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Abstract. Motivated by the study of symplectic Lie algebroids, we
study a describe a type of algebroid (called an E-tangent bundle) which
is particularly well-suited to study of singular differential forms and
their cohomology. This setting generalizes the study of b-symplectic
manifolds, foliated manifolds, and a wide class of Poisson manifolds.
We generalize Moser’s theorem to this setting, and use it to construct
symplectomorphisms between singular symplectic forms. We give appli-
cations of this machinery (including the study of Poisson cohomology),
and study specific examples of a few of them in depth.

1. Introduction

Symplectic Lie algebroids were studied by Nest and Tsygan in [NT2]. In
this paper we review some of their properties and give a catalogue of ex-
amples. Our main motivation for writing this paper is on the one hand to
export Moser’s path method to this realm but also to give explicit computa-
tions in terms of their algebroid cohomology and Poisson cohomology which
are not isomorphic in general.

Definition 1. Let E be a locally free submodule of the C∞ module V ect(M)
of vector fields on M . By the Serre-Swan theorem, there is an E-tangent
bundle ETM whose sections (locally) are sections of E, and an E-cotangent
bundle ET ∗M := (ETM)∗. We will call the global sections of ∧p(ET ∗M)
E-forms of degree p, and denote the space of all such sections by EΩp(M).
If E satisfies the involutivity condition [E,E] ⊆ E, there is a differential
d : EΩp(M)→ EΩp+1(M) given by

dω(V0, . . . , Vp) =
∑
i

(−1)iVi

(
ω
(
V0, . . . , V̂i, . . . , Vp

))
+
∑
i<j

(−1)i+jω
(

[Vi, Vj ], V0, . . . , V̂i, . . . , V̂j , . . . , Vp

)
.
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The cohomology of this complex is the E-cohomology EH∗(M). We call
a closed nondegenerate E-form of degree 2 an E-symplectic form, and the
triple (M,E, ω) an E-symplectic manifold.

The bundle ETM →M is naturally a Lie algebroid, whose bracket is given
by the standard bracket of vector fields, and whose anchor map ETM → TM
is induced by the inclusion E ⊆ V ect(M). The E-cohomology is the same
as the Lie algebroid cohomology, and an E-symplectic manifold is an
example of a symplectic Lie algebroid. When E = Vect(M), then the E-
(co)tangent bundle is the same as the standard (co)tangent bundle, and an
E-symplectic form is a standard symplectic form. Throughout this paper,
we will denote by EV ect(M) the set of all locally free submodules E of
V ect(M) satisfying the involutivity condition [E,E] ⊆ [E], and the rank
of an E ∈ EV ect(M) means the rank of the vector bundle ETM . In this
paper, we study examples of E-symplectic manifolds.

b-manifolds, bk-manifolds: For any closed embedded hypersurface
Z ⊆ M , we can let E be the submodule of vector fields tangent to
Z. In this case, the geometry of E-symplectic forms has been well-
studied under the name of b-symplectic geometry (see for instance
[GMP1], [GMP2], [S], [KM], [DKM], [KMS]). In the presence of
the additional structure of a k-jet of a defining function along Z, the
submodule E of vector fields with “order k tangency” to Z defines an
element of EV ect(M), and the resulting geometry has been studied
under the name of bk-geometry.

c-manifolds: A c-symplectic manifold is a generalization of a b-symplectic
manifold where the hypersurface Z is allowed to have transverse self-
intersection. We prove a Mazzeo-Melrose type theorem for the E-
cohomology, and also give an explicit example of an E-symplectic
structure of this type on S4, which demonstrates that certain ob-
struction theorems in b-symplectic geometry proven in [MO] do not
generalize to the c-symplectic setting.

Elliptic type singularities: The submodule E ⊆ V ect(R2) gener-
ated (as a C∞-module) by the vector fields

v = x
∂

∂x
+ y

∂

∂y
and w = −y ∂

∂x
+ x

∂

∂y
.

is involutive, hence E ∈ EV ect(R2). This is the prototypical ex-
ample of an elliptic type E-structure, which in general consists of a
codimension-2 submanifold together with a E-structure on its nor-
mal bundle. These have been used in [CG] to study stable general-
ized complex structures. We calculate the E-cohomology of such a
manifold.

Regular foliations: To any regular foliation of rank r, the submodule
E ⊆ V ect(M) of vector fields tangent to the leaves of the foliation
is involutive by the Frobenius theorem, hence E ∈ EV ect(M). The
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complex (EΩ∗(M), d) is the familiar complex of foliated differential
forms whose cohomology is foliated cohomology. In this context,
Moser’s lemma was proven in [HM].

In addition, it is possible to construct examples by describing the gener-
ators of the submodule explictly. For example, the vector fields on R2

v = x
∂

∂x
+ y

∂

∂y
w = y

∂

∂x
.

generate an E ∈ EV ect(R2).
Organization of this paper: The paper consists on 4 different sections.

In section 2, we prove a Moser theorem for E-symplectic forms and discuss
applications to the specific examples of E-symplectic geometries listed in the
introduction. In section 3, we compute the E-cohomology of a c-manifold
and prove a Mazzeo-Melrose formula. We also give an example of two c-
symplectic forms on R2 which are not symplectomorphic, showing that the
Darboux theorem of symplectic geometry does not generalize to this context.
In the last section of this paper we give an explicit example of E-manifold
and compute its E-cohomology proving that it is not isomorphic to its Pois-
son cohomology.

2. Moser Path Method for E-symplectic Manifold

In this section, we generalize Moser’s theorem to the setting of E-symplectic
manifolds. Towards this goal, we first generalize some basic operations on
differential forms to the context of E-forms. A diffeomorphism φ : M →M
acts on a submodule E ∈ EV ect(M) by the usual pushforward, which in-

duces a dual map φ∗(E)Ω(M)→ EΩ(M). Notice that unless φ∗(E) = E, an
E-form ω and its pullback φ∗(ω) are not sections of the same bundle. For
diffeomorphisms given as the flows of sections of E, the condition φ∗(E) = E
is satisfied.

Proposition 2. (Proposition 1.6 of [AS]) Let E ∈ EV ect(M), and let X ∈
Γ(M,E). The time-t flow ρt of X satisfies (ρt)∗(E) = E.

We denote by Aut(M,E) the set of all diffeomorphisms φ : M → M such
that φ∗(E) = E.

Definition 3. Let E ∈ EV ect(M), let ω ∈ EΩp(M), and let X ∈ Γ(M,E).
Define ιX : EΩp(M)→ EΩp−1(M) by

ιX(ω)(X1, . . . , Xp−1) = ω(X,X1, . . . , Xp−1)

for p ≥ 1 and by the zero map for p = 0. Define LX(ω) := d
dt

∣∣
t=0

ρ∗t (ω),
where ρt is the time-t flow of the time-dependent vector field Xt.

These operations satisfy

LX(ω) = (dιX + ιXd)(ω) and
d

dt
ρ∗tωt = ρ∗t (LXtωt +

d

dt
ωt).
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The proof of this is the same as for usual differential forms (for example, see
Theorem 5.2.2 of [Ma] and Proposition 6.4 of [CdS])

Lemma 4. Let E ∈ EV ect(M), and let vt be a time dependent E-vector
field with flow ϕt defined for 0 ≤ t ≤ 1. Then the map EHp(M)→ EHp(M)
induced by ϕ∗1 is the identity.

Proof. Let ω ∈ EΩp(M), and ω1 = ϕ∗1(ω), and consider the homotopy oper-
ator Q : EΩp(M)→ EΩp−1(M) given by

Qω =

∫ 1

0
ϕ∗t (ιvtω)dt

For any closed ω ∈ EΩp(M), This homotopy operator satisfies ϕ∗1(ω)− ω =
dQ(ω), so [ϕ∗1(ω)] = [ω]. �

Beware that not every diffeomorphism in Aut(M,E) isotopic to the iden-
tity is isotopic to the identity through a path in Aut(M,E).

Example 5. Consider the submodule E of TS2 consisting of vector fields
tangent to the equator. Let ρt denote a rotation of tπ along the axis shown
below.

If ω = dh/h∧ dθ, then ρ∗1(ω) = −dh/h∧ dθ, so [ρ∗1ω] 6= [ω]. Although the
map ρ1 is isotopic to ρ0 = id, it is not isotopic through a path in Aut(M,E).

Theorem 6. Let M be a compact manifold, E ∈ EV ect(M), and let
ω0, ω1 ∈ EΩ2(M). If ωt := (1 − t)ω0 + tω1 is an E-symplectic form for
all t ∈ [0, 1], and [ω0] = [ω1] ∈ EH2(M), then there is a time-dependent
E-vector field Xt whose flow ρt satisfies ρ∗tωt = ω0 for all t ∈ [0, 1].

Proof. Let Xt be a time-dependent E-vector field, and let ρt be its flow.
Then d

dtρ
∗
tωt = ρ∗t (LXtωt + d

dtωt), so the condition that ρ∗tωt is constant is

equivalent to the condition that LXtωt = − d
dtωt. Because ωt is closed, the

Cartan formula simplifies this condition to d(ιXtωt) = − d
dtωt. Therefore,

the construction of the desired isotopy ρt entails finding a Xt satisfying
this equation. Using that dωt

dt = ω1 − ω0 is cohomologically trivial, pick

µ ∈ EΩ1(M) such that dµ = ω1 − ω0 and define Xt to be the E-vector field
satisfying ιXtωt = −µ. Then, dιXtωt = − d

dtωt as required. �

We can recover the b-Moser theorem from [GMP2] and the bm-Moser
theorem from [GMW] as a special case of Theorem 6, when the E-submodule
in question consists of the vector fields tangent to a hypersurface of M (or,
in the bm case, those with a higher-order tangency to a hypersurface).
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Corollary 7 (b-Moser theorem). Suppose that M is compact and let ω0

and ω1 be two cohomologous b-symplectic forms on (M,Z). If ωt = (1 −
t)ω0 + tω1 is b-symplectic for 0 ≤ t ≤ 1, there is a family of diffeomorphisms
γt : M →M , for 0 ≤ t ≤ 1 such that γt leaves Z invariant and γ∗t ωt = ω0.

Theorem 8. Let M be a compact manifold, and let E ∈ EV ect(M). If
ETM has rank 2, and ω0, ω1 are two E-symplectic forms such that [ω0] =
[ω1], and ω0, ω1 induce the same orientation on ETM , then there is a φ ∈
Aut(M,E) such that φ∗(ω1) = ω0.

Proof. Let ωt = tω1 + (1 − t)ω0. Then ωt is a path of E-symplectic forms
such that [ωt] is constant. By Theorem 6, there is a time-dependent E-
vector field Xt whose flow ρt satisfies ρ∗tωt = ω0. Then ρ1 is the desired
diffeomorphism.

�

We can recover the classification of oriented symplectic surfaces, Radko’s
classification of b-symplectic surfaces, and the classification of bk-symplectic
surfaces in [S] as special cases of Theorem 8.

Corollary 9 (Classification of symplectic surfaces, [Mo]). Let S be a
compact oriented surface, and and let ω0 and ω1 be two symplectic forms on
(M,Z) with [ω0] = [ω1]. Then there exists a diffeomorphism φ : M → M
such that φ∗ω1 = ω0.

Corollary 10 (Classification of b-symplectic surface, [GMP2]). Let S
be a compact orientable surface and and let ω0 and ω1 be two b-symplectic
forms on (M,Z) defining the same b-cohomology class (i.e.,[ω0] = [ω1]).
Then there exists a diffeomorphism φ : M →M such that φ∗ω1 = ω0.

Let M be a manifold with a regular foliation, and E the submodule of
V ect(M) consisting of vector fields tangent to the foliation. In this case, the
complex EΩ∗(M) is the usual complex for foliated cohomology, H∗(F).

So in particular by rephrasing theorem 8 we obtain the following Moser’s
theorem for symplectic foliations.

Theorem 11. Let M be a compact manifold, and let F be a regular foli-
ation by 2-dimensional leaves. If ω0, ω1 are two leafwise-symplectic forms
representing the same foliated cohomology class and inducing the same orien-
tation on F , then there is a φ preserving the foliation such that φ∗(ω1) = ω0.

When the symplectic foliation is the symplectic foliation of a regular Pois-
son manifolds, it would be desirable to obtain a path method that encodes
the classification in terms of Poisson cohomology. The following result en-
ables to do so for unimodular Poisson manifolds. We recall from [MM],

Theorem 12 (Martinez-Torres and Miranda, [MM]). Let (M,π) be a com-
pact orientable unimodular regular Poisson manifold of dimension m and
rank 2n. Then then there is an isomorphism of cohomology groups:

Hm
π (M)→ H2n(F)
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In particular by applying theorem 11 we obtain,

Theorem 13. Let M3 be a regular compact Poisson manifold of corank 1,
and let F be its symplectic foliation. If Π0,Π1 are two Poisson structures
with the same class in Poisson cohomology and the same orientation, then
there is a φ preserving the symplectic foliation such that φ∗(Π0) = Π1.

This global classification of E-symplectic objects in dimension 2 using a
Moser theorem can be used to classify Nambu structures of top degree for
manifolds in any dimension as it was done in [MP] to obtain,

Theorem 14 (Miranda and Planas, [MP]). Let Θ0 and Θ1 be two bm-Nambu
forms of degree n on a compact orientable manifold Mn. If [Θ0] = [Θ1] in
bm-cohomology then there exists a diffeomorphism φ such that φ∗Θ1 = Θ0.

This classification theorem generalizes that in [Mt].

3. A case-study: c-manifolds

In the definition of a b-manifold (M,Z), the hypersurface Z is assumed
to be smoothly embedded. In this section, we generalize this theory by
allowing the hypersurface to have transverse self-intersections as considered
in [GMPS] (see v1 in arxiv) and [GLPR].

For these E-manifolds we can compute explicitly its E-cohomology and
prove a Mazzeo-Melrose theorem.

3.1. Self-transverse immersions and c-geometry.

Definition 15. Let Z and M be smooth manifolds. An immersion i : Z →
M is self-transverse if whenever p1, . . . , pn ∈ Z are distinct points mapping
to the same point of M , the planes {i∗(TpiM)} are in general position.

Definition 16. A self-transverse immersion i : Z →M has multiple point
manifolds, for each k ≥ 1, given by

Zk = {(p1, . . . , pk) ∈ Zk | pi distinct, i(pi) = i(pj)}
Zk = Zk/Sk

where the symmetric group Sk acts on Zk by permuting the pi’s. For k > `,
there are also self-transverse immersions

Zk → Z` and Zk →M

(p1, . . . , pk) 7→ (p1, . . . , p`) (p1, . . . , pk) 7→ i(p1)

These maps are equivariant with respect to the actions of the symmetric
groups, hence define self-transverse immersions Zk → Z` and Zk → M . To
simplify notation, we set Z0 := M .

Example 17. If S1 is mapped into R2 as a figure eight, then there are two
points p1, p2 ∈ S1 that are identified under this map. Then Z2 consists of
two points, (p1, p2), (p2, p1) ∈ S1 × S1, while Z2 consists of just one point.
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Definition 18. A c-manifold is a manifold M together with a self-transverse
immersion i of a hypersurface Z into M . A vector field v on c-manifold M
is a c-vector field if for each p ∈ Z, vi(p) ∈ i∗(TpZ).

The set of c-vector fields forms an element of EV ect(M), and we denote
the corresponding E-tangent and E-cotangent bundles by cTM and cT ∗M ,
respectively. Around every point of M in the image of Zk but not Zk+1,
there are coordinates (x1, . . . , xn) for which the image of Z is ∪i≤k{xi = 0}.
In these coordinates, cTM is generated as a C∞ module by{

x1
∂

∂x1
, . . . , xk

∂

∂xk
,

∂

∂xk+1
, . . . ,

∂

∂xn

}
and cT ∗M is generated by the dual basis{

dx1

x1
, . . . ,

dxk
xk

, dxk+1, . . . , dxn

}
.

In this setting, we call an E-symplectic form a c-symplectic form.

Example 19. In this example, we describe a c-symplectic structure on S4.
For 1 ≤ i ≤ 5, consider the following open sets of the unit sphere S4 ⊆ R5:

U+
i = {(y1, . . . , y5) ∈ S4 | yi > 0}

U−i = {(y1, . . . , y5) ∈ S4 | yi < 0}

A line passing through the origin in R5 and fixed point in U+
i intersects the

plane R4 ∼= {yi = 1} ⊆ R5 in exactly one point; the projection defined in
this way gives local coordinates on U+

i . Likewise, the projection through the
origin onto the plane R4 ∼= {yi = −1} ⊆ R5 gives local coordinates on each
U−i . These coordinates are just the pullback of the standard coordinates on
RP 4 by the double covering S4 → RP 4. Below are examples of two change
of coordinate maps between these charts.

{
(x2, x3, x4, x5) ∈ U+

1 | x2 > 0
} {

(x1, x3, x4, x5) ∈ U+
2 | x1 > 0

}
(x2, x3, x4, x5) 7→x−1

2 (1, x3, x4, x5)

x−1
1 (1, x3, x4, x5) 7→(x1, x3, x4, x5)

{
(x2, x3, x4, x5) ∈ U+

1 | x2 < 0
} {

(x1, x3, x4, x5) ∈ U−2 | x1 > 0
}

(x2, x3, x4, x5) 7→ − x−1
2 (1, x3, x4, x5)

x−1
1 (−1, x3, x4, x5) 7→(x1, x3, x4, x5)
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Let vj for 1 ≤ j ≤ 5 be the vector fields on S4 defined as follows on these
coordinate charts.

vj =

{
xj

∂
∂xj

on U+
i and U−i for i 6= j∑

i 6=j −xi
∂
∂xi

on U+
j and U−j

Consider the bivector Π = (v1 + v2) ∧ (v2 + v3) + (v3 + v4) ∧ (v4 + v5)
on S4. Because the vi vector fields commute with one another, [Π,Π] = 0.

Also, Π ∧ Π = 2(
∑5

i=1 v1 ∧ · · · ∧ v̂i ∧ . . . v5. Together with the fact that
vi = −

∑
j 6=i vj , one can verify that Π is dual to a c-symplectic form on each

coordinate chart. For example, on U+
1 and U−1 , it is given by

On U+
1 and U−1 : x2x3

∂

∂x2
∧ ∂

∂x3
+ x2x4

∂

∂x2
∧ ∂

∂x4

+ 2x3x4
∂

∂x3
∧ ∂

∂x4
+ x2x5

∂

∂x2
∧ ∂

∂x5

+ 2x3x5
∂

∂x3
∧ ∂

∂x5
+ x4x5

∂

∂x4
∧ ∂

∂x5

This illustrates that S4 admits a c-symplectic structure.

The main theorem of [MO] implies that for n ≥ 4, any compact man-
ifold of dimension n admitting a b-symplectic structure must have a non-
trivial class in H2(M). Example 19 shows that a manifold may admit a
c-symplectic structure even if it does not admit a b-symplectic structure.

To better understand cH∗(M), we hope for a result similar to the canoni-
cal Mazzeo-Melrose isomorphism in b-geometry, in which case Z is embedded
and

(1) bHp(M) ∼= Hp(M)⊕Hp−1(Z).

Towards this goal, in the following two sections, we will generalize the defi-
nition of a Liouville volume and the residue of a b-form.

3.2. The Liouville volume of a c-form. Recall that the Liouville volume
of a b-form ω of top degree is defined as

lim
ε→0

∫
M\{|y|≤ε}

ω

where y is a local defining function for Z. This number is well-defined and
independent of the choice of y. Because the hypersurface of a c-manifold
might not be embedded and might not be coorientable, it may have no local
defining function in the traditional sense.

Definition 20. Let W either be Zk for some k ≥ 1, or a connected com-
ponent of Zk, and let i : W → M be its inclusion into M . The normal



THE GEOMETRY OF E-MANIFOLDS 9

bundle of W is the bundle π : NW → W whose fiber over p ∈ W is given
by Ti(p)M/i∗(TpW ).

Remark 21. Let W be as in Definition 20, and let p = (p1, . . . , pk) ∈ W .
For each j, i∗(TpjZ) is a hyperplane in Ti(p)M containing i∗(TpW ), hence
defines a hyperplane in (NW )p. We will denote by Hj the codimension-1
subbundle of NW defined by the hyperplanes i∗(TpjZ) ⊆ Ti(p)M . Because
i : Z →M is self-transverse, these Hj are transverse subbundles of NW .

Definition 22. Let W be as in Definition 20. A tubular neighborhood
of W is a map φ : NW →M such that

• Around every p ∈ W , there is an open neighborhood U ⊆ W such
that the map φ

∣∣
π−1(U)

: π−1(U) → M is a usual tubular neighbor-

hood of i
∣∣
U

: U →M

• For each j, the map φ
∣∣
Hj

: Hj →M factors through a map Hj → Z

that sends the zero section over p = (p1, . . . , pk) to pj ∈ Z.

Figure 1 below on the right shows a self-transverse map of a cylinder and
a plane into R3. The double point manifold Z2 consists of two circles and
two lines. One if these circles is shown below, together with an illustration
of the codimension-1 subbundles of NM .

H1, H2 ⊆ NM

M ⊆ Z2

Figure 1. A normal bundle of a component of Z2 with two
codimension-1 subbundles

Definition 23. Let (M,Z) be a c-manifold. Pick a tubular neighborhood
φ : NZ → M of Z, pick an auxillary metric on NZ , and let Uε := φ({v ∈
NZ | |v| < ε}). The Liouville volume of a compactly supported c-form ω
of top degree is

(2)
c∫
M
ω = lim

ε→0

∫
M\Uε

ω

Proposition 24. The Liouville volume of a compactly supported c-form is
finite and independent of the choice of tubular neighborhood and auxillary
metric used to define Uε

Proof. By passing to a partition of unity, it suffices to prove the claim when
ω is supported in M = [−1, 1]n ⊆ Rn where i(Z) = ∪i≤r{xi = 0}. If r = 0,
ω is a smooth form and there is nothing to prove. If r > 0, fix a tubular
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neighborhood of Z and auxillary metric on NZ ; after a diffeomorphism of
Rn preserving Z we may assume that Uε = ∪ri=1{|xi| < ε} for small ε. There
is some f ∈ C∞(Rn) such that

ω = f
dx1

x1
∧ · · · ∧ dxr

r
∧ dxr+1 ∧ · · · ∧ dxn

By Taylor’s theorem, there are smooth functions fi such that

f = f(0, . . . , 0, xr+1, . . . , xn) +
r∑
i=1

xifi.

Then∫
M\Uε

f
dx1

x1
∧ · · · ∧ dxr

r
∧ dxr+1 ∧ · · · ∧ dxn

=

∫
M\Uε

f(0, . . . , 0, xr+1, . . . , xn)
dx1

x1
∧ · · · ∧ dxr

r
∧ dxr+1 ∧ · · · ∧ dxn

+
r∑
i=1

∫
M\Uε

fi
dx1

x1
∧ · · · ∧ dxi ∧ · · · ∧

dxr
r
∧ dxr+1 ∧ · · · ∧ dxn

The first term is finite by Fubini’s theorem; the second is finite by induction
on the order of the singularity of the differential form. It remains to show
that this does not depend on the choice of tubular neighborhood or metric.
Suppose we change the tubular neighborhood or metric just for the hyper-

plane {x1 = 0}, and denote by Ũε the neighborhood Uε obtained using these

new choices. The formula for Ũε can be written

Ũε = {|h(x1, . . . , xn)| < ε} ∪
r⋃
i=2

{|xi| < ε}

for h a defining function of {x1 = 0}. Then

lim
ε→0

∫
M\Ũε

ω = lim
ε2→0

lim
ε1→0

∫
M\{|h|<ε1}∪

⋃r
i=2{|xi|<ε2}

ω

= lim
ε2→0

lim
ε1→0

∫
M\{|x1|<ε1}∪

⋃r
i=2{|xi|<ε2}

ω

= lim
ε→0

∫
M\Uε

ω

where the second equality is given by the independence of the Liouville
volume of a b-form on the choice of defining function for the hypersurface.
Because every change of local defining function can be written as a sequence
of changes that affect only one hyperplane, this computation proves that the
Liouville volume of a c-form is independent of the choices in its definition.

�
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Now we can define a map sm : cHk(M) → Hk(M) as follows. First,
consider the case when M is orientable. For [ω] ∈ cHk(M), let sm([ω]) ∈
Hk(M) be defined as the cohomology class that corresponds via Poincare
duality to the element of Hn−k

c (M)∗ given by

(3) [η]→
b∫
M
ω ∧ η.

For the non-orientable case, we use the non-orientable Poincare duality
(see Bott and Tu, Theorem 7.8), Hk(M) ∼= Hn−k

c (M, orM )∗, where orM
is the orientation bundle of M . We also define an E-density on an n-
dimensional E-manifold to be a section of Λn(ET ∗M) ⊗ orM . Just as a
c-form restricted to the complement of Z is a smooth form, a c-density re-
stricted to the complement of Z is a smooth density. The description of the
Liouville volume of a c-form generalizes without any changes to the case of
c-densities: because the proof of Proposition 24 is local in nature, it applies
to c-densities as well. So for a closed form ω on a non-orientable manifold,
sm([ω]) ∈ Hk(M) is defined as the cohomology class that corresponds to
the element of Hn−k

c (M, orM )∗ given by equation 3

3.3. The residue of a c-form. We describe, for any c-manifold (M,Z)
and any k ≥ 0, a residue map

res : cΩp(Zk)→ cΩp−1(Zk−1)

that generalizes the residue map bΩp(M) → Ωp−1(Z) for b-forms. Let
(x1, . . . , xn) be coordinates on Zk in which {x1 = 0} is the image of an
open set U ⊆ Zk+1 under the induced inclusion Zk+1 → Zk. In these coor-
dinates, ω can be written as

(4) ω = α ∧ dx1

x1
+ β

where α, β are c-forms of degree p−1 and p, respectively, whose coordinate
expressions do not contain dx1

x1
. On U ⊆ Zk+1, the form res(ω) is defined as

the pullback of α to U . Equivalently, let

L = (−1)p−1x1
∂

∂x1
.

Although L depends on the choice of coordinates, one can use the same
proof in [GMP2] for the b-case to show that L

∣∣
i(Zk+1)

does not depend on

the coordinates, and that the pullback i∗(ιLω) to Zk is a well-defined c-form
on Zk which also equals res(ω). Also note that the residue map can be
composed with itself; if ω ∈ cΩp(M), then resk(ω) ∈ cΩp−k(Zk).

Example 25. The form ω = dx
x ∧

dy
y ∧

dz
z is a c-form on R3, where Z consists

of the inclusion of the three coordinate hyperplanes. Its residue is written
in Figure 3.
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Z = Z1Z2Z3

Figure 2. The components of Z1 are {x = 0}, {z = 0},
and {y = 0}, drawn from top to bottom. The diagram of
Z2 (respectively, Z3) is arranged so that the canonical maps
Z2 → Z1 send components of Z2 to components of Z1 drawn
to their right.

dx
x ∧

dy
y ∧

dz
z

dy
y ∧

dz
z

dx
x ∧

dy
y

dz
z ∧

dx
x

−dz
z

dy
y

−dy
y

dx
x

−dx
x

dz
z

−11

−11

−11

Figure 3. The residue of ω, graphically arranged to match
Figure 2.

Definition 26. Let ω ∈ cΩ∗(Zk). We say that ω is compatible if the
following two conditions hold

• The action of any σ ∈ Sk satisfies σ∗(ω′) = sign(σ)ω′, where sign(σ)
is 1 if σ corresponds to an even permutation, and −1 otherwise.
• Either ω is smooth, or res(ω) is compatible.

Because taking the repeated residue of a form will eventually give a
smooth form, this recursive definition makes sense.

By the nature of the residue map, any c-form on a manifold M will be
compatible, but for a c-form on Zk to be compatible, it must “agree” at the
points where Zk is identified in M , as illustrated in the example below.

Example 27. Let i : R t R → R2 be given by x 7→ (x, 0) on the first copy
of R and y 7→ (0, y) on the second. Then an element of cΩ1(Z1) which is

described by f dxx and g dyy is compatible if f(0) = −g(0).

Let Ω̂∗(Zi) (and cΩ̂∗(Zi)) denote the space of compatible smooth forms
(and c-forms). The differential preserves the property of compatibility; we

write Ĥ∗(Zi) (and cĤ∗(Zi)) for the cohomology of this subcomplex. For the
remainder of this section, we will use the notation Z0 to denote M .
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Proposition 28. Let (M,Z) be a c-manifold. Then for all i ≥ 0,

(5) 0→ Ω̂p(Zi)→ cΩ̂p(Zi)
res−−→ cΩ̂p−1(Zi+1)→ 0

is a short exact sequence of chain complexes. Moreover, any closed form in
cΩ̂p−1(Zi+1) has a closed form in its preimage in cΩ̂p(Zi).

Proof. In verifying that Equation 5 is a short exact sequence of chain maps,
the nontrivial parts are to verify that res commutes with the differentials,

and is surjective. First, let ω ∈ cΩ̂p(Zi). Around a point of i(Zi+1) ⊆ Zi,
we can pick local coordinates and use the decomposition of ω described in
Equation 4,

ω = α ∧ dx1

x1
+ β.

Then dω = dα ∧ dx1
x1

+ dβ, whose residue on Zi+1 is given by the pullback
of dα. The fact that res commutes with d then follows from the fact that
differentials commute with pullbacks.

To verify that res is surjective, let α ∈ cΩ̂p−1(Zi+1). We will construct an
ω ∈ cΩp(Zi) whose residue is α. In the case that α is closed, this construc-
tion will produce a closed ω, proving the final part of the theorem.

The Si+1 action on Zi+1 acts on the components of Zi+1. Let W be
a union of components of Zi+1, one from each orbit of this action. Let
π : NW → W be the tubular neighborhood of W in Zi. If W ⊆ Zi is
coorientable, let x1 ∈ C∞(NW ) be a defining function for the zero section
of NW , and let x̃i = ρ ◦ x, where ρ : R → R be an odd function which is
locally constant outside [−1, 1] and equal to ρ(x) = x on [1

2 ,
1
2 ].

x

ρ(x)

1
2

1

Then, let η = π∗(αk)∧ dx̃1
x̃1

. In the case when W ⊆ Zi is not coorientable,
then a defining function x1 can only be defined up to sign. But because ρ
is an odd function, dx̃1/x̃1 does not change if x1 is replaced by −x1, so the
construction of η is well-defined even when W ⊆ Zi is not coorientable.

Then η is a c-form on NM whose restriction to each fiber is compactly
supported, res(η) = α, and η is closed if α is. Next, let φ : NW → M be
a tubular neighborhood of W . If φ is an embedding, it is a diffeomorphism
onto its image, and we could construct a form ω′ in a neighborhood of
W ⊆ Zi simply by identifying NM with its image and taking ω′ to be η. If φ
is not an embedding (for example, if W = S1 is immersed as a figure-eight),
then for every open set U ⊆ Zi for which φ

∣∣
φ−1(U)

is a k-to-one cover, then
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define ω′
∣∣
U

to be the sum of the k different forms obtained by identifying U
with each of the k different preimages, and taking η in each preimage.

Finally, let ω equal ω′ summed over the action of Sk. By construction,
ω is a compatible form with res(ω) = α. Because η is closed whenever α is
closed, the same is true for ω′ and for ω.

�

Theorem 29. Let (M,Z) be a c-manifold. Then

cHp(M) ∼= Hp(M)⊕ Ĥp−1(Z1)⊕ Ĥp−2(Z2)⊕ · · · ⊕ Ĥ0(Zp)

[ω] 7→ (sm(ω), sm(res(ω)), sm(res2(ω)), . . . , sm(resp(ω)))

Proof. For each i, the short exact sequence in Equation 5 induces short exact
sequences in cohomology

0→ Ĥp(Zi)→ cĤp(Zi)
−res−−−→ cĤp−1(Zi+1)→ 0.

which is split by the map

sm : cĤp(Zi)→ Ĥp(Zi).

Applying induction on i, and the fact that cΩ̂p(Z0) = cΩ̂p(M) = cΩp(M)
yields the result. �

Notice that each Ĥp(Zi) is isomorphic to Hp(Zi), but that this isomor-
phism is only canonical up to a choice of sign.

Theorem 29 implies that unlike usual symplectic forms (for which there
is a Darboux theorem), c-symplectic forms have local invariants.

Example 30. Consider the family k dxx ∧
dy
y of c-symplectic forms on R2,

parametrized by k > 0. The terms of the residue decomposition of [k dxx ∧
dy
y ]

from Theorem 29 all vanish except for the part on Z2. On Z2, the residue is
given by the locally constant function equal to k on one of the components
of Z2, and −k on the other component. Therefore, each c-symplectic form
in this family represents a different c-cohomology class, and hence the c-
symplectic manifolds in this family are pairwise non-symplectomorphic.

Example 30 shows that there may be cohomological obstructions to con-
structing local symplectomorphisms between c-symplectic forms; the follow-
ing theorem shows that these are the only such obstructions.

Theorem 31 (c-Darboux theorem). Let ω0 and ω1 be two c-symplectic
forms for which the three elements under the isomorphism in theorem 29
above coincide, then ω0 and ω1 are symplectomorphic.

Proof. From theorem 29, the three classes determine the cohomology class
in cHp(M) thus from Moser’s theorem [Mo] we obtain the desired result. �

Remark 32. As a consequence of the theorem above, there is not a unique
model for c-symplectic structures due to the fact that the residue in theorem
29 is not constant.
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4. E-cohomology and Poisson cohomology

In this section we focus our attention on comparing E-cohomology with
Poisson cohomology associated to Poisson structures whose associated al-
gebroid is E. In [GMP2] it was proven that for b-symplectic manifolds,
b-cohomology is isomorphic to Poisson cohomology.

In this section we give an example proving that this is not true in general
for E-symplectic manifolds. In this section, E refers to the locally free
involutive submodule of V ect(R2) generated by

v1 = x
∂

∂x
+ y

∂

∂y
and v2 = −y ∂

∂x
+ x

∂

∂y

Then ET ∗M is generated by the sections

v∗1 =
xdx+ ydy

x2 + y2
and v∗2 =

−ydx+ xdy

x2 + y2

We can naturally associate a Poisson structure to E, ΠE = v1 ∧ v2 =
(x2 + y2) ∂

∂x ∧
∂
∂y .

We start by computing E-cohomology.

4.1. A computation of E-cohomology. Recall that a function f ∈ C∞(Rn)
is called analytically flat at a point p if f and all its derivatives vanish at
p.

Lemma 33. Let f(x, y) ∈ C∞(R2) be analytically flat at 0 and g(x, y) ∈
C∞(R2) be a nonnegative function. For any positive even numbers p, q, the
function

h(x, y) =
f(x, y)

xp + yq + g(x, y)

is smooth and analytically flat.

Proof. Because xp + yq + g(x, y) is nonzero away from 0, it suffices to show
that h is defined and smooth at 0. To show that it is defined, assume without
loss of generality that p ≥ q. By Taylor’s theorem, we can write

f =
∑
i,j≥0
i+j=2p

fijx
iyj
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for flat functions fij . Notice that

|h| =

∣∣∣∣∣∣
∑

i+j=2p

fijx
iyj

xp + yq + g

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
∑

i+j=2p
i≥p

fijx
i−pyj

xp

xp + yq + g

∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣
∑

i+j=2p
i<p

fijx
iyj−q

yq

xp + yq + g

∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣∣
∑

i+j=2p
i≥p

fijx
i−pyj

∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣
∑

i+j=2p
i<p

fijx
iyj−q

∣∣∣∣∣∣∣∣
By the sandwich theorem, the limit exists. To prove that h is smooth,
observe that the first partial derivatives of h are again a quotient of a flat
function by a function of the form (x2p + y2q + g̃) and apply induction. �

Theorem 34. Let E ⊆ V ect(M), v1, v2 be as described above.

EHk(M) =


R k = 0
R2 k = 1
R k = 2
0 otherwise

Proof. The degree 0 cohomology is generated by the classes of the constant
functions, and hence is isomorphic to R. Let K be the closed E-forms of
degree 1, and consider the map

K → R2 gv∗1 + hv∗2 7→ (g(0), h(0)).

Exact 1-forms v2(f)v∗1 +v1(f)v∗2 are in the kernel of this map, so this induces
EH1(R2)→ R2. The map is surjective, since c1v

∗
1 + c2v

∗
2 7→ (c1, c2) for any

c1, c2. To show that it is surjective, let η = gv∗1 +hv∗2 be in the kernel of this
map; we will show that η is exact. Let

∑
i,j≥0 gijx

iyj be the analytic jet of
g. Then

f =
∑
i,j≥0

(i,j)6=(0,0)

(i+ j)−1xiyj

has the property that v1(f)−g is flat. Because η and df = v1(f)v∗1 +v2(f)v∗2
are closed,

0 = dη − d2f = (v1(h)− v2(g)− v1v2(f) + v2v1(f))v∗1 ∧ v∗2
= (v1(h− v2(f))− v2(g − v1(f)))v∗1 ∧ v∗2
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Because v1(f) − g is flat, so is v2(g − v1(f)), and it therefore follows that
v1(h−v2(f)) is flat and therefore h−v2(f) is analytically a constant function.
Since h(0) = 0, h− v2(f) is flat. Notice that

(g−v2(f))v∗1+(h−v1(f))v∗2 =
g − v2(f)

x2 + y2
(xdx+ydy)+

h− v1(f)

x2 + y2
(−ydx+xdy)

is smooth by the lemma. It is also closed, so by Poincare’s lemma has a
primitive F . Then f + F is a primitive for η. To calculate EH2(R2), let K
be the closed E-forms of degree 2, and consider

K → R gv∗1 ∧ v∗2 7→ g(0).

By a similar argument as before, this map is surjective and contains all exact
forms in its kernel. Let η = gv∗1 ∧ v∗2 be a general element of the kernel, and
define f in the same way as above so that v1(f)− g is flat. Then η− df is a
closed smooth form, and hence has a primitive F . Then f +F is a primitive
for η. �

4.2. A Poisson cohomology computation for E. The Poisson cohomol-
ogy associated to the Poisson structure ΠE = v1 ∧ v2 = (x2 + y2) ∂

∂x ∧
∂
∂y on

R2 was computed by Abreu and Ginzburg and an explicit computation is
available at [G] (Proposition 2.16).

Theorem 35 (Abreu-Ginzburg, [G]). The Poisson cohomology groups of
(R2,ΠE) are as follows:

(1) H0
ΠE

(R2) = R is given by constant functions.

(2) H1
ΠE

(R2) = R2 is generated, by the rotation x ∂
∂y − y

∂
∂x , and by the

dilation x ∂
∂x + y ∂

∂y .

(3) H2
ΠE

(R2) = R2 generated by ∂
∂x ∧

∂
∂y and ΠE.

In particular this proves (due to the second cohomology group computa-
tion) that E-cohomology is not isomorphic to Poisson cohomology.

Corollary 36. For the particular choice of E as above and M = R2, E-
cohomology is not isomorphic to Poisson cohomology.
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