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UniversidadNacionaldeSanLuis
SanLuis, Argentina
legui@unsl.edu.ar

Zbigniew Michalewicz
Universityof NorthCarolina
Charlotte,NC 28223,USA

zbyszek@uncc.eduand
Instituteof ComputerScience
PolishAcademyof Sciences

Martin Schütz
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Abstract

Early applicationsof Ant Colony Optimization(ACO) have beenmainly concernedwith solving order-
ing problems(e.g.,the Traveling SalespersonProblem).More recently, promisingresultswereobtainedfor
solvingtheMultiple KnapsackProblemby introducinga modificationof thestandardAnt Systemalgorithm.
In this paperwe extendour studyon theapplicabilityof theACO approachto subsetproblems.Thecompu-
tationalstudyinvolvesits applicability for solving the Maximum IndependentSetProblem(MISP). The set
of instancestestedwereeitherrandomlygeneratedby specificmethodsor takenfrom theso-calledDIMACS
benchmarkgraphs.Thereportedresultswhich arecomparablewith differentstate-of-the-artalgorithmsshow
thepotentialof theACOapproachfor solvingtheMISP.

Keywords:antcolonyoptimization,maximumindependentsetproblem,combinatorialoptimization,metaheuris-
tics.

1 Intr oduction

TheAnt Colony Optimization(ACO) techniquehasemergedrecently(Dorigo et al. [9, 11, 12]) asa new meta-
heuristicfor hardcombinatorialoptimizationproblems.ACO algorithms,that is, instancesof the ACO meta-
heuristics,arebasicallyamulti-agentsystemwherelow level interactionsbetweensingleagents(calledartificial
ants)resultin a complex behavior of thewholesystem.ACO algorithmshave beeninspiredby coloniesof real
ants[9], which deposita chemicalsubstance(calledpheromone) on the ground. This substanceinfluencesthe
choicesthey make: thelargertheamountof pheromoneonaparticularpath,thelargertheprobabilitythatanant
selectsthepath.Artificial ants,in ACO algorithms,behave in asimilar way.

ACO algorithmscan be directly appliedto discreteoptimizationproblemsthat can be characterizedas a
graph

���������
	��
, where

�
is a finite setof componentsand

	�
������
thesetof connectionsbetweenthe

components(see[9] for a completedescription). The solutionsto the optimizationproblemcanbe expressed
in termsof feasiblepathson the graph

�
. Thus, ACO algorithmscan be usedto find minimum cost paths

(sequences)feasiblewith respectto theconstraints� 1.
In ACO algorithmsa population(colony) of agents(ants)collectively solve theoptimizationproblemunder

considerationby usingtheabovegraphrepresentation.Informationcollectedby theantsduringthesearchprocess
1For example,in the traveling salespersonproblemdefinedin Section2, � is thesetof cities, � is thesetof arcsconnectingcities,

and � indicatesthata particularsolutionis aHamiltoniancircuit.
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is encodedin pheromonetrails ����� associatedwith connection����� 2. Pheromonetrailsencodealong-termmemory
aboutthewholeantsearchprocess.Dependingon theproblemrepresentationchosen,pheromonetrails canbe
associatedwith all arcs,or only to someof them.Arcscanalsohaveanassociatedheuristicvalue ����� representing
a priori informationabouttheprobleminstancedefinitionor run-timeinformationprovidedby asourcedifferent
from theants.

Earlyexperimentswith ACOalgorithmswereconnectedwith orderingproblemssuchastheTravelingSales-
person[11, 12] Problem,theQuadraticAssignmentProblem[14], aswell astheJobShopScheduling,Vehicle
Routing,GraphColoringandTelecommunicationNetwork Problem[9]. More recentlypromisingresultswere
reportedin [8, 17] from theapplicationof a new versionof anAnt Systemto theMultiple KnapsackProblem,
an exampleof a non-orderingproblem. This paperaimsto go further in this directionin orderto evaluatethe
feasibilityof applyinganACOalgorithmto adifferentsubsetproblemaccordingto thegeneralconceptbehindan
ACO heuristic.TheACO algorithmtherebytakesinto accountthat in subsetproblemsthereareno connections
betweentheproblemcomponents.

TheMaximum IndependentSetProblem(MISP), thesubsetproblemconsideredin this paper, is computa-
tionally intractableby its nature,or sufficiently large to precludetheuseof exactalgorithms.In suchcases,for
theMISP aswell asothercombinatorialoptimizationproblems,heuristicmethodsareusuallyemployed to find
good,but not necessarilyoptimal solutions. The effectivenessof thesemethodsdependsupontheir ability to
adaptto a particularsolution,avoid entrapmentto local optima,andexploit thebasicstructureof theproblem,
suchasa network or a naturalorderingamongits componentsor evena combinationof thosecomponents.Var-
ious heuristicsearchtechniqueshave beendevelopedthat have demonstrablyimproved their ability to obtain
goodsolutionsto difficult combinatorialoptimizationproblems.Suchtechniquesincludesimulatedannealing,
tabu search,greedyrandomizedadaptivesearchprocedures(GRASP),evolutionaryalgorithmsandmorerecently
antcolony optimization.

With regardsto theMISP, severalalgorithmshave beendevelopedin thelastyearsby attackingthisproblem
throughdifferentheuristicmethods. Khuri et al. [2] developeda geneticalgorithmfor the MISP that useda
gradedpenaltyfunctionwhich wasappliedto somesmall instancesof theMISP. A recentwork by Aggarawal
et al. [1] proposesa geneticalgorithmwhich is comparedwith state-of-the-artmethodsfor theMISP problem.
The instancestestedin this work weretaken from theSecondDIMACSchallenge[10]. In Resendeet al. [20],
GRASPis appliedto asetof largeranddifficult instancesof MISPgeneratedaccordingto amethodproposedby
Bollobas[5] for building randomgraphsfor which it is possibleto know in advancetheapproximatecardinality
of themaximumindependentset.Fridenetal. [15] appliedatabu searchapproachcalledSTABULUSto thesame
typesof randomgraphstestedin [20]. Besidesthesealgorithmsbasedonmetaheuristicapproaches,anumberof
algorithmshave beenproposedfor themaximumcliqueproblemwhich hasa closerelationto theMISP. Many
of thesealgorithmsusepartially enumerative techniquesor branchandboundmethodsaswell asevolutionary
algorithmswhichwork well for many casesof this typeof graphs.Someof themareproposedby Balasetal. [3],
Gibbonsetal. [16], Rossi[21], Bonzeetal. [6], andMarchiori [18].

Therestof thepaperis organizedasfollows. In section2 we will illustratethebasicconceptsof theoriginal
Ant Systemalgorithm, the first ACO algorithmintroducedby Dorigo, Maniezzo,andColorni [13], using the
Traveling SalespersonProblem(TSP)asanexample.Furthersectionsof this paperinvestigatetheapplicability
of theACOalgorithmfor solvingsubsetproblemsandits applicabilityto theMaximumIndependentSetProblem.
Thesectionon experimentscontainsanimportantnumberof instanceshaving differentcharacteristicsandsizes.
Finally, we discussthe behavior and the performanceof the Ant Systemon the MISP with regardsto other
state-of-the-artalgorithmsandbenchmarks.

2 Ant Systemfor the TSP

Given a set
�

of � cities and a set of distancesbetweenthem, the Traveling SalespersonProblem(TSP) is
theproblemof finding a minimumcostclosedpath(a tour), which visits every city exactly once(Hamiltonian

2Herewe simplify notationby setting  "!$#%!'&)(* ,+ - , where ./+$01.1-324� .



circuit). Thus,wehave to minimize�6587)9:�';=<>�>?>?>?@�=;BAC�D� AFEG<H�JI <LK ��� � - �J� � -NMCO �QP K ��� �%R �J� � O �J� (1)

whereK ���TSU�J�TVW� is thedistancebetweenthecities X and Y .
Let ZJ� �'[=� denotethenumberof antsin city

;\�';]�_^W�>?%?%?%� � � at time
[

and ` �ba A��I < ZJ� �'[
� is thetotalnumberof
ants.Thevariables� ��� �'[
� denotetheintensityof pheromonetrail onconnection

�';c�Bde�
at time

[
andaredefinedas����� �'[fPg^h�D�i�j^lknmU� ����� �'[
�fPpo ����� �'[
�J� (2)

where q�r mtsu^
is a coefficient which representspheromoneevaporation3.

o ����� �'[
�4� anvw I < o � w��� �'[
� , whereo � w�x� �'[=� is thequantityperunit of lengthof trail substance(pheromonein realants)laid on connection
�';c�Bde�

by
the y -th antat time

[
andis givenby thefollowing formula:o � w��� �'[=�\�{z}|~U� if antk-th usesedge(i,j) on its tourq otherwise,

(3)

where � is aconstantand
	 w

is thetour lengthfoundby the y -th ant.For eachedge,theintensityof trail at time
0 ( ����� � q � ) is setto avery smallvalue.

While building a tour, theprobabilitythatant y in city
;

visits city
d

is� w��� �'[
�D���� � � � + -@�����%��� � � + -
���at���J�=�x� �B���'� �@���%� � � + � �����%� � � � + � � � � if
d�� `e�$�$�¡ �¢ K w �'[=�q � otherwise,

(4)

where `£�'�$�¡ �¢ K w �'[
� is thesetof citiesnot visitedby ant y at time
[
, and ���x� representsa local heuristic.For the

TSP, thisheuristic(called‘visibility’) is ����� � <¤ �%¥U+1¦ ¥�-�� .
The parameters§ and ¨ control the relative importanceof pheromonetrail versusvisibility. Hence,the

transitionprobabilityis atrade-off betweenvisibility, whichsaysthatclosercitiesshouldbechosenwith ahigher
probability, andtrail intensityassociatedto connection

�';
�Bde�
is intendedto representthe learneddesirabilityof

choosingcity
d

whenin city
;
.

A datastructure,called a tabu list, is associatedto eachant in order to avoid that antsvisit a city more
thanonce. This list

[ `UZJ© w �'[=� maintainsa setof visited cities up to time
[

by the y -th ant. Therefore,the set`£�$�$�ª «¢ K w �'[
� canbedefinedasfollows: `£�'�$�¡ �¢ K w �'[
�¬���­kt[ `UZc© w �'[
� . Whena tour is completed,the
[ `£ZJ© w �'[
�

list
� y �i^W�>?>?>?h� ` � is emptiedandevery antis freeagainto chooseanalternative tour for thenext cycle.
The above definitionsallow us to describetheAnt Systemalgorithm(Figure1) characterizingthe antsbe-

havior in thefollowing way: they build a solutionin anincrementalway usinga stochasticdecisionrule (in the
repeat-untilloop)startingfrom arandomlychosencity. Whenall antshave completedasolution,thepheromone
is depositedon theconnections.

3 Ant Systemfor SubsetProblems

Thesubset-based4 andpermutation-basedAnt Systemshave many featuresin common.However, in thepermu-
tation-basedAnt Systemthepheromoneis laid on pathswhile for subsetproblemsno pathexistsconnectingthe
items. A subset-basedAnt Systemtakesadvantageof oneof thecentralideasinvolved in theselectionprocess
of a permutation-basedantsystem:“the moreamountof pheromoneon a particularpath, themoreprofitableis

3Thereexist otherapproachesfor pheromoneupdatetrail. See[9].
4Givena combinatorialproblem ® which includesa setof components̄°(�±>²J0=³"³�³�0�´£µ , 0�´¶26· . We saythat ® is a subsetproblem

if a solutionfor ® canbeobtainedby combiningelementsof ¯ , that is, thesolutionis anelementof ¸J¹ . Seealsosection4 for a special
subsetproblem.



1. initialize
2. for

[D�º^
to numberof cyclesdo

3. for y �_^
to ` do

4. repeatuntil `e�$�$�¡ �¢ K w is empty
5. selectcity

d
to beincorporatedwith probability

� w��� givenby Eq.(4)
6. end
7. calculate

	 w
, thecostof thegeneratedsolution

8. save thebestsolutionsofar
9. end
10. update thetrail levels ���x� on all pathsaccordingto Eq.(2)
11. end
12. print thebestsolutionfound

Figure1: Generaloutlineof anAnt System.

thatpath”. This ideawasadaptedherein thefollowing way: “the morepheromoneonaparticularitem, themore
profitablethat item is.” In otherwords,we move thepheromonefrom pathsto items. At thesametime, a local
heuristicis alsousedin thenew version,but now it considersitemsonly insteadof connectionsbetweenthem.
Let usexplore thesesimilaritiesanddifferencesin moredetail. Out of a set

7
of � itemswe have to selectthe

bestsubsetof » items,possiblysatisfyingsomeadditionalconstraints.Thereis noconceptof apathhere,soit is
not clearhow to applytheconceptsdescribedin theprevioussectiondirectly to subsetproblems.

The main differenceis the following: In orderingproblems,the sequence ¼7]½t� r ; < �=;B¾W�>?%?%?%�=; �À¿ andthe
set Á �ÃÂ@; ��Ä <��=; �JÄ ¾ �>?%?%?%�=;�AÆÅ representa partial solution of the problemand the set of remainingitems to be
consideredin orderto completetheorderingof � itemsfrom theset

7
, respectively. Theselectionprocessof the

next item from theset Á involvesprobabilities
� w� - ��Ç �'[=� (e.g.,Eq. (4))

��ÈÉ�ÊÂJd�PË^W�Bd«PÍÌ£�>?%?%?%� � Å¡� , which depend
on theamountof pheromone��� - � Ç on theedge

�'; � �=;�Îe� andthelocalheuristicmeasure��� - � Ç (Figure2).
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Figure2: A sequencerepresentingapartialsolution ¼7]½ at step
d

duringaparticularcycle.

On theotherhand,in subsetproblemswe arenot interestedin solutionsgiving aparticularorder(e.g.,a tour
in theTSP).Therefore,apartialsolutionis representedby theset ¼7n�­Â@;
<@�=; ¾ �>?%?%?%�=; � Å andthemostrecentelement
incorporatedin ¼7 , thatis

; � , neednotbeinvolvedin theprocessfor selectingthenext element(Figure3).
Thus, the original Ant Systemmustbe modifiedaccordingly. First of all, the pheromonetrail is now laid

on eachelementfrom set
7

, with the intendedmeaningthatelementswith a higherpheromonelevel aremore
profitable.Therefore,the intensityof pheromonetrail on item

;
at time

[GPÏ^
is givenby:��� �'[QPg^h�D�Ð�j^lkÑmU� ��� �'[
�fPÀo ��� �'[=�J� (5)

where
o � � �'[=�Ò� a v��I < o � w� �'[
� , i.e. theaccumulatedamountof thecontribution

o � w� �'[=� from eachantin the
system.In otherwords,thatcontribution is thequantityof pheromonetrail laid on item

;
by the y -th antat time
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Figure3: A setrepresentingapartialsolution ¼7 at step
d

duringaparticularcycle.[
. Thisquantityis givenby thefollowing formula:o � w� �'[=�D� z �¶�$	 w �J�

if y k th antincorporatesitem iq � otherwise.
(6)

In Equation6 thefunctionGdependsontheproblemandgivestheamountof pheromoneaddedto item
;
. Usually,�°�$	 w �Ó� �6Ô 	 w or

�¶�$	 w �4� � 	 w for minimizationor maximizationproblemsrespectively ( � is a constant).	 w
is thecostobtainedby the y -th ant.Further, thelocal heuristicshouldassigna valueto eachelementwithout

any considerationsaboutpossibleconnectionsbetweenthem(orderingis not importantany longer).
For the subsetproblemstudiedin this paper, our versionof the Ant Systemconsidersa specialtype of

heuristicwhich takesinto accountboth,problemknowledgeandthepartial solutionbeingbuilt by a particular
ant y . Thus,we definetheheuristicvaluefor theitem

;
asa function(seeEq. 7) of thepartialsolution ¼7 w �'[=� at

time
[

where
;T�Õ7Êk ¼7 w �'[
� .

Then,for apartialsolution ¼7 w �'[
�D�­Â@;
<@�>?%?%?%�=; � Å beingbuilt by the y -th ant,theprobability
� w��Ç �'[
� of selecting;ÖÎ

asthenext item(
ÈÕ�ÊÂJd4PÏ^W�Bd4PpÌ£�>?%?%?%� � Å ) is givenas

� w��Ç �'[
�\� �� � � � + Ç �����%� � � � + Ç ��×Ø � �����Ö�Ù� �a - �J�=�x� �B���'� � ���%� � � ->�,���Ù� � � � -@��×Ø � �,�����Ù� � � if
; Î � `e�$�$�¡ �¢ K w �'[=�q � otherwise,

(7)

wherè£�$�'�¡ «¢ K w �'[
�Ò
Ú7Ûk ¼7 w �'[=� is thesetof remainingfeasibleitems, � � �'[
� is theamountof pheromoneon item;
, and ����Ç � ¼7 w �'[=�=� representstheheuristicvaluefor item

;
basedon thesolutionbeingbuilt by thek-th ant.Thus,

thehigherthevalueof ��� Ç and/or ��� Ç � ¼7 w �'[=�=� , themoreprofitableit is to includeitem
;�Î

in thepartial solution.
Therefore,ageneralversionof anAnt Systemfor subsetproblemscanbeobtainedfrom thegeneralalgorithmin
Figure1 by changingthelines Ü and

^ q asfollows:

5. selectitem
;

to beincorporatedwith probability
� w� givenby Eq.(7)

10. update thetrail levels ��� on all itemsaccordingto Eq.(5)

4 Formulation of an Ant Systemfor the MISP

Themaximumindependentsetproblemconsistsof findingthelargestsubsetof verticesof agraphsuchthatnone
of theseverticesareconnectedby anedge(i.e., all verticesareindependentof eachother).Thus,if

�i�Ý��ÞD�
ß:�
denotesa graphwhere

Þ
is thesetof nodesand

ß
thesetof edges,theproblemis to determinea set

Þ8à°
iÞ
suchthat á ;
�Bd��ÕÞ à theedge â ;
�Bd£ã Ô�äß and å Þ à å is maximum.

In thissectionweprovideimplementationaldetailsof anAnt Systemappliedto theMISP. Takinginto account
theimplementationfor theMultiple KnapsackProblemin [17], it is importantto emphasizetherobustnessof the



Ant Systemregardinga particularsubsetproblem. The only variablecomponentis the knowledgeaboutthe
problem,i.e., the local heuristicinvolvedin theprobabilityof itemselection.

For
Þi�iÂF^W�>?%?%?%� � Å theAnt Systemtriesto find themaximalindependentset

Þ à 
gÞ
Let æ w �'[
� bethesetof

remainingfeasibleitemswith respectto ¼7 w �'[
� : thesolutionbeingbuilt by ant y at time
[
. The local heuristicfor

theMISP canbedefinedas: � � � ¼7 w �'[
�=�D� å æ � å � (8)

where æ)� representsæ w �'[]Pº^h� in caseitem
;

is addedto ¼7 w . Thenthe local heuristicaimsat assigninghigher
scoresto thatitem(say

;
) whichyieldsalarger æ � . Thus,thelarger æ w �'[¡PÕ^h� , thelargerthesetof remainingitems

for completing ¼7 w . Theprobability for item selectionis givenby Eq.(7) where `£�$�$�ª «¢ K w �çÞbk ¼7 w �'[
�èkÀé w �'[
�
and

é w �'[
�D�­ÂJd å �=�%dê�=;/�¬�äß}ëi�';
�Bde�l�äß:�Qìí;3� ¼7 w �'[
�cÅ , i.e., the setof infeasibleitemswith respectto ¼7 w �'[
� .
Function

�
is definedas

�°�$	 w �l� � 	 w where � �{^ ÔCå Þ å and
	 w

, theobjective value,is thecardinalityof the
setof verticesconformingthesolutionobtainedby theant y .

2

1

3
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Figure4: Instanceof MISP

Let usconsiderthefollowing exampleconcerningtheheuristicdefinedabove. Figure4 shows asmallMISP
instancewhere å Þ å �iî

. Let ussupposethat in time
[

thepartialsolutionbeingbuilt by the y -th ant is ¼7 w �'[=�ï�ÂªÌeÅ
, then æ w �'[
�T�ºÞ­kpÂªÌeÅ«kpÂF^W�cîeÅ8�_Âªð£�Jñe�=òC� Ü �cóeÅ . In thelastexpression,theset

ÂF^W�cîeÅ
representsthesubset

of infeasibleitemsdueto theinclusionof item
Ì

in thepartialsolution.Now thesubset
Âªð£�Jñe�=òC� Ü �cóeÅ is thesetof

currentfeasibleitemsandthecorrespondingheuristicvaluesareasfollows:�>ô ��7 w �'[
�=�D� å æèôFå � å Â@òC� Ü Å å �ËÌ ��õ ��7 w �'[
�=�D� å æ)õeå � å Âªð£�có£�JñFÅ å �Ëð �>ö ��7 w �'[=�=�D� å æ)öFå � å ÂªðeÅ å �_^�>÷ ��7 w �'[
�=�D� å æè÷Få � å Â@òC�JñFÅ å �ËÌ �@ø ��7 w �'[
�=�D� å æ]øêå � å Â@òC�cóeÅ å �ËÌ
Therefore,thehighestscoreis obtainedby item

;\�Ïò
possessingthebiggestsetof feasibleitemsfor thenext

selectionstepaccordingto Eq.(7).

5 Experimentsand Results

TheAnt Systemwascodedin C. All runswereperformedon a SunW, Ultra-1 with 140MHzand128M RAM.
Although thereexists a parallel versionof the Ant System,we show the resultsfor the serial versioncalled
AS-MISP. Suitableparametersettingsfor AS-MISPweredefinedin somepreliminaryexperiments.We choose§ �ù^

, ¨ �ù^
and

mÑ� q ? Ü . It is importantto notethat theseparametersettingsaresimilar to thosefound in
earlierstudiesof Dorigo [9], where § �ù^

, ¨ � Ü and
m�� q ? Ü , however, with ¨ � Ü , AS-MISP sufferedof

prematureconvergence,i.e., thealgorithmgotstuckin a localoptimumonmany of theconsideredtestcases.On
theotherhand,thenumberof antsandthenumberof cycleswassetto

^ q and
Ì q�q respectively. Additionally, we

show attheendof thissectionthatfor asetof instancesthesetting̈
� q improvestheperformanceof AS-MISP.

In this casethesearchis basedstrictly on blind cooperationusingthetrail information.Thevectorrepresenting
thetrail substancewasinitialized randomlywith � � ��� q �@^h� , ;3�ÊÂF^W�>?>?>?¡� � Å for all experiments.

Threegroupsof instanceswereconsideredfor this problem.Thefirst groupwasgeneratedaccordingto two
differentmethodsasusedby Khuri etal. [2]. Onemethodconsistsin thefollowing algorithmin orderto generate



randomlyselect
Þ:àú�­Â@;=<h�>?%?%?%�=;Bû6Å8
ÏÞ­�­ÂF^W�>?%?%?%� � Å

for i=1 to n do
for j=i+1 to n do

if
�=� Á«� K � q �@^h� r K � and

�=�'; Ô�ÕÞ à � or
�%d Ô�ÕÞ à �=�=� � 5 �

then ¢>��� �_^
else ¢>��� � q

done
done

Figure5: Algorithm for thegenerationof randomgraphswhichpreselectsanindependentsetof size ü .

graphshaving � nodes,a density K ( K �ÝÂ q ?�^W� q ?"Ì£� q ?"ð£� q ?xòC� q ? Ü Å in our experiments)anda known maximum
independentset ü . Wedenotetheinstancesgeneratedin thiswayby Mn-d-m.

Theothermethodbuilds a scalablegraph(seeFigure 6), which canbeconstructedfor anevennumberof
nodes� � � ¿ óê�

. If � is a multiple of 4, two equivalentglobal maximaof value å Þ à å � �)Ô Ì areobtainedby
partitioningthesetof verticesinto thoseof even(respectively odd)nodenumbers.Otherwise,theuniqueglobal
maximumis givenby

Þ8àl�­ÂF^W�cð£�>?%?%?%� �)Ô Ì£� �)Ô ÌfPÊ^W�>?%?%?%� � Å , with å Þ8à å � �)Ô ÌfPÊ^ . Accordingly, this typeof graphs
is denotedby scal-n.

1 2 3 4 5

6 7 8 9 10

Figure6: Scalablegraphwith � �_^ q nodeswhere
Þ à �ºÂF^W�cð£� Ü �có£�cî£�@^ q Å is indicatedby thedashedlines.

The secondgroupof MISP instanceswasgeneratedfollowing the processdescribedin [5, 20, 19]: Select
each¢ ��� �ý^

if andonly if Rnd(0,1)
sþÈ

, where
È

is theprobability for theexistenceof anedgeconnecting
thenodes

;
and

d
. This groupof instancescorrespondsto thefamily of undirectedrandomgraphs

� ÿ � ÿ ¦ Î where� � å Þ å . Afterwardsin this sectionwe analyzein detail the expectednumberof independentsetsthat canbe
foundin this family of graphs.

Finally, the third groupof instanceswasobtainedfrom the DIMACS [10] directories.Actually, this group
of instancescorrespondsto instancesof theMax-Cliqueproblem,but by a reductionprocess6, it is possibleto
obtaininstancesof MISP for which thesizeof themaximumindependentsetis thesameasthemax-cliqueof
the reversegraph

��
. Therefore,the resultsobtainedby applyingsomeheuristiccanbecomparedwith thebest

resultsfor theoriginal instancesfor theMax-Cliqueproblem[1].
Theresultsfor the threegroupsof instancesareshown in tablesin which thedataareorganizedasfollows:

The setof columnsfor the AS-MISP displaysthe valuesobtainedby the Ant Systemwith
� § � ^W� ¨ � ^h�

.
Althoughall tablesofferedsomedifferences,a setof columnlabelsexists thatareusedwith thesamemeaning
for eachinstance.Specialcolumnswill be describedwith the respective experiment. Thus,BF representsthe
maximumindependentsetfound;avg(BF) is therespectiveaverageoutof 10runs;#hitsrepresentsthenumberof
successfulresults.On theotherhand,we show two morecolumns,Cyclesto Bestwhich displaystheminimum
numberof cycles(Min) to obtainthebestresult,with its respective averagevalue(Avg) andsimilarly Time to

6If ��(�����0	��
 is anacyclic graph,and ��
�� ��� is themaximumcliquefor � , then � representsthecardinalityof themaximum
independentsetfor thereversegraph ��Û(������0	��
 .



Bestdisplaystheminimumelapsedtime7 (Min) to getthebestresultandits respective averagevalue(Avg).

Instance AS-MISP GA
BF avg(BF) #hits Cyclesto Best Time to Best BF avg(BF) #hits

Min Avg Min Avg
M100-0.1-45 46 46.00 100 5 9 0.14 0.30 47 37.39 1
M100-0.2-45 45 45.00 100 1 2 � 0 0.05 45 37.25 34
M100-0.3-45 45 45.00 100 1 1 � 0 � 0 45 41.38 77
M100-0.4-45 45 45.00 100 1 1 � 0 � 0 45 44.20 96
M100-0.5-45 45 45.00 100 1 1 � 0 � 0 45 44.72 99
M200-0.1-90 90 90.00 100 2 3 0.18 0.39 90 68.75 4
M200-0.2-90 90 90.00 100 1 2 � 0 0.20 90 81.05 54
M200-0.3-90 90 90.00 100 1 2 � 0 0.11 90 88.22 93
M200-0.4-90 90 90.00 100 1 2 � 0 0.03 90 90.00 100
M200-0.5-90 90 90.00 100 1 1 � 0 � 0 90 90.00 100

M300-0.1-135 135 135.00 100 1 2 1.70 0.91 NA NA NA
M300-0.2-135 135 135.00 100 1 2 � 0 0.61 NA NA NA
M300-0.3-135 135 135.00 100 1 2 � 0 0.55 NA NA NA
M300-0.4-135 135 135.00 100 1 2 � 0 0.36 NA NA NA
M300-0.5-135 135 135.00 100 1 1 � 0 0.12 NA NA NA

scal-100 50 50.00 100 4 28 0.19 0.87 NA NA NA
scal-200 100 98.10 74 6 65 0.50 9.89 NA NA NA
scal-300 150 143.70 27 16 120 12.81 40.61 NA NA NA
scal-102 52 50 49 1 25 � 0 1.06 50 44.94 0
scal-202 102 99.1 13 7 70 0.98 9.60 96 88.90 0
scal-302 152 147.5 15 26 87 8.40 32.10 NA NA NA

Table1: Resultsof AS-MISP comparedwith resultsfrom Khuri et al. [2] on differentgraphs(First groupof
instancesof MISP).

Table 1 displaysthe resultsobtainedfor the instancesof the MISP correspondingto the first group. In
addition,thelastcolumnGA shows theresultsreportedby Khuri etal. in [2] which includethebestfound(BF),
the correspondingaverage(avg(BF)), and the numberof hits (#hits). The entry NA standsfor not available.
For eachinstanceof this first groupwe run AS-MISP100timesin orderto becomparablewith theresultsfrom
Khuri. The resultsin table1 indicatethat the AS-MISP performedvery well for all instancesof type Mn-d-m
for which the optimal solutionwasfound in the very early cyclesof the run. Therefore,no cooperationtook
placeandusingonly theinitial valuefor thetrail ( � ) andtheheuristicinformationwasenoughfor solvingthese
instances.Also, it is worth comparingtheseresultswith thoseresultsreportedby Khuri et al. [2] for thesame
typeof instances.BesidesM100-0.1-45AS-MISPofferedin all instancesa betterperformancethantheGA. So,
in contrastto theGA, AS-MISPfoundthedefinedlocal maximumin all runs.Only in caseof M100-0.1-45the
GA (BF = 47) outperformedthe bestresultof AS-MISP (BF = 46) 8 in onerun. In our opinion this doesnot
build acontradictionto theoverall positive performanceof theACOalgorithm,which in any casefoundasubset
of size46, while theGA foundvaluesbetterthan46 only in two out of 100runs. For the instancesof size

Ì q�q
and

ð q�q AS-MISPshowedasimilarperformanceasfor thetestcasesof size
^ q�q . Therefore,anincrementonthe

numberof nodesdid not decreaseits performanceon this typeof instance.Particularlyfor the instancesof sizeÌ q�q theANT-MISPfoundresultssuperiorto theGA regardingthenumberof hitsoutof the
^ q�q runs.

For scal-n instances,AS-MISP increasesthe numberof cyclesin orderto get the bestsolution— i.e., the
ACO algorithmconvergedslower thanbefore(instancesMn-d-m) implying thatan interactionbetweentheants
took placeduring the experiment. However, the scal-n instancesrepresentmore difficult test casessincethe
averageperformanceof AS-MISPis a little bit inferior with respectto its performanceon instancesof typeMn-
d-m. Nevertheless,it is still ableto find theoptimalvaluesanda goodoverall performanceasindicatedby BF,
#hitsandavg(BF) respectively.

7Thetime measure,herein seconds,is only usedto give animpressionof theorderof magnitudeof therunningtime andnot useful
for any typeof comparisons.

8Accordingto thedesignof theMn-d-mgraphsm is a known optimum,but not necessarilytheglobalone.



For the secondgroupwe considereda setof instancesfrom the family of graphs
� ÿ � ÿ ¦ Î [5] with different

sizes( � �ÍÂªÌ q�q �=ò q�q �có q�q Å ) andprobabilities(
ÈÍ�þÂ q ?"Ì£� q ? Ü � q ?"ó£� q ?"î Ü � q ?��eÅW� – i.e., for eachsizewe considered

differentdegreesof density. For this typeof randomgraphswecancalculatetheexpectednumberof independent
setsof size

^ s y s � [5]. Let � w bea stochasticvariabledenotingthenumberof independentsetsof size y
of a particularinstanceof a randomgraph.Table2 shows theexpectedvaluesaroundthesizeof themaximum
independentsetswe canfind in eachoneof them. Thus, for a graphwith å Þ å � Ì q�q and

È_� q ?"Ì we can
determinethattheexpectedvaluefor

ß�� � ¾ ö �\�Ëð�î�Ì and
ß�� � ¾ ÷ �\���

. Thismeansthatweexpectto find aroundð�î�Ì
and

�
independentsetsof size

Ì Ü and
Ì�ó

respectively. For the sameexample,the expectedvaluefor � w
with y � Ìêñ

is near q and,on the otherhandfor y s�Ì¡ò
, the expectedvalue increasessignificantly, that is,

independentsetsof size
Ìêñ

arevery rare,but still they could exist and independentsetsof size
Ì¡ò

or lessare
abundant.A similar situationmaybeobservedfor theothercombinationof å Þ å and

È
. Therefore,we expectthat

any algorithmthatperformswell on this kind of instancesshouldobtainresultsascloseaspossibleto thelargery for eachcombinationof å Þ å and
È

displayedin Table2.

� ��� Probabilityvalue�
0.2 0.5 0.6 0.83 0.9

200 ���! �"�$# ���!% � O1O � O'& �)( �)( �)* �"+ �" ��# �"% ��# �)% �",
10 382 -Û²/. % 11 638 -ä²0. % 6 397 -Û²0. % � 0 51 1561 � 0 65 1313

400 � , O � , & � �!( �¬O , �¬O � �ïO1O �ïO1O �ïO'& � ( � + �  � # � # � % � ,
15 995 -2143�²/. % 3 402 -í¸53�²0. % � 0 32 3116 � 0 16 1678 8 1051 -Û²/. %

600 �",$% �),$, �",6� � O % � O , � O � � O1O � O'& �)( ��+ �" ��# �" �"# �"%
16 1522 -Û²/. # 3 609 -2153�²0. % 11 1913 -Û²0. # � 0.5 181 -ä²0. % � 0 64 5346

Table2: Someexpectedvaluesfor � w variablesin randomgraphs.

We denotethe instancesof this group as Mn-p, where � is the numberof nodesand
È

the probability
usedin the generationprocess.The total numberof instancestestedwas

ñ Ü accordingto the valuesof � �ÂªÌ q�q �=ò q�q �có q�q Å and
ÈÀ�pÂ q ?"Ì£� q ? Ü � q ?"ó£� q ?"î�ðU� q ?7�eÅ 9 provided that for eachcombinationof � and

È
we generatedÜ randomgraphsby usingdifferentseeds.Table3 shows theresultsfor therandomlygeneratedgraphs.Thesec-

ondcolumn, 8 � w ¦ 9
� , displaysfor eachinstancefour pairs
� y �0:ê� whereeachpair indicatesthatAS-MISPfoundan

independentsetof size y , : -times.Thevalueof y at theleftmostpair representsthesizeof therarestindependent
set. In thesubsequentcolumns,y is decrementedby

^
until thevalue y kÍð — i.e., thesizeof moreabundant

independentsets.
For thisgroup,thebestperformanceof AS-MISPis reachedfor all graphsfor which

ÈÉ�ÊÂ q ? Ü � q ?"ó£� q ?"î�ð£� q ?��eÅ .
It is importantto notethatbesidethegraphsize,consideringtheabovevaluesfor

È
, theAS-MISPfoundsolutions

representingthe rarestindependentsetor very closeto them. On the otherhand,the graphsgeneratedwith a
probability

ÈÏ� q ?"Ì werethe hardest,independentof the sizeof the graph. For example,for the instancesof
size

Ì q�q , ò q�q and
ó q�q , the performanceis still acceptablebut we observe (Table3) that the independentsets

foundarebiasedto themoreabundantones.Thus,for testcasesM200-0.2theAS-MISPfoundonesolutionof
size26, 29 of size25, 18 of size29 andso on. A similar situationcanbe found for M400-0.2andM600-0.2.
Additionally, the differenceconcerningthe value in Cyclesto BestandTime to Bestcolumnsbetweengraphs
generatedwith

È�� q ?"Ì andthosegeneratedwith
ÈÀ�ÚÂ q ? Ü � q ?"ó£� q ?"î�ð£� q ?��eÅ is remarkable.As mentionedbefore

thesetypesof instancesweretestedby Resendeet al. [20, 19] wherethey appliedGRASPto thefollowing type
of instances:M400-0.6, M400-0.83, M600-0.83, M1000-0.2, M1000-0.5, M1000-0.83, M2000-0.5andM3500-
0.5. Theresultsreportedarecomparablewith theresultsobtainedby theAS-MISP, sizes

ò q�q and
ó q�q . For the

larger graphs,we run theAS-MISPalgorithmfor graphsM1000-0.2, M1000-0.5, M1000-0.83, M2000-0.5and
M3500-0.5. Again, we foundthat thehardesttestcasewasrepresentedby a low densitygraph(M1000-0.2) for
which theAS-MISPnever reachedthevalues

ð�î
or
ðêñ

whereasGRASPdid. Thevaluesfoundfor this instance
were

Âe�1ð�ó£� Ü �J�h�1ð Ü �@^�òe�J�ª�1ð¡ò �cÌWòe���h�1ðFð£��ñ��cÅ 10. For theremaininginstancestheAS-MISPbehaved in a similar way
9Thesamevalueswereusedin [20, 19].

10This notationhasthesamemeaningasin Table3.



asfor theothermediumor highdensitygraphstested.
The correspondingresultsfor the third groupareshown in Table4 wheretwo additionalcolumnsare in-

cluded,OCH andCBH. ColumnOCH (OptimizedCrossover Heuristic)correspondsto thebestresultsreported
by Aggarawal et al. [1] by applyinga geneticalgorithmto a setof instancesincluding thosein Table4. The
othercolumn,CBH standsfor ContinuousBasedHeuristicwhich is adeterministicheuristicfor theindependent
setproblem(Gibbonset al. [16]). CBH wasusedfor comparisonin the experimentalstudywhereOCH was
proposed[1]. Concerningtheperformanceof AS-MISP, we shouldconsiderdividing this groupof instancesin
two subgroups.Thefirst oneincludestheinstancesfor whichAS-MISPperformedsuccessfully. Theseinstances
includethe type c-fat, johnsonandp-hat. It is worth mentioningthat for theseinstancesOCH andCBH also
performedoptimally in nearlyall cases.For example,AS-MISPoutperformedOCHandCBH oninstancep-hat-
500-3; CBH on p-hat-700-3; andfinally, OCH on p-hat-500-2andp-hat-700-1. In this subgroupwe caninclude
theinstancekeller4 for whichAS-MISPandOCHsolvedoptimally.

Thesecondsubgroupdeservesa particularconsideration.Therearesomeinstanceswhich werenot solved
optimally by the AS-MISP, but they were by OCH (san2000.7 1, san4000.7 1, san4000.7 2). However,
for the above instancesAS-MISP performedbetter than CBH. On the other hand, someinstancesexist for
which no optimal solutionwasfound by applyingeitherAS-MISP, OCH or CBH. Nevertheless,for thesein-
stances(brock400 2, brock400 4 andbrock800*) AS-MISPoutperformedOCH. Additionally, for the instances
sanr4000.5, sanr4000.7, brock400 1 and,brock400 3 ANT-MISPperformedbetterthanOCHandCBH respec-
tively. An exception is brock200 2 wereAS-MISPandCBH foundthesamevalue. For testcaseMANN a27,
AS-MISPperformedin betweenOCHandCBH,whereasfor MANN a45,AS-MISPperformedworsethanOCH
andCBH.

AS-MISP
Instance � � �<; = � Cyclesto Best Time to Best

Min Avg Min Avg
M200-0.2 (26,1) (25,29) (24,18) (23,2) 0.88 11.48 5 51.8
M200-0.5 (11,39) (10,11) (9,0) (8,0) � 0 5.47 1.8 28.46
M200-0.6 (9,49) (8,1) (7,0) (6,0) � 0 4.68 1.2 24.58

M200-0.83 (5,50) (4,0) (3,0) (2,0) � 0 0.31 1 1.79
M200-0.9 (5,10) (4,40) (3,0) (2,0) � 0 .31 1 18.08
M400-0.2 (31,0) (30,6) (29,29) (28,15) 33 89 9.67 25.03
M400-0.5 (13,1) (12,39) (11,10) (10,0) 8 41 1.9 15.8
M400-0.6 (11,2) (10,21) (9,27) (8,0) 2 32 0.5 7.5

M400-0.83 (7,0) (6,47) (5,3) (4,0) 1 17 � 0 4.83
M400-0.9 (5,40) (4,10) (3,0) (2,0) 1 25 � 0 7.82
M600-0.2 (34,1) (33,5) (32,22) (31,14) 44 96 22.34 63.02
M600-0.5 (14,0) (13,27) (12,23) (11,0) 7 68 2.5 34.01
M600-0.6 (11,9) (10,41) (9,0) (8,0) 5 29 1.89 17.21

M600-0.83 (7,1) (6,49) (5,0) (4,0) 2 7 � 0 2.73
M600-0.9 (6,6) (5,44) (4,0) (3,0) 2 5 � 0 1.35

Table3: Resultsfrom AS-MISPappliedto differentrandomgraphs(Secondgroupof instancesof MISP).

Similarly to the instancesof the first group(Mn-p-m) we observed an analogoussituationconcerningthe
convergenceof the AS-MISP. Seeinstancesc-fat*, johnson*, san400*and,MANN*. However this premature
convergencedoesnot affect theperformanceof theAS-MISPfor instancesc-fat* and johnson*which seemto
berathereasyproblemsif we considerthereportedresultsfor this instancesfrom CBH, OHC andmany others
algorithms.Unfortunately, for someof thesan400*andMANN a45theAS-MISPgot stuckin a local optimum.

It is importantto notethesimilarities,aswasnotedby Bonabeauet al. [7], betweenACO algorithmsanda
classof evolutionaryalgorithmswhich incorporatea population-basedincrementallearning(PBIL). See[4] for
furtherinformation.Moreprecisely, in theAnt Systemfor subsetproblemswehave adirectconnectionbetween
the generationvector as called in PBIL, and the trail information which also is representedby a real vector.
However, anAnt System,besidesthetrail, usesheuristicinformationto direct thesearchwhile PBIL doesnot.



Instance Size Best AS-MISP OCH CBH
Value Cyclesto best Time to Best

BF avg(BF) #hits Min Avg Min Avg
c-fat-200-1 200 12 12 12 10 1 1 � 0 � 0 12 12
c-fat-200-2 200 24 24 24 10 1 1 � 0 0.72 24 24
c-fat-200-5 200 58 58 58 10 1 1 � 0 � 0 58 58
c-fat-500-1 500 14 14 14 10 1 1 � 0 � 0 14 14

c-fat-500-10 500 126 126 126 10 1 1 � 0 � 0 126 126
c-fat-500-2 500 26 26 26 10 1 1 � 0 � 0 26 26
c-fat-500-5 500 64 64 64 10 1 1 � 0 � 0 64 64

johnson16-2-4 120 8 8 8 10 1 1 � 0 � 0 8 8
johnson32-2-4 196 16 16 16 10 1 1 � 0 � 0 16 16
johnson8-2-4 28 4 4 4 10 1 1 � 0 � 0 4 4
johnson8-4-4 70 14 14 14 10 1 1 � 0 � 0 14 14

p-hat-300-1 300 8 8 8 10 3 7 0.85 2.97 8 8
p-hat-300-2 300 25 25 25 10 5 9 2.10 5.88 25 25
p-hat-300-3 300 36 36 36 10 15 43 9.82 27.72 36 36
p-hat-500-1 500 9 9 9 10 6 21 5.68 23.15 9 9
p-hat-500-2 500 36 36 36 10 8 19 13.12 34.27 35 36
p-hat-500-3 500 > 50 50 49.6 6 17 58 29.52 105.92 49 49
p-hat-700-1 700 11 11 10.3 5 4 72 6.47 155.15 9 11
p-hat-700-2 700 44 44 44 10 11 42 38.79 164.10 44 44
p-hat-700-3 700 > 62 62 60.7 4 14 62 49.66 235.85 62 60

keller4 171 11 11 11 10 2 7 0.14 0.81 11 10
keller5 776 27 26 23.79 0 8 95 17.92 240.65 25 21

san2000.7 1 200 30 24 18.6 0 1 60 0.25 15.20 30 15
san2000.7 2 200 18 15 15 1 11 65 2.09 12.5 15 12
san2000.9 1 200 70 70 51.9 1 5 79 1.7 26.89 70 46
san2000.9 2 200 60 60 50.59 5 2 76 2.34 20.48 60 36
san2000.9 3 200 44 44 38.29 2 13 64 2.94 15.71 36 30
san4000.5 1 400 13 13 8.7 1 1 25 � 0 21.33 13 8
san4000.7 1 400 40 22 22 0 1 3 � 0 3.39 40 20
san4000.7 2 400 30 18 17.19 0 1 3 � 0 2.0 30 15
san4000.7 3 400 22 16 15.5 0 1 1 � 0 21.85 16 14
san4000.9 1 400 100 100 63 2 1 23 � 0 26.81 100 50
sanr2000.7 200 18 18 17.8 8 4 83 0.66 17.33 18 18
sanr2000.9 200 > 42 42 41.2 2 11 61 2.91 16.14 42 41
sanr4000.5 400 13 13 12.4 4 7 75 5.18 55.54 12 12
sanr4000.7 400 > 21 21 20.2 3 17 91 11.65 63.28 20 20
brock2001 200 21 21 20.1 4 5 27 1.08 6 21 20
brock2002 200 12 12 10.7 6 1 4 � 0 3.72 11 12
brock2003 200 15 14 13.1 0 1 47 � 0 46.29 14 14
brock2004 200 17 16 16 1 10 45 2.96 8.33 16 16
brock4001 400 25 25 23.9 0 7 56 4.55 36.2 24 23
brock4002 400 29 25 23.9 4 17 101 13.01 79.13 24 24
brock4003 400 25 25 23.9 0 37 87 28.08 67.29 24 23
brock4004 400 33 26 24 6 28 56 20.29 40.46 24 24
brock8001 800 21 20 19.2 20 15 59 16.24 68.36 19 20
brock8002 800 21 20 19.5 0 12 61 12.87 70.47 19 19
brock8003 800 21 20 18.86 0 21 68 23.5 78.72 19 20
brock8004 800 21 20 18.9 0 18 56 19.88 64.08 19 19

MANN a27 378 126 123 122.19 0 1 18 � 0 17.32 126 121
MANN a45 1035 345 335 334.29 0 1 1 � 0 � 0 343 336

Table4: Resultsfrom AS appliedto differentgraphs(Third groupof instancesof MISP).Additional resultsare
showedin columnsOCH andCBH.

But for someinstances(highlightedin boldface- Table4) from thethreegroupsof all instancestested,AS-MISP
improved its performancewithout using any heuristicvalue, i.e., parameter̈

� q . For thesetest casesthe



AS-MISPgot stuckin a local optimumperhapsdueto thegreedycomponentusedin theitem selectionprocess.
However, by setting ¨ � q thealgorithmonly usesthetrail informationto direct thesearch.ConsequentlyAS-
MISP (seeTable5) couldescapefrom thelocal optimumandgetthebestsolution(san2000.7 1, san4000.7 1,
brock200 3 and brock200 4), improve the results(MANN a27 and MANN a45) or increasethe numberof hits
(san2000.9 1). However, thebestoverall performanceof theAS-MISPwasachievedwith § �Ð^

and ¨ �Ý^
—

i.e.,a fair trade-off betweentheimportanceof thetrail andtheheuristicvalue.

Instance Size Best AS-MISP OCH CBH
Value Cyclesto best Time to Best

BF avg(BF) #hits Min Avg Min Avg
san2000.7 1 200 30 30 29.6 9 25 102 5.16 12.80 30 15
san2000.9 1 200 70 70 60.9 6 13 98 2.82 23.27 70 46
san4000.7 1 400 40 40 28.6 2 35 116 12.9 115.01 40 20

brock2003 200 15 15 13.9 5 5 50 1.8 8.02 14 14
brock2004 200 17 17 15.3 1 6 63 0.82 10.32 16 16
MANN a27 378 126 125 124.1 0 12 100 10.51 94.59 126 121
MANN a45 1035 345 339 337.6 0 1 20 100 146.86 768.77 343 336

Table5: Someimprovedresultsfrom AS-MISPwithout usingany heuristicvalue.Additional resultsareshown
in columnsOCH andCBH.

6 Conclusions

In this paperwe presenteda new versionof anAnt Systemextendedto handlesubsetproblems.In theproposed
versionof thesystem,apheromonetrail is put to theproblem’scomponentsinsteadof theproblem’sconnections.
TheextendedAnt Systemwasappliedto several instancesof theMaximumIndependentSetProblemgenerated
undermethodspreviously usedaswell asawell known setof instancesfor theMaximumCliqueproblemwhich
weretakenfrom theDIMACS2

A ¤
challengedirectory. For sometestcasesof thethreegroupsconsidereda few

cyclesof the algorithmwerenecessaryfor obtainingthe optimal value. However, on a few problemsthe AS-
MISPexhibitsprematureconvergence.Concerningtherandomgraphstested,thebestperformancewasachieved
for thosegraphsgeneratedwith higherprobability values— highly connectedgraphs— exceptfor thegraphs
with the low density. Nevertheless,the performanceof the AS-MISP for this kind of instanceswas as good
asthe performanceof GRASPaccordingto the reportedresultsfor this method.Also for DIMACS instances,
theAS-MISPshoweda performancecomparableto severalspecificalgorithmseitherof theMISP or theClique
Problem.Additionally, someimprovementwereobtainedfor someinstancesjust directingthesearchbasedon
trail information. This experiment(using ¨ � q ) wasnot intendedto show thatanAnt Systemusingonly trail
informationis equivalentto PBIL. On thecontrary, we only describedthatsomesimilaritiesexist andtherefore
they canbe exploited to improve the performanceif possible.The generalresultsindicatethe potentialpower
of theACO approachfor solvingconstrainedsubsetproblems.Futureextensionsof this work includemainly an
analysisof theinfluenceof thedensityof graph’s on theperformanceof theAnt System.
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