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I. PROOFS OF SOME RESULTS IN THE MAIN TEXT

In this section, we prove Propositions 4.1 and 4.2 and Lemma 5.1 in the main text.

A. Proof of Proposition 4.1

Proof. Suppose S;E(1,0)Yy = uYp. Letting Y (1) = E(7,0)Yy, we have

V(7 +1) = E(1+1,1)E(1,0)Y = E(1 + 1,1)S_uYy = S_Ex(7,0) 5+ 5_uYy
= 5_p&(r,0)Yy = S_pY (7),

where we used the fact that Xy, (7 +1) = S_Xiw (1) and that the operator DA in

d
—Y = DA(X Y
Ly (7) = DAXw( )Y (7)., 7€ [, 7] "
Y(To) = Yb
satisfies DA(S1x) = S DA(x)S+. Thus Zp, (1) = e~ 87V (1) is a traveling wave solution of
1 d 1 0°H d
Apw = L1, — CDA(Xp) — = 22 _4 2
K Lz £ c AXow) dr cJaX2 x=x,, ar (2)
with A = log(p), satisfying Zi, (1 + 1) = S_Ziw (7).
Conversely, if Y (7) = Z4,,(1)e*™ solves
d 1 1 _0°H
LY(r) = SDA(Xp (P))Y (1) = —J 22 Y (7).
Y0 = DAY () = LI ) 0

and Zy, (1) solves (2), we set Yy = Y (0) = Z4,,(0), so that
E(1,0)Yy = Y (1) = €* Zyp (1) = €*S_ Z4,(0) = S_puYo,

so Yp is an eigenfunction of S, & (1, ) associated with the eigenvalue p = e*. O
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B. Proof of Proposition 4.2

Proof. Note that if \Zy = LZy and (£ — M) Z, = Zy, then Y, (1) = e (Z1(7) + 7Z0(7)) solves (3). Similarly, if
(L-=XND*Z = (L - A" 2y = ... = (L -\ Z, = Z, (4)

then Yi(7) = e (X5_o 477 Zy_j(7)) solves (3). Let ¥i = ¥3(0) = Z4(0), then

E(1,00Y1 = Yi(1) = eNZo(1) + Z1(1)) = uS—(Zo(0) + Z1(0)),

where 1 = e, and thus (5, &(1,0) — pI)Y; = uYp. Using mathematical induction, we can show that if Y; = Y;(0) =
Z;(0) for 1 < j <k, then (5,&(1,0) — ul)Y; = [L(Zl —0 G 1), Y;). We claim that there exists a (non-unique) lower
triangular matrix Q = (Q;)o<i j<x such that for ¥y = Z,(0) and Y; = Zi:o Q;;Y; for 0 < j < k we have

(54_52(7’1,7'0) - u[)kYk = (S+(€2(7’1,Tg) — ,U;I)kilyk_l =..= (S+52(7—177—0) - ,UI)YI = §/0 (5)

To prove the existence of such Q, let Ry = (R ;.i)o<ji<k and Ro = (Ra ji)o<ji<k be such that

0, P> 1, i=j—1,
Ry = 1 L, Ry j; = . ]
G=o v <J 0, i#j—1

Then we have
(5:8(1,0) — ul)Y = pR1Y, (S4+&(1,0) — ul)Y = RyY,
where Y = QY, which implies
uQR, = RoQ.

By comparing the terms on both sides, one can verify that given {259, one can compute the other diagonal terms
11,22, ..., Q. Once all diagonal terms are known, given {219, one can solve for {091,232, ..., Qpx—1). Assuming
2j; are known for any j — i < m and given 0, one can then obtain Q(;,11)1, Qm12)2,- - ,Qk(k m)- Followmg this
procedure, a matrix {} can be found for given constants {20, 0 < j < k. In particular, for £ = 3 one choice of {2 is

> 0 00

0 p 00
Q:

O%,u w0

0 3 -11

To prove the converse, we assume that (5) holds and let V; = Zf:o Q;ZlY; for 0 < j <k, with  defined above.
Then for 1 < j < k, (S4+&(1,0) — uI)Y = u(302) = l),f/). Let Yo(r) = &(7,0)Yy and Yj(1) = &E(7,0)Y; for
1< j <k, then Y; (T +1)=8S_u(>7, = 1) 1Yi(7)). Using mathematical induction, one can show that Y;(r) has the

form YJ( 7)=eN(X1_ 577 Z;_i(7)), where Z;(7) are traveling waves, i.e., satisfy Z;(7+1) = S,Zj( T),for 0 < j <k.
Moreover, since Y;(7) solves (3), one can show \Z, = £LZ; and (4) hold. O

C. Proof of Lemma 5.1.

Proof. Using the arguments similar to the ones leading to Propositions 5.1 and 5.2, one can show that A\ = (’)(61/("_2))
in this case. To be more specific, using

L(0-Xtw(T5¢)) =0 (6)
and

L(c0:Xpw(T5¢)) = 07 X (75 €), (7)



we can similarly obtain the coefficients g; and f; (as well as the analogs of h; defined in (23)). Moreover, from
0 = Qog1 + Q190 we can derive the n-dimensional version of Ky = 0, which eliminates the possibility of A ~ 0(61/ ™).
Using symmetries or K19 = Ko; we rule out the case A ~ O(e’/(»=1). Below we show that 2K5q # K1 is satisfied,
so that A = O(e'/("=2)) can be achieved.  Substituting A = /=2 )\, + /(=2 )\, 4 /(=23 + .. and Z =
Zo+ /=27, 4 2/(n=2) 7, 4 3/(n=2) 7. 4 into \Z = L Z, we obtain

J
LoZj = > MeZj—k, j=0,1,..,n—3
k=1
n—2
LoZno+L1Zy = Z)\an—Q—k
k=1
n—1
LoZn-r+ L2121 = ) MiZn-1-k
k=1

LoZn+Lr1Zs = Y MeZn i
k=1

Let Z; = ZZ;S(Cy‘kek) + (Z;)#, where (Z;)# € G;-. Then the above equations are equivalent to

M-

AOCj = )\ij,k, ] =0,1,....,n—3 (8)
k=1
n—2

AoCr_g + M71Q,Cy = Z AClro )
k=1
n—1

AgCro1 + M71Q1Cy = MeCl 1k (10)
k=1

MM = 3 NG o
k=1

where C; and n-dimensional vectors with components Cjx and M = ((J " te;,ex)), Qo = ({(J 7 ej, Loex)) and Q1 =
K = ((J7'ej,Liex)) are n x n matrices, with j,k = 0,...,n — 1. As before, we have Qo = M Ay, where Ay is
the n x n matrix whose only nonzero entries are ones along the superdiagonal (generalization of the previous 4-by-4
matrix Ag), Qo and Q; are symmetric, and M is a skew-symmetric invertible matrix (recall that n is even). Setting
go = (1,0,0,...,0)7, we obtain

<.

C; = MATC _k +Cjogo, j=0,1,...,n—3 (12)

3 =
|l
N

MATCro g — ATM Q10 + Cr—a.090, (13)

i
Il
Ny

3
Il
- =

MATCH1 = ATMTQ101 + Cr— 1090, (14)

T
I
Ny

~
Il
=

M AG Cryy = Ag M1 Q1C + C 0o (15)

3
I
NE

b
Il
_

With Cyy = 1, we get C; ; = /\{ and Cjr =0for 0 <j < (n—3)and j < k. The last row of (13) is Koo = 0; the
last row of (14) can be directly verified by using symmetries.
The last row of (11) is the same as the last row of M ~1Q,Co = A\1C,,_1, which yields

Oll>\711 =+ (2K20 — Kll))\% = 0 (16)
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Similar to (5.32) in the main text, we can show that the coefficient in front of A\? equals —H"(cy). Indeed, using VH
and V?H to simplify notation and recalling the symmetry of K, we have
H"(co) = 2(VH,Us) + (Uy, V*HU,)
= 2co(J teg, Us) + co(Uy, J 1 LoUL) 4 co(Ur, J 10, UL)

1
= <€1, J_l(aTUl — Co£1U1)> + <U1, J_1€0> + Co<(f1060 + ael), J_18¢U1>

(17)
= (e2,J " Lieg) — (er, J " Lie1) + 0 — co fro{er, J ' Lieo) + ((cofroer + €2), T Lieo)
= —Ko + K11 + fioco K10 — frocoK10 — Kao
= K1 — 2Ky.
Thus, nonzero roots of (16) satisfy
An_Q _ K11 — 2K20 _ H”(Co)
! 851 o
O
II. PROJECTION COEFFICIENTS
In this section, we provide some additional expressions for the projection coefficients arising in
3
0:Uj = Y (gjuer) + (0:U))*, (0:U)* € G (18)
k=0
and
3
Ui =Y (fixer) + (U)*,  (U)* € Gy (19)
k=0

We start with (18). Recall that go; = 01,0 and that g;; coefficients are given by (5.21). Using 0 = Qog2+Q191+Q290,
we obtain 23:1 91;Ko; + Loo = 0, and, recalling g, = —ATM=1Q1g0 + 91090, We have

g2 = —AFM™'Q1g1 — AT M ' Q290 + 92090

B ~ _ (20)
= [(*AOTM 'Q1)? + (*AOTM 'Q2)]g90 + (*AOTM 'Q1)g1090 + 92090-
This yields
_ a§K10K11 — ajan(—K12K9 + K11 K30 + 2K19K31)
g21 0/11
n K30K31 — Koo K3 + K10K33 + a2(g10K10 + Loo)  g10K3s0 + Lao
a? o (@1)
_ a1 K10Ka — a3 (— Koo Ko + K10Kas + Ka1 K3o) n g10K20 + Lag
g22 0/11 o
os = az(—K10K11) + a1 (K10K13 — K12Ka + K11K30) — a3 (g10K10 + L10)
23 = 3 )
a7

Condition Z?Zl g2 Koj + Z?:o g1jLoj + Boo = 0 follows from 0 = Qog3 + Q192 + Q291 + @390, which together with
g1 and g9 also yields
gs = —AG M ™' Q192 — AT M~ Q291 — AJ M~ Q390 + 9090
= [(—AGM'Q1)* + (AT M Q1) (AT M1 Q2)
+ (AT M Qo) (AT M1 Qu) + (—AF M1 Q3)] g0
+ (AT M1Q1)* + (= A5 M1 Q2)]g1090 + (—AF M~ Q1)g2090 + 93090,



resulting in

3 3
D i—0923835 + 2250 915Lsj + Bao o

g31 = — — —933
a7 aq
3 3
0925 Kaj + ) 5o g15L2; + Bao
g0 = Z] 0 J J ZJ 0 J J (22)
aq
3 3
p Zj:o ngKlj + Zj:o glelj + Bio
33 = —
aq

To summarize, (5.21), (21) and (22) determine the projection coefficients g,5, ¢,j = 1,2, 3, in (18).
Considering now the coefficients in (19), (5.26)-(5.28) yield

1
fi = ;Aggo + f1090,
0

fo = i[Angl — ATM Qo + coQ1) f1] + f2090

2(}0
! 1
- %[Aggl — AG M Q1 AT g0 — coAg M1 Q1 frogo — aAngo] + f2090,
Lo T -1 Tl
fs = Q[AO g2 — ATM Q1 + cQ2) f1r — AL M1 (Qo + coQ1)2f2] + f3090

=3 O[AOTQ2 A M~ (Ql"‘COQQ)(C Al g0 + f1090)

1
—AGM™H(Qo + COQI)(ngTgl - aAoTM_lQlAgQO — AFM Q1 fro90

1
_?Aggo + f2090)] + f3090-
0

Using (5.26), we find that f; = (f1o, i, 0,0)”, which together with (5.27) yields

at(cogio — 1) + asco (K11 + cofioK10) — arcolco fioKso + K1)

for =

203 ¢t
co f10K20 + Ko1 — K3
Joo = 5 .
a1 Co
and fo3 in (5.30). Using (5.28) we obtain
1 21
fa1 = [920 ; aT<K3] +coLsj) f1j — ZCO*K?,JQJ‘E] —2fo1 — 2*f23] - *f33 492 3 2 + fa0
1 3 o) 3 « 1
2
fa2 = [921 (OT%(KOJ + coLoj) — *(sz + coLa;)) f1j — ZCO(;%KOj - CTlK2j)2f2j — 2f2]
j=0 7=0
1 1<
faz = [922 r Z(KU +coLyj) fij — ZCOK1]2f2] — 2 fs3]
7=0

To simplify some calculations, it is convenient to define h; = cojf; + (j — 1) fj—1 for j =1,2,3, so that

h1 = Af go + h10go
hy = A g1 — AZM ™' Q1hy + haogo (23)
hy = Al go — AT M~ Qohy — AT M1 Q1hs + h3ogo

We note that the last rows of the equations (5.36)-(5.38) are closely connected to the constraints (6)—(7), one of
the reasons for which is as follows:

Remark 1. If the constant term in Cyy is given by gr with Caoro = gro, then the constant term in Corio will be
Gkt1 with Copyo0 = Grt1,0-



Remark 2. If the constant term in Ca,_o is given by gr—1 with Cor_20 = gr—1,0 and the coefficient for Ay in Cap—1
is given by hy with hy o = 0, then the coefficient for A1 in Copy1 will be hy1 with hyy10 = 0.

By these two remarks, the constant terms in the last rows of (5.36)-(5.38) are always zero. A more involved
calculation, omitted here, shows that the coefficients for A; in the last rows of these equations also vanish. Similar
techniques can be used in other cases, including the one considered in Sec. 5, to show the constant terms and \;
coeflicients vanish in the last rows of the equations.

III. THE DEGENERATE CASE H'(co) = H" (co) =0

In this section, we briefly discuss the degenerate case when H'(co) = H”(¢p) = 0 but H"'(¢o) # 0. For simplicity,
we assume that dim(gker(Lg)) = 4. Following the arguments in Proposition 5.1 and Proposition 5.2, one can show
that the near-zero eigenvalues are at most O(e). Proceeding as before, one obtains the following equation for A;:

XX =0,
where
b— 1 [ 2K K39 + 2K K23 — K& + K11 K31 — K,

o1 aq
24
a2(2K91 K19 + K3y — K7y) 2y

+ o +2Lg2 — L11|.
1

We omit the details. This yields

Lemma IIL.1. Suppose all the assumptions in Theorem 5.1 hold except that 93(Xt, ;(5¢)) € D°([0,1]) (D2([0,1])
if weighted spaces are used), H"(co) =0 and b defined in (24) is nonzero. Then there exist ¢c1 < co and cg > ¢ such
that for c € (c1,ca), the leading-order terms of nonzero eigenvalues of L will be

A = +Vb(c — ¢o) + of|e — col).

It is not clear whether the coefficient b is related to H'(cy), which is given by

1
H" (cp) =2 ;(—3K13K20 + K7y — 4K90 Koo + 4K10 K23 + 3Ka1 K3
1
+ 2¢0 f10(K10K13 — K12K20 + K11 K30))

I} K.
+ ;g(Kfl —4K10K21 — 4o fioK10K11) — 2g10K20 — ?20 + L1 — 4Ly
i

+ c0(2f20K10 — 3 fr0910K10 — 2f10L10) |-

We note that it is possible to make fiop = fao = 0 with a careful choice of {eg,e1,ea,e3}. While this case has
an intrinsic theoretical value, we have not yet identified any Hamiltonian lattice models for which this degeneracy
condition is satisfied.

IV. NUMERICAL PROCEDURES

In this section we describe the numerical procedures we used to obtain the solitary traveling waves and analyze
their stability. More specifically, to identify the solitary wave structures, we use the procedure followed in [1]. To this
end, we seek solutions of (6.3) in the co-traveling frame corresponding to velocity c:

Tn(t) = ‘I)(ga t)a 5 =n- Cta (25)
obtaining the advance-delay partial differential equation
By + P Pge — 2cPgy + 2V (R(E, 1)) — VI(R(E+ 1,1)) — V(®(€ - 1,1))

+ i A(m)(22(&,t) — ®(E+m,t) — P(§ —m,t)) =0. (26)



Solitary traveling waves ¢(§) are stationary solutions of (26). They satisfy the advance-delay differential equation
(6.4) and (6.5).

Following the approach in [2], we assume that ¢(£) = o(1/£) and ¢/(€) = 0(1/£?) as |¢| — oo, multiply Eq. (6.4) by
€2 and integrate by parts to derive the identity

=S mam)| [ o©ae— [ Vi) —o, (27)
= it [ eicac- [

which imposes the constraint (6.5) on the traveling wave solutions. Here we assume that A(m) decays faster than
1/m? at infinity, so that the series on the left hand side converges.

To solve Eq. (6.4) numerically, we introduce a discrete mesh with step A, where 1/A¢ is an integer, so that the
advance and delay terms ¢(§ = m) are well defined on the mesh. We then use a Fourier spectral collocation method
for the resulting system with periodic boundary conditions [3] with large period [. Implementation of this method
requires an even number N of collocation points §; = jAE, with j = —N/2 4+ 1,...,N /2, yielding a system for &
in the domain (1/2,1/2], with | = MAE being an even number, and the long-range interactions are appropriately
truncated. To ensure that the solutions satisfy (6.5), we additionally impose a trapezoidal approximation of (27) on
the truncated interval at the collocation points. This procedure is independent of the potential and the interaction
range. However, the choices of A¢ and [ depend on the nature of the problem.

To investigate spectral stability of a traveling wave ¢(£), we substitute

D(¢,1) = ¢(&) + eal§) exp(Act), (28)

into (26) and consider O(e) terms resulting from this perturbation. This yields the following quadratic eigenvalue
problem:

ANa(§) = —c*a”(§) + 2Xc*d(§) — 2V (6(€))a(§) + V" (¢(€ + 1))a(€ +1)

VO~ Dale— 1) — S Am)(2a(€) — al€ +m) — al€ —m). (29)
m=1

By defining b(§) = cAa(§), we transform this equation into the regular eigenvalue problem

a() ) _ a(§)

(56 ) =M(56) 30)
for the corresponding linear advance-delay differential operator M. Note that this problem is equivalent to the
eigenvalue problem (3.5) via the transformation £ = —7 and (a(€),b(§)) = (To(—7),Ts(—7) — cI',(—7)). Spectral
stability can be determined by analyzing the spectrum of the operator M after discretizing the eigenvalue problem
the same way as the nonlinear Eq. (6.4) and again using periodic boundary conditions. A traveling wave solution is
spectrally stable when the spectrum contains no real eigenvalues.

To analyze the dependence of the eigenvalues spectrum obtained using this procedure on the grid size A§ and the
size | of the lattice, we consider as an example an a-FPU lattice with V(r) = r?/2 — r3/3 and without long-range
interaction (A(m) = 0). In this case, H'(c) > 0 for every ¢, and one expects all waves to be stable (see, e.g., [4]).
However, the numerically obtained spectra show mild oscillatory instabilities, which are associated with complex-
valued eigenvalues with nonzero imaginary parts and small but nonzero real parts. As one can see in the example
shown in Fig. 1, corresponding to ¢ = 1.3, the real part of the eigenvalues does not change when A is varied (only
their imaginary parts are affected, given that smaller A¢ enables accessing higher wavenumbers); however, when the
system’s length [ is increased, the real parts of the eigenvalues decrease. This suggests that the oscillatory instabilities
are a numerical artifact due to the finite length of the lattice that can, in principle, be expected to disappear in the
infinite lattice limit.

An alternative method for determining the spectral stability of the traveling waves is to use Floquet analysis. To
this end, we cast traveling waves ¢(&) as fixed points of the map

{ o) } - { ) } ’ (31)

which is periodic modulo shift by one lattice point, with period 7' = 1/c. Indeed, one easily checks that 7, (t) =
d(n —ct) = ¢(n — t/T) satisfies 7#,11(T) = §,(0) = ¢(n) and 741 (T) = 7,(0) = —cg’(n). To apply the Floquet
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FIG. 1: Dependence of the linearization operator spectrum with the discretization parameter (left panel, with fixed [ = 100)
and the system length (right panel, with fixed A& = 0.1) for a stable solitary traveling wave solution with ¢ = 1.3 of the problem
with the a-FPU potential governing nearest-neighbor interactions and no long-range interaction.

analysis, we trace time evolution of a small perturbation ew, (t) of the periodic-modulo-shift (traveling wave) solution
7 (t). This perturbation is introduced in (6.3) via r,(t) = 7, (t) + ewy (t). The resulting O(e) equation reads

'[[)n + 2V”(7ﬁn)wn - V”(fn%»l)wnJrl - V/I(fnfl)wnfl

+ i A(m)(an — Wn4+m — wn_m) =0. (32)
m=1

Then, in the framework of Floquet analysis, the stability properties of periodic orbits are resolved by diagonalizing
the monodromy matrix F (representation of the Floquet operator at finite systems), which is defined as:

et -] -

For the symplectic Hamiltonian systems we consider in this work, the linear stability of the solutions requires that
the monodromy eigenvalues 1 (also called Floquet multipliers) lie on the unit circle. The Floquet multipliers can thus
written as p = exp(if), with Floquet exponent 6 (note that it coincides with —i)).

The results were complemented by numerical simulations of the ODE system (6.3), performed using the fourth-order
explicit and symplectic Runge-Kutta-Nystrom method developed in [5], with time step equal to 1073. In particular,
to explore the evolution of unstable waves, we used initial conditions with such waves perturbed along the direction
of the Floquet mode causing the instability.

V. DISCUSSION: CONNECTION TO EXISTING ENERGY CRITERIA

In this section, we discuss connections between the energy-based stability criterion we derived and analyzed for
solitary traveling waves in Hamiltonian lattices and related criteria for such waves in continuum systems and for
discrete breathers.

A. Energy criteria for discrete breathers in Hamiltonian lattices

As we discuseed in Section 4, solitary traveling wave solutions in lattices can be viewed as time-periodic solutions
(or discrete breathers, if they are exponentially localized) modulo an integer shift. In particular, suppose (2.1) has a
family of time-periodic solutions ., (t;w) parametrized by the frequency w and satisfying Tpe (t + 15 w) = Tpe, (£ w).
Setting 7 = wt and Xpe, (T;w) = Tper(t;w), one can similarly define the linear operator

da_1 ‘ﬁﬂ _ 4
dr ¢ 9x2\X=Xeer T g

With w playing the role of ¢ for traveling waves, almost all of the results in this work, including Theorem 5.1,
Lemma 5.1 and Lemma III.1, can also be applied to discrete breathers; see [6] for details and a number of examples.

L— %DA(XPGT) _



B. Energy criteria for solitary waves in continuum Hamiltonian systems

Stability of solitary waves in continuum Hamiltonian systems with symmetry (e.g U(1)-invariance) was analyzed
in [7, 8]. Solitary traveling waves in such systems possess translational invariance in space, which breaks down in the
case of lattice dynamical systems. However, in what follows, we rewrite the energy-based stability criteria obtained
in [7, 8] to identify the similarities with our criterion for solitary traveling waves in lattices.

Following the formulation in [7], we consider a continuum Hamiltonian system

o= oe wen=(G00) = (L) .

where E is the energy functional, while ¢(z,t) and p(z,t) are the displacement and momentum fields, respectively. Let
T (s) be a one-parameter unitary operator group with the infinitesimal generator 77(0), i.e. T (s) = exp(s77(0)). We
assume that E is invariant under 7 (s) for any s, i.e., E(u) = E(T(s)u). This invariance corresponds to the symmetry
of the system. In particular, 7 (s)u(z) = e*%u(z) = u(x + s) corresponds to the translational symmetry.

Assuming that T (s)JT*(s) = J and differentiating it with respect to s at s = 0 gives 7'(0)J = —J(77(0))*, so
that J=177(0) is self-adjoint. As a result, there exists a self-adjoint bounded linear operator B such that JB extends
77(0). This implies that Q(u) = 1 (u, Bu) is also invariant under 7 (s), i.e., Q(u) = Q(T(s)u).

Observe that if ¢, () satisfies E'(dw,) = wQ'(dw ), then u(z,t) = T (wt)¢,(x) is a solitary solution of (34). In fact,
the converse also holds. Indeed, if u(z,t) = T (wt)¢,(x) solves (34), then

wt)py,) = JT (wt)*J % (T (wt)bw)

= JT (wt)* T = (T (wt)p) = T(—wt)w T (0)T (wt)p,,

=wT'(0)¢ = JwQ'(du).
Here we used the fact that 77(0)7 (wt) = T (wt)T'(0).

We now define the “free energy” d(w) = E(¢,) — wQ(¢,,) and the associated Hessian H,, = E"(¢,) — wQ" (dw)-
Observe that they satisfy

Hw(T/(O)¢W) =0, Hy(Ouwpw)= Q/(wa) = JﬁlT’(O)(éwa d/(w) = —Q(¢u),
1d (36)

d//(w) - 7<aw¢’w’Q/(¢w)> = 7<aw¢wan(aw¢w)> - *%Q((ﬁw) - 7M%E(¢w)'

As stated in [7], if H,, has at most one negative eigenvalue, ker(H,,) is spanned by 7'(0)¢,, and the rest of its spectrum
is bounded below from zero, then d”(w) > 0 implies that ¢,-orbit {T (wt)¢,,, t € R} is stable. On the other hand,
d"(w) < 0 implies instability. In other words,

JE (¢) = JT (wt) E'(T

—

SIS

1d
d"(w)=0=—-——F
(@) = B(%)
implies the change of stability, which is similar to our energy-based criterion H'(¢p) = 0 (and to the corresponding
one for discrete breathers).

On the one hand, the solutions in our lattice problems are discrete in space and the translation operator 7 (s) = e
cannot be directly applied — except in the quasi-continuum, advance-delay variant of the problem. However, the nature
of the traveling waves implies that the time dynamics on all sites is connected to a continuous profile function and one
can easily replace the tralnslation in space by translation in time by going to the co-moving frame. In fact, replacing
T (s) = €% by T(s) = e="% we can similarly define

1 1 1
Qu) = §<u,Bu> = §<u, ;J*am, H, =E"(¢,) — wQ"(¢n) = E"(¢o,) — J 10,
and derive (36) where u(t) = T (wt)@,, is a solitary traveling wave solution of the lattice system with E’(¢,,) = wQ'(¢.,).
Note also the relation £ = wJH,,, with w = ¢ and x4, (¢c) = ¢y,

A more complete understanding of the relationship between the energy-based criteria in discrete and continuum

systems remains a challenging problem to be considered in the future work.
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