Congruences on monoids of order-preserving or
order-reversing transformations on a finite chain

Vitor H. Fernandes, Gracinda M. S. Gomes, Manuel M. Jesus !

Centro de Algebra da Universidade de Lisboa,
Av. Prof. Gama Pinto, 2,
1649-003 Lisboa,
Portugal
E-mails: vhfQ@fct.unl.pt, ggomes@cii.fc.ul.pt, mrj@fct.unl.pt

Abstract

This paper is mainly dedicated to describing the congruences on certain monoids of trans-
formations on a finite chain X,, with n elements. Namely, we consider the monoids OD,, and
POD,, of all full, respectively partial, transformations on X, that preserve or reverse the order,
as well as the submonoid PO, of POD,, of all its order-preserving elements. The inverse monoid
PODI, of all injective elements of POD,, is also considered.

We show that in PQO,, any congruence is a Rees congruence, but this may not happen in the
monoids OD,,, PODI,, and POD,,. However in all these cases the congruences form a chain.
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Introduction and preliminaries

We start by defining the monoids that will be object of study in this paper.

For n € N, let X,, be a finite chain with n elements, say X,, = {1 < 2 < --- < n}. As usual,
we denote by P7T, the monoid (under composition) of all partial transformations of X,. The
submonoid of P7,, of all full transformations of X,, and the (inverse) submonoid of all injective
partial transformations of X,, are denoted by 7, and Z,, respectively.

We say that a transformation s in P7,, is order-preserving [order-reversing] if x < y implies
xs < ys [zs > ys], for all ,y € Dom(s). The following important property of these notions
is easy to show: the product of two order-preserving transformations or of two order-reversing
transformations is order-preserving and the product of an order-preserving transformation by an
order-reversing transformation is order-reversing.

Denote by PO,, the submonoid of P7,, of all partial order-preserving transformations of X,.
As usual, O,, denotes the monoid PO, N 7, of all full transformations of X, that preserve the
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order. This monoid has been largely studied, namely in [1, 11, 13, 14]. The injective counterpart of
O,, is the inverse monoid POZ,, = PO,, NZ,, which is considered, for example, in [2, 3, 4, 6, 7, 8].

Wider classes of monoids are obtained when we take transformations that either preserve or
reverse the order. In this way we get POD,, the submonoid of P7, of all partial transformations
that preserve or reverse the order. Clearly, we may also consider OD,, = POD, N7, and PODI, =
POD,, NI, the monoids of all transformations that preserve or reverse the order which are full
and which are partial and injective, respectively.

The following diagram, with respect to the inclusion relation and where 1 denotes the trivial
monoid, clarifies the relationship between these various semigroups:

POD,

PODI, OD,

POL, On

Let M be a monoid. For completion, we recall the definition of the Green equivalence relations
R, L, H and J: for all u,v € M,

uRv if and only if uM = vM;
ulv if and only if Mu = Mwv;

uHwv if and only if uRv and ulwv;
udv if and only if MuM = MuvM.

Associated to the Green relation J there is a quasi-order <j on M defined by
u <g v if and only if MuM C MvM,

for all u,v € M. Notice that, for every u,v € M, we have uJv if and only if u <5 v and v <j w.
Denote by J,, the J-class of the element u € M. As usual, a partial order relation <j is defined on
the set M/J by setting J, <j J, if and only if u <j v, for all u,v € M. For u,v € M, we write
u <gv and also J,, <g J, if and only if u <5 v and (u,v) & J.

Given a monoid M, we denote by E(M) the set of its idempotents. An ideal of M is a subset [
of M such that MIM C I. By convenience, we admit the empty set as an ideal. A Rees congruence
of M is a congruence associated to an ideal of M: if I is an ideal of M, the Rees congruence py is
defined by (u,v) € py if and only if u = v or u,v € I, for all u,v € M. The rank of a finite monoid
M is, by definition, the minimum of the set {|X|: X € M and X generates M }. For more details,
see e.g. [12].

In this paper, on one hand, we aim to describe the Green relations on some of the mentioned
monoids and to use the obtained descriptions to calculate the ranks of the respective monoids. This
kind of questions were considered by Gomes and Howie [11] for O,, and PO,,, by Fernandes [6] for
POI,, and by the authors [9] for PODZ,,. So it remains to study the monoids OD,, and POD,,
and that is done in section 1.



On the other hand, we want to answer a much harder question that consists in describing the
congruences. For these monoids, the congruences were known only for O,, and for POZ,,. In fact
Aizenstat [1], and later Lavers and Solomon [14], showed that in O,, the congruences are exactly
the Rees congruences. An analogous result was proved by the first author [6] for the monoid POZ,,.

In section 2 we also show that the only congruences on PQO,, are the Rees congruences. Section
3 is dedicated to the study of the congruences on POD,,, PODI, and OD,,. In these three cases
we prove that there are other congruences besides the Rees congruences, but in all four cases the
congruences form a chain.

1 The monoids OD,, and POD,,

In this section we aim to describe the Green relations and to determine the rank of the monoids
OD,, and POD,,. We show that they have a structure similar to the one of the monoids O,,
PO, POTL,, PODI, and also of the monoids P7T,,, 7, and Z,. In particular, in all of them the
d-classes are the sets of all elements with the same rank and, with respect to the partial order <,
the corresponding J-quotients are chains. Notice also that these monoids are all regular monoids.
Moreover, the monoids POZ,,, PODIL, and Z, are inverse.

In what follows, we must have in mind that an element of POD,, is either in PO,, or it is order-
reversing. Denote by PD,, the set of all order-reversing partial transformations of X,, and by D,, the
subset of PD,, of all its full transformations. Clearly, POD,, = PO,UPD,, and so OD,, = O,,UD,,.
Furthermore, PO, N PD,, = {s € PT,, : |Im(s)| <1} and so O, ND,, = {s € T, : |Im(s)| = 1}. It
is also easy to show that E(POD,,) = E(PO,,) and so E(OD,,) = E(O,).

Now, consider the following permutation of order two:

5 — 1 2 - n—1 n

N ( n n—1 - 2 1 > :

Clearly, h is an order-reversing full transformation. We showed in [9] that POZ,, together with
h form a set of generators of PODI,. Similarly, by just noticing that, given an order-reversing
transformation s, the product sh is an order-preserving transformation, it is easy to show that
POD,, is generated by PO,, U {h} and OD,, is generated by O,, U {h}.

Next we prove that POD,, is regular, using the fact that PO, is regular [11]. It is clear that it
suffices to show that all the elements of PD,, are regular. Let s be a order-reversing transformation.
Then sh € PO,, and so there exists s’ € PO,, such that (sh)s’(sh) = sh. Thus, multiplying on
the right by h, we obtain s(hs’)s = s and so s is a regular element of POD,,. Therefore POD,, is
a regular submonoid of P7,,. An analogous reasoning allows us to deduce that OD,, is a regular
submonoid of 7, (and of PT,,).

Proposition 1.1 Let M be either the monoid POD,, or the monoid OD,,. Let s and t be elements
of M. Then

1. sRt if and only if Ker(s) = Ker(t);
2. sLt if and only if Im(s) = Im(¢);

3. s <gt if and only if | Im(s)| < |Im(¢)].



Proof. Since POD,, and OD,, are regular submonoids of P7,,, conditions 1 and 2 follow immedi-
ately from well known results on regular semigroups (e.g. see [12]).

Next, we prove condition 3. Suppose that s <7 ¢t. Then there exist ,y € M such that s = xty,
whence Im(s) C Im(ty). Since |Im(ty)| = |Im(t)y| < |Im(¢)], it follows that |Im(s)| < |Im(ty)| <
[T #)].

Conversely, let s,t € M be such that | Im(s)| < |Im(t)|. First, suppose that s and ¢ are order-
preserving transformations. Then, it is well known that |Im(s)| < |Im(¢)| implies s <j ¢t in PO,
(and so in POD,,). If both s and ¢ are full transformations, | Im(s)| < |Im(¢)| also implies s <j ¢
in O, (and so in OD,,). Hence, in this case, s <jt in M. Next, suppose that s is order-preserving
and t is order-reversing. Then, as |Im(¢)| = |Im(¢h)| and s and th are order-preserving, it follows
that s <z th in M, by the previous case. So there exist z,y € M such that s = z(th)y. Thus
s <7 tin M. The remaining cases are similar. O

It follows, from condition 3 of the last proposition, that
POD,/d={Jo <g J1 <g---<g Jn},
where J, = {s € POD,, | |Im(s)| = k}, for all 0 < k < n. Similarly
OD,/d ={]1 <g---<g JIn},

where Ji, = {s € OD,, | |Im(s)| =k}, for all 1 < k <n.

It is well known that the monoids O,, and PQO,, are aperiodic (i.e. they have trivial H-classes),
but that is not the case with POD,, and OD,,. However in both these cases the situation is not too
far as we show next. Let s € POD,,. If s has rank less than or equal to 1, then s is order-preserving
and so its H-class (in POD,, and, if s is a full transformation, also in OD,,) is a singleton. However,
if s has rank at least 2, it easy to show that with the same kernel and the same image as s there are
precisely two elements name s and ¢, say, one is order-preserving and the other is order-reversing.
More precisely, if Im(s) = {a1 < az < --- < ap} and Y7, Ys,...,Y,, are the classes of Ker(s) such
that Y;s = {a;}, for 1 < i < m, then the transformation ¢ € POD,, with the same kernel and
the same image as s is defined by Y;t = {a,—iy1}, for 1 < i < m. For example, let n = 6 and
s = < 1 ? g ;1 g i ) then t = < i i g ;1 g 61; ) Furthermore, s is order-preserving if
and only if ¢ is order-reversing, and vice-versa. Summarising, we have:

Proposition 1.2 Let M be either the monoid POD,, or the monoid OD,,. Let s be an element of
M such that |Im(s)| > 2. Then |Hs| = 2. Moreover, the mazimal subgroups of the J-classes of M
of the elements of rank at least two are cyclic of order two. O

When dealing with finite semigroups it is a particular to know their size. For example, when we
are checking if we have a presentation of a finite monoid M, for instead using GAP, the knowledge
of the cardinal of M is crucial [15, Proposition 3.2.2].

To calculate the cardinals of POD,, and of OD,, we consider the mapping ¢ : PO,, — PD,
defined by sp = sh, for all s € PO,,. Clearly ¢ is a bijection, thus we have |PD,| = |PO,| =
S (D) ("+:_1), by [11]. On the other hand, the restriction of ¢ to O, has image D,, and so
D] =10, = (317]), by [13]. Now, as [PO, NPD,| = [{s € PT, : [Tm(s)| < 1} =n 37, (7) +1
and |0, N Dy| = [{s € T, : |Im(s)| = 1}| = n, we conclude the following:



Proposition 1.3 [POD,| =", () (Z(nﬂq*l) —n) —1 and |OD,| = 2(2n71) —n. U

T I n—1

Naturally, at this point, we would like to compute the rank of these monoids.
As usual, for z € R, we denote by [x]| the least integer greater than or equal to z.
Let n > 2 and p = [5].

First, we consider the monoid OD,,.
i

Let
(1 it i+1 -
S O T P RS S
for 1 <i <n—1, and recall, from [10], that OD,, = (uy,...,up—1,h). Now, for 1 < j < p, let z;
be the (unique) element of O,, (of rank n — 1) with image {1,2,...,5 — 1,7+ 1,...,n} and kernel

defined by the partition {{1},...,{p—7},{p—7+1L,p—7+2},{p—7+3},...,{n}}. Itis aroutine
matter to prove that the following relations hold:

uj = zp—j+125, 1 <j<p,

and
Up—j = hzp_jr1zj41h, 1<j<n-p-1

Therefore, we have:
Proposition 1.4 OD,, = (z1,...,%,,h). O

Next, we can show that in fact OD,, has rank p + 1.
Theorem 1.5 Forn > 2, the monoid OD,, has rank [5] + 1.

Proof. For 1 <i<mn,let D; ={1,2,...,n}\ {i}. Let U be a set of generators of OD,,. Then, by
Proposition 1.4, it suffices to prove that |[U| > p+ 1. First, notice that there must exist at least one
element in U of rank n — 1. On the other side, as h is the unique element of rank n that reverse
the order, we need to have h in U. Observe now that if f is a transformation with image D;, for
some 1 < i <n, then fh has image D,_;;1.

Let {f1,..., fr} be the subset of U of all elements of rank n — 1, for some k € N. Then, for all
1 < i <k, we have Im(f;) = Dy,, for some 1 < ¢; < n. Thus, if v € OD,, is an element of rank
n — 1, we have v = ff; or v = ff;h, for some f € OD,, and 1 < i < k, and so Im(v) = Dy, or
Im(v) = Dy_g,;4+1. Since there exist n possible images for a transformation of rank n — 1, the set
{D¢s..., Do, Dp—py41,- -, Dn—g,+1} has at least (in fact, precisely) n elements, whence 2k > n.
Then k > p and so |U| > p+ 1, as required. O

Next, we turn our attention to the monoid POD,,.

2 ... -1
Letso:(1 Z—Q n721>and
. 1 -+ n—i—1 n—1i n—i1+2 -+ n
A\l - n—i—-1|n—i+1l|n—i+2 -+ n )’




fori € {1,2,...,n—1}. In [11], Gomes and Howie proved that PO,, = (S0, ..., Sn—1,Ul, .-, Up—1)-
Since th € PO,, and t = (th)h, for any order-reversing partial transformation ¢, it follows that
POD,, = (S0, -+« y Sn—1,Uly .-, Up—1, h). Let

s 1 2 ... n—op n—-p+2 --- n
\23 -+ n—-p+lin—p+2 -+ n )’

We showed in [9] that
(S1,-++,8p—1,8,h) = (S0, ..-,5n—1,h) (=PODI,)

and so
PODy, = (S1,--35p—1,5, 21, - - Zp, 1),

by Proposition 1.4. In this way, we have obtained a generating set of POD,, with n + 1 elements
when n is even, and with n + 2 elements when n is odd. However, if n is odd, we get zo = hz1hsi,
for n = 3, and 22 = hz12,hz1hs1h, for n > 5, whence

POD;, = (51, Sp—1,5, 21,23, -+, Zp, h).

Thus, for an odd integer n > 3, we also have a generating set of POD,, with n + 1 elements. Hence
POD,, has rank at most n + 1. In fact, n + 1 is exactly its rank.

Theorem 1.6 Forn > 2, the monoid POD,, has rank n + 1.

Proof. It remains to prove that any generating set of POD,, has at least n + 1 elements. Let U
be a generating set of POD,,. In this case, we also must have h € U.

Let v € POD,, be a transformation of rank n — 1. Then v = wz or v = huz, for some
u € U\ {h} and z € POD,,. Since u # h, then u must have rank n — 1 and so Ker(u) = Ker(v)
or Ker(u) = Ker(hv). Notice that, for 1 < j <mn, if v is a (full) transformation with kernel defined
by the partition {{1},...,{j — 1}, {4,5 + 1}, {7 + 2},...,{n}}, then hv is a (full) transformation
with kernel defined by the partition {{1},...,{n—j—1}{n—j,n—j+1},{n—j+2},...,{n}},
for 1 < j < n—1. On the other hand, if v is a transformation with kernel defined by the partition
{1}, .., =1} {j+1},{j+2},...,{n}} (and so v is an injective map), then hv is a transformation
with kernel defined by the partition {{1},...,{n—j—1},{n—j},{n—7+2},...,{n}} (and so hv
also is an injective map). Therefore, U contains at least [%51] full transformations of rank n — 1
and at least [%] injective transformations of rank n — 1, whence |U| > [271] +[2]+1=n+1, as
required. O

We finish this section by setting some notations and by summarising some properties of the
monoids OD,,, PODI, and POD,, that will be used in the remain two sections.

First, recall that OD,, = (O, h), PODI, = (POZ,,h) and POD,, = (POy,h).

Next, let T' € {O,,, POZL,,PO,} and M = (T,h). Then both T and M are regular monoids
(moreover, if T" = POZ, then M and T are inverse monoids) and E(M) = E(T). Another
important property that we will require is the following: if s € M\T then sh,hs € T and the
elements s, sh, hs have the same rank.



Remember also that, for the partial order <y, the quotients M/J and T'/J are chains (with
n + 1 elements for T'= POZ,, and T = PO,, and with n elements for T'= O,,). More precisely, if
S e {T, M}, then
S/d=1{J5 <g i <g-- <g I3}
when T' € {POZ,, PO, }; and
S/ ={J7 <g- <g i}
when T'= O,,. Here
J? ={seS:|Im(s)| =k},
with k suitably defined.
For S € {T,M} and 0 < k < n, let I? = {s € S : |Im(s)| < k}. Clearly I} is an ideal of S.

Since S/J is a chain, it follows that
(I :0<k<n}

is the set of all ideals of S.

Finally, observe that T is an aperiodic monoid and that the H-classes of M contained in J,f:\/[
have precisely two elements (one of them belonging to 7' and the other belonging to M\T') when
k > 2. If k =1 then such H-classes are trivial.

2 The congruences of the monoid PO,

In this section we show that the congruences of PQO,, are exactly its Rees congruences. We will
make use of the fact that the same happens in O,, and in POZ,, [1, 14, 6].

First, we prove an easy technical result. Given s € PO,,, we say that 5 € O, is a full r-extension
of s if 5 extends s (that is 5 [pom(s)= s) and s and 5 have the same rank.

Lemma 2.1 Any non-zero element s € PO,, has a full r-extension extension s € O,.
Proof. Let Dom(s) = {i1 < --- < i}, with 1 <k < n. For instance, if we define s by

(i1)s, 1<z <ip
(QJ>§ = (it)S, g <x <1t 2<t<k;
(ik)57 Zk <z <n,

we obtain a full r-extension of s, as required. 0O
Theorem 2.2 The congruences of PO,, are exactly its n + 1 Rees congruences.

Proof. If n = 1 the result is trivial. Let n > 2. Let p be a congruence of PO,,. We aim to find an
ideal of PQ,, associated to p. Let us consider p = pN (O, x O). There exists k € {1,...,n} such
that p=p 1On> the Rees congruence associated to the ideal I ,? m of O,,.

k

We start by proving that I,fo" C 0p, where 0 denotes the empty map.

If £ =0 then I,fO" = {0} and so, trivially, I,Z)O” C 0p. Hence, admit that k£ > 1.

Let ¢; be the constant full transformation of O, with image {1}. Clearly ¢; € I™. Since n > 2
we can also consider the constant ¢y with image {2}. Let e; be the partial identity with domain



(and image) {1}. Then ¢;,co € I,?” and so ¢1 p co. Hence ¢1 p ca. Now ¢; = c1e1 p coe1 = 0. Thus
c1 € Op.

Next, we take s €
domain Dom(s). Then es = s and, 5 € J,?". We have c¢; and s both in I,?" and so § p c1, whence

J,f On_ Let 5 be a full r-extension of s and let e be the partial identity with

s =es pecy ped=0. Therefore s € 0p. As s generates the ideal I,fo" and Op is an ideal of PO,,,
it follows that I,ZDO" C 0p.
Next, we take p = pN (POZ,, x POI,) and ¢ € {0,1,...,n} such that p = p POz, and prove
4

that IfO" C 0p. This inclusion is obvious for £ = 0. Assume that £ > 1.
Take s € JZ)O”. Let D be any transversal of Ker(s) and let e be the partial identity with
domain D. Then es € JZ)OI” and so es p 0. Let (es)™! be the inverse (in POZ,) of es. Then

s=s(es)tes ps(es)TI0=0

and so s € Op.
Again, as s generates the ideal IZJO", we obtain IZDO" C 0p.
Our next step consists of showing that k = £. Since IEOI" - I;DO” C 0p, we have

POL, ~ __ 7POZL,
I COp=1, ,
whence k < /.

If ¢ =0 then ¢/ < k and so ¢ = k. If£21,wehave[f”QIfO”QOpandso

I?n g Cﬁ — I’?n’

with ¢ any element of Jlo", whence ¢ < k. Thus k = /.

Before completing the proof of the theorem we notice that given s € PO, there exists s’ € POZ,
such that s’ is an inverse of s. For example: if D is an arbitrary transversal of Ker(s) we can take
the unique element s’ € POZ,, such that Dom(s’) = Im(s) and Im(s’) = D.

Now, we show that p = plzpon. So far we proved that I,?O" C 0p.

Next, take s,t € PO,, such that s p ¢t and s has rank greater than k, i.e. s & I,fO".

Let s € POZ, be an inverse of s and ¢ € POZ, an inverse of t. Then s p ¢ implies
s'st't p s'tt't = s't p §'s. Now §'s,t't € POZ,, and so §'st't € POZ,. Hence s'st't p s's and, as §'s
has rank greater than k, it follows that s'st't = s's, whence s = (st’)t. Then rank(t) > rank(s) > k.
Similarly, rank(s) > rank(¢) and rank(s) = rank(¢).

Now, let D be any transversal of Ker(s) and let e be the partial identity with domain D. Then
es and s have the same rank. Since es p et, from the above we get rank(es) = rank(et).

On the other hand,

D] = [tm(s)| = [Tm(et)| < [Dom(et)| = |D A Dom(t)| < |D,

and so |D| = |D N Dom(t)|, whence D C Dom(t).

As D is an arbitrary transversal of Ker(s), it follows that Dom(s) € Dom(¢). Similarly,
Dom(t) € Dom(s) and so Dom(s) = Dom(t).

Next, let € be a full r-extension of the partial identity with domain Dom(s)(= Dom(t)). Then
es,et € O, and s, t, es and et have the same rank (greater than k). Since es p et, we have és p et
and as p = POn We get s = et. Hence s = €s|pom(s) = €t|lpom@) = t-

Thus, we have proved that p =p PO as required. O



3 The congruences of the monoids OD,,, PODI, and POD,,

In this section we focus our attention in the study of the congruences of the monoids with order-
reversing elements.

In what follows T' € {O,,, POZ,,PO,} and M = (T h).

First, notice that it follows from [1] or [14], from [6] and from the last section, that the set
Con(T) of all congruences of T is {'OIE :0<k<n}.

Next, observe that, for 1 < k < n, we can define a congruence mp on M by: for all s,t € M,
s my t if and only if

1. s=t;or
2. s,tEI,?{l;or
3.steJMand sHt

(see [5, Lemma 4.2]).
For 0 < k < n, denote by p; the Rees congruence p M associated to the ideal [, ,iw of M and by
w the universal congruence of M. Clearly, for n > 2, we have

l=m CpCmCpC - CmCpp=w.

Our main result of this section establishes that the above congruences are precisely all congru-
ences of M:

Theorem 3.1 Let M be either the monoid OD,, or the monoid PODI, or the monoid POD,,
with n > 2. Then M have 2n congruences. More exactly,

Con(M) = {1 =71,p1,72, 02, -« s Tn, P = W}.

Observe that Con(OD;) = {1} and if M € {PODI;,POD;} then Con(M) = {1,w}.

To prove Theorem 3.1 we first present some auxiliary results. We start with two routinist facts.

Let ci,...,¢, € T, be such that Im(¢;) = {i}, forall 1 <i <n (i.e. ¢1,...,cy, are the n constant
mappings of 7,,). Let s,t € T,, be such that ¢;s = ¢;t, for all 1 < i < n. Then, it is routine to prove
that s =t.

A version of this property for partial transformation is the following: let c¢i1,...,¢, € PT,
satisfying Dom(¢;) = Im(¢;) = {i}, for all 1 < ¢ < n (i.e., the n partial identities of rank one).
Given s,t € PT, such that ¢;s = ¢;t, for all 1 < i < n, it also is easy to show that s = ¢.

In what follows, c1, ..., ¢, denote the constant mappings of 7,, when M = OD,,, and the partial
identities of rank one of P7,, when M = PODI, or M = POD,,.

Notice that in all cases ¢1,...,c, €T

Let p be a congruence of M and consider p = pN (T x T'). Then p is a Rees congruence of T
and so there exists 0 < k < n such that p = prr-

This notation will be used in the next lemmas.

Lemma 3.2 If k=0 then p=1.



Proof. First notice that k£ = 0 if and only if p = 1. Now, it is clear that for all 1 < i < n and
s € M we have ¢;s € T. (In fact, ¢;s is either a constant map of image {(i)s} or the empty map.)
Let s,t € M be such that s pt. Then for all any ¢, we get ¢;s p ¢;t and, since ¢;s, c;t € T, we have
c;s pcit. Hence ¢;s = ¢it, for all 1 <4 < n. Therefore s =t and so p = 1, as required. 0O

,From now on, we consider k > 1.
Lemma 3.3 p; C p.

Proof. It suffices to show that s pt, for all s,t € I,iw. So, let us consider s,t € Ié\/[.

If s,t € T then s,t € Ig and so s pt, whence s pt.

If s,t € M\T then sh,th € T and so sh,th € I,rf. Thus sh p th, whence sh p th. Then
s =shhpthh =t.

Finally, admit that s € M\T and t € T. Then hs € I,? and so hs p cy, since ¢; € Ig. Hence
hs pc1. Thus s = hhs p hei. Since hey € IkT (in fact hcp is a constant map), we also have hey pt,
whence hcy pt. Then s pt, as required. O

Lemma 3.4 Let s,t € M be such that s pt. Then |Im(s)| > k if and only if | Im(t)| > k.

Proof. We prove that | Im(s)| > k implies | Im(¢)| > k. The converse is analogous.
(1) If s,t € T then spt. Since s & I, we have s = t, whence |Im(t)| > k.

(2) If s,t € M\T then sh,th € T and shpth. Since |Im(sh)| = | Im(s)| > k, by the previous case
we have sh = th, whence s =t and so |Im(¢)| > k.

(3) Now, consider s € T and t € M\T. If |Im(¢)| < k then t py ¢1 and so t p ¢1, by Lemma 3.3.
Hence s p ¢;. By the case (1) we get s = ¢1, and this is a contradiction for ¢; has rank one.
Then |Im(¢)| > k.

(4) Finally, suppose that s € M\T and t € T. Then sh € T and sh p th. Since |Im(sh)| =
|Im(s)| > k, by the case (1) or by the case (3), we deduce that |Im(¢)| = |Im(th)| > k, as
required. O

Given a finite semigroup S and x € S, we denote by z“ the unique idempotent of the subsemi-
group of S generated by .

Lemma 3.5 Let s,t € M be such that s pt and |Im(s)| > k. Then s H t.
Proof. Let s’ and ¢’ be (any) inverses of s and ¢, respectively. Then
|Tm(ss")| = | Im(s's)| = | Im(s)| > k
and, by Lemma 3.4,
| Tm(t)| = | Im(#'t)| = | Im(t)| > k.

Since s pt, we have st’ ptt’, whence (st’')¥ ptt’ and so (st')“ ptt’, as tt’, (st')* € E(M) = E(T). Now,
since | Im(tt")| > k, it follows that (st')¥ = t¢’ and so (st’)“t = ¢. Similarly, (ts')“s = s, whence
sRt.

On the other hand, we have t's p t't, whence (t's)¥ p t't and so, as above, we may deduce that
(t's)¥ = t't. This implies ¢(t's)¥ = t. Similarly, s(s't)* = s, whence s L t.

Thus s H t, as required. O
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Lemma 3.6 Let s,t € M be such that s # t and s Ht. Then, there exists z € T such that
|Im(zs)| = |Im(s)| — 1, |Im(zt)| = |Im(¢)| — 1 and (zs,2t) & L.

Proof. Let m = |Im(s)| = |Im(¢)|. Notice that s # ¢t and s H t imply m > 2. Moreover, we may
suppose, without loss of generality, that s € T and t € M\T.

Let i1,42,...,9m € {1,...,n} be such that Im(s) = Im(t) = {i1 <ia < -+ <ip}.

Let Dy, Ds,...,Dy C {1,...,n} be the classes of Ker(s) such that Dys = {iy}, 1 < ¢ <m. As
Ker(s) = Ker(t), by the previous conditions, Djt = {i;,—¢+1}, 1 <€ <m.

Let r be a fixed element of D,,, 1. We define a transformation z € T by

x, r€D1U---UDy_o
(x)z=1< 1, € Dp_
r, x € Dy, and M = OD,,

(if M # OD,, we are considering Dom(z) = Dy U---U Dy,—1). Then Im(zs) = {i1,...,im-1}
and Im(zt) = {i2,...,im}, whence Im(zs) # Im(zt) (since m > 2). Thus (zs, zt) ¢ L. Moreover,
|Im(zs)| = | Im(zt)| = m — 1, as required. OJ

Finally, we prove Theorem 3.1.

Proof. (of Theorem 3.1) Let p € Con(M) and p = pN (T x T) € Con(T). Let 0 < k < n be
such that p = prT-

By Lemma 3.2, if k =0 (i.e. p=1) then p =1 = 7.

Admit that 1 < k <n. Then p; C p, by Lemma 3.3.

Let s,t € M be such that s # ¢, s pt and |Im(s)| > k. Then, by Lemma 3.5, we have s H t.

Let m = |Im(s)| = |Im(¢)]. As m > k > 1, by Lemma 3.6, there exists z € T such that
|Im(zs)| = | Im(zt)] = m — 1 and (zs, 2t) € L. If we have m —1 > k, as zs p zt, by Lemma 3.5, we
would get (zs, zt) € H, and this is a contradiction. Thus m — 1 = k. Therefore p C mg41.

Suppose that pr C p. In this case, we wish to prove that p = m1. Observe that £ < n and so
there exist sg,tg € J,%rl such that sg # tg, so p to and sg H tg.

Now, take s,t € M such that s # t and (s,t) € my1. If s,t € I} then (s,t) € pp C p,
whence (s,t) € p. If s,t € J}M, and s H t. As a consequence of Green’s Lemma [12], there exist
a,b € M such that the map Hy, — Hs, © — bzxa is a bijection. From Hg, = {so,%0}, it follows
that {s,t} = Hs = {bsoa,btpa}. Since sq p to, then bspa p btpa and so s pt. We may conclude that
p = mp+1. We have proved that p = py or p = 1. The result follows, as required. O
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