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Twisted homology and cohomology groups associated to the
Wirtinger integral

Humihiko Watanabe

Dedicated to Professor Kazuo Okamoto on his siztieth birthday.

Abstract. The first half of this paper deals with the structure of the twisted homology group
associated to the Wirtinger integral. A basis of the first homology group is given, and the vanishing
of the other homology groups is proved (Theorem 1). The second half deals with the structure of the
twisted cohomology groups associated to the Wirtinger integral. The isomorphism between the twisted
cohomology groups and the cohomology groups associated to a subcomplex of the de Rham complex is
established, and a basis of the first cohomology group of this subcomplex (therefore, of the first twisted
cohomology group) is given (Theorem 2).

0. Introduction.

In his paper [16], Wirtinger showed, 1902, that the composite function F'(«, 3,7, A(T))
of the Gauss hypergeometric function F(«, 3,7, z) and the lambda function z = A(7) =

91(0,7’)4 . . .
———— has the following integral representation
05(0,7)*
2mI'(v) 2-2 2y—2a—2 2
F A =———"—01(0, 705(0 v=2a=28p, (0, )20 28
(OZ?ﬁa’Y (T)) F(OZ)F(’}/— OZ) 1( T) 2( 77—) 3( T) X

o /2 G(Ua T)zaflgl (u’ 7)27720‘7192(% T)2ﬁ72w+193(u’ 7)72B+1du
0

(In this paper we follow Chandrasekharan’s notation for theta functions. See [6]). The
right-hand side is a function in 7, single-valued and holomorphic on the upper-half plane
H, and we proposed in our paper [15] to call it Wirtinger integral. This integral repre-
sentation seems to have been forgotten for a long while in the study on hypergeometric
functions, whereas we gave recently in [15] a new derivation of the connection formulas
for the Gauss hypergeometric function by exploiting the Wirtinger integral and Jacobi’s
imaginary transformations for theta functions. Our result suggests a possibility to re-
construct the theory of the Gauss hypergeometric function on the basis of the Wirtinger
integral and theta functions, and to generalize the theory of the Gauss hypergeometric
function from the viewpoint of the Wirtinger integral. In order to study the properties
of the Wirtinger integral further, we give, in this paper, the computations of the twisted
homology and cohomology groups associated to the Wirtinger integral. The computation
of (co)homology groups consists of the proof of the vanishing of minor groups, and of the
construction of a basis of non-vanishing groups. Thanks to the duality of the homology
and cohomology, the vanishings of homology and cohomology groups are concluded si-
multaneously if the vanishing of either homology groups or cohomology groups is proved.
The vanishing of cohomology groups on a compact Kahler manifold minus some cycle of
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real codimension two with local system coefficients was proved by Aomoto [2] with the
aide of the Morse theory. The algebraic proof of the vanishing of cohomology groups
on a complex projective space minus an algebraic divisor was given by Kita-Noumi [13]
and Kita [12]. The construction of a basis of a non-vanishing homology group on a com-
plex projective space minus hyperplanes with local system coefficients was given by Kita
[10] and [11] (See also Aomoto [2] and Orlik-Terao [14], Chap.6). Some results were ob-
tained by Aomoto [1], [3], [4] about the structure of a non-vanishing cohomology group
on a complex projective space minus a divisor with local system coefficients (See also
Deligne [7], Corollaire 6.11). In their papers [12] and [13], Kita and Noumi established
the isomorphism between the cohomology groups with local system coefficients and the
cohomology groups associated to the logarithmic complex on a complex projective space
minus hyperplanes, and constructed a basis of a non-vanishing cohomology group asso-
ciated to the logarithmic complex (See also [5]). Motivated by the works above, we give
in §1 the computation (including the construction of a basis) of the twisted homology
groups on the one-dimensional complex torus minus four points with the coefficients in
the local system associated to the integrand of the Wirtinger integral (Theorem 1). In §2
we first establish the isomorphism between a non-vanishing cohomology group with local
system coefficients and a cohomology group associated to the holomorphic 1-forms on the
torus minus four points which may have poles at those four points of degree at most five.
Next, we give a basis of the latter cohomology group (Theorem 2). This result on the
cohomology groups suggests that a form having a pole (or poles) of degree more than one
is needed in order to give a basis of a non-vanishing cohomology group. This situation is
different from that of the case of a complex projective space minus hyperplanes.

Acknowlegement. The author would like to thank Professors K. Matsumoto and M.
Yoshida for giving him valuable comments on the manuscript of this paper.

1. Twisted homology groups.

Let 7 € C be such that Im(7) > 0. Weset I' = Z + Z7, D = {0, %, 5 “‘TT}, and M =
C/I" — D, where Z denotes the additive group of integers, and C the additive group of
complex numbers. Let p, ¢, 7, s be complex numbers satisfying p+q+r+s = 0. Throughout
this paper we assume that p,q,r,s are not integers, and that the sum and the difference of
any two of them are not integers either. If we set T'(u) = 0(u)PO1(u)?02(u)"03(u)*, where
0;(u) means 0;(u, 7), then we have T'(u+1) = e~ PTO™T () and T(u+7) = eP+™T (1),
We set w = d(logT'(u)). We define a connection V by Vo = dp + w A ¢. Then we have
VV = 0 and V(1) = w. Let £ and £ be the local systems on M defined by T'(u)~!
and T'(u), respectively: £ = CT(u)~! and £ = CT(u), which are dual each other. In
this section we compute the twisted homology groups He(M, ﬁ) Let us consider the
following two-dimensional complex K; and one-dimensional complex Ko:
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In the figure for K, let the 1-chains (v,d) + (4,¢) + (&,7) and (v, 8) + (8,a) + (o, 7)
in K be homologous to the 1-chains defined by the periods 1 and 7 of the torus C/I,
respectively, and let no 2-chain be contained inside the square (uvp{ of Ky. In the
figure for Ky, we added the four points 0, 2 51555 L7 to the complex K, to indicate the
configuration of chains of K5. These points are not 0-chains of K. We set K = K1 UK>
and K’ = K; N K,. Since the complex K is homotopically equivalent to the surface M,
the group H, (M, L) is isomorphic to He (K, £). In order to compute H, (K, L), we need
the homology groups of the three subcomplexes K', K1, Ko. Since p+ ¢+ 7+ s = 0, the

complex K’ is homotopically equivalent to the circle S*, from which we have immediately

Lemma 1.1. Hy(K',£) =0, H,(K',£) = C, Hy(K',L) = C.

For the complex K7, we have
Lemma 1.2. Hy(K;,£) =0, Hi(K,£) =2 C, Hy(K,, L) = 0.

Proof. Since there is no non-zero element ¢ € Cy(Ky, L) such that dc = 0, we have
Zy(K1, L) = 0, that is, Hy(K;,£) = 0. It is easy to see that two 1-chains ((, ) +
(1) + (v )+ (. C) and (,8) 4 (8, €) + (€,7) + (3, B) + (B, @) (0, 79) + (1,€) + {e,6) +
(0,7) + {7, &) + (o, B) + (B,7) belong to Z1 (K1, L) but not to By (K1, L). Obviously they
are homologous each other, so we have Hy (K1, L) = C({¢, ) + (u, v) + (v, p) + {p, ().
Finally, since 9((y,d) + (3,€) + {&,7)) = (e~ ®+D™ — 1)(5), we have (y) € By(Ki,L).
Similarly, we have (§), (¢), (@), (B) € Bo(K1, L). Moreover, since (¢) = (8) + 9(8, ), we
have (¢) € Bo(K1, £). Similarly, we have (i), (), (p) € Bo(K1, £). Therefore we see that
Zo(K1, L) = By(K1, L), that is, Ho(Ky,L) = 0.

The result for the complex K> is as follows:
Lemma 1.3. Hy(Ky, £) =0, H (K2, £) = C?, Ho(Ks, L) = 0.
Proof. Since ((C, p)+ {11, 0)+(7,C)) = (27 —1)(C), we have (C) € Bo(Ka, £). Similarly,

we have (u), (v), (p), (o) € Bo(K2,L). So we have Hy(K5,£) = 0. We define four 1-

chains ¢, ¢q, 7, ¢s € C1(K2, L) by ¢ = (0,0) +(C, 1)+, 0), ¢g = (o, ) + (p,v) + (v, 0),
cr = (o, p)+(p,)+(¢,0), cs = (o, v)+(v, p)+(p, o), where we assume that the restrictions
of the branches of T( ) to the four chains define the same germ at the common initial



point o of those chains. Then we have dc, = (e*™ — 1)(0), dcy = (e*™4 — 1)(0), e, =

(e2™"=1)(0), dcs = (e*™*=1)(0). For k,l € {p,q,r, s} (k # 1), we set cjy = ik —
e2mik _
1 .

¢;. Then we see that ¢ € Z1(Ka, L), ¢kt = —Cik, Cpg+Cqs = Cpss Crp+Cpg = Crq,

Cl—

e2mil _ 1
Cpg+Cqs+Cor +¢rp = 0. Let us consider the chain ¢ = (¢, u) + (1, v) + (v, p) + {p, {). Since
p+q+r+s=0,wehave c € Z;(Ks,L). Here we assume that the restrictions of the
branches of T'(u) to the chains ¢ and ¢, define the same germ at the common point ¢ on
those chains. Then we have ¢ = ¢, + e?™Pc, 4 2TiPTats)c 4 2miP+d) e, from which it
follows by simple calculation that ¢ = (€27 — 1)c,, 4 (2™ P+ — 1)cys + (€727 — 1)y

Since cpq, Cqsy Cor are linearlvy independer}t, we have Z1(Ks, L) = Ccpq @ Ceys & Cei.
Therefore we have Hy (Ko, L) = Z1 (K, L) = C3.

Let us now apply the Mayer-Vietoris exact sequence to the complexes K, K1, Ko, K’
(For the Mayer-Vietoris exact sequence, see [9]):

0 — Hyf — H\(K', L) — H(K1,L) ® H\(Ko, L) — Hi(K,L)

K, L)
1.1 . - N -
( ) —>H0(KI,£)—>H0(K1,£)@H0(K2,£)—>H0(K,£)—>O.

Since Ho(K1,L) ® Ho(Ka,L£) = 0 by Lemmas 1.2 and 1.3, we have Hy(K,L) = 0.
Furthermore, since the map Hy(K’,£) — H;(K1,£) is an isomorphism and the map
H\(K',£) — H(Ks,L) is injective, the map Hy(K’,£) — Hy(K,L£) ® H (K, L) is
also injective, from which it follows that Ho(K, E) = 0. Therefore the exact sequence

(1.1) is turned to

0— H(K',L) = H (K, L) ® H (K, £) = H\(K,L) = Hy(K', L) = 0,
from which it follows that
(12) 0= (Hi(Ky, L)@ Hy(Ky, £)) JHy (K, £) = Hy (K, £) =5 Ho(K', £) — 0.

By abuse of notation we may think (H (K1, £) & H1(Ka, £)) /H1(K', L) = Cepy®Ceys®
Cecs,. Without loss of generality we may think that Ho(K’,£) = C(¢). Let us construct
an element ¢y € H,(K,L) such that A(co) = (¢). If we regard ¢y as an element in
Z\(K, L), then we can write co = ¢; + co for some ¢; € C1(K;, L) (i = 1,2). So it is
sufficient to construct ¢; € Cy(K;, £) (i = 1,2) such that A(cg) = 9(c1) = —9(c2) =
(¢). Obviously, such elements ¢; and c; must satisfy the conditions ¢; ¢ Z;(K;, L)

1
(i = 1,2). We define ¢, and ¢ by ¢1 = —— (¢, 1) + (1. 8) + (8.0)) and ¢ =
e—Tilp+e) — 1

1
m((g w)+{u, o)+ (o, ¢)), where we assume that the restrictions of the branches of
—e

T'(u) to the chains ¢; and ¢y define the same germ at the common initial point ¢ on those
chains. We have 9(c1) = (¢) and d(c2) = —({). Then the sum ¢y = ¢ + ¢z is the desired

solution of the equation A(cg) = (¢). If we set ¢, = ﬁ((g,@ + (o,p) + (p,()),

the sum ¢ = ¢1 + ¢4 is also a cycle satisfying the same equation. Since ¢ = ¢y + ¢y,

we have ¢ — ¢g € ker A. Furthermore, if we set ¢ = .;(@,p) + (p, ) + (4, ¢)),
eritptr) — 1

the sum ¢’ = ¢| + ¢y is also a cycle satisfying the same equation. Since ¢’ — ¢g ~

(C )+ {p, v) + (v, p) + (p, ¢) € Z1(K', L), regarding ¢y and ¢” as their homology classes,

we have ¢’ —cy € ker A. Therefore we see that the set of the elements of H; (K, £) mapped

by A to (¢) coincides with ¢y + ker A. We note that Cco Nker A = 0. If we define the



map ¢ : Ho(K', L) — Hy(K,L) by t({C)) = co, then we see that the exact sequence
(1.2) is split. Namely we have Hy(K,L) = [(Hi(K1,L)® Hi(K2, L)) /Hi(K',L)] ®
L (Ho (K, E)) Here we note that the map ¢ is an isomorphism. Since the complex K and
the surface M are homotopically equivalent, we arrive at the following

Theorem 1. We have Hy(M, £) = Ho(M, L) = 0, H; (M, £) = Ccpy®Ccys ®Ces, &Coy,
where we regard cpq, Cqs, Cor, Co @s cycles on M by abuse of notation.

Remark. The homology groups of M with integral coefficients are given by Hy(M,Z) = 0,

Hi(M,Z) = Z°, Ho(M,Z) = Z. We see that the Euler number of the homology with
integral coefficients is equal to that of the homology with the local system coefficients.

2. Twisted cohomology groups.

Let Q% (k = 0, 1) be the sheaf of holomorphic k-forms on M. We have the exact sequence
0—C— Q0 -% 0! - 0. Since the local system £ = CT(u)~! is locally constant and
without torsion, the tensor functor ®cL is exact. Namely we have the exact sequence

0—- Lo NN®cL Syl ®c £ — 0. Let us define the isomorphism between QF and
O @c Lby QF 5 ¢ = T(u)p € QF ®@c L, then we have d(T(u)p) = T(u)Vp, which
means that the following diagram is commutative:

v
Qk Qk+1

l l

Qk Rc L T> QkJrl Rc L,

where the vertical arrows represent isomorphisms. Combining this commutative diagram

and the preceding exact sequence for £, we have the exact sequence 0 — £ — Q° ~,

Q' — 0, from which it follows by the standard procedure that the following exact sequence
holds:

0 —H (M, L) — HO(M,Q°) 5 HO(M, Q) — H'(M, L) — H'(M,Q°)
M HY (M, Q) = 0.

Then we have

Lemma 2.1. HO(M, L) =0, H'(M, L) = H°(M, Q') /V(H°(M,QP)).

Proof. By definition we have HO(M, L) = {f € I'(M,Q°) | Vf = 0}, where I"(M, Q°)
denotes the vector space of single-valued holomorphic functions on M. Since the function
f satisfying the equation V f = 0 is of the form f(u) = cf(u) P01 (u) " 905 (u) " "03(u)~* for
some constant ¢, which is in general multivalued, we have HY(M, £) = 0. It is well-known
that HY(U,Q°) = 0 for any open Riemann surface U (e.g. [8]). Then we have the short
exact sequence 0 — HO(M,Q0) — HO(M, Q') — H (M, L) — 0, from which it follows
that H'(M, L) = HO(M,QY)/V(H" (M, Q°)).

Let QF . (k = 0,1) be the sheaf of meromorphic k-forms on C/I" which are holo-
morphic on M and have poles only at u = 0, %7 5 1"'77 if they exist. The restriction of

QF _to M is a subsheaf of Q*. We have a subcomplex 0 — £ — Q9 Y, ql

mer mer mer

— 0
of the complex 0 — £ — QY Y, Q' - 0. The natural map of sheaf complexes,



(Q;HENV) (Q°,V), induces the natural homomorphism of de Rham cohomolo-
gies: 1. 1 HY R (08, V) = HER(Q°, V), where HLg (e, V) and HLy (Q°, V) denote

HO(M Qll_ner)/V(Ho(M 00 ..)) and HO(M, Q) /V(H(M,QP)), respectively. In fact we
have

Lemma 2.2. ¢, is an isomorphism.

It is well-known that this lemma is proved by the Grothendieck-Deligne comparison the-
orem ([7], II, §6). Nevertheless we give here a direct proof by the technique of the
complex analysis because our proof tells us what subcomplex of the de Rham complex
H°(M,Q¢,.,) is suitable to take for establishing the isomorphism between the group
HER (98, V) and a group whose structure is clearer. This will be explained in detail
later.

Proof of Lemma 2.2. Let ¢ be an element in H°(M, Q). We set ¢ = f(u)du. Then
the function f(u) is single—vaiued and holomorphic on M, and may have isolated es-
sential singularities at u = 0,3, Z, 13T where f(u) is expanded in Laurent series. Let
Py(u), Pl( ), Py(u), Ps(u) be the prin(:lpal parts of the Laurent expansions of f(u) at
w=0,31 555 1%, respectively. For a while, let us restrict ourselves to the case of the
neighbourhood at w = 0. Let us find a function Qo(u) single-valued around u = 0 sat-

d d

isfying the equation Py(u)du = VQo, that is, Py(u) = % + Qod—(logT(u)). Here
U U

we may assume that Py(u) = Zn21 a,nu*". By the quadrature we have the gen-

eral solution of this equation: Qo = T (u u)du + C] for some constant C.
Since @ is single-valued, the condition C =0is necessary. Let us investigate the be-
haviour of the solution Q(u) with C' = 0 around v = 0. Since p is not an integer (§1),
the multivaluedness of T'(u) around «w = 0 comes from the factor «?. Namely we can
write T'(u) = uP X (single-valued holomorphic function) around u = 0. Moreover, since

we can write T(u)Py(u) = S n= "% c,uP*™ around u = 0, we have /T(u)PO(u)du =

n=+oo

c
Z ﬁul’+”+l, which is of the form u? X (single-valued analytic function which
P

may have an isolated singularity at u =0) around v = 0. Consequently, the function
Qo(u) T (u u)du is a single-valued analytic function around v = 0 which
may have an 1s01ated smgulamty at u = 0, and therefore can be expanded in Laurent series
at u= 0. We set Qo(u) = szfz byu”, the Laurent expansion at uw = 0. Moreover we
set Qo—(u) = >, o bnu™ and Qo4 (u) = Zn>1 bpu™. Substituting Qo = Qo— + Qo into
the original equation above, we have Py = Q(_+Q¢, +Qo—-(log T'(u))' + Qo+ - (log T'(u))".
Since (log T'(u))" has a pole of order one at u = 0 and Qo+ has a zero of order one at u = 0,
the product Qo4 - (log7T'(u))" is holomorphic at u = 0, and so is Qg . Consequently, we
see that in the right-hand side of the preceding relation the sum Q(_ + Qo - (log T'(u))’
contributes to the principal part Py. Therefore, setting VQo— = g(u)du, we see that
the principal part of the Laurent expansion of g(u) at u = 0 is equal to Py. By the
similar argument, we obtain functions Q1—(u), Q2—(u), Q3—(u) from principal parts
Py (u), Pa(u), P3(u), respectively. We give Laurent expansions for Q_(u) (k=0,1,2,3)

as follows: Qo (1) = Lo b ™, Q1= (1) = Lo b (u=3)", Qo-(u) = zn<ob<2><u7
", Qs () = 3,20 08 (u—157)". We set Qo = Qo_ b — (69 46 45 1 6Py
Qe = Q1- — 561)7 Q2+ = Q2 — 6(2) Q3 = Q3 — b . We see that the residue of QO*

at u = 0 is —b(_li—b(_?—b() that of Q1. at u = 5 is b(_l, that of Q2. at u = 5 is



b(ﬂ, and that of Q3. at u= 4T is b(f’% By Mittag-Leffler’s theorem (e.g. see [8]), there
exists a global function Q, € H°(M,Q°) whose principal parts of the Laurent expan-
sions at u = 0,1, 7, 1T coincide with Qos, Q1x, Q2+ and Qs,, respectively. We note

12020 2

b & 5D 4 p®) 4 )
that the 1-form Py(u)du — Vbé —-v—=t — VQo« is holomorphic at
u = 0, and that the forms Pj(u)du — Vb(()k) . VQk* (k = 1,2,3) are holomorphic at

U = %, 7 142'7, respectively. Then there exist a constant £ and an Abelian 1-form 7 of

third kind with poles at u = 0, 1 515 5 L7 if they exist, such that the principal part of the
Laurent expansion at u = 0 of the 1- forrn EP(u)du + n, where P(u) denotes the Weier-

1
strass P-function with periods 1 and 7, coincides with that of V(—), and that the 1-form
u

Fuwydu— 08+ 48 +68)v (1) — (09 +5H +62) +58)) (6P (u)du+n) — VQ., which
we denote by ¢, is holomorphic on the whole torus C/I". Here we note that V(1) (= w)
is an Abelian 1-form of third kind, and &P (u)du is an Abelian 1-form of second kind.
Setting ¥ = (b5 + b5 + b5 +b5V)V (1) + (0 + 1) + 0} + b)) (€P (u)du + 1) + ¢,
we see that ¢ € HO(M Q}ncr) and ¢ = 9 + VQ* From this result we can show the
surjectivity of the map ¢, as follows. Let us take [¢] € H} (2%, V) arbitrarily, where
© € HO(M,QY). If we form [¢)] € HLR(Qer, V) from the element v € HO(M, QL ..)
whose existence is guaranteed above, then we have ¢, [1)] = [¢], which proves the surjec-
tivity of tx. The proof of the injectivity of ¢, is as follows. For [¢)] € H}g (28, V), we set
t«[] = 0. This equation is translated into the assertion that there exists a single-valued
function g € H°(M,Q°) such that ¢ = Vg. If we set ¢ = f(u)du, we see that f(u) is

holomorphic on M and has poles at u = O, T H—T if f(u) is not holomorphic there.

&.

d
The equation is rewritten as f (u) = d—g + g(u)—(log T'(u)), from which we have the so-

du
lution g(u) ! [ T(u)f(u)du. By the same argument as when we constructed Qo

from P, and 1nvest1gated the behav1our of Qp at u = 0, we see that g(u) is single-valued

and holomorphic on M, and has poles at u = 0, é, 5> 5 L7 if g(u) is not holomorphic

there. Therefore we conclude that g(u) € H O(M QO ), and [¢)] = 0 as the equality in

mer

H} g (286, V), which proves the injectivity of t.. Q.E.D.

Inspired by the proof of Lemma 2.2, we give the following formulation. Let D be an
effective divisor on C/I" given by D = 2[0] + [1] 4+ [Z] 4+ [57]. Let Qp be the sheaf
of meromorphic 1-forms on C/I" which are multiples of the divisor —D. Then Qp is
a subsheaf of QL .. Let Op be the sheaf of meromorphic functions on C/I" which are

multiples of the divisor —D. We introduce two complexes:

0— HO(M,Q0,.) ~ HOM,QL..) >0, 0—C -1 HYC/I,Qp) =0

mer

where the latter is a subcomplex of the former: C ¢ H°(M, Q0% ) and H°(C/I',Qp) C
HO(M, QL ), and H°(C/I,Qp) = {¢ : holomorphic function on M | ord,(¢) > —ord, (D)
for p € C/I'}. Let us observe the structure of the vector space HO(C/F Qp). First we

have
Lemma 2.3. dim H°(C/I',Qp) = 5.

Proof. The Riemann-Roch formula for a compact Riemann surface X is given by dim H°(X, O_p)—
dim H%(X,Qp) = 1 — g — deg D. In our case, since X = C/I', g = 1, degD = 5,
H°(X,0_p) =0, we have dim H°(X,Qp) = 5.

Let P(u) be the Weierstrass P-function with periods 1 and 7. For 4,5 € {1,2,3}



(1 # j), we define 1-forms w;, w;; by

w = %dlog (P(u) - P (;)) — dlog 0 (u) — dlog O(u) = — gzmd%

Wy = %dlog (7> P (%)) = dlogba(u) - dlog b(u) = —m63 9(( ))02((5)) .
:%dlog Pu (1;T>> = dlog 03 (u) — dlogf(u) = — 939((39612(())01%

w1z = dlog Oz (u) — dlog by (u) = 763 ;1 (8)6;‘2(3) du,

wiz = dlog 63(u) — dlog 61 (u) = ﬂQQWdu

2 O(u)0 (u)
woz = dlogbs(u) — dlog b2 (u) w07 52(1)05 (1) du.
Moreover we set Wij = —Wjj4. Then we have w1 +wi2 = Wao, W1 +wi3 = w3, W2 + wao3z = w3,
w12 + we3 = wiz. Therefore we see that the maximal number of linearly independent
1-forms among ones defined above is three. The 1-form w; has poles of order one at
u = %, 0 with residues +1, —1, respectively, wy has poles of order one at u = 7,0 with
residues +1, —1, respectively, w3 has poles of order one at u = H?T, 0 with residues +1, —1,

respectively, wio has poles of order one at u = g,% with residues +1, —1, respectively,
w13 has poles of order one at u = HTT, 7 with residues +1, —1, respectively, and w23 has

poles of order one at u = 1+7T7% with residues +1, —1, respectively. Obviously, we have
wi,wij € H°(C/T',2p). Besides, we have du, P(u)du € H°(C/I',Q2p). Therefore we
have

Lemma 2.4. The five 1-forms: du, P(u)du and three linearly independent 1-forms
among w;, wjj, form a basis of HY(C/I,Qp).

The inclusion map between the two complexes defined above induces a natural map
I:HYC/I'Qp)/V(C) — Hpp (e, V) = HO(M, QL) /VHO(M,Q0,.). We want to
prove that [ is an isomorphism.

Lemma 2.5. [ is injective.

Proof. Tt follows immediately from the fact VH?(M, Q% )N H°(C/I,Qp) = V(C).

mer

The surjectivity of I follows immediately from the following

Lemma 2.6. For an arbitrary » € HO(M, QL ), there exist v» € H°(C/I',Qp) and
fe HY (M, Q0 ) such that ¢ =9 + Vf.

mer

Proof. The lemma holds if it is proved for the following two cases: (i) ¢ has only one
pole of order 2 at u = % Oru= 75 0ru= HTT; (ii) ¢ has only one pole of order more that

2atu:00ru:%0ru:§oru=1+77.

(i) Without loss of generality, we may concentrate our attention to the case where u = %
The other cases are treated similarly. Let us compute

O2(u)03(u)\  d [ 0(u)03(u) 0 (u)03(u)
@1) v ( 0w (o) > ~ ( 000 () > M G ()

Here we have

a <92 (u)93(U)> _ 01(u)B3(w){0(u)0(u) — 6" (w)02 ()} + 0(u)02(u) {6 (u)05(u) — 01 (u)0s(u)}
du \ 9(w)f; () 0(u)201 (1) '



Applying the formulas {0'(u)f2(u) — 0(u)05(u)}0105 = 61(u)b3(u)020', {65(w)b1(u) —
03 (u)07(u)}0103 = O2(u)0(u)b20" and 6" = w0260 to the right-hand side of the preceding
equality, we have

d (Oz(u)f3(u)\ 5 03(u)? o 02 (u)?
22 7 (Fra) = 5 B
From the relation w = —pws — qw13 — Twsgz, it follows that
02 (u)03(u) 02 (u)® 02 (u)®
(2.3) H(Tolg(u)w { 703 o qmh3 71 (u)? + TW@%} du

Substituting (2.2) and (2.3) into (2.1), we have

02 (u)b3(u 50 )2 202u2 22u2 9
(2.4) v<9((u))913((u))> = {— 05 ;((u)é —|—(1—q)ﬂ'0291§u; prl; 9((11))2 +7‘7r91}du.

1 1 2 1
Here we note that P <u—|—> - 79( +T> = 7r29%9§02(u> , P(u) — 79( +T) =

2 2 01 (u)2 2
03(u)? T 02(u)? .
20203 ~P () =663 Then th lity (2.4 that, f
TR , P(u) 77<2) TR en the equality (2.4) means that, for

¢ = P(u+ %)du, the lemma holds if we take ¢ = P(u)du + (holomorphic 1-form).

(ii) Without loss of generality, we may assume that ¢ has only one pole of order v (> 3) at
u = 0. Moreover, we may assume that such a 1-form ¢ is written by ¢ = P(u)*P’(u)'du
(2k+3l=v>3,k>0,1>0). We prove by induction on v. Let us first prove the

lemma for ¢ = P’ (u)du = —27r30%9§9§91(u)2?(1;§93(u)du. We have
u

2
\Y (7729202 203(u)° ) = 120303d (93(u) ) + 1260703 20s(u)° (—pws — qwi3 — Twag)

0(u)? 0(u)? 0(u )
B n2b1(w)la(u)ds(u) o o 005(u)? 01 (u)fa(u)
_ {_Qﬁ(e)) ST 2 4 120262 ;’(u) 937@(@93( )
922 03(u)” 2 O(wW0a(w) | 50 0b5(w)? o O(w)0:(u)
T )”Qgemu)es(u) T ™ (e >}d
{(p 2) 3929293 ( )0((1;393(’&) q7r30292 %(( ));013(( )) 7”7T39492 093(( ))90;1(( )) } du,

which proves the lemma for ¢ = P’(u)du. Next we proceed to the general case. Since
P(u) satisfies the differential equation (P’'(u))? = 4P(u)® — g2P(u) — g3 (g2, g3 are
constants), without loss of generality, we may assume that the general 1-form ¢ is of the
2N M
form ¢ = <93(u)> (91 (u)92(u)93(u)) du (N >1, M =0or1). We have already
0(u) O(u)? T
proved the case where v = 2N + 3M < 3. So we assume that v > 4. Let us compute

w.

(2.5) v ("1<“>92<“>93<u>”3> iy <01<u>02<u>93<u>”3> L OB ()65 ()N

9(u)2N—1 9(u)2N—1 9(u)2N—1



We have
L (1) (1)B3 (1) 2N 3
d(9()9()93() >

du O(u)2N-1
01 (1) (u)03(u)2N =3 0y (u)0h(u)f3(u)?N—3 01(u)02(u)d 2N—4g!
_0( )9(2))2]\3[(_1) 4 )9(( ))2]3(_1) + (2N —3) () (ezuigN)—l ()
— (2N — 1)91( (U;?igg N30 (u)
_ 02(u)03(w)*M 3 {O(u)0] (u) — 0 (u)0r (w)} n 01 (u)03(u)*N ~3{0(u)0 (u) — 0 (u)f2(u)}
0(u)2N 0(u)2N
+ (2N —3) 91(U)92(u)93(u)2N_;({f)(:]39§(u) — 0 (w)bs(u)}

Applying the formula {6'(u)0;(u) — 0(u)07(u)}0203 = 02(u)f5(u)016" and several similar
ones to the right-hand side of the preceding equality, we have

01 ()05 (u)*N 2

d [ 61(u)f2(u)fs(u)®N 3\ 0o (w)205 (u)2N 2
du < g(u)m\?;—l > == WQ%W — 03 O
(2-6) 291(u)292(u)293(u)2N74
— (2N — 3)7o3 3PN '
Moreover we have
01(u)bs(u)03(u 2N-3 01(u)bs(u)o 2N-3
() 9(2))2]3(_1) Gt )9(2))213( 1) (puos — quons — reoms)
2 uw)2N—4 )20 (1) 2N —4
(2.7) = {pﬁagel( v 029(( ))QN( ) — qu%W
2 Hl(u)293(u)2N_4
‘H"W&lo(u)m_g} du.

The result of the substitution of (2.6) and (2.7) into (2.5) means that the lemma holds

G5\
for ¢ = <9( ] ) du. Finally, we have
03(u) 03 (u) O3 (u)*N
v (Gt ) =t (G ) + g s = r
o 01 (1)02 (u)f3(u)2N 1 o 01 (1)02 (u)f3(u)2V 1
:{—2N7r93 1 )02((10)21\?;&1) 4 prf? 1 )02((10)21\?;&1)
o 0 (u)03 (u)*N ! 201 (w)0s(w)*M 1
O G T B ) O

93<u>>2N‘2 01 (u)02(u)03 (u)
0(u)3

du. Therefore

which means that the lemma holds for ¢ = <
Lemma 2.6 is proved completely.
Combining everything above, we have

Theorem 2. We have HY(M, L) = H*(M,L) =0, H'(M,L) = H*(C/I',Qp)/V(C) =
Cldu] © C[P(u)du] ® Clw™] & Clw@], where w™) and w® denote linearly indepen-
dent vectors in the subspace generated by w; and w;; in H°(C/I,Qp) and [p] de-
notes the image of an element o in H°(C/I',Qp) by the natural map H°(C/I',Qp) —
H(C/I',Qp)/V(C).
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