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|. Preliminaries.
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Cocyclic Hadamard matrices.

Cocycle over a finite group G:
¥ :Gx G — (1,—1) such that

W(ij, )i, )G, k(i k) = 1,
forall i,j,k € G.

Kathy J. Horadam. Warwick De Launey.

o Cocyclic matrix: My, = (¢(i,/))ijec-

e M, Hadamard — Cocyclic Hadamard matrix over G.

12[3]4

211413 11711711

3(4(1]2] |t -1 11
1 -1 1 -1

4(3/2]1
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Cocyclic Hadamard matrices.

Cocycle over a finite group G:
¥ :Gx G — (1,—1) such that

W(ij, )i, )G, k(i k) = 1,
forall i,j,k € G.

Kathy J. Horadam. Warwick De Launey.

o Cocyclic matrix: My, = (¢(i,/))ijec-

e M, Hadamard — Cocyclic Hadamard matrix over G.

1(2[3]4 L
3 EU [ R I
3412 + - -+
40321 o
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Cocyclic Hadamard matrices.

Cocycle over a finite group G:
¥ :Gx G — (1,—1) such that

(ij, k) (i, ) U, k(i jk) =1,
forall i,j,k € G.

Kathy J. Horadam. Warwick De Launey.

o Cocyclic matrix: My, = (¢(i,/))ijec-

e M, Hadamard — Cocyclic Hadamard matrix over G.

Cocyclic Hadamard matrices over
Dyt := (a,b | a°t = b = (ab)? = 1),
for all positive integer t < 11.

Dane L. Flannery.
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Latin rectangles (R, .,).

Andalusian Mathematical Olympiad. Seville, 2016.
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Latin rectangles (R, .,).

Let r, n be two positive integers such that r < n.

e Latin rectangle: r x n array where
© each cell contains one symbol of [n] :={1,...,n}.
@ each symbol occurs once per row and at most once per column.

1]4[3]2
L=[312]1]4|cRsa
2341

e Latin square: r = n — Quasigroup ([n],-).
@ Reduced: Symbols appearing in its first row and its first col-
umn are displayed in natural order.

11234
L=|2 4|13 €R374.
311|412

o r =n — Loop (quasigroup with unit element).
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ll. Cocycles over Latin
rectangles.
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Cocycles over Latin rectangles.
Let L = (/,J) S 'Rr’,,.
o S(L):=[rlu{ly | ij<r}<n].

2/3|4|1]6|7|8|5
3/5(6[8|7|2|1|4

,\
Il

= S(L) = {1,2,3,5}.
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Cocycles over Latin rectangles.

Let L = (/,J) € R n.
o S(L):=[rlU{ly]| i,j<r}C|n].

2/3|4|1]6|7|8|5
3/5(6[8|7|2|1|4

’\
Il

= S(L) = {1,2,3,5}.

e (Binary) cocycle over L:
Y S(L) x [n] = (—=1) such that
(i, k)i, )Yy, k)w(i, ) =1, forall i,j < rand k < n.
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Cocycles over Latin rectangles.

Let L = (/,J) € R n.
o S(L):=[rlU{ly]| i,j<r}C|n].

2/3|4|1]6|7|8|5
3/5(6[8|7|2|1|4

’\
Il

= S(L) ={1,2,3,5}.

e (Binary) cocycle over L:
Y S(L) x [n] = (—=1) such that
(i, k)i, )Yy, k)w(i, ) =1, forall i,j < rand k < n.

e C; := {Cocycles over L}.
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Cocycles over Latin rectangles.

Let L = (/,J) € R n.
o S(L):=[rlU{ly]| i,j<r}C|n].

2/3|4|1]6|7|8|5
3/5(6[8|7|2|1|4

’\
Il

= S(L) = {61,62,63, 64}.

e (Binary) cocycle over L:
¥ S(L) x [n] = (—=1) such that
(i, k)i, )Yy, k)w(i, k) =1, forall i,j < rand k < n.

e C; := {Cocycles over L}.
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Cocycles over Latin rectangles.

Let L = (/,J) S 'Rr’,,.

o S(L):=[rlU{ly]| i,j<r}C|n].

213]4]1]6]7]8]5
3/5(6|8|7[2|1]|4 = S(L) = {e1, e, €3, €4}.

’\
Il

e (Binary) cocycle over L:
¥ S(L) x [n] = (—=1) such that
(i, k)i, )Yy, k)w(i, k) =1, forall i,j < rand k < n.
e C; := {Cocycles over L}.
e Cocyclic matrix: My, := (¥(e;,j)).

+ 1+
+ |+
o+
o+
[
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Cocyclic Hadamard matrices over Latin rectangles.

1213|416 |7|8]|5 -
L= 3/ 5(6(8|7|2|1|4 = S(L) = {e1, &2, €3, en }.
¢
+ - - + 4+ + - -
Ml;‘}‘ = : J_F ; i i : t _T_ = MUMZ =81Id4 = nId\S(L)\
4+ o+ - 4+ - - -
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Cocyclic Hadamard matrices over Latin rectangles.

1213|416 |7|8]|5 -
L= 3/ 5(6(8|7|2|1|4 = S(L) = {e1, &2, €3, en }.
¢
+ - - + 4+ + - -
Ml;‘}‘ = : J_F ; i i : t _T_ = MUMZ =81Id4 = nId\S(L)\
4+ o+ - 4+ - - -

© Ripn:={LER:u: |S(L)| = n}.
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Cocyclic Hadamard matrices over Latin rectangles.

1213|416 |7|8]|5 -
L= 3/ 5(6(8|7|2|1|4 = S(L) = {e1, &2, €3, en }.
¢
+ - - + 4+ + - -
Ml;‘}‘ = : J_F ; i i : t _T_ = MUMZ =81Id4 = nId\S(L)\
4+ o+ - 4+ - - -

© Ripn:={LER:u: |S(L)| = n}.
Let L € Ry p.
e H; :={My Hadamard: ¢) € C }.
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Cocyclic Hadamard matrices over Latin rectangles.

1213|416 |7|8]|5 -
L= 3/ 5(6(8|7|2|1|4 = S(L) = {e1, &2, €3, en }.
¢
+ - - + 4+ + - -
Ml;‘}‘ = : J_F ; i i : t _T_ = MUMZ =81Id4 = nId\S(L)\
4+ o+ - 4+ - - -

© Ripn:={LER:u: |S(L)| = n}.
Let L € Ry p.
e H; :={My Hadamard: ¢) € C }.

,\
Il

S ﬁ274 — cH,.

I+ +
I+ 1+

I+ + 1
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Cocyclic Hadamard matrices over Latin rectangles.

1213|416 |7|8]|5 -
L= 3/ 5(6(8|7|2|1|4 = S(L) = {e1, &2, €3, en }.
¢
+ - - + 4+ + - -
Ml;‘}‘ = : J_F ; i i : t _T_ = MUMZ =81Id4 = nId\S(L)\
4+ o+ - 4+ - - -

© Ripn:={LER:u: |S(L)| =n}.
Let L € Ry p.
e H; :={My Hadamard: ) € C }.

o+ o+ 4+ o+ 4+ o+
+ - - 4 o+ - - 4
T2 345 6] 78 + - — 4+ - 4+ 4+ Z
214|365 (87 — +r o+ 9+ s+ - Z _
L=Fgtalsle 7 s 12 |™8s> | + + - - + + - — |€™
203|781 (265 + - o+ - - 4+ - %
- o+ -+ -+ -
s
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Cocyclic Hadamard matrices over Latin rectangles (groups).

'\
Il

BHIWIN =

WA=

3|4

413 —

112 S R4’4 = S(L) = {1,2,3,4}.
21

+ o+ o+ o+

+ + - -

o 4 cHy.

+ - o+ -
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Cocyclic Hadamard matrices over Latin rectangles.

Problem (1)

Léﬁnnj%[_#@?

Problem (2)

Let M be a Hadamard matrix of order n. Does there exist L € ﬁnn
such that M € H,?
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lll. Cocyclic Hadamard
matrices over Latin rectangles.

Radl M. Falcén Cocyclic Hadamard matrices over Latin rectangles



Cocycles over Latin rectangles.

Let L = (/) € Rrn and 1) € Cy.

o lj=1i= Y(li,j)=(i,j) forall k <r.
o lj=j for some i,j < r = (i, k) =(i,j), for all k < n.

124_}fifi
421 + - -+

+ + - -
1234 L
21143 [+ = °
3(4(1]2 + - -+
413121 A
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Cocycles over Latin rectangles.

Let L = (/) € Rrn and 1) € Cy.

o lj=i= Y(lk,j) =(i,j), forall k <r.
o lj =j forsome i,j < r=1(i,k) =(i,j), for all k < n.

124_}fifi
421 - -+

+ + I -
1[2(34 R
2l1fal3] [+ 1 °
3412 = - -+
41321 - -t
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Cocycles over Latin rectangles.

Let L = (/) € Rrn and 1) € Cy.

o lj=i= Y(lk,j) =(i,j), forall k <r.
o lj =j forsome i,j < r=1(i,k) =(i,j), for all k < n.

124_}fifi
421 - -+

+ + I -
112[34 o
2(1fal3] (+ I °
3412 + - -+
41321 - -t
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Cocycles over Latin rectangles.

Let L = (/) € Rrn and 1) € Cy.

o lj=i= Y(lk,j) =(i,j), forall k <r.
o lj =j forsome i,j < r=1(i,k) =(i,j), for all k < n.

124_}fifi
421 = - -

+ + I -
1]2[34 o
2l1fal3] [+ I °
3/41]2 + - -+
413121 - -t -
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Cocycles over Latin rectangles.

Let L = (/) € Rrn and 1) € Cy.

o lj=i= Y(lk,j) =(i,j), forall k <r.
o lj =j forsome i,j < r=1(i,k) =(i,j), for all k < n.

124_}fifi
421 = - -

+ + I -
1]2[34 o
2l1fal3] [+ 1 °
30412 + - -+
413121 - -t -
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Cocycles over Latin rectangles.

Let L = (/) € Rrn and 1) € Cy.

o lj=1i= Y(li,j)=(i,j) forall k <r.
o lj=j for some i,j < r = (i, k) = (i,j), for all k < n.

+ o+ o+ o+

2[4(3 .

2N

+ o+ - -

172[34 P

TN

3141112 i:;t
4131211
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Cocycles over Latin rectangles.

Let L = (/) € Rrn and 1) € Cy.

o lj=1i= Y(li,j)=(i,j) forall k <r.
o lj=j for some i,j < r = (i, k) = (i,j), for all k < n.

+ o+ o+ o+

1[2[4[3 oo+t

2N

+ o+ - -

1[2[3]4 P

2[1fa3] [+ + - -

3141112 i:;t
4131211
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Cocycles over Latin rectangles.

Let L = (/) € Rrn and 1) € Cy.

o lj=1i= Y(li,j)=(i,j) forall k <r.
o lj=j for some i,j < r = (i, k) = (i,j), for all k < n.

124_}fifi
421 + - -+

+ + - -
1]23[4 o
21143 [+ = °
3(4(1]2 + - -+
413121 A
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Cocycles over Latin rectangles.

Let L = (/) € Rrn and 1) € Cy.

o lj=1i= Y(li,j)=(i,j) forall k <r.
o lj=j for some i,j < r = (i, k) = (i,j), for all k < n.

124_}fifi
421 + - -+

+ + - -
1234 o
21143 [+ ZC
3(4(1]2 + - -+
413121 A
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Cocyclic Hadamard matrices over a Latin rectangle.

Let L= (l;) € R, n be such that H; # 0.

® lj=j, forsomei,j<r =l =k, forall k <r.

4
o #{k<n|lx=k}>n/2 = lj=k, foralli<r.

1243_}fif1
31421 + - -+

+ + - -
1[2[3 4 o
211fa3] [+ 1 °
31412 + - -+
41321 ot
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Cocyclic Hadamard matrices over a Latin rectangle.

Let L= (l;) € R, n be such that H; # 0.

@ lj=j, forsomei,j<r =l =k, forall k <r.

4
o #{k<n|lx=k}>n/2 = lj=k, foralli<r.

1243_}fif1
31421 + - -+

+ + - -
1[2]3 4 o
211fa3] [+ I °
31412 + - -+
41321 ot

Rail M. Falcén Cocyclic Hadamard matrices over Latin rectangles




Cocyclic Hadamard matrices over a Latin rectangle.

Let L= (l;) € R, n be such that H; # 0.

@ lj=j, forsomei,j<r =l =k, forall k <r.
\
o #{k<n|lx=k}>n/2 =l =k, foralli<r.

3/5(8[2[1|6|7[4|€Rss=H,=0.
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Cocyclic Hadamard matrices over a Latin rectangle.

Let L= (l;) € R, n be such that H; # 0.

® lj=j, forsomei,j<r =l =k, forall k <r.

4
o #{k<n|lx=k}>n/2 = lj=k, foralli<r.

1243_}fif1
30421 + - -+

+ + - -
1[2[34 o
211[43] [+ 1=
3412 + - -+
40321 ot
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Cocyclic Hadamard matrices over a Latin rectangle.

Let L € Ry, be such that Hy # (). Then,

o L is the multiplication table of a loop.

e Ify € Cy and e is the unit element of the loop, then

Y(e, i) =v(,e),Vi,j < n.

1[2[3]4 P
2(114[3] (& + ==
3412 - -+
4321 R
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Cocyclic Hadamard matrices over a Latin rectangle.

Let L € Ry, be such that Hy # (). Then,

o L is the multiplication table of a loop.

e Ify € Cy and e is the unit element of the loop, then

Y(e, i) =v(,e),Vi,j < n.

112]3 )4 + + + +
2111413] [+ + - -
34|12 i - :L i
413|121

+ + + +

J_r j B i € Hy, fornone L € Ryy4.
- - -
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Cocyclic Hadamard matrices over a Latin rectangle.

Let L € Ry, be such that Hy # (). Then,

o L is the multiplication table of a loop.

e Ify € Cy and e is the unit element of the loop, then

Y(e, i) =v(,e),Vi,j < n.

1[2[34 P
2(1[4[3] [+ * T =
3412 = - -
4321 R
1243_}fifi
30421 - IR

++ - -
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Cocyclic Hadamard matrices over a Latin rectangle.

Problem (3)

Does there exist a non-associative loop L € ﬁr,n such that

Hy #07
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Cocyclic Hadamard matrices over a Latin rectangle.

Problem (3)

Does there exist a non-associative loop L € ﬁr,n such that

Hy #07

Eﬁ%34%

Attt
P+
A+
o+ ++
A+
P+ 0+
o+t
P+ 1+ 0+

NHE B WO NSO O
HINW SN oo OO
WA PN O N
A WIN|H| OO N 0

OO NN WS

GO | N0 N Ww

OIN OO G B|W N
~N OO IO W AN

Raidl M. Falcén Cocyclic Hadamard matrices over Latin rectangles



Cocyclic Hadamard matrices over a Latin rectangle.

Problem (3)

Does there exist a non-associative loop L € ﬁr,n such that

Hy #07

Eﬁ%34%

Attt
P+
A+
o+ ++
A+
P+ 0+
o+t
P+ 1+ 0+

N B W oo N O Ol
HINW SN oo OO
WA PN O N
A WIN|H| OO N 0

OO NN WS

Cl|O| NN B Ww

OIN OO G B|W N
~N OO IO W AN
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Cocyclic Hadamard matrices over a Latin rectangle.

Every non-associative loop of order 8 that gives rise to a cocyclic
Hadamard matrix is isomorphic to
1 2 g 4 5 6 7 8
2 1 4 3 6 5 8 7
3 4 1 2 7 8 5 6
4 3 2 1 8 7 6 5 =
5687|342 1] e®
6 5 7 8 4 3 1 2
7 8 6 5 1 2 4 3
8 7 5 6 2 1 3 4
v
o+ o+ o+ o+ o+t + o+ o+ o+ o+ o+ o+ o+
+ + o+ + - = = - + 0+ + o+ - = = =
+ + - - - - + + + + - - - - + +
Moo=+ - =+ + - = |4y |+ + - - + + - -
1T+ - - + - 4+ + - | 2T+ - - o+ 4+ - - 4
+ - - 4+ 4+ - - 4+ + - - + - + + -
+ - + - - + - 4+ + - + - + - + =
+ - + - 4+ - + - + - + - - + - +
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Cocyclic Hadamard matrices over a Latin rectangle.

Every non-associative loop of order 8 that gives rise to a cocyclic
Hadamard matrix is isomorphic to
1 2 g 4 5 6 7 8
2 1 4 3 6 5 8 7
3 4 1 2 7 8 5 6
4 3 2 1 8 7 6 5 =
5687|342 1] e®
6 5 7 8 4 3 1 2
7 8 6 5 1 2 4 3
8 7 5 6 2 1 3 4
v
o+ o+ o+ o+ o+t + o+ o+ o+ o+ o+ o+ o+
+ + o+ + - = = - + 0+ + o+ - = = =
+ + - - 4+ + - - + + - - 4+ + - -
Moo=t - = = =+ + |4, |+ + - - - - + +
3=+ -+ - - 4+ - 4+ Y=+ -+ - o+ - 4+ -
+ - + - 4+ - + - + - + - - + - 4
+ - - 4+ 4+ - - 4+ + - - + - + + -
+ - - 4+ - + + - + - - + + - - +
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Cocyclic Hadamard matrices over a Latin rectangle.

Problem (4)

What about the distribution of Latin rectangles into isomorphism
(isotopism) classes?
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Cocyclic Hadamard matrices over a Latin rectangle.

Problem (4)
What about the distribution of Latin rectangles into isomorphism
(isotopism) classes?

Let Ly and Ly be two Latin rectangles in R, , that are isotopic by
means of an isotopism (f, g, g) such that f(i) = g(i), for all i <'r.
Then, there exists a 1-1 correspondence between the sets C;, and

Cy,.
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Cocyclic Hadamard matrices over a Latin rectangle.

Problem (4)
What about the distribution of Latin rectangles into isomorphism
(isotopism) classes?

Let Ly and Ly be two Latin rectangles in R, , that are isotopic by
means of an isotopism (f, g, g) such that f(i) = g(i), for all i <'r.
Then, there exists a 1-1 correspondence between the sets C;, and

Cy,.

a:C —Cp,

a(y)(i,)) = ¥(g~ (1), 87 ()))-
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Cocyclic Hadamard matrices over a Latin rectangle.

Problem (4)
What about the distribution of Latin rectangles into isomorphism
(isotopism) classes?

Let Ly and Ly be two Latin rectangles in R, , that are isotopic by
means of an isotopism (f, g, g) such that (i) = g(i), for all i <'r.
Then, there exists a 1-1 correspondence between the sets C;, and

Cy,.

Rail M. Falcén Cocyclic Hadamard matrices over Latin rectangles




Cocyclic Hadamard matrices over a Latin rectangle.

Problem (4)

What about the distribution of Latin rectangles into isomorphism
(isotopism) classes?

Let Ly and Ly be two Latin rectangles in R, , that are isomorphic.
Then, there exists a 1-1 correspondence between the sets C;, and
Ci,.
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Cocyclic Hadamard matrices over a Latin rectangle.

Problem (4)
What about the distribution of Latin rectangles into isomorphism
(isotopism) classes?

Let Ly and Ly be two Latin rectangles in R, , that are isomorphic.
Then, there exists a 1-1 correspondence between the sets C;, and

Cu,.

Proposition

Let Ly and Ly be two isomorphic Latin rectangles in ﬁ,y,,. Then,
there exists a 1-1 correspondence between H, and H,.
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Cocyclic Hadamard matrices over a Latin rectangle.

r n L Hy
T 1 1 +
2 21 +- -
2 2 12 21 +4+ 4=
4 1243 3421 A+ A+ - A+ ——
4+ -+ -+
A+ —F - - ——
o+ - =+ ——
2341 3412 tt—— == —tt+—- ————
-+ —+—F ——++ A+t
2134 3421 - ——++ +——+ ++++
2314 3421 o —F e —F ———— 4 ——
2314 4123 +-+- —-——-4++ —++- ++++
3 4 1234 2143 3412 +4+4++ ++—— +——+ +—+—
++++ ++-—- +-4+- +-—+
++++ +—-+—- +-——+ ++-——
++++ +—-+-—- ++-= +-—+
e+ o+ - 4+ ——
e+ o+ = -4
1234 2143 3421 ++++ ++—— +——+ +—+—
A+ At — - - —+
2341 3412 4123 tt—— = —tt—- ————
+——4 —H+—+ ——F+ A+t
4 4 1234 2143 3412 4321 444+ ++—— +——+ +—+4—
o+ At — =+ — - —+
e+t - ==+ e ——
H++ F—+— - +——+
++++ +-—-+ +-4+- ++-——
++++ +-——-+ ++-- +-—+-
1234 2143 3421 4312 ++4++4+ +4+—— +——+ +—4—
++++ ++-—- +-4+- +-—+
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V. Further work.
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Problem (2)

Let M be a Hadamard matrix of order n. Does there exist L € ﬁnn
such that M € H,?
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Problem (2)

Let M be a Hadamard matrix of order n. Does there exist L € ﬁnn
such that M € H,?

Problem (5)

Let M be a Hadamard matrix of order n for which there exists
L € R, such that M € H,;. Which is the minimum r € N for
which one such a Latin rectangle exists?
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Problem (2)

Let M be a Hadamard matrix of order n. Does there exist L € ﬁnn
such that M € H,?

Problem (5)

Let M be a Hadamard matrix of order n for which there exists
L € R, such that M € H,;. Which is the minimum r € N for
which one such a Latin rectangle exists?

Let L € R, be such that H, # 0. Then, r < n<r+r2.
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r=1,n=
-
r=2:n=4
+ o+ o+ o+
1[2]43] [+ - - +
421 + -+ -
+ + - -
r=3;n=38
+ + + + + + + o+
+ + + + - - - -
1(2[3[4[7[8][5]6 + o+ - = = =+
+ + - - 4+ + - -
258316 L e A
47628315 ¥+ - - + + - - ¥
+ - + - - 4+ - +
+ -+ - 4+ -+ -
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r§n§r2+r.

r=3n=127
e + o+ A
B e S
e
e
4 5 6 + - 4+ - - 4+ - 4+ 4+ + -
+ - - + - - + - 4+ o+ o+ -
718109 o+ - - - 4 - -+ - 4+
10 |11 | 12 T
o+ o+ - - - 4 - -+ -+
e
-+ 44— = =+ = =
e - -
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n

M

L

1
2

12

1
20

F9AC

FF FO C3 CC 96 99 A5 AA

FFF AE2 971 CB8 A5C 92E
897 C4B E25 F12 B89 DC4

1
21
21 12

12347856
12345687
12345678
56782143
12345678
56782143
7 12345678

56782143
8 12345678
56782143

O WA WNNRERFES

=]

1243 3421
1234 2143 3421
1234 2143 3421 4312

25831674
23851476
21436587

21436587
65871234
21436587
65871234
21436587
65871234

47628315
37526148
34128765

34128765

34128765
78563412
34128765
78563412

45187263
43217856

43217856

43217856

43217856
87654321
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Many thanks!! Koszonom!!
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