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Transformation relations of matrix functions associated to the hypergeometric function of Gauss under modular
transformations

Humihiko Watanabe

Dedicated to Professor Hiroshi Umemura on his siztieth birthday.

§0 Introduction.

In this paper we consider 2 x 2 matrix functions analytic on the upper half plane associated to the hypergeometric function of Gauss, and establish transformations
of these matrix functions under some modular transformations. The matrix functions studied here are obtained as the lifts of the local solutions of the matrix
hypergeometric differential equation of SL type (i.e., whose image of monodromy representation is contained in SL(2,C)) at 0,1, 00 to the upper half plane by
the lambda function (§2). Each component of the matrix functions is represented by a definite integral with a power product of theta functions as integrand. Such
an integral was invented by Wirtinger in order to uniformize the hypergeometric function of Gauss to the upper half plane ([5]). In this paper we call it Wirtinger
integral (cf. (1.2)). In spite of many possibilities of application of the Wirtinger integral, there seems to be very few examples of application of the Wirtinger
integral in literature. One of the advantages of exploiting the matrix functions above in the study of the hypergeometric function is that the monodromy property
and the connection relations of the hypergeometric function are all translated as transformations of those matrix functions under modular transformations of the
independent variable (§3). Moreover we can derive such transformations by exploiting classical formulas of theta functions without need to use any monodromy
property or connection formula of the hypergeometric function. That is to say, this gives another new derivation of the monodromy property and the connection
formulas of the hypergeometric function of Gauss.

Acknowlegement. We would like to thank Taro Horie, Naruo Kanou, Hiroshi Sakata, Kenji Iohara, Norio Suzuki for illuminating discussion. This work was
supported by JSPS. KAKENHI (15740081).

§1 Wirtinger integral for the hypergeometric function of Gauss.

Following the notation of Chandrasekharan [1], we introduce the four theta functions 8(u,7),0;(u,7) (i = 1,2,3) by

1 “+o0 ) +oo . +oo +oo .
1 : : 1 . . 2_ . . . .
a(u,,r) — ; § : (_1)ne(n+2) 7rz‘re(2n+1)7rzu’ 01 (U,T) — E : e(n+2) mre(2n+1)mu, 02(,“,7_) — E : (_l)nen m‘re2nmu, 03(,“,7_) — § : e” 1rz're2n1rzu’
n=—oo n=-—oo n=—oo n=—oo



which are defined for all (u, 7) € Cx H, where H denotes the upper half plane. Mumford [2] (see also Umemura [3]) adopts the symbols 8o, 601, 610, 611 to denote the

theta functions above. The relations between the two notations are as follows: 8(u,7) = —811(u,7), 61(u,7) = 010(u, 7), O2(u,7) = O01(u, 7), 03(u,T) = oo (u,T).
6:(0,7)*
The lambda function A(7) is defined by A(r) = b—l%. It defines a mapping of H to the open set P! — {0,1,00} of P! the complex projective line, and is
3\Y
invariant under the action of I'(2) the principal congruence subgroup of level 2: A (ZTi_S) = A(7) for (Z Z) € I'(2). So the mapping defined by A(7) induces
T

an isomorphism of H/I'(2) onto P! — {0,1,00}. We can choose the set C = {r € H| -1 < Rer < 1, |7+ | > 1, |7 — 3| > 1} as a fundamental domain of H
for the group I'(2). By the behaviour of A(7) near the cusps, the points 7 = 0,1, co correspond to the points z = 1,00, 0 of P!, respectively. Moreover, by the
mapping defined by A(), the positive imaginary axis of H maps to the real open interval (0,1) of P!, each of the upper semi-circles of H centered at 7 = :I:% with
radius 3 maps to the real ray (1,4o00) of P!, and each of the rays (—1,i00), (1,i00) of H parallel to the positive imaginary axis maps to the real ray (—oo,0) of
Pl
Let F(a, 3,7, z) denote the hypergeometric series of Gauss or its analytic continuation, and let E(a, 8,7) denote the hypergeometric differential equation of
2

Gauss: z(1 — x);l—wg— +{y-(a+8+ l)x}j—i — afy = 0. The following formula is well-known (e.g. see [4]):

re) (1+0+1-0-) . s
(1.1) F(a,8,7,z) = (1 — ezmia)(1 — e2mir =N (a) [ (v — ) / (1 —t)” (1—xt)~"dt,
where a # 1,2,3,...,7 #0,-1,-2,...,and vy — a # 1,2,3,.... We use the function A(7) to lift the function F(a, 3,7,z) or, strictly speaking, the analytic
continuation of F(a, 3,7, ) to the upper half plane H. Namely, substituting = A(7) and ¢t = sn?u into (1.1), we have, after some calculation,

(1.2)

Fla, 8,7, \(7)) = 2 1'(7)65(0, 7)?

(1 — e2mio) (1 — e270—aN) ()T (y — a)/\(T) z (1 - A7)

O(u,7)2*716, (u, 7)27_20‘"102(1;, )= 27410, (u, 1) —28+1 4y,

e /(§+,0+,%-,0-)
2

We call the definite integral in (1.2) Wirtinger integral for the hypergeometric function of Gauss (see [5]). Note that the function F(a, 8,7, A(7)) is single-valued
in the variable 7, holomorphic on H.

§2 Hypergeometric functions of matrix form and their lifts to the upper half plane.
Let Y = Y (z) be a 2 x 2 matrix-valued analytic function of the complex variable x, and let A(z) denote the matrix-valued function given by

Az) = 1 a(f-v+1) a(y—-B8-1) + 1 a(y—a-1) a(ﬂ—7+1)
(a=Bz |Bla—v+1) Bly—a-1)]  (a-B)(z-1) |B(r—a-1) BB-v+1)]’



where a, 3,7 denote complex parameters. Let us consider the following differential equation of 2 x 2 matrix form:

d
2.1 —Y = A(2)Y.
(21) LY = A@)
y11(z)  y12(z)
y21(z)  y22(z)
equation E(a, B + 1,7), and the functions y21(z) and ya2(x) satisfy the equation E(a +1,85,7). In what follows, we always assume that the parameters a, 3,7
satisfy the conditions

(22) a¢z7 ﬂ¢z’ ’Y¢Za 7_a¢z7 7_ﬂ¢zy 7_a_ﬂ¢z’ anda——,6¢Z.

Let Yo(z),Y1(z), Yoo (z) be the local solutions of (2.1) at = 0, 1, 0o, respectively, given by

This is a hypergeometric differential equation of matrix form. In fact, if we set ¥ = [ ], we see that the functions y;1(z) and y,2(z) satisfy the

Yo(z) = [Fla,+1L,v,2) aB-y+ 12! " Fl+a-72+8-72-72)
o) = |F(e+1,8,72) Bla-v+1)z' "FR+a-71+8-72-72)]’
Yi(z) = (B-v+1)F(a,f+1l,a+B8-7v+2,1-1) a(l-z)""* P 1F(y-ay-8-1,y-a-B1-12)

_(a_7+l)F(a+17B7a+,B_7+271—x) 5(1_93)7—04-6-11:‘(7_&_1’7_ﬂ’7_a_5’1_m) ’
Y. (.’E) — -(a—ﬁ)(a_‘ﬂ+1)(1_"I:)_aF(aa’y_:B_ 17a—135(1 _z)_l) a(’)’—ﬂ— 1)(1—.’l})_ﬁ_lF(’y—a,ﬂ+1,ﬂ—a+2,(1 —w)_l)
= By-a-1)(1-2)*'F(y-fa+la-B+2,(1-2)7) (B-a)B-a+)1-2)PFBy-a-18-a(1-2)7")

The image of the monodromy representation of (2.1) is contained in the gerenal linear group GL(2,C), but not in the special linear group SL(2,C). To obtain
from (2.1) a matrix differential equation whose image of the monodromy representation is contained in SL(2, C), we introduce a new 2 X 2 matrix unknown Y by

(2.3) Y= T (1-2) = 7.

If we eliminate Y from (2.1) and (2.3), we have a new differential equation

d -~ ~ ~
(2.4) ZEY = A(2)Y,
where A(z) is given by
e 1 0~ B -1 at-p-1 | . aﬂ_(a+ﬂ)(a;5—v+1) B+ 1)
(a—ﬂ)x ﬂ(a—-’y+1) _aﬂ+(a+:3)2(7_1) (a"ﬂ)(z_l) ﬂ(’)’—a'—l) _aﬂ+(a+5)(a—;ﬂ_7+1)



From Yy (z), Y1(2), Yoo (), We can obtain via (2.3) the local solutions Yg(z), Y1 (z), Yoo (z) of Equation (2.4) at = = 0, 1, 00, respectively. In fact, we have

Yo(z) = _z%l(l—z)_%@—l; = F(e,+1,7,z) a(B - 'y+1) (1 -x) Fl+a—-72+8-72-7,z)
0 _$3;_1(1—$)9—+L;7i1‘F(a+1 ,B,’)/,.’L') ﬁ(a ’7+1):1: (1 )MF(Q-FOL—’)',I-%,B—’)/,Q—'Y’Q;) ,

ﬂ+ﬁ v+1

Pim) = -(ﬂ—’y+1)m15—1(1—z) et Fla,B+1l,a+B8—-v+2,1-2) az'T (1—m)!'_‘agﬁ_l'F(qf—a,y—ﬂ—1,7—04—6,1—:10)

BT e+ )2 T (- ) T Fa+r Lo+ f-v+2,1-2) BT (1-2) T F T F(y—a-1,7-By-a-B8,1-2)|

f@ = |@- D=+ T = “F(a,v-ﬂ—l,a—ﬂ,(l—w)‘l) a(y=8-1)2"7 (1-2) " F " F(y—a,f+ 1A ~a+2,(1-2)7")
~  Bly—a-12" T (1-2)T T T R - fa+la-B+2,(1-2)7") (B-a)B-a+ )T (1-) T F(By—a-1,8-a(l-2)7")]

It is easy to see that the local monodromy matrix of each function Y;(x) (i =0,1,00) has determinant one.
Let us make the lifts of the functions Yp(z),Y:(z), Yoo () to the upper half plane H, using the Wirtinger integral (1.2). Namely, we set 7/ = —=1/1, 7' =

1/(1 = 17), Zo(r) = Yo(A(1)), Zi(1") = Y1(A(7)) and Zeo (") = Yoo (A(7)). Applying (1.2) to each component of Y;(A(7)) (i = 0,1,00), we have
27T (7)05(0, 7)? (3+,0+,5-.0-) o 20 _ 25—
Zo(r) T e e | Olus 700 ) oy ) O )
ol7) =
21 (7)83(0, 7)2 (z+.04,3-.0-) _ 28— o 90—
(1-—627\'1'5)(1—e(21r)i(‘::£ﬁ))}‘(ﬂ) (v ﬂ)/ O(u, 7)2 7101 (u, )77 10, (u, 7) 2235 (u, 7) T2 du
2ral’ (2 —7)63(0,7)? (2+.04,270-) 28—2v+3 —28-1 20— 2y—2a—1
=G )1 - e 7o) ATA T —7) AT )l
2w B (2 — v)65(0,7)? (340450~ 20 —2++3 —2a-1 28-1 27y—28—1 ’
A=) (1 = e2mia) [ ()T + a —7) / 0(u, T) 20 (u, ) 02 (u, 1) O3(u, 7)Y du
2rl (o + B — v+ 2)85(0,7')2 (3+,0+,3-,0-) o _ N2y Do 25—
() Qe e Blan 717wy T R 0 )T, )T
1\T

27rF(a+ﬂ ’Y+2)93(07‘) (3+.04:3-.0-) 28-1 2a—2v+3 2v—28—1 —2a—1
(1= e2m8)(1 = e (B) (@ — + 1) 0(u,7')*P 710 (u, 7) 227 30y (u, 7)Y T T 03 (u, 7) T T du

2ral' (v — a — B)65(0,7')? (3+.0+,3 o o - i
(1—e2"i(v—a))(21_e—2m33)31£ BI(y—a) (u,T)% 2019, (u, 7') 28710, (u, 7')2% 105 (u, 7) 2P~ 3 du

278 (v — a — B)85(0, T (3+:0+5-0-) o —ap_ o 28 o
(1—627”'(’7—5))(2/1—e—2wi?1)31£(_06))r(7 /3)/ 0(u, )2 =28710, (u, 7') 722710, (u, ') 2103 (u, ') 22 i du

b




2me (=T (a — B + 26, (0, 7")? (5+,04,5—-,0-) oot
: i ’ M2a~1g 1ny—28-1 1\2v—2a—1 11\28—2v+3
(1 _ 627”&)(1 _ e—27nﬁ)[‘(a)l“(_,5) / G(U’T ) 1(’LL,T ) 62(“5 T ) 93(“57_ ) du
—2mBe3 -V (o — B +2)61(0, ")
(1 —e2mir=8))(1 — e2mle=NI'(y - B) (e — vy + 1)
_Qﬂ-ae%wi(w—l)p(ﬂ —a+2)6;(0,7")? (3+,0+,3—,0-)
(1= 2mG=0)(1 - 2= (7 — )T (B — ¥ + 1

eV — o +2),(0,7")2 [BHOHE00) 20— —26- -
(1 —627”'5)(1Se—2ria)1—?(ia)F(;)/ O(u, ") 710, (u, 7") 22710, (u, 77) 2V 271Gy (u, 77) 202 i du

Zoo (7_1/)

(3+.0+,3—,0-)
/ a(u’ T/I)2’y—-2ﬁ—191 (’LL, TII)2a—27+302 (’LL, 7_II)Zﬁ—l 03 (u7 Tl/)—?a—ldu

O(u, 7")27 722719, (u, 7Y 2P 2730, (u, 77) 20105 (u, )72 1dy

Note that the matrix functions Zy(7), Z1(7'), Zoo(7") are single-valued in the variable 7, holomorphic on H.

§3 Transformations of Zy(7), Zi(7"), Zo(T").
The translation of the local monodromies of the matrix functions Yb(w), }7'1(w), Yo (z) into Zo(1), Z1(7"), Zoo(7") is as follows:

wi(y—1) 0
0 ewi(l—'y) 3

ewi(a-{v-ﬁ—'y—f-l) 0 e""i(a“ﬂ) 0

€ !
(3.1) Zo(r +2) = Zo(7) (32) Zi(7"+2) = Zi(r") 0 eritr—a—g-1 |3 (3:3) Zoo(T" +2) = Zoo (") 0 ri(B—a)

Without need to use any formula for lz'o(x), }?1 (), Yoo(z), we can easily verify these formulas directly by transformation rules of theta functions. The translation
of the connection formulas of Yy(z), Y1(z), Yoo (z) into Zo(7), Z1(1'), Zoo(r") is as follows:

Theorem. (Gauss-Riemann) Assume the conditions (2.2). Then we have

INry-a--1) IC2-NI(y-a-B-1) rrf-a-1 reg-yrif-a-1 .,
1 I - r - I'—a)I'(— " r - r 1 I'(—a)I'(1 -
B4 200 =20 | 1) Pash il re-miasoy ey | 69 %0 =20 | TOTOEEY Fe TN Na 5

Ta+DIB+1) Tla-v+DIB-7+1) T@+DI(v—p8) TO+a-NI=p) <

The proof is given in the next section. Formulas (3.1)-(3.5) determine the monodromy of the hypergeometric function of Gauss completely. For example,
combining (3.4) with (3.2), we have immediately the:



Corollary. We have

—cosm(a—B)+e " cosm(y —a— fB) 2mil (1 —y)I(2-1)
T B i si I-a)I(-B)IF(1+a—-y)I'(1+8-
(3.6) Zo (—27- + 1) = Zo(7) 27riFZ(fSyHl7r17)F(’y) ((:osaTZ(a(- B)) —( e”slcoszlr)(a(-i— 8- 7)7)
'la+1)I'B+1)C(y—a)(y—B) isin 7wy

This is the translation of the monodromy of Yj(z) along a curve with base point near z = 0 turning around z = 1 in the anticlockwise direction.

§4 Proof of Theorem.

! ! Z " Z " . . .
We set Zy(1) = [Zig; Zigg] , Zi(t) = [gig,; g:zg:,g] y Zoo(T") = [Z;E:,,g ZZE:‘"; . First, let us prove Formula (3.4) by exploiting transformation

rules of theta functions.
Lemma 1. We have

T(Y)L(1+ 8 —y)[(-B)eritr—a=8)
Tla+)I(y—a)T(2—7)

L(N)I(=B)em )

_ I'(y)['(B—v+1)e ™
(4.1) 211(7) T Ta+ DI —a-5)

S Ia+B8-v+2)I'(y—-a)

¢ () Cr2(r) - 212(7).

Proof. Applying Jacobi transformations of theta functions to the expression of z11(7), we have

(4.2)
. 1 2 ‘ (3+,0+,2—,0-) 2a—1 1 28—-2v+3 1 2y —2a-1 1 —28-~-1
() = : 2nl'(7) 26, (o,—— (—i)em/ (-1} e 3,——) N 0 (3,—— du.
(1 —e?mie)(1 — e2mO—N(a)[(y—a) T T T T T T

Substituting v = —u/7 into the definite integral of (4.2), we have

2me" ™ I'()63(0,7')?
1 — e2mia)(1 — e2mi(v=a (o) I'(y — @)

(5 +,04, % —,0-)
(4.3) z11(7) = ( / B(v, 7")2*710, (v, 7') 22739, (v, ) 22105 (v, ) "2 L d,



where we chose in the integral of (4.3) the branch of (v, 7')2*~1 satisfying 6(—v, 7')2%~1 = —e~27@fg(v, 7')22~1. Meanwhile, applying Cauchy’s theorem to the
integration of the integrand of (4.3) along the parallelogram with vertices 0, 27/, (1 + 7'), 1, we have

1
(1 _ e27rz'a)(1 _ e?ﬂi(q—a))

(5+,0+,5—,0-)
/ (v, 7)1 01 (v, 7') 2P 213G, (v, 7) 2722105 (v, 7') 2P Ly

1 (3+:0+:3-0-) 2a-1 28—2v+3 2y—2 26-1
N2a— ! — —_ — — —

= (1 — e2mie)(1 _e2m'(,r3——y))/ (v, ") By (v, 7")2 =27+ B2 (v, ') 7227 05(v, 7') T
(4.4) emiY (3+.,0+,3-,0-) '

+ (1= e—2miB)(1 — e2mi(1—a)) / (v, 7)Y 722710, (v,7') TP 10, (v, 7) 2> 103 (v, T) 2P dy

e2mi(v—8) (5+.0+.5 —.0-)

B (1 - e—2ﬂ'iﬁ)(1 627”(5'—’7)) / 0(’0, 7./)2ﬁ—27+301 (’U, 7_/)20:—102(,0’ 7_/)—2ﬁ—103(,u’ 7")27_20‘—1(11),

where we chose the branch of 6y (v,7')**~27+3 satisfying 6 (v + 1,7/)28~2+3 = —e2mi(v=B)g(y, 7')26-27+3_ Substituting (4.4) into (4.3), we have the desired

formula (4.1), which proves Lemma 1.
Lemma 2. We have

I'2-~y)I'(y-a)l(a+ 1)emir—=8)
(-1 +p8-I(v)

Ie-yla+ e Tyl —a)e™

TatB-r+20(B) " Tax8-)Ir(-a—p "> 211(7)-

(45) Z12 (T) =

The proof is similar to that of Lemma 1. We omit it.
The system of linear equations (4.1) and (4.5) is unified as the equivalent matrix equation:

1 LF@-NI'(y-al(a+1)emr=o=h
Ir(1+8-y)I(-B)r
(211(7),212(7)) L)1+ B = 3)T(=B)emr-a—5) ( '71) (=B)I'(v)
I'a+1)I'(y—a)l'(2—7)
F()IB—-y+1le ™  I'(2-5)(a+1)em 0P
= @G | O P s TR e |
FNa+1)I'(y—a-B) I'(y—-a-B8TB-v+1)

7



from which it follows that

IMry=a-B-1) TI2-yI(y-—a-F-1)]

(4.6) (211(7), 212(7)) = (Cu1(7"), Gr2(7)) 1“(5(1’!(; —?—)g(j'y_—f%) re- 71;}_(3)_{}3__@7 +1)
Fa+0I(B+1)  Tla—v+DIB—v+1) |

Exchanging the variables a and f in (4.6), we have immediately

I'ry-a-B-1) I'C-yIl-a-F-1)]
(@7) (1 () 22(0) = @ (), ) | ph2a VB2 re— e 52 v

Fla+1)I'(B+1) Fla=y+1)I'(B-v+1) |
The system of equations (4.6) and (4.7) is equivalent to the matrix equality (3.4), which proves the first half of the theorem.
Next, let us prove Formula (3.5).
Lemma 3. We have

r()I(B-a-1) r(y)I(a—p§-1)

(4.8) ()= 70T a2t Ta s DI =)

ZIQ(T").

Proof. By transformation rules of theta functions, we have

2me2 =1 [(7)0,(0, 7 — 1)2
1-— e27ria)(1 — e2‘lri(-y—cz))1"((:01"(,y

(49) 211(7') = (

Applying Jacobi transformation formulas to (4.9), we have

2 Lmi(y—1) %‘ni(2a—1)1’1 : 2
) = o (0.5
(4.10) 7

1

(%+’0+,%_,0_) 1 2a—1 1 —28-1 1 2yv—2a—1
x/ 0(——) &(— b2 ( —r b3 (| —— ——
T—1"1—-71 T—1"1—171 T—1"1-71 T—1"1—-7

(3+.0+,5—-.,0-)
— a) / e(u, T 1)2(1—101 (ua T 1)27_20‘_102(1!, T — 1)_25_193(1_1,’ T — 1)25_27+3du.

28—2v+3
) du.



Substituting v = u/(1 — 7) into the integral of (4.10), we have

2me3™(—Ve=mia ()9 (0, ")
1 — e?mia)(1 — e2viv=2)) () (7 — )

(T +.0+, 5 —,0-)
(4.11) an(r) = ¢ / 0(v,7")** 7161 (v, 7") 2105 (v, 7) 2 2 G5 (v, )PP T

where we chose in the integral of (4.11) the branch of (v, 7")2*~! satisfying 8(—v,7")22~! = —e~2"f(y,7")22~1. Meanwhile, applying Cauchy’s theorem to

the integration of the integrand of (4.11) along the parallelogram with vertices 0, £7”, %(1 +7'"), £, we have

1
(1 — e27ria)(1 — e27ri('y—a))

O+ +.0-.% -)
/ 9(,07 7,11)204—101 (’U, Tll)-26—-192 (U, 7_11)27—204—103 (’U, TI/)25—27+3dv

1 (34+0+3-0-) " 2a—1 28-1 2y—2a—1 28—2v+3
- "n—28~ —9a— _
+(1 _ 627ria)(1 _ e—-27riﬁ) / 0(’0,7‘ ) “ 91 (UaT ) s 92(’057-”) K 03(U7TH) S dv
4.12 " :
( ) 627riﬁ (4045 —,07) m\—28—1 m2a—1 1H\23—2v+3 mn2y—2a—1
_ -28- - ~2y y—2a—
Er=a _62“(5_7))/ (v, ") 01 (v, ") 02 (v, ") O3(v, ") dv
e (0+:3+.0-3-) 2y—2a—1 28-2++3 20-1 28-1
1\2y—20— 28— n2a— n—28— _
_(1 — e2mi(y=a))(1 — e27i(F~-7)) / (v, 7")"" 61(v,7") 05 (v, ") f3(v, ") dv =0,
where we chose the branch of 8; (v, 7") 2%~ satisfying 6, (v + §,7") 72#~1 = —€>™#f(v, ') ~2P~1. Moreover, applying Cauchy’s theorem to the integration of the

function 8(v, 7")~28-10, (v, ") 2210y (v, ") 2P 27305 (v, 7)Y~ 22~1 along the same parallelogram, we have

” "

1 (0+, %5 +,0—, %) 0(p. 211 -26-1 m2a—1 1128-27+3 12y =201
i _e—2wiﬂ)(1_e2“i(ﬁ—7))/ (v,7") 61 (v, 7)) 02(v, ") 3 (v, ") dv
1 (%+,o+,%—,0—)9 n-28-1¢ n2a-1p 11Y28—27+3p M2y=2a-lg
—2mia

_ e (%+70+5L2’L-90“) 0(1) T,,)2a—19 (U 7_//)—25—10 ('U 7_11)27—2(1—10 (v T”)2B_27+3dv
(1 _ e27ria)(1 _ e27ri('y—a)) ’ 1{Y 2\Y, 3(v,

e—rri‘y

- (1 — e2mily—2)) (1 — e2mi(B-7))

(0+,3+,0-,5-)
/ 0(,0’ TII)2B—27+301 (’U, TII)27—2a—102 (U, TII)—2B—193 (1), Tll)2a—1d,v - 0’



where we chose the branch of 6 (v, 7")2%! satisfying 61 (v + 3,7")?*™! = —e~2™f(v,7")?*1. From (4.12) and (4.13) it follows that

1— e21ri(6—oz) (TT”+,0+,I'21—,0—)
(1 - egﬂ-ia)(l — egm'(,y_a)) / 9(,0’ T//)Qa—-lel (,0’7_//)—23—102(1)7 Tll)27—2a—163(v’ 7_//)2[3——2'y+3dv
_ omip (3+,0+,4-.0-)
(4.14) = (1 — e?iia)a e-—2ﬂ'iﬂ) / : : o(v, 7_ll)2a--101 (’U, 7_//)—213—162 (’U, Tll)2'y——2a—103(v,7_//)2[3—27+3dv

e1ri7 _ e27riﬂe-7ri'y

+ (1 _ e27ri(7—a))(1 — e2mi(B—

(3+4,0+,5—-,0-)
)) / o(v, T/I)27—2a—101 (’U, TII)2[3-—27+302(,U,Tll)?a—103(v’ Tll)—26——ld,u,

1— e?ﬂ'i(ﬁ—a) (TT”+,0+1L2""—’0—)
(1 = e—2miB)(1 — e2mi(B-) / (v, 7") 727201 (v, 7")2* 1 0a (v, )PP RT3 (v, 7PV T2 dy
1

_ e—27rza

(4.15) = : :
(1 _ e27r1a)(1 _ 6—21”[3

($+.0+,3—,0-)
) / 0(’0, T”)2a_101 (,U’TH)—2,6—102 (U, 7_//)27—2a—103(,u’Tl/)2ﬂ——2'y+3d,u

e~ 2midemiY 4 g~y (3+.0+,5-.0-) 11\2vy—2a—1 11\28—2~+3 "\2a—1 " —28-1
_ = el (1 = =) O(v, ") 01 (v, ") O2(v, ") 03(v, ") dv.

Substituting (4.14) into (4.11), we have the desired formula (4.8), which proves Lemma 3.

Lemma 4. We have

L@-)IB-a-De™ r@-y)Il(a-f-1e™

4.16 = Zy (") + Zyo(T").
( ) 212(7-) I—v(l ¥ ﬂ — ’y)F(—a) ll(T ) F(—B)F(a —y+ 1) 12(T )
The proof is similar to that of Lemma 3. We omit it.
Exchanging a and § in (4.8) and (4.16), we have immediately
IB-oa-— -
(417) 221(7_) F(’)/) (/B a 1) Z21(T") _+_ F(’)/)F(a B 1)Z22(T"),

TTA+BAI(-a) I(a+1)I(y-B)

r2-y)IrB-a-1e ™ r@2-+)I(a-pB-1)e ™
I'l+8-7I'(-a) I(-B)(a—v+1)
Formulas (4.8), (4.16)-(4.18) are unified to the equivalent single matrix equality (3.5), which proves the second half of the theorem. Q.E.D.

(4.18) 292(T) = Zo1 (") + Zaa(1").
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