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Abstract. We study the Hausdorff and packing measures of typical compact metric spaces
belonging to the Gromov—Hausdorff space (of all compact metric spaces) equipped with the
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1. Introduction

Recall that a subset E of a metric space M is called co-meagre if its com-
plement is meagre; also recall that if P is a property that the elements of M
may have, then we say that a typical element x in M has property P if the
set E = {& € M |z has property P} is co-meagre, see Oxtoby [9] for more
details. The purpose of this paper is to investigate the Hausdorff and pack-
ing measures of a typical compact metric space belonging to the Gromov—
Hausdorff space Kgy of all compact metric spaces; the precise definition of
the Gromov-Hausdorff space K¢y will be given below. The four most com-
monly used fractal dimensions of a metric space X are: the lower and upper
box dimensions, denoted by dimg(X) and dimg(X), respectively; the Haus-
dorff dimension, denoted by dimy(X); and the packing dimension, denoted by
dimp (X); the precise definitions will be given in Sect. 2.2. It is well-known that
if X is a metric space, then these dimensions satisfy the following inequalities,

dimy(X) < dimg(X) < dimg(X).

Published online: 24 April 2018 ® Birkhduser


https://core.ac.uk/display/157698221?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://crossmark.crossref.org/dialog/?doi=10.1007/s00010-018-0548-5&domain=pdf
http://orcid.org/0000-0002-6559-7595

S. JURINA ET AL. AEM

We now return to the main question in this paper: what are the dimensions
of a typical compact metric space? Rouyer [13] has very recently provided the
following answer to this question.

Theorem A. [13] A typical compact metric space X € Kgy satisfies

dimy(X) = dimg(X) =0,

Theorem A shows that the lower box dimension of a typical compact metric
space is as small as possible and that the upper box dimension of a typical
compact metric space is as big as possible. Other studies of typical compact
sets show the same dichotomy. For example, Gruber [3] and Myjak & Rudnicki
[8] proved that if X is a metric space, then the lower box dimension of a typical
compact subset of X is as small as possible and that the upper box dimension
of a typical compact subset of X is (in many cases) as big as possible. The
purpose of this paper is to analyse this intriguing dichotomy, and, in particular,
the dichotomy in Theorem A, in more detail.

For example, as an application of our main results we show that not only
is the upper box dimension of a typical compact metric space X € Kgy equal
to infinity (see Theorem A above), but even the smaller packing dimension is
equal to infinity; this is the content of Theorem 1.1 below.

Theorem 1.1. A typical compact metric space X € Kgn satisfies
dimp (X) = 00.

While Theorems A and 1.1 study and compute the dimensions of typical
compact metric spaces, we prove more general results investigating and com-
puting not only the dimensions of typical compact metric spaces but also the
exact values of the Hausdorff and packing measures of typical compact metric
spaces, see Theorem 2.4.

In fact, we prove even stronger results providing information about the so-
called Hewitt—Stromberg measures of typical compact spaces, see Theorems
2.2 and 2.3; the results in Theorem 2.4 on the exact values of the Hausdorff
and packing measures of typical compact metric spaces follow immediately
from Theorems 2.2 and 2.3.

The paper is structured as follows.

We first recall the definition of the Gromov-Hausdorff space and the
Gromov—Hausdorff metric in Sect. 2.1.

In Sects. 2.2-2.3 we recall the definitions of the fractal dimensions and mea-
sures investigated in the paper. The definitions of the Hausdorff and packing
measures (and the Hausdorff and packing dimensions) are recalled in Sect. 2.2
and the definitions of the Hewitt—Stromberg measures are recalled in Sect. 2.3.
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Sections 2.4-2.6 contain our main results. In Sect. 2.4 we investigate and
compute the exact values of the Hewitt—Stromberg measures of typical com-
pact metric spaces. Sections 2.5-2.6 contain several applications and corollaries
of the results in Sect. 2.4: in Sect. 2.5 we apply the results from Sect. 2.4 to
find the exact values of the Hausdorff and packing measures of typical compact
spaces, and in Sect. 2.6 we specialise even further and apply the results from
Sect. 2.4 to find exact values of the packing dimension (and box dimensions)
of typical compact metric spaces.

Finally, the proofs are given in Sects. 3—6.

2. Statements of results

2.1. The Gromov—Hausdorff space K¢y and the Gromov—Hausdorff metric
dch

We define the pre-Gromov—Hausdorff space K¢y by
Ken = {X ’ X is a compact and non-empty metric space } .

Next, we define the equivalence relation ~ in gy as follows, namely, for X, Y €
Kgu, write

X ~Y <& thereis a bijective isometry f: X — Y.

It is clear that ~ is an equivalence relation ~ in Kgy, and the Gromov-—
Hausdorff space K¢y is now defined as the space of equivalence classes, i.e.

Ken ="/ ..

While the elements of K¢y are equivalence classes of compact metric spaces,
we will use the standard convention and identify an equivalence class with
its representative, i.e. we will regard the elements of K¢y as compact metric
spaces and not as equivalence classes of compact metric spaces. Next, we define
the Gromov—Hausdorff metric dgy on Kgy. If Z is a metric space, and A and
B are compact subsets of Z, then the Hausdorff distance dy(A, B) between A
and B is defined by

dy(A, B) = max (31613 dist(z, B), sgg dist(y, A)) ,
x y

where dist(z, E) = infyepd(z,2) for z € Z and E C Z. The Gromov—
Hausdorff metric dgy on K¢y is now defined by

den(X,Y) = inf {dH(f(X),g(Y)) ‘ Z is a complete metric space

and f: X — Z and g : Y — Z are isometries },
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for X, Y € Kgn. It is well-known that (Kgn,dgn) is a complete metric space
[11]. The reader is referred to [11, Chapter 10], for a detailed discussion of the
Gromov-Hausdorff space and the Gromov-Hausdorff metric.

2.2. Hausdorff measure, packing measure and box dimensions

While the definitions of the Hausdorfl and packing measures (and the Haus-
dorff and packing dimensions) and box dimensions are well-known, we have,
nevertheless, decided to briefly recall the definitions below. There are sev-
eral reasons for this: firstly, since we are working in general (compact) metric
spaces, the different definitions that appear in the literature may not all agree
and for this reason it is useful to state precisely the definitions that we are
using; secondly, and perhaps more importantly, the less well-known Hewitt—
Stromberg measures (which will be defined below in Sect. 2.3) play an impor-
tant part in this paper and to make it easier for the reader to compare and
contrast the definitions of the Hewitt—Stromberg measures and the definitions
of the Hausdorff and packing measures it is useful to recall the definitions
of the latter measures; and thirdly, in order to provide a motivation for the
Hewitt—Stromberg measures.

Let X be a metric space and let d be the metric in X. For x € X and
r > 0, let C(z,r) denote the closed ball with centre at  and radius equal to
r,ie. C(z,r) = {y € X |d(z,y) <r}. The lower and upper box dimensions of
a subset E of X are defined as follows. For r > 0, the covering number N,.(E)
and the packing number M, (E) of E are defined by

N, (E) = inf {|I| ) (C(x4,7))ier is a family of closed balls
with z; € X and F C U;C(x;,7) },
M, (E) = sup {|I| ‘ (C(zi,7) )ier is a family of closed balls
with z; € E and d(x;, ;) > r for i # j } . (2.1)

The lower and upper box dimensions, denoted by dimg(E) and dimg(E), re-
spectively, are now defined by

log N,.(E .. . logM,.(E
dimg(E) = lim inf g No(E) _ )it L()’
™o —logr ™0 —logr (22)
- log N,.(E log M,.(E :
o —logr ™o  —logr
the fact that the lower limits liminf, o % and lim inf,~ o % co-
incide and the fact that the upper limits limsup, % and limsup,

log M, (E)

*losr coincide is proven in [3].
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Next, we recall the definitions of the Hausdorff and packing measures. We
start by recalling the definition of a dimension function.

Definition. (Dimension function) A function h : (0,00) — (0,00) is called a
dimension function if h is increasing, right continuous and lim,~ o h(r) = 0.

The Hausdorff measure associated with a dimension function A is defined
as follows. Let X be a metric space and F C X. For § > 0, we write

HY(E) = inf { Z h(diam(E;))

EC|JE:, diam(E;) < 5} .

i=1
The h-dimensional Hausdorff measure H"(E) of E is now defined by
H"(E) = sup HI(E) .
6>0

If t > 0 and h; denotes the dimension function defined by h;(r) = rt, then we
will follow the traditional convention and write

H'"(E) =H'(E).
Finally, the Hausdorf{f dimension dimy(E) is defined by
dimy(E) = sup{t > 0 | H'(E) = =} .

The reader is referred to Rogers’ classical text [12] for an excellent and sys-
tematic discussion of the Hausdorff measures H".

The packing measure with a dimension function A is defined as follows. For
E C X and 6 > 0, write

ﬁg(E) = sup { Z h(2r;)

r; < ¢ and with z; € E and d(z;,z;) > HTT’ for i # j }

C(z,7i) )i is a family of closed balls such that

The h-dimensional prepacking measure fh(E) of F is now defined by
ﬁh( E)= 1nf775( ).

6>0
Finally, we define the h-dimensional packing measure P!(E) of E, as follows

Ph( 1nf Z 73

ECU

As above, we note that if ¢ > 0 and h; denotes the dimension function defined
by h¢(r) = rt, then we will follow the traditional convention and write

Ph(E) = PUE).
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Finally, the packing dimension dimp(FE) is defined by
dimp(E) = sup{t >0 | P*(E) = oo} .
It is well-known that if £ C X, then

dlmH(E) S dlmp(E) S MB(E) y
dimp(E) < dimg(E) < dimg(E).

The reader is referred to [2] for an excellent discussion of the Hausdorff dimen-
sion, the packing dimension and the box dimensions.

2.3. Hewitt—Stromberg measures

Hewitt—Stromberg measures were introduced by Hewitt & Stromberg in their
classical textbook [6, (10.51)], and have subsequently been investigated fur-
ther by, for example, [4,5,14], highlighting their fundamental importance in
the study of local properties of fractals and products of fractals. In particu-
lar, Edgar’s textbook [1, pp. 32-36], provides an informative and systematic
introduction to the Hewitt—Stromberg measures and their importance in the
study of local properties of fractals. The measures also appear explicitly in,
for example, Pesin’s monograph [10, 5.3], who discusses their important role
in the study of dynamical systems and implicitly in Mattila’s text [7]. While
Hausdorff and packing measures are defined using coverings and packings by
families of sets with diameters less than a given positive number §, say, the
Hewitt—Stromberg measures are defined using packings of balls with the same
diameter §. For a dimension function h, the Hewitt—Stromberg measures are
defined as follows. For a metric space X and E C X, write

h o
U (F)= hgﬂ\}glf M, (E)h(2r) .
V" (E) = limsup M, (E)h(2r).

.0

We now define the lower and upper h-dimensional Hewitt—Stromberg measures,
denoted by 4" and V", respectively, by

h
U"(E) = Ecbnf E U
h
VME) = Ecbnf Zv

The next result summarises the basic inequalities satisfied by the Hewitt—
Stromberg measures, the Hausdorff measure and the packing measure.
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Proposition 2.1. Let h be a dimension function. Then we have

u'() <V'(E) < P"(E)
VI VI VI
H*(E) <U"(E) < V'(E) < P(E)

for all metric spaces X and all E C X.

Proof. This follows immediately from the definitions since N,(E) < M, (E)
for all » > 0 by [3]; see also [1, pp. 32-36]. O

2.4. Hewitt—Stromberg measures of typical compact spaces

Our first main result computes the Hewitt—Stromberg measures of a typical
compact metric space; this is the content of Theorem 2.2 below.

Theorem 2.2. (Hewitt—Stromberg measures of typical compact spaces) Let h
be a continuous dimension function.

(1) A typical compact metric space X € Ky satisfies
UM(X)=U"(X)=0.

(2) A typical compact metric space X € Kgy satisfies
VhU) =V"(U) = %

for all non-empty open subsets U of X. In particular, a typical compact
metric space X € Kgn satisfies

V(X)) =V"(X) = .

The proof of Theorem 2.2 is given in Sect. 3 and Sects. 5-6; Section 3 contains
a number of preliminary auxiliary results, and the proofs of the statements in
Theorems 2.2.(1) and 2.2.(2) are given in Sects. 5 and 6, respectively.

For brevity write

Myosive = { X € Kou |0 <" (X)},
My = { X € Ko |U"(X) = o0},
Ninfinity = {X € Kgn ’L{h(U) = oo for all non-empty open subsets U of X } ,
and note that
Nintinity © Minfinity © Mpositive -

While it follows from Theorem 2.2 that the set Myositive is meagre, the set
Mpositive 18, nevertheless, dense in Kgn. In fact, even the smaller sets Ninfinity
and Minsinity are dense in Kgy; this is the content of Theorem 2.3 below.



S. JURINA ET AL. AEM

Theorem 2.3. Let h be a continuous dimension function. Then the set
{X € Kgy ‘L{h(U) =00 for all non-empty open subsets U of X }
1s dense in Kgy.

The proof of Theorem 2.3 is given in Section 4.

We now present several applications of Theorem 2.2. In Section 2.5 we
apply Theorem 2.2 to find the Hausdorff and packing measures for a typical
compact metric space, and in Section 2.6 we apply the results from Section 2.5
to find the packing dimension (and other dimensions) of a typical compact
metric space.

2.5. Hausdorff and packing measures of typical compact spaces

Because of the importance of the Hausdorff measures and the packing mea-
sures, the following corollary of Theorem 2.2 seems worthwhile stating sepa-
rately.

Theorem 2.4. (Hausdorff measures and packing measures of typical compact
metric spaces) Let h be a continuous dimension function.

(1) A typical compact metric space X € Kgy satisfies

HY(X)=0.
(2) A typical compact metric space X € Kgy satisfies
PhU) = 0o

for all non-empty open subsets U of X. In particular, a typical compact
metric space X € Kgn satisfies

PhX) = .

Proof. This result follows immediately from Proposition 2.1 and Theorem 2.2.
O

2.6. Packing dimensions of typical compact spaces

As a further specialization of Theorem 2.4 we obtain the next result about
the Hausdorff and packing dimensions of typical compact spaces. While the
result in Theorem 2.5.(1) (saying that dimpy(X) = 0 for a typical compact
metric space X) has already been obtained by Rouyer [13] (see Theorem A in
Section 1), we believe that it is instructive to present a simple proof based on
Theorem 2.4.

Theorem 2.5. (Hausdorfl dimensions and packing dimensions of typical com-
pact metric spaces) Let h be a continuous dimension function.
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(1) [13] A typical compact metric space X € Kgn satisfies
dimpy(X) =0.

(2) A typical compact metric space X € Ky satisfies
dimp(U) = 0

for all non-empty open subsets U of X. In particular, a typical compact
metric space X € Kgy satisfies

dimp (X) = 00.
Proof. (1) Note that
N {x e K ’Ht(X) =o0bc () {X € Kan ’ dimy(X) <t}
teQt teQt
C {X € Ken ] dimp(X) = o} . (23)
Since it follows from Theorem 2.2 that the set {X € Kgy | H!(X) = 0} is co-
meagre for all ¢t > 0, we conclude from (2.3) that the set {X € Kgn | dimpy(X) =

0} is co-meagre.
(2) Note that

ﬂ {X € KGH‘Pt(U) = oo for all non-empty open subsets U of X }
teQt

C ﬂ {X € KgH ‘ dimp(U) > ¢ for all non-empty open subsets U of X }
teQt

N

{X € Kgh ’ dimp(U) = oo for all non-empty open subsets U of X }
(2.4)

Since it follows from Theorem 2.2 that the set {X € Kgy |P!(U) = oo for all
non-empty open subsets U of X } is co-meagre for all ¢ > 0, we conclude from
(2.4) that the set {X € K¢y | dimp(U) = oo for all non-empty open subsets U
of X } is co-meagre. O

We also obtain the following corollary providing information about the
lower box dimension of a typical compact space.

Corollary 2.6. (Lower box dimension of typical compact metric spaces) Let h
be a continuous dimension function such that

li\rré % =00 forallt>0 (2.5)
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(e.g. the dimension function h defined by h(r) = @k for 0 <r <% and
h(r) =1 forr > L satisfies this condition).
(1) We have
{X € Ken ‘ﬁh(X) =0} ¢ {x e Kan ’@B(X) =o}. (2.6)

There are continuous dimension functions h satisfying (2.5) such that
{X € Ken ‘ﬁh(X) - o} S {X e Ken ’@B(X) - o} . (2.7)

(2) A typical compact space X € Kgy satisfies
u'(x)=o0,
i.e. {X € Kan ‘ﬁh(X) = O} is co-meagre.
(3) [13] A typical compact space X € Kgn satisfies

dimg(X) =0,
i.e. {X € Kgu ‘@B(X) = O} is co-meagre.
Remark. For brevity write
S = {X € Ken ‘Hh(X) - 0}
and
T = {X € Ken ‘@B(X) - o}.

The statement in Part (3) of Corollary 2.6 has recently been obtained by
Rouyer [13]. However, since Part (1) in Corollary 2.6 shows that S is a subset
of T', we deduce that the statement in Part (2) is stronger than Rouyer’s result
in Part (3). In fact, since Part (1) in Corollary 2.6 also shows that S, in general,
is a proper subset of T, we conclude that the statement in Part (2), in general,
is strictly stronger than Rouyer’s result in Part (3).

Proof. (1) The inclusion in (2.6) follows easily from the definitions and the
fact that lim,\ o hﬁf) = oo for all ¢t > 0. Next, in order to show (2.7), we must

construct a continuous dimension function h satisfying condition (2.5) and a

compact metric space X such that dimg(X) = 0 and u" (X) > 0. We construct
the space X as follows. For a positive integer n, write I,, = {0,2(n + 1) — 1},
and for i € I,, define S, ; : [0,1] — [0,1] by S, ;(z) = 51 (x +4). Next, for

2(n+1)
i1 €L, ... i, €I, let Iil...in = 5171'15271'2 cee Sm"([O, 1}), and put

Xn = U L i,

1 €l,..,in€l,
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and
X =()Xn:

the set X, is the union of the 2™ disjoint closed intervals I;, . ; each with length
equal to m, and the sets X,, are constructed inductively as follows: let
Xo =10,1] and for n =1,2,..., the set X,, is obtained by deleting the middle
nL_H’th part of each of the intervals I;, ; _, in X,,_;.

We first show that dimg(X) = 0. Indeed, if m <r< ﬁ, then
X can be covered by 2™ closed intervals with diameter equal to r and so
dimg(X) < dimg(X) < limsup,, ., % =0.

Next, we construct a continuous dimension function h satisfying (2.5) such
that H"(X) > 0. Indeed, we define h by h(r) = 1og1;l for 0 < r < 1 and
h(r) = 1 for r > 1 Tt is clear that (2.5) is satisfied. We now show that
'Hh(X ) > 0. Let A;, _;, denote the Lebesgue measure restricted to the interval
I;,. i, and normalised so that \;,  ; (I3, ;) = 1. Next, define the probability
measure [, by f, = %Zilell,,..,ineln Aiy.i,, - It is not difficult to see that
there is a probability measure p such that u, converges weakly to p. We now
show that there is a constant ¢ > 0 such that

w(U) < h(diam(D)) (25)
for all U C [0,1] with diam(U) < e¢. For a positive integer n, write r,, =

m. Next, let U C [0, 1] with r,,+; < diam(U) < r,, and note that U can
intersect at most one of the intervals I;, _;_ , whence
711§gfn —log2a™
pU) < g =7y " < diam(U) T (2.9)

We now prove the following claim.

Claim 1. There is a positive integer N such that if n > N and r,11 < r < rp,
then

log 2™

PR < logl% . (2.10)
. . log ri log (2™ (n+1)!) log -

Proof of Claim 1. Since clearly e T 0 and T =
Tn+1

log(2™ (n+1)!)
log(2n+1(n+2)!)

n > N and log% > %log L for n > N. As the function z — 10% is de-

Tn41

— 1, there is a positive integer N such that log % < 2% for

1
. log log =
creasing for x > e and log % < log %, we therefore conclude that ——= <
-
1
loglog — z n .
T < - log22 — 1082 for all n > N, and (2.10) follows easily from
log E 5 log P o, P

rearranging this inequality. This completes the proof of Claim 1.
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Combining (2.9) and (2.10) we deduce that

log 2™
w(U) < diam(U) e+t < —L = h(diam(U))

= T
log Framoy

provided diam(U) < rx. This proves inequality (2.8). Finally, it follows from
(2.8) and the mass distribution principle that H"(X) > 1 > 0.

(2) This statement follows immediately from Theorem 2.2.

(3) This statement follows immediately from Part (1) and Part (2). O

3. Proofs of Theorems 2.2 and 2.3: Preliminary results

In this section we collect some basic notation and present several technical
auxiliary lemmas that will be used in Sects. 4—6. We first list some useful
properties of the covering number N,.(X) and the packing number M, (X);
recall that the covering number N,.(X) and the packing number M, (X) of a
metric space X are defined in (2.1).

Lemma 3.1. (1) The function N, : Keun — R is lower semi-continuous for
all v > 0.
(2) The function M, : Kgn — R is upper semi-continuous for all r > 0.
(3) We have N.(X) < M,(X) < Nz (X) for allr >0 and all X € Kgn.

Proof. This follows from [13, Lemma 9]; see also [3]. O

Next, we list some useful properties of the Hewitt-Stromberg measures "
and V"; recall that the Hewitt-Stromberg measures 4" and V" are defined in
Section 2.3.

Proposition 3.2. Let h be a continuous dimension function.

(1) For all metric spaces X and all E C X, we have Hh(E) = Hh(E)
—h
= V

(2) For all metric spaces X and all E C X, we have V}L(E) (E).

Proof. Let X be a metric space and £ C X. It is clear that Vh(E) < V" (E).
We now prove that V" (E) < Vh(E). Fix ¢ > 0. We first prove the following
claim.
Claim 1. There are functions p, R : (0,00) — (0,00) such that 1 < p(r) <1 <
R(r) <2 and

M, (E)h(2r)

M,y (E)R(2p(r)r) + €,
Mg, (E)W(2R(r)r) < M,

(E)h(2r) + ¢,

IAN A

for all » > 0.
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Proof of Claim 1. Let d denote the metric in X. Recall (see Section 2.2) that
we use the following notation, namely, if € X and r > 0, then C(x,r)
denotes the closed ball with radius equal to r and centre at z, i.e. C(z,7) =
{y e X|d(z,y) <r}.

We now turn towards the proof of Claim 1. Let r > 0. Since h is continuous,
we can choose a real number §(r) with 0 < §(r) < £ such that

h(2r) < h(2(1 = 6(r))r) + M%i(E) . (3.1)

It follows from the definition of the packing number M, (E) that we can
find a family (C(z;,7) )ij\irl(E) of closed balls C(z;,7) in X with z; € E and
d(z;,x;) > r for i # j. Since z; € E, there is a point y; € E such that
yi € B(w;, 6(;)T). It therefore follows that r < d(z;, z;) < d(zy,y;) +d(yi, y;) +
d(y;,zj) < 6(;¢ + d(yi, yj) + 5(;)7" for i # j, and so d(y;,y;) = r — QMQ)T =
(1—=46(r))r. Consequently, (C(y;, (1—0(r))r) )j‘iq( B)is a family of closed balls
with y; € E and d(y;,y;) > (1 — §(r))r for i # j, whence

M.(E) < Mgy (E) .- (3.2)

Tt follows immediately from (3.1) and (3.2) that

M, (E)h(2r) < M_s(y)r(E) (h(2(1 —40(r))r) + Mli(E)>

Mo _s(r)yr (B
= Mg _s(ryyr (EY(2(1 = 6(r))r) + Maz2endBle - (33)
2"

However, since (1 — §(r))r > ir, we conclude that M _s()),(E) < M. (E),
and (3.3) therefore implies that
M (E)h(2r) < M5y (E)(2(1 = 8(r)r) + ¢ (3.4)

for all » > 0. Finally, defining p, R : (0,00) — (0,00) by p(r) = 1 — d(r) and
R(r) = ﬁ(r)’ the desired conclusion follows immediately from (3.4). This
completes the proof of Claim 1.

<p(r) <1<

We can now prove the statement in Proposition 3.2. Since %

R(r) < 2, we conclude that
o MU(EDh(2t) < | it Mpy(B)hR()r),

sup Mp(r)’r(E)h(2p(T)r) < sup Mt(E)h(2t)7

0<r<s 0<t<s
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and it therefore follows from Claim 1 that

—h  —
U ((F)= ig}goggth(E)h(%)

<sup inf  Mpgg)(E)h(2R(r)r)

s>0 O<r< s

<sup inf M. (E)h(2r)+e
€>00<r<1

=u" (E)+e¢, (3.5)
and
(E) = inf sup M,(FE)h(2r)
5>00<r<s

inf sup M) (E)h(2p(r)r) + €
s>00<r<s

< inf sup M (E)h(2t) +¢
5>00<t<s

\ /\

<V'E) +e. (3.6)
Finally, letting ¢ tend to 0 in (3.5) and (3.6) gives the desired result. O

Proposition 3.3. Let h be a continuous dimension function. Let X be a complete
metric space and let C' be a compact subset of X. Fiz c > 0.

(1) If Hh(V N C) > c for all open subsets V. of X with VN C # &, then
u(c) =

(2) If vh(V N C) > c for all open subsets V' of X with VN C # &, then
)

Proof. (1) Assume that Hh(V N C) > c¢ for all open subsets V of X with
V NC # @. We must now show that U"(C) > c. Let (E;); be a countable
family of subsets of X with C' C U;E;. We now have C = U;E; C U, E;, and
it therefore follows from Baire’s category theorem that there is an index ig
and an open subset W of X such that CNW # @ and CNW C E;,. We

therefore conclude that I/ (Ei) > u" (CNW) > c. It now follows from this
and Proposition 3.2 that

Finally, using (3.7) and taking the infimum over all countable families (E;); of
subsets of X with C' C U, E;, shows that U"(E) = infpcus g, Yoy Hh(Ei) >
c.
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(2) The proof of this statement is identical to the proof of the statement in
Part (1) and is therefore omitted. O

4. Proof of Theorem 2.3

The purpose of this section is to prove Theorem 2.3. For a dimension function
h, we define the set H" by

H" = {X € Kgn ’ for all ¢ > 0 there is a positive integer N and

Ti,...,eny € X,
C,...,CyC X,
such that
X =U;B(z;,1),

Ci - B(.Ti,t) for all i,
C; € Kgy for all 7,
U (C;) = oo for all i } . (4.1)

Proposition 4.1. Let h be a dimension function. Then the set H" is dense in
Ken.

Proof. Let X € K¢y and let p > 0. Also, let dx denote the metric in X. We
must now find a compact metric space Y € Kgy such that dgn(X,Y) < p and
Y € H". Since X is compact we can choose a finite subset E of X such that

dy(X,E) < §.

Next, define the dimension function [ : (0,00) — (0,00) by I(r) = rh(r), and
note that it follows from [12, Theorem 36] that there is a compact metric space
(Z,dz) such that

0<H(Z) < . (4.2)
Let p denote the [-dimensional Hausdorff measure restricted to Z, and write
Z for the support of u, i.e. Zy = supp p. Next, we fix 2y € Zp and put

K= B(Zo, g) N Zo.
Finally, let

Y=ExK, (4.3)

and equip Y with the supremum metric dy induced by dx and dz, i.e.
dy ((2',2'), (2,2")) = max(dx(a',2"), dz(2',2")) for 2’/,2"” € X and 2/,
72" € K. It is clear that Y is compact, and so Y € Kgy. Below we show that
den(X,Y) < pand Y € H". This is the contents of the two claims below.
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Claim 1. den(X,Y) < p.

Proof of Claim 1. Define f : E — Y and g : Y — Y by f(z) = (x,20) and
g:Y — Y by g(z,2) = (x,2). It is clear that f and g are isometries and
we therefore conclude that dgn(E,Y) < du(f(E),g(Y)) = du(E x {20}, E X
K) < sup,ex dz(z,20) < §, whence dgy(X,Y) < den(X, E) 4 den(E,Y) <
dy(X,E) + § < £ + 4 = p. This completes the proof of Claim 1. O

Claim 2. Y € H".

Proof of Claim 2. Let t > 0. It follows from the compactness of K that we
can choose finitely many points z1,..., 2y € K such that K C U;B(z;,t). Let
K, = B(zj, %) N K and write E = {x1,...,25}. Finally, put

Yijg = (-Tiazj)a

Cij = {zi} x K;
fori=1,...,M and j = 1,...,N. In order to prove that Y € H", it suffices
the show that

Y = Uiva<yi,jv t) ) (44)
Cij € B(y;j,t) foralli,j, (4.5)
U (Ci;) = oo for all i, . (4.6)

Below we show that the statements in (4.4)—(4.6) are satisfied.

Indeed, it is clear that ¥ = E x K = U, ;({z;} x (B(z;,t) N K)) =
Ui,; B(yi,j,t); this proves (4.4).

It is also clear that C; ; C B(y, ;,t) for all 4, j; this proves (4.5).

Finally, we prove (4.6). We first show that

0 < HY(K;) < o0

for all j. Indeed, it is clear that H'(K;) < H'(Z) < oo. Next, we show that
H'(K;) > 0. Since z; € K = B(z, %) N Zy, we conclude that there is a point
z; € B(zo,5) N Zo with dz(z;,%;) < . Hence, if we write U; = B(z, ) N
B(z;,%), then 2; € B(z0,5) N Zy and 2; € B(zj, %), whence 2; € U; N Zy. In
particular, we conclude that U; is an open subset of Z with U; N Zy # @, and
since Zj is the support of the [-dimensional Hausdorff measure restricted to Z,

we therefore deduce that H'(U; N Zy) > 0. Finally, since K; = B(z;, 5) NK =
B(z;,%) N B(20,5) N Zy 2 Bz, %) N B(z0,5) N Zy = U; N Zy, we now infer
that Hl(Kj) > Hl(Uj n Zo) > 0.

Since H!'(K;) < oo, we can choose §; > 0 such that H}(K;) > +H!(K;) for
all 0 < § < d;. This clearly implies that if 0 < § < 0; and (E;); is a countable
family of subsets of Z with diam(F;) < ¢ and K; C U, E;, then

Zl(diam(Ei)) > 1HU(K;). (4.7)
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Using Lemma 3.1 we deduce that for § > 0, we have

M;(K;)h(26) > N5(K;)h(20) > & Ns(K;)1(25) . (4.8)

Also observe that it follows from the definition of the covering number Njs(K)
that we can find a family Bs(K;) of Ns(K;) closed balls in Z with centres in
K; and radii equal to ¢ that covers K. In particular, diam(C) < 26 for all
C € Bs(Kj), and so

N5 (K;)U(26) = Zce&;(Kj) 1(26) > ZCEBg(K,-) [(diam(C)). (4.9)
Combining (4.8) and (4. 9) now shows that
Ms(K;)h(20) > 55 Ns(K;)1(20) > 55 ZCeBé(Kj)l(diam(C)). (4.10)
However, we conclude from (4.7) that > ccp, ;) {(diam(C)) > THY(K;) for
all 0 < ¢ < 4, and it therefore follows from (4.10) that
Ms(K;)h(26) > 2 ZCeBg(Kj) I(diam(C)) > & HY(K;)
for all 0 < § < ;. This clearly implies that

Zjlh(K ) = liminfs o Ms(K;)h(25) > liminfs o is HU(K;) =00, (4.11)

since H!(K;) > 0. Finally, we conclude from (4.11) that u" (Cij) = Hh({xi} X

K;) = Hh(Kj) = 0o. This completes the proof of (4.6).

It follows immediately from (4.4)—(4.6) that Y € H". This completes the
proof of Claim 2.
Finally, it follows from Claim 1 and Claim 2 that H” is dense in Kgy. O

Proposition 4.2. Let h be a continuous dimension function.

(1) The set
{X € Kgn ’ Uh(U) = oo for all open subsets U of X with U # & }

is dense in Kgy.
(2) The set

{X € Kay ’ UN(U) = oo for all open subsets U of X with U # @ }
is dense in Kgy.
Proof. (1) Using Proposition 4.1, it clearly suffices to show that
H" C {X € K¢h ’ Hh(U) = oo for all open subsets U of X with U # @ }

(4.12)

We will now prove (4.12). Let X € H". In order to prove (4.12), we must

now show that Hh(U) = oo for all open subsets U of X with U # &. We
therefore let U be an open subset of X with U # &, and proceed to show that
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—h . . . .
U (U) = co. Since U is non-empty and open there is g € U and to > 0 with
Bx (wg,t9) C U. Next, since X € H", we conclude that there is a positive
integer N and

r1,...,ony € X,

Ci,....,CyC X,

such that
X =U;B(z:, %),
C; C B(w;, %) foralli,
Zjh(Ci) =oco foralli.
Since g € X = U;B(x;,%), we can choose an index iy € {1,...,N} with

Ty € B(:cio,%’), whence B(:cio,%’) C B(xzo,to), and so C;, C B(xlo, 2) C

B(wo, to) C U. Tt follows from this that " (U) > U (C;,) = oo.
(2) Using Part 1, it clearly suffices to prove that

{X S KGH’ Hh(U) = oo for all open subsets U of X with U # @ }

C {X € Kgn ’ U"(U) = oo for all open subsets U of X with U # @ }
(4.13)

We will now prove (4.13). Let X € Kgn and assume that Hh(U) = oo for all
open subsets U of X with U # &. In order to prove (4.13), we must now show
that U"(U) = oo for all open subsets U of X with U # @. We therefore fix an
open subset U of X with U # &, and proceed to show that 4" (U) = oc. Since
U is non-empty and open there is z € U and r > 0 such that Bx(z,r) CU. In
particular, this implies that if we write C' = B(z, §), then C is compact and
C C B(zx,r) C U. Next, we prove the following claim.

Claim 1. If V is an open subset of X with V N C # @, then Zjh(V NC)=oo

Proof of Claim 1. Let V be an open subset of X with V N C # @. Choose
y € VNC. Since y € V and V is open, we can choose £ > 0 such that
B(y,e) € V. Next, since y € C = B(x, §), we can choose z € B(z, §) with
z € B(y,e). Finally, since z € B(x,5) N B(y,¢), we can find § > 0 with
B(z,0) € B(x,5) N B(y,¢e), whence B( ,0) € B(z,5)NB(y,e) CCNV, and
S0

u"(B(z,8) <U"(CNV). (4.14)

However, since the set B(z,d) is open and non-empty, it follows from the

assumption about X that Hh(B (2,9)) = oo, and we therefore conclude from
(4.14) that Zjh(C’ N V) = oo. This completes the proof of Claim 1.
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Finally, it follows immediately from Claim 1 and Proposition 3.3 that
U"(C) = o0, and since C C U, this implies that U"(U) = oo. O

We can now prove Theorem 2.3.

Proof of Theorem 2.3. Theorem 2.3 follows immediately from Proposition 4.2.
(2). O

5. Proof of Theorem 2.2.(1)
The purpose of this section is to prove Theorem 2.2.(1). For a dimension
function A and r,c > 0, write

L, = {X € Ken ’MT(X) h(2r) < c} .
Lemma 5.1. Let h be a dimension function and r,c > 0. Then the set Lf)c is
open in Kgy.
Proof. This follows immediately from Lemma 3.1.

Proposition 5.2. Let h be a dimension function.
(1) For c € RT, write

T. = {X € Ken ‘Hh(X) < c} .
Then T, is co-meagre.
(2) Write
T = {X € Ky ‘Hh(X) :o}.
Then T is co-meagre.

Proof. (1) It suffices to show that there is a countable family (G)seq+ of open
and dense subsets G5 of Kgy such that Nyeq+ G5 C T, For s € QT, we define
the set G by

G.= |J ..

0<r<s

We now prove that the sets G4 are open and dense subsets of K¢y such that
Nseq+Gs C Ty; this is the contents of the three claims below.

Claim 1. Gy is open in Kgy.

Proof of Claim 1. This follows immediately from Lemma 5.1. This completes
the proof of Claim 1.

Claim 2. Gy is dense in Kgy.



S. JURINA ET AL. AEM

Proof of Claim 2. Indeed, it is clear that {X € Kgn|X is finite} is dense
in Kgy, and since it is not difficult to see that {X € Kgu|X is finite} C
U0<T<5Lﬁ7c = G, we therefore conclude that G, is dense in Kgy. This com-
pletes the proof of Claim 2.

Claim 3. NgeqtGs C Te.

—h
Proof of Claim 3. Let X € Mg+ Gs. We must now show that U (X) < c.
Since X € NgegtGs € NG 1, we conclude that for each positive integer

n, we can find r, < % such that X € L! . whence M, (X)h(2r,) < c.
It follows immediately from this that Zjh(X) = liminf,~ o M, (X)h(2r) <
liminf, M, (X)h(2r,) < ¢, and so X € T.. This completes the proof of
Claim 3.
(2) This statement follows immediately from Part (1) since clearly T =
OCEQ+TC.

We can now prove Theorem 2.2.(1).

Proof of Theorem 2.2.(1). Theorem 2.2.(1) follows immediately from Propo-
sition 5.2.(2). O

6. Proof of Theorem 2.2.(2)

The purpose of this section is to prove Theorem 2.2.(2). We start by introduc-
ing the following notation. First, recall that for a positive real number r, the
covering number N,.(X) of a metric space X is defined in (2.1). Next, for a
dimension function h and r,t,c > 0, write

AP = {X € Ken )NT(X) h(2r) > c} :
and

Lﬁt,C = {X € Kcn ’ there is a positive integer N and
Ty,...,eN € X,
Cy,...,CnC X,
ri,...,rn € (0,7),
such that
X =U;B(x;,t),
C; C B(xy,t) forall i,

Cie Al foralli}.

C

Also recall that for a dimension function h, the set H" is defined in (4.1).
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Lemma 6.1. Let h be a dimension function and define the dimension function
h by h(r) = h(3) forr > 0.

(1) For all X € Kgn, we have iminf,~ o N, (X)h(2r) > U (X).
(2) For all v, t,c >0, we have HM C Lt

rt,ct

Proof. (1) 1t follows from Lemma 3.1 that M, (X) < N,(X) for all r > 0,
whence N,.(X)h(2r) > Mz (X) h(2r) = Ms,(X) k(2 3r) for all r > 0, and so
lim inf,~ o NV, (X) h(2r) > liminf,~ o M3, (X) h(2-3r) = liminf,~ o M, (C) h(2r)
=" (X).

(2) This statement follows immediately from Part (1). O

Lemma 6.2. Let h be a dimension function and r,c > 0. Then the set Aff’c 18
open in Kgy.

Proof. This follows immediately from Lemma 3.1. 0

Proposition 6.3. Let h be a dimension function and r,t,c > 0. Then the set
L™, is open in Kgy.

r,t,c

Proof. Let X € LI, . and let dx denote the metric in X. Also, in order to
distinguish balls in different metric spaces, we will denote the open ball in X
with radius equal to ¢ and centre at € X by Bx(z,9), i.e. Bx(x,0) = {2 €
X ldx(z,2') < d}.

We must now find p > 0 such that B(X, p) C L"

rt,c*
Since X € L, ., we conclude that there is a positive integer N and

r,t,c’
T1,...,eny € X,
Cy,...,CNnC X,
r1,...,rn € (0,7),
such that

X =U;Bx(xi,t),
Oi - Bx(xi,t) for all Z'7
Cie Al . foralli.

Define ® : X — R by ®(x) = min; dx(x,z;) and note that ® is continuous.
Since X is compact, we therefore conclude that there is zg € X such that
®(z0) = sup,cx ®(z). For brevity write tg = ®(x¢) = sup,cx ®(z), and note
that since xg € X = U; B(z;,t), we can find iy with zg € B(z;,,t), whence
Also, since C; is compact and C; C B(x;,t), we conclude that

:inf{s’Ci QB(xi,s)} <t. (6.2)
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For brevity write
di=1t—1t;.

Finally, since C; € Al , and A" _is open (by Lemma 6.2), we conclude that

there is a positive real number pi > 0 with

B(Ci,pi) C AL .. (6.3)
Now put
p=min(5, .. pN,t;tO,%,...,‘i—’g)
It follows from (6.1) and (6.2) that p > 0. We will now prove that

B(X,p) C L, .. (6.4)

Let Y € B(X,p) and let dy denote the metric in Y. Since dey(X,Y) < p,
it follows that we may assume that there is a complete metric space (Z,dz)
with X,Y C Z and dy(X,Y) < p such that dx(2',2") = dz(2',2") for all
2" € X, and dy (v, y") = dz(y/,y") for all /,y"” € Y. Below we use the
following notation allowing us to distinguish balls in Y and balls in Z. Namely,
we will denote the open ball in Y with radius equal to § and centre at y € Y
by By (y,9), i.e. By (y,0) = {y' € Y |dy(y,y') < 0}, and we will denote the
open ball in Z with radius equal to ¢ and centre at z € Z by Bz(z,0), i.e
Bz(z,0) ={z € X |dz(z,7") < ¢}.

We must now show that ¥ € LT ¢ Since dy(X,Y) < p, we conclude that
for each i, there is a point y; € Y with dz(z;,y;) < p. Next, put

K; = {y € Y‘ dist(y, C;) < p} :
It is clear that

Yi,.., YN €Y,
Ki,...,. Ky CY,
r1,...,rn € (0,7).
In order to prove that Y € LT t,c» it suffices to show that
Y = U;By (yi, t), (6.5)
K; C By (y;,t) for all i, (6.6)
K;e Al . foralli. (6.7)

The proofs of (6.5)—(6.7) are the contents of the three claims below.
Claim 1. Y = UlBy(y“t)

Proof of Claim 1. Tt is clear that U; By (y;,t) C Y. In order to prove the reverse
inclusion, we let y € Y. Since dy(X,Y) < p, we conclude that there is a
point x € X with dz(z,y) < p. Also, since min; dx(x,z;) = ®(z) < to,
we deduce that there is an index j with dx(z,z;) < to. Finally, it follows
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from the definition of y; that dz(x;,y,;) < p. Hence dy (y,y;) = dz(y,y;) <
dz(y, x)+dz(z,25)+dz(z,y;) = dz(y, 2)+dx (v, 25)+dz(2),y;) < pttotp =
2p+1ty <t, and so y € By(y;,t) C U;By(y;,t). This completes the proof of
Claim 1.

Claim 2. K; C B(y;,t) for all 4.

Proof of Claim 2. Since C; C Bx(w;,t), it follows from the definition of the
numbers t; = inf{s|C; C B(x;,s)} and d; =t — t;, that

C; C By (it —%). (6.8)
Next, since dz(z;,y;) < p < f—é < %, it follows that

Bx(wi,t — %) C By(wi,t — %)

2
C Bz(yi,t — %). (6.9)
Finally, combining (6.8) and (6.9) shows that
Ci C Bz(yint — 4)- (6.10)

We can now prove that K; C By (y;,t). Let y € K;. Since y € K;, we have
dist(y,C;) < p < ‘f—é < %, and it therefore follows that there is x € C; with
dz(z,y) < %. Also, we deduce from (6.10) that x € C; € Bz(y;, t—%), whence
dz(z,y;) < t— %. Combining the previous inequalities we have dy (y,y;) =
dz(y,y:) < dz(y,x) +dz(z,y;) < % +t— % < t, and so y € By (y;,t). This
completes the proof of Claim 2.

Claim 3. K; € Affi’c for all i.

Proof of Claim 3. 1t is clear that K; is a closed subset of Y and so K; € Kgy.
We now prove that
sup dist(z, K;) < p. (6.11)
zeC;
Indeed, let « € C;. Since dy(X,Y) < p, we conclude that there is y € Y such
that dz(z,y) < p. In particular, since x € C;, this shows that dist(y,C;) <
dz(y,z) < p,and soy € K;. We deduce from this that dist(z, K;) < dz(z,y) <
p- Finally, taking the supremum over all z € C; shows that sup, ¢, dist(z, ;)
< p. This completes the proof of (6.11).
Next, we prove that
sup dist(y, C;) < p. (6.12)
yeK;
Indeed, let y € K;. Since y € K, it follows from the definition of K; that there
is € C; such that dz(y,z) < p, and so dist(y,C;) < dz(y,x) < p. Finally,
taking the supremum over all y € K; shows that sup,cp, dist(y, C;) < p. This
completes the proof of (6.12).
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Combining (6.11) and (6.12), we immediately conclude that dy(C;, K;) =
max(sup,¢c, dist(x, K;), sup,¢ e, dist(y,Ci)) < p < & < p;, whence K; €
B(C;, pi) C Aﬁhc. This completes the proof of Claim 3.

It follows immediately from Claim 1-Claim 3 that Y € L” 0

rt,cr

Proposition 6.4. Let h be a continuous dimension function.

(1) For c € RT, write
T. = {X € Kgn ’Vh(U) > ¢ for all open subsets U of X with U # @} .

Then T, is co-meagre.
(2) Write

T = {X € Kcn ’Vh(U) = oo for all open subsets U of X with U # @} .

Then T is co-meagre.
(3) Write

S = {X € Kay ‘Vh(U) =00 for all open subsets U of X with U # @}.
Then S is co-meagre.

Proof. (1) It suffices to show that there is a countable family (G )s eq+ Of
open and dense subsets G, of Kgn such that Ng e+ Gs,e C Te. For s,t € QT,
we define the set G5 by

h
GgJ:: LJ Lnnc’

0<r<s

We now prove that the sets G ; are open and dense subsets of Kgy such that
Nsteq+Gs,t C T¢; this is the contents of the three claims below.

Claim 1. G, is open in Kgy.

Proof of Claim 1. This follows immediately from Proposition 6.3. This com-
pletes the proof of Claim 1.

Claim 2. G, is dense in Kgy.
Proof of Claim 2. Let h denote the dimension function defined by h(r) = h(%)

3

for » > 0, and note that it follows from Proposition 4.1 that H h'is dense in
Kepn. Since it also follows from Lemma 6.1 that H* C U0<T<5Lfit7c = Gy,
we therefore conclude that G is dense in Kgn. This completes the proof of

Claim 2.
Cﬂahn 3. fj5¢€Q+(;s¢ g 7}'
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Proof of Claim 3. Let X € Ny e+ Gs,e- We must now show that if U is an

open subset of X with U # @, then Vh(U) > c. We therefore let U be an open

subset of X with U # @, and proceed to show that Vh(U) > c. Since U is

non-empty and open there is g € U and ty > 0 with B(zg,ty) C U. Next,

since X € Ng et Gs,t € NuG 1 4o, we conclude that for each positive integer
n’ 2

n, we can find a positive real number r,, with r, < % such that X € L:f tq

ny 3 sC

In particular, this implies that there is a positive integer N,, and

Tpiy--,Tn,N, €X,
Cnasor o O, € X,
T”vl’ e 77‘”7N71, € (07 TTL) 9
such that
X = UZ‘B(Q?”’Z', %J) s
Ch,i € B, %) foralli,
Ch, € Af}n_i’c for all 7.
Since 79 € X = UiB(a?n,i,%’), we can choose an index i, € {1,...,N,}

such that xy € B(xp.,, %’), whence B(zy,, %’) C B(xo,tg), and so Cy,;, C
B(xp,i,, %) € B(zo,to) € U. We conclude from this and Lemma 3.2 together
with the fact that C,; € A};min,c, that M, ., (U)h(2rn,) > Ny, (U)
h(2ryi,) = Np,. (Cni,) h(2ry,) > c. Finally, since 7y, ;, < 7, < + and so
Tni, — 0, we deduce from the previous inequality that Vh(U ) = limsup,.
M, (U) h(2r) > limsup,, M, , (U)h(2ry;,) > c. This completes the proof of
Claim 3.

(2) This statement follows immediately from Part (1) since clearly T'=N.cq+Te.
(3) Using Part (2), it clearly suffices to prove that

T CS. (6.13)

To the end, let X € T. We must now show that if U is an open subset of X
with U # @, then V"(U) = co. We therefore let U be an open subset of X
with U # @, and proceed to show that V*(U) = oc. Since U is non-empty
and open there is x € U and r > 0 such that B(z,r) C U. In particular, this
implies that if we write C' = B(z, §), then C' is compact and C' C B(z,r) C U.
Next, we prove the following claim.

Claim 4. 1f V is an open subset of X with VN C # @, then Vh(V NC) = oco.

Proof of Claim 4. Let V be an open subset of X with VNC' # @. We must now
show that Vh(V NC)=o00. AsVNC # @, it is possible to choose y € VN C.
Since y € V and V is open, we can choose € > 0 such that B(y,e) C V. Next,
since y € C' = B(x, 5), we choose z € B(x, 5) such that z € B(y,¢). Finally,
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since z € B(x, 5) N B(y, ), we can find 0 > 0 with B(z,d) C B(x, 5) N B(y,¢),
whence B(z,0) € B(x, )N B(y,e) CCNV, and so

V' (B(z,8) <V'(CnV). (6.14)
However, since B(z,9) is open and non-empty and X € T, it follows that

Vh(B(z, §)) = 0o, and we therefore conclude from (6.14) that Vh((]ﬂ V) = oc.
This completes the proof of Claim 4.

Finally, it follows immediately from Claim 4 and Proposition 3.3 that
V'(C) = o0, and since C' C U, this implies that V" (U) = co.

We can now prove Theorem 2.2.(2).

Proof of Theorem 2.2.(2). Theorem 2.2.(2) follows immediately from Propo-
sition 6.4.(3). O
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