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KHOVANOV HOMOLOGY AND WORDS

FUKUNAGA TOMONORI AND ITO NOBORU

ABSTRACT. In word and phrase theory of Turaev, we interpret links or virtual
links as equivalences of phrases over an alphabet consisting four letters. V. Tu-
raev constructed a version of the Jones polynomial for phrases. We study the
well-definedness of the Jones polynomial for phrases in word theory. On the
other hand, M. Khovanov introduced a collection of homology groups which is
a strictly stronger link invariant than the Jones polynomial and O. Viro recon-
structed these Khovanov homology groups. We construct phrase invariants as the
homology groups of certain chain complexes for phrases where the coefficients of
the Jones polynomial are the Euler characteristics of these complexes using the
Viro’s method of Khovanov theory. The invariance of these homology groups is
showed in only terminology of Turaev’s theory of phrases. Moreover, we apply
the homology groups to getting invariants for an other type of phrases over an
alphabet consisting any letters.

Keywords Turaev’s homotopy theory of phrases, categorification, Jones poly-
nomial, homotopy invariants of phrases.

1. INTRODUCTION.

V. Turaev introduced a phrase over a set «, consisting four letters, which is one
to one corresponding to a stable equivalence class of a knot diagram on surfaces or
a virtual link [7, 8, 9]. In this study, we construct cohomology groups K H"(P)
satisfying a Poincaré series (1) for a phrase P, so-called a pseudolink, a projection
image of a nanophrase over a,. .J (P) is a version of the Jones polynomial for phrases
defined by Turaev’s homotopy theory of phrases, we define in Section 3.

(1) J(P)= > ¢ > (-1)tkKH"(P).
j=—00 1=—

o, is the set composed of 4 distinct elements a,,a_,b,,b_ and «, has an invo-
lution 7 : ay +— bx. Let S, = {(ax, ay,ay), (ax,ax,ax), (ag,ax,ay), (b, by, by),
(by,by,bs), (bs,by, by)} where three upper signs or three lower signs should be
chosen in the double signs for each triple [8, Subsection 4.2]. a,-alphabet A is a set
where every element A of A has a projection | | : A — |A] € aw.. A word of length
n > 1 in an alphabet A is a mapping w : 7 — A where n = {i € N | 1 <i < n}.
Such a word is encoded by the sequence w(1)w(2)---w(n). By definition, there is
a unique word @) of length 0. A word w : n — A is a Gauss word if each element
of A is the image of precisely two elements of 7 or w is (). A nanoword (A, w)
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over a, is a pair ( an as-alphabet A, a Gauss word in the alphabet A ). For a
nanoword (A, w = wjws -+ - wy) over «, consisting of subwords w; (1 < i < k) of w,
a nanophrase of length k > 0 over « is defined as (A, (wy|ws] - - |wg)).

For a nanophrase (A, (wy|ws| - -+ |wg)) over a., we associate w; to a pointed com-
ponents of links and the order (1 <7 < k) to a order of components of links. Then,
by introducing an appropriate isomorphism and equivalence to nanophrases using a
map |- | and an involution v(ay) = by, we get the set P(a, V) of equivalence classes
of nanophrases over ., corresponding to the set of link diagrams [8, Subsection 6.3].
Considering certain equivalence relations depended on S, called S,-homotopy, for
nanophrases over «, corresponding to Reidemeister moves of links, Turaev gives
bijection between the set of stable equivalence classes of knot diagrams on sur-
faces and P(a., Si,v) that is P(as,v)/S,-homotopy. Moreover, for P(a., Sy, V),
let ap :={1,—1} and S} := {(£1, £1,+1), (£1,£1,F1), (£1, F1,F1)} where three
upper signs or three lower signs should be chosen in the double signs for each triple.
We can consider the set P(aq, S1,1id) that is an image of the projection: v, — a;
ai,by — land a_,b_ — —1 induces P(a, Sk, v) — P(a1, S1,id), Turaev construct
the Jones polynomial as Si-homotopy invariants of elements, called pseudolinks,
of P(aq,S1,id). However, Turaev’s definition of the Jones pol ynomial J(P) for a
pseudolink P is depend on nanophrases over a, [8, Section 8]. It is obvious the
existence of J(P) by using geometrical objects (i.e. links). However, it is not clear
that the well-definedness of J(P) in only word theory.

In this paper, we give J(P), and K H"/(P) and show they are pseudolink invariants
by using only P of P(ay,S;,id). KH" (P) preserve the property of the Khovanov
homology group as follows: KH®%(P) is a strictly stronger invariant than J(P).
Moreover, we apply K H%/(P) to getting invariants for an other type of phrases over
an alphabet consisting any letters.

2. TURAEV’S THEORY OF WORDS

2.1. Nanowords and Nanophrase. For our preliminary, we define nanophrases
and their S-homotopy as the manner in Turaev’s original paper [7, Section 2], [8,
Section 2], Gibson’s paper[3, Section 2|, or Fukunaga’s paper [2, Section 2.1] that
gives the detailed description of their terminology.

An alphabet is a finite set and letters are its elements. a-alphabet A is a set where
every element A of A has a projection | | : A — |A| € a. A word of length n > 1
in an alphabet A is a mapping w : n — A where n = {i € N | 1 <7 < n}. Such a
word is encoded by the sequence w(1)w(2) - --w(n). By definition, there is a unique
word () of length 0. We define opposite word by writing the letters of a word w in
the opposite order. For example, if w = abe, then w™ = cba. A word w : n — A is
a Gauss word in an alphabet A if each element of A is the image of precisely two
elements of 1 or w is ). A Gauss phrase in an alphabet A is a sequence of words z1,
Zo,..., Ty in A denoted by (zi|xs|...|zs) such that xizg-- -z, is a Gauss word
in A. We call z; ith component of the Gauss phrase. In particular, if a Gauss
phrase has only one component, that com ponen t is a Gauss word. A nanoword
(A, w) over « is a pair ( an a-alphabet A, a Gauss word in the alphabet A ). For a

nanoword (A, w = wjwy - - -wy) over a consisting of subwords w; (1 < i < k) of w,
2



a nanophrase of length k > 0 over « is defined as (A, (wq|ws| - |wg)). Whenever
possible, (A, (wq|ws] - - - |wy,)) is indicated by simple symbols: (w;|ws]| - - - |wy), (A, P)
or P. We call w; ith component of the nanophrase.

An arbitrary nanoword w over « yields a nanophrase (w) of length 1. However, we
distinguish between nanowords and nanophrases of length 1. By definition, there is a
unique nanophrase of length 0. Pay attention to the fact that () is not a nanophrase
of length 0. (cf. [8, Subsection 6.1]. Turaev makes no difference between nanowords
and nanophrases of length 1). We denote the nanophrase of length 0 by (. Note
that we distinguish the nanophrase (0|0|...|0) of length k from the nanophrase
(0]0]...|0) of length [ if k # .

An isomorphism of a-alphabets A;, Ay is bijection f : A; — A, such that
|A| = |f(A)| for an arbitrary A € A;. Two nanophrases (A, p1 = (wy|ws]- - |wg))
and (Ay, po = (wi|wh] - - |w),)) over a are isomorphic if k = k" and there is an iso-
morphism of a-alphabets f : 4; — Ay such that w, = fw; for every i € {1,2,--- ,k}.

2.2. Homotopy of nanophrases. To define homotopy of nanophrases we fix a
finite set o with an involution 7 : @ — « and a subset S C a x a x a. We call the
triple («, 7,.5) homotopy data. Turaev defines S-homotopy as follows (cf. [8, Section
2.2, [2, Section 2.1], [3, Section 2]).

Definition 2.1. Let (o, 7,5) be a homotopy data. Two nanowords (A, w;) and
(As, we) are S-homotopic if one nanophrase is changed into the other by the finite
sequence of the isomorphisms and the following three type deformations (1)—(3),
called homotopy moves, and their inverse. The relation S-homotopy is denoted by
~g.

(H1) Replace (A, (xAAy)) by (A\{A}, (zy)) for A and z, y are words in A\ {A}
possibly including the | character such that (zy) is a Gauss phrase.

(H2) Replace (A, (tAByBAz)) by (A\ {4, B}, (zyz)) if A, B € A with 7(|A|) =
|B| where z, y, z are words in A\ {A, B} possibly including the | character such
that (zyz) is a Gauss phrase.

(H3) Replace (A, (tAByACzBCt)) by (A, (tBAyCA=zCBt)) for (|A|,|B|,|C|) €
S where z, y, z, t are words in A possibly including the | character such that (zyzt)
is a Gauss phrase.

Recall the following two lemmas from [8, Lemma 2.1, Lemma 2.2] (cf. [2, Lemma
2.4, Lemma 2.5]).

Lemma 2.1. Let (a,7,S) be a homotopy data and A be an a-alphabet. Let A, B, C
be distinct letters in A and let x, y, z, t be words possibly including the | character
in the alphabet A\ {A, B,C} such that (zyzt) is a Gauss phrase in this alphabet.
Then,
(i) (A, (tAByCAzBCt)) ~5 (A, (tBAyACzCBt)) for (|A|,7(|B]),|C]) € S;
(i1) (A, (tAByC AzCBt)) ~5 (A, (tBAyACzBC't)) for (7(|A]), 7(|B]),|C]) € S;
(iii) (A, (tAByACz2CBt)) ~g (A, (tBAyCAzBC?t)) for (7(|A]),|B|,|C|) € S.

Lemma 2.2. Suppose that S N (ax{b}x{b}) # 0 for allb € a. Let (A, (rAByABz))

be a nanophrase over a with |B| = 7(|A]) where x, y, z words possibly including
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the | character in the alphabet A\ {A, B} such that xyz is a Gauss phrase in this
alphabet. Then, (A, (tAByABz)) ~s (A\ {A, B}, (zy2)).

Definition 2.2. Let a be a finite set. Fix an involution v o — « called the shift
involution. The v-shift of a nanoword (A,w : n — A) over « is the nanoword
(A" w' :n — A’) obtained by the following steps (1)—(3): (1) Let A := (A — {A})
U {A,} where A, is a letter not belonging to A.

(2) The projection A" — « extends the given projection A — {A} — a by |A,| =
v(J4]).

(3) The word w' in the alphabet A" is defined by w' = zA,yA, for w = AxAy.

We define v-shifts and v-permutations of words in a nanophrase P = (A, (wy|wy]
-+« |wg)) over o and define P(c, S, v) in the following manner as in [8, Subsection
6.2].

Fix a homotopy data («, 7,.5) and a shift involution in «.

Definition 2.3. For i = 1,..., k, the ith v-shift of a nanophrase P moves the first
letter, say A, of w; to the end of w; keeping |A| € « if A appears in w; only once
and applying v if A appears in w; twice. All other words in P are preserved.

Definition 2.4. Given two words u, v on an a-alphabet A, consider the map-
ping A — «a sending A € A to v(|A]) € « if A appears both in u and v and
sending A to |A| otherwise. The set A with this projection to « is an a-alphabet
denoted by A,~,. For i = 1,... k — 1, the v-permutation of the ith and (i +
1)st words transforms a nanophrase P = (A, (wy|ws| - - |wy)) into the nanophrase
(A, (wy|ws| - -+ |wi—1 |wis1|wi|wisa| - - - |wg)). The operation is involutive. The v-
permutations define an action of the symmetric group S, on the set of nanophrases
of length k.

Denote by P(«, S, v) the set of nanophrases over o quotiented by the equivalence
relation generated by S-homotopy, v-permutations and v-shifts on words.
Turaev defines pseudolinks in the following manner as in [8, Subsection 7.1].

Definition 2.5. Let oy = {—1, 1} with involution 7 permuting 1 and —1 and let
S1 C aq X ag X o consists of the following six triples: (1,1,1), (1,1, —1), (=1,1,1),
(—-1,-1,-1), (-1,-1,1), (1,—1,—1). Let v = id. Nanophrases in P(ay, S1,id) is
called pseudolinks.

Remark 2.1. Let «, be the set composed of 4 distinct elements a,,a_,b,,b_ with in-
volution 7 : ay — bx. Let S, = {(ax, ax,ay), (ax,aq,a), (ax,ax,ay), (by, by, by),
(b, by, b)), (b, by, bi)}. A projection o, — oy = {1,—1}; ay,by — 1 and
a_,b_ — —1 induces surjective mapping P(a., Sy, v) — P(a1, S1,id).

In the last of this section, we prepare the notation 4, as in [8, Subsection 6.2]
and also prepare the notation P, as in [8, Subsection 8.2].

Notation 2.1. For a word w, denote by A, the same alphabet A with new pro-
jection |---|, to « defined as follows: for A € A set |A|, = 7(|A]) if A occurs
once, |Al, = v(JA|) if A occurs in twice, and |A|, = |A| otherwise. For a phrase
P in an aj-alphabet A and a word w on A, denote by P, the same phrase on the
ai-alphabet A,,.
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3. THE JONES POLYNOMIAL FOR PSEUDOLINKS.

Turaev define the Jones polynomial for pseudolinks by using recursive relations
for the bracket polynomial of nanophrases over a [8, Section 8]. In this section, we
give a state sum representation of the Jones polynomial for pseudolinks.

Definition 3.1. For every pseudolink P = (A, (w;|ws|- - |wg)), we assign A with
the sign = —1 or 1 and call the sign the marker of A, denoted by mark(A). Let a
state s of P be P with their markers for all the elements of A.

For an arbitrary pseudolink P assigned state s, we consider the following defor-
mation (x):

(2)

(wil -« [aly| - - Jwy) if mark(A) = |A]
Az Ayl - —
(wnl - [AzAy]-- - fw) { (wy] -+ |z7y| - |wg), if mark(A) = —|A|

(+) ’
)= |4l

<wlr---|Ax|Ay|---|wk>e{ - layl

- Jwg) if mark(A) =
(wy]---|z7y| - |wg), if mark(A

A pseudolink (@] ---]0) is obtained by repeating these deformations from P. We
denote the length of this pseudolink (@] ---|0) by |s|.

Notation 3.1. We denote a letter A with |A| = 1 and mark(A) = +1 (respectively
mark(A) = —1) by A, (respectively A_), and we denote a letter A with [A] = —
and mark(A) = +1 (respectively mark(A) = —1) by A, (respectively A_).

Example 3.1. Consider P = (ABAB) with |A| = |B| = 1. If mark(4) = 1 and
)

mark(B) = —1, P is represented as (A B_A,B ) and (AL B_A,B ) B (B |B )

“(0). If P has mark(A) = 1 and mark(B) = —1, (A_B,A_B,) 2 (B,B,) Y

(0).

Example 3.2. Let us add two more examples. (A+B+A+C+B+C+) (B+\C+B+
() ¥e) - ) ()

) @ (00 QW) (AB A By QBB o) @) D).

Lemma 3.1. The |s| is well-defined. In other words |s| does not depend on the
order of deleting letters.

Proof.  On the case A, xA,yB, 2Bt
If we delete A first, then

A+$A+yB+ZB+t — :L"yB+B+t
— :B|B+B+ty

— x|ylty

If we delete B first, then



AzAyB,zB,t — B,zB,tA,xA.y
— z|tA zALy
— z|A iz Ayt
—  z|x|yt

So in this case |s| does not depend on the order of deleting letters.

e On the case A_zA_yB,zB 1
If we delete A first, then

A xA yB,zB,t — x yB.zB.t
— BizB.tx"y

— zltzTy
If we delete B first, then

A_zA yB,zB,t — B,zB,tA zA_y
— z|[tA_zA_y
— z|Ayx Ayt
— zlzTyt

So in this case |s| does not depend on the order of deleting letters.

e On A xA,yB_z2B_t.
In this case we can prove similar as the case of A_zA_yB,zB,t.

e On the case A_zA _yB_zB_t
If we delete A first, then

A zA yB zBt — B _zB txy
— z tzy

If we delete B first, then

A xA yB zB t — z tA zA y
— A_xAzzt
— T Yz t
So in this case |s| does not depend on the order of deleting letters.

e On the cases ZeleEIyBQzBEQt, where €1, € {+, —}.
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In this case we can prove similarly as the cases of A_,zA_.,yB., 2Bt .

e On the cases A, zA. yB.,2B.,t, where e, e, € {+, —}.
In this case we can prove similarly as the case of A_zA_yB_.,2B_t.

e On the case A, 2B yA,;zB,.
In this case, If we delete A first, then

A+xB+yA+ZB+t — $B+y|ZB+t
— B,yz|Bytz

—  yxtz

If we delete B first, then

AjxB,yA,zB,t — B,yA,zB,tA,x
— YA, z|tA,x
— AizylAiat
—  zyxt

So in this case |s| does not depend on the order of deleting letters.

e On the case A_xB,yA_zB,.
In this case, If we delete A first, then

A_xB,yA_zB,t — vy B,x zB.t
— §+m_Z§+ty_

— z aty
If we delete B first, then

A_xB,yA zB,t — B,yA zB,tA x
— yA_z|tA_x
— A_zy|lA_at
— Yy z at

So in this case |s| does not depend on the order of deleting letters.

e On the case A,xB_yA,zB_.
In this case we can prove similarly as the case of A_xB,yA_z2B,.

e On the case A_xB_yA_zB_.



In this case, If we delete A first, then

A_xB_yA_zB_t —

If we delete B first, then

A_xB,yA_zB,t — B yA zB tA_ x
— zfz_y*tz_m
— Ay tA_zz”
—  ytlrz”
So in this case |s| does not depend on the order of deleting letters.

e On the cases A, xB.,yA., zB.,, where €1, ¢, € {+, —}.
In this cases we can prove similarly as the cases of A_, 2B, yA_., 2Bt .

e On the cases A, 2B.,yA., 2B.,, where €1, ¢, € {4, —}.
In this cases we can prove similarly as the cases of A_ xB_,yA_., 2B_.t .

e On the case A,z A, y|B, 2Bt
If we delete A first, then

AyxAyy|ByzBit — x|y|BrzBit
—  zly|zlt.

If we delete B first, then

AyzAyy|ByzBit — AyzAiylz|t

—  zly|z|t.

So in this case |s| does not depend on the order of deleting letters.

e On the case A_zA_y|B,zB,t
If we delete A first, then

A_zA_y|ByzBit — x y|ByzByt
—  x ylz|t.

If we delete B first, then



A_zA_y|ByzByt — A_xA_y|z|t

—  x Y|zt

So in this case |s| does not depend on the order of deleting letters.
e On the case A_xA _y|B,zB,t
In this case we can prove similarly as the case of A_zA_y|B,2B,t.

e On the case A_zA_y|B_zB_t
If we delete A first, then

A_zA y|B_z2B.t — x y|B_zB_t
— x Y|zt

If we delete B first, then

A zA y|B_zB.t — A_zA ylz"t

— x Y|zt

So in this case |s| does not depend on the order of deleting letters.

e On the cases A, A, y|Be,2Bc,t and A, xA. y|B.,2B.,t where €1, €5 € {+, —}.
We can prove similarly as the cases of A_. xA_. y|B.,2Bt and
A _xA_. y|B_.,zB_,t respectively.

e On the case A xB,y|A 2Bt
If we delete A first, then

A, xBy|lA, 2Byt — xB,yzByt
— B,yzB.tx
—  yz|tr.
If we delete B first, then

A+I’B+y‘A+ZB+t — B+yA+$‘B+tA+Z
— yA,xtAz
— AjxtA,zy

—  zt|2y.

So in this case |s| does not depend on the order of deleting letters.
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e On the case A_xB,y|A_zB,t
If we delete A first, then

A_xB,y|A_zB.t — y B,x 2Bt
— §+x_2§+ty_
— 2z xty .

If we delete B first, then

A_zBy|A_zB,t — ByiyA_xz|BitA_z
— yA_axtA_z
— A _xtA_zy

— Tz z2y.

So in this case |s| does not depend on the order of deleting letters.

e On the case A,zB_|A,B_.
In this case we can prove similarly as the case of A_zB,|A_B,.

e On the case A_xB_|A_B_.

A_xB_y|A_zB_t — y B_x zB_t
— B_x z2B_ty”
— T z|ty”

If we delete B first, then

A_zB_y|A_zB_t — B_yA_xz|B_tA_z
— Ay tA_z
— z_y_tz_zx_

— Yy tlzaT.

So in this case |s| does not depend on the order of deleting letters.

e On the cases A, 2B, y|A., 2Bt and A, xB.,y|A., 2Bt where €1, ¢y € {+, —}.
We can prove similarly as the cases of A_. B, y|A_., 2Bt and
A_xB_,y|A_, 2B_t respectively.

e On the case A, z|A,yB,zB,t

If we delete A first, then
10



Ayx|AyyByzBit — zyB,zB,t
— B,zB.txy

—  zltxy.

If we delete B first, then

A+ZL‘|A+yB+ZB+t m— A+Z’|B+ZB+tA+y
— A, x|z|tALy
— Aiz|Aiyt|z

—  zyt|z.

So in this case |s| does not depend on the order of deleting letters.

e On the case A z|A,yB, 2Bt
If we delete A first, then

A z|A_yByzB,t — x yBizB,t
— B,zB.tx™y

— zltzy.

If we delete B first, then

A_x|A_yB,zB,t — A_x|ByzBtA_y
— A_zx|z|tA_y
— A_z|A_yt|z

—  x yt|z.

So in this case |s| does not depend on the order of deleting letters.

e On the case A z|A,yB_zB_t
If we delete A first, then

Ayz|AyyB_ 2Bt — xyB_zB_t
— B _zB txy

— 2 tay.

If we delete B first, then
11



A z|AyyB_ 2Bt — A,x|B_zB_tA,y
— Aix|zTtALy
— Ayx|AiyzTt

— Yz t.

So in this case |s| does not depend on the order of deleting letters.

e On the case A_z|A_yB_zB_t
If we delete A first, then

A z|A yB 2Bt — x yB_zB_ 1
— B zB txy
— Z txy.
If we delete B first, then
A z|A yB 2Bt — A_x|B_zB_ tA y
— A_zx|zTtA_y

— A x|A_yzt

— x yz t.

So in this case |s| does not depend on the order of deleting letters.

e On the case A, 2|A,yBe,2Bet, Aqr|AqyBe,zB,t and A, x|A, yB.,zBt is
proved similarly as the cases of above.

e On the case A, z|A,y|B, 2Bt
If we delete A first, then

A+9§'|A+y|B+ZB+t — .flfy|B+ZB+t
—  zylzlt.

If we delete B first, then

Az|Avy|BizBit — Agx|Ajylzt

—  xy|zlt.

So in this case |s| does not depend on the order of deleting letters.
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e On the case A_z|A_y|B,zB,t
If we delete A first, then

A_z|A_y|ByzByt — x y|BizByt
—  xy|z|t.
If we delete B first, then

A_z|A_y|BizByt — A_x|A_|z|t

— Y|zt

So in this case |s| does not depend on the order of deleting letters.

e On the case A;x|Ay|B_zB_t
If we delete A first, then

Ayz|Ayy|B_zB_t — xy|B_zB_t

—  ay|zt.

If we delete B first, then

Ayx|Ayy|B_zB_t — A,x|Ayy|zt

— zylzt.

So in this case |s| does not depend on the order of deleting letters.

e On the case A_x|A_y|B_zB_t
If we delete A first, then

A z|A_y|B_zB_t — x y|B_zB_t
— x Y|zt
If we delete B first, then

A_z|A_y|B_zB_t — A_z|A_ylz"t

— T ylz7t.

So in this case |s| does not depend on the order of deleting letters.
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e On the case A, 7|A.,y|Be,2Bet, Ae,¥|Ae,y|Be,2Be,t and A 2| A y|Be,2Be,t is
proved similarly as the cases of above.

e On the case A, z|B,y|A, 2Bt
If we delete A first, then

Aix|ByylAizByt — Ajx|A zB.i|BLy
— zzB.t|Byy
— Bitxz|Byy

— txzy.

If we delete B first, then

Aix|ByylAizByt — Ayx|Biy|BitA,z
— Ayzx|ytAiz
— A x|Azyt

—  x2Yt.

So in this case |s| does not depend on the order of deleting letters.

e On the case A_x|B y|A_zB.t
If we delete A first, then

A_z|Byy|A_zB,t — A_z|A_zB,t|B.y
— a zB.t|By
— Bytr z|Byy

— tx zy.
If we delete B first, then

A_z|Byy|A_zByt — A_x|Byy|BitA_z
— A _z|ytA_z
— A_z|A_zyt

— T 2yt.

So in this case |s| does not depend on the order of deleting letters.

e On the case A_z|B,y|A_zB,t
14



This case is proved similarly as the case of A_z|B,y|A_zB.t.
e On the case A_z|B_y|A_zB_t
If we delete A first, then

A_z|B_y|A_zB_t — A_z|A_zB_t|B.y
— x zB_t|B_y
— B tx z|B_y

— z a2t y.
If we delete B first, then

A _x|B_y|lA_z2B.t — A_z|B_y|B_tA_z
— A zlytA_z
— A_x|A_zy7t

— T yz x.

So in this case |s| does not depend on the order of deleting letters.

e On the case A, z|B.,y|A., 2Bt and A, x|B.,y|A., 2Bt is proved similarly as
the cases of above.

e On the case A, z|A,y|B,zB,t
If we delete A first, then

Ax|Ay|Biz|Bit — ay|Biz|Bit
—  zylzt.

If we delete B first, then

Az|Avy|Biz|Bit —  Ajzf|Agylat

—  ay|zt.

So in this case |s| does not depend on the order of deleting letters.

e On the case A_x|A_y|B;z|Byt
If we delete A first, then

A_z|A_y|Byz|Bst — x7y|Byz|Bit

—  xy|z|t.
15



If we delete B first, then

A_z|A_y|Byz|Bit — A_z|A_y|zt

— xy|zt.

So in this case |s| does not depend on the order of deleting letters.

e On the case A x|A y|B_z|B_t
If we delete A first, then

A,z|Ayy|B_z|B.t — x y|B_z|B_t

— ay|zt.

If we delete B first, then

Ayz|Ayy|B_z|B.t — A,z|Ayy|zTt

— ay|z t.

So in this case |s| does not depend on the order of deleting letters.

e On the case A_x|A_y|B_z|B_t
If we delete A first, then

A z|A_y|B_z|B.t — x y|B_z|B_t
— x Y|zt

If we delete B first, then

A_z|A_y|B_z|B.t — A_z|A_y|z"t

— x Y|zt

So in this case |s| does not depend on the order of deleting letters.

e On the case A, x|A., y|Be,z|Be,t and A, x|A., y|Be,z|Be,t is proved similarly as
the cases of above.
Now we have completed the proof. O

Remark 3.1. The deformation (x) corresponds to smoothing crossings of a link dia-
grams in the following figures (cf. [11, Page 320, Figure 1]).
16



K- =~X

FIGURE 1. Smoothing of a diagram according to thick segments cor-
responding to markers.

Definition 3.2. For an arbitrary pseudolink P and state s of P, we define [P], [P|s]
€ Z[t,u,d] by

(3) [P|S] — tﬁ{positive marker}uﬁ{negative marker}d|s\—1’

(4) [P]:=) [Pls].

Proposition 3.1. The polynomial [P] is invariant under Sy-homotopy moves (H2)
for an arbitrary pseudolink P if and only if u =t~ % and d = —t> — 2.

Proof. Consider a nanophrase P = (P;|ABxBAy|P,) with |A| = 4+ and |B| = —,
where z and y are words not including “|” character. Then
(P[ABzBAy|R)] = t[(Pi|BxBly|P)] + s[(Pi| Bz~ By|P2)a
= ( +tsd+ ) [(Pi|27|y|P2)a] + st[(Pr]xy|P)]
So if [P] does not change by the second homotopy move, then ¢? + tsd + s* = 0 and

st = 1. In other words s =t ! and d = —t> — 2.
Converse is checked easily by the above equation. 0

Remark 3.2. Substituting ¢~1 for v and —t? — ¢t=2 for d, we have

[P] _ Zta(s)(_tQ _ t—2)|s|—1

where o(s) := #{ positive marker } — #{ negative marker }.

Proposition 3.2. [P] is invariant under Si-homotopy move (H3) for an arbitrary
pseudolink P.

Proof. First we consider the case of (e(A),e(B),e(C)) = (£,+,4). Consider the
3rd homotopy move

(Pi|ABxACyBCz|Py) — (P1|BAxzCAyCBz|P,).
Then

[(Pi|[ABxACyBCz|P,)] = tSE(A)[(P1|xy|Z|P2)]

(2t — 73 =42 =) [(Py| 22"y | Py)]
t WPz yl|z| P)]

= W[(P|zy 2| Py)]

t= W[(Pila”yz|P)]
17
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and

(P |BAxCAyCBz|Py)|

Note that

+ 4+ +

(P |ry|z| )]

(21) _ 4=3e(A) | p=eld)(_y2
tD(Pilay 2| Ry

= D(Prlay 2| Py)]

=D [(Pr|z7y x| By)).

— )Pz y|z| )]

_ t—2) — ¢<(4)

So [(P1|ABzACyBCz|P,)] is equal to [(P|BAxCAyCBz|P,)].
Consider the 3rd homotopy move

(P |ABz|ACyBCz|Py) — (P,|BAz|C AyCBz|Py).

Then
[(P|ABz|ACyBCz|P,)]

and

[(P|BAz|C AyC Bz| P,)]

+ 4+ + +

+ + +

+

t*D[(Prlzzy| Po))

(24) _ 4=3e(4) el ) (_y2
= WPz |y~ 2| Py)]
t“DI(Pilezy”| P)]

= W[(P|z"yz| P)]

D [(Prlzyz| Py))

(24eA) _ y=3e(A) 4 ye)(_y2
= W[(Pia"yz|Py)]

= WPz |y~ 2| Po)]
D[Py 2| Py)).

—t))[(Prlea”y™| Py)]

—))(Prl"2 7y P)]

So [(P|ABxz|ACyBCz|P,)] is equal to [(P|BAz|C AyC Bz|P,)].
Consider the 3rd homotopy move

(P|ABxACY|BCz|Py) — (P |BAxC Ay|CBz|P).

Then
(P|ABzACY|BC=|Py)]

+ o+ 4+ +

t* D [(Prlazy|Py)]

(24(A) _ y=3e(A) | =) (2
t=W[(P|z"y 2| Py)]

t D[Pz yz| P)]
tE(A)[(Pllé/xMPz)]

— ) [(Prlzy” 2| P2)]



and
[(P|BAx|C AyC Bz| P,)] 3D (Py|zyz| Py)]
(27 — 17D = A (2 —472))[(Pr]2”yz| o))
t=W[(Pa"y 2| P)]
t=D(Pily”x|z| Py)]
+ tW[(Pilzy 2| Py)].
So [(P|ABxzACYy|BCz|P,)] is equal to [(Pi|BAxzC Ay|CBz|P,)].

Consider the 3rd homotopy move

(P|ABz|ACY|BCz|Py) — (P;|BAx|C Ay|CBz|P,).

—~ — 4

Then
[(Pi[ABz|ACY|BCz|P)] t* D [(Pr|y|zz|Py)]

(24D — 473 = D (2 — 7)) [(Pr]y ™ 2| By)]

= D[Pz |2y~ | P

t“D[(Prlzzy| Py)]

= W(Pyz|2|Py)]

+ o+ 4+ +

and
[(P1|BAx|C Ay|CBz| )]

D[P lyz|z| P)]

(2t — 73 D (2 ) [(Pr]y 22| Py)]
= WP 2y |27 | P)]

t= D[Pz y|2| P)]

+ tD[(P|z7yz" | R)].

So [(P1|ABz|ACY|BCz|P,)] is equal to [(P|BAz|C Ay|CBz|P,)].
The cases of (¢(A),e(B),e(C)) = (F,+,£) and (e(A),e(B),e(C)) = (&, £, F) are
proved similarly as the above case. 0

+ o+ o+

Proposition 3.3. For an arbitrary pseudolink P, the Jones polynomial J(P) for
pseudolinks,

(5) J(P) = (=) Y " o) (g2 — g2l

s:states
where U)(P) = Eletters A in P |A‘

Remark 3.3. The Jones polynomial J(P) of a pseudolink P is given by using recursive
relations for the bracket polynomial of nanophrases over «, [8, Section 8]. Tt is
obvious the existence of J(P) by using geometrical objects (i.e. links). However,
it is not clear that the well-definedness of J(P) is given in only word theory of
Turaev. Then, we give the well-definedness by Lemma 3.1 and (5) using only P of
IP((Xl, Sl, ld)

Definition 3.3 of enhanced states is given in the manner as in [11, Page 326,

Subsection 4.3].
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Definition 3.3. By an enhanced state S of pseudolink P we mean a collection of
markers constituting a state s of P enhanced by an assignment of a plus or minus
sign to each of the components (@|---[0). (Recall that (@]---|0) is obtained by
deformations (x).) We denote () with a positive marker + by (0, and () with a
negative marker — by ()_.

Notation 3.2. We rewrite the deformation (x) as follows:
(6)
(wy] - - |azx|ay| - - - Jwy) if mark(A) =

|A
(wi] -+ lax”ay| - - - |wy), if mark(A) = —|A]|

(wi] - ) = |A]
[N A A —
(’LUl’ | .f[," y‘ |wk) { ('lU1| e ‘ax_ay| ’wk:):r lf mark( ) = _‘A’

(wr]---[AzAy|- - Jwi) — {
(%)

|azay| - - - |wy) if mark(A

A pseudolink (aj ---a}, |a3---al,|---|a} ---a} ) given by repeating these deforma-

tions (xx) from P represents an enhanced state S and the pseudolink is denoted by
Bl---B. B2...B2 BY Bk

(0, R |- 0., ) where B}--- B, isa word obtained by

arranging all the distinct letters in {A%,..., A’ } in any desired order. Note that

{A1,..., AL } corresponds to {a},...,al }.

» Yy

Example 3.3. Example 3.2 is rewritten by using Notation 3.2. (A, B, A, C,B,Cy)

(g) (a§+‘a0+§+0+) = (§+a’§+0+a0+) (babC+aC+) = (C+a0+bab) (ﬁ)) (CG’
AC ABC

()

cbab) = (0 | 0 ). (ALB_A_ C’+B Cy) Ny (aB_aCyB_C,) = (B_aC.B_C,a)
ABC

— (bCyabCra) = (C+ab0+ab) (cbacab) (0 ).

(**

Notation 3.3. For an arbitrary enhanced state S of pseudolink P, let

(7) i(S) = M’
(8) 7(9) := {04 in Ps} — #{0_ in Ps},
9) j(8) =~ 8L 205) = Sl
20
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Let s be a state of a pseudolink P, S be an enhanced state of P and J(P) =
(—t* —t72)J(P). By using these notations above we have

(10) J(P) = (=) ) 37 o0 (2 — )
states s

(11) = (—t)73®) Z 178) (—2)7S)
enhanced states S

(12> = Z (_1)w(P)+T(S) t_zj(s)

enhanced states S
w(P)—o(S)

(13) = > (=T ¢ (g=—t7?)
enhanced states S
(14) = Z (—1)iS)gi(),

enhanced states S

Remark 3.4. Let ag be the set {—1, 1} with the involution 7y : 1 — F1 and Sy be
{( =1, =1, =1), (1, 1, 1)}. Note that every S;-homotopy invariant of pseudolinks is
So-homotopy invariant of nanophrases over ag because Sy C Sj.

Corollary 3.1. J(P) and j(P) are So-homotopy invariants for nanophrases P over
Q.

4. KHOVANOV HOMOLOGY FOR PSEUDOLINKS.

Definition 4.1. For an arbitrary pseudolink P, let C'(P) be a free abelian group
generated by enhanced states of P. We define the subgroup C%(P) of C(P) by

C™(P) := (S : enhanced states | j(S) = j,i(S) = i) (i, j € Z).

Remark 4.1. The Jones polynomial .J(P) = $.%° Iy (=1)kCH(P).

j=—o0 4 i——o00

Let us define the differential d of bidegree (1,0) as follows:

d(S) = > (81T

enhanced states T

In other words, for two arbitrary enhanced states S and T, we define incidence
numbers (S : T'). We give the definition of differential in the manner as in [11,
Section 5]. Assume that the order of letters in the alphabet of a pseudolink P is
given.

Definition 4.2. The incidence number (S : T') is zero unless the markers of S and
T differ at only one letter of P and this letter is called the different part between
S and T. The marker of S is positive, and that of T is negative at this different
part. If (S :T) # 0, the different part between S and 7" satisfy one of the six cases
(15)—(20) in the following:
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(15)

S (0]
(16)

S ((2)61‘
(17)

S (0]
(18)

S (0|
(19)

S (0|
(20)

S - (@€1| -

o |®€zf1|

o ’®6171|

o W)eH‘

te |®€l—1|

o |®61—1|

[0c,, |

oA A
(Z)_ | (Z)_ |Q)el+1|""®6k)
A
/‘/'T:<®61""|@6171| 0
oA A
(ZL ’ (Z)+ ‘®61+1|H"@5k)
A
B A (/5 e [/ P
oA A
®+ ’ @, W)eurl’ U W)Gk)
A
A T (Dey| -0, 04
A
®+ |®5l+1| o |®€k)
A A
ar T D10, 0p | 04
A
@- |®61+1| e |®€k)
o A A
ar T (D] 0| Op | 0
A
(Z)— |®€l+1| e |®€k)
o A A
ar T (D] 0] 0- | 04

For (15)-(20), (S : T') is defined as

(21)

(S:7):=1.

Theorem 4.1. dod =0  modulo 2.
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|(Z)El+1| o

Dl

|®€z+1| U
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10c,);
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|@6k)?

10c,);



Proof. Let €; be ith marker of ith letter and so ¢; is an element of {+, —}. Consider
the tuple (€1, €2, ..., €;) consisting of all the markers of a phrase. If card {j | ¢; = +}
<1, d*(S) = 0. So we can assume that card {j | ¢; = +} > 2 now.

To prove

dod(S) = > (S:T)T:U)U =0,

enhanced states T,U

we show Zenhanced states T(S : T) (T : U) =0.

Let A and B be different parts between S and U. We can assume that the other
letters in the phrase are already delated by the deformation (xx). We denote phrases
which were consisted of letter replaced by the deformation (%) by o; (j € {1,---k}),
x,y,z and t. We denote a state S by S = (a phrase P with markers, a pseudolink
given by repeating deformation (xx) from P to the end). We check following 26
cases:

(1)
S = (]|l AvaA B, =Botlonl - |ox),
e A AB ... ... A...
(0)61’ T W)Ezq’ ®€11 ‘ 0512 ‘ @513 ’®€l+1| T W)Gk))

S = (] |laa|Ayz A yBy2Bytlogga] - - - [ow),

(®€1| e |®Ez_1| ®€11 | ®812 |®€z+1| e |®€k))

S = ((ul| - |a|AveAsyByzBytlog| - |ax),
. AB--.
((061’ U ‘Qfl—ly ®611 |®€l+1’ e W)Gk))

S = (o] |aa|AreBryAyzBit|agga - - o),
. AB- ..
(961‘ e ’0)6171‘ (2)511 |®61+1‘ T ’®€k>>

S = (|- |lua[AyaBryAyzBytlog| - og),
... AB-..
((2)61‘ e |®6171| ®611 |®61+1| U W)%))

S = ((u| - |a[AvaBryAyzBytlog| - |a),

(®€1’ to ‘@6171’ 0)511 ’ ®612 ’®€l+1’ e |@5k))
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(7)
S = ((aa] a1 |AyzAry|BrzBitapal - - - o),
A Ao .. B ... B...
((361’ e ‘Qﬁl—ly ®€11 ‘ (2)512 ’ ®613 ‘ ®€14 ’®€z+1| e |®€k))

S = (el |ua|Ayz ALy By zBytlogga ] - - |ag),
R B ... B...
<®51| e |@Ezf1| @611 | ®512 | 9613 |@Ez+1| e |Q)5k))

S = (]|l [AyaAyy|ByzBytlonga] - fow),
A B...
(®61| e |®61_1| ®€11 | @612 |@€z+1| e |®€k))

S = ((aa] - Ja1|AyxBry|ArzBitfaya| - - - o),

(®€1| e |Q)5171’ ®€11 | (2)612 |®€z+1’ e W)Ek))
(11)
S = (] |aa[AvaByylA 2Byt - - o),

(®61| U |®€z_1‘ ®611 |®5l+1| U |®€k))

(12)
S = (]|l [AyaByy[Ay 2B ytonga| - [ow),
. AB-.. ... AB ...
<®61| U |@€l—1| mau | ®£12 |®€l+1| U |®5k))
(13)
S = ((oa]-|oua|Ar|zALy ByzBitloga | - o),
. AB--. ... AB--.
(®51| e |®61_1| 9611 | ®€12 |®€z+1’ U |®Ek))
(14)
S = ((u| - |au[Ava|AyyByzBitlausal - o),
. AB-.- ... AB ...
<®61| U |@€l—1| mau | ®£12 |®€l+1| e |®5k))
(15)

S = ((aul| || Asa|AyyB 2Byt -+ o),
 AB- .-
(®61| e |®6171’ ®811 |®€z+1’ o ‘@Ek))
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S = (| laa|Asa|AyyBi2Bitlausal - o),
. AB---
(®61|"'|®ez_1| (Z)en |@61+1|"'|®%))

= ((u] o= 1\A+5U’A+y‘B+ZB+t’Oél+1’ - |ow),

<®51| e | 6171| @611 | ®512 | 9613 |@Ez+1| e |Q)5k))

= ((051’ |Oél 1|A+x|A+y\B+zB+t|al+1| "0%)7

(Q) | |@Ez 1| @611 | ®€12 | ®613 |(Z)Ez+1| U |®5k))

S = ((041| |041 1|A+x|A+y|B+zB+t|al+1| |04k)7

(®61| U |®61—1| ®811 | @812 | Ez+1| ' |®5k))

S o= ((aa] -+ Jau- 1|A+I|A+y|B+ZB+t|Oq+1| o),
(®61""|®6171‘ 0511 | ®512 ‘€z+1’ W)Ek))
S = ((u][a-1|Arz|BrylAs 2 Byt|onial - - - ),

(®51| e |®51—1| Q)Su |®€l+1| e |®€k))

S = ((a| || Arz|Bry[AyzBit|aal - - Jow),
. AB-..
(Qﬁly"'w)equ Q)En ’®€l+1‘ ’(Z)ék))

S = (] Jeu[Ara|Bry|AszBit|apn ] - o),
.. AB...
(®61| T |®6171| (2)811 |®61+1| e ‘Q)Ek))

S = ((oaf-+|au- 1|A+$|A+Q|B+Z|B+t|&l+1| lak),

(0)61’ to ‘@6171’ Q)Eu ‘ 0’512 ’®61+1‘ e mq))



(25)
S = ((oa]--fag- 1|A+I|A+Q|B+Z|B+t|@l+1| “Jag),

(®61’ e |@6171’ Q)Eu | 0812 ’®€l+1‘ e M%))
(26)
S = ((au]fau- 1|A+x|A+y|B+z|B+t|al+1| o),

(®€1| U |®€l—1| ®811 | ®€12 |(Z)El+1| o |®€k))

e Consider the case (1)
Let

U = ((au] - |og_q1|A_xA_yB_zB_t|lagsq| - - |ag),
.. AB...
(®€1| T ’®6171| ®€41 | Ez+1| |®5k))
It is sufficient to show that for each (e11,€12,€13) € {+, =} x {+, =} x {+, =}, the
coefficient of U in d?(S) is even for all e4; € {+,—}. Hence for S and U, we have
to check the total number of ways to get U from S is even (we denote the condition
by (f)). Let us localize the problem of the difference parts of S, A, and B;. Two

routes (i) and (ii) can be found to change A, (respectively B, ) into A_ (respectively
B, ) as follows:

(i)
S = ((a] o= 1|A+~”UA+Z/B+ZB+HOQ+1‘ Jaw),
(®51| U |®Ezf1| 9811 | (2)812 | ®613 |®€z+1| U W)Ek))

—T = ((u] - |oyq|A_zA- yB+ZB+t|Oél+1| ),

(®61| e |®€l—1| @821 | ®822 |®€l+1| e |@€k)) - Ua

S = ((ar] -+ ]au- 1|A+9CA+?JB+ZB+75\041+1‘ o),

(®61| e ‘@6171’ (2)511 ‘ (2)512 ‘ ®513 |®61+1| e |@6k))

=T = ((a]--Ju- 1\A+xA+yB zB- t\aml Jew),

(®61| |(Z)Ez 1| ®631 | ®632 |®€z+1| U |®5k)) —U

Then the condition (f) can be also state that the sum of the contribution of (i) to
the coefficient of U and the contribution of (ii) to the coefficient of U is even.
The case (e11,€12,€13) = (+, +, +).

In this case (S,T") = 0 for all (g21,€22) and (£31,£32). So the condition (f) holds.

The case (€11, €12,€13) = (—, +, +).
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Consider the route (i), (S,7) is not equal to 0 if and only if (91,€90) = (+, +).
Then for this 7', (T,U) = 0 for all 5y € {£}. On the other hand, in route (ii),
(S,T) =0 for all e31,e30 € {£}. So the condition (f) holds.

The case (511, €12, 613) = (+, - +)

Consider the route (i) (respectively the route (ii)), (S,77) is not equal to 0 if
and only if (91,£90) = (4, +) (respectively (g91,£92) = (+,+)). Then for this T,
(T,U) = 0 for all 4;. So the condition (f) holds.

The case (e11,€12,€13) = (+,+, —).

Consider the route (i), in this route (S,7") = 0 for all 91,90 € {£}. On the other
hand, in route (ii), (S,7) is not equal to 0 if and only if (£31,€32) = (+,+). Then
for this T', (T, U) = 0 for all e4; € {£}. So the condition (#) holds.

The case (811, €12, 813) = (+, - —).

Consider the route (i), (S,T') is not equal to 0 if and only if (£91,£22) = (+, —).
Then for this 7', (T,U) is not equal to 0 if and only if £4; = +. Similarly, in route
(ii), (S,T) is not equal to O for all (e31,€32) = (+, —). Then for this T, (T,U) is not
equal to 0 if and only if €4y = +. So the condition (f) holds.

The case (11, €12,€13) = (—, —, +)-

Consider the route (i), (S,7') is not equal to 0 if and only if (g21,€22) = (—, +).
Then for this T, (T, U) is not equal to 0 if and only if 4 = +. Similarly, in route
(i), (S,T) is not equal to 0 for all (e31,e32) = (—,4). Then for this 7', (T, U) is not
equal to 0 if and only if 41 = +. So the condition (£) holds.

The case (611, €12, 613) = <—7 -, —)

Consider the route (i), (S,7") is not equal to 0 if and only if (e91,€92) = (—, —).
Then for this 7', (T,U) is not equal to 0 if and only if ¢4y = —. Similarly, in route
(ii), (S,T) is not equal to 0 for all (e31,€32) = (—, —). Then for this 7', (T,U) is not
equal to 0 if and only if 4y = —. So the condition (#) holds.

e Consider the case (2)

Let

U = ((aa] - lega[AzA yB 2B tlay| - |og),
(®51| e |®61—1| (2)641 | ®€42 |®€z+1| o |®€k))

It is sufficient to show that for each (e11,e12) € {(£,%)} where double signs are
arbitrary, the coefficient of U in d?(S) is even for all 41,42 € {£}. Hence for S and
U, we have to check the total number of ways to get U from S is even (we denote
the condition by (#)). Let us localize the problem of the difference parts of S, A,
and By. Two routes (i) and (ii) can be found to change A, (respectively B) into
A_ (respectively B.) as follows:

(i)
S = ((u| - |ua[AyzAyyBzBytlogal -+ |ax),

(061‘ T ’®6171‘ 0511 ‘ @512 ’ ®€13 ‘®€l+1| T |®€k))



ST = (o] s [AsA_yBo 2By tlapal - o),
A AB .- ... B...
(@61‘ T |®6171‘ @521 ’ ®€22 | ®823 |®€l+1| T mék)) - U7

S = ((an] -+l 1[As 0 A yBy 2By tlaril - o),

(®61‘ T ’(2)6171‘ ®€11 ‘ 0)512 ’ ®813 ‘®5l+1‘ T |®€k>)

— T = ((O(1| . e |Oél_]_|Z+.I'Z+yB_ZB_t|Oq+1| e |ak)7
...AB---
O+ 10, Ocyy [Dey] -+ 10c,)) — U

Then the condition () can be also state that the sum of the contribution of (i) to
the coefficient of U and the contribution of (ii) to the coefficient of U is even.
The case (e11,€12) = (4, +).

Consider the route (i). Then (S,T") is not equal to 0 if and only if (g91, €92, €23) =
(+,4+,4). For this T, (T,U) = 0 for all €41,e40 € {£}. On the other hand, in route
(ii), we obtain (S,T") = 0 for all £91,£99,95 € {£}. So the condition (f) holds.

The case (11,€12) = (+, —).

Consider the route (i). Then (S,T") is not equal to 0 if and only if (21, €22, €23) =
(+,+,+). For this 7', (T,U) is not equal to 0 if and only if (e41,€42) = (+,4+).
Consider the route (ii). Then (5,7 is not equal to 0 if and only if 57 = +. For
this 7', (T,U) is not equal to 0 if and only if (£41,€42) = (+,4). So the condition
() holds.

The case (€11,€12) = (—, +).

Consider the route (i). Then (S,7) is not equal to 0 if and only if (21, €92, €923) =
(-,-’-,—f-) or (621,822,823) = (—|—, —,+). Put (521,822,523) = (—,+,+). For this T,
we obtain (T,U) = 0 for all 41,640 € {£}. Put (91, €90,€93) = (+, —,+). For this
T, (T,U) is not equal to 0 if and only if (e41,€42) = (+,+). Consider the route
(ii). Then (S,T) is not equal to 0 if and only if €3y = +. For this T, (T,U) is not
equal to 0 if and only if (e41,€42) = (4, +). So the condition (f) holds. The case
(e11,€12) = (=, —).

Consider the route (i). Then (S,T") is not equal to 0 if and only if (g91, €92, €23) =
(—,+, —) or (521,822,623) = (+, - —). Put (821,622,823) = (—, +, —). For this
T, (T,U) is not equal to 0 if and only if (e41,640) = (—,4). Put (€91,€90,893) =
(+,—,—). For this T, (T,U) is not equal to 0 if and only if (e41,240) = (+, —).
Consider the route (ii). Then (S,T) is not equal to 0 if and only if €3y = —. For this
T, (T,U) is not equal to 0 if and only if (e41,€42) = (+,—) or (e41,€42) = (—,+).
So the condition (f) holds.

e Consider the case (3)

Let

U = (o] logafA oA yB 2Bt o),
R AB ... ... B...
(0)61‘ U ’®6171‘ 0541 ’ 0)542 ’ ®E43 ‘®€l+1| e |®€k>)
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It is sufficient to show that for each e1; € {£} the coefficient of U in d?(S) is even
for all €41,€40,643 € {£}. Hence for S and U, we have to check the total number
of ways to get U from S is even (we denote the condition by (#)). Let us localize
the problem of the difference parts of S, A and B,. Two routes (i) and (ii) can be
found to change A, (respectively B, ) into A_ (respectively B, ) as follows:

(i)
S = ((a]-|lua[Aye A yB2Bytlag| - |ag),
... AB...
(®61| U ‘®5l71| ®€11 |®€l+1’ e |®Ek))

-T = ((aq]--- \al_l\Z_xZ_ererﬂalH‘ ),
A AB--.
O] 10 | Oy | Oy [0y ]+ 10e)) — U,

S = ((aul| - |a|AvaAsyByzBytloga| - |ax),
. AB-...
((061’""@6171’ ®611 |®€L+1"“‘®6k))

—T = ((a| - |ou1|AszALyB_zB_tloys| - - - o),

(®61| e |®61—1| ®€31 | ®€32 |®€l+1| U |(Z)€k)) — U.

Then the condition () can be also state that the sum of the contribution of (i) to
the coefficient of U and the contribution of (ii) to the coefficient of U is even.
The case €11 = +.

Consider the route (i). Then (S,T) is not equal to 0 if and only if (g9, e22) =
(+,+). For this T, (T, U) is not equal to 0 if and only if (e41,£42,€43) = (+,+, +).
Consider the route (ii). Then (S, T) is not equal to 0 if and only if (e31,€32) = (4, +).
For this T, (T,U) is not equal to 0 if and only if (e41,€49,€43) = (+,+,+). So in
this case the condition (#) holds.

The case €11 = —.

Consider the route (i). In this case (S, T") is not equal to 0 if and only if (91, €92) =
(—i-,-) or (821,622> = (-,—l-) Put (521,522) = (—i-,-), then for this T, (T, U) is
not equal to 0 if and only if (e41,€40,643) = (+,+,—). Put (e91,89) = (—,+),
then for this T, (T,U) is not equal to 0 if and only if (e41,¢€42,€43) = (—,+,+) or
(€41,€42,€43) = (+,—,+). On the other hand, in route (ii) (S,7") is not equal to
0 if and only if (631,832) = (+, —) or (531,532) = (-,—f—) Put (831,832) = (+, —)7
then for this 7', (7,U) is not equal to 0 if and only if (e41,€49,€43) = (+,+, —).
Put (e31,e32) = (—,+), then for this 7', (T,U) is not equal to 0 if and only if
(€41,€42,€43) = (—,+,+) or (€41, €42,€43) = (+, —,+). So in this case the condition
(#) holds.

e Consider the case (4)
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Let

U = ((au] - |og—1|]A—xB_yA_zB_t|lagiq| - - |ag),
. AB-..
(®€1| e ’®6171| (2)641 |@6z+1| U W)Ek))

It is sufficient to show that for each e1; € {£} the coefficient of U in d?(S) is even
for all e41,€40,643 € {£}. Hence for S and U, we have to check the total number
of ways to get U from S is even (we denote the condition by (#)). Let us localize
the problem of the difference parts of S, A, and B,. Two routes (i) and (ii) can be
found to change A, (respectively B, ) into A_ (respectively B, ) as follows:

()

S = (] |aa|AreBryAyzBit|agga - - o),
.. AB---
((2)61‘ ’(2)6171‘ ®€11 |®61+1‘ ’®€k>>

— T = ((a1| .. |al_1|A_mB+yA_ZB+t|al+1| - |Ozk),
.. AB--.
(mql""@q,l‘ @521 |®€l+1""’®ek>> — U,

(i)
S = ((aa] - a1|AyzBryAszByt|ogya| - - |ag),

. AB- ..
((2)61‘ T ’(2)6171‘ ®€11 |®61+1‘ T ’®€k>>

. AB-..
(®61|"'|®6171‘ @531 |®€l+1""’®6k>> — U.

Then the condition () can be also state that the sum of the contribution of (i) to
the coefficient of U and the contribution of (ii) to the coefficient of U is even.
In this case, it is clear that (S,T)(T,U) = 0 for all T' by the definition of d.
e Consider the case (5)
Let

U = (] -|ua[AzB_yA 2B tlag| - |ag),
...AB- ..
(®e1| |®€z_1| 0641 |®61+1|"'|®6k))'

It is sufficient to show that for each 1; € {£} the coefficient of U in d?(S) is even
for all 41 € {£}. Hence for S and U, we have to check the total number of ways to
get U from S is even (we denote the condition by (f)). Let us localize the problem
of the difference parts of S, A, and B,. Two routes (i) and (ii) can be found to

change A, (respectively By ) into A_ (respectively B, ) as follows:
30



S = (|- |laua[AyaBryAyzBytlog| - og),
... AB--.
(@61| U |@ez_1| ®611 |®q+1| U |®€k))

— T = ((a1| . |al_1|z_l’B+yZ_ZB+t|al+l| A |04k>7
AB---
(®61|'.'|®€z_1‘ (2)521 |®€l+1|”"®€k)) — U’

(ii)
S = ((an]-- a1 |AsxBiyAyzBytloggq] - - |ag),

.. AB-..
(Q)El‘ T |®6171‘ @511 |®61+1| T ’®€k>>

—T = ((] - |u1|AyxB_yA 2B _tlagq] - |ow),

(Q)El| U |®6171| ®€31 | ®€32 |®€z+1| e |®Ek)) — U.

Then the condition () can be also state that the sum of the contribution of (i) to
the coefficient of U and the contribution of (ii) to the coefficient of U is even.
The case €11 = +

On the route (i), we obtain (S,7") = 0 for all T' by the definition of d. Consider
the route (ii). In this case (S,T') is not equal to 0 if and only if (e31,€32) = (+, +).
For this T, (T, U) = 0 for all e4; € {£}. So in this case the condition () holds.
The case €11 = —

Consider the route (i). Then (S,7") = 0 for all . Consider the route (ii). Then
(S,T) is not equal to 0 if and only if (e31,e32) = (+, —) or (€31,€32) = (—, +). Put
(€31,€32) = (+, —). Then for this T, we obtain (7', U) is not equal to 0 if and only if
ey = +. Put (e31,€32) = (—,+). Then for this 7', we obtain (7, U) is not equal to
0 if and only if €4y = +. So the condition (f) holds.

e Consider the case (6)

Let

U = (] |ua[AzB_yA 2B tlayn|- - |a),
(@61|"'|®Ez_1| ®841 |®€l+1| |®€k))

It is sufficient to show that for each (11,e12) € {(£,+)} where double signs are
arbitrary, the coefficient of U in d?(S) is even for all €47 € {£}. Hence for S and U,
we have to check the total number of ways to get U from S is even (we denote the
condition by (f)). Let us localize the problem of the difference parts of S, A, and
B,. Two routes (i) and (ii) can be found to change A, (respectively B ) into A_

(respectively By) as follows:
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S = ((u| - |a|AvaBryAyzBytloga| - |a),
(®61| e |@€l—1’ ®€11 | ®812 |®€l+1’ e |@5k))

(®61|"'|®61—1| @821 |®51+1|”'|®5k)) — U7

S = (|- |aua[AyaBryA 2B tlag| - |ay),
<®61| e |@61_1| ®€11 | ®512 |@€z+1| U |®5k))
=T = (] |ualArzB_yAizB tlapa| - o),

(®51| e |®61_1| ®€31 | ®€32 |@6z+1| e |®5k)) — U.

Then the condition () can be also state that the sum of the contribution of (i) to
the coefficient of U and the contribution of (ii) to the coefficient of U is even.
In this case, we can easily check that (S,T)(7,U) = 0 for all T' by the definition of
T.
e Consider the case (7)

Let

U = ((aa]-|aa|A—zA_y[B_zB_tloys| - - - o),
R AB--.
(®€1| U |®€z_1| @641 | ®€42 |®6z+1| e |@€k))

It is sufficient to show that for each (£11,£12,€13,€14) € {(&, £, £, £)} where double
signs are arbitrary, the coefficient of U in d?(S) is even for all £41,e40 € {#}. Hence
for S and U, we have to check the total number of ways to get U from S is even
(we denote the condition by (#)). Let us localize the problem of the difference parts
of S, A, and B,. Two routes (i) and (ii) can be found to change A, (respectively
B, ) into A_ (respectively By) as follows:

(i)
S = (]| |ArzAyy[BrzBitlaya] - ag),
R Ao ... B... ... B...
(®61| e |@61_1| ®€11 | ®612 | ®513 | ®614 |®6z+1| e |@5k))

ST = (o] JoraA_sA_y| By 2Bytlarn] - ),
R B.oo ... B...
(@61’ to ‘@6171’ Q)Ezl ‘ 0222 ’ 0)523 ‘@6z+1’ o \@ek)) - U>
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(ii)
S = ((a] - |oga|ArzAry|BrzBitlong| - - |ag),
A Aeen o B... ... B...
(®61| o ‘Qfl—ly ®€11 | @512 | ®813 ‘ (2)514 |®€l+1| e |®5k))

=T = ((au] - [a-1|A4zALy[B_2B_t|loga] - - - |ag),
A Ao ... B...
((2)61‘ U ’®6171| (2)831 ’ (2)632 ‘ (2)533 ’®€z+1‘ T W)Gk)) — U.

Then the condition (f) can be also state that the sum of the contribution of (i) to
the coefficient of U and the contribution of (ii) to the coefficient of U is even.
In this case we can easily check that the condition (£) holds since empty words which
relates A and empty words which relates B are independent.
e Consider the cases (8) and (9).

In this cases the condition (f) holds similarly as the case (7).
e Consider the case (10)

Let

U = (| laa|A-xB_ylA_2B_tlaga| - ag),

(0)61’ e |@6171’ @641 ’ ®€42 |®€z+1| T |®Ek))

It is sufficient to show that for each (e11,€12) € {(£,%)} where double signs are
arbitrary, the coefficient of U in d?(S) is even for all g41, 42 € {£}. Hence for S and
U, we have to check the total number of ways to get U from S is even (we denote
the condition by (#)). Let us localize the problem of the difference parts of S, A,
and B,. Two routes (i) and (ii) can be found to change A, (respectively B,) into
A_ (respectively B, ) as follows:

(i)

S = ((u] - [a-1|ArzBry|AyzBit|ag] - - |og),

<®€1’ e |@6171| ®€11 ’ 9612 ’6)6171 |®Ez+1’ e W)Ek))

—T = ((aa] |y a|A-zByy|A zBytlag] - o),
(Q)El’ U |(2)5171| @621 ’®61+1| e |®€k)) - U7

S = ((a| -+ |aa|ArzBiy|ApzBitlaral - |ox),

(@51| e |®Ez-1| Q)eu | mam |®€l—1 |®Ez+1| U |@€k))

—)T — ((O[1|-.-|al_1|A+xB_y|A+ZB_t|al+1|.|ak)’
. AB---
<@61"“|@6171| @531 ’@elﬂ"'-’@gk)) — U.
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Then the condition (f) can be also state that the sum of the contribution of (i) to
the coefficient of U and the contribution of (ii) to the coefficient of U is even.
The case (e11,€12) = (+,+).

In this case, both in the route (i) and in the route (ii), (S,7") = 0 for all T. So
the condition (#) holds.
The case (11,€12) = (+, —).

Consider the route (i). In this route (S, 7T) is not equal to 0 if and only if 97 = +.
Then for this T', (T, U) is not equal to 0 if and only if (e41,€42) = (+,+). Consider
the route (ii). In this route (S,7") is not equal to 0 if and only if €3y = +. Then for
this 7', (T,U) is not equal to 0 if and only if (e41,€42) = (+,4). So the condition
(#) holds.

The case (€11,€12) = (—, +).
Consider the route (i). Then (S,T) is not equal to 0 if and only if £9;

= +.
Moreover for this 7, (T,U) is not equal to 0 if and only if (e41,e42) = (+,+).
Consider the route (ii). Then (S,7") is not equal to 0 if and only if 3 +.

Moreover for this 7', (T,U) is not equal to 0 if and only if (e41,€42) = (+,+). So
the condition (f) holds.
The case (£11,€12) = (—, —).

Consider the route (i). Then (S,7T) is not equal to 0 if and only if g9 = —.
Moreover for this 7', (7,U) is not equal to 0 if and only if (e41,642) = (4, —)
or (e41,€42) = (—,+). Consider the route (ii). Then (S,7) is not equal to 0 if
and only if €337 = —. Moreover for this 7', (T, U) is not equal to 0 if and only if
(€41,€42) = (+,—). (€41,€42) = (—,+). So the condition (f) holds.

e Consider the case (11)

Let

U = ((au]--|oua[A_xB_y[A 2B _tlay]- - - |ax),
(®61| |®€l—1| ®841 |@€l+1|"'|®€k))'

It is sufficient to show that for each e1; € {£}. the coefficient of U in d*(S) is even
for all €4y € {£}. Hence for S and U, we have to check the total number of ways to
get U from S is even (we denote the condition by (f)). Let us localize the problem
of the difference parts of S, A, and B,. Two routes (i) and (ii) can be found to
change A, (respectively By ) into A_ (respectively B, ) as follows:

(i)
S = ((au]--leua|AyxByylA 2 Bytlongal - - o),
... AB- ..
(®E1| U |®6z-1| @511 |®€l—1 |®6z+1| U |®5k))

(0)61’ o ‘0)6171’ ®621 ’ ®€22 |®€l+1’ o W)Ek)) - U?



(ii)
S = (]l [AyeBiylA 2 Bitlogg | - - og),
. AB-..
<@61| U |®6171‘ @611 |®6171 |®€z+1’ e |@€k))

—T = ((a1]| - |u_1|AsaB_y|A 2B t|ag| - o),

(®51| U |®61_1| ®€31 | (2)632 |@6z+1| e |®5k)) — U.

In this case we can chose €91, €99, €31 ,632 € {£} so that (e21,€22) = (31,€32) and
(S,T) is not equal to 0. Moreover T's in the route (i) and in the route (ii) have same
form. So the condition () holds.
e Consider the case (12)

Let

U = (ol lora[A-aB_ylA_zB_tlarl- - aw),

(0)61’ to ‘@6171’ ®€41 ’ ®642 ’®€l+1| T ’Q)Gk))

Then the condition () can be also state that the sum of the contribution of (i) to
the coefficient of U and the contribution of (ii) to the coefficient of U is even.

It is sufficient to show that for each (e11,e12) € {£,4} where double signs are
arbitrary, the coefficient of U in d?(S) is even for all g41, 42 € {£}. Hence for S and
U, we have to check the total number of ways to get U from S is even (we denote
the condition by (#)). Let us localize the problem of the difference parts of S, A,
and By. Two routes (i) and (ii) can be found to change A, (respectively B.) into
A_ (respectively B, ) as follows:

(i)

S = (|- |a[AvaByy[Ay 2B ytlona| - ow),

(Q)El’ e W)Equ 9611 ’ 9612 |®€zf1 |(Z)Ez+1| e |Q)5k))

— T = ((a1| . |al_1|Z_x§+y|z_z§+t|al+l| .. |ak;)7
. AB...
Dey |10,y ey 0c, |- 10.,)) — U,

S = (] -l [AyrBry[A 2B tlaga] - - - |ag),

<®€1’ e |@6171| (2)611 ’ ®€12 ’(2)6171 |@€z+1’ T W)Ek))

— T = ((a1| . ’al—l|Z+$§—y|z+'2§—t|al+1| e |ak)7
(®61| "'|®61_1| ®a31 |®El+1|"'|@ek)) — U.

Then the condition (f) can be also state that the sum of the contribution of (i) to

the coefficient of U and the contribution of (ii) to the coefficient of U is even.
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This case is completely same as the case (ii).
eThe cases (13) - (23)
We can easily check the condition (f) by the definition of d.
eThe cases (24) - (26)
In this case we can prove the condition (f) holds same as the case (7).
Now we have completed the proof. O

Definition 4.3. We denote the mapping d modulo 2 : C%(P;Zy) — C"1(P; Zs)
by dj for i and j. The Khovanov homology group K H“/(P) for a pseudolink P is
defined as

(22) KH"Y(P) := Kerdé/lmd’;l.

Remark 4.2. KH"(P) is independent of the order of the letters of P because the
incidence number (S : T') is always either 0 or 1 modulo 2 for enhanced states S
and T

5. INVARIANCE UNDER S;-HOMOTOPY MOVES.

Theorem 5.1. KH"(P) is Si-homotopy invariants for pseudolinks.

Proof. By construction of KH*(P), KH"(P) is not depend on an arbitrary iso-
morphism of P. Then K H% is invariant under isomorphisms. It remains to prove
that if a nanophrase P is obtained from a nanophrase P’ by a homotopy move then
KH®(P") ~ KH"(P).
(I) Consider the first homotopy move (zAAy) — (xy}1 and its inverse move where
w A

|A| = 1. For P" and P, denote by S, (¢,n) the state (u| 0. |0,|v) of P’ with mark(A)
w
= 1 and denote by S_(¢) the state (u| 0 [v) of P’ with mark(A) = —1 where €, 5
€ {+,—}. The subcomplex C" of C'(P’) is defined by C" := C(Sy(+,+), S (+,—)
- S+(_7 +))
First, the retraction
P C(P/) - C<S+(+7 +)7 S+(+7 _) - S+(_7 +))

is defined by the formulas

S—i—(_'_a +) = S+(+7 +)>

Si(—=+) = Si(=+) = S+, -),

otherwise — 0.

Second, the isomorphism
w

C(S4(+,+), Si(+, =) = Si(=+) = C(P) = C((ulds|v), (uld-|v))
is defined by the formulas
Si(+,+) = (uld4]v),
Si(+, =) = Si(=+) — (uld-|v).
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Third, consider the following composition of this isomorphism with p
c(P) L o' o).

The map h : C(P') — C(P') such that doh + hod = id —inop, is defined by
the formulas

S_(+) = S+, ),
S*(_) = S+(_> _)7

otherwise — 0.

(II) Consider the second homotopy move P’ = (tAByBAz) — (xyz) = P and
its inverse move where (|A],|B|) = (1,—1). It is necessary to consider two distinct
cases (II-1), (II-2) as follows.

(II-1) Consider the case where the state of P’ with (mark(A), mark(B)) = (1, 1)
ABw

is represented as (u| 0. |v).
Aw AB
Denote by S;_(€,n) the state (u| 0. | 0, |v) of P’ with (mark(A), mark(B)) = (1,
ABw ABt
—1), denote by S_. (¢,n) the state (u| O | 0, |v) of P’ with (mark(A), mark(B))
ABw
= (—1, 1), denote by S, (¢) the state (u| 0. |v) of P with (mark(A), mark(B))
ABw
= (1, 1) and denote by S__(¢) the state (u| . |v) of P" with (mark(A), mark(B))
= (=1, —1) where ¢, n € {+,—}. The subcomplex C" of C(P’) is defined by C’
= (S*Jr(—i_a +)7 S*Jr(—i_? _) + S+*(+7 _>7 S*+(_7 +> + S+*(_> _)7 S*Jr(_’ _> +
S+*(_7 _))

First, the retraction p : C(P’) — C" is defined by the formulas

S—i(+,4) = S_i(++),
St (4, =) = S (+, =) + 54— (4),
S_i(=+) = Soi(=,4) + 54 (4),
S—i(= =) = S (=, =) + 54— (),
(h,4) = 54, +)
(+,-)

otherwise — 0.

Second, the isomorphism



is defined by the formulas

w t

Sy (4, +) = (ul04]04 |v),

w t

St (=) + 84— () = (ul04]0_|v),
St (= 4) + 84 (+) = (u]0_[04]v),

St (= =)+ 54-(=) = (u|0-|0_v).
Third, consider the following composition of this isomorphism with p
C(P) L '™ op).

The map h : C(P') — C(P') such that doh + hod = id —inop, is defined by
the formulas

S__(€) — Sy_(e,—),
Si—(€,4) = Sii(e),
otherwise — 0.

(II-2) Consider the case where the state of P’ with (mark(A), mark(B)) = (1, 1)
Aw ABt
is represented as (u| 0. | 0, |v).
Aw AB Bt
Denote by S;_(¢, ¢, n) the state (u| Oc | O¢ |0, [v) of P’ with (mark(A), mark(B))
ABwt
= (1, —1), denote by S_, (¢) the state (u| 0. |v)of P’ with (mark(A), mark(B)) =
Aw ABt
(—1, 1), denote by S;4(€) the state (u| O | 0, |v) of P’ with (mark(A), mark(B))
ABw Bt
= (1, 1) and denote by S__(e,n) the state (u| @ |0,|v) of P" with (mark(A),
mark(B)) = (=1, —1) where €, n € {+, —} and the word ¢’ is obtained by deleting
from ¢ all letters which appear in w. The subcomplex C” of C'(P’) is defined by C’

= C(S_y(4) + Si(+, = +), S (=) + Sy—(+,—, =) + S4—(—,—+) ).
First, the retraction p : C(P') — C" is defined by the formulas
S_i(+) = S_p(+) + S (+, =, +),
S (=)= S (=) + S (+, =, =) + 8- (=, = +),
Si-(+ 4+, =) = Sy (+) + 54 (+, - 7+),
S (= +,+) = S_p () + S (+, = +),
Si(=+ =)= S (=) + 5 (+, = =)+ 5 (= =),

otherwise — 0.
38



Second, the isomorphism

wt!

C"— C(P) = C((u 0 [v))
is defined by the formulas

wt’
S_ () + S (= +) = (u] 04 |v),

wt!

S—+<_) + S+—(+7 s _) + S—i——(_? _7 +) = (U| Q)— |U)
Third, consider the following composition of this isomorphism with p
C(P) L = op).

The map h : C(P') — C(P’) such that doh + hod = id —inop, is defined by
the formulas

S__(e,n) — Si_(e,—,1m),
S+, (6, +, 7]) = S++(67 77)7
otherwise — 0.

By using (II-1) and (II-2), we proved K H*((xAByBAz)) ~ KH" ((zyz)) if
(JA],1B|) = (1,—1). In addition, the fact is, (II-1) and (II-2) prove that K H®((
rtAByABz)) ~ KH"((xyz)) if (JA],|B|]) = (—1,1). Moreover, by exchanging
A, B in the proofs above, (II-1) and (II-2) prove that KH"((xAByBAz)) =~
KH"((xyz)) if (|A|,|B|) = (=1,1) and KH" ((rAByABz)) ~ KH"((xyz)) if
(1AL, 1B]) = (1,-1).

Here, consider

zAAy © zABBAy with |[A] = —1,|B| =1

H2

~ Y.
We has already showed that the invariance of K H*/ under these moves above and
then K H" is preserved under the first homotopy move xAAy — zy with |[A| = —1
and its inverse move.

(III) Consider the third homotopy move P’ = (rtAByACzBCt) — (tBAyC AzC Bt)

= P and its inverse move where (|A|,|B],|C|) = (—1,—1,—1). For the letters A,
B and C, we define wapc, wap, wac, wWpe, wa, wg and we in the following. Let
wapc be a word containing A, B and C. Let (X,Y,Z) = {(A,B,C), (A,C, B),
(B,C, A)}. Denote by wxy a word containing X and Y and not containing Z and

denote by wy a word containing Z and not containing X and Y.

(III-1) Consider the case where the state of P’ with (mark(A), mark(B), mark(C'))
WABC
= (1, 1, 1) is represented as (u| 0. |v).
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WABC
Denote by Sy 1 (€) the state (u| (. |v) of P’ with (mark(A), mark(B), mark(C))
WABC WAB
= (1, 1, 1), denote by S_;(e,n) the state (u| 0. |0, |v) of P’ with (mark(A),
WABC ABC
mark(B), mark(C)) = (=1, 1, 1), denote by S;_(e,n) the state (u| 0. | 0, |v)
of P' with (mark(A), mark(B), mark(C)) = (1, —1, 1), denote by S__ (¢) the state

WABC

(u| O |v) of P" with (mark(A), mark(B), mark(C)) = (=1, —1, 1), denote by
WABC WBC
St4—(e,n) the state (u| 0. | 0, |v) of P with (mark(A), mark(B), mark(C)) = (1,
Wac WAB WBC
1, —1), denote by S_;_(¢,¢,n) the state (u| O | O | 0, |v) of P" with (mark(A),
WABC
mark(B), mark(C)) = (-1, 1, —1), denote by S;__(e) the state (u| @ |v) of P’
with (mark(A), mark(B), mark(C)) = (1, —1, —1), denote by S___(€,n) the state

Wac WABC
(u] Oc| 0, |v)of P with (mark(A), mark(B), mark(C)) = (-1, —1, —1).

The subcomplex C’ of C(P') is defined by C" := C( S_yi(+,+), S—si(+,—) +
St (=), Soyi(=4) + Sii(+,-), S—yi(=, =) + St (=, ), Sw ) where
S.«— denotes every states with mark(C') = —1.

WAB WAC
Denote by Ty_,(€,n) the state (u| 0| 0, |v) of P with (mark(A), mark(B),
wy wg we ABC
mark(C)) = (1, —1, 1), denote by T_,,(¢,(,n, —) the state (u| 0| 0| 0, 0- |v)
of P with (mark(A), mark(B), mark(C)) = (—1, 1, 1), denote by T, (€, n) the state

WaBC WB

(u] O | 0,v) of P with (mark(A), mark(B), mark(C)) = (1, 1, —1), denote by
wA WABC WB
T . (e,¢,n) the state (u| O O | 0,|v) of P with (mark(A), mark(B), mark(C))
WABC
= (=1, 1, —1), denote by T,__(e) the state (u| 0. |v) of P with (mark(A),
WA WABC

mark(B), mark(C')) = (1, —1, —1), denote by T___(¢,n) the state (u| 0. 0, |v)
of P with (mark(A), mark(B), mark(C)) = (-1, —1, —1), denote by T.._ every
states of P with mark(C) = —1.

The subcomplex C of C(P) is defined by C' := C( T —y(+,n) + Ty (+, +,m, —),

T+*+<_7 77) + T7++(+7 — 1, _) + T7++<_7 +7 m, _>7 T**, )
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First, the retraction p : C(P') — C" is defined by the formulas

S_qi(+,4) = Sopi (+,4),

Soqi(4, =) = Sogi (4, =) + Seep (4, ),

Seqi(=+) = Sgi (= +) + Siei(+, ),

Seii(= =) St (= =)+ 84— (=, ),
Siex— F S,

Si—i(,4) = Soqi (F,4) + S (+,4),
Siot(=4) = Sgi(+ =)+ S—gi (=) + Sp (4, =) + S (= 1),
S——1(€) = S1——(e),
otherwise — 0.
Second, consider the following composition of the following isomorphism with p
(23) cP)L o™= oL ow).
The isomorphism C” — C'is defined by the formulas

Seqi(+H) = Ty () + T (+, 4,4+, ),
Seqi( =)+ 84+ =) = T (4, =) + T (1, + =, ),
Seqi(= )+ 844+ =) = T (= ) + T (1, =+, =) + T (=, +, ),
Seii(= =)+ S ) > Thi (= =) + T (=, — =)+ T (=, — ),
Spr—(e,m) — Thy—(€,m),
S_i—(e,¢,m) — Th (e, ¢, m),
) (

S_—_(en) —T__(e,n).

Third, the map h : C(P") — C(P’) such that doh 4+ hod = id — inop, is defined
by the formulas

S () S (o),
Si—4(€,+) = Sty (e),
otherwise — 0.

(I1I-2) Consider the case where the state of P’ with (mark(A), mark(B), mark(C'))
WaB WABC
= (1, 1, 1) is represented as (u| 0. | 0, |v).
WAB WABC
Denote by S, (€,n) the state (u| 0| 0, |v) of P with (mark(A), mark(B),
WaABC
mark(C)) = (1, 1, 1), denote by S_,  (€) the state (u| 0. |v)of P’ with (mark(A),
wac
mark(B), mark(C)) = (-1, 1, 1), denote by S;_,(¢,¢,n) the state (u| 0. | 0O
wp
| 0,,]v) of P’ with (mark(A), mark(B), mark(C)) = (1, —1, 1), denote by S__(e,n)
a1



WABC WB
the state (u| 0 | 0, |v) of P" with (mark(A), mark(B), mark(C)) = (-1, —1, 1),
WABC
denote by Si,_(€) the state (u| 0. |v) of P' with (mark(A), mark(B), mark(C))
WABC WAC
= (1, 1, —1), denote by S_._(€,n) the state (u| 0. | 0, |v) of P" with (mark(A),
WABC WABC
mark(B), mark(C')) = (—1, 1, —1), denote by S, __(e,n) the state (u| 0. | 0, |v)
of P' with (mark(A), mark(B), mark(C)) = (1, —1, —1), denote by S___(¢,(,n)
WABC WAC WB
the state (u| 0. | 0| 0,|v) of P’ with (mark(A), mark(B), mark(C)) = (-1, —1,
—1).
The subcomplex C’ of C(P') is defined by C" := C( S_iy(+) + Sty (+, —, +),
S_ii (=) + Siy(+,— =) + S4—4(—,—,+), Sus_ ) where S,._ denotes every states
with mark(C) = —1.

WABC
Denote by T (€) the state (u| 0. [v)of P with (mark(A), mark(B), mark(C))
Wpc WA ABC
= (1, —1, 1), denote by T_,,(e,(,—) the state (u| O | O;| O_ |v) of P with

WaBC

(mark(A), mark(B), mark(C)) = (-1, 1, 1), denote by T, _(e) the state (u| 0 |v)
of P with (mark(A), mark(B), mark(C)) = (1, 1, —1), denote by T_, (e, n) the state

WpC WA
(u|] 0| 0,|v) of P with (mark(A), mark(B), mark(C)) = (-1, 1, —1), denote by

WABC WBC
T, __(e n) the state (u| 0. | 0, |v) of P with (mark(A), mark(B), mark(C)) = (1,
Wpc WA WBC

—1, —1), denote by T___(e,(,n) the state (u| 0. | O¢ 0, |v) of P with (mark(A),
mark(B), mark(C)) = (—1, —1, —1), denote by T\._ every states of P with mark(C)
— 1.

The subcomplex C' of C(P) is defined by C := C( Ty (+) + Toiy(+,+,—),
Tr () + Ty (= =) + Ty (=4, =), T )

First, the retraction p : C(P") — (" is defined by the formulas

Soqi(H) = Sopi () + S (=, +),
Seii(=) = St (5) + S (= =) + i (=, = 1),
Six— F S,
Si—t(++, =) = S () + S (+, = +) + S (4),
Si—i(=+,4) = S () + Siei (4, = +) + S (),
Si—t(=+ =) = S (5) + i (= =) + S (= — =) + 5= (),
S_—i(e,m) = Si——(e,m),
otherwise — 0.
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Second, consider the following composition (23) of the following isomorphism with
p. The isomorphism C’ — C'is defined by the formulas

Seii(H) + Shmi (=) = Thm () + T (+, +, ),
Seii (D) + 84—t = =)+ St (= = H) = Ty (5) + T (+,—, )
+ T—-H—(_v +, _)7
S++ (€) — T++ (¢),
(€)= Ty —(em),
S+——(€ n) T+——( n),
S___(e,¢,n) —T___(e,¢,n).

Third, the map h : C(P") — C(P’) such that doh + hod = id — in op, is defined
by the formulas

S__+(€, 77) = S—l———i—(ea — 77)7
S+_+(e, -+, T]) = S+++(€7 77)7
otherwise — 0.

(I1I-3) Consider the case where the state of P’ with (mark(A), mark(B), mark(C'))
WA WABC
= (1, 1, 1) is represented as (u| 0. 0, |v).
WA WABC
Denote by Syi4(e,n) the state (u| 0| 0, |v) of P" with (mark(A), mark(B),
wABC
mark(C)) = (1, 1, 1), denote by S_, , (€) the state (u| 0. |v)of P’ with (mark(A),
w A ABC wpec
mark(B), mark(C)) = (-1, 1, 1), denote by S;_. (e, ¢, n) the state (u| O 0 | 0,
|v) of P with (mark(A), mark(B), mark(C)) = (1, —1, 1), denote by S__(¢,n)
WABC WBC
the state (u| @ | 0, |v) of P" with (mark(A), mark(B), mark(C)) = (-1, —1
WA WBC WABC
1), denote by Sii_(e,¢,n) the state (u| Oc| O | @, |v) of P with (mark(A),
WABC WBC
mark(B), mark(C)) = (1, 1, —1), denote by S_;_(e,n) the state (u| 0. | 0, |v)
of P" with (mark(A), mark(B), mark(C)) = (=1, 1, —1), denote by S;__(¢,n) the
WA WABC
state (u| 0| @, |v) of P’ with (mark(A), mark(B), mark(C)) = (1, —1, —1), de-
WABC

note by S___(e) the state (u| @, |v) of P’ with (mark(A), mark(B), mark(C)) =
(-1, =1, —1).

The subcomplex C’ of C(P') is defined by C’ := C( S_yy(+) + Si_i(+,—, +),
S_qi(=) + Sii(+,—, =) + S4—4(—, = +), S ) where S,,_ denotes every states
with mark(C') = —1.

?

WABC
Denote by T\ _ (¢) the state (u| 0. |v)of P with (mark(A), mark(B), mark(C))
WABC ABC wp
= (1, =1, 1), denote by T, (e, —,n) the state (u| 0. | 0_ | 0,v) of P with
13



(mark(A), mark(B), mark(C)) = (=1, 1, 1), denote by Ty, _(€,(,n) the state
WAC WB WABC
(u| Oc | O 0, |v) of P with (mark(A), mark(B), mark(C)) = (1, 1, —1), denote

WABC WB
by T_._(€,n) the state (u| 0. | @,lv) of P with (mark(A), mark(B), mark(C)) =
Wac WABC
(=1, 1, —1), denote by T, __(e,n) the state (u| 0| @, |v) of P with (mark(A),

WABC
mark(B), mark(C)) = (1, —1, —1), denote by T___(¢) the state (u| 0. |v) of P
with (mark(A), mark(B), mark(C’)) (—1, —1, —1), denote by T,._ every states
of P with mark(C) = —1.
The subcomplex C of C(P) is defined by C := C( Th_y(+) + Ty (+,—, +),
T+—+(_) + T—++<+7 T _) + T——H—(_a R +)7 T )
First, the retraction p : C(P’") — (" is defined by the formulas

S,++(—|—) = S,++(+) + S+*+(+7 R +)7
S (=) i S (=) + S (= =) + Sy (= =4,

Sixe > Sanes
Siot(+,+,4) = S (+,+, 1),
Sies (.4, =) = Sogi () + Shoi (4, — ) + Shqo (4, =) + S (+,—, 1),
St + ) = S () + Smi (4, =, ) + S (=, +, 1),
Sii(= 4, =) = Sopi () + S (=, =) + 54—t (= — ) + S (=, +, )

+ S (= =),
S——+(6777) = S+__(€,77),

otherwise — 0.

Second, consider the following composition (23) of the following isomorphism with
p. The isomorphism C” — C'is defined by the formulas

S,++(+) + S+7+(—|—’ -, —|—) — T+,+(+) + T7++(+7 e +)7
S () +S (= =)+ S (= =)= Ty () + T (=, —)
+T7++(_7_7+)7

Third, the map h : C(P") — C(P’) such that doh 4+ hod = id — in op, is defined
by the formulas

S——+(e;m) = Sy (e, =),
S+_+(€, +, 77) — S+++(€a 77):
otherwise — 0.
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(III-4) Consider the case where the state of P’ with (mark(A), mark(B), mark(C'))
WaABc Wc
= (1, 1, 1) is represented as (u| 0. | 0,]v).
WABC W
Denote by Sii4(€,n) the state (u| 0 | 0,|v) of P" with (mark(A), mark(B),
WABC WAB WC

mark(C)) = (1, 1, 1), denote by S_,,(¢,¢,n) the state (u| 0. | Oc | Oc|v) of P’
with (mark(A), mark(B), mark(C')) = (—1, 1, 1), denote by S;_ (€, (,n) the state

WAB ABC (1Ve

(u] Oc | O¢ | 0,]v) of P" with (mark(A), mark(B), mark(C)) = (1, —1, 1), denote

WAp Wc
by S__i(e,n) the state (u| 0 | 0,|v) of P" with (mark(A), mark(B), mark(C))
WaBC
= (=1, =1, 1), denote by S, (e) the state (u| 0. |v) of P’ with (mark(A),
WABC WAB

mark(B), mark(C)) = (1, 1, —1), denote by S_;_(e,n) the state (u| 0. | 0, |v)
of P" with (mark(A), mark(B), mark(C)) = (-1, 1, —1), denote by S;__(e,n) the
WAB WABC
state (u| O | @, |v) of P’ with (mark(A), mark(B), mark(C)) = (1, —1, —1), de-
WABC
note by S___(e) the state (u] 0. |v) of P" with (mark(A), mark(B), mark(C)) =
(—1, =1, —1).

The subcomplex C’ of C(P') is defined by C" := C'( S_j+(+, +,1), S—s+(+,—,7)
+ S—i——-i—(_l_? _777)7 S—-H—(_v +777) + S+—+(+> _’77)7 S—-H—(_’ _777) + S+—+(_7 —,77),
Su«_ ) where S,,_ denotes every states with mark(C') = —1.

WABC WAB WC
Denote by T _i(e,(,n) the state (u| 0. | O | 0, | v) of P with (mark(A),
WABC ABC
mark(B), mark(C)) = (1, —1, 1), denote by T, (¢, —,n) the state (u| 0. | 0_
we
| 0, | v) of P with (mark(A), mark(B), mark(C)) = (-1, 1, 1), denote by T _(e)
WABC
the state (u| 0, |v) of P with (mark(A), mark(B), mark(C)) = (1, 1, —1), denote
WAB WABC
by T_,_(e,n) the state (u| 0| 0, |v) of P with (mark(A), mark(B), mark(C))
WABC WAC
= (-1, 1, —1), denote by T'.__(e,n) the state (u| 0. | 0, |v) of P with (mark(A),
wABC
mark(B), mark(C)) = (1, —1, —1), denote by T___(€) the state (u| 0. |v) of P
with (mark(A), mark(B), mark(C)) = (-1, —1, —1), denote by Ti._ every states
of P with mark(C) = —1.

The subcomplex C of C(P) is defined by C := C( T—1(+,+,n), T4—+(+,—,n)
+ T;r+(+7 B 77)7 T+*+(_7 +, 77) + T7++(+7 ) 77)7 T+*+(_> ) 77) + T7++<_7 ) 7))7
Thos—
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First, the retraction p : C(P') — C" is defined by the formulas

S—++(+ +,1) = S (+,+.1),
—rt (= m) e Seqi (=) 4+ St (+,—,m),
(= ,+, n) — S—ii(—+n) + i1 (+,—m),
S—++( ) = S (= = m) + S (=, =),
S**, = Sy
Spi (4, +,4) = Sgi(+,+,4),
Si—i (.4, =) = Ssi(+,+, =) + S (4),
Sp—i(=+,4+) = Sopi(+, = +) + Soii (= +, ) + Si-(+),
Sii (=4, =) = S+ = =) + 54—+, =) + S41- (),
S——+(€,n) — Si——(&n),

otherwise — 0.

Second, consider the following composition (23) of the following isomorphism with
p. The isomorphism C” — C'is defined by the formulas

S_qi(+ +m) = Ty (4, +,m),
Sovr(H =)+ S+ =)= T (=) + Ty (+,—.m)
Seqi(=+m) + Sii(+, = m) = Ty (= +,m) + Togi (+, =)
St (mr i) + 8oy (=) o T (= =)+ Ty (= =),
Sir-(€) = Thi(e),
S_q—(e.n) = T_+_(em),
Si——(em) =T (1),
) (

Third, the map h : C(P") — C(P’) such that doh + hod = id —inop, is defined
by the formulas

S__+(€, 77) = S+—+(€a E 77)7
Si_i(e,+,m) — S (e,m),
otherwise — 0.

(III-5) Consider the case where the state of P’ with (mark(A), mark(B), mark(C'))
W4 WABC We
= (1, 1, 1) is represented as (u| 0. | 0. | 0, |v).
WA WABCc WC
Denote by Sy (e,n) the state (u| .| 0 | 0, |v)of P’ with (mark(A), mark(B),
WABC W
mark(C)) = (1, 1, 1), denote by S_; (¢, (,n) the state (u| Oc | 0. |v) of P" with
(mark(A), mark(B), mark(C)) = (=1, 1, 1), denote by S;_4(¢,¢,n,0) the state
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w A B Wo ABC
(u] O |0¢| 0,] B9 |v) of P with (mark(A), mark(B), mark(C)) = (1, —1, 1), de-
WaBc W WC
note by S__.(e,¢,n) the state (u| 0 | O¢| 0,]v) of P" with (mark(A), mark(B),
WA WABC
mark(C)) = (=1, —1, 1), denote by S;;_(e,n) the state (u| 0| 0, |v)of P’ with

WaABC
(mark(A), mark(B), mark(C)) = (1, 1, —1), denote by S_1_(e) the state (u| 0. [|v)
of P' with (mark(A), mark(B), mark( ) = (—1 —1), denote by Sy__(€,n)
WA Wp WABC
the state (u| 0| 0¢c] 0, |v) of P’ with (mark(A), mark(B), mark(C)) = (1, —1,
WaBCc WB

—1), denote by S___(e,n) the state (u| 0. | @,]v) of P" with (mark(A), mark(B),
mark(C)) = (-1, —1, —1).

The subcomplex C’ of C(P') is defined by C”" := C'( S_y4 (4, ) + Sty (+, 4,17, —),
St (= 1) + Sy (=, =) + Syt (=11, =), Sen ) where Sy denotes every

states with mark(C) = —1.
WABC WAB

Denote by Ty_.(€,n) the state (u| @ | 0, |v) of P with (mark(A), mark(B),
WABC ABC
mark(C)) = (1, —1, 1), denote by T, (e, ) the state (u| 0. | 0_ |v) of P
with (mark(A), mark(B), mark(C)) = (=1, 1, 1), denote by T’y _(e,n) the state
WA WABC
(u| 0, 0, |v) of P with (mark(A), mark(B), mark(C)) = (1, 1, —1), denote
WABC
by T_._(e) the state (u| 0, |v) of P with (mark(A), mark(B), mark(C)) = (-1,
Wi WBC WAB
1, —1), denote by T4 __(e,¢,n) the state (u| O] @, 0, |v) of P with (mark(A),
WABC WBC
mark(B), mark(C)) = (1, —1, —1), denote by T___(e,n) the state (u| 0. | 0, |v)
of P with (mark(A), mark(B), mark(C)) = (—1, —1, —1), denote by Ti._ every
states of P with mark(C) = —1.
The subcomplex C' of C(P) is defined by C := C( Ty_(+,+), Ty (+,—) +
(=

o
Ty (=), T (=) + T (4, =), T (=, =) + Ty (=, =), T ).
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First, the retraction p : C(P') — C" is defined by the formulas

S_yy(+m) = S (+,m) + Se i (+,+,m, ),
S—++(_?n) = S—++(+> -1, _) + S+—+(_7 +7777 _)7

Sie > S,

S+ 4+, = +) = S (+,4),

St (=4, 4) = S (4, 4) + S (+, +, =)+ S (+, 1),

Si—t (= = 4+) = Sy (=) + Se—4(+, =) + St (+, ),

Si—i(= 4, +) = S (+,4) + 54— +(+ +.+,-),

Si—t (=4, —4+) = Sy (4, =) + Si—4(+, =) + St (— 1),

St—t(= =+, 1) ’—>S—++(—»+)+S+—+(+7 ,+, =)+ S (=++ )
+ S (= 1),

Siet(=— =)= S_pi (= =) + S (+, )+ S (= 4+ — )
+ St (—, )7

S__+(€, Ca 77) = S+__(E’ <’ n)’

otherwise — 0.

Second, consider the following composition (23) of the following isomorphism with
p. The isomorphism C" — C'is defined by the formulas

S—ri(+,+) + 54— +(+ +,+, =) = Ty (+,4),

S—ii(, =) + Ssoi(+, =)= Teoi(+, =) + Ty (+, ),
Soqi(= ) +S4—s(+,— 4+, =) + S (=, ,+, = T (=) + Ty (o, ),
Seqi(= =)+ Sht(+— — =) + 54—, )+ T (= —),

Third, the map h : C(P") — C(P’) such that doh + hod = id —inop, is defined
by the formulas

S,,JF(E, C, 77) — S+7+(€7 Ca n, _)7
S+_+(€, C, n, +) = S+++(€7 Cv 77)7

otherwise — 0.

The fact is, (III-1) — (III-5) prove that KH" ((rAByACzBCt)) ~ KH"((
.I'BAyCAZCBt)) if (’A‘v |B‘7 |CD is aly of {<_17 _17 _1)7 (_17 17 1)7 (17 17 _1> }
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Consider P’ = (rAByACzBCt) — (tBAyCAzCBt) = P where (|A|, |B|,|C|) =
(1,—-1,-1).
2AByACzBCt " 2™ xBCyABzACt with (|A|,|B|,|C|) = (1,—-1,—1)
"L v AByDAzDBt with (|A],|B,|D|) = (-1, —1,1)
em 22y AByDACE>DBCEt  with |C] = —1,|E| =1
C ¢BAyDCAEzDCBEt with (|A4],|B|,|C|) = (-1,-1,-1)
C BAyAEzBEt with |C| = —1,|D| =1

2" 2CByBAzCAt with (JA],|B],|C]) = (1, -1, —1)
VR yBAYyCAzCBt with (JA],|Bl,|C]) = (1, -1, —1)

We has already showed that the invariance of K H*/ under these moves above and
then K H% is preserved under the third homotopy move H3 and its inverse move
with (|A4|,|B|,|C|) = (1,—1,—1). In particular, in this case, we use the invariance
of K H" under H3 and its inverse with (|A|, |B|, |C|) = (-1, —1, —1). By using the
invariance under H3 and its inverse with (|A|, |B], |C|) = (1, 1, —1) (resp. (-1, 1,
1)), we can verify that the invariance of K H*/ under H3 and its inverse with (|A],
|B|7 |C|) = (17 L, 1) (resp. (_17 _17‘1))' o

We conclude the proof that KH*(P') ~ KH"(P) for P' ~g, P. O

The following corollary is a similar result to Corollary 3.1.

Corollary 5.1. KH"(P) is a Sy-homotopy invariant for nanophrases P over ay.

6. AN APPLICATION OF K H% VIA WORDS TO NANOPHRASES OVER ANY a.

In the previous sections, we discuss Sy-homotopy invariants .J(P) and K H"(P)
of pseudolinks. Here, we construct homotopy invariants of nanophrases over any «
from J(P) and K H" (P).

Let o be an arbitrary alphabet, 7 be o — «; involution, A, be {(a, a, a)}4eq and
a/T = {ai,...,an}. We fix a complete residue system {as,...,a,} of a/7 and
denote {ay,...,an} by crs(a/7).

We use the notion of an 6.1 as in [7, Section 4.1].

Definition 6.1. An orbit of the involution 7 : @ — « is a subset of « consisting
either of one element preserved by 7 or of two elements permuted by 7; in the latter
case the orbit is free.

Definition 6.2. For A € A, we define sign of A by
1if |A] € L;|A| : a free orbit

(24) sign; (A) = —1if |A] € 7(L); |A| : a free orbit
0 otherwise

where L is a nonempty subset of crs(a/7).
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Let Pr(c, 7) be a set of nanophrases of length k over « with 7.

Definition 6.3. For an arbitrary (a,7) and an arbitrary subset L C crs(a/7),
Uy, : Pr(a, 7) — Pr(ag, 70); P +— Py is defined by the following two steps:

(Step 1) Remove A € A such that sign; (A) = 0 from (A, P) € Px(a, 7).

(Step 2) Let the nanophrase be (A’, P') after removing letters from (A, P) by
using (Step 1). We consider an ag-alphabet B such that cardB = card. A" and A'N B
is the empty set. Transpose each letter of (A’ P') and a letter in B as follows:

(25) transform A with sign(A) =1 into B € B with |B| =1
transform A with sign(A) = —1 into B € B with |B| = —1.

By accomplishing (1) and (2), the nanophrase over aq derived from (A, P) is denoted
by U ((A, P)) or simply U (P).

Theorem 6.1. For an arbitrary L C crs(a/7) and for two arbitrary nanophrases

(.A1, P1) and (AQ,PQ),
(A1, P1) ~a, (A2, P2) = UL((A1, P1)) ~s, U ((Asg, 2)).

Proof. First, isomorphism does not change Uy (P) up to isomorphic is clear.
Consider the first homotopy move

Py = (A, (zAAy)) — P = (A\{A}, (2y))

(L‘)?

where x and y are words on A, possibly including “|” character. Suppose sign(A) #
0. Then
UL(Py) = 2 AAyL ~ xpyp = UL (P)
where z; and y; are words which obtained by deleting all letters X € A such that
sign(X) = 0 from = and y respectively.
Suppose sign(A) = 0. Then

UL(Pr) = zpyp = UL (D).

So the first homotopy move does not change the homotopy class of Uy (P).
Consider the second homotopy move

Py = (A, (#AByBAz)) — (A\{A, B}, (vy2))
where [A[ = 7(|B]), and z, y and z are words on A possibly including “|” character.

Suppose |A| € LU (L) and |A]| is free orbit. Then |B| € L U7(L) and |A] is free
orbit since |A| = 7(|B|). So

Z/{L(P1> = xLAByLBAzL X XLYLRL = Z/{L(Pz)
where xy, y;, and z;, are words which obtained by deleting all letters X € A such
that sign(X) = 0 from z, y and z respectively. Suppose |A| ¢ LUT(L) or |A] is a
fixed point of 7. Then |B| ¢ LU (L) or |B] is a fixed point of 7 since |A| = 7(|B]).
So

b

UL(P1) = xryrzr = U (P).
By the above, the second homotopy move does not change the homotopy class of
UL(P).
50



Consider the third homotopy move
P, := (A, (tAByACzBCt)) — Py := (A, (tBAyCAzCBt))

where |A| = |B| = |C|, and z, y, z and ¢ are words on A possibly including
character. Suppose sign(A) # 0. Then sign(B),sign(C) # 0 since |A| = |B| = |C].
So we obtain

UL(Pl) = JZLAByLAOZLACtL ~ ZELBAyLCAZLOBtL = Z/[L(PQ)

where xp, yr, z;, and t;, are words which obtained by deleting all letters X € A
such that sign(X) = 0 from z, y, z and ¢ respectively. Suppose sign(A) = 0. Then
sign(B),sign(C) = 0 since |A| = |B| = |C|. So we obtain

UL(P) = zpyrzitn = UL (P).

So the third homotopy move does not change the homotopy class of Uy (P).
By the above, U, is a homotopy invariant of nanophrases. 0

((‘77

Corollary 6.1. Let I be a Sy-homotopy invariant of nanophrase over oy. For P
€ Pr(a, 1), we define I' by

I'(P) = {IULP)} e orsiorny

I is a A,-homotopy invariant of P € Py(a, 7). In particular, for (A, P) € Pr(ao, 10),
I'(P) = {I(P)} if we take crs(apg/79) = {1}.

Theorem 6.1 implies the following Corollaries.

Corollary 6.2. Let o be an arbitrary alphabet. j(Z/{L(P)) 18 Ay -homotopy invariants
for nanophrases P over .

Corollary 6.3. Let a be an arbitrary alphabet. KH" (UL (P)) is Ay-homotopy
wmwvariants for nanophrases P over «.

Remark 6.1. JUL(P)) = 3200 ¢ 3220 (—1)rkK H™ (UL (P)).

j=—oc0 d
We give some examples of calculating of K H*(P) or KH" (U (P)).

Example 6.1. For two pseudolinks P, = ABCDEABCDE with |A| = |B| = |C|
—|D| = |E| = -1 and P, = ABOCDEFBGDHFIJEHCGALJ with |A| = |C] =
|El = |Gl = |H| = |I| = |J| = =L and |B| = [D| = |D| = [F| =1, J(P1) = J(P,).
However, KH " "5(P)) ~ 0 and KH "5(P,) >~ Z,. (cf. [1, 10].)

Theorem 6.2. K H"(P) is a strictly stronger invariant than J(P).
In [7], Turaev constructed a A,-homotopy invariant A for nanophrases over a.

Example 6.2. Let a, b, ¢ be elements (possibly coinciding) of any alphabet «
and A, B, C are letters with |A| = a, |B] = band |C| =c. If a =c = 7(b) # b,
MABACBC) = MACAC) = a + as — aas® — a*a,. However, K H"? (U, (ACAC))
~ 0 and K H"*(Uyy(ABACBCQC)) =~ Zs.

Turaev constructed a strictly stronger A,-homotopy invariant f o v, than A for

nanophrases over « [7].
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Example 6.3. Let a, b, ¢, d be elements (possibly coinciding) of any alphabet «
and A, B, C, D are letters with |A| = a, |B| =0, |C|] = cand |D| =d. If a = b and
c=1(b) =d, f(v4(ABCDCDAB)) = f(v4(0)) = 1. However, K H**(Uy(0)) ~ 0
and K H"3 (U (ABCDCDARB)) =~ Zs.

Theorem 6.3. Let « be an arbitrary alphabet and S be A,. KH" (U (P)) is inde-
pendent of f owvy for nanophrases P over a.

We has left the following problems unsolved: Is K H"™ (U (P)) strictly stronger
than J(Uy,(P))? What relation is K H"/(P) of a pseudolink P to Manturov’s cate-
gorification [5, 6]7
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