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Precise elastic scattering differential cross sections have been measured for the12C158Ni,208Pb systems at
sub-barrier energies. The corresponding bare potentials have been determined at interaction distances larger
than the respective barrier radii, and the results have been compared with those from an early extensive
systematics for the nuclear potential. The present data have been combined with others for the12C
112C,208Pb systems at intermediate energies, in order to extract the12C ground-state nuclear density through
an unfolding method.
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I. INTRODUCTION

In this work, we present elastic scattering different
cross sections for the12C158Ni,208Pb systems at sub-barrie
energies. One of the purposes of the experiments was
determination of the corresponding nuclear potentials i
surface region near the respective barrier radii. The met
was earlier applied to several systems involving the16O
nucleus as projectile@1–4#. As discussed in these previou
works, the imaginary part of the optical potential is neg
gible at sub-barrier energies due to the corresponding v
small reaction cross sections. Thus, provided that a real
shape in the surface region is assumed for the potential
elastic scattering data analysis in this sub-barrier energy
gion unambiguously determines the real part of the inter
tion. The optical potential is composed of the bare and
larization potentials, the latter containing the contributi
arising from nonelastic couplings. The real part of the po
ization has been estimated earlier@1–3# through extensive
coupled-channel calculations for the16O sub-barrier data set
and represents about 10% in comparison with the bare in
action. A quite complete coupled-channel calculation h
also been performed for the12C1208Pb system@5#, and a
good description of elastic, inelastic, transfer, and fus
cross section data has been obtained for energies abov
barrier. An extrapolation of the calculation~see Fig. 8 of Ref.
@5#! to 54.5<Elab<57 MeV, an energy region which corre
sponds to the data of the present work, indicates that
polarization represents about 13% of the real part of the
tical potential. Therefore, it is reasonable to assume that
experimentally extracted potential strengths for the12C
158Ni,208Pb systems at sub-barrier energies can be ass
ated to the bare potential within about 10% precision.

In a recent work@6#, an extensive systematics of optic
potential strengths extracted from heavy-ion elastic sca
ing data analyses at low and intermediate energies was
sented. The energy dependence of the nuclear potentia
been accounted for within a model based on the nonlo
nature of the interaction@6–9#. The systematics indicate
0556-2813/2002/65~4!/044314~7!/$20.00 65 0443
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that the heavy-ion potential can be described in a global w
through a double-folding shape which basically present
simple dependence only on the number of nucleons of
colliding nuclei. The results for the nuclear potential of t
12C158Ni,208Pb systems obtained in the present work are
good agreement with such systematics for the bare inte
tion.

If the nonlocal model is assumed for the interaction,
unfolding method can be used to extract ground-state nuc
densities from heavy-ion elastic scattering data analyses.
method has been successfully applied in the experime
determination of densities for the16,18O nuclei @10#. In the
present work, we apply the same procedure in the data an
ses for the12C158Ni,208Pb systems at sub-barrier energie
with the aim of obtaining the12C nuclear density at the sur
face region. The method is extended to the12C 112C,208Pb
systems at intermediate energies, and in this case informa
about the12C density at much inner distances is obtained

The paper is organized as follows. In Sec. II, we pres
the experimental results and the determination of the b
potential strengths from optical model data analyses for
12C158Ni,208Pb systems. A brief summary of the nonloc
model, and a comparison between the present results an
early systematics for the nuclear potential are contained
Sec. III. The extraction of the12C density and the limitations
of the method are discussed in details in Sec. IV. Sectio
contains the main conclusions.

II. EXPERIMENTAL RESULTS AND DATA ANALYSIS

The measurements were made at the Sa˜o Paulo 8UD Pel-
letron Accelerator, Brazil. The detecting system has alre
been described in Ref.@1#. The thickness of the targets wer
about 60mg/cm2. Figure 1 exhibits the elastic scatterin
cross sections for the12C158Ni,208Pb systems in severa
sub-barrier energies.

In the optical model calculations, we have adopted a p
cedure similar to that described in the analysis of the s
barrier data for the16O158,60,62,64Ni, 88Sr, 90,92Zr, 92Mo,
©2002 The American Physical Society14-1
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L. R. GASQUESet al. PHYSICAL REVIEW C 65 044314
120Sn, 138Ba, 208Pb systems@1–4#. We have adopted a
Woods-Saxon shape for the optical potential, with an in
imaginary part which takes into account the rather small
ternal absorption from barrier penetration. The values
sumed for the parameters of the imaginary part of the po
tial result in very small strengths at the surface region. T
procedure must be adopted in the sub-barrier data ana
due to the negligible cross sections of peripheral reac
channels. Concerning depth variations of this absorptive
tential, no sensitivity in the elastic scattering cross sect
predictions has been detected. The radius parameters o
real part of the optical potential were fixed atr 0(A1

1/3

1A2
1/3), with r 051.06 fm, and the depth and diffusene

parameters were searched for the best data fits. For
angular distribution, we have found a family of potentia
which give equivalent fits. These potentials cross~see Fig. 2!
at a particular distanceRS , hereafter referred to as the se
sitivity radius.

The heavy-ion elastic scattering is sensitive to average
the potential over distances comparable to the wavelengt
the relative motion; therefore the determination of a shar
defined sensitivity radius presents some dependence on
shape assumed for the real part of the optical potential@11#.
In most cases, including those of the present work, the s
tering of heavy ions is sensitive only to the potential for
very restricted range of surface distances around the se
tivity radius. In this region, a realistic potential, such as t
double folding, should present an approximately exponen
shape with diffuseness values around 0.6 fm@12#. Thus, in
order to avoid ambiguities in the potential determination,
have assumed a realistic shape for the potential in the sur
region. Indeed, such an exponential behavior with reali
diffuseness values is presented by the Woods-Saxon pote
adopted in our analyses~see Fig. 2!.

The sensitivity radius is energy dependent~see Fig. 2!,
because at sub-barrier energies it is related to the clas

FIG. 1. Elastic scattering angular distributions for the12C
158Ni, 208Pb systems at several sub-barrier energies. The s
lines represent optical model predictions, in which the nonlo
model is assumed for the real part of the interaction. Note that
cross section is represented in a linear scale.
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turning point. We have used this fact to characterize
nuclear potential in the surface region~see Fig. 3!. For such
large interaction distances, the shape of the potentia
nearly an exponential~solid lines in Fig. 3!, with a diffuse-
ness value about 0.64 fm. Similar behavior has been
served for systems with16O as the projectile@1–4#. The
nuclear potentials equal 1 MeV atR59.7 fm and R
512.5 fm ~see Fig. 3! for the 12C158Ni and 12C1208Pb
systems, respectively. As discussed in the next section,
difference between the nuclear potentials is directly c
nected with the corresponding different densities of the58Ni
and 208Pb nuclei.

id
l
e

FIG. 2. The real part of the optical potential for the12C158Ni
system at two different energies, as obtained by optical model
fits for several values of the diffuseness parameter. The poten
cross at the sensitivity radiiRS , where the corresponding potentia
strengths are determined without ambiguities.

FIG. 3. The nuclear potential strength as a function of the s
sitivity radius for the 12C158Ni, 208Pb systems. The bombardin
energies of the elastic scattering angular distributions in which
sensitivity radii have been determined are indicated in the figu
The solid lines represent exponentials with diffuseness value 0
fm. The radii at which the potentials equal 1 MeV are indicated
the figure.
4-2
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DETERMINATION OF THE 12C NUCLEAR DENSITY . . . PHYSICAL REVIEW C 65 044314
III. COMPARISON WITH THE NONLOCAL MODEL

The elastic scattering data analyses for different syst
in a very large energy range have resulted in phenomeno
cal optical potentials with significant dependence on
bombarding energies@13#. Several theoretical models hav
been developed to account for this energy dependence;
of them associates this dependence with nonlocal quan
effects related to the exchange of nucleons between ta
and projectile@6–9#. Within this model, the bare interactio
VN is connected with the folding potentialVF through

VN~R,E!'VF~R!e24v2/c2
, ~1!

wherec is the speed of light andv is the local relative speed
between the nuclei

v2~R,E!5
2

m
@E2VC~R!2VN~R,E!#. ~2!

For the Coulomb interactionVC we have used the expressio
for the double sharp cutoff potential@14#.

The folding potential depends on the densities of the t
partners in the collision

VF~R!5E r1~r 1!r2~r 2!u0~RW 2rW11rW2!drW1drW2 . ~3!

With the aim of providing a global description of the nucle
interaction, in Ref.@6# a systematization of nuclear densiti
has been proposed, based on an extensive study invo
charge distributions extracted from electron scattering
periments and theoretical densities calculated through
Dirac-Hartree-Bogoliubov model. This study has indicat
that the two-parameter Fermi~2PF! distribution can be
adopted to describe the nuclear densities, and an useful
tinction between nucleon and matter distributions has b
made. The radii of the 2PF distributions are well describ
by

Ri51.31Ai
1/320.84 fm, ~4!

where A is the number of nucleons of the nucleus. T
nucleon and matter densities present average diffuseness
uesaN50.50 fm andaM50.56 fm, respectively. Due to ef
fects of the structure of the nuclei, along the table of sta
nuclides theRi and a parameters vary around the corr
sponding average values . However, concerning the nuc
potential, the effects of the structure of the nuclei are mo
present at the surface and mainly related only to the diffu
ness parameter@6#.

Within this context, an extensive systematization of op
cal potential strengths extracted from heavy-ion elastic s
tering data analyses at low and intermediate energies
performed @6#. The experimental potential strengths ha
been described within 25% precision, by combining Eqs.~1!
and~3! through two different and equivalent methods. In t
first alternative, the double-folding potential is treated in t
usual interpretation@12#: the nucleon densities and an effe
tive nucleon-nucleon interaction foru0(rW) are adopted in Eq
04431
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~3!. The standard M3Y interaction ‘‘frozen’’ at 10 MeV
nucleon@6,8# has been assumed for the effective nucleo
nucleon interaction. In the other alternative, the matter d
sities are adopted in Eq.~3!, with a zero-range delta function
assumed foru0(rW):

u0~rW !5V0d~rW !, ~5!

with V052456 MeV fm3. This zero-range alternative is in
teresting because it results in approximate analytical exp
sions for the folding potential@6#. For example, in the sur
face region

VF~R>R11R2!'V0r01r02paM
2 Rg~t!~11s/aM !e2s/aM,

~6!

with s5R2(R11R2), R52R1R2 /(R11R2), t5s/R. The
r0i are obtained from the normalization of the densities

4pE
0

` r0i

11e(r 2Ri )/aM
r 2dr5Ai , ~7!

and the functiong is defined by

g~t!5
11t1t2z/31aM /R1~aM /R11/2!e2s/aM

11zt
,

~8!

z5R/(R11R2).
Expression~1! has accounted for the energy dependen

of experimentally extracted potential strengths for a la
number of different systems in a very wide energy ran
@6–9#. At sub-barrier energies and for radii close to the b
rier radius, Eq.~1! indicates thatVN'VF . In order to com-
pare potentials from different systems, we have define
reduced quantityVred, which removes the dependence of t
sub-barrier potential strengths on the radii of the nuclei:

Vred5
VN

V0r01r02Rg~t!
. ~9!

Taking into account Eqs.~6! and ~9!, the reduced potentia
should be a universal function ofs

Vred~s>0!'paM
2 ~11s/aM !e2s/aM, ~10!

with the matter diffuseness approximately system indep
dent and close to the average valueaM'0.56 fm @6#.

The experimental reduced potential strengths for the12C
158Ni,208Pb systems, calculated through Eq.~9!, are in good
agreement~see Fig. 4! with the predictions@Eq. ~10! with
aM50.56 fm# of the early systematics for the bare potenti
Assuming the nonlocal model with the densities proposed
such a systematics, good predictions for the elastic scatte
cross sections are obtained~see the solid lines in Fig. 1!.

In order to extend the analysis to higher energies, exp
mental elastic scattering angular distributions~from Refs.
@15–17#! at several intermediate energies for the12C
112C,208Pb systems have been included in our study. In
sub-barrier case the imaginary potential used in the opt
4-3
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L. R. GASQUESet al. PHYSICAL REVIEW C 65 044314
model calculations is based on very fundamental ground:
lack of surface absorption. Provided this condition is
sumed, the results of the analyses at sub-barrier energie
independent of the parameters adopted for the imaginary
tential. With the purpose of treating the absorptive part of
potential within a fundamental context also for intermedi
energies, we have assumed@Eq. ~11!# the Lax-type interac-
tion with Pauli blocking@18#, which is the single-scattering
term of the Glauber multiple scattering theory@19#

W~R,E!52
E

kN
sT

NN~E!E r1~ uRW 2rWu!r2~r !drW, ~11!

where sT
NN(E) is the average nucleon-nucleon total cro

section. In Fig. 5, a comparison between data and theore

FIG. 4. The experimental reduced potential strength as a fu
tion of the reduced distances for the 12C158Ni, 208Pb systems. The
solid line represents the theoretical prediction, Eq.~10! with aM

50.56 fm.

FIG. 5. Elastic scattering angular distributions for the12C
112C, 208Pb systems at several intermediate energies. The s
lines represent optical model predictions, in which the fre
parameter nonlocal model and the Lax-type interaction are assu
for the real and imaginary parts of the potential, respectively.
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predictions~solid lines! for the angular distributions at inter
mediate energies is presented. Again we have assumed
nonlocal model for the real part of the interaction with t
densities proposed in the systematics of Ref.@6#. Although
the calculated cross section shows stronger oscillatory
havior, the magnitude, however, is in reasonable agreem
with the data. Part of the theoretical oscillatory pattern co
be damped in the data due to the angular aperture of
collimation system used in the experiments. We point
that no adjustable parameter has been used in either o
real and imaginary parts of the potential. It must be a
remembered that only the single-scattering term of the m
tiple scattering series of Glauber has been included in
absorptive part of the potential, although higher order ter
are quite likely to contribute significantly to the cross se
tion. As we showed before@8#, better fits can be obtaine
using a Woods-Saxon shape for the imaginary potential w
three adjustable parameters. However, we regard the pre
approach as more fundamental.

IV. DETERMINATION OF THE 12C NUCLEAR DENSITY

As we have discussed in Sec. III, the experimentally
tracted potential strengths for the12C158Ni,208Pb systems
are compatible with the systematics for the nuclear poten
of Ref. @6#. That systematics is based on densities with
shape of Fermi distributions, radii obtained from Eq.~4!, and
average diffuseness valuesaM50.56 fm andaN50.50 fm
for the matter and nucleon distributions, respectively. In t
sense, the analysis presented in Sec. III provides informa
about the nuclear densities of the partners in the collision
this section, we present another form of analyzing the sa
set of cross section data, which determines the densities
more direct manner than that of Sec. III. If the nonloc
model is assumed for the heavy-ion interaction and the d
sity of one nucleus is known, an unfolding method can
used to extract the density of the other nucleus from
elastic scattering data analyses. In Fig. 6, we compare
data~from Refs.@20–22#! with predictions for electron scat
tering cross sections on several nuclei. In the theoretical
culations, we have used charge distributions derived from
Dirac-Hartree-Bogoliubov~DHB! model @23#. The predic-
tions are in good agreement with the data for the hea
nuclei, but discrepancies are observed for the12C and 16O.
This fact is an indication that the heavier the nucleus is,
more realistic is the theoretical density calculated throu
the DHB model. Therefore, we consider that the58Ni and
208Pb densities are well described by the DHB calculatio
and we have used the unfolding method to determine the12C
nuclear density.

In this section, the double-folding potential is consider
in the usual interpretation: the nucleon densities and
M3Y effective nucleon-nucleon interaction are adopted
Eq. ~3!. The 12C density is extracted from data analys
within a procedure similar to that used in the determinat
of potential strengths at the sensitivity radii. We have
sumed the Fermi distribution to describe the12C nucleon
density, with diffuseness (aN) and radius (Ri) searched for
the best data fits, and with ther0i parameter determined b

c-

lid
-
ed
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FIG. 6. Experimental electron scattering cro
sections for the12C, 16O, 58Ni, and 208Pb nuclei
as a function of the effective momentum tran
ferred. The solid lines represent theoretical pr
dictions using charge distributions derived fro
Dirac-Hartree-Bogoliubov calculations. Th
dashed line in the12C case represents calcula
tions based on a 2PF distribution~see text for
details!.
m
s

st
is

i-
tu
th
tl

th
tic
-

d
a

at

he
-
e

en
hi
rg

vi
ib

is
g
id

l

nto
. III,

ty

ich
the normalization condition@Eq. ~7!#. The real part of the
optical potential is obtained from Eqs.~1! and~3!, and has no
adjustable parameters except those (aN and Ri) connected
only with the quantity to be determined: the12C nucleon
density. For each angular distribution, we have found a fa
ily of densities which give equivalent data fits. These den
ties cross at two particular radii~see Fig. 7, top!, and we
associate only one of these radii to the sensitivity radius (r S)
for the density. To chooser S , we have used the notch te
~Fig. 7, bottom!, in which a spline with a Gaussian shape
included in the 12C density, and the variation of the ch
square is studied as a function of the position of this per
bation. The crossing chosen as the sensitivity radius is
closest to the center of the region which affects significan
the elastic scattering data fit.

The determination of the error bar for the density at
sensitivity radius is illustrated in Fig. 8 for a particular elas
scattering angular distribution. Atr S the data extracted den
sity value does not depend on the diffuseness assume
the distribution. Thus, the dependence of the total chi-squ
on Ri is studied for a fixedaN value, and the parameters th
correspond to the minimum valuexmin

2 and toxmin
2 1xmin

2 /n
are found@see the determination ofR0min, R02 , andR01 in
Fig. 8~a!#; n is the number of experimental data points of t
angular distribution. Figure 8~b! presents the Fermi distribu
tions for theR0min, R02 , andR01 values, and the respectiv
determination of the error bar for the density atr S .

Similar to the case of the potential determination, the s
sitivity radius for the density is energy dependent and t
fact allows the characterization of the density over a la
range of distances. Figure 9~a! contains the12C experimen-
tal nucleon density values at the corresponding sensiti
radii obtained from data analyses of several angular distr
tions. The sub-barrier elastic scattering data gives inform
tion about the density at the surface region, while inner d
tances are probed through the data at intermediate ener
We point out that data analyses for different systems prov
04431
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consistent similar results for the12C density. The theoretica
prediction from the DHB model~see Fig. 9! does not match
the experimental results at the surface region. Taking i
account the discussion about the nuclear potential of Sec

FIG. 7. ~Top! Example of the determination of the sensitivi
radius r S and the corresponding experimental value for the12C
nucleon density, using two-parameter Fermi distributions wh
give equivalent data fits for the angular distribution of the12C
158Ni system atElab528.5 MeV.~Bottom! The sensitivity region
for the 12C nucleon density characterized by the notch test.
4-5
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L. R. GASQUESet al. PHYSICAL REVIEW C 65 044314
another consistent result of our analysis is the agreement~see
Fig. 9! between the Fermi distribution that has been assum
in the potential systematics of Ref.@6# and the experimenta
density values from sub-barrier data analyses. We men
that other experimental data for the12C density in the region
2<r<4 fm could be found through the analyses of oth
angular distributions in an energy region in between the s
barrier and intermediate energies analyzed in the pre
work, but in this case the imaginary potential would ha

FIG. 8. The figure presents an example of the determinatio
the error bar for the12C density atr S for the angular distribution of
the 12C158Ni system atElab527 MeV. ~a! The total chi-square as
a function of the radius of the Fermi distribution for the fixed d
fuseness parametera50.5 fm, and the determination of theR0min,
R02 , and R01 values. ~b! The Fermi distributions which corre
spond to theR0min, R02 , andR01 values, and the determination o
the error bar forr at r S .

FIG. 9. Experimental nucleon density values for the12C
nucleus, as obtained from elastic scattering data analyses for d
ent heavy-ion systems at sub-barrier~open symbols! and intermedi-
ate~closed symbols! energies. Parts~a! and~b! of the figure concern
the results of analyses considering the Fermi or harmonic oscill
shapes for the12C density, respectively. The lines correspond
theoretical Dirac-Hartree-Bogoliubov~DHB! calculations, and to
the Fermi distribution~2PF! proposed in Ref.@6#.
04431
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adjustable parameters and the reliability of the results for
density should be studied much more carefully.

Now we evaluate the effects of two possible sources
systematical errors in the density determination: the polar
tion potential and the shape of the density distribution.
discussed in Sec. I, coupled-channel calculations have i
cated that the polarization represents about 10% of the
part of the optical potential at sub-barrier energies. In
data analysis, we have neglected the polarization and as
ated the real part of the optical potential only with the ba
interaction, which is directly proportional to the nuclear de
sities. Thus, a systematical error of about 10% is expecte
our results for the density in the surface region, due to
procedure of neglecting the polarization potential for su
barrier energies. The threshold anomaly@24# indicates that
the contribution of the polarization to the real part of t
optical potential should be more significant in the region
the Coulomb barrier, so we estimate this contribution at
termediate energies~inner density distances! to be even less
than 10%. Another source of systematical errors is the sh
assumed for the density distribution. Similar to the case
the potential determination, the notch test indicates that
data fit is sensitive to a density region of width (s
52.5 fm, see Fig. 7! comparable to the wavelength of th
relative motion. However, in contrast with the potential ca
in such a region (2.5<r<5.0 fm) a realistic shape for the
density may present a significant deviation from a pure
ponential form ~see Fig. 7!. Therefore, one could expec
some dependence of the results for the sensitivity radius
the shape adopted for the density distribution, particularly
intermediate energies in which inner distances are prob
Thus, in order to investigate the dependence of the met
on the shape assumed for the12C distribution, we have also
performed data analyses using the harmonic oscillator~HO!
shape@Eq. ~12!#, with two adjustable parameters (w anda):

r~r !5r0S 11a
r 2

w2D e2r 2/w2
. ~12!

The corresponding results for the densities at the sensiti
radii are presented in Fig. 9~b!. At the surface region an
average difference of 22% between the HO and 2PF res
has been found. Therefore, within this precision, our stud
indicate that the results for the12C density at the surface
region are rather independent of the model assumed for
shape of the distribution. The results from intermediate
ergies are more sensitive to the shape, but even in this
the different models~HO and 2PF! provide similar overall
trends for the density.

As a further test of the consistency of our results for t
12C density, in Fig. 6 we compare the data with predictio
for electron scattering cross sections. In the theoretical
culations, we have obtained the12C charge distribution by
folding the proton density of the nucleus (rp) with the in-
trinsic charge distribution of the proton in free space (rchp)

rch~r !5E rp~rW8!rchp~rW2rW8!drW8, ~13!

of
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DETERMINATION OF THE 12C NUCLEAR DENSITY . . . PHYSICAL REVIEW C 65 044314
where rchp is an exponential with diffusenessachp

50.235 fm. We have estimated the12C proton distribution
as one half of the total~proton1 neutron! nucleon distribu-
tion. The dashed line in Fig. 6 represents the results for
cross sections obtained by considering the 2PF distribu
of Ref. @6# for the total 12C density~solid lines in Fig. 9!.
Such results are much closer to the data than the DHB
dictions.

V. CONCLUSION

In this work, we have presented elastic scattering dat
sub-barrier energies for systems involving12C as projectile,
and we have extended our studies to other data sets e
obtained at intermediate energies. In our optical model d
analysis, the imaginary part of the potential is based only
very fundamental grounds and has no adjustable parame
The nonlocal model is assumed to describe the energy
pendence of the real part of the interaction, which is c
nected to the folding potential through the very simple E
~1!. Within this context and assuming the systematics of R
@6# for the nuclear densities, a reasonable prediction of
R
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elastic scattering cross sections is obtained for the whole
set without the use of any adjustable parameter.

If the target densities are known, we have shown that
density of the projectile can be extracted from the data an
sis in a direct procedure. The sub-barrier elastic scatte
data gives information about the density at the surface
gion, while inner distances are probed through the data
intermediate energies. The results for the12C nuclear density
are consistently independent of the target nucleus, an
reasonable agreement with the Fermi distribution result
from the systematics of Ref.@6#. We estimate in 20 to 30 %
the overall systematical error in the density results, from t
main sources: the polarization potential and the shape
sumed for the density of the projectile. The method sho
be a powerful tool to determine densities of exotic nucl
particularly at the surface region where the difference
tween the densities of exotic and neighboring stable nucle
emphasized.
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