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Abstract

In survey research, there are many situations when the primary variable of interest is
sensitive. The sensitivity of some queries can give rise to a refusal to answer or to false
answers given intentionally. Survey can be conducted in a variety of settings, in part dic-
tated by the mode of data collection, and these settings can differ in how much privacy
they offer the respondent. The estimates obtained from a direct survey on sensitive ques-
tions would be subject to high bias. A variety of techniques have been used to improve
reporting by increasing the privacy of the respondents.

The Randomized Response Technique (RRT), introduced by Warner in 1965, develops
a random relation between the individual’s response and the question. This technique
provides confidentiality to respondents and still allows the interviewers to estimate the

characteristic of interest at an aggregate level.

In this thesis we propose some estimators to improve the mean estimation of a sensi-
tive variable based on a RRT by making use of available non-sensitive auxiliary informa-
tion. In the first part of this thesis we present the ratio and the regression estimators as
well as some generalizations in order to study the gain in the estimation over the ordinary
RRT mean estimator. In chapters 4 and 5 we study the performance of some exponential
type estimators, also based on a RRT. The final part of the thesis illustrates an approach
to mean estimation in stratified sampling. This study confirms some previous results for
a different sample design. An extensive simulation study and an application to a real
dataset are done for all the study estimators to evaluate their performance. In the last
chapter we present a general discussion referring to the main results and conclusions
as well as showing an application to a real dataset which compares the performance of

study estimators.

Keywords: Auxiliary variable; Exponential estimator; Randomized response technique;

Ratio estimator; Regression estimator; Sensitive variable.
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Resumo

Em estudos de pesquisa por inquérito existem muitas situagdes em que a variavel de
interesse é sensivel. A sensibilidade de algumas questdes pode dar origem a recusas na
resposta ou a falsas respostas dadas de forma intencional. Os inquéritos podem assumir
diversas configuracdes, em parte relacionadas com o método de recolha e com o grau
de privacidade que é oferecido aos respondentes. As estimativas obtidas por inquérito
direto em questdes sensiveis estariam sujeitas a erros elevados. Muitas técnicas tém sido
utilizadas para melhorar as respostas através do aumento de privacidade dos inquiri-
dos. A Técnica de Resposta Aleatorizada, introduzida por Warner em 1965, desenvolve
uma relacdo aleatdria entre as respostas individuais e a questdo. Esta técnica providencia
confidencialidade aos respondentes e ainda permite aos entrevistadores estimar a carac-

teristica de interesse num nivel mais agregado.

Nesta tese propdem-se alguns estimadores para melhorar a estimacdo da média de
uma varidvel sensivel baseada numa técnica de resposta aleatorizada com recurso a in-
formacdo auxiliar disponivel nao sensivel. Na primeira parte da tese apresentam-se os
estimadores da razdo e da regressdo bem como algumas generalizagdes para estudar o
ganho na estimagao face ao estimador ordinario da média. Nos capitulos 4 e 5 estuda-se
a performance de alguns estimadores do tipo exponencial, também baseados numa téc-
nica de resposta aleatorizada. A parte final da tese ilustra uma aproximacdo a estimacao
da média com amostragem estratificada. Este estudo vem confirmar resultados anterio-
res com um novo desenho amostral. Um extenso estudo de simula¢do e uma aplicagdo
a dados reais sdo feitos para avaliar a performance de todos os estimadores. No dltimo
capitulo apresenta-se uma discussdo geral, bem como uma aplicacdo a dados reais onde

se compara a performance dos estimadores em estudo.

Palavras-chave: Estimador da razdo; Estimador da regressao; Estimador exponencial;

Técnica de resposta aleatorizada; Varidvel auxiliar; Varidvel sensivel.
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General Introduction

One of the major problems in survey research involving sensitive questions is the social
desirability response bias (Edwards, 1957). For various reasons individuals in a sample
survey may prefer not to confide to the interviewer the correct answers to certain ques-
tions. In such cases the individuals may elect not to reply at all or to reply with incorrect
answers. The resulting evasive answer bias is ordinarily difficult to assess. That bias
is potentially removable through allowing the interviewer to maintain privacy using a

randomization device (Warner, 1965).

Randomized response is a research method used in structured survey interview. It
was first proposed by Warner in 1965 and later modified by Greenberg et al. in 1969. This
technique allows respondents to respond to sensitive issues while maintaining confiden-
tiality. It provides confidentiality to respondents through a random relation between the
individual’s response and the question. It still allows the interviewers to estimate the

characteristic of interest at an aggregate level.

Gupta and Thornton (2002) showed that Randomized Response Technique (RRT) is
effective in circumventing the social desirability response bias, and is more friendly and

portable than other methods such as the method which uses a bogus pipeline (Jones and
Sigall, 1971).

RRT models may be classified as Full RRT model, Partial RRT model or Optional RRT
model depending on the level of scrambling. In the Full RRT model (Eichhorn and Hayre,
1983) all the respondents are asked to provide a scrambled response. When a predeter-
mined proportion of randomly selected respondents are asked to provide a true response
we have a Partial RRT model (Mangat and Singh, 1990). Gupta et al. (2002) proposed an

Optional RRT model where the respondents are allowed to report a true response or a

1



1. GENERAL INTRODUCTION

scrambled response depending on whether the respondents find the question sensitive

or not.

In RRT work, generally the focus is on the estimation of the mean of a sensitive vari-
able or the prevalence of a sensitive characteristic in the population. The mean can be
estimated by using one of many RRT but we propose some estimators which improve
the mean estimation considerably by using non-sensitive auxiliary information. In such
cases, one will be able to observe an auxiliary variable directly but will have to rely on
some RRT to collect information on the variable of interest, resulting from a sensitive is-
sue. Given that our main aim is to evaluate the performance of the mean estimator in
the presence of auxiliary information, we opt for using an additive Full RRT method to
scramble the sensitive variable.

The main goal of this thesis is to improve the parameter estimation of a sensitive
variable in the presence of auxiliary information. For that purpose we introduce some
estimators for the population mean based on the additive Full RRT technique. Expres-
sions are derived for the Bias and Mean Square Error (MSE) for all the proposed estima-
tors. Furthermore, an extensive simulation study and an application to a real dataset are
done for all the study estimators. All the applications are developed using the statistical
software R [1].

This thesis is based on five papers to be found in chapters 2-6. Each chapter presents,
at least, a new estimator and evaluates its performance comparing it to the other estima-

tors previously proposed. The contents of this thesis are as follows:

¢ In Chapter 2 we propose a ratio estimator for the mean of a sensitive variable using
information from a non-sensitive auxiliary variable. We generalize the proposed
estimator to the case of transformed ratio estimators. We show that there is hardly
any difference in the first order and second order approximations for MSE even for
small sample sizes. We also show that the proposed estimator does better than the
ordinary RRT mean estimator which does not use the auxiliary information (Sousa
et al., 2010).

e In Chapter 3 we introduce a regression estimator which performs better than the
ratio estimator even for modest correlation between the primary and the auxiliary
variables. We consider a generalized regression-cum-ratio estimator that has even
smaller MSE. It is shown that the proposed regression estimator performs better
than the ratio estimator and the ordinary RRT mean estimator that does not utilize
the auxiliary information (Gupta et al., 2012).

e In Chapter 4 we propose exponential type estimators using one and two auxiliary

variables to improve the efficiency of mean estimator based on a RRT. It is shown

2



1. GENERAL INTRODUCTION References

the proposed exponential type estimators are more efficient than the existing es-
timators described in Sousa et al. (2010) and Gupta et al. (2012)(Koyuncu et al.,
2013).

e In Chapter 5 we propose an improved exponential type estimator which is more
efficient than the Koyuncu et al. (2013) estimator, which in turn was shown to be
more efficient than the usual mean estimator, ratio estimator, regression estimator,
and the Gupta et al. (2012) estimator. It is shown that the improved difference-
cum-exponential estimator can produce further improvement relative to other esti-

mators previously proposed (Gupta et al., 2013).

e In Chapter 6 we extend the ratio and regression estimators to the stratified sampling
setting. Although both the ratio and regression estimators perform better than the
ordinary RRT mean estimator, the improvement is much larger with the regression
estimator. The results agree with the findings of Sousa et al. (2010) and Gupta et
al. (2012) in simple random sampling. We show that the advantage of using the
RRT in the presence of auxiliary information still holds in the context of stratified
sampling (Sousa et al., 2013).

e In Chapter 7 we present a general discussion referring to the main results and con-
clusions. We present a study with a real dataset and we show the numerical results
for the Bias and MSE, as well as graphic evidence which illustrates the performance

of the main study estimators.

In the last part of each chapter we attach the R routines developed for the simulation

studies and for the numerical examples.
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Ratio Estimation of the Mean of a
Sensitive Variable in the Presence of
Auxiliary Information

Abstract

We propose a ratio estimator for the mean of sensitive variable utilizing information from
a non-sensitive auxiliary variable. Expressions for the Bias and Mean Square Error (MSE)
of the proposed estimator (correct up to first and second order approximations) are de-
rived. We show that the proposed estimator does better than the ordinary Randomized
Response Technique (RRT) mean estimator that does not utilize the auxiliary informa-
tion. We also show that there is hardly any difference in the first order and second order
approximations for MSE even for small sample sizes. We also generalize the proposed
estimator to the case of transformed ratio estimators but these transformations do not
result in any significant reduction in MSE. An extensive simulation study is presented
to evaluate the performance of the proposed estimator. The procedure is also applied
to some financial data (purchase orders (sensitive variable) and gross turnover (non-
sensitive variable)) in 2009 for 5090 companies in Portugal from a survey on Information

and Communication Technologies (ICT) usage.
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2.1 Introduction

In survey research, there are many situations when the primary variable of interest (Y) is
sensitive and direct observation on this variable may not be possible. However, we may
be able to directly observe a highly correlated auxiliary variable (X). For example, Y may
be the number of abortions a woman might have had in her life and X may be her age.
Similarly Y may be the total purchase orders in a year for a company and X may be the
total turn-over for that company in that year. In such cases, one will be able to observe X
directly but will have to rely on some Randomized Response Technique (RRT) to collect
information on Y. In such situations, mean of ¥ can be estimated by using one of many
randomized response techniques but this estimator can be improved considerably by
utilizing information from the auxiliary variable X. Many authors have presented ratio
estimators when both Y and X are directly observable. These include Kadilar and Cingi
(2006), Turgut and Cingi (2008), Singh and Vishwakarma (2008), Koyuncu and Kadilar
(2009) and Shabbir and Gupta (2010).

Also, many authors have estimated the mean of a sensitive variable when the primary
variable is sensitive and there is no auxiliary variable available. These include Eichhorn
and Hayre (1983), Gupta and Shabbir (2004), Gupta et al. (2002), Saha (2008) and Gupta
et al. (2010).

In this paper, we propose a ratio estimator where the RRT estimator of the mean of
Y is further improved by using information on an auxiliary variable X. Expressions for
the Bias and MSE for the proposed estimator are derived, correct up to both the first
order and second order approximations. It is shown that the two approximations are
very similar even for moderate sample size. We also observe that there is considerable
reduction in MSE when auxiliary information is used, particularly when the correlation
between the study variable and the auxiliary variable is high.

2.2 Terminology

Let Y be the study variable, a sensitive variable which cannot be observed directly. Let
X be a non-sensitive auxiliary variable which is strongly correlated with Y. Let S be
a scrambling variable independent of ¥ and X. The respondent is asked to report a
scrambled response for Y given by Z =Y + S but is asked to provide a true response for
X. Let arandom sample of size n be drawn without replacement from a finite population
U = (Uy,Us,...,Uy). For the i unit (i = 1,2,...,N), let y; and z; respectively be the
values of the study variable Y and auxiliary variable X. Moreover, let §j = #
Lii%ognd 7 = # be the sample means and Y = E(Y), X = E(X) and Z = E(Z)

n

)T =

be the population means for Y, X and Z, respectively. We assume that X is known and

S = E(S) = 0. Thus, E(Z) = E(Y). Let us also define §, = 222 and §, = 3%, such that

6
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E(;) =0,i=z,x.

If information on X is ignored, then an unbiased estimator of yy is the ordinary sam-
ple mean (z) given by (2.1) below
y = Z. (2.1)

=

The mean square error (MSE) of fiy is given by

MSE(jiy) = % (57 +52), (2.2)

where
F=n/N, 2= g SN V)2 82 = 5 Y (- X)2and 82 = gy TN (s 9)

2.3 The Proposed Estimator

We propose the following ratio estimator for estimating the population mean of the study

variable Y using the auxiliary variable X:

) /X
HR =2 (;f) (2.3)
=Z(1+6.)(1+6,)".

Using Taylor’s approximation and retaining terms of order up to 4, (2.3) can be rewrit-
ten as
fir — Z 2 Z{8, — 0y — 6,0, + 02 — 65 + 0 + 8,02 — 0,62} (2.4)

Under the assumption of bivariate normality (see Sukhatme and Sukhatme, 1984), we
have E(62) = 102, B(62) = LC2, E(3,6,) = ©LC.,, where C., = p.,C.C, and C,
and C, are the coefficients of variation of Z and X, respectively. Also we have:

2 2
B0.63) = (151) 8pwCa0l B@2) = (5L) (42020202
2
B(d) = (L) 304, B(6.63) = B(626,) = B(52) =0,

and

2

S
C2 = C2 4+ 25, poa = —22

[ 52
1+ =5
53

Recognizing that Z = Y in Equation (2.4), we can get expressions for the Bias of fir,

Y

7



2. RATIO ESTIMATION OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF AUXILIARY INFORMATION
2.3. The Proposed Estimator

correct up to second order of approximation, as given by
1—f\%-
Bias'” (jig) = Bias™ (jig) + 3 <nf> Y [C = pyaCyC3] (2.5)

where
1—f

n

BiasW (ig) = < ) Y [C2 — pyaCyCy] (2.6)

is the Bias corresponding to first order of approximation.

Similarly from (2.4), MSE of [ir, correct up to second order of approximation, is given
by

MSE® (iig) = E(jig — Z)* 2 Z*E{8, — 05 — 0.0, + 62 — 62 + 64 + 0,62 — 6,53}

or

MSE® (jig) = Z2E{6% + 62 — 26.0, + 36202 + 362 — 65,05 — 2026, + 40,62 — 263}

Since Z = Y, we have

MSE® (i) = MSEWY(ig)
- , 2.7
+37? (% C2 [(1+205,)CF + 3CF = 6pyaCyC] 7

T

where

1— _
MSEW (jip) = <f> Y2 (Cy + CF — 2040y Cy) (2.8)

n

is the MSE corresponding to the first order approximation. The difference between the

two approximations for MSE is given by

/1= F\?
3Y? <f> C2 [(1+2p5,)C2 4 3C2 — 6pyaCyCy]

n

and it converges to zero as n — N. Our simulation results in Section 2.4 will also confirm
this pattern.

According to the first order of approximation, MSEW (ig) < MSE(fy) if

1C;

If second order approximation is used, we can easily see that M SE?) (jiz) < MSE(jiy)

if
x 1-—
zpyzgm +3 <nf> [6py2CaCy — 3C7 — (1+2p2,)Co] > 1. (2.10)
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2.4 A Simulation Study

In this section, we conduct a simulation study with particular focus on the following two
issues:

a. How does the ratio estimator iz compare with fir the RRT mean estimator /iy;

b. How do the Bias and MSE for the ratio estimator, correct up to second order of
approximation, compare with the Bias and MSE expressions correct up to first order

of approximation.

We considered 3 bivariate normal populations with different covariance matrices to
represent the distribution of (Y, X). The scrambling variable S is taken to be a normal
distribution with mean equal to zero and standard deviation equal to 10% of the standard
deviation of X. The reported response is givenby Z =Y + S.

All of the simulated populations have theoretical mean of [Y, X] as i = [2, 2] and co-

variance matrices as given below.

Population 1

N = 1000
9 1.9
r= , = 0.3167.
[ 19 4 ] Py
Population 2
N = 1000
10 3
Y= . pxy = 0.6708.
[3 2] PXY
Population 3
N = 1000

Y= 63 = 0.8660
- 3 9 ,yPXYy = U. .

For each population we considered five sample sizes: n = 20, 50, 100, 200 and 300.

The Absolute Relative Bias (ARB) for the two estimators is given by |Bias(fiy)/Y|
and |Bias(fir)/Y |. We estimate the ARB using 5000 samples of size 1 selected from each
population. The empirical ARB values for both estimators are given in Table 2.1. As
expected, the ARB generally decreases as the sample size increases, with some exceptions
due to random fluctuations.
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The RRT mean estimator should generally perform better than the ratio estimator
because this is an unbiased estimator. Nevertheless, the ratio estimator produces fairly
good results.

Table 2.1: Empirical ARB for RRT mean estimator and ratio estimator (bold).

Population Empirical ARB

N PXY n=20 n=50 n=100 n=200 n =300

0.0021  0.0011 0.0010 0.0018 0.0016
0.0223  0.0071 0.0057 0.0006 0.0009

1000 0.6965 0.0010  0.0021 0.0014 0.0014 0.0011
' 0.0193  0.0061 0.0015 0.0029 0.0021

0.0012  0.0013 0.0008 0.0013 0.0011
0.0181  0.0063 0.0023 0.0026 0.0020

0.3549

0.8783

The theoretical ARB results for the ratio estimator, correct up to first and second de-
gree of approximation, are presented in Table 2.2.

One can see that second order approximation as compared to first order approxima-
tion does not result in major difference in ARB even for modest sample size of n = 20
and 50.

Table 2.2: Theoretical ARB for ratio estimator based on 1" and 2™ order (bold) approximation.

Population Theoretical ARB

N PXY n=20 n=50 n=100 n=200 n =300
0.0224  0.0087 0.0041 0.0018 0.0011

0-3549 0.0258  0.0092 0.0042 0.0019 0.0011

1000 0.6965 0.0155  0.0060 0.0029 0.0013 0.0007
' 0.0167  0.0062 0.0029 0.0013 0.0007

0.8783 0.0142  0.0055 0.0026 0.0012 0.0007

0.0153  0.0057 0.0026 0.0012 0.0007

Table 2.3 below gives empirical and theoretical MSE’s for the ratio estimator based on
both the first order and second order approximations. As we see from the table, there
is hardly a difference between the two approximations even for small samples. Hence
the Percent Relative Efficiency (PRE) is calculated based on first order of approximation
only. We use the following expression to find the PRE of ratio estimator as compared to
the RRT mean estimator:

MSE(py)

PRE = —————=
MSE(fir)

x 100.

All the percent relative efficiencies are greater than 100 indicating that the ratio esti-
mator is better than the RRT mean estimator.

10
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There are small differences between MSE values based on first and second order ap-
proximation for smaller sample sizes (n=20 and 50) but the MSE values are very similar
when the sample size is larger. We can also note that the ratio estimator gets more and
more efficient as the coefficient of correlation between X and Y increases. We can further
note that for small correlation values, the ratio estimator may not be better than the RRT
mean estimator, particularly so if sample size is small.

Table 2.3: MSE correct up to 1°* and 2" order approximations and PRE for the ratio estimator relative to the
RRT mean estimator.

Population MSE Estimation MSE Condition PRE
N PXY n  Emprirical 1¥'Order 2"’Order 1°‘Order’ 2"%Order® 1°'Order 2"?Order
20 0.5782 0.4462 0.5249 0.6947 89.15
50 0.1837 0.1730 0.1848 0.9464 98.15
0.3549 100 0.0819 0.0820 0.0846 0.0340 1.0304 104.86 101.57
200 0.0358 0.0364 0.0370 1.0723 103.37
500 0.0219 0.0219 0.0214 1.0863 103.398
20 0.3434 0.3036 0.3327 2.9075 156.65
1000 50 0.1202 0.1177 0.1221 3.0887 165.49
0.6965 100 0.0548 0.0558 0.0568 0.4785 3.1492 171.63 168.67
200 0.0248 0.0248 0.0250 3.1794 170.30
500 0.0152 0.0145 0.0145 3.1894 170.85
20 0.1178 0.1012 0.1139 2.9424 274.89
50 0.0406 0.0392 0.0412 3.0185 294.99
0.8783 100 0.0183 0.0186 0.0190 0.5919 3.0439 309.31 302.36
200 0.0083 0.0083 0.0083 3.0565 306.18
500 0.0050 0.0048 0.0048 3.0608 307.48

! MSE comparison condition based on 1" order approximation given in expression (2.9).

2 MSE comparison condition based on 2™ order approximation given in expression (2.10).

2.5 Numerical Example

We now compare the RRT mean estimator and the ratio estimator using a real data set.
The data come from a sample from the survey on Information and Communication Tech-
nologies (ICT) usage in enterprises in 2009 with seat in Portugal (Smilhily and Storm,
2010). This survey intends to promote the development of the national statistical sys-
tem in the information society and to contribute to a deeper knowledge about the usage
of ICT by enterprises. The target population covers all industries with one and more
persons employed in the sections of economic activity C (Manufacturing) to N (Admin-
istrative and support service activities) and S (Other service activities), from NACE! Rev.
2 (Eurostat, 2008). The data are essentially collected using Electronic Data Interchange,
applying direct connection between information systems at the respondent and the Na-
tional Statistics Institute. For some enterprises the paper questionnaire is still used. The

'NACE is derived from the French title "Nomenclature générale des Activités économiques dans les
Communautés Européennes” (Statistical classification of economic activities in the European Communities).

11
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questions in the structural business surveys mainly deal with characteristics that can be
found in the organisations” annual reports and financial statements, such as employment,

turnover and investment.

In our application the study variable Y is the purchase orders in 2009, collected by
the ICT survey in that year. This is typically a confidential variable for enterprises, only
known from business surveys. The auxiliary variable X is the turnover of each enter-
prise. This information can be easily obtained from enterprise records available in the
public domain, as administrative information. In 2009 the population survey contained
approximately 278000 enterprises and we know the value of X for all these enterprises.
The purchase orders information was collected in the ICT survey and we have the val-
ues of Y for 5090 enterprises (which answered this question in the ICT survey in 2009).
For this study, these 5090 enterprises are considered as our population. The scrambling
variable S is taken to be a normal random variable with mean equal to zero and standard
deviation equal to 10% of the satandard deviation of X, that is g = 0.10x. The reported
response is given by Z =Y + S (the purchase order value plus a random quantity).

The variables Y and X are strongly correlated so we can take advantage of this correla-
tion by using the ratio estimator. In the next tables we present the results for the RRT

mean estimator and for the ratio estimator for different sample sizes.

Population Characteristics:

N = 5090, pxy = 0.9832
ux = 32.53, uy = 26.06,0x = 183.42, oy = 67.07 (in millions of Euros)
v = 31.54,7) = 36.12,75° = 1481.08,74 = 1839.13

where v, and v, are the coefficients of skewness and kurtosis, respectively. We use the
following samples sizes in our simulation study: n = 100, 200, 300, 400, 500, 1000, 1500
and 2000.

The empirical ARB values for both estimators, based on 5000 iterations, are given in
Table 2.4. As expected, the bias decreases as the sample size increases, except for some
random fluctuation. We expect the RRT mean estimator to perform better than the ratio
estimator because this is an unbiased estimator, however, we don’t see major differences

between the two for larger samples.

Table 2.4: Empirical ARB for the RRT mean estimator and the ratio estimator (bold).

Population Empirical ARB

N PXY n=100 n=200 n=300 n=400 n=500 n=1000 n=1500 n = 2000

0.0219 0.0002 0.0096 0.0107 0.0163 0.0145 0.0106 0.0096

509 0.9832 0.0284 0.0198 0.0171 0.0183 0.0166 0.0149 0.0127 0.0121

12
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The theoretical ARB results for the ratio estimator, correct up to first degree of ap-
proximation, are presented in Table 2.5. We use only the first order approximations from
here on since the first and second order approximations are very similar, as we have seen

earlier.

Table 2.5: Theoretical ARB for the RRT mean estimator and the ratio estimator.

Population Theoretica ARB

N PXY n=100 n=200 n=300 n=400 n=500 n=1000 n=1500 n = 2000

5090 09832  0.0368 0.0180 0.0118 0.0086 0.0068 0.0030 0.0018 0.0011

Table 2.6 presents the results for the empirical MSE estimates, the theoretical esti-
mates, correct up to first degree of approximation and the PRE of ratio estimator relative

to the RRT mean estimator.

Table 2.6: MSE, corrected to 1% order approximation, and PRE for the ratio estimator related to the RRT
mean estimator.

Population MSE Estimation PRE
N PXY n Empirical Theoretical
100 12.8924 15.2630
200 6.4608 7.4786
300 4.4498 4.8838
400 3.5279 3.5864
5090 0.9832 500 27380 2.8079 2286.36
1000 1.4117 1.2510
1500 0.8805 0.7321
2000 0.6033 0.4726

Clearly the ratio estimator performs better than the RRT mean estimator for the real
data also. The effect of sample size on the PRE calculation is neutralized when first order

approximation is used, as can be seen from Equations (2.2) and (2.8).

2.6 Transformed Ratio Estimators

Now consider the transformed ratio estimator:

] 1
where ¢ and d are the unit-free parameters, which may be quantities such as the coef-
ficient of skewness and coefficient of kurtosis for X. Many researchers have used trans-
formed ratio estimators. These include Sisodia and Dwivedi (1981), Singh et al. (1973),
Kulkarni (1977), Upadhyaya and Singh (1999), Upadhyaya et al. (2000) and Chandra and
Singh (2005).

13
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We can rewrite (2.11) using relative error terms in the form

frr =Z(140.) (1+nd:) ", (212)

where cX
n=-—=—.
cX +d

Expanding (2.12), the Bias, correct up to first order of approximation, is given by

. . 1— _
BZ@S(U(NTR) = (f> V{n*c2 — NpyzCyCy}. (2.13)

n
By (2.6) and (2.13) Bias")(jirr) < Bias™M (jig) if

(n—1) {Py:c - (Hcl)cg”} > 0. (2.14)
Yy

Similarly MSE of firg, to first order of approximation, is given by

i L-f\y
MSED (ipp) = <nf> V2 (C2 +n*Cy — 21py.CyCy) - (2.15)

By (2.8) and (2.15) MSEW (jirg) < MSEW (jig) if

(n+1)Cs
-1 — 7 >0. 2.16
(77 ) { Pyx 9 Cy ( )
Now we conduct a simulation study with particular focus on the comparison between
the ratio estimator jiz and the transformed ratio estimator firr. We considered the same
three bivariate normal populations as in the previous simulation study (Section 2.4).

The scrambling variable S is taken to be a normal random variable with mean equal
to zero and the standard deviation equal to 10% of the standard deviation of X. The
reported response is given by Z = Y + S. To compare these estimators, we present the
results for the RRT mean estimator (fiy ), the ratio estimator (jir) and for transformed

ratio estimator firg;(i = 1, 2, 3, 4) with four different combinations of parameters c and d:

1 g (X +d
. =z ,
HTR1 cx +d
where ¢ = 1 and d = coefficient of skewness;
> (X +d
. =z ,
HTR cx +d

where ¢ = 1 and d = coefficient of kurtosis;

3. fms = 7 [
- WTR3 = Ci’—i-d ’

where ¢ =coefficient of skewness and d = coefficient of kurtosis;

14
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cr +d
where ¢ =coefficient of kurtosis and d = coefficient of skewness.

R _<cX+d>
4, UTRA =2\ — |,

The empirical ARB values for these six estimators are given in Table 2.7.

Table 2.7: Empirical ARB for the RRT mean estimator, the ratio estimator and for the transformed ratio
estimators.

Population Empirical ARB

N PXY n Ly LR ATR1 ATR2 ATR3 ATR4

20 0.0002 0.0337 0.0435 0.0006 0.0026 0.0366
50 0.0007 0.0118 0.0146 0.0002 0.0019 0.0126
100 0.0003 0.0052 0.0065 0.0000 0.0009 0.0056
150 0.0000 0.0032 0.0040 0.0001 0.0003 0.0035
200 0.0012 0.0025 0.0030 0.0008 0.0016 0.0027
300 0.0020 0.0041 0.0045 0.0023 0.0021 0.0043

20 0.0011 0.0122 0.0113 0.0111 0.0018 0.0119
50 0.0004 0.0042 0.0038 0.0037 0.0015 0.0041
1000 100 0.0001 0.0022 0.0021 0.0021 0.0005 0.0022

0.3209

06746 150 0.0005 0.0016 0.0015 0.0016 0.0002 0.0016
200 0.0010 0.0005 0.0005 0.0001 0.0013 0.0005
300 0.0015 0.0013 0.0014 0.0011 0.0016 0.0014
20 0.0006 0.0120 0.0115 0.0108 0.0013 0.0119
50 0.0005 0.0041 0.0039 0.0036 0.0012 0.0040
0.8684 100 0.0001 0.0018 0.0017 0.0017 0.0005 0.0018

150 0.0002 0.0010 0.0010 0.0012 0.0001 0.0010
200 0.0009 0.0004 0.0004 0.0001 0.0011 0.0004
300 0.0014 0.0010 0.0011 0.0010 0.0015 0.0010

The empirical ARB results in the Table 2.7 and the theoretical ARB results, to first de-
gree of approximation, in the Table 2.8 indicate that the transformed ratio estimators do
not produce major reductions in ARB as compared to the ratio estimator when sample
size is large. Some reduction is observed for small sample size when using transforma-

tions where the additive parameter (d) is the kurtosis.
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Table 2.8: Theoretical ARB to 1% order approximation for the RRT mean estimator, the ratio estimator and
for the transformed ratio estimators.

Population Theoretical ARB (1°° Order)

N PXY n iR ATRI1 fTr2  QTR3  [MTR4

20 0.0248 0.0310 0.0017 0.0031 0.0267
50 0.0096 0.0120 0.0006 0.0012 0.0103
0.3209 100 0.0046 0.0057 0.0003 0.0006 0.0049
150 0.0029 0.0036 0.0002 0.0004 0.0031
200 0.0020 0.0025 0.0001 0.0003 0.0022
300 0.0012 0.0015 0.0001 0.0001 0.0013

20 0.0124 0.0116 0.0108 0.0031 0.0121

50 0.0048 0.0045 0.0042 0.0012 0.0047

1000 0.6746 100 0.0023 0.0021 0.0020 0.0006 0.0022
’ 150 0.0014 0.0013 0.0012 0.0004 0.0014

200 0.0010 0.0009 0.0009 0.0003 0.0010

300 0.0006 0.0006 0.0005 0.0001 0.0006

20 0.0123 0.0118 0.0108 0.0020 0.0121
50 0.0048 0.0046 0.0042 0.0008 0.0047
100 0.0023 0.0022 0.0020 0.0004 0.0022
150 0.0014 0.0014 0.0013 0.0002 0.0014
200 0.0010 0.0010 0.0009 0.0002 0.0010
300 0.0006 0.0006 0.0005 0.0001 0.0006

0.8684

Table 2.9 presents the results for the empirical MSE estimates and for the theoretical
estimates, correct up to first order of approximation. Both results indicate that modest
gains can be achieved by using transformations where the additive parameter (d) is the
coefficient of skewness.
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Table 2.9: Empirical MSE and theoretical (bold) MSE to 1°* order of approximation for the RRT mean esti-
mator, the ratio estimator and for the transformed ratio estimators.

Population MSE
N PXY n LR ATR1 ATR2 ATR3 ATR4
20 0.5799 0.6584 0.4097 0.4686 0.6010
0.4496 0.4672 0.3994 0.4663 0.4548
50 0.1881 0.2000 0.1546 0.1793 0.1915
0.1743 0.1811 0.1549 0.1808 0.1763
100 0.0872 0.0914 0.0750 0.0875 0.0884
0.3209 0.0826 0.0858 0.0734 0.0857 0.0835
150 0.0546 0.0571 0.0475 0.0551 0.0554
0.0520 0.0540 0.0462 0.0539 0.0526
200 0.0395 0.0412 0.0343 0.0394 0.0400
0.0367 0.0381 0.0326 0.0381 0.0371
300 0.0223 0.0232 0.0196 0.0227 0.0225
0.0214 0.0222 0.0190 0.0222 0.0217
20 0.3226 0.3197 0.3956 0.5167 0.3216
0.2939 0.2884 0.3885 0.5162 0.2961
50 0.1165 0.1148 0.1497 0.1979 0.1159
0.1140 0.1118 0.1507 0.2002 0.1132
100 0.0558 0.0548 0.0728 0.0967 0.0554
1000 0.6746 0.0540 0.0530 0.0714 0.0948 0.0536
150 0.0352 0.0346 0.0460 0.0608 0.0350
0.0340 0.0333 0.0449 0.0597 0.0338
200 0.0254 0.0250 0.0330 0.0434 0.0253
0.0240 0.0235 0.0317 0.0421 0.0238
300 0.0145 0.0142 0.0189 0.0250 0.0144
0.0140 0.0137 0.0185 0.0246 0.0139
20 0.1117 0.1083 0.1973 0.3119 0.1106
0.0984 0.0947 0.1920 0.3113 0.0971
50 0.0396 0.0382 0.0743 0.1195 0.0391
0.0381 0.0367 0.0744 0.1207 0.0377
100 0.0188 0.0181 0.0361 0.0584 0.0186
0.8684 0.0181 0.0174 0.0353 0.0572 0.0178
150 0.0118 0.0114 0.0228 0.0367 0.0117
0.0114 0.0110 0.0222 0.0360 0.0112
200 0.0086 0.0083 0.0164 0.0263 0.0085
0.0080 0.0077 0.0157 0.0254 0.0079
300 0.0049 0.0047 0.0094 0.0151 0.0048

0.0047 0.0045 0.0091 0.0148 0.0046

Table 2.10 gives the PRE of various transformed ratio estimators relative to the ratio

estimator based on first order approximation.

We can observe that the transformed ratio estimators that utilize the parameter d as
coefficient of skewness result in higher PRE as compared to the ratio estimator when the

correlation is larger. This was expected based on Condition (2.16) and Table 2.11 below.
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Table 2.10: PRE for the transformed ratio estimator related to the ratio estimator based on 1°' order of
approximation.

Population PRE (1°" Order)

N PXY ATR1 fArr2  QTR3  [TR4
0.3209 96.24 11256 96.41 98.86

1000 0.6746 10193 75.65 56.94 100.64
0.8684 103.87 5124 31.60 101.28

Note that the transformed ratio estimator performs better than the ratio estimator
when the condition in (2.16) is satisfied.

Table 2.11: Calculations for the expression in (2.16).

Population Condition (MSE - 1°* Order)

N PXY QTR AT R2 ATR3 AT R4

0.3209 -0.0299 0.0855 -0.0285 -0.0088
1000 0.6746 0.0127 -0.2160 -0.5074  0.0043
0.8684 0.0108 -0.2751 -0.6259  0.0037

2.7 Conclusions

We can observe from this study that the estimation of the mean of a sensitive variable
can be improved by using a non-sensitive auxiliary variable. The ratio estimators, in
spite of being biased, can have much better PRE as compared to the RRT mean estima-
tor. Our simulation study and the numerical example show that this improvement can
be quite substantial if the correlation between the study variable and the auxiliary vari-
able is high. We also note that there is hardly any difference in the Bias or MSE of the
proposed estimator when using first or second order approximation. It is further noticed
that the transformed ratio estimators produce very minimal gain over the ordinary ratio

estimator.
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Appendix A - R Routines

Listing 2.1: R Code for Simulation Study of Proposed Estimator in Chapter 2

projl <- function (N, sigma,mu)
{
set .seed (100)
#Generation of a bivariate normal population

data_yx <— mvrnorm(N, mu, sigma)

#Study variable
Y <- data_yx[,1]
#Auxiliary variable, correlated with Y
X <- data_yx[,2]

#Coefficient of correlation between Y and X
Ro_YX <= cor (Y, X)

#Scrambling variable independent of Y and X, with mean=0
S <= rnorm (N, mean=0,sd=0.1xsd (X))

#Scrambled response

7 <= Y+S

#Coefficient of correlation between Z and X
Ro_ZX <— Ro_YX/sqgrt (1+ (var (S)/var(Y)))

#population
univ <— data.frame (cbind (Y=Y, S=S, Z2=Z, X=X, NRAND=runif (N)))

univ <- univ[order (univ$NRAND), ]

#Mean of Y
my <— mean (univ$yY

univs$x

)
mz <—- mean (univ$z)
mx <— mean )

)

(
(
(
ms <- mean (univ$s

#Sample dimension
dim_samp <- ¢(20,50,100,200,300)

res <-— NULL
for (i in 1l:length(dim_samp))
{
#sample dimension
n <— dim_samp[i]
#sample
samp <— univ([l:n,]
#sampling rate
f <= n/N
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Appendix A - R Routines

}

#estimators
estl <- mean (samp$Z7)

est2 <— mean (samp$Z) * (mean (univ$X) /mean (samp$X) )

#Ratio

R <- mean (univ$X) /mean (samp$X)

#Mean Square Error of 1st estimator

msel <— ((1-f)/n)*var (univ$2z)

#Coefficient of variation

c_x <— sd(univ$X) /mx

c_y <- sd(univ$Y)/my

c2_x <= ¢c_x"2

c2_y <= e_y"2

c2_z <— c2_y+ (var (univ$s)/ (my"2))

c_z <- sqgrt(c2_z)

#Bias of ratio estimator - 1st degree approximation
bias2i <= ((1-f)/n)*my* (c2_x-Ro_ZX*C_z*C_X)

#Bias of ratio estimator - 2nd degree approximation
bias2ii <- bias2i*(1+((1-£f)/n) *3*c2_x)

#Mean Square Error of ratio estimator - 1st degree approximation

mse2i <= ((1-f)/n)*(my"2)* (c2_z+c2_x-2%RO_ZX*C_z*C_X)

#Mean Square Error of ratio estimator — 2nd degree approximation

mse2ii <= mse2i+3x (my"2)* (((1-£f)/n) " 2)*c2_x*((1+2% (Ro_ZX"2))*c2_z
+3%C2_X—0%¥R0O_ZX*C_Z*C_X)

aux_bias <—= (c_x—-Ro_7ZX*c_z)

aux_msel <— (Ro_ZX-(1/2)*(ec_x/c_z))
aux_mse2 <— 2%xRo_ZX*x(c_z/c_x)-3%x((1-f)/n)*((1l+2% (Ro_ZX"2))*c2_z

+3%C2_x—6%RO_ZX*C_z*C_X)

emp <— NULL

#Empirical results

#Simulation of 5000 replicas of estimates

#Results
res <- rbind(res,c(N,n,Ro_YX,Ro_ZX,R,my,mz,ms,
med_estl,med_est2,bias2i,bias2ii, emp_msel,msel,

emp_mse2,mse2i,mse2ii,aux_bias,aux_msel,aux_mse2))

colnames (reS) <- c ("N", "n", "RhOXY", "RhOZX", "R", "mY", "mzvv, "msvv’

"Estl","Est2", "BIAS2I","BIAS2II","EMP_MSE1","MSEL",
"EMP_MSE2", "MSE2I","MSE2II", "AUX_BIAS","AUX_MSE1", "AUX_MSE2")

return (res)
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#Package for generation

require (MASS)

N<-1000

#Parameters

sigmal <- matrix(c(9,1.9,1.9,4),2,2)
sigma2 <— matrix(c(10,3,3,2),2,2)
sigma3 <- matrix(c(6,3,3,2),2,2)

mu <= ¢ (2,2)

res <-— NULL

for (i in 1l:length(N))

{
res <— rbind(res,projl (N[i],sigmal,mu))
res <— rbind(res,projl(N[i],sigma2,mu))

res <— rbind(res,projl(N[i], sigma3,mu))

write.table (res, "chapter2_ss_resultsl.txt",sep="\t",dec=",", row.names=FALSE)
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Listing 2.2: R Code for Simulation Study of Transformed Ratio Estimators in Chapter 2

mykurtosis <— function (x)

{
m4 <- mean ( (x-mean (x))"4)
kurt <—- m4/ (sd(x)"4)
return (kurt)

}

myskewness <-— function (x)

{
m3 <— mean ( (x-mean (x))"3)
skew <— m3/ (sd(x)"3)
return (skew)

}

projl_transf <-— function (N, sigma,mu)

{

#Generation of a bivariate normal population

data_yx <- mvrnorm(N, mu, sigma)

#Study variable
Y <- data_yx[,1]
#Auxiliary variable, correlated with Y
X <- data_yx[,2]

#Coefficient of correlation between Y and X
Ro_YX <-= cor (Y, X)

#Scrambling variable independent of Y and X, with mean=0
S <— rnorm(N,mean=0,sd=0.1*sd (X))

#Scrambled response

7 <— Y+S

#Coefficient of correlation between Z and X

Ro_ZX <= Ro_YX/sqgrt (1+ (var (S) /var(Y)))

#population
univ <-— data.frame (cbind (Y=Y, S=S, Z2=Z, X=X, NRAND=runif (N)))

univ <-— univ[order (univ$NRAND), ]

#Mean of Y
my <— mean (univ$Y)
mz <— mean (univ$7z)

mx <— mean (univ$Xx)

#Samples dimension
dim_samp <- ¢(20,50,100,150,200,300)
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res <-— NULL
for (i in 1l:length(dim_samp))
{
#sample dimension
n <— dim_samp[i]
#sample
samp <-— univ([l:n,]
#sampling rate
f <= n/N

#Ratio

R <- mean (univ$X) /mean (samp$X)

#O0rdinary meam
estl <- mean (samp$Z7)
#Ratio estimator

est2 <- mean (samp$Z) * (mean (univ$X) /mean (samp$X) )

#Coefficient of variation

c_x <— sd(univ$X) /mx

c_y <— sd(univ$Y)/my

c2_x <= ¢c_x"2

c2_y <= ec_y"2

c2_z <= c2_y+(var(univ$s)/ (my"2))
c_z <— sqrt(c2_z)

#Bias of ratio estimator - 1lst degree approximation
bias2i <= ((1-f)/n)*my* (c2_x-Ro_ZX*C_z*C_X)

#Bias of ratio estimator - 2nd degree approximation
bias2ii <— bias2i* (1+((1-f)/n)*3*xc2_x)

#Mean Square Error of 1st estimator (ordinal mean)

msel <= ((1-f)/n)+* (var (univ$Y)+var (univ$s))
#Mean Square Error of ratio estimator - 1lst degree approximation
mse2i <= ((1-f)/n)*(my"2)* (C2_z+c2_x—2*RO_ZX*C_z*C_X)

#Mean Square Error of ratio estimator - 2nd degree approximation
mse2ii <= mse2i+3*% (my”*2)* (((1-f)/n)"2)*c2_x*((1+2% (Ro_ZX"2))*c2_z

+3%Cc2_x—-6%Ro_ZX*C_z*C_X)

nu <- 1

aux_m <— c2_x—-2%Ro_ZX*C_z*C_X

s <= myskewness (univ$X)

k <= mykurtosis (univ$Xx)

ve <= ¢(1,1,1,s,k)

vd <= ¢(s,k,Ro_YX, k,s)

#Initialize the variables est3, mse3i,
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for (i in l:length(vc))
{
nu <— (vc[i]*mean (univ$X))/ (vc[i]+*mean (univ$X)+vd[i])

vnu <-= ¢ (vnu,nu)

aux_biasl <- (nu-1)#* (Ro_ZX- (nu+l)*c_x/c_=z)

aux_msel <= (nu-1)* (Ro_ZX- (nu+l)*c_x/ (2*xc_z))

vbl <= ¢ (vbl,aux_biasl)

vml <= c¢(vml,aux_msel)

#Transformed ratio estimator
est3 <- c(est3,mean (samp$2z)* (vc[i]*mean (univ$X)+vd[i])

/ (vc[i] *mean (samp$X)+vd[i]))

#Mean Square Error of transformed ratio estimator
#1lst degree approximation

mse31 <= c(mse3i, ((1-f)/n)*(my"2)* (c2_z+ (nu"2) *c2_x—-2*nu*xRo_ZX*C_z*C_X))

#Mean Square Error of transformed ratio estimator

#1lst degree approximation

mse3ii <— c(mse3ii,mse3i[1i]+3% (my"2)
*(((1-£)/n)"2)*c2_x*x ((nu"2) * (1+2% (Ro_ZX"2))

*C2_z+3% (nu™4d) *c2_x—6% (nu”"3) *Ro_ZX*c_z*C_xXx))

#Bias of transformated ratio estimator — 1st degree approximation
bias3i <- e(bias3i, ((1-f)/n)*my* ((nu"2)*Cc2_X-Nu*Ro_ZX*C_zZ*C_Xx) )
#Bias of transformated ratio estimator - 2nd degree approximation
bias3ii <= e(bias3ii,bias31i[i]
+(((1-f)/n)*2) *3%my* ( (nu™4) * (c2_x"2) - (nu”"3)

*Ro_ZX*c_z* (c_x"3)))

#Empirical results

#Simulation of 5000 replicas of estimates

#Results
res <— rbind(res,c(N,n,Ro_YX,Ro_ZX,R,my,med_estl,med_est2,
med_est3,
bias2i,bias?2ii,
bias3i,
bias3ii,
emp_msel,msel, emp_mse2,mse2i,mse2ii,
emp_mse3,
mse3i,
mse3ii,
vnu,

vbl,
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vml) )

}

colnames (res)

return (res)

}

<- C("N", "1'1", "RhOXY", "RhOZX", "R", "mY", "Estl", "EstZ",

paste ("Est3_", 1:1length (vc),sep=""),
"BIAS2I", "BIAS2II",

paste ("BIAS3I_",l:1length(vc),sep=""),
paste ("BIAS3II_",1l:1length(vc),sep=""),
"EMP_MSEL1", "MSE1", "EMP_MSE2", "MSE2I", "MSE2II",
paste ("EMP_MSE3_", 1l:1length (vc),sep=""),
paste ("MSE3I_", 1l:1length(vc),sep=""),
paste ("MSE3II_",1l:1length(vc),sep=""),
paste ("NU_", 1:length(vc),sep=""),

paste ("AUX3_BIAS1_",1l:length(vc),sep=""),
paste ("AUX3_MSE1_", 1l:length (vc),sep=""))

#Package for generation

require (MASS)
N <= 1000

#Parameters

sigmal <- matrix(c(9,1.9,1.9,4),2,2)
sigma2 <- matrix(c(10,3,3,2),2,2)
sigma3 <- matrix(c(6,3,3,2),2,2)

mu <= ¢ (2,2)

res <-— NULL

for (i in 1l:length(N))

{

res <— rbind(res,projl_transf(N[i],sigmal,mu))

res <— rbind(res,projl_transf(N[i], sigma2,mu))

res <— rbind(res,projl_transf(N[i],sigma3,mu))

}

write.table (res, "chapter2_ss_results2.txt", sep="\t",dec=",", row.names=FALSE)
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Listing 2.3: R Code for Numerical Example of Proposed Estimator in Chapter 2

projl_real <- function (Y, X,N)

{

#Coefficient of correlation between Y and X

Ro_YX <= cor (Y, X)

#Scrambling variable independent of Y and X, with mean=0
S <-= rnorm (N, mean=0,sd=sd(X)*0.1)
#Scrambled response

7 <= Y+S

#Coefficient of correlation between Z and X
Ro_Z7ZX <= Ro_YX/sqgrt (1+ (var (S)/var(Y)))

#population
univ <— data.frame (cbind (Y=Y, S=S, Z=Z, X=X, NRAND=runif (N)))

univ <-— univ[order (univ$NRAND), ]

#Mean of Y
my <— mean (univ$yY)
mz <— mean (univ$?z)

mx <— mean (univ$x)

#Samples dimension
dim samp <- ¢(100,200,300,400,500,1000,1500,2000)

res <-— NULL
for (i in 1l:length(dim_samp))
{
#sample dimension
n <— dim_samp[i]
#sample
samp <— univ([l:n,]
#Sampling rate
f <= n/N

#estimators
estl <- mean (samp$2)

est2 <— mean (samp$Z) * (mean (univ$X) /mean (samp$X) )

#Ratio

R <- mean (univ$X) /mean (samp$X)

#Mean Square Error of 1st estimator

msel <= ((1-f)/n)*(var (univ$Y)+var (univ$s))
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#Coefficient of variation

c_x <— sd(univ$X) /mx

c_y <- sd(univ$Y)/my

c2_x <= ¢c_x"2

c2_y <= e_y"2

c2_z <= c2_y+ (var(univ$s)/ (my"2))
c_z <— sqrt(c2_z)

#Bias of ratio estimator - 1st degree approximation
bias2i <= ((1-f)/n)*my* (c2_x-Ro_ZX*C_z*C_X)

#Bias of ratio estimator - 2nd degree approximation
bias2ii <— bias2i* (1+ ((1-f)/n)*3*xc2_x)

#Mean Square Error of ratio estimator - 1lst degree approximation
mse2i <= ((1-f)/n)*(my"2)* (c2_z+c2_x-2%RO_ZX*C_z*C_X)

#Mean Square Error of ratio estimator - 2nd degree approximation
mse2ii <= mse2i+3*% (my”2)* (((1-f)/n)"2)*c2_x*((1+2% (Ro_ZX"2))*c2_z

+3%C2_x—6%RO_ZX*C_z*C_X)

aux_bias <= (c_x-Ro_ZX*c_z)

aux_msel <— (Ro_ZX-(1/2)*(e_x/c_z))
aux_mse2 <— 2%Ro_ZX*(c_z/c_x)-3%((1-f)/n)*((1+2% (Ro_ZX"2)) *c2_z

+3%C2_x—6%R0O_ZX*C_z*C_X)

#Empirical results

#Simulation of 5000 replicas of estimates

#Results
res <— rbind(res,c(N,n,Ro_YX,Ro_ZX,R,my,med_estl,med_est2,
bias2i,bias2ii,emp_msel,msel,emp_mse2,mse2i,mse2ii,
aux_bias,aux_msel, aux_mse?2))
}
colnames (res) <— c("N","n", "RhoXY", "RhozX", "R", "my", "Est1", "Est2",
"BIAS2I","BIAS2II","EMP_MSEL1","MSE1", "EMP_MSE2",
"MSE2I", "MSE2II", "AUX_BIAS","AUX_MSE1", "AUX_MSE2")

return (res)

#Package for generation

require (MASS)

#Import data

data_yx <- read.table ("IUTICE(09.dat",sep="\t",dec=",",header = T)
#Study variable (purchase, millions of euros)

Y <- data_yx[, 3]

#Auxiliary variable, correlated with Y (turnover, millions of euros)

X <-= data_yx[,2]
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#Data application
N <- dim(data_yx) [1]
res <— projl_real (Y, X,N)

#Export data

write.table (res, "chapter2_ne_results", sep="\t",dec=",", row.names=FALSE)
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Estimation of the Mean of a Sensitive
Variable in the Presence of Auxiliary

Information

Abstract

Sousa et al. (2010) introduced a ratio estimator for the mean of a sensitive variable and
showed that this estimator performs better than the ordinary mean estimator based on
a Randomized Response Technique (RRT). In this paper, we introduce a regression esti-
mator that performs better than the ratio estimator even for modest correlation between
the primary and the auxiliary variables. The underlying assumption is that the primary
variable is sensitive in nature but a non-sensitive auxiliary variable exists that is posi-
tively correlated with the primary variable. Expressions for the Bias and Mean Square
Error (MSE) are derived based on the first order of approximation. It is shown that the
proposed regression estimator performs better than the ratio estimator and the ordinary
RRT mean estimator (that does not utilize the auxiliary information). We also consider
a generalized regression-cum-ratio estimator that has even smaller MSE. An extensive
simulation study is presented to evaluate the performances of the proposed estimators in

relation to other estimators in the study.

Published as: GUPTA, S., SHABBIR, J., SOUSA, R. & REAL, P.C. 2012. Estimation of the Mean of a
Sensitive Variable in the Presence of Auxiliary Information. Communications in Statistics - Theory and Methods,
41(13-14), 2394-2404.

31
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3.1. Introduction

The procedure is also applied to some financial data: purchase orders (a sensitive
variable) and gross turnover (a non-sensitive variable) in 2009 for a population of 5336
companies in Portugal from a survey on Information and Communication Technologies
(ICT) usage.

3.1 Introduction

In survey research, direct reliable observation on the variable of interest (Y') is sometimes
not possible because the variable may be sensitive in nature. In this paper we focus on
estimating the mean of a sensitive variable Y using an auxiliary variable (X') that can be
directly observed and that is correlated with the variable of the interest. For example, Y’
may be the total number of abortions a woman of child bearing age might have had and
X may be her current age. Similarly, Y may be the total value of purchase orders in a
year for a company and X may be the total turnover for that company in that year. In
such situations, mean of Y can be estimated by using one of many randomized response
techniques if the auxiliary information is to be ignored.

Many authors have estimated the mean of a sensitive variable when the primary vari-
able is sensitive and there is no auxiliary variable available. These include Eichhorn and
Hayre (1983), Gupta and Shabbir (2004), Gupta et al. (2002, 2010), Wu et al. (2008), Saha
(2008) and Perri (2008). Also, many authors have presented ratio and regression estima-
tors when both Y and X are directly observable. These include Kadilar and Cingi (2005),
Kadilar et al. (2007), Shabbir and Gupta (2007, 2010) and Nangsue (2009).

In this paper, we propose a regression estimator where the RRT estimator of the mean
of Y is further improved by using an auxiliary variable X. We also consider a generalized
regression-cum-ratio estimator under the same conditions. Expressions for the Bias and
MSE for the proposed estimators are derived, correct up to first order of approximation.
We compare the performances of the proposed estimators with those of the ratio and the
ordinary RRT mean estimators. We observe that there is considerable reduction in MSE,
particularly when the correlation between the study variable and the auxiliary variable
is high.

3.2 Terminology

Let Y be the study variable, a sensitive variable which cannot be observed directly due to
respondent bias. Let X be a non-sensitive auxiliary variable which has a positive correla-
tion with Y. Let S be a scrambling variable independent of Y and X. The respondent is
asked to report a scrambled response for Y given by Z = Y + S but is asked to provide a

true response for X. Let a random sample of size n be drawn without replacement from
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a finite population U = (Uy, Uy, ..., Uy). For the it" unit (i = 1,2, ..., N), let y; and ;, re-
spectively, be the values of the study variable Y and auxiliary variable X. Let = M,
sz and 7 = Zi=1% =1% be the sample means and Y =E(Y), X =E(X),and Z=E(Z)
be the corresponding populatlon means for Y, X and Z, respectively We assume that X
is known and S = E(S) =0. Thus, E(Z)=E(Y) and C2=C; + Y2, where C, and C,, are
the coefficients of variation of z and y, respectively. If ¢y = z ZZ ,e1 = x;—(X ,eg = = 5_252 ,
and e3 = %, then we have F(e;)=0,7=0,1,2,3.

If information on X is ignored, then an unbiased estimator of yy is the ordinary sam-
ple mean (%) given by (3.1) below.
[y =% (3.1)

The mean square error (MSE) of [iy is given by

MSE(y) = (

Sy +57), (3.2)

where f =n/N, S2 = T 21]11(%‘ —Y)?and 5% = Zﬁ\;l(si - 9)2

3.3 The Ratio Estimator

Sousa et al. (2010) proposed a ratio estimator for the mean of sensitive variable (V)

utilizing information from a non-sensitive auxiliary variable (.X). This estimator is given
by i
. (X

Bias and MSE of [ir, correct up to first order of approximation, are given by

1-7

n

piastin) = (1) ¥ (€2 pucicy) o

and
1—f

n

MSE(jir) = ( ) V2 (C2+C2—2p.,C.Cy). (3.5)

It can be observed that M SE(jir) < MSE(iy) if

10, S2
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3.4 Ordinary Regression Estimator

Assuming linear relationship between Y and X, we propose the following regression

estimator for the population mean of Y’
fifeg = 2+ Baa (X — ), (37)

where Bzx is the sample regression coefficient between Z and X and Z = Y + S is the
scrambled response on Y. Using Taylor’s approximation and retaining terms of order up
to 2, (3.7) can be rewritten as

,[J/Reg — 7 260 — ﬁmX [61 + er1e3 — 6162] . (3.8)

From Mukhopadhyay (1998, p. 123), we have:

1—f 1—f 1—f 1 pos

1—f1 pio
E(e})=—=C2 E(e})=——=C2, E(e12)=——="", E(e13) = =
(€)= ——C%, Eley)=——Cq, Elerz) =— 09 (e13)

no X pn

1 _ _
where i, = N1 Zfi (zi — Z)"(x; — X)® and Oy, C, are the coefficients of variation of

x and z, respectively.

Also we have: 3., = = 5% = pyzgy = Byas Poz = L,

S92

where py, and p., are the coefficients of correlation between y and x, and between z and

x, respectively.

Recognizing that Z = Y in Equation (3.8), the Bias and MSE of i Reg, to first order of
approximation, are given by

and
_ _ 2
MSE(fipeg) = (1nf) V202 (1-p2,) = (1 - f) Sz { (1 + ;) - pzx} . (3.10)
Yy

It can be verified easily that
() MSE(jineg) < MSE(jiy) if
pry > 0; (3.11)
(ii) MSE(fireg) < MSE(fir) if
(Co — Capza)® > 0. (3.12)
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These conditions will always hold true indicating that up to first order of approxima-
tion, the regression estimator performs better than jiy and fip.

3.5 Generalized Regression-cum-ratio Estimator

Many authors have used regression-cum-ratio estimators that combine both the regres-
sion estimator and ratio estimator. These include Ray and Singh (1981), Perri (2004),
and Kadilar and Cingi (2004, 2006). We consider a similar hybrid estimator, as a gener-
alized regression-cum-ratio estimator with constant coefficients whose values are to be
determined later from optimality considerations. The main idea is to see if further gains
can be achieved by using a generalized regression-cum-ratio estimator, as compared to

regression estimator given by (3.7). This estimator is given by:

farn = (ka7 + k2 (X - )] (). (313)

x

where k1 and k» are constants.

Solving (3.13) using Taylor’s approximation and retaining terms of order up to 2, we
have
ﬂGRR - }7 = (kl — 1)}7 + k1}7(60 — €1 — €peq + 6%) - k2X(€1 - 6%) (314)

From (3.14), the Bias and MSE of jigrr to first order of approximation are given by
Bias(fiarr) = (k1 = )Y + k¥ (50) {C2 = pC.Co} + X (L) €2 (315)

and

MSE(icrr) = (ki — 1272 + k272 (1 i ) {C2+3C2 — 4p.,C.C,)
k2R (121) 02 — 2k 72 (1 f) (C? = p..C.C.) (3.16)

2k, Y (n L) €2 = iV X (1) {p:aC2C - 22

Differentiating (3.16) with respect to ki and k» we get the following optimum values:

- (%> c (3.17)

kl opt) —
(B (-2
and v o
which minimize the MSE.
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Substituting the optimum values of k; and k» in (3.16), we get

1-f
MSE(fiGRR)min = re i )1( ) { ( )Cg} (3.19)

2= () + (- ()

It can be verified that:

() MSE(iGRR)min < MSE(fiy) if

<1;f> {57+ 52} >0, (3.20)

which is always true.

(i) MSE(iGRR)min < MSE(jir) if

(CI B Pzr>2 + ( <7f> - pzx) > 0. (3.21)

(i) MSE(igrR)min < MSE(jiey) if

() eza-m)=o (322)

which is always true.

From these conditions we can conclude that the generalized estimator in (3.13) with

optimal coefficients is always better than /iy, and fige4. It is also better than the ratio and

1—(1_f>0§>0
n

(1_f> C? <1. (3.23)

n

regression estimators if

or

The last condition is very likely to hold true. So, with this generalized regression-
cum-ratio estimator, we may be able to achieve further gain in terms of MSE, as can be
observed from the simulation results in the next section.
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3.6 The Simulation Study

In this section, we present results of a simulation study with particular focus on the
performance for the regression estimator jir., and the proposed generalized regression-
cum-ratio estimator [igrr as compared to the RRT mean estimator [iy, and the ratio esti-

mator jip.

We consider three finite sub-populations of size 1000 each from bivariate normal pop-
ulations with different covariance matrices to represent the distribution of (Y, X). The
scrambling variable S is taken to be a normal variate with mean equal to zero and stan-
dard deviation equal to 10% of the standard deviation of X. The reported response is
givenby Z =Y + 5.

All of the simulated populations have theoretical mean of [V, X] as u = [2,2]. The

covariance matrices (3) are as given below.

Population 1

(919
= , = 0.3209.
19 4 ] Py
Population 2
10 3
Y=  pxy = 0.6746.
3 2] PXY
Population 3

6 3
Y= , = 0.8684.
[ 3 9 ] PXY

For each population, we consider five sample sizes: n = 50, 100, 200 and 300.

Table 3.1 below gives empirical and theoretical MSE’s for various estimators based
on the first order approximation. We estimate the empirical MSE using 5000 samples of
various sizes selected from each population. We use the following expression to find the
PRE of ratio, regression and generalized regression-cum-ratio estimators as compared to

the RRT mean estimator:

where « = R, Reg, GRR.
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3.6. The Simulation Study

Table 3.1: MSE correct up to 1% order approximation and PRE for the ratio estimator (fir), the regression
estimator ({irey) and the generalized regression-cum-ratio estimator ({icrr) relative to the RRT mean esti-
mator.

Population MSE Estimation

N PXY n  Estimator Empirical Theoretical = PRE Condition*

iR 0.1885 0.1743 98.62
50 [iReq 0.1557 0.1543 111.43 0.0186
AGRR 0.1571 0.1485 115.77
LR 0.0877 0.0826 98.62
100 [iReq 0.0733 0.0731 111.43 0.0088
QlGRR 0.0736 0.0718 113.46
1000 0.3209 iR 0.0382 0.0367 98.62
200 [iReq 0.0331 0.0325 111.43 0.0039
fIGRR 0.0331 0.0322 112.33
iR 0.0222 0.0214 98.62
300 fiReg 0.0194 0.0189 111.43 0.0023
[IGRR 0.0194 0.0189 111.95
QR 0.1181 0.1140 167.23
50 fiReg 0.1041 0.1040 183.20 0.0094
fACRR 0.1035 0.1014 187.97
LR 0.0548 0.0540 167.23
100 fiReg 0.0505 0.0493 183.20 0.0044
fACRR 0.0502 0.0487 185.45
1000 0.6746 LR 0.0246 0.0240 167.23
200 fiReg 0.0224 0.0219 183.20 0.0020
fACRR 0.0224 0.0218 184.20
LR 0.0143 0.0140 167.23
300 fiReg 0.0131 0.0128 183.20 0.0012
ACRR 0.0131 0.0127 183.78
fir 0.0399 0.0381 300.26
50 [iReq 0.0283 0.0284 402.62 0.0094
AGRR 0.0288 0.0282 405.49
[ir 0.0186 0.0181 300.26
100 [iReq 0.0141 0.0135 402.62 0.0045
AGRR 0.0141 0.0134 403.97
1000 0.8684 [ir 0.0083 0.0080 300.26
200 [iReq 0.0061 0.0060 402.62 0.0020
AGRR 0.0061 0.0060 403.22
[ir 0.0048 0.0047 300.26
300 [iReq 0.0036 0.0035 402.62 0.0012
AGRR 0.0036 0.0035 402.97

' MSE comparison base on 1%t order approximation given in expression 3.23.

For the regression and the generalized regression-cum-ratio estimators all the percent
relative efficiencies are greater than 100 indicating that all these estimators are better
than the RRT mean estimator. The same cannot be said about the ratio estimator because
it is better than RRT mean estimator only for larger correlation values between X and
Y. As expected, the generalized regression-cum-ratio estimator presents larger percent
relative efficiencies although the improvement over the ordinary regression estimator is

only modest.

38



3. ESTIMATION OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF AUXILIARY INFORMATION
3.7. Numerical Example

3.7 Numerical Example

We now compare the performances of different estimators using a real data set. We focus
on the ratio estimator, regression estimator and generalized regression-cum-ratio estima-
tor. The sample data come from a very large survey on Information and Communica-
tion Technologies (ICT) usage in enterprises in 2009 with seat in Portugal (Smilhily and
Storm, 2010). This survey intends to promote the development of the national statis-
tical system in the information society and to contribute to a deeper knowledge about
the usage of ICT by enterprises. The target population covers all industries with one and
more persons employed in the sections of economic activity C (Manufacturing) to N (Ad-
ministrative and support service activities) and S (Other service activities), from NACE!
Rev. 2 (Eurostat, 2008). The data are collected mainly using Electronic Data Interchange,
applying direct connection between information systems at the respondent and the Na-
tional Statistics Institute. For some enterprises the paper questionnaire is still used. The
questions in the structural business surveys mainly deal with characteristics that can be
found in the organisations” annual reports and financial statements, such as employment,

turnover and investment.

In our application the study variable Y is the purchase orders in 2010, collected by
the ICT survey in that year. This is typically a confidential variable for enterprises, only
known from business surveys. The auxiliary variable X is the turnover of each enter-
prise. This information can be easily obtained from enterprise records available in the
public domain, as administrative information. In 2010, the population survey contained
approximately 278000 enterprises and we know the value of X for all these enterprises.
The purchase orders information was collected in the ICT survey and we have the values
of Y for 5336 enterprises (which answered this question in the ICT survey in 2010). For
this study, these 5336 enterprises are considered as our population so that its parame-
ters are known. The scrambling variable S is taken to be a normal random variable with
mean equal to zero and standard deviation equal to 10% of the standard deviation of X,
that is g = 0.1ox. The reported response is given by Z = Y + S (the purchase order
value plus a random quantity). The variables Y and X are strongly correlated so we can
take advantage of this correlation by using the ratio and regression estimators, as well as
a hybrid estimator that combines both. In Table 6.1 we present the results for the ratio es-
timator, the regression estimator and the generalized ratio-cum-regression estimator for

different sample sizes.

'NACE is derived from the French title "Nomenclature générale des Activités économiques dans les
Communautés Européennes"” (Statistical classification of economic activities in the European Communities).
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Population Characteristics:

N = 5336, pxy = 0.9632
ux = 22.99, uy = 30.19,0x = 172.09, oy = 138.65 (in millions of Euros)
and BYX =0.7763

We use the following samples sizes in our simulation study: n = 100, 300, 500, 1000 and
2000.

Table 3.2 below presents the results for the empirical MSE estimates, the theoretical
estimates, correct up to first degree of approximation, and the PRE of ratio, regression
and generalized regression-cum-ratio estimators relative to the RRT mean estimator. We

estimate the empirical MSE using 5000 samples of size n selected from the population.

Table 3.2: MSE correct up to 1°* order approximation and PRE for the ratio estimator (fir), the regression
estimator ({irey) and the generalized regression-cum-ratio estimator ({icrr) relative to the RRT mean esti-
mator.

Population MSE Estimation
N PXY n Estimator Empirical Theoretical PRE Condition'
QR 11.5741 16.4778 1162.46
100 fiReg 8.8601 16.4153 1166.88 0.3189
fIGRR 11.6905 15.3461 1248.18
QR 4.3423 5.2828 1162.46
300 fiReg 3.9360 5.2628 1166.88 0.1022
AGRR 4.3858 5.0879 1206.99
5336 0.9636 LR 2.6995 3.0438 1162.46
500 AReg 2.6596 3.0323 1166.88 0.0589
AGRR 2.7166 2.9460 1201.03
QR 1.4224 1.3645 1162.46
1000 AReg 1.4265 1.3594 1166.88 0.0264
AGRR 1.4287 1.3253 1196.91
QR 0.5817 0.5249 1162.46
2000 [lReg 0.6100 0.5229 1166.88 0.0102
AGRR 0.5869 0.5106 1194.95

L MSE comparison base on 1%t order approximation given in expression 3.23.

According to the results in Table 3.2, all of the percent relative efficiencies are greater
than 100, so all the estimators perform better than the RRT mean estimator for the real
data also. The PRE of the generalized regression-cum-ratio estimator is better than the
other estimators, particularly when the sample size is small.

Note that the sample size does not play a role in the PRE calculation for the ratio and

regression estimators, as can be seen from Equations (3.2), (3.5) and (3.10).
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3.8 Conclusions

We can observe from this study that the estimation of the mean of a sensitive variable
can be improved by using a non-sensitive auxiliary variable. Although both the ratio
and regression estimators perform better than the ordinary RRT mean estimator, the im-
provement is much larger with the regression estimator. Our simulation study shows
that this improvement can be quite substantial for large sample sizes, particularly if the
correlation between the study variable and the auxiliary variable is high. Further gains,

although modest, can be achieved by using a generalized regression-cum-ratio estimator.
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Appendix B - R Routines

Listing 3.1: R Code for Simulation Study of Proposed Estimator in Chapter 3

proj2_2nd_estimator <- function (N, sigma,mu)

{

#Generation of a bivariate normal population

data_yx <— mvrnorm(N, mu, sigma)

#Study variable
Y <- data_yx[,1]
#Auxiliary variable, correlated with Y
X <- data_yx[,2]

#Coefficient of correlation between Y and X
Ro_YX <= cor (Y, X)

#Scrambling variable independent of Y and X, with mean=0
S <= rnorm (N, mean=0,sd=0.1xsd (X))

#Scrambled response

7 <= Y+S

#Coefficient of correlation between Z and X
Ro_ZX <— Ro_YX/sqgrt (1+ (var (S)/var(Y)))

#population
univ <— data.frame (cbind (Y=Y, S=S, Z2=Z, X=X, NRAND=runif (N)))

univ <- univ[order (univ$NRAND), ]

#Mean of Y
mz <— mean (univ$?z)
mx <—- mean (univ$Xx)

my <-— mean (univ$yY)

univ$Z-mz) * (univ$X-mx) )/ (N-1)
univs$z-mz) * ( (univ$X-mx)*2))/ (N-1)
)"2)/ (N-1)

)~3)/(N-1)

mull <— sum
mul2 <— sum
mu02 <- sum( (univ$X-mx
mu03 <- sum( (univ$X-mx
beta_zx <-— Ro_YX* (sd(univ$Y)/sd (univ$Xx))

#Samples dimension
dim samp <- ¢(50,100,150,200,300)

#Initialize the variables...
for (i in 1l:length(dim_samp))
{

#sample dimension
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3. ESTIMATION OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF AUXILIARY INFORMATION
Appendix B - R Routines

n <—- dim_samp[i]
#sample

samp <— univ([l:n,]
#Sampling rate

f <= n/N

#Ratio

R <- mean (univ$X) /mean (samp$X)

#Ordinary meam

estl <— mean (samp$Z7)

#Ratio estimator

est2 <— mean (samp$Z) * (mx/mean (samp$X) )
#Regression estimator

est3 <- mean (samp$Zz) +beta_zx* (mx-mean (samp$X) )

#Coefficient of variation

c_x <— sd(univ$X) /mx

c_y <- sd(univ$Y) /my

c2_x <= c_x"2

c2_y <= c_y"2

c2_z <= c2_y+ (var(univ$s)/ (my"2))
c_z <— sqgrt(c2_z)

kl <= (1-((l-f)*c2_x/n))/(1-((1-f)/n)*(c2_x-c2_z*(1-(Ro_ZX"2))))
k2 <= (mz/mx)* (1l+kl* ( (Ro_ZX*c_z/c_x)-2))
#Generalized regression—-cum-ratio estimator

est5 <- (klxmean (samp$Z)+k2* (mx-mean (samp$X))) * (mx/mean (samp$X))

#Mean Square Error of 1lst estimator (ordinal mean)

msel <= ((1-f)/n)*(var (univ8Y) +var (univ$s))

#Bias of ratio estimator - 1st degree approximation

bias2i <—= ((1-f)/n)*my* (c2_x—-Ro_ZX*C_z*C_X)
#Mean Square Error of ratio estimator - 1lst degree approximation
mse2i <= ((1-f)/n)*(my"2)* (c2_z+c2_x—2*RO_ZX*C_z*C_X)

#Bias of regression estimator - 1lst degree approximation

bias3i <— -beta_zx* ((1-f)/n)*((mul2/mull)- (mu03/mul2))

#Mean Square Error of regression estimator - 1st degree approximation
mse3i <— ((1-f)/n)*(my”~2)*c2_z* (1-(Ro_ZX"2))

#Bias of genetalized regression-cum-ratio estimator

#1st degree approximation

bias5i <= (k1-1)*my+kl*my* ((1-£f)/n)* (c2_x—Ro_ZX*Cc_z*C_X)

+k24«mx* ( (1-f) /n) *c2_x

#Mean Square Error of generalized regression-cum-ratio estimator

#1st degree approximation

mse51i <= ((k1-1)"2)* (my"2)+(k1"2)* (my*2)* ((1-f)/n)*(c2_z
+3%xc2_x—4%Ro_ZX*xc_z*c_x)+(k272)* (mx"2)* ((1-£f)/n) *c2_x
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3. ESTIMATION OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF AUXILIARY INFORMATION
Appendix B - R Routines

—2%k1l* (my”~2)* ((1-f)/n)* (c2_x—-Ro_ZX*C_z*C_X)
—2%k2%my*mx* ( (1-f) /n) *c2_x
—2%k1l*k2xmy*mx#* ( (1-f) /n) * (RO_ZX*C_z*C_X—-2%C2_X)

condl <- ((1-f)/n)*c2_x

#Empirical results

#Simulation of 5000 replicas of estimates

#Results
res <— rbind(res,c(N,n,Ro_YX,Ro_ZX,R,
c_X,C_y,C_z,mx,my,mz,
med_estl,med_est2,med_est3,med_esth5,
bias2i,bias3i,biasb5i,
emp_msel,msel, emp_mse2,mse2i,
emp_mse3,mse31, emp_mseb5,mse5i, condl))
}
colnames (res) <—= ¢ ("N","n", "RhoXY", "RhoZX", "R",
"Ccx","Cy","Cz", "mX", "mY", "mzZ",
"Estl","Est2","Est3","Est5",
"BIAS2I","BIAS3I","BIAS5I",
"EMP_MSE1", "MSE1", "EMP_MSE2", "MSE2I",
"EMP_MSE3", "MSE31I", "EMP_MSES5", "MSE5I", "COND1")

return (res)

#Package for generation
require (MASS)
N <= 1000

#Parameters

sigmal <- matrix(c(9,1.9,1.9,4),2,2)
sigma2 <— matrix(c(10,3,3,2),2,2)
sigma3 <- matrix(c(6,3,3,2),2,2)

mu <- c(2,2)

res <-— NULL

for (i in 1l:length(N))

{
res <— rbind(res,proj2_2nd_estimator (N[i], sigmal, mu))
res <— rbind(res,proj2_2nd_estimator (N[i], sigma2,mu))

res <— rbind(res,proj2_2nd_estimator (N[i],sigma3, mu))

write.table (res, "chapter3_ss_results.txt", sep="\t",dec=",", row.names=FALSE)
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3. ESTIMATION OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF AUXILIARY INFORMATION
Appendix B - R Routines

Listing 3.2: R Code for Numerical Example of Proposed Estimator in Chapter 3

proj2_2nd_estimator_real <- function (Y, X,N)

{

#Coefficient of correlation between Y and X
Ro_YX <- cor (Y, X)

#Scrambling variable independent of Y and X, with mean=0
S <— rnorm (N, mean=0,sd=sd(X)*0.1)

#Scrambled response

7 <= Y+S

#Coefficient of correlation between Z and X
Ro_ZX <— Ro_YX/sqgrt (1+ (var (S) /var(Y)))

#population
univ <— data.frame (cbind (Y=Y, S=S, Z2=Z, X=X, NRAND=runif (N)))

univ <-— univ[order (univ$NRAND), ]

#Mean of Y

mz <— mean (univ$?z
mx <—- mean (univ$x
my <-— mean (univ$yY
(

)
)
)
ms <- mean (univ$s)

(univ8$zZ-mz) * (univs$X-mx) )/ (N-1)
(univ$Z-mz) * ( (univ$X-mx) ~2))/ (N-1)
( )"~2)/ (N-1)
( )"~3)/ (N-1)

mull <— sum/(
mul2 <-— sum/(
mu02 <- sum( (univ$X-mx
mu03 <- sum( (univ$X-mx
beta _zx <— Ro_YXx* (sd (univ8Y)/sd (univ$x))

#Samples dimension
dim_samp <- ¢(100,300,500,1000,2000)

#Initialize variables...
for (i in 1l:length(dim_samp))
{
#sample dimension
n <— dim_samp[i]
#sample
samp <— univ[l:n,]
#Sampling rate
f <= n/N

#Ratio

R <- mean (univ$X) /mean (samp$X)

46




48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

3. ESTIMATION OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF AUXILIARY INFORMATION
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#Ordinary meam

estl <- mean (samp$Z7)

#Ratio estimator

est2 <- mean (samp$Z) * (mx/mean (samp$X) )
#Regression estimator

est3 <— mean (samp$Z) +tbeta_zx* (mx—-mean (samp$X) )

#Coefficient of variation

c x <— sd(univ$X) /mx

c_y <- sd(univ$Y) /my

c2_x <= ¢c_x"2

c2_y <= c_y"2

c2_z <— c2_y+ (var (univ$s)/ (my"2))

c_z <— sqrt(c2_z)

k1l <= (1-((1-f)*c2_x/n))/ (1-((1-f)/n)*(c2_x—-c2_z*x(1-(Ro_ZX"2))))
k2 <— (mz/mx)* (1l+kl* ( (Ro_ZX*c_z/c_x)-2))
#Generalized regression-cum—-ratio estimator

est5 <— (kl*mean (samp$Z)+k2* (mx-mean (samp$X))) * (mx/mean (samp$X))

#Mean Square Error of 1st estimator (ordinal mean)

msel <= ((1-f)/n)*(var (univ$Y)+var (univ$s))

#Bias of ratio estimator - 1lst degree approximation
bias2i <= ((1-f)/n)*my* (c2_x—-Ro_ZX*C_z*C_X)
#Mean Square Error of ratio estimator - lst degree approximation

mse2i <= ((1-f)/n)*(my”*2)* (c2_z+c2_x—-2*Ro_ZX*C_z*C_X)

#Bias of regression estimator - 1st degree approximation

bias3i <—- -beta_zx* ((1-f)/n)*((mul2/mull)- (mu03/mul2))

#Mean Square Error of regression estimator - 1st degree approximation
mse3i <= ((1-f)/n)*(my"2)*c2_z* (1-(Ro_ZX"2))

#Bias of genetalized regression-cum-ratio estimator

#1st degree approximation

bias5i <— (k1-1)*my+kl*my* ((1-f)/n)* (c2_x—Ro_ZX*C_z*C_X)
+k2*mx* ((1-f) /n) *xc2_x

#Mean Square Error of generalized regression-cum-ratio estimator

#1st degree approximation

mse5i <= ((k1l-1)"2)* (my*2)+(k172)* (my~2)* ((1-f)/n)

* (Cc2_z+3%c2_x—-4%xRo_ZX*c_zxc_x)+ (k27°2) % (mx"2) * ((1-£) /n)

*C2_x—2%KkK1*x (my"2) % ((1-f)/n)* (c2_x—Ro_ZX*C_z*C_X)

—2%k2*my*mx* ( (1-f) /n) *c2_x—-2*xk1xk2*my*mx* ( (1-f) /n) * (Ro_ZX*C_z*C_x—2*C2_X)

condl <— ((1-f)/n)*c2_x

#Empirical results

#Simulation of 5000 replicas of estimates
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#Results
res <— rbind(res,c(N,n,Ro_YX,Ro_ZX,R,
c_x,Cc_y,C_z,mx,my,mz,ms,
med_estl,med_est2,med_est3,med_estb5,
bias2i,bias3i,biasb5i,
emp_msel,msel, emp_mse2,mse2i,
emp_mse3,mse3i,emp_mse5,mse51i, condl))
}
colnames (res) <— c("N","n", "RhoXY", "RhozX", "R",
"Cx","Cy","Cz", "mX", "mY", "mzZ", "ms",
"Estl","Est2","Est3", "Est5",
"BIAS2I","BIAS3I","BIASSI",
"EMP_MSE1", "MSE1", "EMP_MSE2", "MSE2I",
"EMP_MSE3", "MSE3I", "EMP_MSE5", "MSE5I", "CONDL")

return (res)

#Package for generation

require (MASS)

#Import data

data_yx <— read.table ("IUTICE10.txt",sep="\t",dec=",",header = T)
#Study variable (purchase, millions of euros)

Y <- data_yx[, 3]

#Auxiliary variable, correlated with Y (turnover, millions of euros)
X <—= data_yx[,2]

#Data application
N <- dim(data_yx) [1]

res <— proj2_2nd_estimator_real (Y, X,N)

#Export data
write.table (res_exp, "chapter3_ne_results.txt",sep="\t",dec=",", row.names=FALSE)
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Exponential Type Estimators of the
Mean of a Sensitive Variable in the
Presence of Non Sensitive Auxiliary

Information

Abstract

Sousa et al. (2010) and Gupta et al. (2012) suggested ratio and regression type estimators
of the mean of a sensitive variable using non-sensitive auxiliary variable. This paper
proposes exponential type estimators using one and two auxiliary variables to improve
the efficiency of mean estimator based on a Randomized Response Technique (RRT). The
expressions for the Mean Square Errors (MSE’s) and bias, up to fisrt order approximation,
have been obtained. It is shown that the proposed exponential type estimators are more
efficient than the existing estimators. The gain in efficiency over the existing estimators

has also been shown with a simulation study and by using real data.

Accepted as: KOYUNCU, N., GUPTA, S., SOUSA, R. 2013. Exponential type estimators of the mean
of a sensitive variable in the presence of non-sensitive auxiliary information. Communications in Statistics -
Simulation and Computation.
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4. EXPONENTIAL TYPE ESTIMATORS OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF NON
SENSITIVE AUXILIARY INFORMATION 4.1. Introduction

4.1 Introduction

Randomized Response Technique (RRT) is used to estimate the proportion of people in a
community bearing a stigmatizing characteristic like habitual tax evasion, reckless driv-
ing, indiscriminate gambling, abortion etc. In such situations we cannot expect to get a
truthful direct response to a sensitive question. Eichhorn and Hayre (1983), Gupta and
Shabbir (2004), Gupta et al. (2002, 2010), Wu et al. (2008), Perri (2008), and many oth-
ers have estimated the mean of a sensitive variable when the study variable is sensitive
and there is no auxiliary variable. Sousa et al. (2010) and Gupta et al. (2012) suggested
mean estimators based on RRT models using an auxiliary variable that can be directly ob-
served. In sampling literature, Bahl and Tuteja (1991), Shabbir and Gupta (2007), Grover
(2010) and Koyuncu (2012) have studied exponential type estimators to get more efficient
estimates. In this study we have proposed exponential type estimators of the mean of a
sensitive variable using non-sensitive auxiliary information. We have discussed the cases

when one or two non-sensitive auxiliary variables are available.

4.2 Terminology

Let Y be the study variable, a sensitive variable which cannot be observed directly. Let
X1 and X5 be non-sensitive auxiliary variables which have a positive correlation with Y.
Let S, be a scrambling variable, independent of Y, X; and X»,. The respondent is asked
to report a scrambled response for Y given by Z = Y + S but is asked to provide a true
response for X; and Xs. Let a random sample of size n be drawn without replacement
from a finite population U = (U, Uy, ..., Uy). For the ith unit (1=1,2,....,N), let y;, x1;
and z»; respectively be the values of the study variable Y and auxiliary variables X; and
Xo. Let gy = #, T = %, Ty = # and z = # be the sample means
and Y = E(Y), X1 = E(X1), X2 = E(X3) and Z = E(Z) be the population means for
Y, X1, X5 and Z respectively. We assume that X;, X are known and S = E(S) = 0.
Thus E(Z)=E(Y) and C2? = C} + (S2/Y?), where C, and C, are the coefficients of the

variation of z and y respectively.

To obtain the bias and MSE expressions, let us define

z—7 £1—X1 i’Q—Xg 52 _chl s2 . — 52
——e ——=—,e3 = "5 and ey =
Szl

Using these notations,
E(e;) =0, i=0,1,2,3,4.
E(ef) = AC2, E(e}) = XC3y, E(e3) = ACy, E(eoe1) = ACan,
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4. EXPONENTIAL TYPE ESTIMATORS OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF NON

SENSITIVE AUXILIARY INFORMATION 4.3. Estimators Review

_ _ oy L opoes
E(epez) = ACuy2, E(e1e2) = ACri1a2, E(ere3) = X

1 K02
1
E(€1€4) = AT&,
X1 p1

_ f _ 1 N i Z\T i V. \S

where \ = and p,s = ~ Yoicq (2 = 2) (21 — X0)°.

4.3 Estimators Review
We describe below some existing mean estimators and their bias and MSE formulas.

(i) Ordinary sample mean (Z) of scrambled responses:

by = Z. 4.1)

MSE(fi,) = X (S2 + 52), (4.2)

X
fip =7, (4.3)
€1
Bias(jir) 2 YA (C2, — Cy12) (4.4)
52 . o
where C? = <C§ + YS2>' Przl = py152’ Z=Y.
1 s
- 5
MSE(jig) 2 A\Y? (C2 + C2) — 2Cy12) . (4.5)

(iif) Gupta et al. (2012) regression estimator:

ﬂReg =ZzZ+ Ble (Xl - jl) ) (46)
A o Sl o Sya:l . . . .
where 5.1 = o = g /s the sample regression coefficient between Z and Xj.
zl zl
Bias(jifeg) = — 1) <‘“2 - “03) , (4.7)
M1t Ho2
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4.4. Proposed Exponential Type Estimators

S S S. . . . .

where .51 = —5 L 2z L Pyzl—— = Byz1 is the population regression coeffi-
Sml Sml le

cient between Z and X;.

Recognizing Z=Y

~ ~ \/ ng \/
MSE(fireg) = AY2C? {1 - 5215{3] = AV2C2 [1 - pZ,1]

or

. Sz
MSE(figeg) = AS; [(1 + S) - pf,ﬂ] .

(4.8)
Sy
(iv) Gupta et al. (2012) generalized regression-cum-ratio estimator:
X _ - X
ficrr = [k1Z 4+ k2 (X — 7)] (ac) ; (4.9)
where k1 and &y are constants.
Bias(ficrr) = (k1 — 1)Y + kYA {C2 — p..C.Cy } + ko XACZ. (4.10)
MSE(igrr) = (k1 — 1)*Y2 4+ k3Y2X{C? + 3C2 — 4p.,C.C }
+E3X2NCE — 2k Y 2N {C2 — p..C.Cy} (4.11)
2y Y RAC2 — ik ¥ XA { ponCC — 2C2).
From Equation (4.11), the optimum values of k; and k3 are given by
1— \C?
b = TNz - or (- ) 412
and v o
PzzCz
k;Q(Opt) - i {]. + kl(opt) <% - 2) } B (413)
the minimum MSE of [igrr can be written as follows:
Y202 (1 - p2,) M1 - AC2)
MSE(ji min = = s 2 4.14
ann)nin = G2, A1 (1-AC2) @1
4.4 Proposed Exponential Type Estimators
Our first proposed estimator, which we call "generalized regression-cum-exponential es-
timator" follows Grover (2010) and Shabbir and Gupta (2007), and is given by
. _ S X -z
eapl = X1 — — |, 4.15
Hezxpl [wlz+w2( 1 331)}693]?<X1+x1> (4.15)
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where w; and wy are suitable weights. Expressing (4.15) in terms of ¢’s (defined earlier)
and retaining terms of e’s up to second-order we have

. _ _ _ i, 1 -1 5 1. 3 -5 &
Uempl_Z = \unZ +widey —weXiep — §w1Z€1 — 511]126061 + §w2X16% + §w1Z€% - Z|.
(4.16)
The Bias and MSE of [ic.p1, to the first order of approximation, are given by
o ~ v L o (3.2 L 2
Bias (fezp1) = (w1 —1)Y + A §w1Y ZCxl —Cum ) + §w2X10x1 (4.17)

and
MSE (flegp1) = {Y? +wiY? (1+ X (C2+C2 —2C.r1))

- _ 3
—i—w%XQ)\Cgl + w Y? </\ <sz1 - 4051) - 2) (4.18)
—wﬁXACﬁl + 2wiwe Y X\ (C’gl — ngd)},

and optimum values of w; and w; respectively are found as

1- é,\cgl
1= 4.1
B +AC2 (1 - pim) (19
and
v C% — 202 +2C,,1 +\C% <C§ (1—p%q) + i (c2 - Cm))
L . 4.2
27 e%, Co T+ ACZ (1= )] (420

Substituting these optimum values in (4.18), the minimum MSE of fic;,1 can be writ-

ten as follows:

20 (150 + 02 (1= ) ) +4
MSE,in (frexp1) = Y2 |1 — 421
(feapt) TE (1) @21

or
1 _
2 ~ 2 2
MSEyin (o) = | — LS Utieg) _AC“ (MSE(“ Reg)“wcﬂy) (4.22)
min \ftezpl) = | MSE (ireg) o[ MSE (ineg) W
t——2 t—5

Note that the optimum choice of the constants w; and wy involve unknown param-
eters. These quantities can be guessed through a pilot sample survey or through expe-
rience gathered in due course of time, as mentioned Upadhyaya and Singh (2006), and
Koyuncu and Kadilar (2009).
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4. EXPONENTIAL TYPE ESTIMATORS OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF NON
SENSITIVE AUXILIARY INFORMATION 4.4. Proposed Exponential Type Estimators

The estimator defined in (4.15) can be generalized to the case of multiple auxiliary
variables. We consider below the case of two auxiliary non-sensitive variables. This
estimator is given by

flezp2 = [d15 + do (Xl — .771) + ds (XQ — i‘g)] exp <E§1 _T_ ;1) + ({(2 - ;2)> . (4.23)

+
&
_l_

Expressing (4.23) in terms of ¢’s and retaining up to second-order terms in e’s we have

ﬂeng = {dlZ (1 + 60) — nglel — d3X2€2}

- X o X - 3X? .2
2(X1+ %) 2(Xi+ X)) 8 (X 4 %) (4.24)
6X1X> 3X2 ) ‘
sttt == 56
8(X1-|—X2) 8(X1+X2)

The Bias and MSE of [ic.p2, to the first order of approximation, are given by

Bias (fleap2) = (d1—1)Z

XiC — XoCoo t —XL 2
dl)\Z 1 zm_l 20 zx2 4()_21j‘X2) rl
2 (X1 + Xo) 3X2 > 3X1X>
. (X +X3) 2T 2(X, + Xy) (4.25)
doA X1 S o _
—= = (X XoChi1s
2 (X, + Xo) (%1651 + XaCaten)
ds Xs - S o
and
MSE (fieap2) & Z%+ d1A — doB — d3C + d3D + d3XZNC%, + d3X3NC2, (4.26)
+2d1do F + 2d1d3G + 2dad3 X1 XoACq1z0, '
where
X1C1 X5C0o 3X0? 6X1 X2Cr142
% % v v\ > =2 S >\ 2
A- 22| a4 (X4 +_)§2)2 (X1 + Xo) 4 (X1 + Xo) 4 (X1 + Xo) ’
o 3X2CCL‘2
] (X %)
VA _ o
B= A=+ (X2C? + X1 X5C122) ,
)\(X11—X2) (X702, + X1 X2Ch102)
VA _ _
C= A\— 0 (X2C2% + X1 X2C31292) .
(X1+X2)(2z27 712 12)77 - o
Z2C2 + )_(12226_212 + )_(2222?322 2 Cn ) Xl Conn
D— 7242 T (X + X)) (X +X) (X1 +X2) (X1 +Xo)
N 2X1X272Ch1a2 ’
(X1 +X2)2
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4. EXPONENTIAL TYPE ESTIMATORS OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF NON
SENSITIVE AUXILIARY INFORMATION 4.5. Comparison with Gupta et al. (2012) Estimators

Zx2 72X %, -

F=A| o C2 + = Chia2 — ZX1C ,
<(X1 + X2) xl (Xl + XZ) rla2 1V 2zl

ZX3 o2 ZX1X9

- S o\ T . <\ xrlx _ZX y4n 7
G A((X1+X2) $2+(X1+X2)Cl2 2C 2>

and optimum values of di, d2 and d3 are respectively found as

A (DASp120 — FG)? + (BDG + CDF + 2AFG) (DASz102 — FQ)
~G (CD + AG) (DAS2, — F?) — F (AF + BD) (D)\S2, — G?)
gL —A(DXS2, — F?) (DAS%, — G?) w27
172D (DAS2, — F2) (DAS2, — G2) — (DASp142 — FG)? T

g 1 (AF + BD) (DAS2, — G?) — (AG + CD) (DASg122 — FG)
272 (DASZ — F?) (DASZ, — G?) — (DASp142 — FG)?

, (4.28)

and
g 1 (AG + CD) (DAS%, — F?) — (AF + BD) (DASz142 — FG) (4.29)
T2 (DASZ — F?) (DASZ, — G?) — (DASp1a0 — FG)? '

Substituting these optimum values in (4.26), the minimum MSE of fic;,2 can be writ-
ten as follows:

_ A2
A - 2
(AG + CD)* (DAS2, — F?)
+(AF + BD)? (DAS2, — G?) (4.30)

1 | —2(AG + CD) (AF + BD) (DASy142 — FG)

4D (DAS2, — F?2) (DASZ, — G2) — (DASp122 — FG)*

4.5 Comparison with Gupta et al. (2012) Estimators

First, we compare the proposed "generalized regression-cum-exponential estimator" with
the Gupta et al. (2012) regression estimator. Note that

MSE (,&e:cpl) < MSFE (/lReg) if

1 _
AC2 <MSE (fikeq) + )\0222>

) MSE (jigeg) 16 "
MSFE (MReg) : MSE (,&Reg) + An MSE (ﬂReg) >0
R v L
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or

~ 2 ~
(MSE (ﬂReg)) )\C% (MSE (ﬂReg) + A1160:123Z2>

}72

— + ~

MSE (:U'Reg):| 4 [1 + MSE (MReg):|
}72

Y2

> 0. (4.31)
1+

From (4.31), we can see easily that proposed "generalized regression-cum-exponential

estimator” is always more efficient than regression estimator of Gupta et al. (2012).

Secondly, we compare the proposed "generalized regression-cum-exponential estima-

tor" with Gupta et al. (2012) generalized regression-cum-ratio estimator

MSE (ﬂeazpl)mm <MSE (ﬂGRR)min if

1
22 L 2 2(1_ 2
41+ ACZ (1 - pZ,)] C2(1-pZ)A+{1-AC2} ~ '

When the condition (4.32) is satisfied, we can infer that the suggested estimator is
more efficient than Gupta et al. (2012) generalized regression-cum-ratio estimator.

4.6 Simulation Study

In this section, we investigate the efficiency of proposed exponential estimators to exist-
ing estimators. The simulation study is carried out to compare the Bias and MSE of the
estimators both empirically and theoretically. In the simulation study, we consider two
finite populations of size N = 1000 generated from a multivariate normal distribution
with the same theoretical mean of [Y, X1, X2] as u = [5, 5, 5] and different covariance ma-
trices as given below.

Population 1

10 3 29 ]

o?=13 2 1.1 |, pxiy =0.6817, pxay = 0.6705.
129 1.1 2 |

Population 2
6 3 29

c2=13 2 11|, px1y =0.8706, pxoy = 0.8706.
29 1.1 2

The scrambling variable S is taken to be a normal variable with mean equal to zero
and standard deviation equal to 10% of the standard deviation of X;. The reported re-
sponse is given by Z = Y + S. For each population we considered four sample sizes:
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n = 50,100, 200 and 300. The percent relative efficiency (PRE) is calculated from follow-

ing equations
MSE (fiy)

PRE = ———2~
BB = 3SE ()

x 100,

where i = R, Reg, GRR, expl, exp2.

The empirical MSE, theoretical MSE and Percent Relative Efficiency (PRE) values for
all estimators are given in Table 4.1 and Table 4.2.

Table 4.1: Empirical MSE, theoretical MSE correct up to 1°* order approximation and PRE of all estimators.

Population MSE Estimation
N px1y n Estimator Empirical Theoretical PRE
px2y
oy 0.1193 0.1953 100.00
R 0.1193 0.1145 170.64
50 [iReg 0.1083 0.1047 186.50
AGRR 0.1094 0.1043 187.26
flexp1 0.1089 0.1042 187.34
flexp2 0.0857 0.0827 236.13
ity 0.0900 0.0925 100.00
LR 0.0544 0.0542 170.64
100 [iReg 0.0499 0.0496 186.50
AGRR 0.0503 0.0495 186.86
0.6817 flexp1 0.0501 0.0495 186.90
1000 0.6705 flewp2 0.0390 0.0393 235.69
fly 0.0404 0.0411 100.00
LR 0.0240 0.0241 170.64
200 [l Reg 0.0220 0.0220 186.50
AGRR 0.0221 0.0220 186.66
flezpl 0.0220 0.0220 186.67
flemp2 0.0172 0.0175 235.47
fiy 0.0236 0.0240 100.00
iR 0.0141 0.0141 170.64
300 [lReg 0.0129 0.0129 186.50
AGRR 0.0130 0.0129 186.59
flexpl 0.0130 0.0129 186.60
flexp2 0.0103 0.0102 235.40

From Table 4.1 and Table 4.2 we can confirm that suggested generalized regression-
cum-exponential estimator is always more efficient than Gupta et al. (2012) regression
estimator. Generalized regression-cum-exponential estimator is the most efficient estima-
tor for using one auxiliary variable. Suggested exponential estimator with two auxiliary

variables performs better than the estimator with one auxiliary variable, as expected.
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Table 4.2: Table 4.1 Continued.

Population MSE Estimation
N px1y n  Estimator Empirical Theoretical PRE
pX2y
fiy 0.1198 0.1181 100.00
R 0.0400 0.0395 299.42
50 fiReg 0.0287 0.0289 409.40
AGRR 0.0291 0.0288 409.86
flezpl 0.0289 0.0288 410.03
flep2 0.0078 0.0073 1626.30
Py 0.0547 0.0560 100.00
R 0.0188 0.0187 299.42
100 fiReg 0.0138 0.0137 409.40
AGRR 0.0140 0.0137 409.62
0.8706 fleapl 0.0139 0.0137 409.70
1000 0.8428 flexp2 0.0037 0.0034 1625.73
Py 0.0246 0.0249 100.00
R 0.0086 0.0083 299.42
200 fiReg 0.0063 0.0061 409.40
AGrR 0.0063 0.0061 409.49
fleapt 0.0063 0.0061 409.53
fleap2 0.0017 0.0015 1625.44
fy 0.0143 0.0145 100.00
iR 0.0049 0.0048 299.42
300 fiReg 0.0037 0.0035 409.40
AGRR 0.0037 0.0035 409.45
fleap1 0.0037 0.0035 409.47
fleap2 0.0011 0.0009 1625.35

4.7 Numerical Example

We consider the real population used in Sousa et al (2010) and in Gupta et al. (2012).
It is based on the survey on Information and Communication Technologies (ICT) usage
in enterprises in 2009 with seat in Portugal (Smilhily and Storm, 2010). This survey in-
tends to promote the development of the national statistical system in the information
society and to contribute to a deeper knowledge about the usage of ICT by enterprises.
The target population covers all industries with one and more persons employed in the
sections of economic activity C (Manufacturing) to N (Administrative and support ser-
vice activities) and S (Other service activities), from NACE! Rev. 2 (Eurostat, 2008). The
data are essentially collected using Electronic Data Interchange, applying direct connec-
tion between information systems at the respondent and the National Statistics Institute.
For some enterprises the paper questionnaire is still used. The questions in the structural
business surveys mainly deal with characteristics that can be found in the organisations’

annual reports and financial statements, such as employment, turnover and investment.

'NACE is derived from the French title "Nomenclature générale des Activités économiques dans les
Communautés Européennes” (Statistical classification of economic activities in the European Communities).
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In our application the study variable Y is the purchase orders in 2010, collected by
the ICT survey in that year. This is typically a confidential variable for enterprises, only
known from business surveys. The auxiliary variable X is the turnover of each enter-
prise. This information can be easily obtained from enterprise records available in the
public domain, as administrative information. In 2010 the population survey contained
approximately 278000 enterprises and we know the value of X for all these enterprises.
The purchase orders information was collected in the ICT survey and we have the val-
ues of Y for 5336 enterprises (which answered this question in the ICT survey in 2010).
For this study, these 5336 enterprises are considered as our population. The scrambling
variable S is taken to be a normal random variable with mean equal to zero and standard
deviation equal to 10% of the standard deviation of X, that is 05 = 0.10x. The reported
response is given by Z = Y 4 S (the purchase order value plus a random quantity). The
variables Y and X are strongly correlated so we can take advantage of this correlation by

using the ratio and regression estimators.

Population Characteristics:

N = 5336, pxy = 0.9632
ux = 22.99, uy = 30.19,0x = 172.09, oy = 138.65 (in millions of Euros)
and BYX =0.7763

We use the following samples sizes in our simulation study: n = 100, 500, 1000 and 2000.

The empirical, theoretical MSE and Percent Relative Efficiency (PRE) values for all es-
timators are given in Table 4.3.
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Table 4.3: MSE and PRE for the ratio estimator (jir), the regression estimator (fircy), the generalized
regression-cum-ratio estimator ({icrr) and the exponential estimator (fic.p1) relative to the RRT mean esti-
mator.

Population MSE Estimation

N PXY n Estimator Empirical Theoretical PRE

iy 196.8002 191.5088 100.00

iR 11.3683 16.4393 1164.94

100 fiReg 16.7963 16.3768 1169.39
fiGRR 11.3909 15.6644 1222.58

fleapl 12.3339 13.1849 1452.49

fry 34.6507 35.3757 100.00

fir 2.7259 3.0367 1164.94

500 [iReg 3.0170 3.0252 1169.39
AcrR 2.7509 3.0069 1176.50

5336  0.9636 flexp 2.8631 2.9173 1212.61
fy 15.7543 15.8591 100.00

ir 1.3092 1.3614 1164.94

1000 ftReg 1.3592 1.3562 1169.39
AGRR 1.3175 1.3526 1172.47

fexpt 1.3381 1.3345 1188.38

iy 6.2451 6.1008 100.00

iR 0.5691 0.5237 1164.94

2000 [iReq 0.5573 0.5217 1169.39
AGRR 0.5718 0.5212 1170.55

flewp 0.5673 0.5185 1176.62

From Table 4.3 we can say that generalized regression-cum-exponential estimator has
the largest PRE.

4.8 Conclusions

This paper proposed type estimators using non-sensitive one or two auxiliary variables
to improve the efficiency of RRT estimators of mean. The expression for Bias and MSE are
derived. We found that the proposed exponential type estimators are more efficient than
the existing estimators in literature. These results are also supported with a simulation

study and using a real data.
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Appendix C - R Routines

Listing 4.1: R Code for Simulation Study of Proposed Estimator in Chapter 4

proj_exponential <- function (N, sigma,mu)

{

#Generation of a bivariate normal population

data_yx <— mvrnorm(N, mu, sigma)

#Study variable
Y <- data_yx[,1]
#Auxiliary variable, correlated with Y
X <- data_yx[,2]

#Coefficient of correlation between Y and X
Ro_YX <= cor (Y, X)

#Scrambling variable independent of Y and X, with mean=0

S <= rnorm (N, mean=0,sd=0.1xsd (X))

#Scrambled response

7 <= Y+S

#Coefficient of correlation between Z and X

Ro_ZX <= Ro_YX/sqrt (1+ (var (S)/var(Y)))

#population
univ <— data.frame (cbind (Y=Y, S=S, Z2=Z, X=X, NRAND=runif (N)))

univ <-— univ[order (univ$NRAND), ]

#Mean of Y
mz <—- mean (univ$z)
mx <- mean (univ$x)

my <— mean (univ$yY)

univ8z-mz) * (univs$X-mx) )/ (N-1)

)
uniVSmez)*( un1v$X mx)*2))/ (N-1)
)
)

mull <-— sum
mul2 <-— sum

mu02 <- sum( (univ$X-mx

mu03 <= sum( (univ$X-mx A3)/(N 1)

beta_zx <- Ro_YX* (sd(univ8Y)/sd (univ$x))

#Samples dimension
dim_samp <- c¢(50,100,200,300)

#Initialize the variables...
for (i in 1l:length(dim_samp))

63




47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

4. EXPONENTIAL TYPE ESTIMATORS OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF NON

SENSITIVE AUXILIARY INFORMATION Appendix C - R Routines

#sample dimension
n <— dim_samp[i]
#sample

samp <— univ([l:n,]
#Sampling rate

f <= n/N

#Ratio

R <- mean (univ$X) /mean (samp$X)

#0Ordinary meam

estl <— mean (samp$Z7)

#Ratio estimator

est2 <- mean (samp$Z) * (mx/mean (samp$X) )
#Regression estimator

est3 <- mean (samp$Zz) +tbeta_zx* (mx-mean (samp$X) )
#Regression-cum-ratio estimator

est4 <— (mean (samp$7Z)-+beta_zx* (nx-mean (samp$X))) * (mx/mean (samp$X))

#Coefficient of variation

c x <— sd(univ$X) /mx

c_y <- sd(univ$Y)/my

c2_x <= c_x"2

c2_y <= c_y"2

c2_z <— c2_y+ (var (univ$s)/ (my"2))

c_z <— sqrt(c2_z)

A <= (1+((1-f)/n)*(c2_z+c2_x—-2%xRo_ZX*Cc_z*C_x))

B <= (((1-f)/n)+* (Ro_ZX*c_z*c_x—0.75%c2_x)-2)

wl <= (c2_x/2)*(-B-((1-f)/n)* (c2_x-Ro_ZX*xc_z*c_x))
/ (Axc2_x—((1-f)/n)* ((c2_x-Ro_ZX*xc_z*xc_x)"2))

w2 <= (my*c2_x—-2%xwlsmy* (C2_xX-Ro_ZX*Cc_z*c_x) )/ (2*mx*Cc2_x)

#Auxiliar coefficients
kl <= (1-((1-f)*c2_x/n))/(1-((1-£f)/n)*(c2_x-c2_zx(1-(Ro_ZX"2))))
k2 <= (my/mx)* (1l+kl* ((Ro_ZX*xc_z/c_x)-2))

#Generalized Regression-cum-ratio Estimator

est5 <— (klxmean (samp$Z)+k2* (mx-mean (samp$X))) * (mx/mean (samp$X))

#Exponential Type Estimator

est6 <— (mean (samp$7)+beta_zx* (mx-mean (samp$X)))
*exp ( (mx-mean (samp$X) ) / (mx+mean (samp$X) ) )

#Generalized Exponential Type Estimator

est7 <- (wlxmean (samp$Z)+w2* (mx-mean (samp$X)))

*exp ( (mx-mean (samp$X) ) / (mx+mean (samp$X) ) )

#Mean Square Error of 1st estimator (ordinal mean)

msel <— ((1-f)/n)=*(var (univ8Y)+var (univs$s))
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#Bias of ratio estimator - 1st degree approximation

bias2i <= ((1-f)/n)*my#* (c2_x—Ro_ZX*C_z*C_X)
#Mean Square Error of ratio estimator - 1lst degree approximation
mse2i <= ((1-f)/n)*(my"2)* (C2_z+c2_x—-2*RO_ZX*C_z*C_X)

#Bias of regression estimator - 1lst degree approximation

bias3i <— -beta_zx* ((1-f)/n)+*((mul2/mull)- (mu03/mul2))

#Mean Square Error of regression estimator — 1st degree approximation
mse31 <= ((1-f)/n)*(my”~2)*c2_z* (1-(Ro_ZX"2))

#Bias of regression-cum-ratio estimator - 1lst degree approximation
bias4i <— ((1-f)/n)* (my*xc2_x-beta_zx* ((mul2/mull)- (mu03/mu02)))
#Mean Square Error of regression—-cum-ratio estimator

#1st degree approximation

msedi <— ((1-f)/n)*(my”2)*(c2_z*(1-(Ro_ZX"2))+c2_x)

#Bias of genetalized regression-cum-ratio estimator

#1st degree approximation

bias5i <= (k1-1)*my+kl*my* ((1-f)/n)* (c2_x—Ro_ZX*C_z*C_X)

+k2«mx* ( (1-f) /n) *c2_x

#Mean Square Error of generalized regression-cum-ratio estimator

#1st degree approximation

mse51 <= ((k1-1)"2)* (my"2)+(k1"2)*(my"2)*((1-f)/n)
* (c2_z+3%c2_x—4%Ro_7ZX*c_zxc_x)+ (k272) % (mx"2)* ((1-£) /n)
*C2_x-2%klx (my~2) % ((1-f)/n)* (c2_x—Ro_ZX*C_z*C_x)
—2%k2%my*mx* ( (1-f) /n) *c2_x—2*k1*xk2*my*mx* ( (1-f) /n)

* (RO_ZX*C_z*C_xX—-2%C2_X)

#Bias of exponential type estimator - 1st degree approximation

bias6i <— ((1-f)/n)* (beta_zx* ((mu03/mu02) - (mul2/mull))+(3/8)*my*c2_x)

#Mean Square Error of exponential type estimator - 1st degree approximation
mse6i <= ((1-f)/n)*(my"2)*(c2_z*(1-(Ro_ZX"2))+0.25%c2_x)

#Bias of generalized exponential type estimator
#1st degree approximation
bias7i <= (wl-1)*my+((1-f)/n)
* (0.5%xwlxmy* (0.75%c2_x-Ro_ZX*c_zxc_x)+0.5%w2*mx*c2_x)
#Mean Square Error of generalized exponential type estimator
#1st degree approximation
mse7i <— (mse3i/ (1+(mse3i/ (my”2))))—((((1-f)/n)* c2_x*(mse3i
+((1-f)/n) % (1/16) xc2_x* (my”2)))/ (4% (1+mse3i/ (my"2))))

#Empirical results

#Simulation of 5000 replicas of estimates

#Results
res <— rbind(res,c(N,n,Ro_YX,Ro_ZX,R,

c_x,c_y,c_z,kl,k2,wl,w2,
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mx,my,mz,
med_estl,med_est2,med_est3,med_est4,
med_est5,med_est6,med_est7,
bias2i,bias3i,bias4i,bias5i,
bias6i,bias7i,
emp_msel,msel, emp_mse2,mse2i,
emp_mse3, mse3i,emp_mse4,msedi,
emp_mse5, mse5i, emp_mse6,mse6i,
emp_mse7,mse71))

}

colnames (res) <-— ¢ ("N","n", "RhoXY", "RhozX", "R",
"Ccx","Cy","Cz","k1l","k2", "wl", "w2",
"mx", "mY", "mz",
"Estl","Est2", "Est3", "Est4",
"Est5", "Est6", "Est7",
"BIAS2I","BIAS3I", "BIAS4I", "BIASSI",
"BIAS6I","BIASTI",
"EMP_MSE1", "MSE1", "EMP_MSE2", "MSE2I",
"EMP_MSE3", "MSE3I", "EMP_MSE4", "MSE4I",
"EMP_MSE5", "MSE5I", "EMP_MSE6", "MSE6I",
"EMP_MSE7", "MSE7I")

return (res)

#Package for generation
require (MASS)
N <= 1000

#Parameters

sigmal <— matrix(c(9,1.9,1.9,4),2,2)
sigma2 <- matrix(c(10,3,3,2),2,2)
sigma3 <- matrix(c(6,3,3,2),2,2)

mu <= ¢ (2,2)

res <-— NULL

for (i in 1l:length(N))

{
res <- rbind(res,proj_exponential (N[i],sigmal,mu))
res <— rbind(res,proj_exponential (N[i],sigma2,mu))

res <— rbind(res,proj_exponential (N[i], sigma3,mu))

write.table (res, "chapterd4_ss_results.txt",sep="\t",dec=",", row.names=FALSE)
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Listing 4.2: R Code for Numerical Example of Proposed Estimator in Chapter 4

proj_exponential_real <- function (Y, X,N)

{
#Coefficient of correlation between Y and X
Ro_YX <- cor (Y, X)

#Scrambling variable independent of Y and X, with mean=0
S <— rnorm(N,mean=0, sd=sd (X)*0.1)

#Scrambled response

7 <= Y+S

#Coefficient of correlation between Z and X
Ro_ZX <— Ro_YX/sqgrt (1+ (var (S)/var(Y)))

#population
univ <— data.frame (cbind (Y=Y, S=S, Z2=Z, X=X, NRAND=runif (N)))

univ <-— univ[order (univ$NRAND), ]

#Mean of Y

mz <- mean (univ$?z
mx <- mean (univ$x
my <-= mean (univ$y
(

)
)
)
ms <- mean (univ$s)

(univ8Z-mz) * (univs$X-mx) )/ (N-1)
(univ8Z-mz) * ( (univ$X-mx)*2))/ (N-1)
( )"~2)/ (N-1)
( )"~3)/ (N-1)

mull <— sum/(
mul2 <-— sum/(
mu02 <- sum( (univ$X-mx
mu03 <- sum( (univ$X-mx
beta zx <— Ro_YXx* (sd (univ8Y)/sd (univ$Xx))

#Samples dimension
dim_samp <- ¢(100,500,1000,2000)

#Initialize the variables...

for (i in 1l:length(dim_samp))
{

#sample dimension

n <— dim_samp[i]

#sample

samp <— univ([l:n,]

#Sampling rate

f <-= n/N

#Ratio

R <- mean (univ$X) /mean (samp$X)
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#O0rdinary meam

estl <— mean (samp$Z7)

#Ratio estimator

est2 <- mean (samp$Z) * (mx/mean (samp$X) )
#Regression estimator

est3 <- mean (samp$Zz) +tbeta_zx* (mx-mean (samp$X) )
#Regression-cum-ratio estimator

est4 <- (mean (samp$7)-+beta_zx* (mx—-mean (samp$X))) * (mx/mean (samp$X))

#Coefficient of variation

c_x <— sd(univ$Xx) /mx

c_y <- sd(univ$Y) /my

c2_x <= c_x"2

c2_y <= c_y"2

c2_z <= c2_y+ (var(univ$s)/ (my"2))
c_z <— sqgrt(c2_z)

A <= (1+((1-f)/n)*(c2_z+c2_x—-2%«Ro_ZX*C_z*C_X))

B <= (((1-f)/n)*(Ro_ZX*c_z*xc_x—-0.75%xc2_x)-2)

wl <= (c2_x/2)*%(-B—((1-f)/n)*(c2_x—Ro_ZX*Cc_z*C_x))
/ (A*xc2_x—((1-f)/n)*((c2_x—-Ro_ZX*c_zxc_x)"2))

w2 <= (my*c2_x—-2%wlsmy* (C2_xX-Ro_ZX*C_z*c_x) )/ (2*mx*Cc2_x)

#Auxiliar coefficients
kl <= (1-((1-f)*c2_x/n))/ (1-((1-£f)/n)*(c2_x-c2_zx(1-(Ro_ZX"2))))
k2 <— (my/mx)* (1+kl#* ((Ro_ZX*c_z/c_x)-2))

#Generalized Regression-cum-ratio Estimator

est5 <— (klxmean (samp$Z)+k2x (mx-mean (samp$X))) * (mx/mean (samp$X))

#Exponential Type Estimator

est6 <— (mean (samp$Z)-+beta_zx* (mx—-mean (samp$X)))
*exp ( (mx-mean (samp$X) ) / (mnx+mean (samp$X) ) )

#Generalized Exponential Type Estimator

est7 <— (wlxmean (samp$Z)+w2* (mx-mean (samp$X)))

*exp ( (mx-mean (samp$X) ) / (mx+mean (samp$X) ) )

#Mean Square Error of 1st estimator (ordinal mean)

msel <= ((1-f)/n)*(var (univ8Y) +var (univs$s))

#Bias of ratio estimator - 1st degree approximation
bias2i <— ((1-f)/n)*my* (c2_x—-Ro_ZX*C_z*C_X)
#Mean Square Error of ratio estimator - 1lst degree approximation

mse2i <= ((1-f)/n)*(my"2)* (c2_z+c2_x-2%RO_ZX*C_z*C_X)
#Bias of regression estimator - 1st degree approximation

bias3i <—- -beta_zx* ((1-f)/n)*((mul2/mull)- (mu03/mul2))

#Mean Square Error of regression estimator - 1lst degree approximation
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#mse3i <— ((1-f)/n)*xvar (univ8Y) ((1+ (var (univs$s)/var (univ$Y)))-(Ro_YX"2))

mse3i <— ((1-f)/n)*(my"2)*c2_z*x (1-(Ro_ZX"2))
#Bias of regression-cum-ratio estimator - 1st degree approximation
bias4i <—= ((1-f)/n)* (my*xc2_x-beta_zx* ((mul2/mull)- (mu03/mu02)))

#Mean Square Error of regression-cum-ratio estimator
#1st degree approximation
msedi <— ((1-f)/n)*(my”2)*(c2_z*(1-(Ro_ZX"2))+c2_x)

#Bias of genetalized regression-cum-ratio estimator

#1st degree approximation

bias5i <= (k1-1)*my+kl*my* ((1-f)/n)* (c2_x—Ro_ZX*C_z*C_Xx)
+k2«mx* ( (1-f) /n) *c2_x

#Mean Square Error of generalized regression-cum-ratio estimator

#1st degree approximation

mse5i <= ((k1-1)"2)*(my~2)+(k1"2)* (my~2)*((1-£f)/n)
* (C2_z+3%c2_x—4%Ro_ZX*Cc_z*Cc_x)+ (k272) * (mx"2)
*((1-f)/n)*c2_x—2%xklx (my~2)* ((1-f)/n)
* (C2_x—Ro_ZX*Cc_z*C_x) —2%k2*my*mx* ( (1-f) /n)

*C2_x-2%k1*xk2*my*mx* ( (1-f) /n) * (RO_ZX*C_z*C_xX-2%C2_X)

#Bias of exponential type estimator - 1st degree approximation

bias6i <= ((1-f)/n)* (beta_zx* ((mu03/mu02) - (mul2/mull))+(3/8)*my*c2_x)

#Mean Square Error of exponential type estimator - 1st degree approximation
mse6i <= ((1-f)/n)*(my"2)*(c2_z*(1-(Ro_ZX"2))+0.25%c2_x)

#Bias of generalized exponential type estimator
#1st degree approximation
bias7i <= (wl-1)*my+ ((1-£f)/n)*(0.5%xwlsmy#* (0.75%xc2_x—-Ro_ZX*C_z*C_X)
+0.5%W2*mx*C2_X)
#Mean Square Error of generalized exponential type estimator
#1lst degree approximation
mse7i <— (mse5i/ (1+ (mse5i/ (my~2))))
—((((1-f)/n)*c2_x* (mse5i+((1-£f)/n)*(1/16)
*C2_x* (my~2)))/ (4% (1+mse5i/ (my~2))))

#Empirical results

#Simulation of 5000 replicas of estimates

#Results

res <- rbind(res,c(N,n,Ro_YX,Ro_ZX,R,
c_x,c_y,c_z,kl,k2,wl,w2,
mx,my,mz,
med_estl,med_est2,med_est3,med_est4,
med_est5,med_est6,med_est7,
bias2i,bias3i,bias4i,bias5i,
bias6i,bias7i,
emp_msel,msel, emp_mse2,mse2i,

emp_mse3,mse31, emp_msed, msedi,
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emp_mse5, msebi, emp_mseb6,mse6i,
emp_mse7,mse71i))

}

colnames (res) <— ¢ ("N","n","RhoXY", "RhozX", "R",
"Cx", "Cy","Cz", "k1", "k2", "wl", "w2",
"mX", "my", "mz",
"Estl","Est2","Est3", "Est4",
"Est5", "Est6", "Est7",
"BIAS2I","BIAS3I","BIAS4I", "BIASS5I",
"BIAS6I","BIASTI",
"EMP_MSE1","MSE1", "EMP_MSE2", "MSE21",
"EMP_MSE3", "MSE3I", "EMP_MSE4", "MSE41I",
"EMP_MSE5", "MSE5I", "EMP_MSE6", "MSE6I",
"EMP_MSE7", "MSE7I")

return (res)

#Package for generation

require (MASS)

#Import data

data_yx <— read.table ("IUTICE10.txt",sep="\t",dec=",",header = T)
#Study variable (purchase, millions of euros)

Y <- data_yx[, 3]

#Auxiliary variable, correlated with Y (turnover, millions of euros)
X <—= data_yx[,2]

#Data application
N <- dim(data_yx) [1]

res <- proj_exponential_real (Y, X,N)

#Export data

write.table (res, "chapter4_ne_results.txt", sep="\t",dec=",", row.names=FALSE)
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Improved Exponential Type
Estimators of the Mean of a Sensitive
Variable in the Presence of

Non-Sensitive Auxiliary Information

Abstract

Recently Koyuncu et al. (2013) proposed an exponential type estimator to improve the
efficiency of mean estimator based on Randomized Response Technique (RRT). In this
paper, we propose an improved exponential type estimator which is more efficient than
the Koyuncu et al. (2013) estimator, which in turn was shown to be more efficient than the
usual mean estimator, ratio estimator, regression estimator, and the Gupta et al. (2012)
estimator. Under simple random sampling without replacement (SRSWOR) scheme, Bias
and Mean Square Error (MSE) expressions for the proposed estimator are obtained up to
first order of approximation and comparisons are made with the Koyuncu et al. (2013) es-
timator. A simulation study is used to observe the performances of these two estimators.

Theoretical findings are also supported by a numerical example with real data.

Submitted as: GUPTA, S., SHABBIR, J., SOUSA, R. & REAL, P. C. 2013. Improved exponential type
estimators of the mean of a sensitive variable in the presence of non-sensitive auxiliary information.
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5. IMPROVED EXPONENTIAL TYPE ESTIMATORS OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF
NON-SENSITIVE AUXILIARY INFORMATION 5.1. Introduction

5.1 Introduction

This study proposes an improved exponential type estimator for estimating the popula-
tion mean of a sensitive variable when information about a non-sensitive auxiliary vari-
able is available. A common problem in conducting a statistical sample survey is that of
response bias in the face of sensitive questions. Warner (1965) introduced the Random-
ized Response Technique (RRT) in order to solve this problem. Our main purpose in this
study is to improve the mean estimation of a sensitive variable based on a RRT when

some non-sensitive auxiliary information is available.

Many authors such as Kadilar and Cingi (2004), Kadilar et al. (2007), Shabbir and
Gupta (2007, 2010) and Nangsue (2009) have presented ratio and regression estimators

when both the study variable and the auxiliary variable are directly observable.

In this study we propose an exponential type estimator for the mean of a sensi-
tive variable using known information on a correlated but non-sensitive auxiliary vari-
able. The proposed estimator performs better than the recently introduced estimator by

Koyuncu et al. (2013) which was shown to outperform many existing estimators of this
type.

5.2 Terminology

Consider a finite population with N units U = (U;, Uy, ...,Un) from which a sample
of size n is drawn using simple random sampling without replacement (SRSWOR). Let
Y be the study variable, a sensitive variable which cannot be observed directly due to
respondent bias. Let X be the non-sensitive auxiliary variable which is correlated with
Y. Let S be a scrambling variable independent of ¥ and X. The respondent is asked to
report a scrambled response for Y given by Z = Y + S but is asked to provide a true
response for X. Let (7, Z) be the sample means corresponding to (Y, X), the population
means of Y and X, respectively. Consider Z to be the population mean of the scrambled
variable Z.

Let S2 and s2 respectively be the population variance and the sample variance of X.
On the other hand, S2, and s, are the population covariance and the sample covariance

between Z and X, respectively.

. . . . 5_ 7 X 2_g2
To obtain the Bias and MSE expressions, let us define eg = = ZZ ,e] = %, ey = SISTG”

and e3 = $22=52 gych that E(e;) = 0, i = 0, 1,2, 3. To first degree of approximations, we

Szx

have:

E(e%) = )\Cg = V20, E(e%) = )\Cg = V02, E(eoel) = )\sz = )\pszsz = V11,

Ho3 H12
FE(eres) = A=——, E(e1e3) = A= ,
(€re2) X poz (cr¢3) Xp
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1—f 1 N Z\T Y\ s

where \ = T, f = n/N, CZ:E = ,OZ;BCZC’;E and Mrs = m Zi:l(zi — Z) (.CU’L — X) .

5.3 Difference-cum-exponential Estimator (Koyuncu et al., 2013)

Recently Koyuncu et al. (2013) have suggested a combination of the difference estimator
and the exponential estimator with some gain in the efficiency. This estimator is given by

pE = [w12+w2 (X - 37;)] exp <§I_i> , (5.1)

where w; and w9 are constants.

The Bias and MSE of [ipg, up to first degree of approximation, at optimum values

w = L - (ACZ/8) and w = Z b w 1-— paaCs
Llopt) = 7 TACZ(1—p2) 2(0pt) = % \ 2 1(opt) C,

are given by

. ~ % Y 3 1 X
B’Las(,U:DE) o (wl(opt) — 1)Y + 'U)l(opt)Y)\ {803 - 2pzzCng3} + ’w2(opt)X)\C:C2, (52)
and
1 2
, (1 - 8/\C§>
MSE(fipp)opt = Y? 4 (1= 777 ) =
SE(fipE)opt < 4)‘Cx> 1+ XC2(1—p2,)
or 2
A B 1 V02 (8 - UOQ)

MSE(fipp)op = Y? ¢ (1= oz | = ' >
(DE)opt { < 4”02) 64 (vo2 + vaovo2 — V%) } >

It is shown in Koyuncu et al. (2013) that this estimator is better than all the other
similar estimators such as Sousa et al. (2010) and Gupta et al. (2012).

5.4 Proposed estimator

The combined product estimators have shown advantages in efficiency spite of being
more biased than the traditional ratio or regression estimators (Koyuncu et al., 2013).
Motivated by this fact, we propose a change in the difference-cum-exponential estimator
in (5.1) so that when the sample mean () of the auxiliary variable X is close to population
mean (X), the expected value of the proposed estimator is closer to the variable of inter-
est Y. So, our proposed estimator is an improved exponential estimator as an modified

version of the difference-cum-exponential estimator in (5.1) and is given by the following
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expression

fip = [diZ + do) exp <§ ; ;) , (5.4)

where d; and d; are constants.

Using Taylor’s approximation and retaining terms of order up to 2, (5.4) can be rewrit-
ten as

o o 13
g — 2 = [(dl — 1)Z +di1Zey + dg] {1 — 561 + 86%} . (55)

Recognizing that Z = Y, the optimum Bias and MSE of fi;, to first degree of approx-

imation, are given by

o — — (3 1 3
Bms(,u[E) = (d1 — I)Y +diY (81}02 — 2’011) + do <1 + 8’UQQ> R (5.6)
and
MSE(jip) = d3Y2A + d3B — 2d,Y?C — 2d2Y D + 2d1doY E + Y2, (5.7)

3 1 3
where A = 1+ v9g +v92 — 2v11, B = 1+ vge, C = 1+§1}02 — 57)11, D = 1—|—§U02,
E =1+ vp2 — v11.

Using (5.7), the optimum values are

BC - DFE
dl(opt) = AB — E2’

and

Y (AD — CE)
da(opt) = AB _ 2

Considering the MSE at optimum values we get

_ BC? + AD? —2CDE
~ ~ 2
MSE(,U,[E)Opt:Y I:l— AB—E2 :|

or

3 3 1
Vo0 + 17}201102 (1 — pgx) (1 + 161)02) + avggvfl

v20 + vo2v20 (1 — p2,)

MSE(jirg)opt = Y2 |1 — . (5.8

V11
Vv V204/002 '

Comparing the MSE of this estimator to the MSE of difference-cum-exponential esti-

where p,, =

mator given in (5.3), we note that the proposed estimator will be more efficient if

MSE(ﬂIE)opt < MSE(/lDE)opt-

74



5. IMPROVED EXPONENTIAL TYPE ESTIMATORS OF THE MEAN OF A SENSITIVE VARIABLE IN THE PRESENCE OF

NON-SENSITIVE AUXILIARY INFORMATION 5.5. Simulation Study
This will be so if
2 2 2 2
64v90 — 48v7; — 8upavTy + 48v20v02 + V20V, V02 (8 — 1)02) oo > 0
- — ~ V02
64 (Uzo + V2020 — 0%1) 64 (U02 + vo2v20 — U%l) 4
or if

2 2 .2 3 2 .3 4 2 2 2
2 2 2 2 4 3,2 4 2
_16U20U02 - 64U20U11 - 8U02U11 - 8?./02’[)11 + U02U11 + 48@11 + 16'[)02?}11

M >0,
where M = 64 [{va0 + vaovoz (1 — p%) } {vo2 + vaovoz (1 — p%,) },
or if
V20002 (1 — Pgm) [8 (81120 + v — 6@%1) — g2 (4 — U02)2 + sgugn (32 — 7U02)}
64 [{v20 + v20v02 (1 = p2,) } {vo2 + vaovoz (1 — p2,)}] ’ (25 9)

The above condition is likely to be true if numerator is positive.

5.5 Simulation Study

In this section, we conduct a simulation study with particular focus on comparing the
performance of the proposed combined estimator jip to the estimator [ipr suggested
by Koyuncu et al. (2013), using the Bias and MSE results, correct up to first order of

approximation.

We consider 2 different bivariate normal distributions for (Y, X). The scrambling vari-
able S is taken to be a normal variable with mean equal to zero and standard deviation
equal to 10% of the standard deviation of X . The reported response is givenby Z = Y +5.
The summary statistics about the bivariate normal populations are given below.

Population Statistics:

I | N=1000,uy = 2,0y = V10, ux = 2,0x = V2,0xy = 3and pxy = 0.6708
II | N=1000,py =2,0y =6, ux =2,0x =V2,0xy = 3and pxy = 0.8660

We take samples of size n = 50,100,200 and 300 from each population to compare the
results. We estimate the empirical Bias and MSE using 5000 samples of various sizes from
the study populations. The absolute relative bias (ARB) is given by

Y

’Bius(ua)

where o = DFE and I E.
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The empirical and the theoretical results for the two estimators under study are pre-
sented in Table 5.1 and Table 5.2, respectively. From these tables we can observe that the
proposed estimator shows reduced Bias when compared to other estimator.

Table 5.1: Empirical ARB for the difference-cum-exponential estimator (iipx) and for the improved expo-
nential estimator (fi k).

Population Empirical ARB
N PXY Estimator n =50 n =100 n =200 n =300
0.6867 fipe 0.0267  0.0122 0.0042 0.0012
1000 ’ bre 0.0009  0.0007 0.0000 0.0003
0.8713 LDE 0.0064  0.0027 0.0001 0.0009
' bre 0.0001 0.0001 0.0002 0.0004

Table 5.2: Theoretical ARB for the difference-cum-exponential estimator (pr) and for the improved expo-
nential estimator (firg).

Population Theoretical ARB
N PXY Estimator n=50 n=100 n=200 mn =300
0.6867 ApE 0.0214  0.0103 0.0046 0.0027
1000 ’ e 0.0013 0.0006 0.0003 0.0002
0.8713 Ape 0.0023  0.0011 0.0005 0.0003
’ bre 0.0006  0.0003 0.0001 0.0001

As expected, the absolute relative bias generally decreases as the sample size in-
creases, however this effect becomes less pronounced when the correlation between X
and Y is higher. Although the proposed estimator is not unbiased, the bias results show

a very good performance for this estimator.

Table 5.3 above gives the empirical and theoretical MSE’s for the two competing esti-

mators.

The MSE values for the proposed estimator are all less than the MSE values for the
Koyuncu et al. (2013) estimator. The estimators under study get more and more efficient

as pxy increases. These results were expected from the condition in (5.9).
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Table 5.3: Empirical and theoretical MSE for the difference-cum-exponential estimator (fipr) and for the
improved exponential estimator ({i;g).

Population MSE Estimation

N PXY n  Estimator Empirical Theoretical MSE Condition®

0 BT Qs oosy 00

06867 100 l;]fj Doane Doas 0.0122
o e

- WG Goe oo 0%
o prowm o

08713 100 Z?j Do o 0.0032
T 7 00014
v

! MSE comparison based on expression (5.9).

5.6 Numerical Example

In this section, we use real data concerning enterprises for the Monthly Economic Survey
(MES) in Portugal. The survey is conducted to provide an accurate picture of business
trends of enterprises. It provides short-term indicators on a monthly basis compiled for
four sectors: industry, retail trade, construction and service sector. The survey results
are broken down by branches according to the NACE! Rev. 2 (Eurostat, 2008). In this
survey the main questions refer to an assessment of recent trends in production, of the
current levels of order books and stocks, as well as expectations about production, selling
prices and employment. We consider as population the enterprises collected in the 2010
sample which provided results for the industry sector, taking the monthly salaries as

study variable and number of employees as auxiliary variable in each enterprise.

Let Y be the monthly salaries amount in 2010 collected by the MES in that year. This
is typically a confidential variable for enterprises, only known from business surveys.
The auxiliary variable X is the number of employees available from business data reg-
isters. The variables Y and X are strongly correlated so we can take advantage of this
correlation by using the estimators under study. The MES provided 26980 monthly salary

values in 2010, collected for about 2316 enterprises which answered this survey in that

'NACE is derived from the French title "Nomenclature générale des Activités économiques dans les
Communautés Européennes"” (Statistical classification of economic activities in the European Communities).
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same year. We take these 26980 values as our population. For the RRT part, let S be a
normal random variable with mean equal to zero and standard deviation equal to 10%
of the standard deviation of X. The reported response is given by Z = Y + S (the salary
amount plus a random quantity). The summary statistics about the populations are given
below.

Population Characteristics:

N = 26980, pxy = 0.8599
ux = 113.91, uy = 167.18 (in thousands of Euros)
ox = 215.8,0y = 501.4 and oxy = 93043

We use the following samples sizes in our simulation study: n = 1000, 2500, 5000 and
10000.

In Tables 5.4 and 5.5 below we present the empirical and the theoretical ARB results,
respectively, for the difference-cum-exponential estimator ({ipr) and for the proposed
estimator (jirg).

Table 5.4: Empirical ARB for the difference-cum-exponential estimator (iipr) and for the improved expo-
nential estimator (fir k).

Population Empirical ARB
N PXY Estimator n =1000 n =2500 n =5000 n = 10000
i 0.0025 0.0022 0.0016 0.0012

MDE
26980 08599 pre 0.0003 0.0004 0.0004 0.0003

Table 5.5: Theoretical ARB for the difference-cum-exponential estimator (Zpg) and for the improved expo-
nential estimator (jirg).

Population Theoretical ARB
N pxy  Estimator n=1000 n =2500 = =5000 n = 10000
ADE 0.0008 0.0003 0.0001 0.0001
26980 0.8599 158> 0.0002 0.0001 0.0000 0.0000

The ARB results show the good performance for the improved difference-cum-exponential

estimator.

The theoretical MSE values for both estimators have been obtained using (5.3) and
(5.8). These values are given in Table 5.6.
According to the MSE results in Table 5.6, the proposed estimator is considerably better
than the difference-cum-exponential estimator (iipg). These results are in line with the

theoretical findings and the simulation results.

78
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Table 5.6: Empirical and theoretical MSE for the difference-cum-exponential estimator (fipg) and for the
improved exponential estimator ({i;g).

Population MSE Estimation
N PXY n Estimator Empirical Theoretical MSE Condition®
1000 le’j 662"2588 62:24 0.0205
26980  0.8599 2500 Z];j 224.;1500 223.&%982 00083
5000 ’;’;5 11962398 11%775 0.0041
10000 if}f g:ﬁ 3:5 0.0020

2 MSE comparison based on expression (5.9).

5.7 Conclusions

We can conclude from this study that the estimation of the mean of a sensitive variable
can be improved by using a correlated non-sensitive auxiliary variable. Our simulation
study and the numerical example show that improved difference-cum-exponential esti-

mator can produce further improvement.

In this paper we show that the proposed estimator is more efficient than the difference-
cum-exponential estimator recently proposed by Koyuncu et al. (2013), which in turn was

better than most of the existing estimators of finite population mean.
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Appendix D - R Routines

Listing 5.1: R Code for Simulation Study of Proposed Estimator in Chapter 5

proj_improved_exp <- function (N, sigma,mu)

{

#Generation of a bivariate normal population

data_yx <— mvrnorm(N, mu, sigma)

#Study variable
Y <- data_yx[,1]
#Auxiliary variable, correlated with Y
X <- data_yx[,2]

#Coefficient of correlation between Y and X
Ro_YX <= cor (Y, X)

#Scrambling variable independent of Y and X, with mean=0
S <= rnorm (N, mean=0,sd=0.1xsd (X))

#Scrambled response

7 <= Y+S

#Coefficient of correlation between Z and X
Ro_ZX <— Ro_YX/sqgrt (1+ (var (S)/var(Y)))

#population
univ <— data.frame (cbind (Y=Y, S=S, Z2=Z, X=X, NRAND=runif (N)))

univ <- univ[order (univ$NRAND), ]

#Mean of Y
mz <— mean (univ$?z)
mx <—- mean (univ$Xx)

my <-— mean (univ$yY)

univ$Z-mz) * (univ$X-mx) )/ (N-1)
univs$z-mz) * ( (univ$X-mx)*2))/ (N-1)
)"2)/ (N-1)

)~3)/(N-1)

mull <— sum
mul2 <— sum
mu02 <- sum( (univ$X-mx
mu03 <- sum( (univ$X-mx
beta_zx <-— Ro_YX* (sd(univ$Y)/sd (univ$Xx))

#Samples dimension
dim samp <- ¢(50,100,200,300)

#Initialize the variables...

for (i in 1l:length(dim_samp))
{
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#sample dimension
n <— dim_samp[i]
#sample

samp <— univ[l:n,]
#Sampling rate

f <= n/N

#Coefficient of variation

c x <— sd(univ$X) /mx

c_y <- sd(univ$Y) /my

c2_x <= ¢c_x"2

c2_y <= c_y"2

c2_z <— c2_y+ (var (univ$s)/ (my"2))

c_z <— sqrt(c2_z)

1 <- (1-f)/n

#Difference-cum—exponential type Estimator
wl <= (1-(1l%xc2_x/8))/ (1l+1l%c2_z*(1-(Ro_ZX"2)))
w2 <= (my/mx)*(0.5-wlx (1-(Ro_ZX*c_z/c_x)))
est5 <— (wl*mean (samp$Z7)+w2* (mx—mean (samp$X)))

*exp ( (mx—mean (samp$X) ) / (mx+mean (samp$X) ) )

#2nd Improved Exponential Estimator

A <= 1+1%xc2_z+1*xc2_x—2%1*%Ro_ZX*C_z*C_X
B <= 1+1l%c2_x

C <— 1+(3/8)*x1%c2_x—-0.5%x1%Ro_ZX*Cc_z*xC_X
D <- 1+(3/8)*1*c2_x

E <= 1+1xc2_x-1%Ro_ZX*c_z*c_x

z1l <— (BxC-D%*E)/ (AxB— (E"2))

z2 <— my* (A*D-C*E) / (AxB—(E"2))

est6 <— (zlxmean (samp$Z)+z2) xexp ( (mx—-mean (samp$X) )/ (mx+mean (samp$X)))

#Bias of Difference-cum-exponential estimator — 1st degree approximation
biasbi <— (wl-1)#*my+wlxmy*lx ((3/8)*c2_x—0.5%Ro_ZX*c_z*C_Xx)

+w2*kmx*1lxc2_x
mse51 <= (my”2)* ((1-0.25%1%c2_x)—(((1-(1/8)*1*c2_x)"2)

/ (1+1%xc2_zx (1-(Ro_ZX"2)))))

#Bias of Improved Exponential - 1st degree approximation

bias6i <— (zl-1)*my+zlsmy* ((3/8)*1*c2_x
~0.5%1%Ro_ZX*c_zxc_x)+z2% (1+(3/8) *1*c2_x)

#Mean Square Error of improved exponential estimator 2

#1st degree approximation

mse6i <= (my”~2)* (1-((B*(C"2)+Ax (D"2)-2*C*D*E)/ (A*xB-(E"2))))

#Condition to compare Est6(P) with Est8 (DE)
cond <= (v20#%v02+% (1- (RO_ZX"2)) * (8% (8*v20+v02% (v11"2)
—6% (V1172))-v02% ((4-v02) "2)+v20*v02* (32-7%v02)))
/ (64% (v20+v20%v02% (1— (Ro_ZX"2)) ) * (v024v20*v02* (1- (Ro_ZX"2))))
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#Empirical results

#Simulation of 5000 replicas of estimates

#Results
res <— rbind(res,c(N,n,Ro_YX,Ro_ZX,

c_x,c_y,c_z,kl,k2,wl,w2,
z1l,z2,mx,my,mz,
med_estl,med_est2,med_est3,med_estd4,
med_est5,med_est6,med_est7,
bias2i,bias3i,bias4i,biasb5i,
bias6i,bias6i,
emp_msel,msel, emp_mse2,mse2i,
emp_mse3, mse3i, emp_msed4,msedi,
emp_mse5, mse5i, emp_mse6,mse6i,
emp_mse7,msebi,
cond) )

}

colnames (res) <— ¢ ("N","n", "RhoXY", "RhoZX",
"Ccx","Cy","Cz", "k1", "k2", "wl", "w2",
"z1","z2", "mX", "my", "mz",
"Estl","Est2","Est3", "Est4",
"Est5", "Est6", "Est7",
"BIAS2I","BIAS3I","BIAS4I", "BIASSI",
"BIAS6I", "BIASTI",
"EMP_MSE1", "MSE1", "EMP_MSE2", "MSE2I",
"EMP_MSE3", "MSE3I", "EMP_MSE4", "MSE41I",
"EMP_MSE5", "MSE5I", "EMP_MSEG", "MSE6I",
"EMP_MSE7", "MSE7I",
"COND")

return (res)

#Package for generation

require (MASS)

N <= 1000

#Parameters

sigmal <— matrix(c(9,1.9,1.9,4),2,2)
sigma2 <- matrix(c(10,3,3,2),2,2)
sigma3 <- matrix(c(6,3,3,2),2,2)

mu <= c(2,2)
res <— NULL
for (i in l:length(N))

{

res <— rbind(res,proj_improved_exp(N[i], sigmal,mu))
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res <— rbind(res,proj_improved_exp (N[i], sigma2,mu))
res <—- rbind(res,proj_improved_exp (N[i], sigma3, mu))
}

write.table (res, "chapter5_ss_results.txt", sep="\t",dec=",", row.names=FALSE)
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Listing 5.2: R Code for Numerical Example of Proposed Estimator in Chapter 5

proj_improved_exp_real <- function (Y, X,N)

{

#Coefficient of correlation between Y and X

Ro_YX <= cor (Y,X)

#Scrambling variable independent of Y and X, with mean=0
S <= rnorm(N,mean=0,sd=0.1*sd (X))
#Scrambled response

7 <= Y+S

#Coefficient of correlation between Z and X
Ro_ZX <= Ro_YX/sqgrt (1+ (var (S)/var(Y)))

#population
univ <— data.frame (cbind (Y=Y, S=S, Z=Z, X=X, NRAND=runif (N)))

univ <— univ[order (univ$NRAND), ]

#Mean of Y
mz <- mean (univ$2z)
mx <— mean (univ$x)

my <— mean (univ$yY)

(univ8Z-mz) * (univs$X-mx) )/ (N-1)
(univ8Z-mz) * ( (univ$X-mx)*2))/ (N-1)
( )"~2)/ (N-1)
( )"~3)/ (N-1)

mull <— sum/(
mul2 <-— sum/(
mu02 <- sum( (univ$X-mx
mu03 <- sum( (univ$X-mx
beta zx <— Ro_YXx* (sd (univ8Y)/sd (univ$Xx))

#Samples dimension
dim_samp <- ¢ (1000,2500,5000,10000)

#Initialize the variables...

for (i in 1l:length(dim_samp))
{

#sample dimension

n <— dim_samp[i]

#sample

samp <— univ([l:n,]

#Sampling rate

f <-= n/N

#Coefficient of variation

c_x <— sd(univ$X) /mx
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c_y <- sd(univ$Y) /my

c2_x <= c_x"2

c2_y <= c_y"2

c2_z <= c2_y+ (var(univ$s)/ (my"2))
c_z <—- sqgrt(c2_z)

1 <= (1-f)/n

#Difference—cum-exponential type Estimator
wl <= (1-(1l*xc2_x/8))/ (1+1%c2_zx (1-(Ro_ZX"2)))
w2 <= (my/mx)* (0.5-wl*(1-(Ro_ZX*c_z/c_x)))
est7 <— (wlxmean (samp$Z)+w2* (mx-mean (samp$X)))

*exp ( (mx-mean (samp$X) ) / (mx+mean (samp$X) ) )

#2nd Improved Exponential Estimator
<= 1+1*xc2_z+1l*c2_x-2%1*Ro_7ZX*C_z*C_X
<— 1+1*xc2_x
1+(3/8)*1*xc2_x-0.5%1%Ro_ZX*C_z*xC_x
<— 1+ (3/8)*1lxc2_x
<= 1+1*c2_x—-1*Ro_ZX*C_z*C_X
z1l <— (B*C-DxE)/ (A%*B- (E"2))
z2 <= my* (A¥D-C*E) / (AxB-(E"2))
est8 <= (zl*mean (samp$7Z)+z2) *xexp ( (mx-mean (samp$X) ) / (mx+mean (samp$X) ) )

0o Qw >
A
|

#Bias of generalized exponential type estimator

#1st degree approximation

bias7i <= (wl-1)#*my+wlxmy*lx ((3/8)*c2_x—0.5%¥Ro_ZX*C_z*C_Xx)
+w2*kmx*1lxc2_x

mse7i <= (my"2)* ((1-0.25%1%c2_x)—(((1-(1/8)*1*c2_x)"2)
/ (1+1%xc2_z* (1-(Ro_ZX"2)))))

#Bias of improved exponential estimator 2 - 1st degree approximation
bias8i <— (zl-1)*my+zl*my* ((3/8)*x1*xc2_x—0.5%x1*%Ro_ZX*C_z*C_X)
+z2% (1+(3/8) *1%c2_x)
#Mean Square Error of improved exponential estimator 2
#1st degree approximation
mse8i <— (my”"2)* (1-((Bx(C"2)+A* (D"2)-2%C*D*E)/ (A*xB-(E"2))))

#Condition to compare Est8 (P) with Est8(DE)
cond <— ((B*%*(C"2)+Ax (D"2)-2%xCxDxE)/ (A*B— (E"2)))
—(((1-(1/8)*1%c2_x)"2)/ (1+1lxc2_z* (1- (Ro_ZX"2))))—-0.25%1%xc2_x

#Empirical results

#Simulation of 5000 replicas of estimates

#Results
res <—- rbind(res,c(N,n,Ro_YX,Ro_ZX,
c_x,c_y,c_z,kl,k2,wl,w2,

zl,z2,mx,my,mz,
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med_est7,med_est8,
bias7i,bias81i,
emp_mse7,mse7i,
emp_mse8,mse8i,
cond) )

}

colnames (res) <— c("N","n", "RhoXY", "RhoZzZX",
"Ccx","Cy","Cz", "k1", "k2", "wl", "w2",
"z1","z2", "mX", "my", "mz",
"Est7","Est8",
"BIAS7I","BIAS8I",
"EMP_MSE7", "MSE7I",
"EMP_MSE8", "MSES8I",
"COND")

return (res)

#Package for generation

require (MASS)

#Import data

data_yx <- read.table ("IVNEI2010.txt",sep="\t",dec=",",header = T)
#Study variable (purchase, millions of euros)

#data_yx <= data_yx[data_yx$MES>=10, ]

Y <- data_yx[,5]/1000

#Auxiliary variable, correlated with Y (turnover, millions of euros)
X <-= data_yx[,4]

#Data application
N <- dim(data_yx) [1]
res <— proj_improved_exp_real (Y,X,N)

#Export data

write.table (res, "chapter5_ne_results.txt", sep="\t",dec=",", row.names=FALSE)
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Improved Mean Estimation of a
Sensitive Variable Using Auxiliary
Information in Stratified Sampling

Abstract

Sousa et al. (2010) and Gupta et al. (2012) have recently introduced ratio estimator and re-
gression estimators for the mean of a sensitive variable which perform better than the or-
dinary mean estimator based on a Randomized Response Technique (RRT). In the present
study we extend these estimators to the stratified sampling setting.

The performance of the proposed estimators is compared to the exiting estimators
both theoretically and through a simulation study. We also apply the proposed estimators
to some real data.

Submitted as: SOUSA, R., GUPTA, S., SHABBIR, J. & REAL, P. C. 2013. Improved Mean Estimation of
a Sensitive Variable Using Auxiliary Information in Stratified Sampling. Journal of Statistics and Management
Systems.
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6. IMPROVED MEAN ESTIMATION OF A SENSITIVE VARIABLE USING AUXILIARY INFORMATION IN STRATIFIED
SAMPLING 6.1. Introduction

6.1 Introduction

The main goal of this paper is to extend the results of Sousa et al. (2010) and Gupta et al.
(2012) to the case of stratified sampling. It is assumed that the study variable is sensitive

and the auxiliary variable is non-sensitive.

Many authors have presented ratio and regression estimators when both the study
variable Y and the auxiliary variable X are directly observable. These include Kadilar
and Cingi (2005), Kadilar et al. (2007), Shabbir and Gupta (2007, 2010) and Nangsue
(2009). Gupta and Shabbir (2008) have suggested a general class of ratio estimators when
the population parameters of the auxiliary variable are known. These estimators have
also been extended by Kadilar and Cingi (2003) to stratified random sampling. In an
attempt to improve the estimators, Kadilar and Cingi (2005), Shabbir and Gupta (2005,
2006) and Singh and Vishwakarma (2008) have suggested new ratio estimators in strat-
ified random sampling. Koyuncu and Kadilar (2008, 2009) have proposed a family of
combined-type estimators in stratified random sampling based on the family of estima-
tors proposed by Khoshnevisan et al. (2007). Recently Koyuncu and Kadilar (2010) have
suggested a family of estimators in stratified random sampling following Kadilar and
Cingi (2003).

Some studies on estimation of the mean have been submitted with different sampling
schemes, such as Sahoo et al. (2009) and Singh and Kumar (2011) in a two-stage sampling
scheme and recently by Singh and Solanki (2012) in a systematic sampling design.

This paper suggests a combined ratio estimator and a combined regression estimator
of population mean of a sensitive variable using non-sensitive auxiliary information, us-
ing Randomized Response Technique (RRT) methodology (Gupta et al., 2002 and 2010;
Warner, 1965) in stratified sampling. The Bias and the Mean Square Error (MSE) of the
suggested estimators are derived. Both theoretical and empirical findings support the
reliability of the present study.

6.2 Terminology

We denote the finite population by U = {U;, Uy, ...,Un}. Consider a stratified random
sample s (Cochran, 1977), selected from U with sampling rate f = . The study popula-
tion is divided into L strata with strata sizes N}, such that Zﬁzl Np=N(h=1,...,L).

Let Y be the sensitive study variable which cannot be observed directly. Let X be a
non-sensitive auxiliary variable which is strongly correlated with Y. Let S be a scram-
bling random variable independent of Y and X. The particular values of S are unknown
to the interviewer but its distribution is known. The respondent is asked to report an
additively scrambled response for Y given by Z = Y + S and also asked to provide a true
response for X.
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6. IMPROVED MEAN ESTIMATION OF A SENSITIVE VARIABLE USING AUXILIARY INFORMATION IN STRATIFIED
SAMPLING 6.3. Estimators Review

Consider a stratified random sample of size n be drawn from U such that the sample
size in the A" stratum is n;, and Z,I;:l np = n. Let yp; and xp; respectively be the values
of the study variable Y and the auxiliary variable X in the A" stratum, with i = 1, ..., n,.

Let s = Eﬁ:l Whih, Tst = Z}];:l Wiz, and Zg = Zﬁzl Wz, be the stratified
sample means, where g;, = - ot Yhis Tn = - Yot ap and z, = nlh doih zp; are
the stratum sample means corresponding to population stratum means Y;, = E (Y},),

_ _ N,
X, =FE(Xp)and Z, = E(Zy) and W), = Wh are the known stratum weights.

To estimate Y = SN W}, V;, we assume that X = 3> W}, X}, is known. Let Z =
ZZN:’H W}, Zj, be the population mean for the scrambled variable Z.

To discuss the properties of different estimators, we define the following error terms.
_ = _ 7 o SQ 2

st — 2 st — X 2 _ G2
Let egy = Z tZ and el = X tX L egs = sttsgst st and €30t = Szxsggxs‘jzxst such
that E (e;s) = 0, i = 0,1,2, 3.
6.3 Estimators Review
Below we list some existing mean estimators for simple random sampling.
(i) Ordinary sample mean:
foy =% (6.1)
N ey R
MSE(i,) = - (S +57), (6.2)
where SS = 5 Zfil(yz —Y)%and 5% = Efil(si —5)2.
(ii) Sousa et al. (2010) ratio estimator:
X
[l =Z—. (6.3)
z
The Bias and MSE of [ir to first degree of approximation are given by
P 1—fo /2
Bias(ip) = TY (C’gj — pszsz) (6.4)
and .
MSE(jir) = — A (C2+ C} —2p..C.Ch), (6.5)
2 2 552 Pyz ..
where C% = C, + ok prz = ——— and C, C, and C, are the coefficients of
S
1+ =5
Sy

variation of Z, Y and X, respectively.
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(iii) Gupta et al. (2012) regression estimator:

/lReg =ZzZ+ /Bzx (X - i') ) (66)
5 S Sy
where 3., =5 = 52 is the sample regression coefficient between Z and X,
= -y - #) and §2 = LS (- 2)2
The Bias and MSE of [ig, to first degree of approximation, are given by
1—
Bias(ﬂReg) = [ ( f) {m - ,UO?;} (6.7)
n K11 Ho2
and f
MSE(fipey) = ( - ) YV2C2 (1-p2,), (6.8)

where ji,5 = vi7 SN (2 — Z) (2 — X)*.

For a stratified random sample the usual combined sample mean, ignoring the auxil-
iary information, is given by
:&'Yst = Zst, (69)
which is an unbiased estimator of population mean Y.

The MSE of [iy is given by

L

MSE(jiyst) = > Wiivn {Sy + S} (6.10)
h=1
1 1 _ _
where v, = <nh - Nh)' 92, = wimt ity (yni — Ya)? and 82, = g ST (sns — Sn)2.

The remainder of the paper is as follows. In Section 6.4, we introduce a combined ratio
estimator and compare it to the ordinary mean estimator and to the ratio estimator (Sousa
et al., 2010), considering the MSE as an accuracy indicator. In Section 6.5, we propose a
combined regression estimator and compare it with other estimators as well as with the
regression estimator proposed by Gupta et al. (2012). We present an empirical study in
Section 6.6 and a numerical example in Section 6.7 to support the proposed methodology.
Section 6.8 provides some concluding remarks.

6.4 Proposed combined ratio estimator

We propose the following combined ratio estimator

fRst = Zst (:X> . (611)

T st
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Using Taylor’s approximation and retaining terms of order up to 2, (6.11) can be rewritten
as

ﬂRst - Z= Z {eOSt —elst T e%st - 603t€15t} . (612)

Under the assumption of bivariate normality (see Sukhatme and Sukhatme, 1984), we
have:

E(eOst) Zh 1 Wh’}/hcah/ (elst) Zh 1 Wh’yhcxhl E(e()stelst) Zﬁ:l W}%'thza:h/
S Pyzh
where C.. = 020 ConCoh, C Cgh < Sh> and p,,p, = L

Using Z = Y in (6.12), the Bias of [irs to first degree of approximation is given by

~

Bzas :uRst g Z h’)/h - szh) . (613)
h=1

Using (6.12), the MSE of [igs:, correct up to first order of approximation, is given by

. . N 2
MSE(MRst) =F {MRst - Y} = YQE {60315 — e1st T+ e%st - 6051&6151&} .

So, if an independent simple random sample is drawn in each stratum, we have

L
MSE(first) = Y?> Wiy {CF, + C2), — 2Coan} - (6.14)
h=1

It can be observed that M SE (first) < MSE (fiys) if

L L
1
> WimCean = 5 D mCiy > 0. (6.15)
h=1

On the other hand, comparing this estimator with different sampling methods M SE (firs) <
MSE (ig) if

~

1—
Y Wi {C% + C2y = 20:0nCanCan } < Tf {C24+C2=2p.,C:C.},  (6.16)
h=1
a condition that can be ensured by a suitable stratification.
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6.5 Proposed combined regression estimator

Assuming linear relationship between Y and X, we propose the following combined
regression estimator for the population mean of YV’

ﬂRegst = Zst + /Bc (X - jst) ) (617)
L 2
Zh 1 Whr)/hszzh

>t Wims2,
Z =Y + Sisthe scrambled response on Y.

where 3, = is the sample regression coefficient between Z and X and

Using Taylor’s approximation and retaining terms of order up to 2, (6.17) can be
rewritten as

,aRegst - Z = Zeost - /BCX [elst + €1st€3st — elst€25t] ’ (618)
L
Zh:l W}?Vhszwh

S Wims2y,
From Mukhopadhyay (1998, p. 123) and considering a random sample selected from

where . = is the population regression coefficient between Z on X.

each population stratum we can deduce:
M03h M12h
E(elst62st) Zh 1 2 and E(elste?)st) Zh 1 }%
Mozh M 11h

1 _ _
where fi,, = S (2ni — Zn)" (wni — Xn)®.
Ny, —1

Recognizing that Z=Yin Equation (6.18), the Bias and MSE of [igeyst, are given by

~

H12n  Ho3h
Bias(firegst) = — W Be { — } 6.19
(hregst) Z nm Hiin  Ho2h (6.19)
and
L
MSE(ﬂRegst) ~y? Z W]%'thgh (1 o p?:) ) (6.20)
h=1
L 2
where p. = 2onza Wi ynSzen .
Vo WO S Wi,
It can be verified easily that
(i) MSE(ﬂRegst) < MSE(ﬂYst) if
L
> W CZp2 > 0. (6.21)
h=1
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(ii) MSE(fipegst) < MSE(jigst) if

L L )
A WiEvRConn
§ W,%’thgh . Zh—l UL

= > 0. (6.22)
h=1 \/th1 WimC,

These two conditions will always hold true indicating that, up to first order of approxi-
mation, the regression estimator performs better than ordinary mean and ratio estimators

in stratified random sampling also, as they did in the case of simple random sampling.

On the other hand, we can say that
(ifi) MSE(jiregst) < MSE(jineg) if

L
S WEnCE (1-p2) <~ (- ), (6.23)
h=1

n

a condition that can be ensured by a suitable stratification.

6.6 A Simulation Study

In this section, we present a simulation study with particular focus on comparing the
performance of the proposed combined estimators firs; and [iregst to the RRT mean es-
timator [y and to the corresponding estimators in simple random sampling (Sousa et
al., 2010; Gupta et al., 2012). For this purpose we rely on Bias and MSE, correct up to first

order of approximation.

We considered three bivariate normal populations with different covariance matrices
to represent the distribution of (Y, X). The scrambling variable S is taken to be a normal
distribution with mean equal to zero and standard deviation equal to 10% of the standard
deviation of X. The reported scrambled response on Y is givenby Z =Y + S.

All of the simulated populations have theoretical mean of [Y, X] as i = [5,5] and co-

variance matrices as given below.

Population 1

N = 1000

Y= ) 32 = 0.5333

95



6. IMPROVED MEAN ESTIMATION OF A SENSITIVE VARIABLE USING AUXILIARY INFORMATION IN STRATIFIED

SAMPLING 6.6. A Simulation Study
Population 2
N =1000
6 3.3

3= , = 0.7778.

[ 3.3 3 ] Py
Population 3
N = 1000

= b3 = 0.9487
= 3 2 7p)(y— . .

For each population we considered five sample sizes: n = 30, 60, 150 and 300.

The population is divided in two strata according to a certain criteria set for the aux-
iliary variable. The sample size from each stratum is based on the Neyman allocation.
We compare the results of stratified random sampling with the corresponding results of

simple random sampling.

Table 6.1 below gives the empirical and theoretical MSE’s for the proposed combined
estimators based on first order approximation. We use the following expression to find
the Percent Relative Efficiency (PRE) of study estimators as compared to the ordinary

sample mean:
MSE(jyst)

PRE =
RE = NS E ()

x 100,

where a = Ry, Regs;. This measure is calculated using first degree of approximation for
MSE per unit estimator. We estimate the empirical MSE using 5000 samples of size n and

considering the average of all the observed values.
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Table 6.1: Empirical and Theoretical MSE, for the RRT mean estimator, ratio estimator (underlined) and
regression estimator (bold); and corresponding PRE relative to the RRT mean estimator.

Population MSE Estimation
N Np, PXY PXYh n Empirical MSE ~ Theoretical MSE PRE
0.3039 0.2897 100.00
30 0.2227 0.2104 137.70
0.2395 0.2077 139.51
0.1403 0.1404 100.00
60 0.1024 0.1019 137.77
05395 pxy1 = 0.5397 0.1339 0.0993 141.34
’ pxy2 = 0.5410 0.0533 0.0508 100.00
150 0.0380 0.0369 137.72
0.0488 0.0359 141.31
0.0208 0.0209 100.00
300 0.0156 0.0152 137.73
0.0187 0.0148 141.00
0.2028 0.1932 100.00
30 0.0803 0.0763 253.17
0.0791 0.0792 244.04
0.0937 0.0936 100.00
60 0.0371 0.0370 253.29
N1 =550 pxy1 = 0.7888 0.0430 0.0367 255.33
1000 No = 450 0.7827 pxye = 0.7868 0.0355 0.0339 100.00
150 0.0137 0.0134 253.21
0.0150 0.0131 258.38
0.0139 0.0139 100.00
300 0.0057 0.0055 253.21
0.0061 0.0054 256.64
0.1688 0.1608 100.00
30 0.0346 0.0323 497.12
0.0168 0.0179 899.95
0.0783 0.0779 100.00
60 0.0157 0.0157 496.80
0.9501 pxy1 = 0.9522 0.0084 0.0079 979.71
) pxye = 0.9478 0.0296 0.0282 100.00
150 0.0059 0.0057 496.88
0.0030 0.0028 1002.03
0.0115 0.0116 100.00
300 0.0024 0.0023 496.98
0.0012 0.0012 993.07

According to the results in Table 6.1, all the percent relative efficiencies are greater

than 100, indicating that the proposed combined estimators perform better than the or-
dinary mean estimator. The use of auxiliary information provides a gain for a stratified
random sample. Therefore, the proposed estimators increases the accuracy since there is
a significant correlation between X and Y.
These results for the stratified estimators agree with the Sousa et al. (2010) and Gupta
et al. (2012) findings for a simple random sampling. Clearly the gain with regression
estimator is substantial when correlation between the primary and auxiliary variables is
high.
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6.7 Numerical Example

We now compare the performances of the proposed combined estimators using a real
data set. The data come from a sample from the survey on Information and Communica-
tion Technologies (ICT) usage in enterprises in 2010 with seat in Portugal (Smilhily and
Storm, 2010). This survey intends to promote the development of the national statistical
system in the information society and to contribute to a deeper knowledge about the us-
age of ICT by enterprises. The target population covers all industries with one and more
persons employed in the sections of economic activity C (Manufacturing) to N (Admin-
istrative and support service activities) and S (Other service activities), from NACE! Rev.
2 (Eurostat, 2008).

The ICT survey has an extensive plan of indicators, so the use of auxiliary information
on the sampling stage is essential to get a stratified random sample as a proper represen-
tation for the population. The enterprises commercialization is directly related to their
turnover, so this auxiliary variable is usually used for stratification. In our example we
consider three strata: the first one is enterprises with less than 10 million (in euros) of
turnover, the second between 10 and less than 30 million of turnover, and the third with

30 million or more of turnover.

In our application the variable of interest Y is the purchase orders in 2010, collected
by the ICT survey in that year. This is typically a confidential variable for enterprises,
only known from business surveys. On the other hand, the auxiliary variable X is the
turnover of each enterprise which is known for all the population and annually available

with the statistical institutes as administrative information.

The purchase orders information was collected in the ICT survey and is known for
a sample of 1698 small and medium enterprises (at least 10 and no more than 100 em-
ployees) in 2010. For this study, these 1698 enterprises are considered as our population.
The scrambling variable S is taken to be a normal random variable with mean equal to
zero. Given the high magnitude of the auxiliary variable X, we consider a standard devi-
ation of S equal to 1% of the standard deviation of X, thatis g = 0.01lox. The reported
scrambled response is given by Z = Y + S (the purchase order value plus a random
quantity). The variables Y and X are strongly correlated so we can take advantage of

this correlation by using the combined ratio and regression estimators.

The variables X and Y are expressed in millions of Euros. We test our stratified sam-
ple estimators with random sample of sizes n = 100,250 and 500. The sample size of
each stratum is allocated proportionally to the dimension of strata population.

'NACE is derived from the French title "Nomenclature générale des Activités économiques dans les
Communautés Européennes” (Statistical classification of economic activities in the European Communities).
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Population Characteristics:

Stratum | Ny, | pxvn Lyh oy xR oxh Population
1 979 | 0.7802 | 2.15 2.46 3.12 2.68 N = 1698, pxy = 0.9368,
2 362 | 0.7952 | 16.67 | 6.86 | 20.31 | 6.02 By x = 0.8284, uy = 14.44,
3 357 | 0.8408 | 45.88 | 30.21 | 56.33 | 30.18 | oy = 22.39, ux = 17.97,0x = 25.31

Table 6.2 below presents the results for the empirical MSE estimates, the theoretical
estimates, correct up to first degree of approximation, and the PRE of combined ratio
and regression estimators relative to the ordinary sample mean in the stratified sample.
For both sampling designs, we estimate the empirical MSE using 5000 samples of size n
selected from the population.

We also show the Design Effect (Deff) comparing the efficiency of study estimators
in stratified sample (Str) relative to the ordinary sample mean in simple random sample
(SRS):

MSE (fiy)

Deff = MSE (i) x 100,

where a = Yy, Ry, Regs:.

Table 6.2: Empirical, theoretical MSE, PRE for the ratio estimator (underlined) and for the regression estima-
tor (bold) relative to the RRT mean estimator and PRE for the simple random sample (SRS) relative to the
stratified sample (Str).

Population SRS Str
Empirical Theoretical Empirical Theoretical 1 Deff 2
N N pxym MSE MSE MSE msge  TRE

5.6291 5.6291 1.9699 1.9373 100.00 290.56

100 0.8027 0.8027 0.5535 0.6577 294.56 855.88
0.6894 0.6894 0.6290 0.5303 365.35 1061.57

1698 ]]:][l i ggg 0.9368 2.0110 2.0403 0.6994 0.6948 100.00 293.66
N2 B 357 ’ 250 0.2882 0.2909 0.2110 0.2397 289.91 851.35
3= 0.2493 0.2499 0.2265 0.1863 373.00 1095.35

0.8502 0.8440 0.2917 0.2903 100.00 290.71

500 0.1186 0.1204 0.0855 0.0992 292.66 850.81
0.1022 0.1034 0.0882 0.0785 369.91 1075.37

! MSE comparison of study estimators relative to the ordinary sample mean in Str.
? MSE comparison of study estimators in Str relative to the ordinary sample mean in SRS.

According to the results in Table 6.2, all of the percent relative efficiencies are greater
than 100, so the proposed estimators perform better than the ordinary RRT mean esti-
mator which does not use auxiliary information. Moreover, there is clear reduction of
MSE if we compare the results based on stratification to those based on simple random

sampling. The Deff shows an increase in efficiency by using the stratified sample.

Taking into account the large correlation between the variable of interest Y and the
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auxiliary variable X, the proposed estimators have similar gain regardless of the sample
size. However, the gain is more evident in a simple random sample because the stratifi-

cation already significantly reduces the MSE values.

6.8 Conclusions

In the survey research context, using auxiliary information can be essential to improve
the accuracy of estimates, mainly when we have to deal with sensitive variables. We can
observe from this study that the estimation of the mean of a sensitive variable can be

improved by using a non-sensitive auxiliary variable.

The ratio and the regression estimators perform better than the RRT mean estimator
in both simple random sampling and stratified sampling also. Although both the ra-
tio and regression estimators perform better than the ordinary RRT mean estimator, the

improvement is much larger with the regression estimator.

Regarding the efficiency, the results indicate that the proposed estimators become
more and more efficient as the coefficient of correlation increases. When the study and
the auxiliary variables are strongly correlated the proposed estimators, particularly the
combined regression estimator performs much better, regardless the sample size.

These results agree with the findings of Sousa et al. (2010) and Gupta et al. (2012) in

simple random sampling.

All of the study estimators show better performance than the ordinary RRT sample
mean. Nevertheless, the gain in accuracy is stronger in the simple random sampling
because the stratification already reduces the MSE value for the RRT mean estimator.

The main conclusion of this study is that the advantage of using the RRT in the pres-
ence of auxiliary information still holds in the context of stratified sampling.
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Appendix E - R Routines

Listing 6.1: R Code for Simulation Study of Proposed Estimator in Chapter 6

proj3_ratio_st_NeymanAlloc <- function (N, sigma,mu, L)

{

#Generation of a bivariate normal population
data_yx <— mvrnorm (10000, mu, sigma)
data_yx <—- data.frame (data_yx)

colnames (data_yx) <- c("Y","X")

indicesl <- round (runif (550,0,10000))
data_yxl <- data_yx[indicesl, ]
data_yx1$ST <- 1

indices2 <- round (runif (450,0,10000))
data_yx2 <- data_yx[indices2, ]
data_yx2$ST <- 2

data_yx <- rbind(data_yx1l,data_yx2)

#Study variable

Y <- data_yx[,1]

#Auxiliary variable, correlated with Y
X <-= data_yx[, 2]

#Stratum

ST <- data_yx[,3]

#Scrambling variable independent of Y and X, with mean=0
S <= rnorm(N,mean=0,sd=0.1*sd (X))

#Scrambled response

Z <= Y+S

#Population
univ <- data.frame (cbind (Y=Y, S=S, Z2=7, X=X,
ST=ST, NRAND=runif (N)))

univ <— univ[order (univ$ST, univ$NRAND), ]

#Coefficients of correlation
Ro_YX <- cor (Y, X)
Ro_ZX <= Ro_YX/sqgrt (1+ (var (S)/var(Y)))
Ro_YXh <= by (cbind (univ$Y,univ$X),
univ$sT, function (x) {cor (x[,1]1,x[,21)})
Ro_ZXh <= Ro_YXh/sqgrt (1+ (by (univ$s,

univ$sST,var) /by (univ$Y, univ$sST,var)))
#Population means
Mz <- mean (univ$?z)

Mx <- mean (univ$X)
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My <- mean (univ$Y)

#Information

SY <= sd(univ8$Y)

SYh <— by (univ$Y,univ$ST, sd)
S7 <— sd(univ$?z)

Szh <- by (univ$Z,univ$ST, sd)
SX <— sd(univ$Xx)

SXh <= by (univ$X,univ$sT, sd)

#Samples dimension
dim_samp <- ¢(30,60,150,300)

#Information for the population
Nh <- by (univ$Zz,univ$ST, length)
wh <- Nh/N

res <-— NULL
for (i in 1l:length(dim_samp))
{

#sample dimension

n <— dim_samp([i]

#sample with Neyman Allocation
n_total <= 0
samp <— NULL
for (1 in 1:L)
{
n_aux <— round (n* ((length (univ$Z[univ$§ST==1])
*sd (univ$Y [univ$ST==1])) /sum (Nhxby (univ$Y,univ$sT,sd))))
if (1==L) {n_aux<-n-n_total}
n_total <- n_total+n_aux

samp <= rbind (samp,univ[univ$ST==1,][1:n_aux,])

#Sampling rate for each stratum
nh <- by (samp$Z, samp$ST, length)
fh <- nh/Nh

gh <= (1-fh)/nh

f <= n/N

#Sampling mean for each stratum
mzh <-— samp$Z, samp$ST, mean

mxh <-

by (

myh <- by (samp$Y, samp$ST, mean
by (samp$X, samp$ST, mean
by (

)
)
)
)

msh <-— samp$S, samp$ST, mean

#Population mean for each stratum

Mzh <- by (univ$Z,univ$ST,mean)
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Myh <= by (univ$Y,univ$ST, mean)
Mxh <= by (univ$X,univ$ST, mean)

Msh <- by (univ$S,univ$ST,mean)

#Sampling mean for each stratum
szh <- by (samp$Z, samp$ST, sd)
sxh <- by (samp$X, samp$ST, sd)

mull <- cbind(sum( (univ$z[univ8sT==1]-Mzh[1l])
* (univ8X [univ$ST==1]-Mxh[1]))/ (Nh[1]-1),
sum ( (univ$Z[univ$ST==2]-Mzh[2])

* (univ$X [univ$sST==2]-Mxh[2]))/ (Nh[2]-1))
mul2 <— cbind(sum( (univ$Z[univ$ST==1]-Mzh[1])
* ((univ$X[univ$ST==1]-Mxh[1])"2))/ (Nh[1]-1),
sum((univ$Z[univ$ST==2]szh[2J)
* ((Univ8X[univ$ST==2]-Mxh[2]) y/ (Nh[2]-1))
mu02 <- cbind(sum( (univ$X[univ$ST==1]-Mxh[1])"2)/(Nh[1]-1),
sum ( (Univ$X [univ$ST==2]-Mxh([2])"2)/ (Nh[2]-1))
mu03 <= cbind(sum( (univ$X[univ$ST==1]-Mxh[1])"3)/(Nh[1]-1),
sum( (univ$X[univ§ST==2]-Mxh[2])"3)/ (Nh[2]-1))

#Ratio

R <- mean (univ$X) /mean (samp$X)

#Ordinary meam

estl <= sum(wh*mzh)

#Ratio estimator

est2 <— sum(wh#*mzh) * (Mx/sum (wh*mxh) )

#Regression estimator

betac <= sum((wh”"2)*gh*Ro_ZXh*szh*sxh)/sum( (wh”"2)*gh*Ro_ZXh* (sxh"2))
est3 <= sum(wh*mzh) +betac* (Mx—sum (wh*mxh) )

#Coefficient of variation

c_xh <= by (univ$X,univ$ST, sd) /Mxh
c_yh <- by (univ$Y,univ$sST, sd) /Myh
c2_xh <= c_xh"2

c2_yh <= c_yh"2

c_zh <- by (univ$Z,univ$sST, sd) /Mzh
c2_zh <= c_zh"2

#Bias of ratio estimator - 1st degree approximation

bias2i <= My*sum( (wh”"2)*gh* (c2_xh-Ro_ZXh*xc_zh*c_xh))

#Bias of regression estimator - 1lst degree approximation
bias3i <= —-sum(ec((wh”"2)*gh*betac)* ((mul2/mull) - (mu03/mu02)))

#Mean Square Error of 1st estimator (ordinal mean)
msel <= sum( (wh"2)* (gh* (by (univ$8Y,univ$ST, var)

+by (univ$sS, univ$sT,var))))
#Mean Square Error of ratio estimator

#1st degree approximation
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SAMPLING

Appendix E - R Routines

mse2i <= (My”"2)*sum((wh”"2)*gh* (c2_zh+c2_xh-2*xRo_ZXh*xc_zhxc_xh))

#Mean Square Error of regression estimator
#1st degree approximation

rhoc <= sum( (wh”"2)*gh*Ro_ZXh*szh*sxh)

/(sqrt(sum((whAZ)*gh*(szhAZ)))*sqrt(sum((whAZ)*gh*(sthZ))))

mse3i <= (My”"2)*sum((wh”"2)*gh*c2_zhx (1-(rhoc”2)))

#Empirical results

#Simulation of 5000 replicas of estimates

#Results
res <— rbind(res,cbind (Nh,N,nh,n,
Ro_YXh, Ro_ZXh,
SY, SYh, SX, SXh,
Mxh, Mx, Myh, My, Mzh, Mz,
med_estl,med_est2,med_est3,
bias2i,bias3i,
emp_msel, msel,
emp_mse2,mse2i,
emp_mse3,mse3i))
}
colnames (res) <- c("Nh","N","nh","n"
"RhoXYh", "RhozZXh",
"SY","SYh","Sx","Sxh",

"MXh", "MXH’ "MYh", "MY", "MZh", llevl,

"Estl", "Est2", "Est3",
"BIAS2I", "BIAS3I",
"EMP_MSE1", "MSE1",
"EMP_MSE2", "MSE21I",
"EMP_MSE3", "MSE3I")

return (res)

#Package for generation

require (MASS)

#Parameters

#Population dimension

N <= 1000

#Variance-Covariance matrix

sigmal <- matrix(c(9,3.2,3.2,4),2,2)
sigma2 <- matrix(c(6,3.3,3.3,3),2,2)
sigma3 <— matrix(c(5,3,3,2),2,2)
#Mean vector

mu <- ¢(5,5)

#Number of strata

L <= 2

res <— NULL
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for (i in 1l:length(N))

{
res
res

res

write.

<— rbind(res,proj3_ratio_st_NeymanAlloc (N[i],sigmal,mu, L))
<- rbind(res,proj3_ratio_st_NeymanAlloc(N[i],sigma2,mu,L))

<— rbind(res,proj3_ratio_st_NeymanAlloc (N[i],sigma3,mu, L))

table (res, "chapter6_ss_results.txt",sep="\t",dec=",", row.names=FALSE)
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Listing 6.2: R Code for Numerical Example of Proposed Estimator in Chapter 6

proj3_ratio_st_real <- function (Y, X,N)

{

L <=3
data_yx <—- data.frame (cbind (Y, X))

colnames (data_yx) <—- c("Y","X")

#Strata
data_yx$ST <- 0
data_ yx$ST <- ifelse (data_yx$x<10,1,
ifelse (data_yx$xX>=10 & data_yx$x<30,2,
ifelse (data_yx$xX>=30,3,0)))

data_yx <- data_yx[order (data_yx$ST), ]
Y <- data_yx$Y

X <- data_yx$X

ST <- data_yx$ST

S<-NULL
#Scrambling variable independent of Y and X, with mean=0
for (s in 1:L)
{
S <= ¢ (S, rnorm(sum(ST==s) ,mean=0,sd=0.01*sd (X[ST==s])))
}
#Scrambled response
Z <= Y+S

#Population
univ <- data.frame (cbind (Y=Y, S=S, Z=%, X=X, ST=ST, NRAND=runif (N)))

univ <- univ[order (univ$ST, univ$NRAND), ]

#Coefficients of correlation

Ro_YX <- cor (Y, X)

Ro_ZX <= Ro_YX/sqrt (1+ (var(S)/var(Y)))

Ro_YXh <- by (cbind (univ$Y,univ$X),univ$sT,
function (x) {cor(x[,1]1,x[,2])})

Ro_ZXh <= Ro_YXh/sqgrt (1+ (by (univ$S,univ$ST, var)
/by (univ$Y, univ$sST, var)))

#Population means
Mz <- mean (univ$Zz)
Mx <- mean (univ$Xx)

My <— mean (univ$Y)

#Information

SY <— sd(univ8yY)
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SYh <- by (univ$Y,univ$sT, sd)
S7Z <— sd(univ$7z)
Szh <= by (univ$Z,univ$sT, sd)
SX <= sd(univ$x)
SXh <- by (univ$X,univ$sT, sd)

#Samples dimension
dim_samp <- ¢(100,250,500)

#Information for the population
Nh <- by (univ$Z,univ$ST, length)
wh <- Nh/N
nL <—= Nh[L]

res <-— NULL
for (i in 1l:length(dim_samp))
{

#sample dimension

n <- dim_samp([i]

#sample with Neyman Allocation
n_total <= 0
samp <- NULL
for (1 in 1:L)
{
n_aux <— round (n* (Nh[1]/N))
n_total <-= n_total+n_aux

samp <— rbind (samp,univ[univ$§ST==1,][1l:n_aux,])

#Sampling rate for each stratum
nh <- by (samp$Z, samp$ST, length)
fh <- nh/Nh

gh <- (1-fh)/nh

f <= n/N

#Sampling mean for each stratum
mzh <- samp$Z, samp$ST, mean)
myh <-— samp$Y, samp$ST, mean)
)
)

msh <-

by (
by (

mxh <- by (samp$X, samp$ST, mean
by (samp$S, samp$ST, mean

#Population mean for each stratum

Mzh <- by (univ$Zz,univ$ST,mean)
Myh <= by (univ$Y,univ$ST, mean)
Mxh <- by (univ$X,univ$ST, mean)
Msh <= by (univ$S,univ$ST,mean)

#Sampling mean for each stratum

szh <—- by (samp$Z, samp$ST, sd)
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sxh <- by (samp$X, samp$ST, sd)

mull <- cbind(sum( (univ$Z[univ$ST==1]1-Mzh[1])* (univ$X[univ$ST==1]

-Mxh[1]))/(Nh[1]-1),sum( (univ$Z[univ$ST==2]-Mzh[2])
* (Univ8X [univ$ST==2]-Mxh[2]))/ (Nh[2]-1),
sum ( (Univ8Z [univ$ST==3]-Mzh[3]) * (Uuniv8X[univ$ST==3]

-Mxh[3]))/(Nh[3]-1))
mul2 <— cbind(sum( (univ$Z[univ8ST==1]-Mzh[1l])* ( (univ8X[univ$ST==1]

-Mxh[1])72))/ (Nh[1]-1),sum((univ$Z[univ8ST==2]1-Mzh[2])
* ((univ$X[univ$ST==2]-Mxh[2])"2))/(Nh[2]-
sum ( (Univ$Z [univ8ST==3]-Mzh[3]) * ((Uuniv8$X[univ$§ST==3]
-Mxh[3])"2))/(Nh[3]-1))
mu02 <- cbind(sum( (univ$X[univ$ST==1]-Mxh[1])"2)/(Nh[1]-1),
um ( (univ$X[univ$ST==2]-Mxh[2])"2)/(Nh[2]-1),
um ( (univ$X [univ$ST==3]-Mxh[3])"2)/(Nh[3]-1))
mu03 <- cbind(sum( (univ$X[univ$sST==1]-Mxh[1])"3)/(Nh[1]-1),
um ( (univ$X[univ$ST==2]-Mxh[2])"3)/(Nh[2]-1),
um ( (Uuniv$X[univ$§ST==3]-Mxh[3])"3)/ (Nh[3]-1))

#Ratio

R <- mean (univ$X) /mean (samp$X)

#Ordinary meam

estl <— sum(wh*mzh)

#Ratio estimator

est2 <— sum(wh#*mzh) * (Mx/sum (wh*mxh) )

#Regression estimator

betac <- sum((wh”2)*gh*Ro_ZXh*szh*sxh)/sum( (wh”2)*gh*Ro_ZXh* (sxh"2))

est3 <= sum(wh*mzh) +betac* (Mx—sum (wh*mxh) )

#Coefficient of variation

c_xh <- by (univ$X,univ$sT, sd) /Mxh
c_yh <- by (univ8Y,univ$ST, sd) /Myh
c2_xh <= c_xh"2

c2_yh <= ec_yh"2

c_zh <- by (univ$Z,univ$ST, sd) /Mzh
c2_zh <= c_zh"2

#Bias of ratio estimator - 1st degree approximation

bias2i <= My*sum( (wh”"2)*gh* (c2_xh-Ro_ZXhxc_zh*c_xh))

#Bias of regression estimator - 1st degree approximation
bias3i <= -sum(c((wh"2)*gh*betac)* ((mul2/mull) - (mu03/mul2)))

#Mean Square Error of 1st estimator (ordinal mean)
msel <—= sum((wh"2)* (gh* (by (univ8Y,univ$ST, var) +by (univ$S,univ$ST,var))))
#Mean Square Error of ratio estimator - 1lst degree approximation
mse2i <= (My”"2)*sum( (wh”"2)*gh* (c2_zh+c2_xh-2%Ro_ZXh*c_zhxc_xh))
#Mean Square Error of regression estimator - 1st degree approximation
rhoc <— sum((wh"2)*gh*Ro_ZXhxszh*sxh)

/ (sgrt (sum( (wh”"2) *gh* (szh"2)) ) *sqrt (sum( (wh"2) *gh* (sxh"2))))
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mse3i <= (My"2)*sum( (wh"2)*gh*xc2_zh* (1-(rhoc”2)))

#Empirical results

#Simulation of 5000 replicas of estimates

#Results
res <— rbind(res,cbind (Nh,N,nh,n,

Ro_YXh, Ro_7Zxh,
SY, SYh, SX, SXh,
Mxh, Mx, Myh, My, Mzh, Mz,
med_estl,med_est2,med_est3,
bias2i,bias3i,
emp_msel, msel,
emp_mse2,mse2i,
emp_mse3,mse3i))

}

colnames (res) <-— c("Nh","N","nh","n"
"RhoXYh", "RhozZXh",
"SY","SYh","Sx","Sxh",
"MXh", "MX", "MYh", "MY", "MZh", "MZ",
"Estl","Est2", "Est3",
"BIAS2I","BIAS3I",
"EMP_MSEL", "MSEL",
"EMP_MSE2", "MSE2I",
"EMP_MSE3", "MSE3I")

return (res)

#Package for generation

require (MASS)

#Import data

data_yx <—- read.table ("IUTICE10_BA.txt",sep="\t",dec=",",header = T)
data_yx <- data_yx[data_yx$NPS>=10 & data_yx$NPS<150, ]

data_yx <- data_yx[data_yx$turn<=200, ]

#Study variable (purchase, millions of euros)

Y <- data_yx$purch

#Auxiliary variable, correlated with Y (turnover, millions of euros)
X <-= data_yx$turn

#Data application

N <- dim(data_yx) [1]

res <— proj3_ratio_st_real(Y,X,N)
#Export data
write.table (res, "chapter6_ne_results.txt", sep="\t",dec=",", row.names=FALSE)
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General Discussion

71 Summary

Our thesis work is based on the improvement of the mean estimation of sensitive vari-
ables (Edwards, 1957; Groves et al., 2004). In the sampling literature (Cochran, 1997;
Mukhopadhyay, 1998; Sardnal et al., 1997; Sukhatme and Sukhatme, 1984), researchers
have proposed several estimators which use auxiliary information in order to improve
their performance. Over the chapters of this thesis we have proposed different estima-
tors which combine the Randomized Response Technique (RRT) method (Eichhorn, 1983;

Warner, 1965) with the use of auxiliary information.

In section 7.2 we present a numerical example that aims to make a comparison of
the performance of the main proposed estimators. For that purpose we conduct a study
with a real dataset and we show the numerical results for the Bias and Mean Square Error
(MSE), as well as graphic evidence which illustrates the performance of each estimator

in terms of estimation precision.

7.2 Comparison of the main study estimators

In this section we conduct a study with a real dataset with particular focus on comparing
the performance of the main estimators proposed in this thesis, using the Bias and the

MSE results as the criteria.

Consider a real dataset concerning enterprises for the Monthly Economic Survey

(MES) in Portugal. The survey is conducted to provide an accurate picture of business
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trends of enterprises. It provides short-term indicators on a monthly basis compiled for

four sectors: industry, retail trade, construction and service sector.

Generally, the enterprises do not want to report the value of their orders. This is typ-
ically a confidential variable for enterprises, only known from business surveys. Nev-
ertheless, every year the entity responsible for MES, the Statistics Portugal [1], provides
administrative information with the value of the orders for the previous year. Thus, in
our numerical example, we consider the value of orders in 2009 as a sensitive variable

and the value of orders in 2008 as an auxiliary variable.

Let Y be the annual orders amount in 2009 collected by the MES in that year. The
auxiliary variable X is the annual orders amount in 2008, available from business data
registers. The variables Y and X are strongly correlated so we can take advantage of
this correlation by using an auxiliary variable. We take the 608 business survey respon-
dents common between 2008 and 2009 as our population. For the RRT part, let S be a
normal random variable with mean equal to zero and standard deviation equal to 10%
of the standard deviation of X. The reported response is given by Z = Y + S (the orders
amount in 2008 plus a random quantity). The summary statistics about the populations

are given below.

Population Characteristics:

N =608, pxy = 0.9447
ux = 21357.69, uy = 17828.2 (in thousands of Euros)
ox = 65874.83, 0y = 57489.53 and oxy = 3577597688

We use the following samples sizes in our simulation study: n = 50, 100, 200 and 300.

In this study we compare the results for the ordinary RRT sample mean (/iy) to the
main estimators proposed in this study: the ratio estimator (/iz) (Sousa et al., 2010), the
regression estimator (fireg) (Gupta et al., 2012), the generalized regression-cum-ratio esti-
mator (igrr) (Gupta et al., 2012), the generalized regression-cum-exponential estimator
(ftezp1) (Koyuncu et al., 2013) and the improved exponential estimator (fi;) (Gupta et
al., 2013).

In Table 7.1 below we present the the theoretical ARB results for all the estimators in

comparison.
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Table 7.1: Theoretical ARB for the estimators in comparison.

Population Theoretical ARB
N PXY Estimator n =50 n =100 n =200 n =300

(iir) 0.0022 00010  0.0004  0.0002

(fireg) ~ 0.0080  0.0036  0.0015  0.0007

608 09447  (igrr)  0.0225 00104  0.0042  0.0021
(flewpr) 00215 00093  0.0036  0.0018

(iug) 00042 00022 00009  0.0005

The ARB results show that it is not always the case that estimators with better perfor-
mance in terms of accuracy are the best performing in terms of Bias as well. However, the
improved exponential estimator (/i;r) manages to combine great precision results with
reduction in Bias compared to other estimators which use auxiliary information, such as
the ratio estimator (jir), the regression estimator (jir.,) and the study generalized expo-

nential estimators (fiezp1 and firg).

From our 5000 samples, selected for each sample size and for each estimator, we take
the empirical Bias and we draw a graph, presented in Figure 7.1, which shows the Bias

distribution for all the generated estimates.
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Figure 7.1: Distribution of empirical Bias
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According to the graph in Figure 7.1 all the estimators have Bias about zero but it is
the improved exponential estimator which shows less dispersion, with results closer to
zero. Despite being unbiased, the RRT mean estimator’s greater empirical Bias relative
to the estimators which use auxiliary information, also based on RRT, is obvious in this
graph indicating that just a RRT version of the mean estimator might not be enough.

Table 7.2 below gives empirical and theoretical MSE’s based on the first order of ap-
proximation for all the estimators considered here. We estimate the empirical MSE using
5000 samples of various sizes selected from the study population. We use the following
expression to find the Percent Relative Efficiency (PRE) of ratio, regression, generalized
regression-cum-ratio, generalized regression-cum-exponential and improved exponen-

tial estimators as compared to the RRT mean estimator:

_ MSE(py)

PRE = "1/
MSE(fio)

x 100,
where a« = R, Reg, GRR, expl, I E.

Table 7.2: Empirical MSE, theoretical MSE correct up to 1°* order approximation and PRE for all the estima-
tors in comparison relative to the RRT mean estimator.

Population MSE Estimation

N PXY n  Estimator ~ Empirical Theoretical PRE

fiy 63985642.27 61487318.16  100.00

LR 7098375.83  7357491.69 835.71

50 [LReg 7520669.52 734901526  836.67
AGRR 6682678.20  7148757.06  860.11

flexpl 6308486.16  6721357.39  914.81

e 1633458.04 1334326.31  4608.12

fiy 27999936.04  27988850.92  100.00

LR 3593960.07  3349109.12  835.71

100 flReg 3531015.22  3345250.67  836.67
AGRR 3431317.25  3307434.75 846.24

flexpl 3252540.69  3213576.01 870.96

608 0.9447 155> 794022.08 686993.08  4074.11
fiy 11444042.86  11239617.30  100.00

LR 1475109.02 1344917.84  835.71

200 flReg 1412070.68 1343368.38  836.67
AGRR 1416483.71 1337528.93  840.33

flexpl 1370565.25 1322001.04  850.20

fre 0333343.39 292135.71 3847.40

iy 5728956.33  5656539.42 100.00

IR 791784.85 676854.07 835.71

300 flReg 752752.90 676074.28 836.67
AGRR 765577.73 674615.91 838.48

flezp1 740274.33 670651.05 843.44

bre 175396.47 14977032  3776.81

According to the MSE results in Table 7.2 the component regression shows perfor-
mance gains. As expected and shown in Chapter 5 the best performance comes from
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improved exponential estimator because of its large reduction in MSE.

From our 5000 samples, selected for each sample size and for each estimator, we take
the empirical MSE and we draw a graph, presented in Figure 7.2, which shows the pre-
cision distribution for all the generated estimates.

According to the graph in Figure 7.2 the use of auxiliary information significantly re-
duces the magnitude of MSE, particularly in the improved exponential estimator which
presents results closer to zero.

?
2 7 p = 09447
n=2300
BE— RRKT mean estimator
E— Ratio estimator
G 2 B— Regression estimatar
o a E— Generalized regression-cum-ratio estimator
o = B— Generalized regression-cum-exponential estimator
g BE— Improved exponential estimator
. ;
i
[iE]
==
[
-
[k
(o] ] o .
5
LE]
L]

Figure 7.2: Distribution of empirical MSE

7.3 Final Remarks

The aim of this project was to develop new methodologies that can potentially improve
the mean estimation in the presence of auxiliary information. These new methodolo-
gies were proposed in Chapters 2 to 6 and were compared with each other and with the
ordinary RRT mean estimator which does not uses the auxiliary information. For that

purpose we studied theoretically the proposed estimators, deriving the expressions for
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the Bias and Mean Square Error (MSE) correct up to first or second order approxima-
tions. Also, R routines [2] were developed for an extensive study by using real data and

simulated data for all the estimators under study:.

One of the main conclusions was the use of auxiliary information significantly re-
duces the magnitude of MSE, providing a gain for the parameter estimation based on
RRT, just as in the context of direct estimation of non-sensitive parameters.

We concluded from this study that the estimation of the mean of a sensitive variable

can be improved further by using a correlated non-sensitive auxiliary variable.

When there is a high correlation between the study variable and the auxiliary variable

the regression estimator performs better than ratio estimator.

We also found some exponential type estimators more efficient than the ratio and

regression type estimators.

We showed that the advantage of using the RRT in the presence of auxiliary informa-
tion still holds with other sampling designs, such as the stratified sampling (Sousa et al.,
2013).

Even though during the thesis project we have tested many new estimators and com-
pared them to existing estimators in literature, we only present those who showed an
effective improvement relative to the existing estimators or to the estimators previously

proposed for us.

We are aware that in this area there is still much more to explore and part of our
future work plans consists of studying other combinations of estimators, as well as the
application to different sampling designs and with different techniques which provides
confidence to the respondents when they have to answer to sensitive questions. Also, we
would like to plan and implement a survey to a group of respondents who struggle with
sensitive questions in order to evaluate the performance of proposed estimators with a
real application of a RRT.

Even with the natural constraints we face in this kind of research, this study was
a great challenge, both in the theoretical context as well as in the practical context of

parameter estimation in the presence of auxiliary information.
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Appendix F - R Routines

Listing 7.1: R Code for Numerical Example of Proposed Estimator in Chapter 7

comparison_chap7 <- function (Y, X, N)
{
#Coefficient of correlation between Y and X

Ro_YX <= cor (Y, X)

#Scrambling variable independent of Y and X, with mean=0
S <-= rnorm(N,mean=0,sd=0.1*sd (X))
#Scrambled response

7 <= Y+S

#Coefficient of correlation between Z and X
Ro_Z7ZX <= Ro_YX/sqgrt (1+ (var (S)/var(Y)))

#population
univ <— data.frame (cbind (Y=Y, S=S, Z=Z, X=X, NRAND=runif (N)))

univ <-— univ[order (univ$NRAND), ]

#Mean of Y
mz <— mean (univ$7z)
mx <— mean (univ$Xx)

my <— mean (univ$Y)

(univ8$zZ-mz) * (univs$X-mx) )/ (N-1)
(univ$Z-mz) * ( (univ$X-mx) ~2))/ (N-1)
( )"~2)/ (N-1)
( )"~3)/ (N-1)

mull <— sum/(
mul2 <-— sum/(
mu02 <- sum( (univ$X-mx
mu03 <- sum( (univ$X-mx
beta _zx <— Ro_YXx* (sd (univ8Y)/sd (univ$x))

#Samples dimension
dim_samp <- c¢(50,100,200,300)

#Initialize the variables...

for (i in 1l:length(dim_samp))
{

#sample dimension

n <— dim_samp[i]

#sample

samp <— univ([l:n,]

#Sampling rate

f <-= n/N

#O0rdinary meam

estl <— mean (samp$Z7)
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#Ratio estimator
est2 <- mean (samp$Z) * (mx/mean (samp$X) )
#Regression estimator

est3 <- mean (samp$Z) +tbeta_zx* (mx—-mean (samp$X) )

#Coefficient of variation

c_x <— sd(univ$X) /mx

c_y <- sd(univ$Y)/my

c2_xX <= ¢c_x"2

c2_y <= ec_y"2

c2_z <= c2_y+ (var (univ$s)/ (my"2))
c_z <— sqrt(c2_z)

1 <= (1-f)/n

#Generalized Regression-cum-ratio Estimator

kl <= (1-((1-f)*c2_x/n))/(1-((1-f)/n)*(c2_x—c2_z*(1-(Ro_ZX"2))))
k2 <— (my/mx)* (l+kl#* ((Ro_ZX*xc_z/c_x)-2))

est5 <— (kl*mean (samp$Z)+k2* (mx-mean (samp$X)))

* (mx/mean (samp$X) )

#Generalized regression-cum-exponential type Estimator
wl <= (1-(1l*xc2_x/8))/ (1+1%c2_zx (1-(Ro_ZX"2)))

w2 <= (my/mx)*(0.5-wlx(1-(Ro_ZX*c_z/c_x)))

est7 <- (wl*mean (samp$7)+w2* (mx—mean (samp$X)))

*exp ( (mx-mean (samp$X) ) / (mx+mean (samp$X) ) )

#2nd Improved Exponential Estimator
<= 1+1%c2_z+l*c2_x—-2%1*Ro_ZX*xc_z*c_Xx
<= 1+1*xc2_x
1+(3/8)*1xc2_x-0.5%1%Ro_ZX*Cc_z*xC_x
<— 14+ (3/8)*1xc2_x
<—= 1+1*c2_x—-1%Ro_ZX*C_z*C_X
z1l <— (BxC-D=xE)/ (A*B—(E"2))
z2 <= my* (A¥D-C*E) / (AxB-(E"2))
est8 <— (zl*mean (samp$Z7)+z2)

0o Qw P
A
|

*exp ( (mx—mean (samp$X) ) / (mx+mean (samp$X) ) )

#Mean Square Error of 1st estimator (ordinal mean)

msel <= ((1-f)/n)*(var (univ$Y)+var (univ$s))

#Bias of ratio estimator - 1st degree approximation
bias2i <= ((1-f)/n)*my* (c2_x—-Ro_ZX*C_z*C_X)
#Mean Square Error of ratio estimator - lst degree approximation

mse2i <= ((1-f)/n)*(my”*2)* (c2_z+c2_x—-2*Ro_ZX*C_z*C_Xx)

#Bias of regression estimator - 1st degree approximation
bias3i <— -beta_zx* ((1-f)/n)*((mul2/mull)- (mu03/mul2))
#Mean Square Error of regression estimator

#1st degree approximation
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mse31 <= ((1-f)/n)*(my”~2)*c2_z* (1-(Ro_ZX"2))

#Bias of generalized regression-cum-ratio estimator

#1st degree approximation

bias5i <— (k1-1)*my+kl*my* ((1-f)/n)* (c2_x—Ro_ZX*C_z*C_X)
+k2*mx* ((1-f) /n) *c2_x

#Mean Square Error of generalized regression-cum-ratio estimator

#1st degree approximation

mseb5i <= ((kl-1)"2)* (my"2)+(k1l"2)* (my"2)
*((1-f)/n)*(c2_z+3%c2_x—-4*Ro_ZX*c_z*C_x)
+(k272) % (mx"2) * ((1-£) /n) *c2_x-2xkl* (my"2)
*((1-f)/n)* (c2_x-Ro_ZX*c_z*C_x)
—2%k2%«my*mx* ( (1-f) /n) *c2_x—2*xk1*xk2*my*mx
*((1-f)/n) * (Ro_ZX*C_z*C_xX—-2%C2_X)

#Bias of generalized exponential type estimator

#1st degree approximation

bias7i <— (wl-1)*my+wlsmy*xl* ((3/8)*c2_x—0.5%Ro_ZX*C_z*C_X)
+w2kmx*kl*xc2_x

mse7i <= (my"2)* ((1-0.25%1%c2_x)—(((1-(1/8)*1*c2_x)"2)
/ (1+1%xc2_z* (1-(Ro_ZX"2)))))

#Bias of improved exponential estimator 2

#1lst degree approximation

bias8i <= (zl-1)*my+zl*my* ((3/8)*1*xc2_x—0.5%x1*%Ro_ZX*C_z*C_Xx)
+2z2% (1+(3/8) *1%c2_x)

#Mean Square Error of improved exponential estimator 2

#1st degree approximation

mse8i <= (my"2)* (1-((Bx(C"2)+A* (D"2)-2%CxD*E)/ (A*xB-(E"2))))

#Empirical results

#Simulation of 5000 replicas of estimates

#Graphics

#*************************************

emp_bias <— emp-my

emp_arb <- abs (emp_bias)/my

emp_mse <— apply (emp, 2, var)+ (emp_bias"2)

emp_res <— rbind(emp_res, rbind (cbind (N,n,Ro_YX, 1,
emp_bias[,1],emp_arb[,1],emp_mse[,1])
cbind (N, n,Ro_YX, 2,emp_bias|,
cbind (N, n,Ro_YX, 3,emp_bias

’

( [,21]
( [,3]
cbind(N,n,Ro_YX,5,emp_bias[,5],emp_arb
cbind (N, n,Ro_YX, 7,emp_bias[, 7]

( [,81,

cbind (N, n,Ro_YX, 8, emp_bias emp_arb[ 8], emp_mse
colnames (emp_res) <— c("N","n", "RhoXY", "EST",
"EMP_BIAS","EMP_ARRB", "EMP_MSE")

#*************************************
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#Results
res <- rbind(res,c(N,n,Ro_YX,Ro_ZX,

c_x,c_y,c_z,kl,k2,wl,w2,
z1l,z2,mx,my,mz,
med_estl,med_est2,med_est3,
med_est5,med_est7,med_est8,
bias2i,bias3i,biasbhi,
bias7i,bias8i,
emp_msel,msel, emp_mse2,mse2i,
emp_mse3, mse3i, emp_mse5,mse5i,
emp_mse7,mse7i, emp_mse8,mse81i))

}

colnames (res) <-— c("N","n","RhoXY", "RhozX",
"cx","Cy","Cz","k1l","k2", "wl", "w2",
"z1","z2", "mX", "my", "mz",
"Estl","Est2", "Est3",
"Est5","Est7", "Est8",
"BIAS2I","BIAS3I", "BIAS5I",
"BIAS7I","BIASSI",
"EMP_MSE1", "MSE1", "EMP_MSE2", "MSE2I",
"EMP_MSE3", "MSE3I", "EMP_MSE5", "MSE5I",
"EMP_MSE7", "MSE7I", "EMP_MSE8", "MSE8I")

return (list (res=res, emp_res=emp_res))

#Package for generation

require (MASS)

#Import data

data_yx <— read.table ("ENC0809.txt",sep="\t",dec=",",header = T)
#Study variable (orders in 2009, thousands of euros)

Y <- data_yx[, 3]

#Auxiliary variable (orders in 2009, thousands of euros)

X <- data_yx[,2]

#Data application
N <- dim(data_yx) [1]

res <— comparison_chap7(Y,X,N)

res_exp<-res|[[1l]]
#Export data
write.table (res_exp, "chapter7_ne_results.txt",sep="\t",dec=",", row.names=FALSE)
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