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1 Introduction

Let G be a complex reductive algebraic group and T be a finitely generated group. Moduli spaces of repre-
sentations of I' into G, the so-called G-character varieties of I, play important roles in hyperbolic geometry,
the theory of bundles and connections, knot theory and quantum field theories. These are spaces of the form
Xr(G) := Hom(T, G) /G, where the quotient is to be understood in the setting of (affine) geometric invariant
theory (GIT), for the conjugation action of G on the representation space Hom(T, G).

Some particularly relevant cases include, for instance, the fundamental group I' = 7, (X), of a compact
Riemann surface X. In this situation, character varieties can be identified, up to homeomorphism, with cer-
tain moduli spaces of G-Higgs bundles over X ([21, 27]). Another important caseiswhenT = 7, (M \ L) where L
is a knot (or link) in a 3-manifold M; here, character varieties define important knot and link invariants, such
as the A-polynomial ([11]).

In the case when I'is a free group F, of rank r > 1, the topology of X, (G) := X (G), in this generality, was
first investigated in [14]. Note that we always have embeddings X.(G) ¢ X,(G), since any finitely generated I'is
a quotient of some free group F,. With respect to natural Hausdorff topologies, the spaces X, (G) turn out to be
homotopy equivalent to the quotient spaces X, (K) := Hom(F,, K)/K, where K is a maximal compact subgroup
of G. Moreover, there is a canonical strong deformation retraction from X, (G) to X, (K). The proofs of these
results use Kempf-Ness theory, which relates, under certain conditions, the action of a compact group K on
a complex algebraic variety to the action of its complexification G = K®.

In the present article, we extend these results to the more general case when G is a real reductive Lie group
(see Definition 2.1 below, for the precise conditions we consider). Note that this situation includes both the
compact case G = K, and its complexification G = K€, since both are special cases of real reductive groups,
but also includes non-compact real groups for which we cannot identify G with the complexification of K.
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As main examples, we have the split real forms of complex simple groups such as SL(n, R), Sp(2n, R) and
other classical matrix groups. For such groups G, the appropriate geometric structure on the analogous GIT
quotient, still denoted by X,(G) := Hom(F,, G)/G (and where G again acts by conjugation), was considered
by Richardson and Slodowy in [26]. As in the complex case, this quotient parametrizes closed orbits under G,
but contrary to that case, even when G is algebraic, the quotient is in general only a semi-algebraic set, in
a certain real vector space.

One of our main results is that, with respect to the natural topologies induced by natural embeddings in
vector spaces, X, (G) is again homotopy equivalent to X, (K). As a corollary, we obtain a somewhat surprising
result that the homotopy type of X, (G) depends only on r and on K, but not on G. This is especially interesting
when we have two distinct real groups G, and G, sharing the same maximal compact K, as it means that
the G;- and G,-character varieties of F, are equivalent, up to homotopy.

The second main result states that, when G is algebraic, there is also a strong deformation retraction
from X, (G) to X, (K). The proofs of these statements use the Kempf-Ness theory for real groups developed by
Richardson and Slodowy in [26].

It should be remarked, by way of contrast, that the homotopy equivalence statement above does not hold
for other finitely generated groups, such as ' = 7, (X), for a Riemann surface X, even in the cases G = SL(n, C)
and K = SU(n) ([6]). On the other hand, very recently it was shown by different techniques that the defor-
mation statements hold when T is a finitely generated Abelian group ([17]), or a finitely generated nilpotent
group ([5]).

Using these homotopy equivalences, we present new computations of Poincaré polynomials of some of
the character varieties considered, such as Sp(4, R) and U(2, 2).

Lastly, when G is a complex reductive algebraic group there are very explicit descriptions of some of
the spaces X,(G) in terms of natural coordinates which we call trace coordinates (see Section 6). Thus, for
these examples, and taking the real points in these trace coordinates, we obtain a concrete relation between
X,(G(R)) and X,(G)(R), which allows the visualization of the deformation retraction.

The article can be outlined as follows. In Section 2, we present the first definitions and properties of real
reductive Lie groups G, and of G-valued character varieties of free groups. In the third section, we use the
polar/Cartan decomposition to describe the deformation retraction of Hom(F,, G)/K onto X,(K). The fourth
section is devoted to describe the Kempf—Ness set for this context and to the proof of the main results: the
homotopy equivalence between X,(G) and X,(K), and the canonical strong deformation retraction, in the
case of algebraic G. In Section 5 we consider low rank orthogonal, unitary and symplectic groups, and
compute the Poincaré polynomials of some G-character varieties, for non-compact G, such as X,(U(2, 1)),
X,(U(2,2)), X,(Sp(4,R)) and %,(SO(3, C)). One crucial ingredient for these computations is the topology
of X,(U(2)) which is based on T. Baird’s determination of the Poincaré polynomial of X,(SU(2)). Finally,
Section 6 describes in detail the geometry of SL(2,R)-character varieties in terms of natural invariant
functions, such as trace coordinates, defined on the corresponding SL(2, C)-character variety.

2 Real character varieties

2.1 Setting

Let us define the precise conditions on a real Lie group G, for which our results will apply.

Definition 2.1. Let K be a compact Lie group. We say that G is a real K-reductive Lie group if the following

conditions hold:

(i) K is amaximal compact subgroup of G,

(ii) Gis asubgroup, containing the identity component, of a linear real algebraic group G(R) defined as the
RR-points of a complex reductive algebraic group G defined over the field R,

(iii) G is Zariski dense in G.
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In other words, condition (ii) says that the Lie group G is such that there exists a complex reductive algebraic
group G, given by the zeros of a set of polynomials with real coefficients, such that

G(R), < G < G(R), 1)

where G(R) denotes the real algebraic group of R-points of G, and G(R), its identity component. We note
that, if G # G(RR), then G is not necessarily an algebraic group (consider for example G = GL(n, R),). When K
is understood, we often simply call G a real reductive Lie group.

Remark 2.2. (i) Since G is a complex reductive algebraic group, it is isomorphic to a closed subgroup of
some GL(m, C) (see [28, Theorem 2.3.7]), so G(R) is isomorphic to a closed subgroup of some GL(n, R) (i.e.,
it is a linear algebraic group). Hence, one can think of both G and G as Lie groups of matrices. Accordingly,
unless explicitly mentioned otherwise, we will consider on G and on G the usual Euclidean topology which
is induced from (and is independent of) such an embedding.

(ii) Since G(R) is a real algebraic group, it follows that, if it is connected, G = G(R) is algebraic and Zariski
dense in G. So, condition (iii) in Definition 2.1 holds automatically provided that G(RR) is connected.

(iii) We point out that our working definition of real K-reductive group does not coincide with some
definitions of a real reductive group encountered in the literature, such as, for instance, [23].

Denote by g the Lie algebra of G, and by Lie(G), respectively Lie(G(R)), the Lie algebras of G, and G(R). It is
clear that G(R) is a real form of G, so that Lie(G) = Lie(G(R))®, where Lie(G(R))€ denotes the complexification
of Lie(G(R)). It follows that G is also a real form of G, since (2.1) implies that g = Lie(G(R)) and hence

g© = Lie(G).

In view of this, we shall write g€ instead of Lie(G).

The given conditions on G are not very restrictive. Indeed, all classical real matrix groups are in this
setting. On the other hand, G can also be any complex reductive Lie group, if we view it as a real reductive
Lie group in the usual way.

As an example which is not under the conditions of Definition 2.1, we can consider Sf(ﬁ,fl), the universal
covering group of SL(n, R), which admits no faithful finite dimensional linear representation (and hence is
not a matrix group).

2.2 Character varieties

Let F, be a rank r free group and G be a complex reductive algebraic group defined over R. The G-represen-
tation variety of F, is defined as
R,(G) := Hom(F,, G).

There is a bijection between R,(G) and G, in fact this is a homeomorphism if R, (G) is endowed with
the compact-open topology (as defined on a space of maps, with F, given the discrete topology) and G” with
the product topology. As G is a smooth affine variety, R, (G) is also a smooth affine variety and it is defined
over R.

Consider now the action of G on R, (G) by conjugation. This defines an action of G on the algebra C[*R, (G)]
of regular functions on R, (G). Let (C[ER,(G)]G denote the subalgebra of G-invariant functions. Since G is
reductive, the affine categorical quotient may be defined as

%,(G) == R,(G)/G = Spec,,, (C[R,(G)]°).

This is a singular affine variety (not necessarily irreducible), whose points correspond to unions of G-orbits
in M, (G) whose Zariski closures intersect. Since X,(G) is an affine variety, it is a subset of an affine space,
and inherits the Euclidean topology. With respect to this topology, in [17], it is shown that X,(G) is homeo-
morphic to the conjugation orbit space of closed orbits (called the polystable quotient); X,(G), together with
that topology, is called the G-character variety.
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As above, let K be a compact Lie group, and G be a real K-reductive Lie group. In like fashion, we define
the G-representation variety of F,:
R, (G) := Hom(F,,G).

Again, R, (G) is homeomorphic to G". Similarly, as a set, we define
X,(G) =R, (GG

to be the set of closed orbits under the conjugation action of G on R, (G). We give X, (G) the Hausdorff topology
induced by the quotient topology on R, (G). It is likewise called the G-character variety of F, even though it
may not even be a semi-algebraic set. However, it is an affine real semi-algebraic set when G is real algebraic,
and it is always Hausdorff because we considered only closed G-orbits; see [26]. This quotient coincides with
the one considered by Richardson-Slodowy in [26, Section 7].

For K a compact Lie group, with its usual topology, we also define the space

X,(K) := Hom(F,,K)/K = K" /K,

called the K-character variety of F,, which is a compact and Hausdorff space as the K-orbits are always closed.
Moreover, it can be identified with a semi-algebraic subset of R?, for some d.

Our aim in this paper is to compare the topologies of X, (G) and of X, (K), whenever G is a real K-reductive
Lie group, as in Definition 2.1. In fact, we will show that X, (G) and X, (K) are generally homotopy equivalent,
and when G is further assumed to be algebraic, there is a natural strong deformation retraction from X, (G)
to X, (K). The first step in that direction is the proof that there is a strong deformation retraction of i,(G)/K
onto X, (K). This follows directly from the existence of a K-equivariant strong deformation retraction of G
onto K, as will be explained in the next section.

3 Cartan decomposition and deformation to the maximal compact

We begin by recalling some facts on real Lie algebra theory.

3.1 Cartan decomposition

As before, let g denote the Lie algebra of G, and g€ be the Lie algebra of G. We will fix a Cartan involution
6 : g© — g€ which restricts to a Cartan involution

0:9—-09 (B

still denoted in the same way. Recall (see, for instance, [23, Theorem 6.16] and also [20, Theorem 7.1]) that
such a 6 is defined as 6 := o, where o, T are involutions of g€ that commute, and such that g = Fix(c) and
t' := Fix(7) is the compact real form of g® (so that ¢’ is the Lie algebra of a maximal compact subgroup of G).
See Remark 4.4 for concrete descriptions of these involutions in the setting of our main theorems.

Our choice of 6 yields a Cartan decomposition of g:

g=tep (3.2)

wheret =gnt,p=gnit'and 6|, = 1 and 61, = —1. Furthermore, t is precisely the Lie algebra of a maximal
compact subgroup K of G. Notice that K = K' N G, where K’ is a maximal compact subgroup of G, with Lie
algebra ¢' = ¢ @ ip. Moreover, £ and p are such that [¢,p] c p and [p,p] c €. Of course, we also have a Cartan
decomposition of g€:
o€ =€ opC (3.3)

with 6], = 1and 6],c = -1.

Recall also that the Cartan involution (3.1) lifts to a Lie group involution ® : G — G whose differential is 0
and such that K = Fix(®) = {g € G : O(g) = g}.
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3.2 A deformation retraction from G onto K

The multiplication map
m: K x exp(p) — G,

provides a diffeomorphism G = K x exp(p) (see [26, Theorem 2.2] and the references therein). In particular,
the exponential is injective on p. The inverse m ™' : G — K x exp(p) is defined as
m ' (g) = (9(®(9) "' 9)*, ©(9) " 9)").
Here, we notice that if g € exp(p), then ©(g) = g". If we write g = k exp(X), for some k € K and X ¢ p, then
0(g) ' g = Ok exp(X)) 'k exp(X)
= (kexp(-X)) 'k exp(X)
= exp(-X) 'k 'k exp(X) = exp(2X).
So define
©(9)'g)" = exp(2tX),

for any real parameter t. From this, one concludes that the topology of G is determined by K. It is a known
fact that there is a K-equivariant strong deformation retraction from G to K. For completeness, we provide
a proof.

Consider, for each t € [0, 1], the continuous map f, : G — G defined by

fi(g9) = g©(9) "' 9.
More precisely, if g = k exp(X), for some k € K and X € p, then f,(g) = kexp((1 - 1)X).

Lemma3.1. Leta € R,h € Kand g € G. Then
(h®(g) "' gh™)" = h(®(g) "' g)*h™".

Proof. When a is an integer, this is obvious. Suppose that a € R. Then, as noted above, ®(g) 'g = exp(X) for
some X € p and since the exponential is equivariant with respect to conjugation and to the adjoint represen-
tation, we have

(h®(g)'gh™")" = exp(hXh™")*
= exp(ahXh™")
= hexp(aX)h™" = h(©(g) ' g)"h". 0

Proposition 3.2. The map H : [0,1] x G — G, H(t, g) = f,(g) is a strong deformation retraction from G to K,
and for each t, H(t,-) = f, is K-equivariant with respect to the action of conjugation of K in G.

Proof. Clearly H|,,.c = 1g and H({1} x G) ¢ K. Moreover, it is also clear that H|,,x = 1 for all . This shows
that H is a strong deformation retraction from G to K. To prove that f, is K-equivariant, we see, using
Lemma 3.1, that forany / € K,

ft(hgh_l) _ hgh_l(@(hgh_l)_lhgh_l)_t/z
= hgh™' (h©(g) " gh™")™"
= hg(©(g) ' g)"*h" = hf,(g)h™". O
By Proposition 3.2, there is a K-equivariant strong deformation retraction from G to K, so there is a K-equi-

variant strong deformation retraction from G" onto K" with respect to the diagonal action of K. This
immediately implies:

Corollary 3.3. Let K be a compact Lie group and G be a real K-reductive Lie group. Then X,(K) is a strong
deformation retract of R, (G)/K.
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4 The Kempf-Ness set and the deformation retraction

As before, fix a compact Lie group K, and a real K-reductive Lie group G. Suppose that G acts linearly on
a complex vector space V, equipped with a Hermitian inner product (-, - ). Without loss of generality we can
assume that (-, - ) is K-invariant, by averaging.

Definition 4.1. A vector X € V is a minimal vector for the action of G in V if | X|| < ||g - X|| for every g € G,
where | - | is the norm corresponding to (-,-). Let XN; = XN(G, V) denote the set of minimal vectors;
KN is known as the Kempf—Ness set in V with respect to the action of G. Note that XN depends on the
choice of (-,-).

For each X € V, define the smooth real valued function Fy : G — R by

1
Fx(9) = Sllg - XIP.
The following characterization of minimal vectors is given in [26, Theorem 4.3].

Theorem 4.2. Let X € V. The following conditions are equivalent:
(1) X e XNg,

(2) Fx has a critical point at 15 € G,

(3) (A-X,X) =0, forevery A € p.

Since the action is linear and condition (3) above is polynomial, we see that XNj; is a closed algebraic set
in V. Kempf-Ness theory also works for closed G-subspaces. Indeed, let Y be an arbitrary closed G-invariant
subspace of V, and define

KNG == KNG NY.
Consider the map

n:KNG/K = Y)G

obtained from the K-equivariant inclusion GCNE < Y and the natural map Y/K — Y/G.
The next theorem is proved in [26, Proposition 74, Theorems 7.6, 7.7 and 9.1].

Theorem 4.3. The map 7 : iKNé /K — Y |G is a homeomorphism. In particular, if Y is a real algebraic subset
of V, then Y J|G is homeomorphic to a closed semi-algebraic set in some R?. Moreover, there is a K-equivariant
deformation retraction of Y onto UCNE.

4.1 Kempf-Ness set for character varieties

To apply the Kempf-Ness Theorem to our situation, we need to embed the G-invariant closed set
Y = R,(G) = Hom(E,,G) = G

in a complex vector space V, as follows. According to Remark 2.2, we will assume, from now on, the following
commutative diagram of inclusions,

O(n) ¢ GL(n, R) ¢ GL(1n,C) ¢ gl(n,C) = C"”
U U U (4.0)
K ¢ G c G,

where G ¢ GL(n, R) is a closed subgroup. Note that the commuting square on the left is guaranteed by one of
the versions of the Peter—-Weyl Theorem (see, for example, [23]).

Remark 4.4. As we consider G embedded in some GL(n, C) as a closed subgroup, the involutions z, o, 6
and ©, mentioned in Section 3.1, become explicit. Indeed, under the inclusions g c gl(n, R), g€ c gl(n, C)
and G ¢ GL(n, R) wehave 7(A) = —A*, where = denotes transpose conjugate, and 0(A) = A. Hence, the Cartan
involution is given by (A) = —A’, so that O(g) = ( g‘l)t. From now on, we will use these particular involutions.
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From (4.1) we obtain the embedding of K" (» € IN) into the vector space given by the product of the spaces of
all n-square complex matrices, which we denote by V:

gl(n, )" =C™ = V.

The adjoint representation of GL(n, C) in gl(n, C) restricts to a representation

G — Aut(V)
given by
g- (X, X)) =(gX,97"...,9X,97"), ge€G, X, €glnC). (4.2)
Moreover, (4.2) yields a representation
g — End(V)

of the Lie algebra g of G in V given by the Lie brackets:
A-(X,,....X,) = (AX, - X|A,...,AX, - X,A) = ([A, X,],...,[A,X,]), Acg X, €glnC). (4.3)

In what follows, the context will be clear enough to distinguish the notations (4.2) and (4.3).

We choose an inner product (-,-) in gl(n, C) which is K-invariant, under the restriction of the rep-
resentation GL(n, C) — Aut(gl(n, C)) to K. From this we obtain a inner product on V, K-invariant by the
corresponding diagonal action of K:

(Xpo s X,), (Y., Y,)) = DX, Y, XY € gl(n, ©). (4.4)
i=1
In gl(n, C), (-,-) can be given explicitly by (A, B) = tr(A"B).
We can now prove one of the main results.

Theorem 4.5. The spaces X,(G) = R,(G)/G and X,(K) = Hom(F,,K)/K = K" /K have the same homotopy type.

Proof. By the strong deformation retraction from Corollary 3.3, we have that X,(K) and R,(G)/K have the
same homotopy type. From Theorem 4.3, putting Y = G' = R,(G) ¢ V, we deduce that R, (G)/K and HCNE /K
have the same homotopy type. Again by Theorem 4.3, we also have that fKINé /K is homeomorphic to X, (G).
As homotopy equivalence is transitive, we conclude that X,(K) and X, (G) have the same homotopy type. O

Corollary 4.6. The homotopy type of the space X,(G) depends only on the maximal compact subgroup K of G.
In other words, given two real Lie groups G, and G, verifying our assumptions, and which have isomorphic
maximal compact subgroups, then X,(G,) and X,(G,) have the same homotopy type.

Proof. Since both G, and G, have K as maximal compact, this follows immediately from Theorem 4.5. O

4.2 Deformation retraction from X,(G) onto X, (K)

Now, we want to show that X, (K) is indeed a deformation retraction of X,(G).
For the G-invariant space Y = R,(G) = G, the Kempf-Ness set (KNE C V includes the K-invariant sub-
space Y = Hom(F,,K) = K', and can be characterized in concrete terms as follows.

Proposition 4.7. ForY = R,(G) = G" ¢ V, the Kempf-Ness set is the closed set given by
Y r r
KNG = {(gl,---,gr) €G:)g/g= Zg,-g?}-
i=1 i=1
In particular, since K is precisely the fixed set of the Cartan involution, we have the inclusion
Y
K" = Hom(F,,K) ¢ XN,
The Kempf—Ness set is a real algebraic set when G is algebraic.
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Proof. By Theorem 4.2(3), an element g = (g;,...,9,) € G ¢ GL(n, C)" is in the Kempf-Ness set if and only if

(A-g,9) = (([A g1)s.. ., [A g, D) (15 .-, 9,)) =0

for every A € p (see (3.2)), where we used formula (4.3). Using (4.4), this means that, for all A € p, we have

0= <([A’ gl])‘- (] [A’gr])) (gl"’ "gr)>

r

Z<A9i - 9iA; 9;)

i=1

Z(<Agi’ 9:) = 9iA 9,))

i=1

Y(tr(g; A" g)) - tr(A” g} g,))

i=1

Y(tr(A” g,g7) - (A" ] g))

i=1

=Y (A gig —g;a) =AY (g9 - gi*g,-)>-
i=1 i=1

Here, we used bilinearity of (-,-) and the cyclic permutation property of the trace. In fact, the last expres-
sion should vanish for all A € g = £ ® p (by K-invariance of the norm, the vanishing for A ¢ ¢ is automatic).
So, since (-, - ) is a nondegenerate pairing, we conclude that X € JCNé if and only if

(9:9; —9:9:) =0 forall(g,,...,g,) €G,
1

r
i=

as wanted. The last two sentences are immediate consequences. O

Recall that a matrix A ¢ GL(n, C) is called normalif A*A = AA*.So, when r = 1, the previous proposition says
that KNG, = {g € G : gisnormal} ¢ %,(G).
The following characterization, then follows directly from Theorem 4.3.

Proposition 4.8. When r = 1, the character variety X,(G) = G//G is homeomorphic to the orbit space of the set
of normal matrices in G, under conjugation by K.

Now, to prove that X, (K) is a deformation retraction of X,(G) we need to further assume, due to a technical
point, that G is algebraic. First, we have the following lemma.

Lemma 4.9. Assume that G and K are as before, and furthermore that G is a real algebraic set. There is a natural
inclusion of finite CW-complexes X,(K) c X,(G).

Proof. We need to show that the natural composition
X,(K) = R,.(G)/K — X,(G)

does not send two distinct K-orbits to a single G-orbit. This follows by [16, Remark 4.7], and the polar decom-
position discussed in Section 3.2. However, we prove it directly as follows. It is equivalent to showing that
given p,, p, € R, (K) such that p, = g- p, for some element g € G, then p, and p, are in the same K-orbit.
Using Y = R,(G), we have R, (K) ¢ fKNé by Proposition 4.7. On the other hand, Richardson-Slodowy showed
thatG- p, n fKZNé = K - p, ([26, Theorem 4.3]), which is enough to prove the inclusion X, (K) ¢ X,(G). We know
that X, (K) is a semi-algebraic set and is closed. By Theorem 4.3, since we have assumed G is algebraic, X,(G)
is also a semi-algebraic set and closed. Thus, X,(K) can be considered as a semi-algebraic subset of X,(G).
It is known that all semi-algebraic sets are cellular. Now, from [7, p. 214] we get that X, (K) is a sub-complex
of X,(G). O

Theorem 4.10. There is a strong deformation retraction from X,(G) to X,(K).
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Proof. Proposition 4.7 implies the following diagram is commutative:

K/JK — 3 G/K

{ ]

KNG K 1 G7JK.

Corollary 3.3 and Theorem 4.3, imply the maps i and j induce isomorphisms on all homotopy groups; that is,
i, : m(K'/K) - m,(G'/K) and j,: nn(iKNg/K) — m,(G'/K)

are isomorphisms for all n > 0. Thus, ¢ induces isomorphisms on all homotopy groups as well since i = j o ¢.
Then, Lemma 4.9 and Whitehead’s theorem (see [19, Theorem 4.5]) imply K"/K is a strong deformation
retraction of KNS /K = G'//G. O

Remark 4.11. In [23, Theorem 6.31] it is shown that any semi-simple Lie group G, even those not considered
in this paper like SL(2,R), admits a Cartan involution. The fixed subspace of this involution defines a sub-
group H, and G deformation retracts onto H equivariantly with respect to conjugation by H. Now H is not
always the maximal compact; in fact it is if and only if the center of G is finite. Nevertheless, we conclude
that G'/H is homotopic to H' /H.

Additionally, it is a general result, proven independently by Malcev and later by Iwasawa ([22, Theo-
rem 6]), that every connected Lie group G, deformation retracts onto a maximal compact subgroup H
(we thank the referee for the reference). If this deformation is H-equivariant, we likewise conclude G'/H
is homotopic to H"/H.

Either way, it would be interesting try to compare G"/G and G"/H without Kempf-Ness theory available
in these more general situations.

5 Poincaré polynomials

In this section, we describe the topology of some character varieties and compute their Poincaré polynomials.

5.1 Low rank unitary groups

Proposition 5.1. For any r,n € N, the following isomorphisms hold:
X,(Um) = X,(SUM)) X(z/nzy UQA)',
X,(0(n) = X,(SO(n)) x (Z/2Z)" ifnis odd.
Proof. The first isomorphism is proved in [15, Theorem 2.4]. The second isomorphism follows because, for

odd, O(n) is isomorphic to SO(n) x Z,/27. O

In what follows, we consider cohomology with rational coefficients.
The Poincaré polynomial of X,(SU(2)) was calculated by T. Baird in [3, Theorem 7.2.4], using methods of
equivariant cohomology. His result is that

1+ )" t3((1+t)’ (l—t)f>
+ — .

PR, (SU@)) =141~ ==+ = -

5.1
1-t¢2 1+ ¢2 (G.1)

From Proposition 5.1 and general results concerning finite quotients and rational cohomology (see, for
example, [9]) we conclude that

H*(X,(U(n))) = H* (X,(SU(n)) x U(1)") &2 (5.2)

For n = 2, we now show the action on cohomology is trivial. The argument for this theorem was suggested
to us by T. Baird.
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Theorem 5.2. The action of (Z,/27))" on H*(X,(SU(2))) is trivial.

Proof. Let T be a finite subgroup of a connected Lie group G, and let G act on a space X. If we restrict the
action to I acting on X, then the induced action of I on H" (X)) is trivial. This is because for any element y € T,
the corresponding automorphism of X is homotopic to the identity map (take any path from the identity in G
to y to obtain the homotopy).

Therefore, since the action of (Z/27)" is the restriction of the action of the path-connected group SU(2)"
acting by multiplication, we conclude that the quotient map induces an isomorphism

H*(SU2)") = H*(SUQ2)"/(Z]27)").

Next, let X and Y be two G-spaces and let h: X — Y be a G-equivariant map which induces an iso-
morphism in cohomology H* (X) = H*(Y). Then h also induces an isomorphism in equivariant cohomology
H(X) = H(Y); recall that HX(X) = H*(EG x¢ X). See [24] for generalities on equivariant cohomology, and
in particular a proof of this fact ([24, Theorem 83, p. 52]).

Since Z/27. is central (the center of SU(2) is isomorphic to Z/2Z), the quotient map with respect to
the (Z/27)"-action on SU(2)" is SU(2)-equivariant (with respect to conjugation). It follows then that

Hy(0(SUQ)) = Hiy)(SUQR) [(Z/22)") = Hyy ) (SU@)N 2,

where the second isomorphism holds for the same reason as (5.2). Hence, the action s trivial on H, S*U(Z) (SU@)".

Let G = SU(2), and let Y be the set of those tuples in G that lie in a common maximal torus. The same
homotopy argument in the previous paragraph shows the action is trivial on H;(Y) since Y ¢ G". Moreover,
considering the pair (G',Y) and [19, Proposition 2.19], we likewise conclude that the (Z/2Z)"-action is trivial
on H:(G",Y). We now recall a natural diagram in [3, diagram (7.8)]:

i S HAG,Y) ———— HA(GT) ———— HE(Y) ——— -

T L

o —— H(G'/G,Y/G) —— H*"(G'/G) —— H*(Y/G) —— - --.

We just showed that the (Z/27)"-action on all spaces in the top row is trivial. By [3, equation (7.4), p. 59], we
obtain that

HA(G',Y)= H (G'/G,Y/G);

establishing the action is trivial on H*(G"/G, Y/G) since themap H*(G"/G,Y/G) — HA(G",Y)is (Z/2Z)"-equi-
variant. The maps on the bottom row, H*(G"/G,Y/G) — H*(G"/G), are equivariant and surjective in positive
degrees (see [3, proof of Theorem 7.2.4]); which then implies the (Z/2Z)"-action is trivial on H*(G"/G) in
positive degrees. However, in degree 0 the (Z/2Z)"-action is also trivial since G’ /G is connected. Thus, the
action is trivial on H*(G"/G), as required. O

Thus, H*(X,(U(2))) = H*(%,(SU(2))) ® H* (U(1)")#/??" However, the action of (Z/2Z)" on H* (U(1)") is the
action of -1 on the circle, which is rotation by 180 degrees. Rotation by 180 degrees is homotopic to the
identity, and thus the action is trivial on cohomology (the first paragraph in the above proof shows that this
part generalizes to SU(n)). In other words, H* (U(1)")%/*?" = H*(U(1)"), and we conclude that

H*(X,(U(2))) = H*(X,(SU(2))) ® H*(U(1)"). (5.3)

Proposition 5.3. The Poincaré polynomial of X,(U(2)) is the following:

1 +t+8 4+ +i((1+t)2’ - (1—t2)’>

_ r+l
P(X,(U(2))) = (1 +1) 1—# 2\ 1-¢2 1+12

Proof. This follows from the isomorphism (5.3), from (5.1) and the fact that the Poincaré polynomial of a circle
is1+t. O

Brought to you by | Universidade Nova de Lisboa
Authenticated
Download Date | 5/9/18 12:13 AM



DE GRUYTER A. Casimiro et al., Topology of moduli of free group representations =— 285

Now, take G = U(p, q), the group of automorphisms of C?* preserving a nondegenerate hermitian form with
signature (p, q). In matrix terms, one can write

U(p,q) =M eGL(p+q,C): M [, M =1,,}

I 0
ne(t5)
P4

0 -

Its maximal compact is K = U(p) x U(g) and it embeds diagonally in U(p, q):

(M,N) — (M 0).

where

0 N

It follows from this that, as a subspace of X, (U(p, q)), X,(U(p)xU(g)) is homeomorphic to X,.(U(p)) x X, (U(g)).
From Theorem 4.10 and from Proposition 5.3, we have the following:

Proposition 5.4. For any p,q > 1 and any r > 1, there exists a strong deformation retraction from X,.(U(p, q))
onto X,(U(p)) x X,(U(g)). In particular, the Poincaré polynomials of X,(U(2,1)) and X,(U(2,2)) are given
respectively by

P(%,(U(2, 1)) = P(X,(UQ)(1L + 1)
and

P,(X,(U(2,2))) = P(X,(U(2))).
Exactly in the same way, since U(2) is a maximal compact subgroup of Sp(4, R) and of GL(2, C), we have the

following:

Proposition 5.5. Forandr > 1, There exists a strong deformation retraction from X,(Sp(4, R)) and X,(GL(2, C))
onto X,(U(2)). In particular, the Poincaré polynomials of X,(Sp(4, R)) and X,(GL(2, C)) are such that

P(X,(Sp(4, R))) = P(X,(GL(2, €))) = P(X,(U(2))).

5.2 Low rank orthogonal groups

Proposition 5.6. We have X,(SU(2))/(Z/2Z)" = X,(SO(3)).

Proof. Observe that SU(2) — SO(3) is the universal cover of SO(3) with fiber Z/27 = n,(SO(3)). The deck
group is given by multiplication by minus the identity matrix. This induces a (Z/2Z)"-cover SU(2)" — SO(3)".
The corresponding (Z,/27)" -action is equivariant with respect to the conjugation action of SO(3) since Z/27
is acting by multiplication by central elements in each factor. Therefore,

(SU2)'/SOB)/(Z/22)" = X,(SO(3)),

where SO(3) = PSU(2) acts diagonally by conjugation on SU(2)". However, since PSU(2) = SU(2)/Z(SU(2)), itis
clear that SU(2)"/SO(3) = %,(SU(2)). O

From this result we conclude that the cohomology of X,(SO(3)) is the (Z/27)"-invariant part of the cohomol-
ogy of X,(SU(2)):
H*(X,(S0(3))) = H'(X,(SU@)) */**". (5.4)

Proposition 5.7. The Poincaré polynomials of X,(SO(3)) and of %,(0(3)) are the following:
P,(X,(S0(3))) = P,(X,(SU(2))
and
P,(%,(0(3))) = 2"P,(%,(SU(2))).

Proof. The formula for P,(X,(SO(3))) follows from Theorem 5.2 and the isomorphism (5.4). The formula for
P,(%,(0(3))) is immediate from the one of P,(X,(SO(3))) and from Proposition 5.1. O
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Take G = SO(p, q), the group of volume preserving automorphisms of RP*? preserving a nondegenerate
symmetric bilinear form with signature (p, ). In matrix terms, one can write

SO(p,q) = {M € SL(p + ¢, R) : MtIp’qM =1,,}

-1 0
— P
(0

If p + g > 3, then SO(p, q) has two connected components. Denote by SO, (p, q) the component of the identity.
The maximal compact subgroup of SO, (p, q) is K = SO(p) x SO(q) and it embeds diagonally in SO(p, g).
So, asin the case of U(p, q) mentioned above, it follows that, as a subspace of X,.(SO,(p, 9)), X,(SO(p) x SO(q))
is homeomorphic to X, (SO(p)) x X,(SO(g)).
From Theorem 4.10 and Proposition 5.7, we have thus the following:

where

Proposition 5.8. Forany p,q = 1 and any r > 1, there exists a strong deformation retraction from X,(SOy(p, q))
onto X,(SO(p)) x X,(SO(q)). In particular, the Poincaré polynomials of X,(SO,(2,3)) and of X,(SO,(3, 3)) are
given respectively by

P,(X,(S0,(2,3))) = P,(X,(SU2)))(1 +1)
and

P,(X,(S0,(3,3))) = P,(X,(SU(2)))".

In the same way, since SO(3) (resp. O(3)) is a maximal compact subgroup of both SL(3,R) (resp. GL(3, R))
and SO(3, C) (resp. O(3, C)), we have the following:

Proposition 5.9. Foranyr > 1, there exists a strong deformation retraction from X,(SL(3, R)) and X,(SO(3, C))
onto X,(SO(3)) and from X,(GL(3, R)) and X,(O(3, C)) onto X,(0(3)). In particular, the Poincaré polynomials
of X,(SL(3, R)) and X,(SO(3, C)) are equal and given by

P,(X,(SL(3, R))) = P,(X,(SO(3, C))) = P,(X,(SU(2))).
Similarly, the Poincaré polynomials of X,(GL(3, R)) and X,(O(3, C)) are equal and given by
P,(X,(GL(3, R))) = P,(X,(0(3, C))) = 2"P,(X,(SU(2))).

6 Comparing real and complex character varieties

In this section, we slightly change the perspective. Instead of comparing the topologies of K- and G-character
varieties, we present some results on the relation between the topology and geometry of the character
varieties X,(G) and (the real points of) X,(G), making explicit use of trace coordinates. These coordinates
have previously been considered in the literature, and serve to embed X, (G) in complex vector spaces. Then,
we provide a detailed analysis of some examples (real forms G of G = SL(2, C)), showing how the geometry
of these spaces compare, and how to understand the deformation retraction of the previous section in these
coordinates. We also briefly describe the Kempf—Ness sets for some of these examples.

Consider a generating set of G-invariant polynomials in C[%,(G)]€. Because these polynomials distin-
guish orbits of the G-action, this defines an embedding, denoted ¢, of the G-character variety X,(G) in a vector
space V:= CV, given by sending an orbit to all the values it takes on this generating set. The embedding
realizes X, (G) as a complex affine subvariety in V, and the Euclidean topology mentioned above coincides
with the subspace topology induced from V (see [14, Section 2.3.3]). Since G ¢ G and R, (G) ¢ R,(G), we can
try to use the generating set of invariants to relate X, (G) with the real points of X,(G),

X (G)(R) = X,(G) N V(R),

as follows. Since
CIR,(G)1€ = RIR,(GR)]“® & C,
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there exists a generating set for IR[SRr(G(]R))]G(R), which equals ]R[i)%r(G(IR))]G by density of G, that extends
(by scalars) to one for C[9},(G)]€. Thus, with respect to such a generating set, the real points X,(G)(RR) are
a well-defined real algebraic subset of V(IR).

Denote by f; : 3,(G) — V the composition of natural maps

R,(G) ¢ R (G(R)) € R.(G) — X,(G) > V.

By G-invariance of f, this defines amap pg : X,(G) — V whose image lies in V(IR). Now, [26, Proposition 6.8]
states that the image p;(X,(G)) is a closed subset in X,(G)(R) c V(R). Thus, we have shown the following
proposition.

Proposition 6.1. Let G be a fixed real form of a complex reductive algebraic group G. The set of real points
X.(G)(R) contains ps(X,(G)) as a closed subset. Therefore, | J; ps(%X,(G)) ¢ X,(G)(RR), where the union is over
all G which are real forms of G.

The map p; is neither surjective nor injective in general, and we will see below explicit examples that illustrate
this situation. Note, however, that for any real form G of G, the map p;; : X,(G) — X,(G)(R) is always finite,
as shown in [26, Lemma 8.2].

Remark 6.2. The image of p in Proposition 6.1 depends on the given embedding ¢. For example, both the
groups SO(2, C) = {x* + y* = 1} and GL(1, C) = {xy = 1} are isomorphic to C* but the real points for the first
is 8! and the real points for the second is R* (disconnected). So X,(G) can have different sets of real points,
depending on the algebraic structure defined by ¢.

Another example is G = SU(3) and G = SL(3, C). With respect to the trace coordinates, SL(3, C)/SL(3, C)
can be identified with C?. Its real points are R? but the traces of SU(3) are not real in general. So the image is
not contained in the real locus with respect to the trace coordinates. This means that, in each case, we should
fix a generating set having certain properties which avoids these issues.

We now describe some particularly simple examples where one can check directly and explicitly the strong
deformation retraction from X,(G) = G’ /G onto K" /K, using the trace coordinates for the complex character
variety X,(G), and also by describing their Kempf-Ness sets.

6.1 The case K = SO(2)

Since the special orthogonal group SO(2) is Abelian, the conjugation action is trivial. As SO(2) is isomorphic
to the circle group, S', it follows that
X,(S0(2)) = (8")". (6.1)

The maximal compact subgroup of SO(2, C) = C* is SO(2), and it is clear that
X,(50(2,C)) = (C)’

deformation retracts to (S')".
Of course, in general, for any Abelian group G, we have X,(G) = G, and the deformation retraction to K"
is given, componentwise, by the polar decomposition.

6.2 ThecaseG = SL(2,R),r =1

The group SO(2) is also a maximal compact subgroup of SL(2, R). Hence, from (6.1) and Theorem 4.10, one
concludes that X, (SL(2, R)) also retracts onto S'. Let us also see this directly: X, (SL(2, R)) is the space of closed
orbits under the conjugation action. These closed orbits correspond to diagonalizable matrices over C. When
amatrixin SL(2, R) is diagonalizable over R, it corresponds to a point in X, (SL(2, R)) determined by a matrix of
the form diag(1, A™") for some A € R*. Since the diagonal matrices diag(A, A~') and diag(1™", 1) are conjugated

Brought to you by | Universidade Nova de Lisboa
Authenticated
Download Date | 5/9/18 12:13 AM



288 —— A.Casimiro etal., Topology of moduli of free group representations DE GRUYTER

in SL(2, R), we can suppose A > A~* (with equality exactly when |A| = 1) and thus the elements of X, (SL(2, R))
corresponding to these kind of matrices are parametrized by the space

D = {diag(L, A1) : A e R\ (-1,1)}. 6.2)
Similarly the space of matrices in SL(2, R) diagonalizable over C \ R is parametrized by
D¢ = {diag(z,z ") :z€ C*, z+z ' € R}.

Notice that we impose the condition of real trace, since the trace is conjugation invariant. Now, forz € C \ R,
the condition z + z™* € R is equivalent to |z| = 1, so these matrices are in fact in SO(2, C), hence the corre-
sponding ones in SL(2, R) belong to SO(2), and have the form

(cos 0 -sinf

sinf@ cos@

0= ) 5 0< 0 < 27.

Now, the only possible SL(2, C)-conjugated matrices of this type are Ay and A _g, and it is easily seen that they
are not conjugate in SL(2, R). So, for each 6, we have a representative of a class in X, (SL(2, R)). Hence, from
this and from (6.2), we have a homeomorphism

X,(SL2,R)) =R\ (-L,1)U{z e C\R: |z = 1}. (6.3)

From (6.1) and (6.3) we see here directly an example of our main theorem (Theorem 4.10).
Using Proposition 4.8, we can also obtain the same space considering the Kempf-Ness quotient. For the
group G = SL(2, R), one can compute directly that the set of normal matrices is a union of two closed sets,

KNg =Y, UY,, with
a Yy
Y, = eSL(Z,R):a,ﬁ,ye]R},
: {(Y ﬁ)

and

Y, = {Ay: 6 € R} = SO(2).
These correspond precisely to the SL(2, R) matrices that are R-diagonalizable or not, and they are distin-
guished by the absolute value of their trace being greater or less than 2, respectively (it is easy to show di-
rectly that the equation af = 1 + y* for «, 8, y real implies | + f8| > 2). Now, for an element of KN = Y, UY,,
besides the trace, we have an extra invariant for the action of SO(2) (obviously Y, is invariant under SO(2))
which is the Pfaffian, defined by (see [2])

Pf(A)=c—b forA = (“ b).
c d
We have Pf(B) = 0 forany B € Y; and Pf(A,) = 2 sin 6. So, the picture in Figure 1is indeed a precise description
of the embedding KN/K — R* under the map A — (tr(A), Pf(A)),

Figure 1. The space X;(SL(2,R)) = R\ (-1,1)U{z €e C\ R: |z| = 1}.

Finally, we can compare the geometry of X, (SL(2, C)) = SL(2, C)/SL(2, C) and that of X, (SL(2, R)), in trace
coordinates. In these coordinates, X, (SL(2, C)) is C and thus its real points form R. However, SL(2, R) /SL(2, R)
is (0o, —1] U [1,00) U S* where §' is a circle centered at 0 of radius 1. However, after projecting to the real
locus, the north and south hemispheres in S' are identified (since they are conjugated over C but not over R).
The image is then R and this is an example where the projection pg; is not injective.

On the other hand, considering SU(2), the quotient SU(2)/SU(2) is [-2, 2] which projects to the same (since
the projection is injective for maximal compact subgroups). So we see that the projection to the real locus is
not always surjective.
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6.3 ThecaseK = SO(2),r =2,G = SL(2,R)

Addressing the SL(2, R) case with » = 2 amounts to describing two real unimodular matrices up to conjugation
in SL(2, R). Generically, such a pair will correspond to an irreducible representation. The non-generic case is
when A, A, € SL(2, R) are in the same torus; in particular, in this degenerate case they commute.
Consider first the complex invariants in SL(2, C)*?. By Fricke—Vogt (see [18] for a nice exposition) we have
an isomorphism
X,(SL(2,C)) = SL(2, C)**JSL(2,C) = C°,

explicitly given by [(A,, A,)] — (tr(A;), tr(A,), tr(A,A,)). Lett, = tr(A,), t, = tr(A,) and #; = tr(A,A,). Then
Kt tyty) == tr(A A,AT A = 6 + 65 + 15 — tityty — 2.

Since commuting pairs (A4,, A,) have trivial commutator, the reducible locus is contained in x™'(2). The
converse also holds (see [12]).

Thus, the R-points of X,(SL(2,C)), here denoted by X%,(SL(2, C))(R), form R®. The reducible locus
in X,(SL(2, C))(R) is therefore « ' (2) N R? (see Figure 2).

Figure 2. Reducible locus in X,(SL(2, C))(R).

Suppose both A, and A, have eigenvalues of unit norm and commute. So, up to conjugation in SL(2, C),

they are of the form
A = (C?sa —sinoc>’ A, - (C?Sﬁ —sinﬁ))
sinad  cosa sinf3  cosf

and thus ¢, = 2cos«, t, = 2cos 3, t; = 2 cos(ex + 3). Note that in unitary coordinates these matrices take the
form diag(e™®, e ™) and diag(e’?, e ). Putting these values in «(t,, ,, t;) precisely determines the boundary of
the solid closed 3-ball B = X,(SU(2)) depicted in Figure 3 (see [14, Lemma 6.3 (ii)]).

Figure 3. The solid closed 3-ball X,(SU(2)).
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So the reducible locus is homeomorphic to $* and is given by those representations that, up to conjugation
in SL(2, C), are in SO(2) = SL(2, R) n SU(2); this fact was first shown in [8].
Therefore, the four disjoint planes in Figure 2 correspond to pairs

A0 u 0
0 1/A)°\0 1/u
where A,y € R*.

As shown in [25, Proposition III.1.1, p. 458], every point in X,(SL(2, C))(R) = R® corresponds to either
an SU(2)-representation or an SL(2, R)-representation (this is a case where the union in Proposition 6.1 gives
equality). A point corresponds to a unitary representation if and only if -2 < t,,,¢; < 2 and «(t;, t,, ;) < 2;
as in Figure 3. Otherwise, the representation is in SL(2, R).

Figure 4 gives a picture of X, (SL(2, C))(RR), restricted to x(x, y, z) < 5; from this, the deformation retraction
to the boundary of the solid ball X,(SU(2)) can be seen.

Figure 4. Region x < 5in X,(SL(2, C))(R).

Having described the R-points of X,(SL(2, C)), we now can describe X,(SL(2, R)). Since we are consid-
ering the closed SL(2, R)-orbits, we have three sets to consider. First, there are the representations that are
irreducible over SL(2, C); these are called absolutely irreducible, or C-irreducible. Secondly, we have the
representations that are irreducible over R but are reducible over C; called C-reducible or R-irreducible.
Third, we have the representations that are reducible over R; called R-reducible.

Notice that conjugating by diag(i, —i) defines a Z/2Z-action on X,(SL(2, R)). Since the characteristic poly-
nomial is quadratic, any conjugation action from SL(2, C) on X,(SL(2, R)) has to be equivalent to the action
of diag(i, —i). It is a free action on the irreducible locus (consisting of R and C-irreducibles), and has its fixed
locus exactly the R-reducible representations. The quotient of this action is exactly

X,(SL(2, ©))(R) - %,(SU(2))’ = R® - B’

since diag(i, —i) preserves SL(2, C)-orbits. Hence, the R-reducible locus in X,(SL(2,R)) is exactly the four
planes depicted in Figure 2, and the irreducible locus in X,(SL(2, R)) is a Z/2Z-cover of the complement
of those four planes in R® - B,

On the other hand, X,(SO(2)) is a torus S' x S, and the sphere S arises as the quotient of S' x ' by
the Z/2Z-action described above (see [8]).

Lastly, we observe that the Z/2Z-action is equivariant with respect to the deformation retraction from
X,(SL(2,R)) to X,(SO(2)) since it is conjugation, which explains why we see the deformation retraction
of R* - B’ = X,(SL(2, C))(R) — X,(SU(2))° = X,(SL(2, R))/(Z/2Z) onto §* = 0X,(SU(2)) = X,(SO(2))/(Z/2Z).

Remark 6.3. By [10], X,(SO(3)) is a (Z/2Z)* quotient of X,(SU(2)), and both relate to the moduli space of
generalized spherical triangles. This makes X,(SO(3)) an orbifold quotient of a solid 3-ball (this also follows
from [15]).
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Now, let us consider the Kempf—Ness set for this case. From Proposition 4.7,
KNG ={(A,A4,) €GP ATA, — A A} + ALA, — A,A} = 0}.

Let us write the two matrices in convenient variables as
Az(“i bi)=<ti+si qi_Pi> i 12
' G d q+p ti—s;

p:M) 5,=ai_di, q4=Ci+bi, p‘zci_bi, i=1,2.

! 2 ! 2 ! 2 ! 2

So, the new variables are

In particular, note that the traces and Pfaffians are tr(A;) = 2t; and Pf(A;) = 2p;, respectively. We can describe
inside R® with coordinates (a,,...,d,) as the closed algebraic set

2 2

KNG = {(al,...,dz) eR:ad —bo =ad,-be, =1, ¢/ -b =) (a,-d)(c-b) = 0},

i=1 i=1

or equivalently,

:KNE ={(t, p1>S1> 91>t P2> S5 G) € R® t% + Pf - ‘ﬁ - S% = t: + P§ - ‘15 - 5: =1
G P1 + @GPy = S1P1+Sp, = O

Now, KTNE is invariant under K = SO(2), although it is not immediately apparent. From [2] we know that,
for the SO(2) simultaneous conjugation action on two 2 x 2 real matrices, there are eight invariants: the five
tracestr A, tr A,, tr A A,, tr A%, tr A3, and the three Pfaffians Pf A, Pf A, and Pf A, A,. Obviously, the traces
of A% and A? are not important here since for unimodular matrices A, tr A = (tr A)* - 2. So the six remaining
invariants give rise to an embedding

v IKNE/K SR’ [(A,A,)] (t> a5 b3, P1> P2s P3)

with

1 1 .
ti = E tI'Ai, pi = z PfAi, i=1,2,

and )
t3 = 5 tr(A Ay) = tit, — pips + 515 + 4190

1
ps: 5 Pf(A1A;) = pity + 105 + 415, — 514

Fori=1,2,1etA; = 1 -t/ — p’. Then the closure of the image is defined by the four equations

pi(tapy + 1P, = p3) =0,
PPy + 1P, = p3) =0,
PfAl - P;Az =0,
2 2 2 2 2
Py (A1 (py — 1)) = Ay(p; = 15)) = psA (8 pr — 12 p1)s
as can be obtained using a computer algebra system. So SCNE /K is a semi-algebraic set whose closure, in

these natural coordinates, is an algebraic set of degree 6 in R®, and it can be checked that it has indeed
dimension 3, as expected.

6.4 ThecaseK = SO(2),r = 3,G = SL(2,R)

In this subsection we shall say a few words about the r = 3 case. The complex moduli space X;(SL(2, C)) is
abranched double cover of C° (it is a hyper-surface in C”). Given a triple (A, A,, A;) € Hom(FE;, SL(2, C)), the
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seven parameters determining its orbit closure are t; = tr(A,), t;, = tr(A;A ), t; = tr(A;A,A3),1 <i# j<3and
4 < k < 6. See [18] for details. From [8, 14] it follows that X, (SL(2, C)) is homotopic to a 6-sphere X,(SU(2)) = S°.

Remark 6.4. Fixing the values of the four parameters tr(A;), tr(A; A, A;) defines relative character varieties
since these are the four boundary coordinates for a 4-holed sphere; likewise, in the r = 2 case fixing the bound-
ary of a 1-holed torus is equivalent to fixing the value of . The topology of the R-points of relative character
varieties for r = 2 and r = 3 have been explored in [4]; and some of their pictures relate to ours given that x
arises naturally in both contexts.

The defining equation for X;(SL(2, C)) is given by
R=1] —tytyt) — tytsty + Lytstot) — tetyty + 15 + 15 + 15 + 10+ to + 15 — Lbyte + Lytsts — tstyt, — tytst, — 4.

In [15], it is shown that the reducible locus is exactly the singular locus, and thus the Jacobian ideal J,
generated by the seven partial derivatives of R, defines the reducible locus explicitly as a sub-variety. Thus

OR
=(—:1<i<7
J <8ti ! >

= (2t — tyty — tsts + tylyty — tels, 2ty — bty — tate + tytsty — tols, 2ty — Lits — tybg + ty bty — b,
—tity + 2ty + tstg — tyty, —tity + 2ts + tyts — byl —tyls + tyts + 2tg — Lty tityts — tyts — tyts — Litg + 2t5).

Using a Gr6bner basis algorithm, J is equivalent to the ideal

(t] — tytstets — 200 + Bt — 26287 + Btots + Ltots — 20 — tytstot, — tylatet, — totstet, + 8hytstet,

)+t - 20060 - 2610 + 10t - 26310,
Thus, the reducible locus is isomorphic to a hypersurface in C*. If all coordinates are restricted to [-2, 2],
then we are in X;(SU(2)) since the r = 1 case implies that ¢, ¢,,t; are in [-2,2] if and only if A, A,, A, are
SL(2, C)-conjugate to elements in SU(2), and that forces all the other coordinates to take values in [-2, 2]
as well.

Figure 5. A level set in the hypersurface X,3(SU(2)).

As described in [17], the reducible locus in X;(SU(2)) is homeomorphic to
X,:(SU(2)) := Hom(Z’,SU(2))/SU(2) = (§')’/(z/27),

and thus it is a 3-dimensional orbifold with eight isolated singularities. Neighborhoods around singularities
will look like real cones over RP?; and thus are not locally Euclidean at those points (see [1, p. 475]).

Similar to the r = 2 case, the orbifold X,:(SU(2)) is the quotient of X,(SO(2)) = (S')? by the Z/2Z-action
defined from conjugation by diag(i, —i). As before, this action is equivariant with respect to the deformation
retraction of X,(SL(2, R)) onto X;(SO(2)), and it is a double cover over the absolutely irreducible representa-
tions and fixes the R-reducible representations.
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In fact, this situation is completely general. The space X, (SL(2, R)) decomposes into three sets:
(1) the absolutely irreducible locus which double covers the irreducible locus in %, (SL(2, C))(R),
(2) the R-irreducible locus isomorphic to (S')" = X,(SO(2)) which branch double covers the orbifold

X2 (SUQ) = (8" /(2/22)

having 2" discrete fixed points from the central representation, making orbifold singularities with
neighborhoods isomorphic to real cones over RP"*,
(3) the R-reducible locus which is isomorphic to that same locus in X, (SL(2, C))(R) intersecting X, (SU(2))
at the central representations and homeomorphic to ((—co, -1] U [1, 00))".
The deformation retraction we establish in this paper from X,(SL(2,R)) to X,.(SO(2)) is equivariant with
respect to the Z/2Z-action of diag(i, —i) and therefore determines a deformation retraction on the level of
R-points from X, (SL(2, C))(R)-X,(SU(2))° onto X, (SU(2)). For an explicit characterization of the C-reducible
locus, in terms of traces of minimal words, see [13].
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