An Ant Systemfor the MaximumIndependenSetProblem

Guillermo Leguizambn Zbigniew Michalewicz
LIDIC - Departamentale Informatica Universityof North Carolina
Universidad\Nacionalde SanLuis Charlotte NC 28223,USA

SanLuis, Argentina zbyszek@uncc.edand
legui@unsl.edu.ar Instituteof ComputerScience

PolishAcademyof Sciences

Martin Schiitz
NuTechSolutionsGmbH
Martin-Schmeisseweg 15
44227Dortmund,Germaly
martin.schuetz@nutechsolutions.de

Abstract

Early applicationsof Ant Colony Optimization(ACO) have beenmainly concernedvith solving order
ing problems(e.g.,the Traveling SalespersoRroblem). More recently promisingresultswere obtainedfor
solvingthe Multiple KnapsackProblemby introducinga modificationof the standardAnt Systemalgorithm.
In this paperwe extendour studyon the applicability of the ACO approacho subsefproblems.The compu-
tational studyinvolvesits applicability for solvingthe Maximum IndependenSetProblem(MISP). The set
of instancegestedwereeitherrandomlygeneratedby specificmethodsor takenfrom the so-calledDIMA CS
benchmarlgraphs.Thereportedresultswhich arecomparablevith differentstate-of-the-aralgorithmsshow
the potentialof the ACO approactor solvingthe MISP.

Keywords:antcolonyoptimizationmaximurnindependensetproblem,combinatorialoptimizationmetaheuris-
tics.

1 Intr oduction

The Ant Colory Optimization(ACO) techniquehasemepgedrecently(Dorigo etal. [9, 11, 12]) asa nen meta-
heuristicfor hard combinatorialoptimizationproblems. ACO algorithms,thatis, instancesf the ACO meta-
heuristics arebasicallya multi-agentsystemwherelow level interactionsetweersingleagentqcalledartificial
ants)resultin acomple behaior of the whole system.ACO algorithmshave beeninspiredby coloniesof real
ants[9], which deposita chemicalsubstancécalled phelomong on the ground. This substancénfluencesthe
choiceghey make: thelargertheamountof pheromonen a particularpath,thelargerthe probabilitythatanant
selectghe path. Artificial ants,in ACO algorithms behae in a similar way.

ACO algorithmscan be directly appliedto discreteoptimizationproblemsthat can be characterizedis a
graphG = (C, L), whereC is afinite setof componentand L C C x C the setof connectiondetweerthe
componentgsee[9] for a completedescription). The solutionsto the optimizationproblemcanbe expressed
in termsof feasiblepathson the graphG. Thus, ACO algorithmscan be usedto find minimum cost paths
(sequencedpasiblewith respecto the constraints?.

In ACO algorithmsa population(colory) of agentqants)collectively solve the optimizationproblemunder
consideratiofy usingtheabove graphrepresentationinformationcollectedoy theantsduringthesearctprocess

IFor example,in the traveling salespersoproblemdefinedin Section2, C is the setof cities, L is the setof arcsconnectingeities,
and(? indicatesthata particularsolutionis a Hamiltoniancircuit.
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is encodedn phelomonetrails 7;; associateavith connectioriz-jz. Pheromonérails encodealong-termmemory

aboutthe whole antsearchprocess.Dependingon the problemrepresentatioghosen pheromondrails canbe

associateavith all arcs,or only to someof them. Arcs canalsohave anassociatetieuristicvaluen;; representing
a priori informationaboutthe probleminstancedefinitionor run-timeinformationprovided by a sourcedifferent

fromtheants.

Early experimentswith ACO algorithmswereconnectedvith orderingproblemssuchasthe Traveling Sales-
person11, 12] Problem,the QuadraticAssignmentProblem[14], aswell asthe Job ShopSchedulingVehicle
Routing,GraphColoring and TelecommunicatioiNetwork Problem[9]. More recentlypromisingresultswere
reportedin [8, 17] from the applicationof a new versionof an Ant Systemto the Multiple KnapsackProblem,
an exampleof a non-orderingproblem. This paperaimsto go furtherin this directionin orderto evaluatethe
feasibility of applyingan ACO algorithmto adifferentsubseproblemaccordingo thegeneraktoncepbehindan
ACO heuristic. The ACO algorithmtherebytakesinto accountthatin subsefproblemsthereareno connections
betweerthe problemcomponents.

The Maximum IndependenetProblem(MISP), the subsetproblemconsideredn this paper is computa-
tionally intractableby its nature,or suficiently large to precludethe useof exactalgorithms.In suchcasesfor
the MISP aswell asothercombinatorialoptimizationproblems heuristicmethodsare usuallyemployedto find
good, but not necessarilyoptimal solutions. The effectivenessof thesemethodsdependaupontheir ability to
adaptto a particularsolution,avoid entrapmento local optima,andexploit the basicstructureof the problem,
suchasa network or a naturalorderingamongits component®r evena combinationof thosecomponentsyar-
ious heuristicsearchtechniqueshave beendevelopedthat have demonstrablyimproved their ability to obtain
goodsolutionsto difficult combinatorialoptimizationproblems. Suchtechniguesnclude simulatedannealing,
talu searchgreedyrandomizeddaptve searctprocedure$GRASP) evolutionaryalgorithmsandmorerecently
antcolory optimization.

With regardsto the MISP, several algorithmshave beendevelopedin thelastyearsby attackingthis problem
throughdifferent heuristicmethods. Khuri et al. [2] developeda geneticalgorithm for the MISP that useda
gradedpenaltyfunction which wasappliedto somesmall instancef the MISP. A recentwork by Aggaraval
etal. [1] proposesa geneticalgorithmwhich is comparedwith state-of-the-armethodsfor the MISP problem.
Theinstancedestedin this work weretaken from the SecondDIMA CS challengg10]. In Resendet al. [20],
GRASPIs appliedto a setof largeranddifficult instance®f MISP generatecccordingo amethodproposedy
Bollobas[5] for building randomgraphsfor whichit is possibleto know in advancethe approximatecardinality
of themaximumindependenset.Fridenetal. [15] appliedatatu searctapproacttalledSTABULUS to thesame
typesof randomgraphgestedn [20]. Besideghesealgorithmsbasedn metaheuristicapproachess numberof
algorithmshave beenproposedor the maximumclique problemwhich hasa closerelationto the MISP. Many
of thesealgorithmsusepartially enumeratie techniquesr branchandboundmethodsaswell asevolutionary
algorithmswhichwork well for mary casef thistype of graphs.Someof themareproposedy Balasetal. [3],
Gibbonsetal. [16], Rossi[21], Bonzeetal. [6], andMarchiori[18].

Therestof the paperis organizedasfollows. In section2 we will illustratethe basicconceptsf the original
Ant Systemalgorithm, the first ACO algorithmintroducedby Dorigo, Maniezzo,and Colorni [13], usingthe
Traveling Salespersoroblem(TSP)asanexample. Furthersectionsof this paperinvestigatethe applicability
of theACOalgorithmfor solvingsubseproblemsandits applicabilityto theMaximumIndependengetProblem.
The sectionon experimentontainsanimportantnumberof instanceshaving differentcharacteristicendsizes.
Finally, we discussthe behaior and the performanceof the Ant Systemon the MISP with regardsto other
state-of-the-aralgorithmsandbenchmarks.

2 Ant Systemfor the TSP

Given a setC of n cities and a setof distanceshetweenthem, the Traveling Salespersofroblem(TSP) is
the problemof finding a minimum costclosedpath (a tour), which visits every city exactly once(Hamiltonian

Herewe simplify notationby settingle,.; = li;, wherec;, ¢; € C.



circuit). Thus,we have to minimize

n—1
COST (i1, .. 1n) = Z d(CZ] ) Cij+1) + d(sz Ci1)’ 1)

=1

whered(Cy, Cy) is thedistancebetweerthecitiesz andy.
Let b;(t) denotethenumberof antsin city i (i = 1, ...,n) attimet¢ anda = }_}" ; b;(¢) is thetotal numberof
ants.Thevariablesr;;(t) denotetheintensityof pheromonerail on connectior(i, j) attime ¢ andaredefinedas

Tij(t + 1) = (1 — p)Tij(t) + ATij(t), (2)

where0 < p < 1 is a coeficient which representpheromonesvaporatiol. Ar;;(t) = Yf_; ATZ-’;(t), where

Arfj(t) is the quantity per unit of lengthof trail substancépheromonen realants)laid on connection(z, j) by
the k-th antattime ¢ andis given by thefollowing formula:

Athi(t) = ©)

L% if antk-th usesedge(i,j) onits tour
0 otherwise,

where( is aconstantand L, is thetourlengthfoundby the k-th ant. For eachedge theintensityof trail attime
0 (73;(0)) is setto avery smallvalue.
While building atour, the probabilitythatantk in city ¢ visitscity j is

[ (4))° s 2 if j € allowedy (t
Pll;(t) = Zhewowedk(t)[”h(t)]“[mh]f" j € allowedy(t) 4)
0, otherwise,
whereallowedy,(t) is the setof cities not visited by antk attime ¢, andn;; representsi local heuristic. For the
TSR this heuristic(called visibility’) isn;; = W

The parametersy and 8 control the relative importanceof pheromondrail versusvisibility. Hence,the
transitionprobabilityis atrade-of betweervisibility, which saysthatclosercitiesshouldbechoserwith ahigher
probability andtrail intensityassociatedo connection(s, j) is intendedto representhe learneddesirability of
choosingeity j whenin city .

A datastructure,called a tahu list, is associatedo eachantin orderto avoid that antsvisit a city more
thanonce. This list tabuy(t) maintainsa setof visited cities up to time ¢ by the k-th ant. Therefore the set
allowedy(t) canbe definedasfollows: allowedy (t) = C — tabug(t). Whenatour is completedthe tabuy(t)
list (k =1,...,a) is emptiedandevery antis freeagainto chooseanalternatve tour for the next cycle.

The above definitionsallow usto describethe Ant Systemalgorithm (Figure 1) characterizinghe antsbe-
havior in the following way: they build a solutionin anincrementalway usinga stochastiaecisionrule (in the
repeat-untiloop) startingfrom arandomlychosercity. Whenall antshave completeda solution,the pheromone
is depositedn the connections.

3 Ant Systemfor SubsetProblems

The subset-basédandpermutation-basednt Systemshave mary featuresn common.However, in the permu-
tation-based\nt Systemthe pheromonas laid on pathswhile for subseproblemsno pathexists connectinghe
items. A subset-basednt Systemtakesadwantageof one of the centralideasinvolved in the selectionprocess
of a permutation-basednt system:“the moreamountof pheromonen a particularpath, the moreprofitableis

3Thereexist otherapproacheor pheromoneipdatetrail. See[9].

4Givena combinatorialproblem P which includesa setof componentss = {1, ...,n}, ,n € N. We saythat P is a subseproblem
if asolutionfor P canbe obtainedby combiningelementsof S, thatis, the solutionis anelementof 2°. Seealsosection4 for a special
subseproblem.



1. initialize
2.for t = 1 to numberof cyclesdo
fork =1toado
repeatuntil allowedy, is empty
selectcity j to beincorporatedvith probabilityPi’j- givenby Eq.(4)

calculateLy, the costof the generatedolution
save thebestsolutionsofar
end
10. updatethetrail levelst;; onall pathsaccordingto Eq.(2)
11.end
12. print the bestsolutionfound

3
4
5.
6. end
-
8
9

Figurel: Generabutlineof anAnt System.

thatpathH'. Thisideawasadaptecherein thefollowing way: “the morepheromonen a particularitem, themore
profitablethatitemis.” In otherwords,we move the pheromondrom pathsto items. At the sametime, a local
heuristicis alsousedin the new version,but now it considerdgtemsonly insteadof connectionsbetweenthem.
Let us explore thesesimilaritiesanddifferencesn moredetail. Out of a setS of n itemswe have to selectthe
bestsubsebdf s items,possiblysatisfyingsomeadditionalconstraintsThereis no conceptof a pathhere,soit is
not clearhow to applythe conceptsiescribedn the previous sectiondirectly to subseproblems.

The main differenceis the following: In orderingproblems,the sequenceSqg =< i1,12,...,4; > andthe
setR = {ij41,%j42,...,in } represent partial solutionof the problemandthe setof remainingitemsto be
consideredn orderto completethe orderingof n itemsfrom thesetS, respectiely. Theselectionprocesof the
next item from thesetR involvesprobabilitiesﬂ’;ip (t) (e.0.Eq.(4) (pe{j+1,j+2,..,n}), whichdepend
ontheamountof pheromoner;;;, ontheedge(i;, i,) andthelocal heuristicmeasurey;;, (Figure2).

Figure2: A sequenceepresenting partialsolutionSq at stepj duringa particularcycle.

Ontheotherhand,in subseproblemswe arenotinterestedn solutionsgiving a particularorder(e.g.,atour
in the TSP).Therefore a partialsolutionis representetly thesetS = {i1, iy, ..., i;} andthemostrecentelement
incorporatedn S, thatis ij, neednotbeinvolvedin theprocesdor selectingthe next element(Figure3).

Thus, the original Ant Systemmustbe modified accordingly First of all, the pheromonetrail is now laid
on eachelementfrom setS, with the intendedmeaningthat elementswith a higherpheromondevel aremore
profitable. Therefore theintensityof pheomonetrail onitems attimet + 1 is givenby:

Ti(t+1) = (1 - p)7i(t) + ATi(2), (5)

whereAT;(t) = Y%, Atk(t), i.e. theaccumulate@mountof the contritution A7k (t) from eachantin the
system.In otherwords,that contritution is the quantityof pheromonerail laid onitems by the k-th antattime
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Figure3: A setrepresenting partialsolutionS atstepj duringa particularcycle.

t. This quantityis givenby thefollowing formula:
G(Lyg), if k—thantincorporatestemi

k _ k)

A (t) = { 0, otherwise. ©)

In Equation6 thefunctionG depend®ntheproblemandgivestheamountof pheromonaddedo items. Usually
G(Lg) = Q/Ly or G(Lg) = QLy for minimizationor maximizationproblemsrespectiely (Q is a constant).
L, isthecostobtainedby the k-th ant. Further the local heuristicshouldassigna valueto eachelementwithout
ary considerationgboutpossibleconnectiondetweerthem(orderingis notimportantary longer).

For the subsetproblemstudiedin this papey our versionof the Ant Systemconsidersa specialtype of
heuristicwhich takesinto accountboth, problemknowledgeandthe partial solutionbeingbuilt by a particular
antk. Thus,we definethe heuristicvaluefor theitem i asa function (seeEq. 7) of the partial solution S}, (t) at
timet wherei € S — Si(t).

Then,for apartial solution S, (¢) = {i1, ..., %5 } beingbuilt by the k-th ant,the probabilityﬂ’; (t) of selecting
ip asthenextitem(p € {j + 1,5 + 2, ...,n}) isgivenas

Zanllowedk (t) [Tj (t)]a [nj (gk (t))]ﬁ ’
0, otherwise,

[Tip(t)}a[mp(gk(t))]g it i € allowed. (
PE(t) = { v k(%) @)

whereallowedy,(t) C S — S (t) is thesetof remainingfeasibleitems,; (t) is theamountof pheromoneon item
i andnip(S'k(t)) representshe heuristicvaluefor items basedn the solutionbeingbuilt by the k-th ant. Thus,
the higherthe value of 7;, and/ormp(S‘k(t)), the more profitableit is to includeitem 4, in the partial solution.
Therefore ageneralersionof anAnt Systemfor subseproblemscanbe obtainedrom thegeneraklgorithmin
Figurel by changingthelines5 and10 asfollows:

5. selectitemi to beincorporatedwith probability P* givenby Eq.(7)
10. updatethetrail levels7; onall itemsaccordingto Eq.(5)

4 Formulation of an Ant Systemfor the MISP

Themaximumindependensetproblemconsistof finding thelargestsubsebf verticesof agraphsuchthatnone
of theseverticesareconnectedy anedge(i.e., all verticesareindependentf eachother). Thus,if G = (V, E)
denotesa graphwhereV is the setof nodesand F the setof edgesthe problemis to determineasetV* C V
suchthatVi, ; € V* theedge(s, j) ¢ E and|V*| is maximum.

In this sectionwe provide implementationatietailsof anAnt Systemappliedto theMISP. Takinginto account
theimplementatiorfor the Multiple KnapsackProblemin [17], it is importantto emphasizéherobustnessf the



Ant Systemregardinga particularsubsetproblem. The only variablecomponents the knovledge aboutthe
problem,i.e., thelocal heuristicinvolvedin the probability of item selection.

ForV = {1,...,n} the Ant Systemtriesto find the maximalindependensetV* C VLet Fy(t) bethe setof
remainingfeasibleitemswith respecto S’k(t): thesolutionbeingbuilt by antk attime ¢. Thelocal heuristicfor
the MISP canbedefinedas:

ni(Sk(t)) = |Fil, (8)

whereF; represents, (¢t + 1) in caseitem i is addedto S;. Thenthelocal heuristicaimsat assigninghigher
scorego thatitem (sayz) whichyieldsalarger F;. Thus,thelarger Fi,(t+1), thelargerthesetof remainingitems
for completingSy. The probability for item selectionis givenby Eq.(7) whereallowedy, = V — Si(t) — U (t)
and Uy (t) = {j|((4,) € E V (i,§) € E) Ni € S(t)}, i.e., the setof infeasibleitemswith respectto Sy (t).
FunctionG is definedasG(Ly) = QL whereQ = 1/|V| and Ly, the objectie value,is the cardinalityof the
setof verticesconformingthe solutionobtainedby theantk.

Figure4: Instanceof MISP

Let usconsiderthefollowing exampleconcerninghe heuristicdefinedabove. Figure4 shavs a smallMISP
instancewhere|V| = 8. Let ussupposéhatin time ¢ the partial solutionbeingbuilt by the k-th antis Sy (t) =
{2}, thenFi(t) =V — {2} — {1,8} = {3,7,4,5,6}. In thelastexpressiontheset{1, 8} representshe subset
of infeasibleitemsdueto theinclusionof item 2 in the partial solution.Now thesubset3, 7,4, 5,6} is the setof
currentfeasibleitemsandthe correspondindpeuristicvaluesareasfollows:

13(Sk(t)) = |F3| = {4,5} =2 7a(Sk(?)) = |[Fu| = [{3,6, 7} =3 75(Sk(?)) = [F5| = {3}/ =1
76(Sk(t)) = [Fe| = {4, 7} =2 77(Sk(t)) = |F7| = [{4,6}| =2

Thereforethehighestscoreis obtainedoy itemi = 4 possessinthebiggestsetof feasibleitemsfor the next
selectionstepaccordingto Eq. (7).

5 Experimentsand Results

The Ant Systemwascodedin C. All runswereperformedon a SunW Ultra-1 with 140MHzand128M RAM.
Although there exists a parallel versionof the Ant System,we shav the resultsfor the serial versioncalled
AS-MISP Suitableparametesettingsfor AS-MISP weredefinedin somepreliminaryexperiments.We choose
a =1, =1andp = 0.5. It isimportantto notethat theseparametesettingsare similar to thosefoundin
earlierstudiesof Dorigo [9], wherea = 1, 8 = 5 andp = 0.5, however, with 8 = 5, AS-MISP suffered of
prematureconvergence|.e., thealgorithmgot stuckin alocal optimumon mary of theconsideredestcasesOn
theotherhand,the numberof antsandthe numberof cycleswassetto 10 and200 respectrely. Additionally, we
shav attheendof this sectionthatfor a setof instanceshesettings = 0 improvestheperformancef AS-MISP.
In this casethe searchis basedstrictly on blind cooperatiorusingthetrail information. The vectorrepresenting
thetrail substancevasinitialized randomlywith 7; € (0,1), 4 € {1,...,n} for all experiments.

Threegroupsof instancesvereconsideredor this problem. Thefirst groupwasgeneratecccordingto two
differentmethodsasusedby Khuri etal. [2]. Onemethodconsistsn thefollowing algorithmin orderto generate



randomlyselectV* = {i1,...,i} CV ={1,...,n}
fori=1tondo
for j=i+1tondo
if (Rnd(0,1) < d)and((i ¢ V*)or (j ¢ V*)))®

then €jj = 1
elsee;; =0
done

done

Figure5: Algorithm for the generatiorof randomgraphswhich preselecteinindependensetof sizem.

graphshaving n nodes,a densityd (d € {0.1,0.2,0.3,0.4,0.5} in our experiments)anda knovn maximum
independensetm. We denotetheinstancegieneratedn this way by Mn-d-m

The othermethodbuilds a scalablegraph(seeFigure 6), which canbe constructedor an even numberof
nodesn (n > 6). If n is amultiple of 4, two equivalentglobal maximaof value|V*| = n/2 areobtainedby
partitioningthe setof verticesinto thoseof even (respectiely odd) nodenumbers.Otherwise the uniqueglobal
maximumis givenby V* = {1,3,...,n/2,n/2+1, ...,n}, with |[V*| = n/2+ 1. Accordingly thistypeof graphs
is denotedby scal-n

Figure6: Scalablegraphwith » = 10 nodeswhereV* = {1, 3, 5, 6, 8, 10} is indicatedby the dashedines.

The secondgroup of MISP instancesvas generatedollowing the processdescribedn [5, 20, 19]: Select
eache;; = 1if andonly if Rnd( 0, 1) < p, wherep is the probability for the existenceof an edgeconnecting
thenodesi andj. This groupof instancesorrespondso the family of undirectedandomgraphsGy, , where
n = |V|. Afterwardsin this sectionwe analyzein detail the expectednumberof independensetsthat canbe
foundin this family of graphs.

Finally, the third groupof instancesvas obtainedfrom the DIMA CS[10] directories. Actually, this group
of instancesorrespondso instance®f the Max-Clique problem,but by a reductionprocess, it is possibleto
obtaininstancesf MISP for which the size of the maximumindependensetis the sameasthe max-cliqueof
the reversegraphG. Therefore the resultsobtainedoy applyingsomeheuristiccanbe comparedvith the best
resultsfor the original instancedor the Max-Cliqueproblem[1].

The resultsfor the threegroupsof instancesareshavn in tablesin which the dataareorganizedasfollows:
The setof columnsfor the AS-MISP displaysthe valuesobtainedby the Ant Systemwith (« = 1,5 = 1).
Although all tablesofferedsomedifferencesa setof columnlabelsexists thatareusedwith the samemeaning
for eachinstance. Specialcolumnswill be describedwith the respectre experiment. Thus, BF representshe
maximumindependensetfound;avg(BF)is therespectie averageout of 10 runs;#hitsrepresentthenumberof
successfutesults.On the otherhand,we shav two morecolumns,Cyclesto Bestwhich displaysthe minimum
numberof cycles(Min) to obtainthe bestresult,with its respectie averagevalue (Avg) andsimilarly Timeto

®If G = (E,V) isanagyclic graph,andN < |V| is themaximumcliquefor G, then N representshe cardinalityof the maximum
independensetfor thereversegraphG = (E, V).



Bestdisplaysthe minimumelapsedime’ (Min) to getthe bestresultandits respectie averagevalue (Avg).

Instance AS-MISP GA

BF | avg(BF) | #hits | CyclestoBest | TimetoBest | BF | avg(BF) | #hits
Min Avg Min Avg

M100-0.1-45| 46 46.00 | 100 5 9| 0.14| 030 47 37.39 1
M100-0.2-45| 45 45.00| 100 1 2 ~0 | 0.05| 45 37.25 34
M100-0.3-45| 45 45.00 | 100 1 1 ~0 ~0 | 45 41.38 77
M100-0.4-45| 45 45.00| 100 1 1 ~0 ~0 45 44.20 96
M100-0.5-45| 45 45.00| 100 1 1 ~0 ~0 | 45 44.72 99
M200-0.1-90| 90 90.00 | 100 2 3| 0.18| 0.39| 90 68.75 4
M200-0.2-90| 90 90.00 | 100 1 2 ~0 | 0.20| 90 81.05 54
M200-0.3-90| 90 90.00 | 100 1 2 ~0| 0.11| 90 88.22 93
M200-0.4-90| 90 90.00 | 100 1 2 ~0 | 0.03| 90 90.00 | 100
M200-0.5-90| 90 90.00 | 100 1 1 ~0 ~0 | 90 90.00 | 100
M300-0.1-135| 135| 135.00| 100 1 2| 1.70| 091| NA NA NA
M300-0.2-135| 135| 135.00| 100 1 2 ~0 | 0.61| NA NA NA
M300-0.3-135| 135| 135.00| 100 1 2 ~0 | 0.55| NA NA NA
M300-0.4-135| 135| 135.00| 100 1 2 ~0 | 0.36 | NA NA NA
M300-0.5-135| 135| 135.00| 100 1 1 ~0 | 0.12 | NA NA NA
scal-100| 50 50.00 | 100 4 28| 0.19| 0.87| NA NA NA
scal-200| 100 98.10 74 6 65| 0.50| 9.89| NA NA NA
scal-300| 150 | 143.70 27 16 120 | 12.81| 40.61 | NA NA NA
scal-102| 52 50 49 1 25 ~0| 1.06| 50 44.94 0
scal-202| 102 99.1 13 7 70| 0.98| 9.60| 96 88.90 0
scal-302| 152 147.5 15 26 87 | 8.40| 32.10| NA NA NA

Table 1: Resultsof AS-MISP comparedwith resultsfrom Khuri et al. [2] on differentgraphs(First group of
instance®f MISP).

Table 1 displaysthe resultsobtainedfor the instancesof the MISP correspondingo the first group. In
addition,thelastcolumnGA shawvs theresultsreportedoy Khuri etal. in [2] whichincludethe bestfound (BF),
the correspondingwverage(avg(BF)), and the numberof hits (#hits). The entry NA standsfor not available
For eachinstanceof this first groupwe run AS-MISP 100timesin orderto be comparablevith the resultsfrom
Khuri. Theresultsin tablel indicatethatthe AS-MISP performedvery well for all instancesof type Mn-d-m
for which the optimal solutionwasfound in the very early cycles of the run. Therefore,no cooperatiortook
placeandusingonly theinitial valuefor thetrail (7) andthe heuristicinformationwasenoughfor solvingthese
instances.Also, it is worth comparingtheseresultswith thoseresultsreportedby Khuri etal. [2] for the same
type of instancesBesideavi100-0.1-45AS-MISP offeredin all instances betterperformancehanthe GA. So,
in contrasto the GA, AS-MISP foundthe definedlocal maximumin all runs. Only in caseof M100-0.1-45he
GA (BF = 47) outperformedhe bestresultof AS-MISP (BF = 46) & in onerun. In our opinion this doesnot
build a contradictiorto the overall positive performancef the ACO algorithm,whichin ary casefounda subset
of size46, while the GA found valuesbetterthan46 only in two out of 100 runs. For the instancef size200
and300 AS-MISPshavedasimilar performancesfor thetestcasesf size100. Thereforeanincremenibnthe
numberof nodesdid not decreaséts performanceon this type of instance.Particularlyfor the instance®f size
200 the ANT-MISP foundresultssuperiorto the GA regardingthe numberof hits out of the 100 runs.

For scal-ninstancesAS-MISP increaseshe numberof cyclesin orderto getthe bestsolution— i.e., the
ACO algorithmconvergedslowver thanbefore(instancesMin-d-m) implying thataninteractionbetweerthe ants
took placeduring the experiment. However, the scal-ninstancesepresenmore difficult testcasessincethe
averageperformanceof AS-MISPis alittle bit inferior with respecto its performancen instance®f type Mn-
d-m Neverthelessit is still ableto find the optimal valuesanda goodoverall performanceasindicatedby BF,
#hitsandavg(BF) respectiely.

"Thetime measureherein secondsis only usedto give animpressiorof the orderof magnitudeof the runningtime andnot useful
for ary type of comparisons.
8Accordingto the designof the Mn-d-mgraphsm is aknown optimum,but not necessarilghe globalone.



For the secondgroupwe consideredh setof instancesrom the family of graphsGyy , [5] with different
sizes(n € {200, 400,600}) andprobabilities(p € {0.2,0.5,0.6,0.85,0.9}) —i.e., for eachsizewe considered
differentdegreesof density For thistypeof randomgraphswve cancalculateheexpectedhumberof independent
setsof sizel < k < n [5]. Let X}, bea stochasticzariabledenotingthe numberof independensetsof sizek
of a particularinstanceof a randomgraph. Table2 shavs the expectedvaluesaroundthe size of the maximum
independensetswe canfind in eachone of them. Thus, for a graphwith [V| = 200 andp = 0.2 we can
determinethatthe expectedvaluefor E(X»5) = 382 andE(X2s) = 9. This meanghatwe expectto find around
382 and9 independensetsof size 25 and 26 respectiely. For the sameexample,the expectedvaluefor Xy,
with £ = 27 is near0 and, on the otherhandfor k¥ < 24, the expectedvalue increasessignificantly thatis,
independensetsof size27 arevery rare, but still they could exist andindependensetsof size 24 or lessare
ahundant.A similar situationmaybe obsered for the othercombinationof |V'| andp. Thereforewe expectthat
ary algorithmthatperformswell on this kind of instanceshouldobtainresultsascloseaspossibleto thelarger
k for eachcombinationof |V | andp displayedn Table2.

V| Probabilityvaluep
0.2 0.5 0.6 0.83 0.9
200 | Xog| Xos Xoa| X11| X0 Xo| Xo| Xg X7 Xe| X5 Xa| X5| X4 X3
10, 382 > 10? 11| 638 > 10? 6] 397 > 10* IS 51| 1561 =~ 65 1313
400 | Xa1| Xso Xog| Xi3| X12 Xi1| Xl X Xo| Xr7| Xe Xs| Xs| Xu X3
15[ 995 > 5.10% 3| 402 >2.10*] =0 32| 3116 =~0| 16| 1678 8| 1051 > 10*
600 | X34| Xa3 X32| X1a| X3 Xi2| X11| X Xo| Xr7| Xe Xs| Xe| Xs X4
16| 1522 > 10° 3| 609 >5-10" 11| 1913 > 10°| =0.5] 181 > 10*| = 64| 5346

Table2: Someexpectedvaluesfor X, variablesin randomgraphs.

We denotethe instancesof this group as Mn-p, wherern is the numberof nodesand p the probability
usedin the generationprocess. The total numberof instancegestedwas 75 accordingto the valuesof n €
{200, 400,600} andp € {0.2,0.5,0.6,0.83,0.9}° provided thatfor eachcombinationof n andp we generated
5 randomgraphsby usingdifferentseedsTable3 shawvs theresultsfor therandomlygeneratedraphs.Thesec-
ondcolumn, N .y, displaysfor eachinstancefour pairs(k, r) whereeachpairindicatesghatAS-MISPfoundan
independensetof sizek, r-times. Thevalueof k attheleftmostpairrepresentthesizeof therarestindependent
set. In the subsequentolumns,k is decrementetby 1 until thevaluek — 3 — i.e., the sizeof morealundant
independensets.

For thisgroup,thebestperformancef AS-MISPis reachedor all graphgor whichp € {0.5,0.6,0.83,0.9}.
It isimportantto notethatbesidethegraphsize,consideringheabaove valuesfor p, the AS-MISPfoundsolutions
representinghe rarestindependensetor very closeto them. On the otherhand,the graphsgeneratedvith a
probability p = 0.2 werethe hardestjndependenbf the size of the graph. For example,for the instancef
size 200, 400 and 600, the performancas still acceptabldout we obsere (Table 3) that the independensets
found arebiasedto the morealundantones. Thus,for testcasedVi200-0.2the AS-MISP found onesolutionof
size 26, 29 of size 25, 18 of size29 andsoon. A similar situationcanbe found for M400-0.2and M600-0.2
Additionally, the differenceconcerningthe valuein Cyclesto Bestand Time to Bestcolumnsbetweengraphs
generatedvith p = 0.2 andthosegeneratedvith p € {0.5,0.6,0.83,0.9} is remarkable As mentionedbefore
thesetypesof instancesveretestedoy Resendetal. [20, 19 wherethey appliedGRASPto the following type
of instancesM400-0.6 M400-0.83 M600-0.83 M1000-0.2 M1000-0.5 M1000-0.83 M2000-0.5and M3500-
0.5. Theresultsreportedare comparablevith theresultsobtainedby the AS-MISP, sizes400 and600. For the
larger graphs,we run the AS-MISP algorithmfor graphsM1000-0.2 M1000-0.5 M1000-0.83 M2000-0.5and
M3500-0.5 Again, we foundthatthe hardestestcasewasrepresentetyy alow densitygraph(M1000-0.2 for
which the AS-MISP never reachedhe values38 or 37 whereasGRASPdid. Thevaluesfoundfor this instance
were{(36,5), (35, 14), (34,24), (33, 7)}'°. For theremaininginstanceghe AS-MISP behaed in a similar way

®The samevalueswereusedin [20, 19].
19This notationhasthe samemeaningasin Table3.




asfor the othermediumor high densitygraphstested.

The correspondingesultsfor the third group are shavn in Table 4 wheretwo additionalcolumnsarein-
cluded,OCH andCBH. ColumnOCH (OptimizedCrosseer Heuristic)correspond$o the bestresultsreported
by Aggaraval et al. [1] by applyinga geneticalgorithmto a setof instancesncluding thosein Table4. The
othercolumn,CBH standgor ContinuousBasedHeuristicwhichis adeterministicheuristicfor theindependent
setproblem(Gibbonset al. [16]). CBH wasusedfor comparisornin the experimentalstudy where OCH was
proposedl]. Concerninghe performanceof AS-MISP, we shouldconsiderdividing this groupof instancesn
two subgroupsThefirst oneincludestheinstancegor which AS-MISP performedsuccessfullyThesenstances
includethe type c-fat, johnsonandp-hat It is worth mentioningthat for theseinstancesOCH and CBH also
performedoptimally in nearlyall casesFor example AS-MISP outperformedDCH andCBH oninstancep-hat-
500-3 CBH on p-hat-700-3 andfinally, OCH on p-hat-500-2andp-hat-700-1 In this subgroupwe caninclude
theinstancekeller4 for which AS-MISP andOCH solved optimally.

The secondsubgroupdeseresa particularconsideration.Thereare someinstancesvhich werenot solved
optimally by the AS-MISR, but they were by OCH (san2000.7_1, san4000.7_1, san4000.7.2). However,
for the abore instancesAS-MISP performedbetterthan CBH. On the other hand, someinstancesexist for
which no optimal solutionwas found by applying either AS-MISP, OCH or CBH. Neverthelessfor thesein-
stancegbrodk40Q 2, brock40Q4 andbrock800% AS-MISP outperformedOCH. Additionally, for theinstances
sanr4000.5, sanr4000.7, brock400 1 andbrock40Q 3 ANT-MISP performedetterthanOCH andCBH respec-
tively. An exception is brodk20Q2 were AS-MISP andCBH foundthe samevalue. For testcaseMANN _a27,
AS-MISPperformedn betweerOCHandCBH, whereasor MANN _a45,AS-MISP performedwvorsethanOCH
andCBH.

AS-MISP
Instance Ne,r) Cyclesto Best | Timeto Best
Min Avg Min Avg
M200-0.2 | (26,1) | (25,29) | (24,18) | (23,2)| 0.88 | 11.48 5| 518

M200-0.5 | (11,39) | (10,11)| (9,0)| (8,0)| ~0| 547| 1.8| 28.46
M200-0.6| (9,49)| (81)| (7,00 (60| ~0| 468| 12| 2458

M200-0.83| (550)| (4,00 (3,00 (2.0)| ~0| 0.31 1| 179
M200-0.9 | (5,10)| (4,40)| (3,00 (2.0)| =0 31 1 18.08
M400-0.2| (31,0)| (30,6) | (29,29)| (28,15)| 33 89| 9.67] 25.03
M400-0.5 | (13,1) | (12,39) | (11,10)| (10,0)| 8 41| 19| 158
M400-0.6 | (11,2) | (10,21)| (9,27)| (8.0) 2 32| 05| 75

17 ~0 | 4.83
25 ~0 | 7.82
96 | 22.34 | 63.02
68 25| 34.01
29| 1.89| 17.21

7 ~0 | 273

5 ~0 | 1.35

M400-0.83| (7,0)| (6.47)| (53)| (4,0)
M400-0.9 | (5,40) | (4,10)| (3,0)] (2,0)
M600-0.2 | (34,1)| (33,5)] (32,22)| (31,14)| 4
M600-0.5 | (14,0) | (13,27) | (12,23)| (11,0)
M600-0.6 | (11,9) | (10,41)| (9,0)| (8.0)
M600-0.83| (7.1)| (649)| (50)| (4,0)
M600-0.9| (6,6) | (5.44)| (4.0)] (3,0)

NN O N DN

Table3: Resultsfrom AS-MISP appliedto differentrandomgraphg(Secondyroupof instance®f MISP).

Similarly to the instancef the first group (Mn-p-m) we obsered an analogoussituationconcerningthe
convergenceof the AS-MISP. Seeinstances-fat*, johnson* san400*and, MANN*. However this premature
cornvergencedoesnot affect the performanceof the AS-MISP for instances-fat* andjohnson*which seemto
berathereasyproblemsif we considerthe reportedresultsfor this instancegrom CBH, OHC andmary others
algorithms.Unfortunately for someof the san400*andMANN.a45the AS-MISP got stuckin alocal optimum.

It is importantto notethe similarities,aswasnotedby Bonabeatet al. [7], betweenACO algorithmsanda
classof evolutionaryalgorithmswhich incorporatea population-basethcrementalearning(PBIL). See[4] for
furtherinformation.More preciselyin the Ant Systemfor subseproblemswe have a directconnectiorbetween
the generationvectoras calledin PBIL, andthe trail informationwhich alsois representedby a real vector
However, an Ant System besideghetrail, usesheuristicinformationto directthe searchwhile PBIL doesnot.



Instance| Size | Best AS-MISP OCH | CBH
Value Cyclestobest| Timeto Best

BF | avg(BF) | #hits [ Min Avg Min Avg
c-fat-200-1| 200 12 | 12 12 10 1 1 ~0 ~0 12 12
c-fat-200-2| 200 24 | 24 24 10 1 1 ~0 0.72 24 24
c-fat-200-5| 200 58 | 58 58 10 1 1 ~0 ~0 58 58
c-fat-500-1| 500 14| 14 14 10 1 1 ~0 ~0 14 14
c-fat-500-10| 500 126 | 126 126 10 1 1 ~0 ~0 126 | 126
c-fat-500-2| 500 26| 26 26 10 1 1 ~0 ~0 26 26
c-fat-500-5| 500 64 | 64 64 10 1 1 ~0 ~0 64 64
johnson16-2-4| 120 8 8 8 10 1 1 ~0 ~0 8 8
johnson32-2-4| 196 16 | 16 16 10 1 1 ~0 ~0 16 16
johnson8-2-4 28 4 4 4 10 1 1 ~0 ~0 4 4
johnson8-4-4| 70 14| 14 14 10 1 1 ~0 ~0 14 14
p-hat-300-1| 300 8 8 8 10 3 7| 0.85 2.97 8 8
p-hat-300-2| 300 25| 25 25 10 5 9| 210 5.88 25 25
p-hat-300-3| 300 36| 36 36 10 15 43| 9.82| 27.72 36 36
p-hat-500-1| 500 9 9 9 10 6 21| 5.68| 23.15 9 9
p-hat-500-2| 500 36| 36 36 10 8 19 | 13.12| 34.27 35 36
p-hat-500-3| 500 | >50| 50 49.6 6 17 58 | 29.52 | 105.92 49 49
p-hat-700-1| 700 11 11 10.3 5 4 72 6.47 | 155.15 9 11
p-hat-700-2| 700 44 | 44 44 10 11 42 | 38.79 | 164.10 44 44
p-hat-700-3| 700 | >62| 62 60.7 4 14 62 | 49.66 | 235.85 62 60
keller4 | 171 11| 11 11 10 2 7| 0.14 0.81 11 10
keller5 | 776 27| 26 23.79 0 8 95 | 17.92 | 240.65 25 21
san2000.7-1 | 200 30| 24 18.6 0 1 60 | 0.25| 15.20 30 15
san2000.7.2 | 200 18| 15 15 1 11 65| 2.09 12.5 15 12
san2000.91 | 200 70| 70 51.9 1 5 79 1.7 | 26.89 70 46
san2000.92 | 200 60 | 60 50.59 5 2 76| 2.34| 20.48 60 36
san2000.93 | 200 44| 44 38.29 2 13 64 | 294 1571 36 30
san4000.51 | 400 13| 13 8.7 1 1 25 =] 21.33 13 8
san40Q0.7-1 | 400 40| 22 22 0 1 3 = 3.39 40 20
san4000.7.2 | 400 30| 18 17.19 0 1 3 =] 2.0 30 15
san4000.7-3 400 22 16 15.5 0 1 1 S 21.85 16 14
san4000.9.1 | 400 100 | 100 63 2 1 23 =~ 26.81| 100 50
sanr2000.7 | 200 18 | 18 17.8 8 4 83| 0.66| 17.33 18 18
sanr2000.9 | 200 | >42| 42 41.2 2 11 61| 291 | 16.14 42 41
sanr4000.5 400 13 13 12.4 4 7 75 5.18 55.54 12 12
sanr4000.7 | 400 | >21| 21 20.2 3 17 91 | 11.65| 63.28 20 20
brock2001 | 200 21| 21 20.1 4 5 27 | 1.08 6 21 20
brock2002 | 200 12 | 12 10.7 6 1 4 =] 3.72 11 12
brock20Q3 | 200 15| 14 13.1 0 1 47 = 46.29 14 14
brock2004 | 200 17 | 16 16 1 10 45| 2.96 8.33 16 16
brock4001 | 400 25| 25 23.9 0 7 56 | 4.55 36.2 24 23
brock4002 | 400 29| 25 23.9 4 17 101 | 13.01| 79.13 24 24
brock4003 | 400 25| 25 23.9 0 37 87 | 28.08| 67.29 24 23
brock4004 | 400 33| 26 24 6 28 56 | 20.29 | 40.46 24 24
brock80Q1 | 800 21| 20 19.2 20 15 59 | 16.24| 68.36 19 20
brock8002 800 21 20 19.5 0 12 61 | 12.87| 70.47 19 19
brock8003 | 800 21| 20 18.86 0 21 68 | 235| 78.72 19 20
brock8004 | 800 21| 20 18.9 0 18 56 | 19.88| 64.08 19 19
MANN _a27 | 378 126 | 123 | 122.19 0 1 18 ~0 | 17.32| 126| 121
MANN _a45 | 1035 345 | 335 | 334.29 0 1 1 ~0 ~0 343 | 336

Table4: Resultsfrom AS appliedto differentgraphs(Third groupof instanceof MISP). Additional resultsare
shavedin columnsOCH andCBH.

But for someinstanceghighlightedin boldface- Table4) from thethreegroupsof all instancesested AS-MISP
improved its performancewithout using ary heuristicvalue, i.e., parametel3 = 0. For thesetestcaseshe



AS-MISP got stuckin alocal optimumperhapgueto the greedycomponenusedin theitem selectionprocess.
However, by settings = 0 the algorithmonly usesthetrail informationto directthe search.ConsequenthAS-
MISP (seeTable5) couldescapdrom thelocal optimumandgetthe bestsolution(san2000.7_1, san40Q0.71,
brock20Q.3 and brock20Q4), improve the results(MANN.a27 and MANN.a45 or increasehe numberof hits
(san2000.9.1). However, the bestoverall performancef the AS-MISPwasachievedwith o = 1 andg =1 —
i.e.,afair trade-of betweerntheimportanceof thetrail andthe heuristicvalue.

Instance| Size | Best AS-MISP OCH | CBH
Value Cyclesto best Timeto Best
BF | avg(BF) | #hits | Min Avg Min Avg

MANN_a27 | 378 126 | 125 124.1
MANN _a45 | 1035 345 | 339 337.6

12 100 | 10.51| 9459| 126 | 121
120 100 | 146.86| 768.77| 343 | 336

san2000.7_1 200 30| 30 29.6 9 25 102 5.16 | 12.80 30 15
san2000.9.1 200 70| 70 60.9 6 13 98 282 | 23.27 70 46
san4000.7.1 | 400 40 | 40 28.6 2 35 116 12.9 | 115.01 40 20
brock20Q3 | 200 15| 15 13.9 5 5 50 1.8 8.02 14 14
brock2004 | 200 17 | 17 15.3 1 6 63 0.82| 10.32 16 16
0
0

Table5: Someimprovedresultsfrom AS-MISP without usingary heuristicvalue. Additional resultsareshavn
in columnsOCH andCBH.

6 Conclusions

In this paperwe presentea new versionof an Ant Systemextendedio handlesubseproblems.In the proposed
versionof thesystemapheromonaerail is putto the problems componentinsteadof theproblems connections.
The extendedAnt Systemwasappliedto severalinstancesf the Maximum IndependenSetProblemgenerated
undermethod9reviously usedaswell asawell known setof instancegor the Maximum Clique problemwhich
weretaken from the DIMA CS 2"¢ challengedirectory For sometestcasef thethreegroupsconsidered few
cyclesof the algorithmwere necessaryor obtainingthe optimal value. However, on a few problemsthe AS-
MISP exhibits prematureornvergence.Concerningherandomgraphgestedthe bestperformancavasachiered
for thosegraphsgeneratedvith higherprobability values— highly connectedyraphs— exceptfor the graphs
with the low density Neverthelessthe performanceof the AS-MISP for this kind of instancesvas as good
asthe performanceof GRASPaccordingto the reportedresultsfor this method. Also for DIMA CS instances,
the AS-MISP shaved a performanceomparabldo several specificalgorithmseitherof the MISP or the Clique
Problem.Additionally, someimprovementwereobtainedfor someinstancegust directingthe searchbasedon
trail information. This experiment(using 8 = 0) wasnotintendedto shav thatan Ant Systemusingonly trail
informationis equivalentto PBIL. On the contrary we only describedhat somesimilaritiesexist andtherefore
they canbe exploited to improve the performancef possible. The generalresultsindicatethe potentialpower
of the ACO approacHor solving constrainegubseproblems.Futureextensionof this work includemainly an
analysisof theinfluenceof the densityof graphs on the performancef the Ant System.
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