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at the superconformal limit for Ny < 5 to a few leading orders in the chemical potential.
Both perturbative and (anti)instanton contributions are present in this calculation. For
Ny = 6,7 cases some issues related the pole structure of the instanton calculation could
not be resolved and here we could provide only some suggestive answer for the leading
contributions to the index. For the Sp(IV) case, similar issues related to the pole structure
appear.
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1 Introduction

Seiberg has proposed sometime ago several classes of 5-dim N = 1 superconformal field
theories [1]. Especially an interesting class is the Sp(INV) gauge theories with Ny fundamen-
tal hypermultiplets and one antisymmetric hypermultiplet which appear naturally on N
D4-branes near the Ny D8 branes on top of a single O8 orientifold plane in the so-called
type I’ string theory. The infinite coupling limit of the gauge theory in the symmetric
phase is the superconformal fixed point with superconformal group F(4) whose bosonic
part consists of SO(2,5) conformal symmetry and SU(2) R-symmetry. These theories with
SO(2Ny) flavor symmetry and U(1) for instanton number are expected to have enhanced
global symmetries E, 11 for Ny <7 at the superconformal point [1-6]. While the Coulomb
phase moduli of these theories are the coordinates for the positions of D4 branes away from
the orientifolds, the Higgs phase of these theories are known to be the center moduli space
of N En, 1 instantons.

In this work we set up the superconformal index calculation of these gauge theories
on S' x 8% and evaluate it by the localization method with suitable chemical potentials
turned on. This index has both perturbative contribution and nonperturbative instanton
and anti-instanton contribution. In our index calculation for the Sp(1) theory to three and
four instanton contributions for Ny < 5, the chemical potentials for the SO(2Ny) flavor
symmetry and the U(1) instanton charge are merged to the characters for the enhanced
EN,+1. However the difficult pole structure appears in calculation of the instanton contri-
butions for Ny = 6,7 and so in this case we suggest a few leading order expression for the
index based on the general pattern. Similar obstacle exists for N > 2.

These 5d N/ = 1 supersymmetric gauge field theories are nonrenormalizable with Yang-
Mills kinetic term and ultra-violet incomplete. However each of them may be regarded as a
relevant perturbation of a 5d UV-complete superconformal field theory which corresponds
the infinite gauge coupling limit of the gauge theory interacting with hypermultiplets. One
should not be wary of the infinite coupling limit where the Yang-Mills action can be ignored.
A most typical such example is the C'P(N) model which is written with one auxiliary gauge
field. That can be regarded as the infinite coupling limit of the abelian Higgs model with
the multiple flavor and FI term turned on. The gauge kinetic term gives more weight to
the smooth field configurations in the path integral. In the infinite gauge coupling limit, all
the gauge field configurations contribute with the equal weight. The result is the constraint
leading to the C P(N) model. For our Sp(1) gauge theory at the conformal limit also, one
has to sum over all gauge fields with equal weight.

In 5d gauge theory with Yang-Mills action, the inverse of the gauge coupling constant
1/g%,, has the mass dimension which is also the mass scale of instanton solitons. While the
BPS instantons form a massive tensor multiplet in the maximally supersymmetric ' = 2
case due to the gaugino zero modes, they form a massive hypermultiplet in the N’ = 1
case. For the N/ = 1 Sp(1) gauge theory with fundamental Ny flavor, there would be
additional zero modes due to the spinors in the fundamental representation. These zero
modes produce no spin but just flavor charge. Instantons and anti-instantons appear as
chiral 2?:{71 and its complex conjugate QJ_V{A representations of flavor group SO(2Ny) and
the U(1) instanton number, respectively.



We choose the mass for the hypermultiplet to vanish. The enhancement of the global
symmetry occurs at the conformal point. At the infinite coupling limit, instantons also
become massless. Seiberg has argued that the flavor symmetry SO(2N¢) and the instanton
number charge U(1); get merged into a global symmetry En,11 D SO(2Ny) x U(1); [1].
Besides the exceptional groups FEg, Er, Eg, the remaining ones are E5 = Spin(10), Ey =
SU(5), B3 = SU(3) x SU(2), B3 = SU(2) x U(1) and E; = SU(2).

The 5d N = 1 supersymmetric gauge theories can have many origins. One is the theory
on D4 branes with other branes, say D8 and O8, like in our setting. Further exploration of
5d gauge theories and D4 on D8 branes and O8 orientifolds has shown one can have E; with
U(1) symmetry and Ey without any global symmetry. All these class of theories appear
naturally on the M-theory compactification on Calabi-Yau 3-fold with the contracted del
Pezzo surfaces [2, 3, 5.

The superconformal index on S' x S* is a tool to examine the enhancement of the
global symmetry. A method for calculating the index is by evaluating the path integral
by the localization. We are turning on all chemical potential allowed by our choice of
the supercharges which define the index. The contributions consist of perturbative and
nonperturbative parts. They are localized at north and south poles. With our convention
at south pole instantons contribute and at north pole anti-instantons contribute. While
the calculation of the perturbative part is somewhat straightforward, the instanton and
anti-instanton contributions can be obtained from somewhat indirect approach, which is
to evaluate the DO branes contribution on D4 branes with the orientifold O8 and D8 branes
via the ADHM method.

The gauge group on k DO branes turns out to be O(k) which consists of the connected
subgroup O4 (k) = SO(k) and the disconnected part O_(k) of minus one determinant.
The DO brane contributions are composed of these two parts whose detail identification
need some effort. Once one obtains the DO-brane contribution to the index, one has to
integrate over the loop-variables along the circle to get the gauge invariant expression.
Here we are turning on all the chemical potentials for the flavor group SO(2Ny) which
can be regarded as the mass parameter for each hypermultiplet and the fugacity for the
instanton number. The evaluation of the instanton contribution goes well for the cases
Ny <'5. While we do not know the closed form of the index, our method here leads to a
series expansion whose coefficients are expressed in terms of the characters of the enhanced
global symmetry En,i1. Especially the leading nontrivial contribution is given by the
character of the adjoint representation of Ey, 1. We reach, however, some obstacles for
Ny = 6,7 whose solution is not obvious to us at this moment. For Ny = 6,7, the characters
for the adjoint representation of E7, Eg have the contribution from two (anti)instantons,
besides the perturbative parts and the single (anti)instanton contribution.

The rest of the paper is organized as follows. In section 2 we review the 5d N/ = 1
gauge theories and their superconformal limit. Global symmetry enhancement raining at
the conformal fixed point is discussed. In section 3 we define the superconformal index
and approach it with localization method. It has both perturbative and nonperturbative
contributions. The superconformal index for Sp(/N) and U(V) are presented as an holon-
omy integral form. In section 4 we explicitly calculate the index for Sp(N) and show the



global symmetry enhancement by showing they are expressed in terms of the characters of
the enhanced symmetry. In section 5 we conclude with some perspective and remarks. In
appendices we collect various related formulas.

2 5d superconformal theories

We review the salient features of the 5d N/ = 1 supersymmetric gauge theory with focus
made on the theory in the infinite gauge coupling limit. This theory has the vector multiplet
and the hypermultiplet. The vector multiplet consists of a gauge field A, a real scalar ¢,
and a symplectic-Majorana fermion A (where A denotes the SU(2) g R-symmetry doublet
index) in the adjoint representation of gauge group G. The Lagrangian for the vector
multiplet ® is encoded in the prepotential F. For generic gauge group G, the classical
prepotential is given by [1, 5]

1 K
F = —tr®% 4+ ~trd3, (2.1)
2931 6
where gzl is the classical gauge coupling and & is a real number which is quantized. The
first term gives rise to the usual 5d Yang-Mills term which drops out in the infinite coupling
limit.
The cubic term leads to the Chern-Simons term and its supersymmetric completions [1,
5, 7-9]

'Ccubic = [’cs + »Cn )

R i 1
cs — ANFAF SANANANE — —ANANANANA
5247r2tr[/\/\+2A/\/\ i M ARARAS
—3MMAE,, + 6ida'DIA|,
K
L, = ﬁtr [QSEYM]
1 . _ - _ —
_ 2:_2tr¢|: — 5w F" — D,¢D"6 + %DMM”/\ - %M“DM +D'D" +iXg, Al

(2.2)

where D! (I = 1,2,3) are auxiliary scalars transforming as a triplet of SU(2)g, and D,, =
0, — 1A, is the covariant derivative. See appendix A for the detail notation. The trace is
taken over the gauge indices of the adjoint matrices T% and it follows that the cubic terms
are proportional to the totally symmetric structure constant of the gauge group G

1
4o = St T{T®, T°}. (2.3)
We note that d*° is nonzero only for SU(N) with N > 3, and thus one neglects this

classical cubic term for other gauge groups than SU(N). (Of course, the cubic term exists
for abelian case.)



The theory is invariant under the supersymmetry (SUSY) transformations

§A, = i\ye,
56 = Ae,
1 v . I I
o\ = 3 wY" e —iDy gyt e+iD o€,
- 1
o = —3 ey —iey' D¢ — iea' D',
oD! = D, MFole — (¢, Nole, (2.4)
where ¢! are the usual Pauli matrices and the R-symmetry indices are contracted as e =

M ae?. The supersymmetry parameters e are symplectic-Majorana spinors defined as
€A = (GT)Bé‘BAQ, (2.5)

where c4p is the invariant tensor of SU(2)r while 2 is the invariant tensor of Sp(2)!
which corresponds to the Lorentz rotation in five dimensions. More precisely, the SUSY
parameter ¢, transforms as the doublet of SU(2)g (A = 1,2) and also as the spinor of
Sp(2) (m=1,2,3,4).

The hypermultiplet consists of a complex scalar ¢ (an SU(2) g doublet) and a complex
fermion 1) in a representation of the gauge group. With the matter coupling, the prepo-
tential receives quantum corrections [10]. For example, when the SU(N) gauge theory is
coupled to a fundamental matter field with real mass m, the quantum contribution to the
prepotential is given by [10]

1
fquantum _ — Sgn(m)§tr @37 (2.6)
which comes from one-loop computations. Since the prepotential is at most locally cubic,
the one-loop correction is exact. One can regard the classical cubic term as a quantum
mechanically induced prepotential by integrating out the massive fundamental hypermul-
tiplets. We note that the gauge invariance restricts the coefficient x of the cubic terms to
be [5, 10]

1
Koff = K — ngn(mi)§ €7, (2.7)
i

Here, the sum is taken over all the hypermultiplets coupled to the vector multiplet. The
classical Chern-Simons level « is therefore quantized: integer or half-integer depending on
even or odd number of fundamental matters, respectively. In particular, when the number
of matter hypermultiplets is odd, the classical Chern-Simons level x cannot be zero. This
means that the classical cubic term always exists and thus parity symmetry is broken.
The gauge theories have the Coulomb branch and the Higgs branch. The vacuum ex-
pectation value of the real scalar field ¢ in the vector multiplet parametrizes the Coulomb
branch of the classical vacua of the low energy theory. The effective theory at low energy is

'To be more precise, Sp(2) should be USp(2,2) = SO(1,4).



described by the diagonal elements of ¢ in the Cartan subalgebra of G. The exact prepo-
tential for the arbitrary gauge group G with various flavors of masses m; is expressed as [5]

f:itrqs%gtw%i RGP D weo+mif |, (2.8)
R

12 ,
i WEW;

where R are the roots of G and W, is the weight space of G in the representation for
i-th hypermultiplet. This prepotential is obtained by integrating out all the massive fields
at generic point of Coulomb branch where the charged matters acquire additional masses
from the gauge coupling to ¢. The last two terms are the quantum corrections arising from
the massive vector multiplet and the massive hyper multiplets, respectively.

The Higgs branch is where the scalar fields in the hypermultiplet take nonzero vacuum
expectation value. The Higgs branch moduli space is a hyper-Kéahler manifold. From the
point of view of D4-D8 system, N D4 branes on Ny D8 branes appear as N instantons
in SU(Ny) gauge theory, and thus the Higgs branch of D4 is the moduli space of N
instantons in SU(Ny) gauge theory. The Sp(/N) theories on D4-branes with an additional
O8 orientifold have SO(2Ny) global flavor symmetry where they are interact with N
hypermultiplets, which corresponds to Ny D8 brans in the D-brane picture. The Higgs
branch in this case is the moduli space of N instantons in the SO(2Ny) gauge theory.

It should be stressed that instantons are associated with the U(1); current
J=xtr (FAF), (2.9)

which is topological and always conserved [1]. This U(1); charge corresponds to the in-
stanton number. The instantons in 5d maximally supersymmetric theory play the role of
Kaluza-Klein (KK) modes from a circle compactification of 6d (2,0) theory and its mass
is identified with KK momentum [11-15]. In our case, however, the instanton solitons in
5d gauge theory form massive hypermultiplet and participate in the enhancement of global
symmetry at the conformal point. The U(1); provides an extra Cartan for the enhanced
global symmetry En, 1 [1, 2, 4]. The way the instantons contribute the symmetry en-
hancement is one of our main points of the paper and will be explained throughout the
paper, especially in section 4.

2.1 Conformal limit

A non-trivial conformal field theory emerges in the infinite coupling limit of the 5d gauge
theory. The N = 1 superconformal theory in five dimensions enjoys F'(4) superconformal
symmetry whose bosonic part is SO(2,5) x SU(2)r where SO(2,5) is conformal group and
SU(2)g are R-symmetry group [16, 17].

When the gauge group is U(1) or SU(N) (N > 3), the Lagrangian describing the
conformal fixed point is the Chern-Simons action given in (2.2). This Lagrangian preserves
8 Poincaré and 8 conformal supersymmetries. The supersymmetry transformation then



extends from (2.4) to

(5Au:z'5\fyue,

8¢ = Ae,

5 1 Hv ; H D! 1 2 H
A= 3 wY e —1Dypy" e +iD'o 6_€¢7 D,e,

- 1 _ ,7 . 29
oM = *§FMV€'7W —iey' D¢ — ieo’ DI — gD;ﬁV“QZ)a
_ _ 1.
oD! = DMt ole — [p, Nole — gAalv“Due, (2.10)

where the SUSY parameters are € = ¢, + = - ye; with the constant spinors €, and €5;. The
commutator of two SUSY transformations leads to the superconformal algebra

[51, 52]/1“ = g”OZ,AM + 8“5”14,, + DNA,
[01,02]¢ = &"0udp + i[A, 8] + pob,
1 3 3
[61,02]A = £ 0N+ 20" A +i[A N + SpA + 1R”a”A,
01, 82)DT = €19, DT +i[A, D] + 2pD’ + 3R/D’. (2.11)
where the parameters are defined by
g = —2ienter,

A = 2ieiy e A, + 261620,
A
o = plrel 4 ¢ wh”,

p=—% Dulernfe),

5
Rl = —gz(éyy“a”D,ﬁg — Dyt ol ey). (2.12)

The Killing vector &* generates the SO(2,5) conformal transformation and R!Y is the
SU(2)r R-symmetry generator, and A is the gauge transformation parameter. This is a
part of superconformal F'(4) algebra which is expected for the fixed point theories.

For the matter hypermultiplet, the canonical Lagrangian is already superconformal
invariant. The matter Lagrangian is given by

»Cmatter = |DMQ‘2 - ilZW“DMﬁ + ng2q - qo'quI - \@i})‘q + \[2(]5‘7/] - “L@bwv (2‘13)

which is invariant under the SUSY transformation

oq? = V2iey,
644 = V2irpey,
3
§p = V2 (—D#qu“eA + pges — 5qA'Y“Du€A> :
_ 3
(5¢ = \/5 (EA’Y'“D“(IA + EACYA(ZS + 5DM€A’)/“(]A> . (214)



The supersymmetry algebra closes on-shell
16200 = €00 +idg® + Sp a4 DRV (57 ),
[01, 2] = 10, + i@wv‘“’w + Ay +2p ) + (e.om.), (2.15)
where the e.o.m. term is given by
(261 — (€277 1)) (V' Dyt +ignp — iv/2qN). (2.16)

When the gauge group is Sp(IV), unlike the SU(V) case, the Lagrangian for the vector
multiplet at the conformal fixed point does not exist. It is because there is no Chern-
Simons term for Sp(/V). Nevertheless, the theory itself exists and it is believed that such a
theory flows to non-trivial interacting fixed point as well. Moreover, at the strong coupling
limit, the conformal theories for Sp(/N) also enjoy the same superconformal symmetry F'(4).
The supersymmetry transformation rules are presumably the same as those of the SU(N)
case (2.10). On the other hand, the canonical Lagrangian of the hypermultiplets remains
invariant under the same SUSY transformation (2.14).

The physical observables of the conformal field theory we are interested in are the
gauge invariant operators. Once the superconformal algebra is given, the gauge invariant
operators are classified according to their representations of the superconformal algebra.
These operators correspond to the physical states in a radially quantized theory. We will
be interested in radially quantized theories on R x S*. Physical states are then labeled
by the charges of the Cartan generators of the bosonic subalgebra SO(2,5) x SU(2)g: the
energy ¢q is the dilatation of the original theory, the angular momenta jq, jo are the charges
of SU(2); x SU(2)2 C Sp(2) = SO(5), and jg is the SU(2) g-charge.

The supercharge Qé and the conformal supercharge S’' are conjugate each other in the
3
Their commutator gives a multiplet shortening condition often called BPS bound and the

radially quantized theories and they have the dilatation charge +% and —3, respectively.
multiplet satisfying such a shortening condition is called the short (or BPS) multiplet. The
commutator of Q7 and S reads [18, 19

{Qp: SBY} = 67, 653 D+ 26 My, — 36,3, Rp™ (2.17)

where D is the dilatation, M,," are the SO(5) rotations, and Rp* are the SU(2)g R-
symmetry generators. As the BPS states satisfy the BPS bound of (2.17) their spectrum
is protected by the supersymmetry. This property allows us to count the exact spectrum
of the BPS states (or operators) in the conformal field theory. We will count the spectrum

in section 3 with the superconformal index which is a kind of partition function counting
BPS states.

2.2 Global symmetry enhancement

Let us first focus on the Sp(1) = SU(2) gauge theory with Ny fundamental hypermulti-
plet matters. This is the simplest example revealing non-trivial fixed point in the strong
coupling limit. To see such fixed point, it is instructive to review D-brane descriptions for
this.



To begin with, let us consider familiar D-brane configuration of Type I string theory.
Type I theory has 16 D9-branes required to cancel the gravitational anomaly arising from
the spacetime filling O9 orientifold plane. The gauge group of this background is SO(32).
We introduce a D5-brane to this system. The worldvolume theory of the D5-brane is
a six dimensional SU(2) gauge theory coupled to Ny = 16 hypermultiplets. This Higgs
phase of this gauge theory is the center moduli space of a single SO(32) instanton. We
compactify the theory on a small circle S along the D5-brane worldvolume direction and
then perform T-duality transformation. It gives rise to the brane configuration of a D4-
brane on 10d background compactified on S'/Zs interval with two orientifolds at the ends
of the interval. The two O8 orientifolds at the tip of the interval S!/Zy are the T-dual
of the O9 orientifold plane in Type I theory. This theory is often referred to as Type I’
theory. The location of the D4-brane on the S'/Zy (from z° = 0 to 2° = 7) corresponds
to the Coulomb branch of the moduli space of the gauge theory which is parametrized by
the scalar component of the vector multiplet. In Type I picture this corresponds to the
SU(2) Wilson line of the D5-brane appearing after the circle compactification. There are
also 16 D8-branes filling the nine dimensions transverse to the compact direction. They
are T-dual of 16 D9-branes in Type I theory and their positions on the S!/Zs are again
SO(32) Wilson lines on the compact circle. For generic U(1)'% Wilson lines or equivalently
the positions of the D8-branes, the SO(32) symmetry is spontaneously broken to U(1)!6
subgroup.

Of particular interest is the dynamics near one of the O8 orientifold fixed points, say at
z? = 0. We put a D4-brane and N + D8-branes close to 22 = 0 and thus the moduli can be
seen as R!'/Zy. This D4-brane worldvolume theory then describes five-dimensional SU(2)
gauge theory with Ny fundamental hypermultiplets. The moduli space of the D4-brane
becomes RT which coincides with the Coulomb branch of the moduli space of the gauge
theory. The strings stretched between D4- and D8-branes provide N; hypermultiplets
whose nonzero masses correspond to the distances of D8-branes from the fixed point. The
Higgs branch becomes the center moduli space of N instantons in N; gauge theory.

Now let us analyze the field theory described by the above D-brane configuration. For
SU(2) gauge group, the Coulomb branch is one-dimensional given by ¢ = diag(a,—a).
Without loss of generality we can take a > 0 using the unbroken Weyl symmetry of SU(2)
gauge group. The corresponding moduli space is RT. Along the Coulomb branch the gauge
group is broken to U(1). Clearly there is a singularity at the boundary of the moduli space
a = 0 where additional massless vector fields arise and as a result the SU(2) symmetry is
restored.

As mentioned earlier, the classical cubic term vanishes because the totally symmetric
structure constant d**° does not exit. According to (2.8) the prepotential for the abelian
gauge theory in the Coulomb branch gets corrected by the quantum effect and the effective
gauge coupling is

1 1 1 1
7=7+8a—52\a—mz~!—52\a+mi\ (2.18)
et Yei i=1 i=1

where m; are the masses for Ny fundamental flavors. For consistency of the theory, the



effective coupling should be non-negative on the entire Coulomb branch of the moduli
space. This cannot be guaranteed if Ny > 8. There always exists the finite point a. of the
moduli space away from the origin where the effective coupling geg diverges. Beyond a.
the effective coupling flips its sign and thus the theory becomes sick. This reflects the fact
that the quantum theories for Ny > 8 are not renormalizable [1].

When Ny < 8, on the other hand, the effective gauge coupling is positive everywhere
on the Coulomb branch and therefore the Lagrangian description of the 5d gauge theory
is still valid even for the quantum level. Let us place all Ny D8-branes at the fixed point.
It follows that the effective coupling becomes

1 1
= =+ (8= Ny (2.19)
2 9 d

As we take the classical gauge coupling g. to be positive there is no singularity on the
Coulomb branch when N; < 8. Moreover, if the classical gauge coupling is taken to the
infinity, g, — o0, there can be a scale invariant fixed point at the origin of the Coulomb
branch where a = 0 [1]. Hence, the 5d gauge theories with the condition above are reliable
field theories over the entire Coulomb branch of the moduli space. The field theory at the
conformal fixed point is very strongly interacting since the effective coupling diverges. We
note that when Ny = 8, the infinite coupling limit yields the vanishing of the metric on
the entire Coulomb moduli space, and thus the 5d description becomes not meaningful.

The global flavor symmetry of the theory is SO(2N) and there is conserved U(1) charge
for the instanton soliton numbers in 5d Sp(1) gauge theory. Together, the global symmetry
is expected to be enhanced to E,+1 at the conformal fixed point for Ny < 8 [1, 5], which is
related to the gauge symmetry enhancement of the heterotic string theory on the self-dual
radius. We note that the Higgs branch is also enhanced and thus it becomes the moduli
space of En, 1 instantons [1, 20].

The symmetry enhancement from the point of view of the heterotic string theories is as
follows. Consider the eleven-dimensional M-theory compactified on an interval S!/Zy with
a radius Ry along the 11-th direction. The orbifold action Zs introduces ten-dimensional
orientifold plane at each tip of the interval. To cancel gravitational anomalies arising from
two hyperplanes, we need to place a 10d Eg gauge theory at each end of the interval.
This theory realizes the strong coupling limit of the Eg x Fg heterotic string theory in ten
dimensions [21, 22]. The heterotic string coupling constant g, is related to the radius of
11d circle by Rij ~ gi/ 3 and, at small coupling limit, M-theory on a S'/Zs reduces to the
FEs x FEg heterotic string theory.

One further compactifies the heterotic string on a circle with the radius Rj, which
exhibits the gauge symmetry enhancement at the special point of the moduli space. More
explicitly, one can turn on the Wilson lines that break the gauge symmetry to SO(14)? x
U(1)? x U(1)? where the later U(1)? are given by right and left-moving winding modes.
Then, there is symmetry enhancement at the self-dual radius to Fg x Eg x U(1)? [23, 24].
One may view the symmetry enhancement in the heterotic string theory from the point of
view of Type I’ string theory using the heterotic/Type I and Type I/Type I’ string theory

,10,



dualities. The gauge coupling and the radius of the circle S' with R), are mapped as follows

Ry = /Rugn, gr = \/}%, (2.20)

where g/, Ry are the gauge coupling and the radius of the compact circle in Type I’ string
theory, respectively. Thus, at the self-dual radius R = Rsq ~ 1 and the strong coupling
limit g, = oo in the heterotic theory, the dual Type I’ theory is at weak coupling region with
the infinity radius Ry of the circle S'/Zy [23, 24]. The dual description of SO(14) x U(1)
preserving Wilson line is one D8-brane away from a fixed point while 7 D8-branes are
located exactly at the fixed point.

The string coupling gp which is the dilaton expectation value diverges and the per-
turbative description breaks down precisely at which we hope to see the symmetry en-
hancement. Since D8-branes are the dilaton sources the existence of D8-branes causes
the dilaton gradient. So, as the eighth D8-brane approaches to the fixed point, the string
coupling at the orientifold diverges, which implies that DO-branes become massless and
they can provides the massless gauge bosons that are necessary for Eg gauge symmetry
enhancement.

From the heterotic string theory point of view, D4-branes on Ny D8-branes at the O8
orientifold fixed point can be interpreted as the instantons of the Ey, 1 gauge symmetry
in the heterotic theory. The string duality relates the D4-branes to the NS5-branes in the
heterotic theory. In the heterotic theory, the five-branes couples to the gauge symmetry
which corresponds to SO(2Ny) global symmetry at finite coupling of the D4-brane theory.
The Higgs branch of the moduli space in the five-brane worldvolume theory is known to be
the moduli space of SO(2Ny) instantons. One may notice that the Sp(IV) gauge symmetry
of N D4-brane theory coincides with the gauge symmetry of the IV instanton moduli space
of SO(2Ny) gauge theories. As the global symmetry is enhanced to En,+1 in the D4-brane
theory at the infinite coupling limit, the gauge symmetry of the heterotic theory is also
enhanced to En,11 gauge symmetry in this regime. Therefore the Higgs branch of N
D4-branes describes the N instanton moduli space of En,+1 gauge theory.

The conformal fixed point can exit for other gauge groups as well [5]. The condition for
the non-trivial fixed point is determined by the matter content of the theories as done in the
Sp(1) = SU(2) case, where the matter content is restricted by the positivity of the effective
gauge coupling. Among other gauge theories of the fixed point, we pay special attention
to the Sp(IN) gauge theories, as Sp(N) gauge theory describes the worldvolume theory on
N coincident D4-branes on the orientifold fixed point. Take the Sp(N) gauge theory with
N, antisymmetric and N; fundamental hypermultiplets of the gauge group. The Coulomb
branch moduli is again given by the vacuum expectation value of the vector multiplet scalar,
¢ = diag(ay, - ,an,—ay, -+ ,—ay). We can always choose a; > 0 (i = 1,--- ,N) using
the unbroken Weyl symmetry. The effective gauge coupling receives one-loop corrections [5]

(ngf)ii =2

i—1
(N — i)CLi + Zak] (1 - Na) + ai(8 - Nf),
k=1

(9eit)i<j = 2(1 = Na)aj, (2.21)
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where we have assumed the classical gauge coupling g%l = 0. The eigenvalue of this effective
coupling is positive semi-definite only for NV, = 0, Ny < 2N +4 or N, = 1, Ny < 7. This
shows there is an interesting fixed point when the above conditions for the matter content
are satisfied. In particular, N D4-branes on the Zs fixed point correspond to N, = 1 and
Ny <7 cases. The global symmetry SO(2Ny) is also enhanced to En,+1 at the conformal
fixed point just as the aforementioned Sp(1) = SU(2) gauge theories. The Sp(1) theories
are, in fact, a special example of such enhancement where the antisymmetric hypermultiplet
is decoupled because it is a gauge singlet.

3 Superconformal index

In this section, as a tool for counting BPS states, we introduce the superconformal index [18]

for the 5d superconformal theories of the gauge group G, with various hypermultiplets (here

Ny flavors). We choose a supercharge Qf;é = () among others to define the superconformal
index, so that we count the BPS states which are annihilated by the supercharge ) and
its conjugate supercharge S = Q. This means that we count % BPS states. It follows

from (2.17) that
AE{Q,S}:€0—2j1—3R, (31)

where the energy or the dilatation is denoted by €p, the Cartan generators of SU(2); x
SU(2)2 C Sp(2) are j1, j2, and the Cartan generator for R-symmetry (or R-charge) is R.
The BPS bound is saturated when A = 0 or ¢y = 2j; +3R. Each of three Cartan generators
A, j1+R, jo of F(4) commuting with the supercharges @ and S have the chemical potentials
e P x=e", and y = e 2, respectively. The instanton number k also commute with
the supercharges. The Cartan generators H;(i = 1,2,--- N¢) of the flavor symmetry and
the instanton charge k have the chemical potential e~ and g, respectively. We then use
these Cartan generators to label the BPS states. With these ingredients, we define the
superconformal index

I(a,y,miyq) = tr(—1)Fe @S g2+ iz X Himigh] (32)

where F is the fermion number operator. The trace is taken over the Hilbert space on S4
after radial quantization. It is easy to see that the index counts only the number of BPS
states (A = 0) because the states with non-zero A pairwise cancel out due to (—1)F. As
a result, the index does not depend on the chemical potential e 7.

The index (3.2) admits a functional integral representation. Let us consider radial
quantization of a conformal theory and compactification along the Euclidean time direction

O:

after Wick rotation x —ir. It is equivalent to put the conformal theory on S' x S*.

The index then can be expressed as a path integral of the Euclidean action on S! x §%:
Iaymig) = [ DB, (3.3)
SlxS4

The factor (—1)% enforces both bosonic fields and fermionic fields satisfy periodic boundary
conditions along the time circle S of radius 3. The insertion of the chemical potentials
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leads to the twisted boundary condition

U(r+8) = 6—(—2j1—3R)5—2(j1+R)’Y1—2j272—in'mz'\11(7-)‘ (3.4)

Equivalently, we can shift the time derivatives in the action

28—2v1. 2y,  3B-2m My
Or >0 +——F—Jj1— (5 Jjot+t—F5—R—i—
gt 3 3

with the usual periodic boundary condition. From here on, we regard all the time deriva-
tives as this shifted one (3.5).

H;, (3.5)

3.1 Localization

The localization technique [25] is very powerful in evaluating the superconformal index. The
superconformal index is independent not only of the parameter 5 but also of any continuous
deformation of the theory as long as the deformation preserves the chosen supercharge Q).
This means that under deformation of the Lagrangian with arbitrary -exact terms and a
continuous parameter t

L L+H{Q,V}, (3.6)

the result of the path integral is not altered. In particular, when we take ¢ to infinity, the
path integral is localized around a set of the classical solutions to the saddle point equation
{Q,V} = 0. In this limit the Gaussian integral over the quadratic fluctuations near the
saddle points yields the exact result of the superconformal index.

To apply the localization, let us choose a Killing spinor € parametrizing the SUSY
transformation of Q + S

19 .51 1lp 12 1p .23 1lp 34 1p. .51 1p. .12 1p .23 1, 34
e=ey+ e = e 202772057 0307l | (57T 02027 T 03057 0200 s (3.7)

where €} and € are the constant spinors corresponding to @ and S, respectively. The
spinor € satisfies the Killing spinor equation

1 .
V€= §’m56, (3.8)

where another Killing spinor € is given as € = —¢; + €;. Here the twist of the time

derivatives (3.5) should be understood. The supercharge @ has definite charges under the

bosonic symmetries of the superconformal algebra: ey = %, J1= —% and R = % It is then

easy to see that the constant spinor €l obeys the projection condition

Vel = iy2el = 0Pl = 1. (3.9)
It follows from S = QT that
(€)X =A™ (¢3)r, (3.10)
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(See appendix A and B for the gamma matrix convention and the metric of S' x S* in
detail.) The square of this supercharges @@ + S takes the form

2 2 m;
02 = —iL, + i+ i (jy + R) + iy —

3 BT

where L, is the Lie derivative along the S! (or time) direction and the symmetry generators

H;, (3.11)

J1,j2, R and H; appear due to the twist of the time derivative (3.5). Here, A generates the
gauge transformation and its action on the fields is determined by the representations of
the fields. Later we will see that A is replaced by the holonomy variable A, which is the
remaining moduli of the superconformal index after localizing all field configurations.

We now deform the Lagrangian by adding the Q-exact term

oL = t(se((m)u) , (3.12)

where 0.\ is the gaugino variation with respect to the SUSY parameter e. When we take
t — 400 limit, this deformation localizes the vector multiplet part of the path integral near
the critical points of the bosonic potential given by

Vi = (0 A)T6A

0 9
H(F —wi0)? +sin® H(F —wihe) + (Veg)? — D2 (3.13)

2
= F., F™" + cos 5 £ y 5

where Ff; = % [Fjj F *4F;;] are the self/anti-self dual part of the field strength on S* (x4
is the Hodge star operator on S*) and

i - » i - ) y y
+ _ ~R_5.1j R - _ =L 5. 15 L +, 4ty =, =t
Wi = PYRCR Y 921 eyer,  w = Yoo I 921 eer, wiwtY =wiw™ = 1,
Aol = €t APl = el (3.14)

The deformed potential is obviously positive semi-definite apart from the D-term potential
which comes with minus sign in front. The D-term potential, in fact, is positive semi-
definite as well. It is because when we put the theory on the Euclidean space through
analytic continuation, the field D is also analytically continued to be pure imaginary.
Therefore, the critical points of the bosonic potential are those at which all the square
terms in the potential vanish. This is very similar to the Q-exact deformation done in [25]
for the localization of the S* partition function. Except for the time derivatives in the
kinetic terms of (3.13), the rest bosonic potential terms are exactly the same as those of
the vector multiplet part in the S* partition function computation [25].

We can evaluate the path integral exactly using the saddle point approximation around
the classical solutions to the bosonic potential (3.13). Let us first analyze the classical
saddle points of the deformed potential. The first term and the last two terms in (3.13)
imply that both F,; and D4 vanish and ¢ is covariantly constant everywhere on S* at the
critical point. It follows from the Bianchi identity that the remaining terms, the second and
third terms, yield the classical solution F;; = 0 and ¢ = 0 away from the north and south
poles [25]. Thus we can only turn on the holonomy «, which take values in the Cartan
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subalgebra of the gauge group G, along the time circle as a smooth classical solution to
the saddle point equations. (Other terms in the vector multiplet are set to zero.)

We, however, note that singular instanton solution can be localized exactly at the
south pole (f; = 7) of S* and singular anti-instanton solution can be localized at the
north pole (6 = 0) [25]. At the north or south pole, the constraint on the field strength

FT = F~ =0 can be relaxed because either cos %1 or sin %1 becomes zero. Since the anti-
self-dual condition F'~ = 0 solves the saddle point equations, the singular configuration

corresponding to point-like anti-instantons can be located at the north pole. The self-dual
condition F'™ = 0 also solves the saddle point equations, but this yields that point-like
instantons are located at south pole.

To localize the integral over the matter fields in the hypermultiplets, we shall use the
original matter Lagrangian (2.13). This follows from the fact that the superconformal
index does not depend on the continuous parameter of the theory. We can always pull
out a continuous parameter, say t, from the matter Lagrangian by the field redefinition,
and use t as a deformation parameter. As in the vector multiplet localization, we take the
limit ¢ — oo and localize the matter field integral around the critical point of the bosonic
potential. Due to the conformal mass terms associated with the coupling to the curvature
of 5%, there is no zero modes from the matter fields. Thus we set the classical values of all
bosonic fields in the hypermultiplets to zero.

In summary, the path integral receives the perturbative contributions with holonomy «
on the entire S* and, in addition, the instanton and anti-instanton contributions localized
at the south pole and the north pole on S*, respectively. Indeed, the one-loop perturbative
contribution can also be localized to the south and north poles of S* [26] at which the
equivariant rotations j; and jo of (3.11) become singular. Omne then deduce that the
superconformal index becomes the holonomy integral of the product of contributions from
the south/north poles,

I(xaya ml?Q) - /[da] [South(auxay7mi7Q)Inorth(a7$7y7m’i7qil)7 (315)

where the integral is taken over the holonomy « and [da] involves the Haar measure of
the gauge group GG. The integrand Ig,un and Ion contain both one-loop perturbative
contributions and instanton contributions? from the south and north poles,

1—loop inst
Isouth(aa €, Yy, mq, Q) = Isouth X Isouth )
-1y __ yl—loop inst
Inorth(aa z,Yy,mi,q ) - Inorth X Inorth . (316)

Notice that Isoun is a function of ¢ reflecting that the instantons are localized at the south

1

pole while o141 is a function of ¢~ reflecting that the anti-instantons are localized at the

north pole.
3.2 One-loop contribution

The one-loop perturbative contribution can be computed using the Atiyah-Singer equivari-
ant index theorem [27]. Recall the S* partition function in four dimensions was obtained

2The classical Chern-Simons term modifies instanton dynamics through induced Chern-Simons term on
the instanton moduli space, which affects instanton contributions. More detail is explained in section 3.3
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from the index theorem [25, 26]. 5d calculation is not much different from the 4d calcula-
tion. We have already noted that the algebra (3.11) and the @Q-exact deformation (3.13)
are analogous to those in [25, 26]. The only difference arises from the momentum modes
along the time circle in 5d calculation. With this in mind, we will follow each step of 4d
perturbative computation in [25, 26] and extend it to the 5d case with the insertion of the
time circle dependence whenever necessary.

Let us start with the cohomological formulation of the supersymmetry transformation
by Q.3 The supercharge @ behaves as an equivariant differential operator on a superman-
ifold formed by the bosonic and fermionic fields including the ghost fields in the gauge
fixed theory. The bosonic and fermionic fields can be regarded as differential forms on a
supermanifold such that they form the QQ-complex as

QU ="y, QU =HTyy, (3.17)
where W), and Wy are the bosonic and fermionic fields respectively. It follows from (3.11)
that H is given by

QQ_HELT—iB—B(jl—l—R)—?jg—iTgiHi. (3.18)

Therefore Q? produces a combination of U(1) symmetry transformations and the gauge

a 27

rotation by the holonomy «. The @ is nilpotent only in the subspace of H-invariant fields
and the cohomology of the @ is the H-equivariant cohomology of the supermanifold.

We expand the gauge fixed Q-invariant terms to quadratic order in the field fluctuations
Uy, and ¥y and evaluate the Gaussian integral for the quadratic terms. There occurs huge
pairwise cancellation between the bosonic and the fermionic fluctuations, as they are paired
by the @-complex. The remaining contribution arises only from the kernel and cokernel
spaces of the operator D that is the quadratic operator acting on ¥; and ¥ in the Q-exact
term (3.12). The one-loop determinant becomes [25]

Jl-loop _ detCOkerDH|f 2 (3 19)
detyerpHM|p ' '

The fermionic contribution comes to the numerator while the bosonic contribution comes
to the denominator due to their statistics. This one-loop determinant is the equivariant
Euler class of the normal bundle whose sections are ¥, and Wy. It is given by the product
of the weights of irreducible representations with respect to the group action H. We can
compute the weights of the representations from the equivariant index (or the equivariant
Chern character) of the operator D. The equivariant index is expressed as the sum over
weights and one can easily convert it into a product of weights such as

indDy = Z et — H w; “, (3.20)
i i

where w; is a weight and ¢; is the multiplicity of w; representation.

3Before evaluating the path integral, we need to gauge fix the theory. We introduce the standard ghost
fields and BRST transformations. The supercharge @ here is a linear sum of the original supercharge Q + .S
and BRST operator. From now on, we also assume the Q-exact term (3.12) includes the gauge fixing terms.
It is known [25] that the saddle points of the gauge fixed Q-exact term remains the same as those of (3.12).
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To compute the equivariant index of the operator D we use the equivariant Atiyah-
Singer index theorem. The Atiyah-Singer index theorem is defined as follows: Let E and
F be vector bundles over a manifold M, and I'(F), I'(F) be the space of sections. A
differential operator D is a map of sections, D : I'(E) — I'(F'). For a compact Lie group G
acting on M, let T'= U(1)" be the maximal torus of G. We can define the G-equivariant
index with respect tot € T

indD(t) = trkerpt — treokerDt- (3.21)

The equivariant index is an alternating sum over the cohomologies constructed by the
differential D, which receives the contributions only from the kernel and the cokernel of D
as mentioned above. The index is not altered under small deformation and thus topological.
It turns out that the index can be expressed as a sum over the contributions from the fixed
points of the group action 7. Then the Atiyah-Singer index theorem states that [27]

)t — trgt
ndD(t) = Y e e (3.22)

fixed point p detTMp <1 N t)

where we have assumed there are discrete number of fixed points p. Therefore when there
are fixed points of the action T the index reduces to the summation of the equivariant
index around each fixed point.

The fixed points of the group action H are the south and north poles of S*, which are
the critical points of the Lorentz rotation j; and jo. We consider the equivariant index
around these two fixed points. Since the operator D does not mix the vector multiplet
and hypermultiplet complexes, we compute the equivariant indices for these two multiplets
independently. Let us first compute the equivariant index of the vector multiplet. Near the
south pole, the operator D for the vector multiplet is isomorphic to the self-dual complex
(d,d) [25, 26]

00 4 ot &4 o2+ (3.23)

where QV, Q' and Q2 denote zero-forms, one-forms and self-dual two-forms, respectively,
and d* is the self-dual projection. On the other hand, this operator is isomorphic to the
anti-self-dual complex (d, d™) near the north pole

Q0 % otd 0 (3.24)

where 92~ stands for anti-self-dual two-forms, and d~ involves the anti-self-dual projection.

In the neighborhood of the south pole on S, we take a local manifold R* = C2. The H
acts on the local coordinate as (z1, z2) — (€¥121, €2 29) where 21, 29 are the C? coordinates.
These U(1),, x U(1),, rotations correspond to the diagonal and off-diagonal combinations
of the Cartan generators in SU(2)1 xSU(2)2 =SO(4) respectively. The rotation parameters
€1, €2 are related to the chemical potentials 1, 72 by

Y1+ Y2

71— )2
B

B

€1 = ) 5 €2 — ) (325)

,17,



Recall that 20, Q! and Q2% in the self-dual complex take the representations of SO(4) as
(0,0), (%, %) and (1, 0), respectively. Therefore the fields consisting of the self-dual complex
also rotate under the U(1)? action according to their representations. As an example, let us
compute the equivariant index of the self-dual complex with the torus T'= U(1), X U(1)e,.
The Atiyah-Singer equivariant index theorem (3.22) tells us that the index of the self-dual

complex on C? is expressed as [26]

(2 + eiel-‘rieg + e—iel—iez) _ (ei€1 + e—i€1 + e’ieg + e—i€2)
(1 —eo) (1 —e)(1 —ea)(1 —e )
1 4 eielJriez

= A ei o) (3.26)

ind(Dgp) =

The numerator in the first line is the Chern character of the vector bundle associated with
the self-dual complex. One can easily read off this from the representations of U(1)? action
on the form fields given above. The denominator in the first line is from C? coordinate
dependence of the sections of the vector bundle, where U(1)? acts on the coordinate as
(2172, 5172) — (6“132172, 6_i61*2§172).

Let us then compute the equivariant index with H action which includes not only the
U(1),,xU(1),, but also additional U(1) actions such as the S! translation, the gauge trans-
formation, and the flavor rotation. We can consider the S! circle as a U(1) line bundle
over C? and expand the eleme%tii of the self-dual complex by the eigenmodes of the circle
nez ¥ne 7. As the self-dual complex is formed by the fields in the
vector multiplet, ¥,, are in the adjoint representation of the gauge group and the flavor

momentum as ¥ =

rotation will not act on them. From (3.26) one can obtain the equivariant index for the
vector multiplet

. 1+ elertie Re 2min
1nd(DVeC) = _2(1 _ eiq)(l _ 6i62) Ze ? Z er, (3'27)
R

where R is the roots of the gauge group. Here we have summed over all the eigenmodes
of L,. The factor —% follows from both the consideration of the statistics and the fact
that the self-dual complex for the vector multiplet is real. To read the weights and the
degeneracies of the representations for H action, we need to expand this index in a power
series of €12 but there are various ways of expansion depending on whether |e?12| < 1
or |e12| > 1. It turns out [25] that we should expand the index (3.27) in positive powers
of €12 at the north pole, while we should expand the index in negative powers of e’1:2
at the south pole, or equivalently we flip all the signs of the chemical potentials other
than e, €. This argument also holds for the equivariant index of the hypermultiplets
which we will compute shortly. For the adjoint vector multiplet or hypermultiplets in
the real representation, two indices from the north and south poles yield the same results
since the roots and the weight space of the gauge group are invariant under the sign
flip.
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Then the one-loop perturbative contribution at the south pole from the vector multiplet

reads
1
-1 2mn R-al2
Lieesonth = H H H [ +ni€r + naee — »3] (3.28)
n=-ooni,n2=0 R
1
2mn R -al2
[W + (n1+1)er + (n2 + 1)eg — }
B B
1
N . (n1 +mn2)y1 + (n1 —n2)ye +iR-al?
= H Hsmh 5
ni,n2=0 R

1
. - . 3
sinh [("1 +n2+2)n+ (2n1 na)vz + iR a}

In the second line, we factor out the divergent constant which is independent of chemical
potentials and set it to unity [28]. The contribution from the north pole differs from that of
the south pole only by the signs of chemical potentials, which means that the contribution
at the north can be obtained from complex conjugation of the the contribution at the south

pole

1—loop _ rl—loop o 1—loop *
Ivet north(’yl 72, & ) Ivet south(,yl”}/%_a) - (Ivet,south> : (329)

It is more convenient to rewrite the one-loop result in terms of the single letter index as

oo
1~ ~ 14 22 -
71-1 2 : Z —iR-
Ivec P = ':U€0exp —~ 5fVeC(xn7 yn7 na) 9y fvec(xa y7 a) = - (1 _ ajy)(l _ x/y) = € ! “ I

(3.30)
where ¢y is the Casimir energy and we can regularize it to be unity using the procedure
in appendix B.3 of [29]. However, this is not the appropriate 1-loop result which we
want to compute. This is because the single letter index fvec includes the contribution
corresponding to Haar measure on the gauge group manifold, which we already factored
out in front in the measure of the path integral [da]. Therefore, we have to subtract Haar
measure contribution — ) p e R from fvec and obtain the proper one-loop determinant
for the vector multiplet

o0
1
L = exp | Y —feec(a™ g™ na) |

Foee (2,9, @) = fuee + %: e R — _ i _ftiz;;zll/_y;/y) %: e R (3.31)

One may notice that the single letter index for the vector multiplet fuee is very similar
to the equivariant index of the self-dual complex (3.27) if we ignore the U(1) line bundle
contribution. This similarity can also be found in the hypermultiplet determinant.

In a similar way we can compute the one-loop determinant for a matter hypermultiplet.
The bosonic and fermionic fields in the hypermultiplet are the sections of the spin bundles
of positive and negative chiralities on C? respectively. The differential operator acting on
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these fields is the Dirac operator that is a map from the spin bundle of positive chirality
to that of negative chirality,

Diirae : Q20 5 00:2) (3.32)

which implies that the field content of a hypermultiplet forms a Dirac complex associated
with the operator Dpjyqc. It is straightforward to compute the equivariant index of the
Dirac complex (3.32) with respect to U(1)., x U(1)., action using Atiyah-Singer index
theorem. The result is given by [26]
i(e1+e€2)/2 —i(e1+e€2)/2\ _ (,i(e1—ea)/2 —i(e1—e2)/2
(e +e ) — (e +e )
(1 —et1)(1 —eta)(1 — er2)(1 — e~te2)
6i(61+62)/2

= A= aa—e) (3.33)

ind (DDiraC) =

We now compute the equivariant index with H action from this result. We again
expand all the fields in the Dirac complex by the eigenmodes of L., and also consider the
gauge and flavor symmetry acting on the fields. For the hypermultiplet in the fundamental
representation of the gauge group with Ny flavor symmetry, the equivariant index has the
form

61(61 +e€2)/

(Do) = (= ey g =gy O Z S S (3.34)

wEVV =1 nez

Just as the vector multiplet case, we perform a series expansion in positive power of e’ 1.2
at the south pole, and read off the one-loop determinant contributions of N; matter hy-
permultiplet at the south pole

-1 27m 1 1 W o+ m; -1
matosoolilth H H H H |: TL1 + 5)61 + (77,2 + 5)52 - Tl (3.35)
n=—ooni,na=0weW i=1
N J—
i . (n1 +n2+ Dy + (n1 — na)ye +iw - a + im; !
= H H Hsmh 5 .

n1,n2=0weW i=1

As mentioned earlier, the contribution from the north pole differs from that of the south
pole only by the signs of chemical potentials «, m;. Therefore, we see that two results are
related to each other by complex conjugation

1—loop 1—loop N 1—loop *
Imat ,north (’71’ V2, & ml) - Imat ,south (71’ V2, — ml) - (Imat,south . (336)

Combining two pole contributions and rewriting them in terms of the single letter index,
we find that the one-loop determinant for the fundamental hypermultiplet is given by

9]
1—-loop _ —¢ 1 n o, n
Imat =X OeXp g Efrnat(-r Y 7na7nm)] )

Z Z —iw-a—im; _|_€ZW a‘Hml) (337)

weW i=1

fmat(x7y, Oé) = (1 1 —l‘/y
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letter |€g (J1,72) R
|3 (0,0) +3
Yo [2](£2,008(0,£3)| 0
Ou |[1](£3,£3)@(0,0) 0

Table 1. The “letters” in a hypermultiplet and the derivatives acting on them.

The Casimir energy €p is again regularized to be zero. The result for the hypermulti-
plets in other representation R can be obtained by replacing the weight space W for the
fundamental representation by the corresponding weight space Wg.

One can also evaluate the one-loop determinant for the hypermultiplet by computing
the single letter partition function. In other words, the path integral for the hypermultiplet
in the trivial background can be evaluated with the canonical action (2.13) at the weak
coupling limit. This is possible because there is no zero modes in the hypermultiplet. The
single letter index is defined as a trace over the single letter operators and its derivatives
saturating the BPS bound ¢y — 2j; —3R = 0 modulo the equation of motion. (The charges
of the single letters in the hypermultiplet under the superconformal symmetry are listed
A=l (=¢*=T)

derivatives d4 1 acting on it contribute to the letter index, one can easily read off the single

in the table 1.) Since only the BPS operator ¢ and the arbitrary number of
letter index for the hypermultiplet
x

_ CVF261+R), 252 ] _
fmatter T Jetters [( 1) T Yy ] (1 — acy)(l — m/y) . (338)

One then evaluates the single letter index with the holonomy « and the chemical potentials

for the flavor symmetry, which indeed reproduces the same letter index in (3.37) computed

using the index theorem.

3.3 Instanton contribution

We have shown in section 3.1 that the path integral of the superconformal index localizes
on the space of the instanton F* = 0 and the anti-instanton F~ = 0 solutions at the
south and north poles of the four-sphere, respectively. Near one of the fixed points, the
spacetime manifold looks like a product space S' x R* and the path integral over the
solution space of the instanton equation F'*(or F~) =0 reduces to Nekrasov’s instanton
partition function [30-32] of 5d theory on a compact circle, which has the meaning of
the Witten index counting BPS instanton particles living on the 5d theory [15, 30]. The
product of these 5d instanton partition functions (or the indices) from two fixed points will
give the instanton contributions to the superconformal index.

It is known [30, 31] that the instanton partition function can be computed by putting
the theory in the Q-background and thus using the equivariant localization technique.
Or, equivalently, one can compute the Witten index of the 1d quantum mechanics on
the instanton moduli space, which can be understood as the Higgs branch of D0-brane
worldvolume theory describing D0-D4 brane bound states, using the localization technique
as in [15].
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5d instanton index is related to 4d Nekrasov’s partition function by the dimensional
reduction along the compact circle upon the suitable identification of the parameters in 4d
partition function such as the (2-deformation parameters with the chemical potentials in
5d index. This is possible because the our supercharge () near the fixed points is identical
to the supercharges used in the computation of the 4d partition function. Our strategy to
obtain the 5d instanton index is to use the known results of 4d instanton partition functions
to convert them into 5d instanton index by carefully considering all KK-modes along the
compact circle. 4d instanton partition functions for the classical groups that we are mainly
interested in have been computed in various literature [30, 31, 33, 34].

In the presence of the classical Chern-Simons term, the instanton carry nonzero electric
charge and thus the moduli space dynamics should be modified. The Chern-Simons term in
5d theory induces the Chern-Simons term of the Lagrangian in the 1d instanton quantum
mechanics [35, 36]

L=k / dt tr(A; — ¢), (3.39)

where A; and ¢ are the gauge field and the scalar component of the vector multiplet in the
adjoint representation of the gauge group U(k) in the 1d quantum mechanics, respectively.
This term preserves half of the supersymmetries in the instanton moduli space which of
course includes our supercharge (). This allows us to recycle the localization technique
used for the case of no Chern-Simons term, but we need to take into account the classical
contribution from (3.39).
Introducing the fugacity ¢ for labeling the instanton number, we get the instanton
contribution from the south pole
o0
Lot (1,720 miy ) = > ¢ T (71,72, @, my), (3.40)
k=0

where I¥ is the instanton index with charge k and I*=0 = 1. As the anti-instanton index
can be obtained by the sign flip of the chemical potentials «, m; of the instanton index, we
find the instanton contribution from the north pole as

(oo}
(v, 2, comiq) = > g 1 (1,92, —o, —ma). (3.41)
k=0

Here the instanton sum is given in negative power of ¢ because the instanton charge
for the anti-instantons is negative. Iriféitth(*yl,’yg,oa,mi,q) is basically the complex con-

I8t (y1, 99, &, m;, q) where the complex conjugation exchanges (a,m;,q) to

jugation of I0%0,
(—Oé, —my, qil)-
3.4 U(N) gauge theories

As a simple example that one can apply the localization technique, we compute the su-
perconformal index for U(NV) gauge theories with Ny fundamental flavor hypermultiplets.
Classical Chern-Simons term exists for all N unlike SU(V) for which it exists when N > 3.
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We include the Chern-Simons term of level k in superconformal index calculations. After lo-
calization the Chern-Simons term does not contribute to perturbative part, but contributes
nonperturbative part as explained. The gauge invariance demands the quantization condi-
tion kK + Ny /2 € Z.

The the superconformal index takes the form

N
IU(f]\[)’i (.’L’, y7 mi7 q') H) =

J1daIPE s, ™) + ()]

. L 2
Itz y, e ™ q, k)| (3.42)

where the invariant Haar measure is given by

lda] = ]\1” [ﬁ CZ] I1 {2 sin (O‘;O‘J>]2 (3.43)

i=1 i<j

The PE in the integrand is the Plethystic exponential

PE[/()] = exp[i %f(ﬂ)}, (3.44)

which is used to obtain the multi particle index from a free single particle index f(-). Here
fvec and fina¢ are the single particle indices for the vector and hypermultiplets respectively

o y+1/y wc—i—za]
Frec = = (1—zy)(1—=z/y) Ze

N Ny
fmat = Z Z Tieimim . gleatime) (3.45)

(1—xy) 1—w/y —

The instanton index '™ for U(N) gauge group can be read off from [33, 34] in which
the 4d Nekrasov’s partition functions are written as the contour integral formula over the
Cartan subalgebra of U(k) gauge group of the instanton moduli space. As mentioned in
the previous section, the 4d instanton partition function can be uplifted to 5d instanton
index by taking into account the full KK modes along the time circle. In addition, we need
to insert the classical Chern-Simons contribution €*?’ in the matrix integral [37]. This is
from the induced Chern-Simons term on the instanton moduli space. For k instantons, the
integral formula of the U(/V) instanton index is given by

Ik (Qi)k(foZNfl)

]{H (dm ein1 T[,, sin 2LEm ) [1y., sin %2 1, , sin 1520
I1

Pr—ai—iv1
2

L sin sin —¢I+gi—i’ﬂ " sin @L— 131 2 i LI zgrﬂw
(3.46)
where ¢y (I = 1,---,k) is the U(k) gauge transformation parameter that takes a value

in U(1)* Cartan subalgebra, and ¢r; = ¢ — ¢5. The U(k) gauge invariance is attained
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by integration over ¢;. We briefly comment on the sine factors in (3.46): the sine factors
in the numerator in the bracket come from the fermion zero modes of Ny fundamental
hypermultiplets, and the rest of sine factors is the contributions from the ADHM data in
the instanton moduli space of the pure U(N) Yang-Mills theory.

Using the residue theorem this integral can be explicitly evaluated. Let us define
z; = €' and consider all poles enclosed by the contour around unit circles |z;| < 1, with
the assumption |e” 7| < |e” 72| < 1. Note that irrelevant poles at zy = 0 can appear when
Ny > 2N. This pole is unphysical as it corresponds to ¢; = ico. The contributions from
the poles z; = 0 should be excluded from the result. In addition, more irrelevant poles
apart from zy = 0 appear when we introduce other types of hypermultiplets, for example,
an adjoint hypermultiplet which we will compute shortly. The contributions from such
poles must also be excluded otherwise we will get the wrong index.

For U(k) gauge theories, we can avoid this notorious pole problems with the help of
the localization on the instanton quantum mechanics as noted in [15]. The path integral
of the 1d quantum mechanics on the instanton moduli space can be completely localized
around the set of classical saddle points by turning on the FI parameter ( as well as
other chemical potentials. At the saddle points, the U(k) gauge symmetry is completely
broken and there is no remaining gauge transformation parameter to be integrated. In this
way, we can compute the path integral without the contour description. See [15] for more
details. Though two prescriptions for the instanton index may look different, they give
the same result. Moreover, one can find the one-to-one map between the physical poles in
the contour integral and the classical fixed points of the path integral of the 1d quantum
mechanics, which also supports the fact that the poles at z; = 0 as well as poles from
hypermultiplet contributions are irrelevant since there is no corresponding fixed point in
the second prescription.

The poles of the contour integral can be classified by N-colored Young diagram {Y7, Ya,

, Y} [30, 31]. Each Young diagram Y; contains k; boxes and the total number of boxes
in Young diagrams is k = ) . k;. We denote the position in the i-th Young diagram by
s = (m,n)(€Y;), where m and n are the vertical and horizontal position from the upper-left
corner of the Young diagram Y;, respectively. The corresponding pole is given by

¢(s) = a; +iy1 +i(m — 1) (y1 +92) +i(n — 1)(71 —72) - (3.47)

For a given colored Young diagram, we can fully evaluate the contour integral and write it
in the simple form [30, 31, 38]

m¢(s f 92 sin B(s)+my
=1
Iy, Yo Ya} = H 11 e (3.48)
i seY; Sln 5 S1n #
where
Eij = — oy + i(m + 72)]711'(8) — i(’yl — ’)/2)(1)]'(8) + 1) . (349)

Here h;(s) and v;(s) are the distance from s € Y; to the right end of the i-th Young diagram
and the bottom end of the j-th Young diagram respectively. To obtain the index for k
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instantons, we need to sum over all possible Young diagram configurations with total &
boxes. Then the full instanton index is given by

ins k 1k k
L5ty = d" 1%, I"=) Iy, D ki=k, (3.50)
k=0 Y 7

where I¥=0 = 1. This is the instanton index at the south pole on S* The complex
conjugation of the instanton index gives the anti-instanton index at the north pole.

Note that the Chern-Simons term provides the coupling of instantons with the holon-
omy variables «;, which reflects the fact that the instantons carry U(N) electric charges.
As discussed in section 2, the Chern-Simons term can be induced by integrating out the
massive fundamental hypermultiplets. This can be seen from our instanton index by taking
large mass limit m; — ioco for ny hypermultiplet. Provided that the divergence arising from
the large mass limit is regularized to unity, one sees an additional Chern-Simons term is
induced and the Chern-Simons level is shifted as

Keff = K — —, (3.51)
2
which agrees with the expected result from [10].

Now we consider the U(V) gauge theory with one adjoint hypermultiplet (correspond-
ing to so-called N' = 2* theory in 4d). The single particle index for the matter hypermul-
tiplet in the adjoint representation of U(N) is given by

(1-a2y)(1-2/y)

(€ 4 emim) Y " eretion (3.52)

Y]

fmat =

while that for the vector multiplet remains the same as before. Here m is the chemical
potential of U(1) flavor symmetry which is enhanced to SU(2) as the hypermultiplet is in
the real adjoint representation of the gauge group. In 4d limit, this chemical potential
becomes the mass parameter of the adjoint hypermultiplet.

The 5d instanton index for AN/ = 2* theory was computed in [15]. Adding the Chern-
Simons term to the result of [15] is straightforward and we get*

N gin Zutiltntm) o Eijtilni—m)
I _ | | I | emb(s) 2 2 (3 53)
{YLYQ:"' 7YN} . Eij . Eij +2i71 : :
Li=1seY; sin <% sin —5——

Two sine factors in the numerator correspond to the adjoint hypermultiplet. This result is
derived directly from the contour integral formula, eq.(5.15) in [15]. Note that the adjoint
hypermultiplet introduces many irrelevant poles that should be discarded from the contour.
The instanton index for U(N) theory with an adjoint hypermultiplet, (3.53), is obtained
by considering only the residues for the relevant poles.

4Chemical potentials here and those in [15] are related as (y1, V2, @i, M)nere = (i7R, —iY1, icvi, v2) of [15].

— 25 —



3.5 Sp(N) gauge theories

We now compute the index for Sp(/V) gauge theories. These theories are of our main
interest as they exhibit intriguing global symmetry enhancements at the conformal fixed
point. Firstly, we consider Sp(N) gauge theory with Ny fundamental flavors and later
add one additional hypermultiplet in the antisymmetric representation of Sp(/N) which is
required to see the global symmetry enhancement when N > 2. In this case, there is no
classical Chern-Simons terms because the symmetric structure constant d* is identically
Zero.

Considering the perturbative part and the instanton part all together we find the
superconformal index for the Sp(/V) gauge theory with Ny flavors as follows

N i _im 26}
ISpJEN)(x,y,mi,q):/[da] PE[fmat(w’y’e €7)  frec(®, Y, )]

[da] = %V, [ﬂ ‘;f‘r sin? ai] I1 [2 sin <a20‘3>]2 [2 sin <O‘;O‘J)]2 (3.54)

i=1 i<j

2

inst o im
I ($7 y? € ) € 9y q) )

where the single letter indices for the vector and hypermultiplets are given by

z(y+1/y) N _— o o o
fvec _ § (efzaifzaj e*’LOLZ'JrZa]' el ey eZOeraj)
(L—zy)(1 —x/y) | =
1<]

)

N
+ Z (e*%a" + 62“’”) + N
i=1

N Ny

€ —iQ; —im, o —im —ia;+im, i +im
Ty 2o D (e e e st - (3.5)
i=1 [=1

after taking into account the root and fundamental weight of the Lie algebra of Sp(NNV)

fmat =

gauge syminetry.

For the instanton part I'™*, we borrow the result of [33, 34] in which the 4d Nekrasov’s
partition functions for Sp(/N) gauge theories was computed. These 4d instanton partition
functions are obtained from the ADHM construction of the instanton moduli spaces. It was
noticed [33] that the dual gauge group Gp on the instanton moduli space of Sp(N) gauge
theory is O(k) whereas the instanton calculus is done only for SO(k) dual gauge group
in [33, 34]. O(k) group is different from SO(k) group by Zs factor and the consideration
of this difference is crucial to obtain the correct instanton index.

One needs to carefully consider the O(k) group action on the instanton moduli space.
The O(k) group has two components. One component contains the group elements whose
determinants are +1 and the other contains the elements of the determinant —1. The
former component forms a group itself and is called SO(k) group, which we denote by
O(k)4+, and the latter component does not form a group itself, which we denote by O(k)_
for convenience. The torus action of the dual gauge group is generated by the following
elements: for O(k); ,

ot — { diag(e’291, ... ¢'72%n) for even k,

. . 3.56
diag(ef291 ... ¢i92¢n 1) for odd k, (3.56)
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and for O(k)_,

(3.57)

it — diag (€721, ... ¢i72%n-1 g3) for even k
B diag(eio2?1 ... eio2%n 1) for odd k,

where k = 2n+x (x = 0 or 1).As there are two disjoint torus actions for O(k) gauge group,
there are two corresponding disjoint contour integral formulas for the instanton index: [ _]f_
and I* which come from the torus actions e'*+ and e'®~, respectively. The correct way
of imposing O(k) gauge singlet constraint is to take an average of these indices I and I_
after performing contour integration.

Let us first obtain the contour integral representation of the instanton index with
O(k)+ = SO(k) dual gauge group. Taking into account the torus action on the ADHM
data, we obtain

NS si noa o brE2i X
Ik = (2i)k(Nf2N2)nin+2xj{[d¢] [T, sin 5t | H sin(2E20 )
) sinh 2572 [T sin 2152 1 sin

I=1

11 ! sin mz:2|:<151 ] n [ sin QrEest2im

n .
<1 silhj =1 —I 11 2| (3.58)
sinh 1392 gipy 20rEintin HN sin $rreitin ortd tinitivg |’
I=1 2 2 i=1 2 I<J 2

QrEivitive
2

sin

where [d¢] is the Haar measure for SO(k) and we used a succinct notation, sin(a £b) =
sin(a + b)sin(a — b) and so on.> This is the 5d version of Nekrasov’s partition function
for Sp(NV) gauge theories with Ny matter hypermultiplets (the corresponding 4d partition
function was computed in [33, 39, 40]). We can decompose this formula into the contribu-
tions from the vector multiplet and the Ny fundamental hypermultiplets separately. The
fundamental hypermultiplet contribution is

il m ¥ Ny m;+ ¢
= [[2isin | TTTI2isin =~ (3.59)
=1 I=11=1

which comes from the fermion zero modes in the fundamental representation of O(k). Here
we have considered the mass shift m; — m; + i1 in the hypermultiplet contribution which
was first noticed in [41]. The remaining factors are the vector multiplet contribution.

The integrations are taken over the SO(k) algebra elements ¢;. As in the previous
U(N) instanton case, we define z; = €’ and take contours around unit circles. We
assume |e” 7| < |e”2| < 1 and only keep the residues from the poles inside the unit circles
on z; planes. Then it provides the clear pole prescription for this contour integral. The
relevant poles for z; are located at

-~ _ —v1+72 =)
zp = e NEQgmmER ot o (3.60)

which are from the denominators of the first and second brackets in (3.58). The poles from
the last bracket are determined by the relative size of radii of |z;| and |e71%72|.

5For example, sin mio‘;i”l = sin ¢’+O‘2“L”1 sin ¢I+°‘2r”1 sin ¢170‘2i+”1 sin ¢17°‘21'7”1 .

— 27 —



There also exist unphysical poles at z; = 0 when Ny > 6. The residues from these
irrelevant poles should not be considered in our computation. We will subtract the con-
tributions from the residues of the irrelevant poles from our instanton index. However it
turns out that the naive subtraction of the irrelevant pole contributions seems not to give
sensible answer in this case. We will explicitly evaluate these integrals for lower k’s in the
next section and discuss subtleties arising from irrelevant poles.

Now we turn to the instanton index with the O(k)_ torus action. As the torus actions
for odd k and even k are different, we have to treat them separately as shown in ap-
pendix D.1. For odd k, the contour integral formula of the instanton index with O(k)_ is

Jhodd _ @y f{[deb] [ Hl L cos 5t ﬁ cos( 2201

iNf—2N—n—2 s viEye iy1da @rtivitive
i sinh 1512 1Y, cos S PR

7.7 cos

Qrtd +2im ]
M

n ; Ny o miter n
" H [ sinh 1,2, sin ™5 H sin s
. Y1iEY2 o 2¢>1il’71 +iv2 orta;tiv s prEo gEivitivg
77 | sinh 2522 sin 1Y, sin S | | sin SRR

(3.61)

and the formula for even & is

Ny .
Jheven _ (o (k—l)(Nf—QN)—gkﬂ-Hl d cosh Hl:fl Sy
- (24) L [d¢] h Ev2 ginp2 e N
cosh 11522 sin 52 L sin(in £ o)

_ ' _ ' N
» nl—[l sinh y; sin(¢r £ 2iy1) [1,2, sin %
sinh 7%72 sin 2¢Iﬂ;1ﬂw sin(¢y +iy1 +iv2) Hf\il sin %

1 . 1
[ sin ¢1i¢éi21’71 ]

n—

X - -

I I Prtd tivitive
I<J 2

. (3.62)
sin
Here [d¢|’s denote the Haar measures for O(k)_ whose explicit expressions are listed in ap-
pendix E. We can evaluate these contour integrations using the pole prescription discussed
above. The physical poles whose residues give nontrivial contributions to the instanton
index appear at

_ . _ —71Ev2 vt
2y = e MEQ L _emmde o/ o (3.63)

for odd k and

=) —11£72

,e 2z, —e 2 (3.64)

2 = e~ MEi; ’ —eME”2 ’ e~ MEN2

for even k, respectively. We note that the poles from sinw factors in the
denominator must be chosen if they are inside unit circles |z7| < 1.

Unlike U(V) gauge theories, there is neither proper Young diagram correspondence for
the physical poles in the contour integration nor closed form of the index after performing
all the contour integral. We have to evaluate the contour integrations case by case using the
pole prescription given above. Evaluating all the contour integrations the final instanton
index contribution at the south pole is given by

1
Jins k k k k k
Sp(tN E q'1 =3 [I + 17 } (3.65)
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The anti-instanton contribution at the north pole can be obtained from this instanton
index by complex conjugation which flips the sign of chemical potentials, c; — —a; and
m; — —my, and reverses ¢ to g~ L.

Finally let us introduce the antisymmetric hypermultiplet of Sp(/V). The single letter
index of the matter hypermultiplets in the perturbative part is modified by this antisym-

metric hypermultiplet contribution which is given by

fasytm _
ma
N
€z m —im —10;—1Q —taytia; 1oy —ia 1oy +ia N
(1—a:y)(1—x/y)(e +e") Z(e +e +e +e )+ ,
1<J

(3.66)

where m is the chemical potential for Sp(1) global symmetry acting on the antisymmetric
matter.

The introduction of the antisymmetric hypermultiplet modifies the field content of the
instanton moduli space or the instanton quantum mechanics. It provides, for example,
four k x k symmetric bosonic fields and their superpartners describing the positions of
DO-branes transverse to the D4-branes (but on D8-branes). The field content of the DO-
brane quantum mechanics with D4-branes on the Type I’ system is listed in [42, 43] and in
appendix D. These additional zero modes contribute to the instanton moduli space integral.
The equivariant index for the antisymmetric hypermultiplet can be read off from symmetry
properties of these zero modes, or it can also be read off from eq. (5.14) in [34]. With the
SO(k) dual gauge group, the additional terms induced by the antisymmetric hypermultiplet

are
N . mto; n . ¢rEivatm X
. — (24)2HN-1) [[iZ; sin =5 sin 2
asym,+ sin m:i:2i71 et sin ¢1:i:i71 +m
sin miW2 Hz , sin ¢Iiazim non ¢I:|:¢‘I:2‘:W2:tm
H mim TS o SEertmEm  (367)
I=1 2 I<J 2
The supplementary terms with O(k)_ are
N\ 2k(N—1 N mial n prEivetm
Jkodd  _ (20)%(V-1D) [H —1 €08 H cos =5
asym,— 12N m:l:mq prEiviEm
7 sin —5 71 COS T—H——
n milw H Y sin ¢1ﬁ:azim nogin ¢Ii¢J:2thﬁ:m
<11 mim R ITETET o SEertmEm  (308)
I=1 2 I<J 2
for odd k and
m=iys N . )
feven __ (9;)2(kN—k=N) €08 5 [[iZy sin(m & o)
Zasym,— = & m+tiy .2 (iyiEm
COS —5 Sin (T)
y H mi’” sin(¢y £ ive - m) Hf\il sin 7¢Ii%iim nlgin 7¢Ii¢‘]ilwim (3.69)
m:l:z 2¢rtivyi+m . +¢jtiyitm :
Y1 gip 291 271 sin(¢r + iy, £m) = sin MJf%

— 929 —



for even k, respectively. The contour integral of the full instanton index including the
antisymmetric hypermultiplet contribution should be evaluated with these zsym terms in
the integrand as well as the vector and Ny fundamental hypermultiplet terms. It seems that
these additional factors provide extra poles apart from the poles from the vector multiplet
factors. However, as we saw from the contour integration for the instanton index of N' = 2*
U(N) gauge theory, these extra poles are all irrelevant. New poles from the antisymmetric
matter factors zasym are always irrelevant poles and thus their contribution should not
be included in the instanton index computation. However, as for theories without the
antisymmetric hyper matter, we have encountered an obstacle that the naive elimination
of these irrelevant contributions does not seem to yield a sensible answer. One needs to
develop an appropriate prescription for this.

Let us briefly comment about the role of the antisymmetric hypermultiplet. The
scalar field in the antisymmetric hypermultiplet represents the fluctuation of a D4-brane
along the transverse directions to its worldvolume on the orientifold plane. For Sp(1),
the antisymmetric representation is trivial, so it decouples from the gauge theory and we
expect it does not affect the instanton dynamics. However we can see that if we keep the
antisymmetric hyper even though it decouples from the theory, then its instanton index
contribution becomes non-trivial. This would imply that the instanton index seems to
contain extra information when the antisymmetric hypermultiplet is involved. It turns out
that it captures the D0O-D8 brane bound state information.

As there is no integral variable in the integral formulas for k = 1, we do not need to
consider the subtleties arising from the pole description. Thus the one instanton results
from the above indices give the correct result without pole ambiguity for any N and Ny.
The one instanton index of the Sp(1) gauge theory with the antisymmetric hypermultiplet
shows interesting factorization structure as

(3.70)

3242

- mtaq Ny . - my m=taq Ny my
1 [ sin 5% T, 2isin 75 cos "5 T, 2 cos 5

sinh 71:572 sin m:l;z'yl sin Z’Yl:Q‘:Oq sinh 712572 sin m:l;zvl cos 171:2|:oz1

Nt oo my Ny my Nt oo my Ny my
_ i Hl:1 21 SIHT lel 2COST Hl:]. 21 SIHT + lel 2COS7
32 | 42sinh % sin Llécal sinh 7132”2 cos m:ztal 32i2 sinh L:zt” sin Lﬂ;m

The first two terms in the bracket agrees with the one instanton index of the Sp(1) theory
without the antisymmetric hypermultiplet. The last term is the extra contribution from
the antisymmetric hypermultiplet. This extra index is exactly the same as the index for a
single DO-brane floating freely on Ny D8-brane background with the orientifold

Ny 6. . my Ny my
k=1 _ [1,2, 2isin 5t + ],/ 2 cos 5t

DO 3242 sinh vlTi“/z sin % (3.71)

Let us review the partition function of a single DO-brane sitting at the orientifold plane
to compare to this index. The partition function corresponding to the 8 translational zero
modes of a single D0-brane is given by

1 1
. ~ 1
(1 _ ei’ni’m)(l _ ei’ylilm) sinh2 'yﬁ;’yz sin2 mi;'yl

(3.72)
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Here the chemical potential m for Sp(1) global symmetry is identified with that for SU(2) r/
symmetry in SU(2)1 xSU(2)2xSU(2) g x SU(2) g € SO(4)1 xSO(4)2 where SO(4)1 (SO(4)2)
is the rotation symmetry along (transverse to) the D4-branes. The broken supersymmetries
by the presence of DO- and D8-branes provide the fermionic oscillators on the D0O-brane
quantum mechanics. The corresponding 8 fermion zero modes transform in the (1,2,2,1)
and (2, 1,1, 2) representations of the symmetry group and, after quantizing the zero modes,

their partition function is
+im +im i :t )
T e ) ~ sinh n 5 72 g 21%. (3.73)

Multiplying these partition functions together, we obtain the denominator of the D0O-brane

(e"f1ﬂ2t'v2 B e_’vlﬂ;m ) (6

index (3.71). The numerator comes from the open strings connecting one D0- and Ny
D8-branes. As the lightest states of the 0-8 strings are in the Ramond-sector, we have the
Ny fermions in the fundamental representation of O(k) (O(1) = Zs in this case). Therefore
the quantization of Ny fermion zero modes gives 2Nr=1 and its conjugate representation of
SO(2Ny), and O(1) gauge constraint leaves only 251 representation which is the spinor
representation of SO(2Ny) group. The numerator in (3.71) yields the expected spectrum
of 2Nr~1 states.

The instanton states we are interested in are the D0-D4 bound states which are the
degrees of freedom in the interior of the Higgs branch in the D0O-brane quantum mechanics.
The factorization of the above instanton index indicates that our instanton calculation
captures the states in both the Coulomb branch and the Higgs branch. We are not able
to restrict it only to the Higgs branch. This might be related to the fact that the non-
commutativity of the instanton moduli space cannot be turned on for the simple gauge
groups. We have to remove the Coulomb branch index by hand.

The extra DO-brane index is also included for higher rank gauge group Sp(N) with
the antisymmetric hypermultiplet. Therefore we argue that the correct instanton index
is obtained by subtracting the extra index (3.71). Therefore, the one instanton index for
Sp(N) is given by

Nf .. my N .. mata;
=1 1 [1,2 2isin 5t [ ;2 2isin =5~
SP(N) ™ 3942 | iy MEY2 i mEiv TIN o5 oo iyt
3247 | sinh 522 sin "5 [T:1 ) 24 sin 5%
Ny my 7TV mta;
[I,7; 2cos SETT;L 2cos 52 o1

. . _ 3.74)
3 Y1EY2 i mEITL N iv1ta; DO (
sinh —3 S1n —3 Hi:l 2 cos 5

For higher instantons, the factorization structure of the Coulomb and Higgs branch indices
is unclear because irrelevant poles start to appear when k > 1. So we have no good
prescription to factor out the free DO-brane index from our result for higher instanton
cases at the moment.

4 Enhanced global symmetry

In the worldvolume theory on a D4-brane, the En, 11 symmetry enhancement occurs at
the origin of the Coulomb branch when the classical gauge coupling constant diverges [1].
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With N; < 8 massless hypermultiplets, the global flavor symmetry of the 5d gauge theory
is SO(2N¢) x U(1);. The instantons of Sp(1) gauge group, which are DO branes on the
D4 brane, play a crucial role for this symmetry enhancement. The instantons have masses
proportional to the inverse gauge coupling as 1/ g)% » and they become massless at the
infinite coupling limit. They mix with the excitations of the elementary fields and form
certain representations of the enhanced global symmetry En,i1. The instanton charge
behaves as the U(1); Cartan generator of the SO(14) x U(1); subgroup of En, 1 symmetry
group. In this way, at the conformal point, the global symmetry is enhanced to En,+1
symmetry: Eg, Er, Fg, E5 = SO(10), B4 = SU(5), E5 = SU(3) x SU(2), E» = SU(2) x U(1)
and E; = SU(2).

4.1 Superconformal index for Sp(1)

We now present the results of the index computations for Sp(1). As explained earlier, there
are perturbative part and instanton part in the superconformal index. For the perturbative
part, we obtain merely the spectrum for the global symmetry SO(2N¢). This is the case
where the U(1); charge is zero. For the instanton part which is associated with non-
zero U(1); charges, we find the spectrum for the enhanced symmetry Ex,.1. The U(1);
provides an extra Cartan and thus leads to symmetry enhancements from SO(2Ny) x U(1);
to F Np+1-

An instructive example is the case with Ny = 3. The global symmetry for this case
is SO(6). It follows from (3.54) that, dropping the instanton part ™', we find the lowest
energy states appear at 22 order in the superconformal index

Ipert =14+ (e—iml—imz + o+ ez’m2+z’m3 +3+ 1)1,2 + (9(1:3)7 (4.1)

where the constant 1 is a singlet of the global symmetry, and the chemical potentials m; are
arranged to form the (15-dim) adjoint representation of SO(6), e~ m1=m2 4. .. 4 gimatims 4

3. In terms of the character, we express it as
SO
Ipert =1+ (1 + Xis (6)>$2 + o, (42)

(6)
ep
tions written in the subscript. If we take into account the instantons, we find that the

where SO(6) characters are denoted by X?g with dimension of irreducible representa-

superconformal index contains extra contributions coming from the instantons

where the power of the fugacity ¢ represents the U(1); charges or instanton number. It is
then clear that the first two characters of 22 are from the perturbative part and the last two,
which are the spinor representations of SO(6), are from the instanton part with the opposite
U(1); charges, i.e., one instanton contribution arises in one of two spinor representations;
the anti-instanton contribution arises in the other spinor representation. This shows how
symmetry enhancement takes place. On top of the adjoint representation of SO(6), the
instanton contributions come into play in symmetry enhancement to E4 providing an extra
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Cartan generator in the form of fugacity ¢ attached to the spinor representations of SO(6).
In other words, it follows from the embedding of SO(6)

SU(5) 5 SO(6) x U(1);
24 =19+ 150 +4; +4_1, (4.4)

where the subscript denotes U(1) charges, that the SO(6) characters in x? of (4.3) are
captured in the character of the (24-dim) adjoint representation of £y = SU(5), and hence
one is allowed to write (4.3) as

SO(6 SO(6 SO(6 —1 . 5S0(6
=1+ (G + 359 +axd” + ¢ x50 )a? + -

1By (4.5)

Higher U(1); charges (or instanton number) appear as we go along with higher powers of z
(or higher energies in the sense that the power of x in the index is 2j; + 2R that is roughly
proportional to the energy ey for the BPS states®). For this case, two instantons start to
contribute from order 2%, and three instantons from order %, and so on.

The pattern of the symmetry enhancement for other cases is very similar except for
E7 and Eg. For a given Ny, the perturbative part of the index is the superconformal index
takes the form

ENf+1

Ing =14 Xpq; 2"+, (4.6)

with the following generic embedding

ENf+1 = SO(QNJC) X U(l)],

adjENf+1 B 1(8]0(2Nf) —|—adj(S]O(2Nf)

+2, 2 (4.7)
Ny—1 JNp—1 . . L .

where 2 and 2’ ~ are two spinor representations denoted by their dimensions (they

can be conjugate or self-conjugate depending of Ny), and the subscripts are the U(1)

charges. The following table summarizes the relevant embeddings:

Nf =2: Fk3= SU(3) X SU(2) D) 80(4) X U(l)] o
SU(3) D SU(2) x U(1); o —;
8=10+30+2:+2_.
o
Nf:3: E4:SU(5)DSU(4)><U(1)[ O—O—;

24 =19+ 150 + 44 —{—171

6At least, 2(j1 + R) = %eo at the leading order of x, because the single letter ¢'(= ¢T) for the hyper-
multiplet does not carry j; charges.
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Ny=4: E5 =S0(10) D SO(8) x U(1) 0O—o0—o0—e

45 =19+ 28y +8_1+ 8,

o
Ny=5: FEg>S0(10) x U(1) o—o—o—o—?
78 =1y + 459+ 16_1 —|—ﬁ1

(0]
Nf=6: FE; >S50(12) x U(1)f o—o—o—o—o—e
133=17+669+32,+32_;+12+1_5

o
Nf=T7: Fg>S0(14) x U(1)[ ©—o0—o0-—0-—0-—0—e
248 = 19+ 91y + 644 —|—@,1—|—142+14,2

The Dynkin diagram which are made out of the empty nodes represent the Dynkin diagram
for SO(2Ny) and the filled node . denotes the extra Cartan stems from the instanton
contributions which is connected to the node associated with a spinor representation of
SO(2Ny), and thus all together the nodes account for enhanced En,+1 Dynkin diagrams.

In other words, we see, by tracing the structure of the index, that the perturbative
part and the instanton part together form a single state in the adjoint representation of
EN,+1 at the leading order of z, at order 22, The perturbative part comprises two states in
the representations of SO(2Ny): the singlet and the adjoint representation. One instanton
and anti-instanton parts, on the other hand, both provide two states in the spinor and its
conjugate representations of SO(2Ny). These states altogether make the SO(2Ny) x U(1);
decomposition of the adjoint representation of Ex,1 for Ny <6, at order x2.

Notice that, in the above embedding, the Ny = 6,7 cases do contain the extra rep-
resentations of higher instanton charges. This implies that unlike the lower Ny (up to
5) cases, two instantons start to contribute non-trivially to the leading power of z in the
superconformal index. For the moment, we do not have a clear understanding of why the
enhancements to E7 and FEg is slightly different from the cases for Ny < 5, regarding the
instanton contributions. We see, at least, complications in the pole structures for such cases
that appear in the contour integral formula for the index we have discussed in section 3.5,
which may reflect such difference. In the next subsections, we present the superconfor-
mal index result that we computed to order x°, and then discuss the complications in the
Ny =6,7 cases.
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4.2 Index for Ny <5

To proceed with higher powers of z, we first restrict ourselves to lower Ny that is Ny < 5.
The goal of this subsection is to present the superconformal index result to order z° (or
z® for N ¢ =3,4) and to show how the multi-instantons contribute to the global symmetry
enhancement.

e For Ny = 0, the global symmetry is U(1); and one expects that this symmetry is
enhanced to Ep = SU(2)

SU(2) > U(1);. (4.8)

The superconformal index for this is given by

I=1+x3"2" + x2()[1 + x5']2* ( y)[1+ x5 ]+1+x§1)x4
+<X4 W)L+ x5 + xa(y)[1 + ]>m5
+<X5(y)[ +x3] x3(W)[1+x5" + x5 + x5 x5 ]+x§1+x$1—1)x6
+ (x| 2+ 0" + 28] +00) [+ 38" + 28 +xF])o”
)1 [3xs

1+ X + xa(y)
(v) P 5yt 4]+ xs(y) 20 +3xEt + Tt + 2]

+x§1+2><§1+2><3 ):z: +O(x (4.9)

where x,,(y) stands for SU(2) character for fugacity y with dimension n. For instance,
2-dim representation is given by xa(y) = y + 1/y. Here, xZ! is the character for £ =
SU(2) with dimension n, whose formula is given in appendix F. As higher dimensional
representations are associated to higher instanton numbers, we see that the two instantons
start to contribute to the index at order z*, through Xgl. Likewise, the three instantons
contributes at order 2% through xf ' and so on. From the point of view of D0 branes, this
case is when there is no D8 branes involved, and a D4 probes the theory and thus, DOs
are bounded to the D4. We note that —1 at order x® implies that a fermionic contribution
arise as a singlet of SU(2).

e For Ny =1, the global symmetry is SO(2) x U(1); and one expects that this symmetry
is enhanced to Eo = SU(2) x U(1), where the Cartan generator for SU(2) comes form a
linear combination of the Cartan generators of SO(2) and U(1);

SU(Q)%(ml_,’_w) X U(1>%(7m1—w) D) SU(2)m1 X U(l)]w, (410)

where w is the chemical potential for U(1); identified as ¢ = e'2 and m; is the chemical
potential associated withe SO(2). The superconformal index for Ny = 1 is then given by

I=1+ x5 + @)1+ + (e 1+ + 14577 —a(h)at (411)

+ <><4(y) [+ xF2] + xa(y) 22 + x5 @ X" - X4(f)]>955
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( s () [T+ XF2] + () [4xE2 +2x50® — xa(N)] + 577 + 335" + 1)9;6

+ (o) [1+ X5+ xa@) B + 287 + 28" - xa()]
)6 + 267 + 370 5" Pxal)])e”
)

+ (xr@) [T+ X+ @[ +3x87 = xal)] + xs@) [0 + 237+ 4,37

SU(2)

+2x57 % = 02 38 P xa(N] 3 g P 425 P 42 - X xa(h) )2t + 0,

is the adjoint representation of Ey and x4(f) = (e’g + e‘ig)ng(z)

where X% =1 +X§U(2)
with U(1) charge p. This index shows that states are in SU(2) and U(1) representations,
and it is clear that the pattern that multi-instantons appear follows that of the Ny = 0
case. On the other hand, we observe that the fermionic contribution (with the negative
sign in front) appears quite differently compared with the Ny = 0 case. The fermionic
contribution appears not as a singlet but as x4(f) that is the fundamental representations
of SU(2) with the opposite U(1) charges. Moreover, it continues to appear in higher powers
of x. It is not clear for us, for the moment, how instanton contributions give rise to such

fermionic contributions in the process of the global symmetry enhancement for Ny = 0, 1.

e For Ny = 2, the global symmetry is SO(4) x U(1); = SU(2) x SU(2) x U(1); and
one expects that this symmetry is enhanced to E3 = SU(3) x SU(2). The symmetry
enhancement is understood from the embedding

SU(3) x SU(2) D SU(2)m, x SU(2)m, x U(1)7, (4.12)

where my, mo the chemical potentials of two SU(2)s in the right hand side properly arrange
themselves to yield the enhancement to Fs

E5 =SU(3) x SU(2)%(m1_m2) (4.13)
with the following SU(2) and U(1) charges
8 = 10+30—|—21+2,1. (414)
For our convenience, we write this F3 decomposition as
E5 =SU(3) x SU(2) D SU(2) x SU(2) x U(1);
(8,1) = (1,1)0+(3,1)0+(2,1)1 + (2,1)_1. (4.15)
The superconformal index for Ny = 2 is then given by
I=1+ (Xgi1)+(1,3))$2 + x2(y) (1 + st?’_rl)Jr(l_’s))xS (4.16)

E- E- 4
+ (XB(y) [+ Xy rws] T1F X<237,1>+<1,5>)x

E. E E E 5
+ (X4(y) (L4 Xis ] + 2@+ X a8+ Xarnras) * X(sﬁ3>+(1o,1)+(m1)})z
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+ (@[ + 3 rs] XL XEnawe T X T X0 sl @m)
T 2X§11)+(173) + X§f3)+(1o,1>+@ nt Xﬁ;‘l 1)+(1, 7))936

+ (0@ 1+ X1y 0m)] + a8+ 2 1y wm) + 2Xho 1) a0y + IR + xR

+ 4Xfa:33,1)+(1,3)} + x2(y) [X(E634,1)+(1,7)+(35,1)+(ﬁ,1) + 3X(8,1)Jr(1,3)

+ X{@ 1+ 1a)elE 0+ T X@nn+as T 1] )”““7

+ ( 7(y)[1+ X%l)ﬂl 3)] +xs(y)[2+ Xf237 45 T 2X{?§,1)+(1,3)]®[(8,1)+(1,3)] + 3X533,1)+(1,3)}
+xa(y )[2 + 2X(64 1)+(1,7)+(27,1)+(1,5)+(35,1)+(35,1)+(10,1)+(10,1) + Xf237’3)+(27,1)+(8,5)+(8,3)

+ 7X(s?’,1)+(1,3) + X[(s,1)+(1,3)]®[(8,1)+(1,3)]} +2+ X(335,1)+(ﬁ,1)+(27,1)+(1o,3)+(ﬁ,3)

X[ 1) @3B+ LM B+ 10T+ T X (s e )T +OE),

where we used the following shorthand notation

E E- E-
X(83,1)+(173) = X(sil) + X(1i3), (4.17)

and tensor product of (8,1) + (1, 3) is given by

_FE E:
X[8.1)+1.3)e(E.0+13)] = X[(EO+as)eaen+as)] T X(Enrwseseias) —(418)

_ B3 ¥ Es3
X(S,1)+(1,3)+(8,3)+(10,1)+(10,1) X(27,1)+(175)—&-(8,3)4-(8,1)—1-2(1,1) '

Two instanton contributions start to appear at order z* where the character X(27 1)4(1,5)
contain q and ¢~ 2. In a similar way, the three instanton contributions start to appear at

order 2% in X( and four instantons contributions appear at order 2 X(

64 )+(1,7) 125 1)+(1,9)

and so on.

e For Ny = 3 case, the global symmetry is SO(6) x U(1) and one expects the symmetry
is enhanced to E4 = SU(5). The superconformal index for this is given by

I=1+ 55" + xo()[1 +x8i]e® + (s ) [1+xE1] + 1+ x50 ) *

o+ (xa ) [+ X52] + xa) [1+ XE4 + xFio + X + XBdo] )

+ (X5(y) [1+ x24] +x3(y)[2 + 3x24 + X738 + X136 + X1ag + 2X200]

+2X54 + X146 + X126 + X1000) 0
( () [1+ x24] + xa(¥) [2 + 2x250 + 2X136 + 2X126 + X7a + 5X34)

+x2(y [X 00 + Xias0 + X1050 + 2X300 + X146 + X126 + Xra + 5x%4 ]>$7
( 7(y)[1+ X4 + X5 (y )[3X200 + 2x736 + 2X1;6 + 2xmd + TXo4 + 4]

+ x3(¥) [2X1600 + 2X1050 + 2X1050 + X1a24 + 4X300 + X136 + 3X126 +x78 + 9xad + 3]

+ X§§75 + X1050 + Xm + X224 + Xm + X1024 + 3Xzoo + X126 + X126 + X 5 + 3X + 3) a®

+0O(2?) (4.19)
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where we used the branching rules

SU(5) D SO(6) x U(1)
24=1p+41+4_1 + 15
200 =19 +4;+4_1+10,+10_o + 150 + 367 + 36_; + 84,

1000 =19+ 41 +4_1 + 105+ 10_5 + 15¢ + 203 + 20_3 + 367 + 36_;
+ 709 +70_5 + 847 + 1607 +160_; + 300,

3765 =19+ 4, +4_1+ 1570 +105+10_o + 203 +20_3 + 35, +35_4
+36; +36_; + 70, +70_5 + 849+ 1203 + 120_3 + 1607 + 160_,
+300( + 2705 + 270_5 + 500, + 500_; + 825.

From U(1) charges, we see that the two instantons start to contribute from x* order; it is

captured in the character in X%O' Three instanton contribution first appears at order 25,

Xféom and four instanton contribution appears at order z%, X??’?GS'

e For Ny = 4 case, the global symmetry is SO(8) x U(1); and the symmetry is enhanced
to E5 = Spin(10). The superconformal index for this is given by

I=1+x522 +x2(y)[1+ x4 +(X3(y)[1+xf]+1+x77o) ! (4.20)

+(X4 )1+ xi2] + x2(y) [1+xf§+x$$o+xf4"’s])x5

+ <X5 y)[1+ X45} + xs(¥)[2+ 2X48 + X5 + X350 + 2Xrs0 + X945] +2X48 + Xogs + X7644) 0

( 6(y) [1+ xaz] + xa(¥) [2X750 + 2Xo4s + X564 + X270 + 4X4E + 2]
+ x2(y [X 764a + 2X13020 T Xogs + 2Xrd0 + X5i + Xaio + 4X4E + 2])957
( 7() [1 4 x42] + x5(y) [Bxrr0 + 2Xb45 + 2XZ50 + 2Xa4 + DXag + 4]
+ x3(4) [2X784a + 2X1%020 + X1386 + X5940 + 3X04s T 3X7v0 + X2i0 + Xog + 8Xas + 3]

Es Es Es Es Es 5 Es Es 5 9
+ X3920 + X1%020 + Xa6ss + Xii2s + Xois + 3Xrs0 + Xoto + Xeq + 2X48 + 3)$ + O(z7).
where we used the branching rule

SO(10) > SO(8) x U(1) (4.21)
45 =1y + 8, + 8_; + 28,
770 = 1 + 81 + 8_1 + 28) + 355 + 350 + 35_5 4+ 160, + 160_; + 300,
7644 = 1+ 81 + 8_1 + 280 + 355 + 350 +35_5 + 1125 + 112, + 112_; 4+ 112_34
+ 160, + 160_; + 300, + 5675 + 567, + 567_5 + 1400, + 1400_; + 1925,
52920 = 1, + 81 + 8_1 + 280 + 355 + 350 + 35_5 + 1125 + 1127 + 112_; 4+ 112_4
+160; + 160_; + 294, + 294, + 294 + 294_, + 294_, + 300,
+ 5675 + 567 + 567_5 + 1400, + 1400_; + 15683 + 1568, + 1568_, + 1568_3
+ 1925 + 4312, + 4312 + 4312_, + 7840, + 7840_, + 8918,.

Note that even though SO(8) has triality automorphism, the representations 8, 35 and so
on are all higher dimensional spinor representations due to fermionic zero modes to which
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the instantons Couple The result shows that the two instantons again starts to contribute
from z? order in X770 Three instanton contribution is at order 29; it is captured in the
character X76 44 Four instanton contribution first appears in the Character X52920.

e For Ny =5 case, the global symmetry is SO(10) x U(1) and the symmetry is enhanced
to Fg. The superconformal index for this is given by

I*1+X x ergy)[ler ]1’ +< ()[1+X ]+1+X2430) *

<X4 y)[1+ xrs] + x2(y )1+ X78 + Xbiso + X2E§25])955

(xy[
[

( (W) [1+ x78] + xa(y) [2+4X X650+2X2430+2X2925]

(
+ <]
+ I+ X7 ] +x3(y)[2 + 2X78 + Xégo + 2Xhis0 + ngzs} + 2x78 + Xbeas + Xf§758)$6

+x2(y)[2 + AXTS + Xeso + 2X%4s0 + Xas2s + Xasrss T X105600]) !
+ ( 7(y)[1+ ng] +xs5(y) [4 + 5X78 + 2Xeso + 3Xais0 + 2X§325]
+ xs(y)[3 + 8Xre + Xogo T 3X2s30 + 3Xa025 T Xasrae + 2Xasrss T 2X105600]

+ 34 2X78 + Xeso + 3Xzsz0 + Xzszs + Xrsoro + Xiss600 + X537966)$ +0(z%), (4.22)
where we used the branching rule

Eg D S0(10) x U(1)
78 = 19 + 167 + 16_1 + 45
2430 = 1o + 16, +16_1 + 457 + 126_5 + 1265 + 2104 + 560; + 560_; + 770
43758 = 19 + 16, + 16_ + 457 + 126_5 + 126, + 210, + 560, + 560_, + 770,
+ 672 3+ 6723 + 1440, + 1440_, + 3696, + 3696, + 5940, + 7644,
+ 8064, + 8064 _
537966 = 1¢ + 167 +16_1 + 457 + 126_5 + 126, + 210, + 560, + 560_;
+ 6723+ 672_5 + 7700 + 1440, + 1440_, + 2772_, + 2772, + 3696’ , + 3696,
+ 5940, + 6930’ , + 6930, + 7644, + 8064, + 8064_; + 8910,
+ 172803 + 17280_3 + 34992, + 34992_, + 46800_, + 46800, + 52920,
+ 70560, + 70560_; + 73710,. (4.23)

The result shows that the two instantons again starts to contribute from z* order in X§430
Three instanton contribution is at order z%; it is captured in the character X437587 and
four instanton contribution appear at order 2® with the character X537966-

4.3 Index for Ny = 6,7

As stated before, the way that instanton contributions for Ny = 6,7 cases appear in the
index is different from the lower Ny cases. Namely, two instanton contributions for such
cases do show up in lower powers of z, starting at order z2.

To better understand these case, recall how the symmetry enhancement works for
Ny < 6. By tracing the structure of the index, we deduce that the perturbative part and

the instanton part together form a single state in the adjoint representation of En, 11 at
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the leading order of x, at order z?

. The perturbative part comprises two states in the
representations of SO(2Ny): the singlet and the adjoint representation. One instanton
and anti-instanton parts, on the other hand, both provide two states in the spinor and its
conjugate representations of SO(2Ny). These states altogether fit into the SO(2N) x U(1);
decomposition of the adjoint representation of Ey, 1 at order x2, and for this reason, they
can be viewed as the states of the adjoint representation of Ny+1 for Ny < 6.

For the Ny = 6,7 cases, the adjoint representations of Ey 11 are big enough to have
rooms for other SO(2/Ny) representations than the spinor and adjoint representations. More
specifically, the adjoint representation of E,+1 contains the extra states with the U(1);
charge of £2 in the decomposition to SO(2Ny) x U(1); which correspond to two instanton
contributions. If we believe the E, symmetry enhancement of the conformal theories,
these extra states must be seen at order 2% of the superconformal index. It seems, however,
difficult to extract the extra states at order 2% from two instanton contributions due to the
pole structure of the integral formula (3.58). In other words, if we evaluate the integral by
taking into account all poles inside the unit circle |¢’?!| = 1, the expansion of two instanton
index in powers of x starts at order z? rather than at order z? regardless of the number
of flavors Ny. This is troublesome for Ny = 6,7, because two instanton contribution is
supposed to appear at order z2. This means that naive pole prescription does not lead to
the right result and thus it should be treated with care.

The subtlety arises because the unphysical pole at e¢¥! = 0 appears in the contour
integral when Ny > 6. Unfortunately, we could not find a consistent prescription for this
unphysical pole. One can naively try to exclude the contribution from the pole at e!*1 = 0.
However this attempt yields two instanton states at order less than z2. There are no
other states to be combined with these two instanton states in order to form an irreducible
representation of ENf+1.

We here instead write our prediction for two instanton contributions to order 3, based
on the symmetry enhancement that naturally leads to the adjoint representation of En, 1.
We see that the perturbative and one instanton contributions of Ny = 6,7 cases give the
right spectrum for the symmetry enhancement and thus two instanton contributions should
arrange themselves to yield the adjoint representation of En, 1.

It follows from the perturbative and one instanton contributions that the index for
Ny =6 is given by

SO(12 SO(12 —1_S0O(12
I = 1+ (1+X66( )+qX32( )—I_q 1X32( )+)$2
SO(12 SO(12 —1.50(12
+x2(y) [1 + (1 +xGe D +axas D +a X ) --)]933 +0("),  (4.24)
where - - - represents two instanton contributions which we have not been able to compute.
An obvious guess for the index is that the superconformal index, taken into account the
correct two instanton contribution, would be expressed as

SO(12 SO(12 _1_S0(12 _
I=1+(1+xge " +axas D +q " Xap D+ +q72) 2?
SO(12 SO(12 _1_SO0(12 N
+xg(y)[1+(1+x66(1 )+qx32( ) 4y 1x32(1 - S 2)}5634—0(374). (4.25)
=1+ x{3s7° + x2(y) [1 + x13s)2® + O(h), (4.26)
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which is based on the branching rules

E; 5 SO(12) x U(1);
133 =660 +321 +32_1+ 15+ 19+ 1_5. (4.27)

It would then again exhibit global symmetry enhancement to E7 with not only one instan-

ton but also two instantons appearing at order z2.

In the same way, the superconformal index for Ny = 7 up to one instanton contributions

is given by
SO(14 SO(14) |, —1_S0(14
I:1+(1+x91( )+qx64( )+q 1X@( )+---)3:2
S0(14 SO(14) , —1_SO(14
o) [1+ 1+ x50+ axge™ + a7 g Y )] et + 0. (4.28)

When combined with correct two instanton contributions, this would exhibit symmetry
enhancement to Fg with the following form

SO(14 SO(14 —1.50(14 SO(1

SO(14 SO(14 —1 SO(14 SO(14 _9 SO(14
+X2(y) [1+(1+X91( )+QX64( )+q 1X@( )+q2 X14( )‘H] QXﬁ( ))} $3+O(374)

=1+ X355 7" + X2(¥) [1+ Xgis] z® 4+ O(z°), (4.29)

-2 Xg)(lﬁl)) 22

4)
T4 14

where the branching rule is

Es D SO(14) x U(1);
248 =10+ 91¢ + 641 +64_1 + 145 + 14 _». (4.30)

Just as the Ny = 6 case, both one and two instanton contributions appear at order x2.7

We close this section by reporting an observation. It is clear that not all representations
of En,+1 appear in the superconformal index for Ny. Singlets and only representations
associated with the adjoint representation show up. One may notice that the representa-
tions of SO(2/Ny) combine themselves to yields the products of the adjoint representations
of £ Ny+1-

To make this observation concrete, let us call the adjoint representation adj. The
tensor product of two adj’s splits into symmetric and antisymmetric parts

adj ® adj = (adj ® adj) s + (adj @ adj)s. (4.31)
The 2nd symmetrized tensor products are generically written as

(adj ® adj) 4 = adj & R,
(adj @ adj)s = 1® RY @ adj?, (4.32)

where the notation adj® to denote the irreducible representations whose weight is given as
k times that for the adjoint representation, and R(A2) and Rg) represent remaining other

"String origin of the massless two instanton states (142 for E7 and 1445 for Eg) is discussed in [44].
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representations. The superconformal indices that we have computed for Ny = 2,...,5 then
take the form

I =1+ Xadjz® + X2(y)[1 + Xaqj]2* + (Xs(y) [1+ Xaqj] +1+ Xadj2>904
+ (X4(y) [1 + Xadj] + x2(y) [1 + Xadgj2 + X(adj@adj)AD$5

+ (Xs(y) [14 Xadj] +X3(¥) [1+Xadj + Xadj2 + Xadjeadj] + Xadj + Xadj? +X(adj®adj)A) 0

+0(z"), (4.33)
ENf+1 . -k

where Xadj* (= Xaqj* ) is the character of adj” of the enhanced global symmetry group

EN,+1, and X(adjoadj) = XadjXadj- Recall that as adj is associated with one instanton

contribution, its second order tensor products contain two instanton contributions. In par-

ticular, adj? is the representation that precisely possesses the two instanton contributions

4

which appears from order z*. In a similar way, the third order tensor products contain

three instanton contributions, and adj? is the representation first appears at order % and
possesses three instantons. This pattern is expected to proceed to higher orders in z: adj®
appear at z2* of the superconformal index and are those which first show k instanton
contributions for Ny = 2,...,5. The products of these Ny are given in appendix F.2.

Even though we do not have enough data for higher order terms in x for Ny = 6,7, one
may anticipate that the index for them would follow the pattern of the index (4.33) as well,
irrespective of how the instanton contributes the enhancements. If so, the superconformal
index for Ny = 6 would take the form

B B B B
=14 x50 + xa(y) [1+ X1 2° + <X3(y) (14 x13] +1+ x73771)x4

B B E
+ (X4(y) (14 x133] + x2(W)[1+ X751 + X(1733®133)A])w5
B By |, E B By | F E 6
+ (Xs(y) [14x135] +x3 () [1+X 155 + X797+ X1530135) +X1373+X2378602+X(1733®133)A>:E
+0(z7), (4.34)

where adj ~ 133, adj? ~ 7371, and adj® ~ 238602. A few relevant tensor products of
the adjoint representation of E; are given as

(133 x 133)5 = 1 + 1539 + 7371,
(133 x 133) 4, = 133 + 8645. (4.35)

For Ny = 7, the superconformal index would take the form

I=1+ Xffg z? + X2(y) [1 + XffS] x? + (X3(y) [1 + X2E488] +1+ X2E$000> z?

E. E, E,
+ (X4(y) [1+ xais] + x2()[1 + Xaro00 + X(238®248)AD375

E Bs | E E Bs | E E 6
+ (Xs(y) [1+Xass ] +x3(y) [1+X25s + Xarooo +Xosse2as) +X2§8+X17863125+X(2848®248)A)m
+0(z"), (4.36)
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where adj ~ 248, adj? ~ 27000, and adj® ~ 1763125, and relevant tensor products of
the adjoint representation of Eg are

(248 x 248)5 = 1 + 3875 + 27000,
(248 x 248) 4 = 248 + 30380. (4.37)

It would be interesting to see whether the index respects the pattern and whether there is
a closed form for the result like a sort of Plethystic expansion.

4.4 Superconformal index for Sp(2)

When N > 2, as discussed in Sec 3.5, an additional antisymmetric hypermultiplet does
not decouple and contribute to symmetry enhancement. In this case, we have the chemi-
cal potential m for SU(2) global symmetry of the antisymmetric hypermultiplet. Similar
difficult pole structures as the case for N = 1 still reside when we evaluate two instanton
contributions. We believe that correct prescription will take care of irrelevant poles.

We computed the superconformal index for various Ny and found that there is a
universal expression for Ny < 6. We see that the global symmetry SO(2/N) is enhancement
to En,+1, as expected, and the index is given by

I=1+xa(e™) z+ (X2(y)><2(6im) +2x3(e™) + Xadj)332
+ (X3(y)X2(eim> + x2()[2 + 2x3(e™) + Xadj] + 2x4(e"™) + x2(e™) + 2X2<eim)Xadj>x3
+ (X4(y)X2(€im)+X3(y)[2+3X3(€im)+Xadj]+X2(y) [Bx2(€"™ ) Xadj+3x4(e”™) +5x2(e"™)]
+ 3x5(e™) + x3(e™) + 3X3(€im)Xadj + 3 + X(adjwadj)s T Xadj>x4 + 0(1‘5), (4.38)

where Yaqj stands for the character of the adjoint representation for En,i; and their
tensor products are given in appendix F.2. xqim(y) is the SU(2) character for the fugacity
y and Xdim(e™) is the SU(2) character for the chemical potential m. For instance, the
2-dim representation is x2(e™) = ™ + =™ and the 3-dim representation is y3(e™) =
e2m 4 | 4 o—2im

As a representative the index for such hypermultiplets, we write the superconformal
result for Ny =5

I=14 (™) 2+ (xa(p)xa(e™) + 2xs(e™) + x5 ) 2?
+ (axe(e™) + xa@)[2 + 2a(e™) + x7a] + 2 (™) +xa(e™) + 2xa(e™)xrg )
+ (X4(y)X2(6im)+X3(y) [2+3x3(e™) +x78 ]+ x2(y) Bxa(e™) xzg +3xa () +5xa(e™)]
+ 35 (€) + Xa(e™) + Bxs (™ )F + 4+ a0 + XG0 + X582t + O7).  (4.39)
Here, ng = Xadj and 1+ x5%50 +x&5 = X(adjoadj)s- As for the Sp(1) cases, one instanton

start to contribute at 2% through Xadaj While two instanton contributions would first appear
at 2% through Xadj2 Which is contained in X(agjoadj)s- We note that we have encountered
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similar obstacles in evaluating pole integral arising when one deals with two instanton
contribution as for Sp(1) case. So we leave this issue as it is, and here our expression for
the two instanton contribution should be understood as an educed guess. All terms are well
organized as above except for terms proportional to ¢™* that is supposed to be taken care
of from the pole integration associated with two instanton contributions. For this reason,
the index for Ny = 6,7 are to be resolved as one finds the correct pole prescriptions.

5 Conclusion and discussions

In this work we have set up and calculated the superconformal index for 5-dim gauge
theories. The index has both perturbative and nonperturbative instanton contributions.
For Sp(1) gauge group and Ny < 5 fundamental hypermultiplets, we explicitly computed
superconformal index up to four-instanton contributions. Our result for the superconformal
index precisely shows the enhancement of the global symmetry from SO(2Ny) x U(1) to
EN;+1 for Ny <5, which is expected to exist at the conformal fixed point. The characters
of SO(2Ny) x U(1) appearing in the index reorganize themselves so that they belong to
the characters of En, 1. For lower powers of x which is an expansion parameter related
to energy, there is a universal pattern on how the En, 4 characters appears as forms of
(anti-)symmetric products of the adjoint representation of Ex,11. The Ny = 0,1 cases
show fermionic contributions in the process of the symmetry enhancement to Ej, Fs, in
terms of a singlet and the fundamental representation, respectively. The Ny > 2 cases,
however, no fermionic contributions appear at least to order z® that we have explicitly
computed. It would be interesting to explore further how these fermionic contributions
arise as instanton contributions. For Ny = 6,7, we obtained one-instanton contribution
only which also shows the symmetry enhancement to that order. Two or higher instanton
contributions give rise difficult pole structures in the contour integral which we do not have
a clear prescription to avoid irrelevant poles.

For N > 2, we expect the superconformal index also exhibits the symmetry enhance-
ment. As a simple example, we computed the superconformal index for Sp(2) to the order
which contains one-instanton contributions. To this order, we see that the index indeed
shows the symmetry enhancement to E,+1 as well. To include two or higher instanton
contributions, just as for the Ny = 6,7 of Sp(1), we have encountered similar obstacle
related to pole structures.

There are several directions to pursue from this point. We would like to resolve the ob-
stacles that are mentioned above. The investigation of other 5-dim conformal field theories
by our method may shed some new light on these theories. It would be interesting to eval-
uate the partition function on S° which also contains the information about the symmetry
enhancement and the degrees of freedom in large N limit. See the recent work [45-47] for
the perturbative part of the partition function of 5-dim supersymmetric YM theory on S°.

An interesting application with our result would be the dimensional reduction along
S! to 4d theories on S* type manifold. The 4d reduction then leads to the 4d theories
whose base manifold S* is squashed by the background gauge fields coupled to both the
KK modes and the internal symmetries due to the chemical potentials we have turned
on in 5d theories. Concretely, we turned on the chemical potentials for the generators
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2(j1 + R) and 2j2, which obviously break the isometry on the base S4 into U(1); x U(1)a.
Upon the dimensional reduction, the resulting 4-manifold at which 4d theories are defined
becomes the ellipsoid with U(1)? isometries. As we can trade the generator 2(j; + R) to
other combinations of €y, ji, and R using the BPS relation, there is indeed a family of
4d ellipsoids with U(1)? isometries. The 4d ellipsoid given in [48] would probably be one
of these ellipsoids after correctly identifying the chemical potentials with the squashing
parameters in the ellipsoid. The simplest case would occurs when the generator 2(j; + R)
is replaced by €y — R. In this case the base manifold is deformed only by jo and thus it
becomes 4d manifold preserving SU(2); x U(1)e whose local geometry at the equator is
the squashed S? investigated in [49, 50]. The chemical potential o is identified with the

1/2 on the squashed four-sphere.

squashing parameter u ~ (I~1 — 1)

We expect that our superconformal index reduces to 4d partition function on the
squashed S* after the reduction along the time circle. The reduction of the index can be
easily achieved by removing the nonzero KK modes from our perturbative and instanton
indices. One may already notice that the one-loop determinants (3.28) and (3.35), and the
instanton indices (3.46) and so on are identical to the corresponding 4d results upon the
KK reduction on S and the identification of the chemical potentials to the 4d parameters.
However, we may not be able to get the classical contribution in 4d partition function,
proportional to the square of scalar vev of the vector multiplet, from our index, which is
analogous to the cases of 4d to 3d reduction considered in [51-54] where 3d Chern-Simons
terms cannot be obtained under the reduction. This would imply that 4d reduction of
our indices leads to 4d partition functions on the generalized four-spheres apart from the
classical contributions.

Our index may count some M theoretic objects wrapping degenerate del Pezzo surfaces
which also appear naturally in the (p,q)-web description of our theory with enhanced
exceptional groups [55]. The detail identification would be interesting. As our Higgs phase
is the moduli space of EN,+1 instantons, our calculation for Sp(1) may have something to
say the moduli space of a single En 11 instanton. While our calculation is done for small
N =1, one can imagine the large N limit and compare to the gravity calculation which is
also needed to be done.

We finally make remarks on the AdS/CFT correspondence of the 5d conformal theories.
The gravity dual of the Sp(N) gauge theory with N; fundamental flavors is a warped
product of AdSg x S* whose gauge/gravity duality is studied in various literatures [56-58].
The spectrum of the gauge invariant operators in the boundary field theory we counted here
amounts to the gravity spectrum in the bulk and the KK spectrum of the En, 1 twisted
sector living on the boundary of the gravity theory on wrapped AdSg x S* background.
The duality maps the En, 41 neutral operators in the field theory to the bulk gravitons,
and the Ey, 41 charged operators maps to the twisted sectors. It would be interesting to
see how our index matches to the index on the gravity side in the large N limit.
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A Notation

In 5d Lorentzian flat spacetime, we can choose 4 x 4 gamma matrices using 2 x 2 Pauli

matrices 0123 as follows:

70:—i1®03, 'yl:al@)al, 72:(72®01, 73203®01, 74:1®02. (A1)

They satisfy the Clifford algebra {v,,7,} = 7. and

'701234 _ i, ,y/ﬂ/)\p _ ieuu)\po,yg (6012345 _ 1)

)

,Y;w)\ — ,Yu,yl/)\ 4 2,}/[1/77)\}# — r}/‘»‘ryﬂ + 2t "ry)‘} , (A2)

with a flat metric n = diag(—1,+1,+1,+1,4+1). In five dimensions, the spinor represen-
tation is the fundamental of Sp(2) = SO(1,4) Lorentz rotation, so it is pseudo-real. This
implies that the ordinary Majorana condition cannot be imposed on 5d spinors. Instead,
we can impose symplectic-Majorana reality condition on the spinors if they carry SU(2)r
symmetry charges. When a spinor A4 is a doublet of SU(2)g, the symplectic-Majorana
condition is given by

A = (/\T)BEBAQ, (A.3)

where A, B = 1,2, the R-symmetry indices, and ¢ = io? is the SU(2)y invariant tensor. €
is the symplectic form of Sp(2) defined as

Q=7 =iy @03 . (A.4)

The 5d gamma matrices satisfy the following Fierz identities:

1 1 1
6pq6mn - Zépn(srr:] + i(lyu)pn(’nl)ng - g(ﬁyuy)pn(’)/#”)rrgv
(V)" V)" = 030m + 0500, — ("), (W)t (A.5)

where m,n = 1,2,3,4 are the Sp(2) indices.

B Theories on S' x S* and S°

We consider the Euclidean version of the Chern-Simons Lagrangian (2.2). The flat space

Lagrangian can easily be obtained by the Wick rotation, ° = —i7. Then the Lagrangian on

the Riemannian curved manifold can be derived from the flat Lagrangian by the conformal
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mapping, whenever the curved manifold is related to the flat space by the conformal trans-
formation. Using this fact, the Chern-Simons Lagrangian on the curved space is derived
from the Lagrangian (2.2)

L=Ls+ Ly,
. R ) 1
Lcs—zwtr[A/\F/\FJr2A/\A/\A/\FmA/\A/\A/\A/\A
+ 3iAY" AFy,, + 6ADA|
Lo = 2 trg lp Fr v ¢v“¢+§¢2 _ly MM + 5X7Mv A —DID! —iX[g, A]
" or? 2" 1 a 12 2 2 a T

(B.1)

where R is the Ricci curvature for the curved manifold and A = A, The covariant derivative
V, includes the connection on the curved space as well as the gauge connection. For
example, the covariant derivative acting on a spinor field is V, = D, + iwww“b where
D, = 0, —iA, and w,q, is the spin connection. As the 5d rotational symmetry group
is pseudo-real SO(5), the SU(2)r doublet spinors A4 is restricted to be the symplectic-
Majorana spinor satisfying Ay = (A\7)PepQ. The action on the curved space is invariant
under the following supersymmetry transformation:

0A, = iIAYuE,
56 = Ae,
1 2i
6X = S Fuy"e = iV,é7e + Dl e - gmﬂv#e,

) 1 B B 2 _
o\ = ) ey — ey ¢ — ieo’ D' — gvuev%,

- - 1-
oD! = V, Mtole — (o, Nole — BAUIVHVME, (B.2)
where € is the Killing spinor satisfying the Killing spinor equation
V€ = Y€, (B.3)

with an arbitrary spinor €.

The Lagrangian for the hypermultiplet can also be obtained by the conformal mapping
from the flat space Lagrangian (2.13). It is almost the same as the flat space Lagrangian
but the scalar fields acquire the conformal mass term proportional to the scalar curvature
R, which reflects that the fields on the curved space non-trivially couples to the curvature.
The matter Lagrangian is then

- 3 _ — < -
Lmatter = |Vuq|? — i7"V 00 + elaa+ G0%q — qo' D" — V2Aq + V2 h — iy (B.4)

This Lagrangian is invariant under the supersymmetry transformation of the matter fields

5qt = V2iety,
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5 = V2itey

3
5 = V2 <—quA'y“6A + pgtea — 5qA'YHVu€A> :

_ 3
o =2 (EA’Y“V/L(YA +elqag+ 5%#7“@;) : (B.5)

B.1 Killing spinors on S' x §4

The explicit forms of the conformal Killing spinors on S* x S* depend on the choice of the
metric and the vielbein basis. We choose the S1 x S* metric as follows:

ds* = dr* + ds§4 ,
dsgs = dfF + sin® 61d03 + sin® 0 sin® 02d03 + sin? 0 sin? O, sin® O3d67 (B.6)

where the radii of the S and S* are set to unit radius. We choose the vielbein basis as
the following standard form:

el = dby , €2 = sin 61db- , e3 = sin 6 sin 0>dbs , et = sin 01 sin 05 sin O3dfy , ed =dr .
(B.7)
With this choice, one can easily compute the spin connection whose components are

given by
w12 = —cos61dbs , w23 = —cos 02dfs3 , w34 = —cosB3dby,
w13 = — cos 01 sin Oodbs , w24 = —cos Oy sin03db, , w34 = —cos 0y sin Oy sin O3df, . (B.8)

The manifold S' x S* admits 8 independent Killing spinors taking of the forms

1 1 1 1 1 1 1 1 1 1
€l — 6—57650175165927126593723659473463’ &S — 75657659”5165927126503723659‘”3468 )
(B.9)
where €'® are constant spinors. They satisfy the Killing spinor equations
V, el — 1 5. V, €5 = L pes B.10
uﬁ—_§’7u’757 u€—§7u76- ( )

The supercharges Q4 and S appearing in the superconformal algebra are parametrized
by these Killing spinors. The superconformal algebra requires the symplectic-Majorana
condition on the constant spinor parameters

() = Qe (B.11)

C Q-exact deformation

In section 3.1, we localize the path integral by deforming the Lagrangian with Q-exact
terms which respect the supercharge @@ + S. We now present the Q-exact terms used for
the localization explicitly.

Firstly, we introduce the following Q-exact terms for the vector multiplet:

3L = tr [tée((ée/\)T/\)] . (C.1)
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Here 6, is the SUSY transformation with respect to the SUSY parameter e defined in (3.7).
The parameter e is a Grassmann-even spinor and normalized as eée = 1 throughout the
localization procedure. Then the bosonic terms become

(BN 1o =

1 2i 1 2i
- (257W F/WJriE'y”VHgquiéoIDIqL5Z¢V“€'y“) <2F'W'y"”eivﬂ¢’y“e+iDlale;éyﬂvue)

1 1 — - v L B~ _
= €e§FWF"” - Zéfy"”)‘per,FAp + €(V,0)? + éép? — 5(675’}/“ €+ ey E)pF,, — eD?

1 1 g o
= F F™" + §FijF“ + 1608916”kl5Fiijl — &Yy epFyj + (V,uh)? + ¢* — D?

01, _ .o 0
= F,, F™" + cos? EI(F” - W¢j¢)2 + sin? %(F; - w;; )2+ (Vu0)® — D?, (C.2)
with the following definitions

1
Fjj = 5 [Fy F+Fyl

2
+_ _ ' =R 5.ijR - + i =i
EARPFI A A Yo T =1 (©3
where Yeft = €, 45l = —€el'. The fermionic terms are obtained by
5 (B N)TA =

_ _ 2 _ _
= =iV, (A e)ey" A 4+ iV  (Ae)ey A — gzvuéfy“)\()\e) + i[Ayu€, dlEvuA
_ _ 1
+i <Du)\’y"a]6 — [p, NoTe — 5)\Ul’yuv“€> e\
= —i(MO)EY YV A + 3i(A,€)Ey" X — 2iEX(Ae) — i(Aote)ea PV A\ — iéal A(Aae)
—i[h, My eleyu A — i[p, Aotelea’ A
= — iV —i[g, A\ — 2iea’ EXa! A + ieyt ol Edy, ot A + %afyﬂ”eMWA . (C.4)

Here we used for the last equality the 5d Fierz identities given in appendix A.

For the localization of the hypermultiplet parts, we need to realize the off-shell super-
symmetry for the hypermultiplet. We do not have the off-shell extension of the action (B.4)
and the SUSY transformation (B.5) which exhibits the full superconformal algebra of the
theory. Instead one can find the off-shell formalism for any chosen supercharge, which
partially breaks the superconformal algebra, using the method suggested in [59]. For any
symplectic-Majorana spinor €, we can always find a pair of ¢4 which satisfy [59]

’

Ge=¢¢, E ¢ =0, &Yletéyte=0. (C.5)

where €4 = (éT)B/sB/A/Q and €4/ is the invariant tensor of the new SU(2)’

A

symmetry
under which é4’ transforms as a doublet. The 4-component spinors e and ¢4’ are all
Grassmann-even spinors. Let us introduce a pair of complex auxiliary scalars F' A" and add

the following Lagrangian

AL = —FyF* . (C.6)
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Then this Lagrangian is invariant under the following off-shell supersymmetry transforma-
tion with respect to any spinor ¢ and the corresponding €

oq? = V2iety,
6(714 = _\/ﬁi'&€A7

3 o
o = V2 (—quA’y“EA + oqes — 5qA’v“Vu6A +ieq FA ) :

_ 3 _ /
o =2 <€Av“wA + @40+ S Ve qa +iFx ()" ) ,
SFY = V2N (Vi + ¢ — V2Aag?),
0Fx = V2Vt —d — V2qarNew (C.7)

One can easily check that the off-shell SUSY algebra closes such as
. 3 3
52(]A — é,uaqu + ’LAqA + quA + ZRIJ(O'IJC])A,

1
6%1p = E1Ib + Z@’MW + Ay + 2pp
S2FA = ¢r9, P +inFY + gpFA/ + ZR”(&”F)A’ ; (C.8)

where

5# = _Z‘E’yuev
A =ieyteA, + e,
o = DIrgl 4wl

? _
p=—gValere),

0

RY = —gzgfy“auvue,

Bl = 2amgliy ¢ (C.9)
= €15 V,eE. :

Hence, the square of the supercharge gives rise to the bosonic transformations in the
superconformal algebra and the new SU(2)’ transformation generated by R,

The localization of the hypermultiplets is straightforward. Since the superconformal
index does not depend on the continuous deformation of the theory, it is possible to deform
the original action (B.4) with an continuous parameter ¢ in front and take ¢t — +oo limit
without altering the index. As a result, the path integral for the hypermultiplets localizes
to the saddle points at which the scalars in the hypermultiplets become trivial: ¢4 = 0 and
FA =0.

D Sp(N) instanton quantum mechanics

The instanton moduli space of 5d Sp(/N) gauge theories with N fundamental flavors can be
described by the 1d quantum mechanics of the £ DO-branes with N D4- and Ny D8-branes
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near the orientifold plane. The 1d quantum mechanics is then O(k) gauge theory preserving
4 real supersymmetries and its Higgs branch is equivalent to the instanton moduli space of
the 5d gauge theory. The quantum mechanics has the global symmetry

SO(4)E X SO(4)R X Sp(N) X SO(?Nf) . (D.l)

The SO(4) g is identified with the spatial rotation along the D4-branes and the SO(4)p is
identified with the rotation transverse to the D4-branes but on D8-branes. The Sp(XNV) is
the flavor symmetry coming from the D0-D4 connecting string modes and the SO(2Ny) is
the flavor symmetry from D0-D8 connecting string modes. The Lagrangian and the field
content are known in [42, 43]. The field content is given by

Xi1234 X5678 A A J Y 9 § A, Xo| X X

SOM4)e | (2,2) (1,1) (1,2) (2,1)((2,1) (1,1) (1,1)(1,1)|(1,1) [(2,1) (1,2)

SOMR | (1L1) (22) @1) (1L2)|W1) 21 L)1 11|21 1,2

Sp(N) | 1 1 1 1 [2N 2N 2N| 1 | 1 |1 1
1

SO(2Ny)| 1 1 1 1 1 1 |[2Ng| 1 11

O(k) k(k2+1) k(k2+1) k(k2+1) k(k2+1) " " i K

adj | adj adj

It is convenient to divide the field content into three groups. The first group consists
of the bosonic fields A, X9, X1 234, J and the fermionic fields A, v, x. The k x k symmetric
bosonic fields X1 234 parametrize the positions of DO-branes along D4-branes and the
2N x k bosonic field J represents the Sp(N) gauge orientation modes. The fermionic fields
A and 1) are their superpartners. If we restrict ourselves to Higgs branch in which X; 234
and J take nonzero expectation values, the moduli space made of the first group is identical
to the instanton moduli space in the 5d pure Sp(/N) gauge theory. The adjoint fields Ay
and Xy are lifted in the Higgs branch. In fact, the matrices X1 234 and J coincide with
the ADHM fields for the ADHM construction of the instanton moduli space. The Higgs
branch constraints on those matrices are equivalent to the ADHM constraints which are
given by [33, 60]

p'2 = [By, Bf] + [Be, B3] + J{J' — J§J? =0,
uit = By, Bo] + Tt =0, (D.2)

where B1 = X1 +iXs and By = X3 + i1X4. Here the field J is subject to the reality con-
dition (J1)* = eapQ¥ JJB where i, j are fundamental indices and Q¥ is the antisymmetric
invariant tensor of Sp(N) group. The ADHM constraint 48 (c!)4p is a triplet under
SU(2)1r symmetry of SU(2)1r x SU(2)2r € SO(4)g.

The second group consists of the bosonic X567 8 and the fermionic X, 1, X. The matri-
ces Bl = X5+iXg and Bg = X7+iXg describe the positions of DO-branes perpendicular to
D4-branes and they are lifted in the Higgs branch. The degrees of freedom from this group
in the Higgs branch describes the moduli space of the antisymmetric hypermultiplet on the
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instanton background in the 5d theory. The SU(2) global symmetry of the hypermultiplet
is identified with the SU(2)or. The last group is formed by the fermionic field & which
represents the fermionic zero modes of Ny fundamental hypermultiplets of the 5d theory.

D.1 Equivariant Chern character

The instanton index of 5d Sp(/V) gauge theories can be obtained from the index of the 1d
quantum mechanics with the above matter content as U(N) instanton case done in [15].
Equivalently we can also use the localization technique used in [30, 61] by regarding the
fields in the quantum mechanics as the ADHM data of the instanton moduli space. We
then first construct a cohomological formulation of the above field content with a twisted
supercharge @ by identifying SU(2);r C SO(4)g and SU(2)1r, and evaluate the index
through the localization procedure. This allows us to easily read off the instanton part
of the equivariant index from the weights of the torus actions on the ADHM data. The
conversion from the equivariant index to the instanton index is also very easy and we
present it below.

Let us first compute the equivariant index (or the equivariant Chern character) for the
Sp(N) gauge multiplet, which gets contributions from the fields in the first group. In the
cohomological formulation, the BRST-like charge Q) acts on the fields as

Q¢ =0, Qb =n=e;;x*. Qu=16.4,
QJ* =y¢*, Q¥ =-J%+aJ" + 2y J”,
QB =\ QA = [, BY] 4 2i(y1j1 + 7242) BY |
QX =, QuP = [, X + 2im X, (D.3)
with the equivariant parameters v1,vy2 and

a = diag(ay, g, ,ay) @ o°. (D.4)

The indices &, 3 are for the diagonal subgroup of SU(2),5xSU(2)1x and the indices o, 3 are
for the SU(2)2p. The k x k scalar ¢ denotes the combination A;+ Xg. The localization lifts
the off-diagonal components of the ¢ and leaves only the diagonal components ¢+ defined
in (3.56) and (3.57) which play the role of the equivariant gauge parameter of O(k) dual
gauge group. We note that the dual gauge group is divided into two components O (k) and
O(k)—. It is sufficient for the equivariant index to know the torus action T, x Ty, x T, x Ty,
only for the J, B and x since the other fields are @-exact from (D.3).

J' = et glei0xem
Bl _y giox gil—igx ;—m—72 7 Bi2 _y gitx gl2,—ids ,—vi+m2 ’
Xii _ eid&xiie—i(bie—?vl_ (D.5)
We need to compute the equivariant index for two distinct actions by e+ and e~ inde-
pendently. For O(k)4, the equivariant index of each field is [33, 34]

n N
J& _y o [ZZ (emmm 4 emioutidr 4 gioi—idr | e—m@-—z‘m) (D.6)
I=1i=1
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N
L (e e |
=1
n
B8 (M2 4 6*71+’Y2) [Z (ei¢>1+i¢>J 4+ e rtidy  idr—ids | 6*i¢1*i¢J>
I<J

n n

+ Z (€2i¢1 + 6—2i¢1) + XZ (eidﬁ + e—i¢1) +n+ X:|7
I=1 =1

n

B [Z (ct0rt0s 4 ebrtios y glor=iss y o=ior=is)
1<J

n
x> (e + ) + n] .
I=1

The overall minus sign of the last index comes from the consideration of the fermionic
statistic of the XdB . For O(k)_, the last entries of ¢'*~ actions for odd and even k are
different, which are —1 for odd k and o3 for even k. The element —1 in the O(k)_ action
here has to be regarded as e'™. We need to carefully handle them in the e’*~ action. Then
the equivariant index with the O(k)_ action for odd k is given by

n N N
JE _y e [ZZ (emﬁw)] | etaitior | gioi—idr | efmifim) Letm Z (eiai I eiai):|
I=1i=1 i=1
n

Bdﬁ N (6—“/1—’72 + e—'y1+’y2) |:Z <6i¢1+i¢1 + e—i¢1+i¢>J + 6i¢1—i¢J + e—i¢1—i¢J>
I<J

n n
+ Z (622'(;51 + e—2i¢1) + ei?T Z (ei¢1 + e—i¢1) +n+ 1:|
I=1

n
(& L et [Z (ct0ri6s 4 gmiorion | giorios | =ior=ioy)
I<J
n

4 eim (ei¢1 + €—i¢1) + n} (D.7)
I=1

and the equivariant index for even k is given by

n—1 N
JY 5 e |:Z Z (eiai-i-id)l + e titior + eli—idr + e—iaz‘—i¢1) (D.8)
I=1 =1

N
1+€z7r Z i _i_efzal :|,

=1
n—1
Bdﬁ N (6—71—’72 +6—71+"12) |:Z <6i¢1+i¢J 4+ 6—i¢1+i¢J + ei¢1—i¢J +6—i¢l—i¢J)
I<J
n_l . . n_l . . .
3 (e ) 4 (140 S (69 ) 4 (k1)
=1 I=1
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n—1
+ (L4 (ew, + e"“f’f) +n—1+ e”] :
=1

We use a conversion rule from the equivariant index to the Euler class

Zeieiwi — 1:[ (sin %>_ei , (D.9)

i

which follows from the conversion rule explained in section 3.3 after considering the mo-
mentum modes along the time circle. This is analogous to the Plethystic exponential of
a single letter index if we regard the above equivariant index as single letter index. The
instanton index is the O(k) gauge invariant projection of the Euler class. Therefore, in-
serting the proper Haar measure of O(k) gauge group, we derive from (D.6), (D.7), (D.8)
the vector multiplet contribution to the Sp(/N) instanton index in (3.58), (3.61), (3.62),
respectively.

We now turn to the equivariant index for the antisymmetric hypermultiplet on the in-
stanton background, which gets contributions from the fields in the second group: B%®, \é@,
¥?, and Y*® where the superscript a = 4 denotes the SU(2),r doublet index of the global
symmetry of the hypermultiplet. The equivariant transformations of these fields under the
torus action are given by

J}+ N em,(z—l-e—zqﬁi ezm’
B+ _ givx gi+ —iox eim=m B2ty pmidx B2+ —igx eimn

>—<1+ N ei¢:l: >—<1+e—i¢i eim—'yg’ XQ-F N ei(bi >—<2+e—i¢i eim-l—“/z ) (Dl())

Here we do not consider the contribution from X as it is Q-exact. One can then easily
compute the equivariant index from (D.10). For O(k)4 action, the equivariant index of an
antisymmetric hypermultiplet is given by

n N N
B0 —eim [Z 3 (ez‘¢>1+z‘ai L emidrtiai y idr—iai | efz‘mfz‘ai) +x 3 (e 4 e }
I=11i=1 i=1
n

Boa — gm(en 4 M) {Z (6i¢1+i¢J L emibrtidy y gidr—idy 4 64@%@)
1<J

n
+ (62i¢1 + G_M)I) +X Z (Gwl + e_id)]) +n+ X] )

=1

M -

£00 s —eim(en 4 6—72)[ (ct0ri6s 4 emior16 | giorivs | (=ior=ioy)

1

n
+x ) (ei@ +e"¢’) —&—n} (D.11)
I=1

A
<
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Similarly, for O(k)_ with odd k, the equivariant index is given by

n N
&a _> _eim [ZZ <€i¢1+iozi + e—i¢1+iai + eiqﬁj—iai + e—iqb]—iai) (D.12)
I=1 i=1

N
+ 6i7r Z (eiai + e—iai) :|7

=1
n
Boa eim(ew + e—’n) |:Z (€i¢1+i¢J + eI t+igy + elbr—idy + e—i¢1—i¢J>
1<J
n n
4 Z (ezm, n e—2i¢[) 1t Z (eim + e—im) +n+ 1}7
I=1 I=1

n
" _eim(e’Yz + e*’YQ) [Z (ei¢1+i¢J + e 101 tios + elPr—idy + 6*i¢1*i¢>J>
I<J
n

+ €™ <€i¢1 + e*w’) + n} ,
I=1
and, for O(k)_ with even k, it is given by

n—1 N
,(Ea Ly _eim [Z Z (ei¢1+iai + e tbrtia; + ei¢1—i04i + €_i¢1_i04i> (D.13)
I=1 =1

) N ) )
+ (1 +ezﬂ)z (ezai +ezai):|7

i=1
n—1
Bae _y eim(e% +e M) [Z <6i¢1+i¢_} 4 e I tids y pidr—ids e—i¢1—i¢1>
1<J
n—1 n—1
n Z (emqs] i e—2i¢>1) 4 (14 et (eiqb] 4 e—iqb;) Y1+ em)]’
I=1 I=1
n—1
200 oy —gim (2 4 =) {Z (ei¢1+i¢>J L eibrtios | yior—ids efumfwu)
1<J
n—1
+(1+€m) (ew’ + e_i¢’> +n—1+ ei”} .
I=1

Using the conversion rule (D.9) from the equivariant index, we can derive the antisymmetric
matter part of the Sp(N) instanton index (3.67), (3.68), and (3.69).

Finally, we compute the equivariant index for the fermion zero modes £ corresponding
to 0-8 string modes. The field £ rotates under the torus action as

& — €0 g™ (D.14)

Then equivariant index for the & is

n

Ny
- Z eimi |:Z(6i¢>1 + €—i¢>1) +x for O(k)+
=1 I=1
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_Zezml[ -

(e 4 e71) 4 e”} for O(k)_ with odd k,
I=1

_ Z i [Z z¢1 + e*ifbl) + 1+ 6”} for O(k)_ with even k,

I=1

(D.15)

which also yield the fundamental matter part of the instanton index in (3.58), (3.61),

and (3.62).

E Haar measure of O (N)

In the main text, we have used the Haar measure to obtain gauge invariant quantities in

the path integral. Here we list the Haar measure [da] for the classical groups:
For U(N),

[da] = % [ﬁ C;O‘;] ﬂ [2sin (O‘;O‘]>]2

For O4(2N) (= SO(2N)),

[da] = 53— 1N' [ﬁ 20‘] I1 [QSin (O‘;a])r [28111 (O‘;aﬂ)r

1<j

For O (2N +1) (= SO(2N + 1)),

2N N dak . 9 O N
[da] N' [_ %Sln 7

For O_(2N +2) and Sp(N),

[da] = %V‘ [H %st ak] ﬁ [QSin (O‘z;a?ﬂg [2 sin <O";O‘J>r

k=1

For O_(2N + 1),

oN Nda;.C 9 Ok N .o — oy ? (it o ’
[da}—N!L_l%COS > H[Zsm( 5 )] [25111( 5 )] .

1<J

The normalization constants are chosen such that

[ =1
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F Characters and branching rules

F.1 Characters
e SO(N)

The superconformal index can be represented in terms of the character of the representa-
tions of SO(2Ny) together with the U(1); factor which we will denote by the powers of ¢.
The Weyl character formula for SO(2N) is given by [62]

detfsinh (i (h; + Ny — §))] + det[eosh(ui(h; + Ny — j))]
detfeosh(j1s(Ny — 7)) |

x(h, ) = (F.1)
where h denotes the highest weight with (hy, hg, - - AN -1, th) subject to the condition
that hy > hy > -+ > hy,—1 > \th| > 0, p; denotes the chemical potentials, and 4, j =
1,...,Ny.

e SU(N)
The SU(2) character is given by

i(2m~+1)r —1(2m+1)r
SU<2>[m]:e( et (F.2)

X eir — e—ir
For example, we used in section 4.2 that X:S,,U(g) =¢'2 +e7'2 and XgU(2) =eMmpl4eim
with a chemical potential m.
The SU(3) part is given by
Yy g TR (g fy)
gttty (/g
1 1 1
VO i, ] = . (F.3)

vl ys? (y2/)?
yt ys ' (y2/y)!

1 1 1

In this way, one can easily obtain character formulas for SU(N).

F.2 Branching rules

Here we list branching rule associated with non-semi-simple embedding Ex, 112 SO(2Ny)x
U(1); that is discussed in section 4.

e F3=SU(3) xSU(2) DSO(4) x U(1);
With the embedding

E5 =SU(3) x SU(2) D SO(4) x U(1); =2 SU(2) x SU(2) x U(1)y, (F.4)
to yield

SU(3) 5 SU(2) x U(1);
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8=(1,1)0+(3,1)0+(2,1); +(2,1)_1. (F.5)

The adjoint representation of F3 = SU(3) x SU(2) is expressed as (8,1) 4+ (1,3), and its
products are given as follows:

adj = (8,1) + (1,3).
adj? = (27,1) + (1,5),
adj —(64,1) + (1,7)
= (125,1) + (1,9),
(adj x ad]) =(27,1)+(1,5) + (8,3) + (8,1) + 2(1,1),
(adj x adj)a = (8,1) + (1,3) + (8,3) + (10,1) + (10,1). (F.6)
e F,=1SU(5)
SU(5) 2 SO(6) x U(1)s (F.7)

24=1p+4; +4_1 + 15
75 = 159 + 20_ + 20; + 20},
126 =4_1 + 6_5 + 157+ 20_; + 36, + 45¢
126 =4, + 65 + 157 + 20; +36_; + 459
200 =19 +41 +4_1+105+10_o + 150 + 367 + 36_; + 84,
224 =4_35+6_5+ 10_5 + 20", + 20_1 + 35¢ + 450 + 84]
224 = 43 + 65 + 103 + 20) + 20, + 35, + 45 + 84",
1000 =1¢g+ 41 +4_; + 159+ 102 +10_5 + 36; +36_; + 203 + 20_3
+ 702+ T70_5 + 84 + 1607 + 160_; + 300,
1024 = 159 + 20_; + 20y + 207 + 36, + 36_; + 459 + 459 + 60; + 60_;
+64_5 + 642 + 84 + 140_; + 1407 + 175
1050 =4_; + 6_5 +10_5 + 159 + 20_1 + 20_3 + 3671 + 36_1 + 459
+64_5 + 702 + 84 + 84) + 140_; + 160; + 256
1050 = 4; + 65 4 102 + 150 + 201 + 203 + 36_; + 36,
+ 450 + 645 + TO_y + 84 + 84 _, + 140, + 160_; + 256,
3765 =10+4; +4_1+ 159+ 102 + 10_5 + 203 + 20_3 + 354 + 35_4
+36, +36_; + 705 +70_5 + 84 + 1203 + 120_3 + 1607 + 160_,
+300( + 2705 + 270_5 + 5007 + 500_; + 825,

where the 4 of SO(6) is associated with X (1) , and the 4 of SO(6) is with X[ o®) |
’27

Besides,
6 SO(6 SO(6
20506 = X3 1 1) 20506) = 00 2% = X3 4
SO(6 SO(6 SO(6
8450(6) = X{p 2 0) 8450(6) = X3 s 8450(6) = Xjs.p5)

21272
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For F, case, adj is 24-dimensional, and some relevant tensor products are

(24 x 24)5 = 1 + 24 4 75 + 200,
(24 x 24) 4 = 24 + 126 + 126,
(24 x 24 x 24)5 =142 x 24 + 75 + 126 + 126 + 200 + 1024 + 1000,
(24 x 24 x 24) 4 = 1+ 24 + 75 + 126 + 126 + 200 + 224 + 224 + 1024. (F.8)

e [J5 = Spin(10)

SO(10) > SO(8) x U(1); (F.9)
45 =19 + 851 + 841 + 28
54 =1_5+ 19+ 12+ 8s_; 4 3550 + 84,
210 = 28 + 35¢0 + 35y + 561 + 56,
770 =10+ 851 + 8s_1 + 280 + 3555 + 3559 + 355 _5 + 16057 + 1605_; + 3004
945 = 8, | + 85; + 285 + 2 x 28 + 28_5 + 3559 + 56, + 56, + 160s; + 1605_; + 350
1386 =12+ 1 2+ 10+ 8s3+2 %8s +2X 851 +8s_3+28;+289+ 28
+ 3553 + 2 X 855 + 3555 + 11257 + 1121 + 160, + 1605_; + 567,
4125 = 355, + 1605, + 1605_; + 300, + 300, + 300_> + 350, + 840, + 840, + 840, _,
5940 = 28; + 35c0 + 35y + 56c1 + 56c_1 + 16051 + 1605_; + 2244, + 224, + 224,
+224,_, + 300 + 350, + 2 x 3500 + 350_5 + 567 + 567 + 840, + 840, _,
7644 = 10 + 851 + 8¢; + 280 + 355 5 + 3550 + 3540 + 1125 3 + 112 + 1124, + 11243
+1605_; + 1605, + 3000 + 5675_5 + 5675 + 5675, + 14005_; + 14005, + 1925,
8085 = 285 + 28) + 28_5 + 35,5 + 35y + 35y _5 + 35co + 35 + 35c o + 56c3 + 2 X 56¢
+2 X 56c_1 4 56¢_3 + 160g; + 1605 _; + 2245; + 224 + 224, + 224,
+ 3503 + 2 x 3500 + 350_5 + 5675, + 8405 + 840, + 1296, + 1296,_,

17920 = 85 + 851 + 282 + 2 X 287 + 28_5 + 3555 + 2 X 3559 + 355 5 + 561 + 56¢_;
41124 +1125_; + 16053 + 3 x 1605; + 3 x 1605_; + 1605_3 + 300 + 2 x 300,
+300_5 + 3505 + 2 x 3500 + 350_5 + 56755 + 2 x 5675, + 5675 _,

+ 840, + 840, _; + 1296, + 1296, _; + 1400, + 14005 _, + 4096,

52920 = 1o + 81 + 851 + 280 + 3555 + 3559 + 3555 + 11255 + 1125 +112,_; +1125_3
+ 1605, + 1605 _; + 294, + 29455 + 2945 + 29455 + 2945_4 + 300, + 5675,

+ 56750 + 5675_5 + 14005, + 14005_; + 15685 + 15685, + 1568_; + 1568;_3
+ 19250 + 43125, + 43125, + 43125, + 78405, + 78405_; + 8918,

Our convention for representations of SO(8) with the same dimensions is as follows:

8. — SO(8)

_ .80(8
A X[I,O,O,O]’ 8s =X

1

1
2727

CoEe L e

272227 2

N
N

)

where spinor and conjugate spinor representations differ by the the sign for the last weight,
and in addition,

SO(8
224, = 0P

1 l]?
202722
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. S0O(8) . S0(8) 1 SO
840, = X[2.2.2,0]° 840, = X[31.1,-1]" 840, = X[%,%,é,—%} (F.11)
Some relevant tensor products are
(45 x 45)s =1+ 54 + 210+ 770,
(45 x 45)4 = 45 + 945,
(45 x 45 x 45)g = 2 x 45 4+ 210 + 945 + 1386 + 5940 + 7644,
(45 x 45 x 45)4 =1+ 54 + 210 + 770 + 945 + 4125 + 8085. (F.12)
[ ] Eﬁ
Es D SO(10) x U(1); (F.13)

78 = 1p + 16, +16_; + 45¢
650 = 1o + 102 +10_5 + 16, + 16_7 + 45¢ + 54¢ + 144, + 144_; + 210,
2430 = 19+ 16; + 16_; + 45¢ + 126 _5 + 126, + 210, + 560, + 560_; + 770,
2925 = 16, +16_1+450+450+120,+120_,+144,+144_,+210,+560, +560_; +945
34749 = 15+105+10_35+2 x 16,42 x 16_;+2 x 457+549+120,+120_5,+126_,+126,
+1445 +2x 144, +2x 144 _1 +144_3 + 3 x 210y + 320, + 320_5 + 2 x 560, + 2 x 560_;
+ 720, +720_1 + 7700 + 2 x 945, + 1050, + 1050, + 1200, + 1200_, + 1386
+1440, +1440_, + 1728, + 1728_, + 3696, + 3696_, + 5940,
43758 = 19+ 161 +16_; + 450 + 126_5 + 1265 + 210y + 560, + 560_; + 672_3 + 6723
+ 7700 + 1440, + 1440_, + 3696"_, + 3696, + 5940, + 7644, + 8064, + 8064_,
70070 = 450 + 540 + 1205 + 120_5 + 1265 + 126_5 + 2 x 144, + 2 x 144_; + 2 x 210,
+ 3205 4+ 320_5 + 56035 + 2 x 560, + 2 x 560_; + 560_5 + 720, + 720_; + 770,
+ 3 x 945 + 1050, + 1050, + 2 x 1200; + 2 x 1200_; + 1728, + 1728 _,
+ 2970, + 2970 _5 + 3696, + 3696 _, + 4125, + 5940, + 8085, + 8800, + 8800_;
105600 = 16, + 16_; + 2 x 450 + 1205 + 120 _5 + 126_5 + 1265 + 144, + 144 | + 2 x 210g
+3x 560, +3x560_;+2x 7700+ 2 x 945, + 1050, + 1050, + 12005 + 1200,
+1200_; +1200_3 + 1440, + 1440 | + 17285 + 1728 5 + 2970, + 2970_5 + 3696,
+3696_1+3696_,+3696,+2 x 5940, +8064; +8064_;+8800; +8800_; +17920,
537966 = 1o + 161 + 16_1 + 45¢ + 126_5 + 126, + 210¢ + 560, + 560_;
+ 6725 + 672_5 + 770, + 1440, + 1440_, + 2772_, + 2772, + 3696_, + 3696,
+ 5940, + 6930, + 6930, + 7644, + 8064, + 8064_; + 8910,
+ 172803 + 17280_3 + 34992, + 34992_; + 46800_, + 46800, + 52920,
+ 70560, + 70560_; + 73710, (F.14)

where we used a Mathematica application LieART (ver 1.0.1) [63, 64] to obtain the branch-
ing rules above. For FEg case, adj is 78-dimensional and relevant tensor products of the
adjoint representation of Fg are as follows:x

(78 x 78)s = 1 + 650 + 2430,
(78 x 78)4 = T8 + 2925,
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(78 X 78 x 78)g = 78 + 650 + 2925 + 34749 + 43758,
(78 x 78 x 78) 4 = 1 + 650 + 2430 + 2925 + 70070. (F.15)

o Fy

E7; D S0(12) x U(1);
133 =660 +32; +32 1+ 1o+ 19+ 1 o,
912 =12 + 121 + 32_5 + 32 + 323 + 220_1 + 220; + +332
1463 = 66 + 772 + 770 + 77_2 + 3527 + 352’ | + 462,
1539 = 1o + 32] + 32" | + 662 + 66( + 66_3 + 77 + 352] + 352", + 495
7371 =14 +10+10+19g+1 2 +1_4+323+321 +32; +32_1+32_1+32_3
+ 665 + 660 + 66_o + 462, + 462 + 462 _5 + 495, + 1638, + 1728, + 1728

adj ~ 133, adj? ~ 7371, and adj® ~ 238602 and some relevant tensor products of
the adjoint representation of E7 are as follows:

(133 x 133)5 = 1 + 1539 + 7371,
(133 x 133) 4 = 133 + 8645,
(133 x 133 x 133)g = 133 + 1463 + 8645 + 152152 + 238602,
(133 x 133 x 133)4 = 1 + 1539 + 7371 + 8645 + 365750. (F.16)

FEg D 80(14) X U(l)[
248 =91+ 145 + 14 5+ 1o + 64; + 64_;. (F.17)

adj ~ 248, adj®> ~ 27000, and adj® ~ 1763125, and relevant tensor products of the
adjoint representation of Eg are as follows:

(248 x 248)5 = 1 + 3875 + 27000,
(248 x 248) 4 = 248 + 30380,
(248 x 248 x 248)g = 248 + 30380 + 779247 + 1763125,
(248 x 248 x 248) 4 = 1 + 3875 + 30380 + 27000 + 2450240. (F.18)
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