related to the solutions of the unified

formalism by Proposition 3 and Theorem 2.

The Lagrangian counterpart of theorem 4 is:

Corollary 1. A solution to the equation (35) exists only in a submanifold SS →֒ J3π wich, depending

on the degree of Lm, is locally defined by the following constraints (for 0 ≤ α ≤ β ≤ 3):

• If deg(Lm) = 3: Lαβ
S

= 0.

• If deg(Lm) ≤ 2: Lαβ
S

= 0, DτL
αβ
S

= 0.

The existence of holonomic solutions depends on the energy-mass term. In some cases we must

continue the constraint algorithm, together with an integrability algorithm.

Finally, the equations of the integral sections (34) can be analyzed in a similar fashion as in Section

2.2.4, and using Proposition 3. This leads to the Euler-Lagrange equations

LαβS |j3φ = LαβV |j3φ + Lαβm |j3φ = −̺n(αβ)

(
Rαβ −

1

2
gαβR−

1

̺n(αβ)
Lαβm

)∣∣∣∣
j3φ

= 0 , (54)

Introducing the stress-energy-momentum tensor as

Tµν =
c4

8πG̺n(αβ)
gαµgβνL

αβ
m .

where G as the Newton’s gravitational constant and c the speed of light, then

Rµν −
1

2
gµνR =

8πG

c4
Tµν ,

and equations (54) are equivalent to the Einstein equations with stress-energy-momentum tensor.

All these results can be also obtained applying the constraint algorithm straightforwardly to the

equation (34), in the same way as we have done for the unified formalism; then doing a purely Lagrangian

analysis.

For establishing the multimomentum Hamiltonian formalism we use the Legendre maps FLS and

F̃LS defined in Proposition 10. Now, we denote P̃S = F̃LS(J
3π)

̃
→֒ J2π† and PS = FLS(J

3π)

→֒

J2π‡, with the natural projection π̄PS
: PS → M . In order to assure the existence of the Hamiltonian

formalism we demand that the Lagrangian density LS ∈ Ω4(J2π) is, at least, almost-regular. Then we

can define the Hamiltonian forms ΘhS and ΩhS , and then we have the Hamiltonian system (PS,ΩhS).
The Hamiltonian problem associated with this system is stated in (44) and (45), but with ΩhS instead of

ΩhV . This Hamiltonian formalism is recovered from the unified formalism following Proposition 5 and

Theorem 3.

In the actual case, the formalism depends strongly on the singularity of the theory. Nevertheless, if

deg(Lm) ≤ 2 (or equivalently deg(LS) ≤ 2), we have a similar situation as in the vacuum case. In

particular:
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Proposition 11. If deg(LS) ≤ 2, then LS is an almost-regular Lagrangian and PS is diffeomorphic to

J1π.

Proof. If deg(LS) ≤ 2, we have that

Tj3xφFLS =




Id4 0 0 0 0
0 Id10 0 0 0
0 0 Id40 0 0

∂L̂αβ,µS

∂xτ
∂L̂αβ,µS

∂gγδ

∂L̂αβ,µS

∂gγδ,τ
0 0

∂L̂S

∂xτ∂gαβ,µν

∂L̂S

∂gγδ∂gαβ,µν

∂L̂S

∂gγδ,τ∂gαβ,µν
0 0




Then we have that rank(Tj3xφFLS) = 54 at every point j3xφ ∈ J3π. Therefore TFLS is surjective and

FLS is a submersion. From here the proof is the same as in Proposition 4.

In general the functions L̂αβ,µS are not invertible, thus we use the non momenta coordinates (xµ, gαβ , gαβ,µ)
as local coordinates adapted to PS. The function HS is defined by

HS =
∑

α≤β

Lαβ,µνS gαβ,µν +
∑

α≤β

Lαβ,µS gαβ,µ − LS ,

and the Hamilton-Cartan form have the coordinate expressions

ΩhS = −dΘhS = dHS ∧ d4x−
∑

α≤β

dLαβ,µS ∧ dgαβ ∧ d3xµ −
∑

α≤β

dLαβ,µνS ∧ dgαβ,µ ∧ d3xν .

The resulting Hamiltonian equations for sections (44) are
(
∂Lαβ,νS

∂gab,µ
−
∂Lab,µνS

∂gαβ

)∣∣∣∣∣
ψ

∂ψab,µ
∂xν

= −
∂HPS

∂gαβ

∣∣∣∣
ψ

− ψab,µ

(
∂Lαβ,µS

∂gab
−
∂Lab,µS

∂gαβ

)∣∣∣∣∣
ψ

,

and rearranging the terms, these equations are locally equivalent to the Einstein equations (54).

If deg(LS) > 2, then FLS may not be a submersion and, hence, LS is not almost-regular. In these

cases the construction of the Hamiltonian formalism is more complicated.

4.4 Example: Electromagnetic source

Consider the case of a free electromagnetic source with electromagnetic tensor Fµν . The corresponding

Lagrangian function is

Lm =
√
|det(gαβ)|FµνF

µν ,

where the components of the tensor Fµν are functions on the base manifold M . In this case, deg(Lm) =
1, and the stress-energy-momentum tensor is

Tµν =
c4

̺n(µν)8πG
gαµgβνL

αβ
m =

c4

̺n(µν)8πG
gαµgβν

∂Lm

∂gαβ
=

c4

4πG

(
1

4
gµνF

αβFαβ − gαβFµαFνβ

)
.

The corresponding form ΘSr is π31-projectable, which implies that XV (π31) are gauge vector fields.

By Theorem 4, solutions to the field equations exist on the points of the submanifold defined by

pαβ,µν −
L̂S

∂gαβ,µν
= 0 , pαβ,µ − L̂αβ,µS = 0 , L̂αβS = 0 , Dτ L̂

αβ
S = 0 .
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The first two restrictions define the Legendre transformation, and the last two fix the gauge freedom of

the higher derivatives. The local expression of any semiholonomic multivetor field solution to (53) can

be obtained by combining these restrictions, the holonomy conditions, and the solution obtained in the

Appendix A.3,

XLH =

3∧

τ=0

∑

α≤β
µ≤ν≤λ

(
∂

∂xτ
+ gαβ,τ

∂

∂gαβ
+ gαβ,µτ

∂

∂gαβ,µ
+ gαβ,µντ

∂

∂gαβ,µν
+

DτDλF̂αβ;µ,ν
∂

∂gαβ,µνλ
+Dτ L̂

αβ,µ
S

∂

∂pαβ,µ
+Dτ

L̂S

∂gαβ,µν

∂

∂pαβ,µν

)
,

where F̂αβ;µ,ν = (π31 ◦ ρ
r
1)

∗Fαβ;µ,ν ∈ C∞(Wr), and

Fαβ;µ,ν = gλσ(Γ
λ
ναΓ

σ
µβ+ΓλνβΓ

σ
µα)+

c4

4πG
gαβ

(
gλσFµλFνσ −

5

4
gµνFλσF

λσ

)
+F hλσ;µ,ν ∈ C∞(J1π) .

The Lagrangian formalism takes place in J3π, but the Corollary 1 states that a solution exists in the

submanifold defined by

LαβS = 0 , DτL
αβ
S = 0 .

The Euler-Lagrange equations (54) are equivalent to the Einstein equations

(
Rµν −

1

2
gµνR

)∣∣∣∣
j3φ

=
c4

4πG

(
1

4
gµνF

αβFαβ − gαβFµαFνβ

)∣∣∣∣
j3φ

,

A section ψ : M → E is a solution to the Einstein equations if, on the points of its image, it is a section

of a multivector field with local expression

XL =

3∧

τ=0

∑

α≤β
µ≤ν≤λ

(
∂

∂xτ
+ gαβ,τ

∂

∂gαβ
+ gαβ,µτ

∂

∂gαβ,µ
+ gαβ,µντ

∂

∂gαβ,µν
+DτDλF

′
αβ;µ,τ

∂

∂gαβ,µνλ

)
,

where F ′
αβ;µ,ν = π31

∗
Fαβ;µ,ν ∈ C∞(J3π).

For the Hamiltonian formalism, we have the Hamiltonian system (PS,ΩhS), where PS is diffeomor-

phic to J1π, as a consequence of Proposition 11, and the Hamiltonian function giving the Hamiltonian

section h is

HPS
= HP − Lm ,

where HP is the Hamiltonian for the vacuum case (48). A semiholonomic multivector field solution to

(45) has the local expression

XH =
3∧

τ=0

∑

α≤β

(
∂

∂xτ
+ gαβ,τ

∂

∂gαβ
+ Fαβ;µ,τ

∂

∂gαβ,µ

)
.

5 Symmetries

5.1 Symmetries in the Lagrangian formalism

Symmetries for physical systems are transformations that map solutions to the physical equations into so-

lutions. Geometrically, they are assumed to be locally generated by vector fields and then they are called
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infinitesimal symmetries, and these are the kinds of symmetries we are mainly interested. First, we state

geometrically these concepts, reviewing the following basic definitions and results for the Lagrangian

formalism (see, for instance, [11, 12, 19, 25] for more details).

Consider the Lagrangian system (J3π,ΩL) (in our case, L = LV or L = LS), with final constraint

submanifold Sf →֒ J3π, and let ker4 ΩL := {X ∈ Ω4(J3π) | i(X)ΩL = 0}. We are interested in the

following kind of symmetries:

Definition 3. A Cartan (Noether) symmetry of (J3π,ΩL) is a diffeomorphism Φ: J3π → J3π such that

Φ(Sf ) = Sf and Φ∗ΩL = ΩL. If, in addition, Φ∗ΘL = ΘL, then Φ is said to be an exact Cartan

symmetry. Furthermore, if Φ = j3ϕ for a diffeormorphism ϕ : E → E, the Cartan symmetry is natural.

An infinitesimal Cartan or Noether symmetries of (J3π,ΩL) is a vector fieldX ∈ X(J3π), tangent to

Sf , whose local flows are local Cartan symmetries; that is, satisfying that L(X)ΩL = 0. If, in addition,

L(X)ΘL = 0, then X is said to be an infinitesimal exact Cartan symmetry. Furthermore, if X = j3Y ,

for some Y ∈ X(E), then the infinitesimal symmetry is called natural.

Symmetries transform solutions to the field equations into solutions:

Proposition 12. If Φ = j3φ : J3π → J3π, for a diffeormorphism ϕ : E → E, is a natural Cartan sym-

metry, and X ∈ ker4ΩL is holonomic, then Φt transforms the holonomic sections of X into holonomic

sections, and hence Φ∗X ∈ ker4ΩL is also holonomic.

As a consequence, if X = j3Y ∈ X(J3π) is a natural infinitesimal Cartan symmetry, and Φt is a

local flow of X, then Φt transforms the holonomic sections of X into holonomic sections.

Proof. Let j3ϕ : M → J3π be an holonomic section of X, for a section ϕ : M → E; then it is a solution

to the field equations (34) and then (j3ϕ)∗ i(X ′)ΩL = 0, for every X ′ ∈ X(J3π). Therefore.

(j3(φ ◦ ϕ))∗ i(X ′)ΩL = ((j3ϕ)∗(j3φ)∗ i(X ′)ΩL) = (j3ϕ)∗ i((j3φ)−1
∗ X ′)(j3φ)∗ΩL

= (j3ϕ)∗ i((j3φ)−1
∗ X ′)ΩL = 0 ,

since (j3ϕ) is a solution to the field equations. Therefore j3(φt◦ϕ) is also a solution to the field equation.

The last statement is immediate since, as X is an infinitesimal natural Cartan symmetry its local flows

Φt : J
3π → J3π are canonical liftings of the local flows φt : E → E of Y .

Symmetries are associated to the existence of conserved quantities (or conservation laws).

Definition 4. A conserved quantity of the Lagrangian system (J3π,ΩL) is a form ξ ∈ Ω3(J3π) such

that L(X)ξ = 0, for every π̄3-transverse multivector field X ∈ ker4 ΩL.

Then, ξ ∈ Ω3(J3π) is a conserved quantity if, and only if, L(Z)ξ = 0, for every Z ∈ ker4 ΩL, and

the following property holds: if ξ ∈ Ω3(J3π) is a conserved quantity and X ∈ ker4 ΩL is integrable,

then ξ is closed on the integral submanifolds of X; that is, if jS : S →֒ J3π is an integral submanifold,

then dj∗Sξ = 0. Therefore, if ξ ∈ Ω3(J3π), for every integral section ψ : M → J3π of X, there is a

unique Xψ∗ξ ∈ X(M) such that i(Xψ∗ξ)η = ψ∗ξ ∈ Ω3(M) and, if divXψ∗ξ denotes the divergence of

Xψ∗ξ, from the definition L(Xψ∗ξ)η := divXψ∗ξη, we obtain that (divXψ∗ξ) η = dψ∗ξ. Then, ξ is a

conserved quantity if, and only if, divXψ∗ξ = 0, and hence, in every bounded domain U ⊂ M , Stokes

theorem says that ∫

∂U

ψ∗ξ =

∫

U

(divXψ∗ξ) η =

∫

U

dψ∗ξ = 0 .

The form ψ∗ξ is called the current associated with the conserved quantity ξ,
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For infinitesimal Cartan symmetries, the condition L(X)ΩL = 0 is equivalent to demanding that

i(X)ΩL is a closed 3-form in J3π and hence an infinitesimal Cartan symmetry is a locally Hamilto-

nian vector field for the (pre)multisymplectic form ΩL, and ξX ∈ Ω3(U) is the corresponding local

Hamiltonian form in an open neighbourhood U ⊂ J3π: that is, i(X)ΩL|U = dξX . Therefore:

Theorem 5. (Noether): LetX ∈ X(J3π) be an infinitesimal Cartan symmetry, with i(X)ΩL = dξX (on

U ⊂ J3π). Then, for every π̄3-transverse multivector field X ∈ ker4 ΩL (and hence for every holonomic

multivector field X ∈ ker4ΩL), we have that

L(X)ξX = 0 ; (on U ⊂ J3π) .

that is, any Hamiltonian 3-form ξX associated with X is a conserved quantity. As a particular case, if

X is an exact infinitesimal Cartan symmetry then ξX = i(X)ΘL.

(For every integral submanifold ψ of X, the form ψ∗ξX is called a Noether current, in this context).

It is well known that canonical liftings of diffeomorphisms and vector fields preserve the canonical

structures of J3π. Nevertheless, the form ΩL is not canonical, since it depends on the choice of the

Lagrangian density L, and then it is not invariant by these canonical liftings, unless the Lagrangian

density L is also invariant by them. In this way, ΩL and hence the Euler-Lagrange equations are invariant.

Thus, bearing in mind that L ∈ Ω4(J2π), another particular kind of symmetries are defined as follows:

Definition 5. A Lagrangian symmetry of (J3π,ΩL) is a diffeomorphism j3φ : J3π → J3π, for some

φ ∈ Diff(E), such that (j3φ)(Sf ) = Sf and (j3φ)((π̄32)
∗L) = (j2φ)∗L = L.

An infinitesimal Lagrangian symmetry of (J3π,ΩL) is a vector field j3Y ∈ X(J3π), for some

Y ∈ X(E), such that j3Y is tangent to Sf and L(j3Y )((π̄32)
∗L) = L(j2Y )L = 0.

Therefore, as a direct consequence of the above discussion, we have:

Proposition 13. If j3φ : J3π → J3π is a Lagrangian symmetry, then (j3φ)∗ΘL = ΘL, and hence it is

an exact Cartan symmetry.

As a consequence, if j3Y ∈ X(J3π) is an infinitesimal Lagrangian symmetry, then L(j3Y )ΘL = 0,

and hence it is an infinitesimal exact Cartan symmetry.

Finally, a particular case of infinitesimal Cartan symmetries are those vector fields, tangent to Sf ,

such that i(X)ΩL = 0. Thus, we define:

Definition 6. A (geometric) gauge vector field (or a gauge variation) is a vector field X ∈ ker ΩL,

tangent to Sf . The π̄3-vertical elements of ker ΩL, which are tangent to Sf , are the vertical gauge

vector fields (or vertical gauge variations). Finally, if X ∈ ker ΩL is π̄3-vertical, is tangent to Sf and is

a natural vector field, it is said to be a natural gauge vector field or a natural gauge symmetry.

Remark: The origin of these definitions relies in the following facts: First, the existence of gauge

symmetries and of gauge freedom is related to the non-regularity of the Lagrangian L and hence gauge

vector fields must be elements of ker ΩL. Second, gauge vector fields must be π̄3-vertical since, in this

way, we assure that the base manifold M does not contain gauge equivalent points and then all the gauge

degrees of freedom are in the fibres of J3π (and therefore, after doing a reduction procedure or a gauge

fixing in order to remove the gauge multiplicity, the base manifold M remains unchanged). Finally, we

demand that gauge symmetries are natural because this condition assures that they transform holonomic

solutions to the field equations into holonomic solutions.
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5.2 Symmetries in the unified formalism

Consider the premultisymplectic system (Wr,Ωr) associated with the Lagrangian system (J3π,ΩL), the

submanifold WL →֒ Wr where the field equations in the unified formalism are compatible, and the final

constraint submanifold Wf →֒ WL →֒ Wr. Remember that, as it was stated in Section 2.3.1, the map

ρL1 : WL → J3π is a diffeomorphism, with ρL1 (Wf ) = Sf and (ρL1 )
∗ΩL = ∗LΩr.

As we are interested in infinitesimal symmetries, the analysis is done only for this case (the study for

diffeomorphisms is similar). Thus, denote X(WL) := {Xr ∈ X(Wr) | X
r is tangent to WL}. First, if

Xr ∈ X(WL) satisfies that L(Xr)Ωr = 0, then

0 = ∗L[L(X
r)Ωr] = L(XL)(∗LΩr) ;

where XL ∈ X(WL) is such that L∗X
L = Xr|WL

. Therefore,

0 = (ρL1 )
∗[L(X

L)(∗LΩr)] = L((ρ
L
1 )∗X

L)ΩL .

Furthermore, if Xr is tangent to Wf , then (ρL1 )∗X
L ≡ Y is tangent to Sf and, in this case, X ∈ X(J3π)

is an infinitesimal Cartan symmetry of the Lagrangian system (J3π,ΩL). This leads to define:

Definition 7. An infinitesimal Cartan or Noether symmetries of the premultisymplectic system (Wr,Ωr)
is a vector field Xr ∈ X(WL), tangent to Wf , satisfying that L(Xr)Ωr = 0. If, in addition, L(Xr)Θr =
0, then Xr is said to be an infinitesimal exact Cartan symmetry. Furthermore, if the associated vector

field X ∈ X(J3π) is natural (i.e., X = j3Y , for some Y ∈ X(E)), then Xr is said to be an infinitesimal

natural Cartan symmetry.

Observe also that, if Xr is an infinitesimal natural Cartan symmetry of (Wr,Ωr), then it is an holo-

nomic vector field in Wr, and it is not difficult to prove that the local flows of Y r transforms holonomic

solutions to the field equations of the system (Wr,Ωr) into holonomic solutions too.

In the same way, if Xr ∈ X(WL) satisfies that L(Xr)((π32 ◦ ρ
r
1)

∗LV) = 0, this implies that

0 = L(XL)((π̄32 ◦ ρ
r
1 ◦ L)

∗LV) = L(XL)((π̄32 ◦ ρ
L
1 )

∗LV) = (ρL1 )
∗[L(X)((π̄32)

∗LV)] .

and, as ρL1 is a diffeomorphism, from here we obtain that L(X)((π̄32)
∗LV) = 0. In addition, if X is

tangent to Sf and is a natural vector field, then it is a Lagrangian symmetry of the Lagrangian system

(J3π,ΩL). This justifies the following:

Definition 8. An infinitesimal Lagrangian symmetry of the premultisymplectic system (Wr,Ωr) is a

vector field Xr ∈ X(WL), tangent to Wf , satisfying that L(Xr)((π32 ◦ ρr1)
∗LV) = 0, and that the

associated X ∈ X(J3π) is natural.

Conserved quantities are defined in the unified formalism for the premultisymplectic system (Wr,Ωr)
like in the Lagrangian formalism for (J3π,ΩL), and the their properties (including Noether’s theorem)

are stated in the same way (see also [19]). As a consequence, if ξ ∈ Ω3(J3π) is a conserved quantity of

the Lagrangian system (J3π,ΩL), then (ρr1)
∗ξ ∈ Ω3(Wr) is a conserved quantity of the premultisym-

plectic system (Wr,Ωr).

5.3 Symmetries for the Einstein-Hilbert model

Now, consider the Hilbert-Einstein Lagrangian (withouth energy-matter sources).
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Definition 9. Let F : M → M be a diffeomorphism. The canonical lift of φ to the bundle of metrics

E is the diffeomorphism F : E → E defined as follows: for every (x, gx) ∈ E, then F(x, gx) :=
(F (x), (F−1)∗(gx)). (Thus π ◦ F = F ◦ π).

Let Z ∈ X(M). The canonical lift of Z to the bundle of metrics E is the vector field YZ ∈ X(E)
whose associated local one-parameter groups of diffeomorphisms Ft are the canonical lifts to the bundle

of metrics E of the local one-parameter groups of diffeomorphisms Ft of Z .

In coordinates, if Z = fµ(x)
∂

∂xµ
∈ X(M), the canonical lift of Z to the bundle of metrics is

YZ = fµ
∂

∂xµ
−
∑

α≤β

(
∂fµ

∂xα
gµβ +

∂fµ

∂xβ
gµα

)
∂

∂gαβ
,

and then

j1YZ = fµ
∂

∂xµ
−
∑

α≤β

(
∂fµ

∂xα
gµβ +

∂fµ

∂xβ
gµα

)
∂

∂gαβ

−
∑

α≤β

(
∂2f ν

∂xα∂xµ
gνβ +

∂2f ν

∂xβ∂xµ
gαν +

∂f ν

∂xα
gνβ,µ +

∂f ν

∂xβ
gαν,µ +

∂f ν

∂xµ
gαβ,ν

)
∂

∂gαβ,µ

≡ fµ
∂

∂xµ
+
∑

α≤β

Yαβ
∂

∂gαβ
+
∑

α≤β

Yαβµ
∂

∂gαβ,µ
.

For every Z ∈ X(M), as LV is invariant under diffeomorphisms, we have that

L(j
2YZ)LV = L(j

3YZ)((π
3
2)

∗LV) = 0 .

Furthermore j3YZ is tangent to Sf . In fact, as it is a natural vector field that leaves the Hilbert-Einstein

Lagrangian invariant, then the corresponding Euler-Lagrange equations (the Einstein equations) are also

invariant, and hence for the constraints (39) we have that

L(j
3YZ)L

αβ = 0 ;

while for the constraints (40) we obtain

L(j3YZ)(DτL
αβ) = L(j3YZ) L(Dτ )L

αβ = L(Dτ ) L(j
3YZ)L

αβ + L([j3YZ ,Dτ ])L
αβ

= L([j
3YZ ,Dτ ])L

αβ = −
∂fµ

∂xτ
DµL

αβ = 0 (on Sf ) .

Therefore j3YZ is an infinitesimal Lagrangian symmetry and then it is an exact infinitesimal Cartan

symmetry. Its associated conserved quantity is ξYZ = i(j3YZ)ΘLV
and, as ΘLV

is π31-basic, there exists

Θ1
LV

∈ Ω4(J1π) (which has the same coordinate expression) such that ΘLV
= (π31)

∗Θ1
LV

; then

ξYZ = i(j3Y )ΘLV
= i(j1Y )Θ1

LV
=


∑

α≤β

YαβL
αβ,µ +

∑

α≤β

YαβνL
αβ,νµ − fµH


d3xµ

+
∑

α≤β

(
f νLαβ,µ − fµLαβ,ν

)
dgαβ ∧ d2xνµ +

∑

α≤β

(
f νLαβ,λµ − fµLαβ,λν

)
dgαβ,λ ∧ d2xνµ ,

where d2xµν = i

(
∂

∂xν

)
i

(
∂

∂xµ

)
d4x. These vector fields are the only natural infinitesimal La-

grangian symmetries for this model [32, 38].
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6 Conclusions and outlook

We have presented a multisymplectic covariant description of the Einstein-Hilbert model of General

Relativity using a unified formulation joining both the Lagrangian and Hamiltonian formalisms.

Our procedure consists in using the constraint algorithm to determine a submanifold of the higher-

order jet-multimomentum bundle Wr where the field equations written for multivector fields (10) are

compatible; that is, where there exist classes of holonomic multivector fields {X} which are solution to

these equations. These classes of multivector fields are associated with holonomic distributions, whose

integral sections are solutions to (9). Thus, the constraints arising from the algorithm determine where

the image of the sections may lay. This algorithm is also the main tool in order to state many of the

fundamental characteristics of the theory.

The constraints (16) and (18), which define WL, are a natural consequence of the unified formalism

and define the Legendre map which allows to state the Hamiltonian formulation and the Hamilton-de

Donder-Weyl version of the Einstein equations. Nevertheless, as the Hilbert-Einstein Lagrangian L is

singular, the algorithm produces more constraints.

In the case of no energy-matter sources, among the new constraints, the physical relevant equations

are the primary constraints (20) which, evaluated on the points of the holonomic sections, are just the

Einstein equations. As a consequence of the singularity of L, they are 2nd-order PDE’s, instead of

4th-order as correspond to a 2nd-order Lagrangian. Einstein’s equations appear as constraints of the

theory because they are 2nd-order PDE’s which are defined as a submanifold of a higher-order bundle

(containing J3π as a subbundle).

The constraints (20) and (21) are also related with the fact that Θr is (π31 ◦ ρ
r
1)-projectable and, as a

consequence of this, in the Lagrangian formalism, the Poincaré-Cartan form ΘL projects onto a form in

J1π, which is not the Poincaré-Cartan form of any first-order Lagrangian. Nevertheless, there is are first-

order regular Lagrangians which are equivalent to the Hilbert-Einstein Lagrangian [4, 26, 32, 33, 38, 39].

The Lagrangian and Hamiltonian formalism of one of these Lagrangians have been analyzed in detail.

Thus, te secondary constraints (21) contain no physical information: they are of geometrical nature

and arise because we are using a manifold prepared for a second-order theory of a Lagrangian which is

physically equivalent to a first-order Lagrangian. Hence, the constraints (16) and (18), which define the

Legendre map, and (20), which is equivalent to the Einstein equations, are the only relevant equations.

When we recover the Lagrangian formalism from the unified one, as a consequence of the singu-

larity of the Hilbert-Einstein Lagrangian, solutions to the Euler-Lagrange field equations only exist in a

constraint submanifold Sf →֒ J3π. Furthermore, if we interpret the Einstein-Hilbert model as a gauge

theory having the second and third order velocities as gauge vector fields (see (6)), the constraints (20)

and (21) fix this gauge partially (both in the unified and the Lagrangian formalisms). To fix the re-

maining gauge degrees of freedom would lead, in the Lagrangian formalism, to a submanifold of Sf
diffeomorphic to J1π. In a forthcoming paper we will present an interpretation of gauge symmetries for

multisymplectic classical field theories.

Furthermore, in the Lagrangian formalism, the Lagrangian constraints arise as a consequence of

demanding the holonomy condition for the solutions to the field equations and the fact that the Hessian

matrix of the Hilbert-Einstein Lagrangian with respects to the highest-order coordinates in J3π vanishes

identically. Hence these kinds of constraints are not projectable by the Legendre map (see [24] for an

analysis of this subject for higher-order dynamical theories).

The multimomentum Hamiltonian formalism for the Einstein Hilbert model has not gauge freedom,

since the Hamilton-Cartan form is regular and P is diffeomorphic to J1π and J1π∗ (see also the results in

[5]). In fact, this formalism is the same than the multimomentum Hamiltonian formalism for the regular
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1st-order equivalent Lagrangian L analysed in Section 3.

When the energy-matter sources are present, some of the geometrical and physical characteristics

of the theory depend on the properties of the Lagrangian Lm representing the source. In particular,

the number of constraints arising from the constraint algorithm, the obtention of holonomic multivector

fields solution to the Lagrangian field equations, and the construction of the covariant multimomentum

formalism. This study has been done in detail for some cases of energy-matter sources (those which we

are called “of degree ≤ 2”), which include as a particular case the energy-matter sources coupled to the

metric (for instance, the electromagnetic source or the perfect fluid).

In all the cases, we have obtained explicitly semiholonomic multivector fields representing integrable

distributions whose integral sections are solutions to the field equations.

Finally, we have done also a discussion about symmetries and conserved quantities. After stating

the basic conceptss and properties in the Lagrangian formalism (including Noether’s theorem), we have

characterized the symmetries and conservation laws in the unified formalism. The analysis is completed

giving the expression of the natural Lagrangian symmetries and their conserved quantities for the Hilbert-

Einstein Lagrangian in vacuum. A deeper study on all these topics is currently in progress.

Another model for the Einstein gravity theory is given by the so-called affine-metric or Einstein-

Palatini Lagrangian, which is a highly degenerated first-order Lagrangian L̃ depending linearly on the

components of the metric g and the components of an arbitrary connection Γ. The gauge freedom of this

model is higher than in the Einstein-Hilbert model. It is proved that the conditions of the connection to be

metric and torsionless (which allows us to recover the Einstein-Hilbert model from the Einstein-Palatini

model) are really a partial fixing of this gauge freedom [8]. A multisymplectic study of the affine-

metric model using the unified formalism is given in [3], and the geometric analysis of the corresponding

constraint algorithm and the gauge symmetries of the model will be developed in a forthcoming work.

A Solutions to the Hamiltonian equations for the Einstein-Hilbert model

We have seen that the Einstein equations can be stated from different geometrical points of view. In

order to solve them, we can use whichever we find more appropriate. Indeed, as it is explained in [35],

the solutions can be transported canonically from one formalism to another. In this section we solve the

equations for multivector fields in the Hamiltonian formalism.

A solution to the Einstein equations is a metric over the manifold; that is, a section ψ : M → E. The

multivector fields we find provide system of partial differential equations whose solutions are the sections

(65). In this sense, finding the multivector fields is only the first step on solving Einstein equations.

Nevertheless, this approach leads to new equations, which may be more appealing. For instance, they

have a unique solution provided an initial condition: there is no need of boundary conditions.

The relation between sections and multivector fields is explained in Section B. Only holonomic multi-

vector fields have associated holonomic integral sections. Nevertheless, we look first for semiholonomic

multivector fields, except in the case of the vacuum case, where we find a particular solution which is a

proper holonomic multivector field. It is used in Theorem 1 to determine the final submanifold.

Since the equations for multivector fields are lineal, we proceed to find a particular solution and then

the homogeneous solutions for the vacuum case. Later, we will consider energy-matter sources.
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A.1 Particular solution (without energy-matter sources)

The Hamiltonian problem for the premultisymplectic system (P,Ωh) consists in finding classes of holo-

nomic π̄P -transverse multivector fields {Xh} ⊂ X4(P) such that

i (Xh)ΩhV = 0 , ∀Xh ∈ {Xh} ⊂ X4(P) . (55)

The local expression of a representative of a class {Xh} of these kinds of multivector fields in P is

Xh =

3∧

ν=0


 ∂

∂xν
+
∑

α≤β

(
Fαβ,ν

∂

∂gαβ
+ Fαβ;µ,ν

∂

∂gαβ;µ

)
 .

Equation (55) takes the local expression:

∂HV

∂gαβ,µ
+
∑

λ≤σ

Fλσ,ν

(
∂Lαβ,µν

∂gλσ
−
∂Lλσ,ν

∂gαβ,µ

)
= 0 , (56)

∂HV

∂gαβ
+
∑

λ≤σ

Fλσ,µ

(
∂Lαβ,µ

∂gλσ
−
∂Lλσ,µ

∂gαβ

)
+
∑

λ≤σ

Fλσ;ν,µ

(
∂Lαβ,µ

∂gλσ,ν
−
∂Lλσ,νµ

∂gαβ

)
= 0 . (57)

We denote Uαβ,µν,λσ =
∂Lαβ,µν

∂gλσ
−
∂Lλσ,ν

∂gαβ,µ
, whose explicit expressions are

Uαβµνλσ =
̺n(αβ)n(λσ)

4

(
−2gαβgλσgµν + gαλgβσgµν + gβλgασgµν

+ gαβgλµgσν + gαβgσµgλν + gλσgανgβµ + gλσgβνgαµ

− gανgλµgβσ − gβνgλµgασ − gανgσµgβλ − gβνgσµgαλ
)
, (58)

and they fulfill the following relations:

Uαβ,µν,λσ = Uλσ,µν,αβ = −Uαµ,βν,λσ .

The equations are algebraic, in the sense that no derivatives of Fαβ,µ, nor Fαβ,µν appear. (The indices

are symmetrized as usual).

We start by solving equation (56). First, we rewrite it as

∑

λ≤σ

(Fλσ,ν − gλσ,ν)U
αβ,µν,λσ = 0 .

Indeed, since HV =
∑

λ≤σ

Lλσ,νgλσ,ν − L0, we obtain

∂HV

∂gαβ,µ
=

∑

λ≤σ

∂Lλσ,ν

∂gαβ,µ
gλσ,ν + Lαβ,µ −

∂L0

∂gαβ,µ

=
∑

λ≤σ

∂Lλσ,ν

∂gαβ,µ
gλσ,ν +

∂L0

∂gαβ,µ
−
∑

λ≤σ

∂Lαβ,µν

∂gλσ
gλσ,ν −

∂L0

∂gαβ,µ
= −

∑

λ≤σ

Uαβ,µν,λσgλσ,ν .

Now we multiply it by

Vαβµ,abc =
1

̺n(αβ)
(gαµgβbgac + 2gαµgβcgab + gαβgbµgac − gαβgµcgab

−3gαagβcgbµ − 3gαbgβcgaµ + gαµgβagbc + gαβgcµgab) ,
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which works as a sort of inverse; then we obtain

∑

λ≤σ

(Fλσ,ν − gλσ,ν)U
αβ,µν,λσVαβµ,abc =

3

2
(Fλσ,ν − gλσ,ν)(δ

λ
aδ
σ
b δ

ν
c + δλb δ

σ
a δ

ν
c )

= 3(Fab,c − gab,c) = 0 .

Therefore, Fλσ,ν = gλσ,ν and the holonomy condition is recovered. Using this condition, equation (55)

becomes:
∂HV

∂gαβ
+
∑

λ≤σ

gλσ,µ

(
∂Lαβ,µ

∂gλσ
−
∂Lλσ,µ

∂gαβ

)
−
∑

λ≤σ

Fλσ;µ,νU
λσ,µν,αβ = 0 . (59)

These equations have as particular solution FPλσ;µ,ν = 1
2gαβ(Γ

α
νλΓ

β
µσ + ΓανσΓ

β
µλ), which can be checked

after some computation. The multivector field

X
P
h =

3∧

ν=0

XP
ν =

3∧

ν=0


 ∂

∂xν
+
∑

α≤β

(
gαβ,ν

∂

∂gαβ
+

1

2
gλσ(Γ

λ
ναΓ

σ
µβ + ΓλνβΓ

σ
µα)

∂

∂gαβ;µ

)
 ,

is holonomic and π̄P -transverse, and verifies that i(XP
h )Ωh = 0. The last thing to check is that it is

integrable. The Lie bracket for two arbitrary components XP
γ and XP

ρ is

[XP
γ ,X

P
ρ ] =

∑

α≤β

(
FPαβ;ρ,γ − FPαβ;γ,ρ

) ∂

∂gαβ
+

∑

α≤β
λ≤σ

(
gλσ,γ

∂FPαβ;µ,ρ
∂gλσ

+ FPλσ;ν,γ
∂FPαβ;µ,ρ
∂gλσ,ν

− gλσ,ρ
∂FPαβ;µ,γ
∂gλσ

− FPλσ;ν,ρ
∂FPαβ;µ,γ
∂gλσ,ν

)
∂

∂gαβ,µ
.

The vector field [XP
γ ,X

P
ρ ] is π1-vertical. Therefore, the integrability condition can only be achieved if

[XP
γ ,X

P
ρ ] = 0. Imposing the condition on the coefficient of

∂

∂gαβ
, we obtain that FPαβ;ρ,γ−F

P
αβ;γ,ρ = 0.

These conditions are expected since, for a section, they represent the equality between second order

crossed partial derivatives. Clearly the solution proposed fulfils this condition. After a rather long but

straightforward computation, we can check that the coefficients of
∂

∂gαβ,µ
also vanish.

A.2 General solution (without energy-matter sources)

The existence of a particular solution X
P
h to (55) is relevant, because it implies that no extra restrictions

are needed, as showed in Theorem 1. Now, we explore the general behaviour of the solutions to (55).

As we have shown before, (55) boils down to (59), which are linear equations. Therefore, we can

split any solution into a particular and a homogeneous part:

Fλσ;µ,ν =
1

2
gαβ(Γ

α
νλΓ

β
µσ + ΓανσΓ

β
µλ) + F h

λσ;µ,ν .

The homogeneous part F h

λσ;µ,ν is a set of functions which cancel out when contracted with (58), namely

∑

λ≤σ

F h
λσ;µ,νU

λσ,µν,αβ = 0 . (60)

The corresponding multivector field:

Xh =

3∧

ν=0


 ∂

∂xν
+
∑

α≤β

(
Fαβ,ν

∂

∂gαβ
+

(
1

2
gλσ(Γ

λ
ναΓ

σ
µβ + ΓλνβΓ

σ
µα) + F h

αβ;µ,ν

)
∂

∂gαβ;µ

)
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is a semiholonomic solution to (55). Nevertheless, it may not be integrable. Thus, the integrability of

Xh leads to new constraints on the valid set of functions Tαβ;µ,ν . Condition (60) can be reformulated as

follows:

Lemma 6. A set of functions F h
αβ;µ,ν , symmetric under the changes α ↔ β and µ ↔ ν, satisfies the

condition ∑

λ≤σ

F h
λσ;µ,νU

λσ,µν,αβ = 0 (61)

if, and only if,

gλσ
(
F h
ητ ;λ,σ + F h

λσ;η,τ − F h
λη;τ,σ − F h

λτ ;η,σ

)
= 0 . (62)

Proof. (61) can be rewritten as

∑

λ≤σ

F h
λσ;µ,νU

λσ,µν,αβ = ̺n(αβ)gαβgλσgµν
(
−
1

2
F h
λσ;µ,ν +

1

2
F h
λµ;ν,σ

)

+ ̺n(αβ)gλσgαµgνβ
(
1

2
F h

µν;λ,σ +
1

2
F h

λσ;µ,ν −
1

2
F h

λµ;ν,σ −
1

2
F h

λν;µ,σ

)
(63)

Contracting (61) with gαβ , we obtain

2̺n(αβ)gλσgµν
(
−
1

2
F h

λσ;µ,ν +
1

2
F h

λµ;ν,σ

)
= 0 . (64)

Therefore the first term in (63) vanishes. Contracting the remaining term with gαηgβτ we obtain (62).

To prove the converse, contract (62) with gητ . The resulting expression is equivalent to (64) because

it is symmetric under the change (αβ) ↔ (ητ). Then, (61) follows straighforwardly.

The following theorem summarizes the above results:

Theorem 7. For a class of multivectorfield {X} ⊂ X4(P), the following conditions are equivalent:

• {X} is a solution to the Hamiltonian problem for the system (P,ΩhV), namely, they are holonomic

multivector fields and satisfy the field equation

i(X)ΩhV = 0 , for every X ∈ {X} .

• Using the coordinates (xµ, gαβ , gαβ,µ), the local expression of a represesentative of {X} is

X =
3∧

ν=0


 ∂

∂xν
+
∑

α≤β

(
gαβ,ν

∂

∂gαβ
+
(
FPαβ;µ,ν + F h

αβ;µ,ν

) ∂

∂gαβ;µ

)
 ,

where FPαβ;µ,ν = 1
2gλσ(Γ

λ
ναΓ

σ
µβ + ΓλνβΓ

σ
µα) and F h

αβ;µ,ν satisfy that:

1. F h

αβ;µ,ν = F h

βα;µ,ν = F h

αβ;ν,µ.

2. gαβ
(
F h

ητ ;α,β + F h

αβ;η,τ − F h

αη;τ,β − F h

ατ ;η,β

)
= 0.

3. It is a solution to the following differential equations (integrability condition):

0 =
∑

α≤β

(
F h
αβ;µ,i

∂F h
λσ;ν,j

∂gαβ,µ
+

(
FPαβ;µ,i

∂

∂gαβ,µ
+ gαβ,i

∂

∂gαβ
+

∂

∂xi

)
F h
λσ;ν,j + F h

αβ;µ,i

∂FPλσ;ν,j
∂gαβ,µ

)

−
∑

α≤β

(
F h
αβ;µ,j

∂F h
λσ;ν,i

∂gαβ,µ
+

(
FPαβ;µ,j

∂

∂gαβ,µ
+ gαβ,j

∂

∂gαβ
+

∂

∂xj

)
F h
λσ;ν,i + F h

αβ;µ,j

∂FPλσ;ν,i
∂gαβ,µ

)
.
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The equivalent theorem for sections is:

Theorem 8. For a holonomic section ψ :M → P, the following conditions are equivalent:

1. ψ is a solution to the Hamiltonian problem for the system (P,ΩhV); namely it satisfies the field

equation:

ψ∗ i(X)ΩhV = 0 , for every X ∈ X(P),

2. ψ is a solution to the vacuum Einstein’s equations

(
Rαβ −

1

2
gαβR

)∣∣∣∣
ψ

= 0, α, β = 0, . . . , 3.

3. ψ is a solution to the differential equations

∂2ψαβ
∂xµ∂xν

=

(
F h

αβ;µ,ν +
1

2
gλσ(Γ

λ
ναΓ

σ
µβ + ΓλνβΓ

σ
µα)

)∣∣∣∣
ψ

,

for some set of functions F h
αβ;µ,ν such that

gαβ
(
F h
ητ ;α,β + F h

αβ;η,τ − F h
αη;τ,β − F h

ατ ;η,β

)
= 0 ,

with initial conditions ψαβ(x
′µ) = g′αβ ,

∂ψαβ
∂xµ

(x′
µ
) = g′αβ,µ.

Proof. The equivalence 1 ⇐⇒ 2 is clear. The implication 1 ⇒ 3 comes from Theorem 7. To show

3 ⇒ 2, we first compute Rαβ |ψ:

Rµη|ψ = gνλRλµ,νη |ψ

= −
1

2
gνλ

[
∂2ψλν
∂xµ∂xη

−
∂2ψµν
∂xη∂xλ

−
∂2ψλη
∂xµ∂xν

+
∂2ψµη
∂xν∂xλ

]∣∣∣∣
ψ

+ gνλgτσ(Γ
τ
ηλΓ

σ
µν − ΓτνλΓ

σ
µη)
∣∣∣
ψ

= −
1

2
gνλ

(
F h
ηµ;ν,λ + F h

νλ;η,µ − F h
νη;µ,λ − F h

νµ;η,λ

)∣∣∣∣
ψ

= 0 .

Then (
Rαβ −

1

2
gαβR

)∣∣∣∣
ψ

=

(
gαµgβη −

1

2
gαβgµη

)
Rµη

∣∣∣∣
ψ

= 0 .

These theorems characterize the solutions to Einstein’s equations without sources. The multivector

fields solution to (7) are described by the set of functions F h

αβ;µ,ν which have some combinatoric prop-

erties. The integral sections of an integrable multivector field are given by (65). Every multivector field

has one section at every point, therefore, only an initial condition is required to solve these equations.

The condition 3 in Theorem 7 is the integrability condition. If a multivector field is not integrable, we

can still consider (65), but we will find out that such equations have no solution everywhere. Thus, the

integrability condition is also the condition of existence of solutions to (65). Given an initial condition,

there is several section solution to the equations: one for every multivector field. Nevertheless, two dif-

ferent multivector fields may lead to the same sections at a given point. These multiple solution are not

gauge related, because the multisymplectic form is regular.
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A.3 General solution (with energy-matter sources)

Theorem 9. Consider an energy-matter term Lm with degree ≤ 1, and the system (PS,ΩhS). For a

class of multivector field {X} ⊂ X4(PS), the following conditions are equivalent:

• {X} is a class of semiholonomic multivector fields solution to the equation

i(X)ΩhS = 0 , for every X ∈ {X} .

• The local expression of a representative X ∈ {X} is

X =
3∧

ν=0

∑

α≤β

(
∂

∂xν
+ gαβ,ν

∂

∂gαβ
+ Fαβ;µ,ν

∂

∂gαβ,µ

)

with

Fλσ;µ,ν =
1

2
gλσ(Γ

λ
ναΓ

σ
µβ + ΓλνβΓ

σ
µα) + gλσ

(
gαβgµν −

1

3
gαµgβν

)
Lm

αβ

̺n(αβ)
+ F h

λσ;µ,ν .

and where F hαβ;µ,ν satisfies:

1. F h
αβ;µ,ν = F h

βα;µ,ν = F h
αβ;ν,µ.

2. gαβ
(
F h

ητ ;α,β + F h
αβ;η,τ − F h

αη;τ,β − F h
ατ ;η,β

)
= 0.

Proof. The local expression of the equations is

∂HV

∂gαβ
+
∑

λ≤σ

gλσ,µ

(
∂Lαβ,µV

∂gλσ
−
∂Lλσ,µV

∂gαβ

)
−
∑

λ≤σ

Fλσ;µ,νU
λσ,µν,αβ = −Lαβm .

Then we split the unknown functions in three parts:

Fλσ;µ,ν = FRλσ;µ,ν + Fm
λσ;µ,ν + F h

λσ;µ,ν .

This first term is a solution to the equations at vacuum:

∂HV

∂gαβ
+
∑

λ≤σ

gλσ,µ

(
∂Lαβ,µV

∂gλσ
−
∂Lλσ,µV

∂gαβ

)
=
∑

λ≤σ

FRλσ;µ,νU
λσ,µν,αβ .

As we have seen before, we can choose FRλσ;µ,ν = 1
2gαβ(Γ

α
νλΓ

β
µσ + ΓανσΓ

β
µλ). The second term is a

solution to ∑

λ≤σ

Fm
λσ;µ,νU

λσ,µν,αβ = Lm
αβ .

We can choose Fm
λσ;µ,ν = 1

̺ n(τγ)gλσ
(
gτµgγν −

1
3gτγgµν

)
Lm

τγ , which belongs to C∞(J1π) because

deg(Lm) ≤ 1 . Indeed,

∑

λ≤σ

1

̺n(τγ)
gλσ

(
gτµgγν −

1

3
gτγgµν

)
Lm

τγUλσ,µν,αβ =

n(αβ)

n(τγ)

(
gτµgγν −

1

3
gτγgµν

)
Lm

τγ

(
1

2
gαµgβν +

1

2
gανgβµ − gαβgµν

)
=

n(αβ)

2n(τγ)
(δατ δ

β
γ + δβτ δ

α
γ )Lm

τγ =
1

2
(Lm

αβ + Lm
βα) = Lm

αβ .
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Finally, the third term is solution to the homogeneous equation

∑

λ≤σ

F h
λσ;µ,νU

λσ,µν,αβ = 0

For (62), this equation is equivalent to the statement. Notice that any other FR or Fm can be obtained

from these ones by adding a suitable function of the type F h.

It is important to remark that the solution given by this theorem may not be integrable. But any

integrable solution follows this structure. The corresponding result for sections is:

Theorem 10. For a holonomic section ψ :M → PS, the following conditions are equivalent:

1. ψ is a solution to the Hamiltonian problem for the system (P,ΩhS), namely it satisfy to the field

equation

ψ∗ i(X)ΩhS = 0 , for every X ∈ X(PS) .

2. ψ is solution to the Einstein equations.
(
Rαβ −

1

2
gαβR

)∣∣∣∣
ψ

= −
1

̺n(αβ)
Lαβm |ψ .

3. ψ is solution to the differential equations

∂2ψαβ
∂xµ∂xν

=

(
F h
αβ;µ,ν +

1

2
gλσ(Γ

λ
ναΓ

σ
µβ + ΓλνβΓ

σ
µα) + gαβ

(
gτµgγν −

1

3
gτγgµν

)
Lm

τγ

̺n(τγ)

)∣∣∣∣
ψ

,

for some set of functions F h
αβ;µ,ν such that

gαβ
(
F h
ητ ;α,β + F h

αβ;η,τ − F h
αη;τ,β − F h

ατ ;η,β

)
= 0 ,

and with initial conditions ψαβ(x
′µ) = g′αβ ,

∂ψαβ
∂xµ

(x′
µ
) = g′αβ,µ.

B Multivector fields

(See [13] for details).

Definition 10. Let κ : M →M be a fiber bundle.

An m-multivector field in M is a skew-symmetric contravariant tensor of order m in M. The set of

m-multivector fields in M is denoted Xm(M).

A multivector field X ∈ Xm(M) is said to be locally decomposable if, for every p ∈ M, there is an

open neighbourhood Up ⊂ M and X1, . . . ,Xm ∈ X(Up) such that X|Up = X1 ∧ . . . ∧Xm.

Locally decomposable m-multivector fields X ∈ Xm(M) are locally associated withm-dimensional

distributions D ⊂ TM, and multivector fields associated with the same distribution make an equivalence

class {X} in the set Xm(M). Then, X is integrable if its associated distribution is integrable.

A multivector field X ∈ Xm(M) is κ-transverse if, for every β ∈ Ωm(M) with β(κ(p)) 6= 0, at every

point p ∈ M, we have that (i(X)(κ∗β))p 6= 0. If X ∈ Xm(M) is integrable, then it is κ-transverse

if, and only if, its integral manifolds are local sections of κ. In this case, if ψ : U ⊂ M → M is a

local section and ψ(U) is the integral manifold of X at p, then Tp(Imψ) = Dp(X) and ψ is an integral

section of X.
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For every X ∈ Xm(M), there exist X1, . . . ,Xr ∈ X(U) such that

X|U =
∑

1≤i1<...<im≤r

f i1...imXi1 ∧ . . . ∧Xim ,

with f i1...im ∈ C∞(U), m 6 r 6 dimM. Then, the condition of X to be integrable is locally

equivalent to [Xi,Xj ] = 0, for every i, j = 1, . . . ,m. If two multivector fields X,X′ belong to the same

equivalence class {X} then, for every U ⊂ M, there exists a non-vanishing function f ∈ C∞(U) such

that X′ = fX on U .

Definition 11. If Ω ∈ Ωk(M) and X ∈ Xm(M), the contraction between X and Ω is defined as the

natural contraction between tensor fields; in particular,

i(X)Ω |U :=
∑

1≤i1<...<im≤r

f i1...im i(X1 ∧ . . . ∧Xm)Ω =
∑

1≤i1<...<im≤r

f i1...im i(X1) . . . i(Xm)Ω ,

if k ≥ m, and equal to zero if k < m. The Lie derivative of Ω with respect to X is defined as the graded

bracket ( it is an operation of degree m− 1)

L(X)Ω := [d, i(X)]Ω = (d i(X)− (−1)m i(X)d)Ω .

Definition 12. In the case that M = Jkπ, a multivector field X ∈ Xm(Jkπ) is said to be holonomic if it

is integrable and its integral sections are holonomic sections of π̄k (and hence it is locally decomposable

and π̄k-transverse).

For a fiber manifold τ : E →M with coordinates (xi, yα), a τ -transverse and locally decomposable

multivector field X ∈ Xm(E) is

X =
m∧

i=1

(
∂

∂xi
+Xα

i

∂

∂yα

)
.

A section of τ , ψ(xi) = (xi, ψα(xi)), is an integral section of X if its component functions satisfy the

following system of partial differential equations

∂ψα

∂xi
= Xα

i ◦ ψ . (65)
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Hamiltonian unified formalism for field theory”, J. Math. Phys. 45(1) (2004) 360-380. (doi:

10.1063/1.1628384).

[15] G. Esposito, C. Stornaiolo, G. Gionti, “Spacetime Covariant Form of Ashtekar’s Constraints” Nuovo Cim.B

110(10) (1995) 1137-1152. (doi: 10.1007/BF02724605).

[16] A. Fernández, P.L. Garcı́a, C. Rodrigo, “Stress-energy-momentum tensors in higher order variational calcu-

lus”, J. Geom. Phys. 34(1) (2000) 41-72. (doi: 10.1016/S0393-0440(98)00063-1).

[17] M. Forger, H. Romer, “Currents and the Energy-Momentum Tensor in Classical Field Theory: A Fresh Look

at an Old Problem”, Annals Phys. 309(2) (2004) 306-389. (doi: 10.1016/j.aop.2003.08.011).
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