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Abstract

The fractional differintegration problem is treated from the Sgnal
Processing point of view. A brief review of the Laplace transform
approach to differintegration is done. The continuous-
time/discrete-time system conversion is discussed and presented a
Grunwald-Letnikov integration.

1 Introduction

The fractional calculus is nearly 300 years old. In
fact, in a letter to Leibnitz, Bernoulli put him a question
about the meaning of a non-integer derivative order. It was
the beginning of a discussion about the theme that involved
other mathematicians like: L' Hopita, Euler and
Fourief 56,12,13] . However, we can reference the
beginning of the fractional calculusin theworks of Liouville
and Abel. Similarly, Liouville did several attempts. In one of
them he presented aformula for fractional integration similar
to (1.1):
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where G(p) is the gamma function. To this integral, with the
term (-1)° omitted, we give the name of Liouville's fractional
integral. In other papers, Liouville went ahead with the
development of ideas concerning this theme, having
presented a generalization of the notion of incremental ratio
to define a fractional derivative. This idea was recovered,
later, by Grinwald (1867) and Letnikov (1868).

Riemann reached to an expression similar to (1.1) for
the fractional integral
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that, together with (1.2), became the more important basis
for the fractional integration. It suits to refer that both
Liowille and Riemann dealt with the called
“complementary” functions that appear when we treat the
differentiation of order a as an integration of order -a.
Holmgren (1865/66) and Letnikov (1868/74) discussed that
problem when looking for the solution of differential
equations, putting in a correct statement the fractional
differentiation as inverse operation of the fractional
integration. Besides, Holmgren gave a rigorous proof of
Leibnitz" rule for the fractional derivative of the product of
two functions. In the advent of XX™ century, Hadamard
proposed a method of fractional differentiation with basis
on the differentiation of Taylor’s series associated with the
function. Weyl (1917) defined a fractional integration
suitable to periodic functions particular cases of Liouville
and Riemann ones but that are, nowadays, the basis for
fractional integration in R. Animportant contribution to the
fractional differentiation was given by Marchaud (1927).

Nowadays, the unified formulation of differentiation
and integration - called differintegration - based on Cauchy
integral [2,5, 9,13] gained great popularity.

These developments allowed the study and
solutions of fractional differential equations [6,9,13] and a
first approach into the formulation of the fractional linear
system theory [10]. However, we remained without
satisfactory answers for some questions, namely tied up
with the conversion from continuous-time to discrete-time
linear systems [7,8,16]. In this paper we will make a brief
description of a Signal Processing route through Fractional
Calculus and some questions are placed and answers
proposed. In section 2 we revise the Laplace Transform based
fractional differintegration and discuss the foundation of the
Grinwald-Letnikov  derivative suitable for numerica
computations. In Section 3 we address the conversion from
continuous-time to discrete-time problem from a very
general perspective. In passing we suggest a definition of a
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Grinwald-Letnikov integration. The interest of splines in
Approximation and Signal Processing [14,15] lead usto treat
this subject, by proposing new fractional splines. At last,
we present some conclusions.

2 TheLaplace Transform approach

2.1 Obtaining the differintegration operator

In the previous section, we made a brief introduction
to the fractional calculus. We were not exhaustive in the
sense that there are several other definitions of fractional
differintegration we did not consider here. However, it seems
to be clear to exist an inherent difficulty in obtaining a
definition with enough generality and compatibility with the
usual Signal Processing practice. In fact, in Signa
Processing, we frequently assume that the signals have R
as domain and use the Bilateral Laplace (LT) and Fourier (FT)
Transforms. With these tools, the remarkably important
Transfer Function and Frequency Response concepts are
defined, with properties we want to preserve in the
fractional case. These considerations led us to start from the
transform point of view in order to generalise to the
fractional case well-known properties of the Laplace
Transform. For example, if a is areal number we expect to
obtain:
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Where F(s) |sthe LT of f(t). Thiswould be the generalisation
of the usual property of the LT of the derivative or the
integral. As we wish to work without unnecessary
limitations and constraints we will be working in the context
of the Generalised Functions, by considering exponential
order and tempered distributions.

Instead of starting with the definition of
differintegration, we invert the problem and take the LT as
starting point since the expression (2.1) must be valid for
any real a. Essentialy, the objective is to prolong the
sequence;

s 5'2 1 1, s1 52,..., s (2.2

in order to mclude other kind of exponents: rational or,
generaly, real and even complex numbers. We immediately
observe that there are two ways for this extension to be
obtained, depending on the LT region convergence: the left
half-plane or the right half-plane. To solve our problem, we
are going to perform the LT inversion of the function s™. For
now, we will consider the case O<n<1 and assume that its
region of convergence is defined by Re(s)>0 — causal case.
This inversion can be obtained through the use of a real
inversion formulafor the Laplace Transform [4]. It gives:
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which is exactly a generalization of the expression we obtain
easily for negative integer values. The anti-causal case be
treated similarly, but we only have to remember that LT[x(-
t)]=X(-s) to conclude easily that:
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With (2.3) and (2.4), we can define n order integrated of x(t),

xi_n)(t) ( )(t) as the convolution of x(t) with d( )
andd™ (o
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and
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In the following we will consider the causal case, only.
With the described procedure, we found out a
generalisation of the primitive concept for orders ni ]0,1].
To obtain similar results for every al R we must proceed in
order to generalise also the known properties of the
primitive and derivative, namely that:

Da{ Db} = Da+b - Db{ Da} (27)
should be valid for every a,bl R. In particular, if nis a
positive integer and 0<nx1,

D{D™ =D{D}=D"" (29)
and
DYD™M =D™D"M=D"" (29

Puttinga =n+n,nl Nand 0<n<1,-a =-n-n and using (2.5)
we obtain:
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But from the properties of the convolution D"[f«g] = [D"f]+g,

for every nl Z, we conclude easily that:

( A 1= ln)é X0, (1) dt 2.10)
¥
But asn =a-n, weabtain:
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where n is the integer part of |a|. Equation (2.12) generalises
(2.5) for every negative real order. To treat the derivative
case, or a =n+n, nl N and 0<n<1, we have a=n+1-1+n=n+1-
(1-n), we have:
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and again:
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Asn=a-n,we obtal n:



ét U
(a) Q n+1 a+n u
) = G(a+n+1)ggx( (t).(t-t) o|tH 2.15)

that is known as Caputo derivative [13]. Of course, LT[xS_a)
(D] = £X(9), for Re(s) >0. Asreferred in [12], this definition
of fractional derivative has advantages over other
approaches when we are dealing with fractional linear
systems where we need non-zero initial conditions.

We may ask for reasons for not having computed
the derivative in t™* instead of x(t). The answer isin the fact
that t™* is one solution of the equation t™.f(t)=1, that has
infinite solutions with the general format f(t) = t™* + A.dt),
where Al R. So, it cannot be considered adistribution in the
sense used in [3]. Of course, we can consider the so-called
finite part of that function, t™*. If we do so and perform the
differintegration operation in this function in @.10) and
(2.13) we obtain, after some manipul ation:

t
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that generalises (2.5) for any al R. A similar procedure
based on (2.6) would lead to:
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Equations (2.16) and (2.17) express respectively the so-
caled Riemann-Liouville and Wey! fractional derivatives
[6,13].

2.2 The first difference and the Grinwald-
Letnikov derivative

Consider the discrete-time system having Transfer Function
given by:
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The d|scretet| me equation corresponding to (2.1) can be
described by afractional order difference equation:

a
y=(1-D)"x, (2.19)
whereisthe unit delay operator. The corresponding |mpulse
Response iS'
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the point of view of the stability of the system (1-z%)?, we
can say that if a is a negative integer, it is unstable, in
general, excepting the case a=-1 (accumulator); in this
situation, the system is wide sense stable. If a isapositive
integer, it isa FIR, so it is aways stable in every sense. If
a>0, the system will be stable in any sense; if -1<a<0, the
system will be wide sense stable, since the impulse

(2.20)

where are the binomial coefficients. From

response goes slowly to zero, h, » c.n®*. We conclude that
if | <1, the system is, at least, wide sense stable. Now, we
define a fractional (discrete-time) stochastic process as the
output of a fractional system excited by stationary white
noise:
x(K) = h(k)* n(k) (2.21)
where n(k) is a stationary white noise with variance s% We
define, as usually, the autocorrelation function by:
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The computation of its autocorrelation function is slightly
involved [11] and isgiven by:

— 2 G(1+2a)
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if 1+2a >0, or a > -1/2. If a non integer and a<-1/2, we
obtain a negative power, meaning that, in such situation, the
finite difference cannot be used. The Grinwald-Letnikov
approach to fractional derivative consists in making the
sampling interval h go to zero in (2.18). Letting z=e™" we
have:
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if h>0 and Re(s)>0 Similarly
a ¥
‘—SL-‘—L D89 (229
k=0

provided that h>0 and Re(s)<0. The first members in (2.24)
and (2.25) converge to € with h® 0. These expressions,
when inverted back into time lead, respectively, to

(t) = ||m (1) §8o(t kh) (2.26)
if Re(s)>0, and
a
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provided that Re(s)<0 &). The convolution of (2.26) and
(2.27) with a given signal, f(t), leads to the Grinwald-
Letnikov backward and forward derivatives.

Definition 2.1
Let f(t) alimited function and a>0. We define derivative of
order a, backward and forward, respectively, by
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or

1 We used d instead d, to avoid confusion, while the

equivalenceis not proved.
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We can show [14] that : ?g E%With a kept constant
and K® ¥. This condition shows that the series C(a) =
Y. .

a : ?g is absolutely convergent and assuring, thus, that
the series (2.28) and (2.29) converge absolutely and
uniformly for limited functions provided that a>0 [13]. In
this case, it is not hard to prove the equivalence of (2.16)
and (2.28) —or (2.17) and (2.29) [12]. On the other hand (2.23)
implies that the previous series converge also for a>-1/2 for
square integrable functions. For other cases, the definitions
(2.28) and (2.29) may not to remain valid, since, in general,
they are divergent. Such happens, for example, if f(t) = 1 or
f(t) is periodic. It is noteworthy that it can exist a left
derivative without existing the right one and vice-versa. To
see why, let us apply both definitions to the function f(t) =
e'. If Re(s)>0, the ¥ converges to $.€%, while the 2°
diverges; if Re(s)<0, we have the reverse situation. On the
other hand, in the limit computation, a change from h to -h
interchanges (2.28) and (2.29). It is somehow difficult to
accept that a local property of a function has such
behaviour at all the points. To avoid this a generalisation of
such expressions to use left and right pointsis proposed in
[14].

3 Thes2z conversion

3.1 The continuous-time to discrete-time
conversion problem

The most common and useful linear systems are
described by linear fractional differential equations. Here, it
will be assumed that the coefficients of the equation are
constant, so the corresponding system will be a fractional
linear time-invariant (FLTI) system described by a
differential equation with the format:

N . M .
a ap" y() = & b x 3.1)
i=0 j=0

where D is the derivation operator and the n is a positive
rea (1). If we apply the LT to the equation (3.1) we obtain:

'<\a/| in
a bjsJ
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H(9)= J—N _ (32)
8 5"
i=0

1 We do not need to be so restrictive with the
differintegration orders { see [13,14]} .

whichisthe Transfer Function. We will assume that M<N.
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fig. 1 equivalence between continuous and discrete linear systens

Usually, in Signal Processing applications, most times, we
are interested in obtaining a discrete-time (DT) equivalent of
the continuous-time (CT) system to:
a) simulate CT systemshby DT means
b) processCT signalsby DT systems
c) design DT systems by using the well-known CT
design methods
d) modelling CT practical systemsby using DT
signals resulting from experimental
measurements
In figure 1, we illustrate the process of constructing a
discrete-time equivalent to a continuous-time system. This
discrete-time equivalent will be described by a difference
(eventually, fractional) equation. This means that we want
to make a s to z (s2z) conversion. The a=1 case is well
studied and several techniques to convert a differential
equation into a difference equation (s2z) and vice-versa
(z2s) were developed. Following [1] we can group the most
important methods into:
a) Matching time responses (response-invariant
transformation).
b) Matching termsin factored transfer function
c) Matchingtermsin partia fraction decomposition
of the transfer function
d) Magnitude-invariant method
e) Conversion of the differential equationto a
difference equation using difference operators.
f)  Numerical solution of the differential equation
by using numerical integration algorithms
g) Rational approximationsto the exponential
function.

The problem is that these procedures are not suitable for the
a<lcase.
3.2 Thefirst difference approach

The first difference approach consists in making the
substitution
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Inserting (3.3) into (3.2) we obtain the Transfer Function of
the converted discrete-time system, that we can write as:
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This leads us to concl ude that the discrete-time equivalent
is an ARMA system with infinite orders. In practica
applications we have to truncate the outer summations, but
we must have in mind that the truncation order must be very
high, since the coefficients converge very slowly, equation
(2.27). Besides this drawback, the approximation in (3.3)

does not preserve the phase. In fact,
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introducing a phase delay equal towa/2. Thisleadsto poor
results even in thea=1 case.

3.3 A general theoretical approach

From figure 1, it is clear that we may obtain different
solutions for different input functions. The usual approach
is based on the impulse or step responses. Although these
functions are very important in applications, neither the
impulse nor the step is satisfactory test functions, because
the corresponding responses are very different from the
inputs. This does not happen with the exponential function
that is the eigenfunction of every linear system. Thus,
letting x(t) = € and % = Z be the inputs to CT and DT
systems, the outputs will be y(t) = Hy(s) €* and y,, = Hy(2).Z\
Let z=e"'. We say that a continuous-time system with
transfer function Hc(s) is equivalent to a discrete-time
system with transfer function Hy(e™), if

Hy(e™) = He(s) (36)
However, Hy(e"") is a periodic function with period equal to
j-2p/T. So, the equivalence will be restricted to the horizontal

strip ST={ z 4 C, ||m(z)|<JQ }. Let Hy(e™) be equal to He(s)

inside the above strip. Then, we conclude easily that
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To assure that (3.6) is valid, H.(s), must be a “strip-limited”
function in the sense that it must be equal to zero outside
the strip ST. As it is known, there are no realizable linear
systems having a Transfer Function equal to zero, outside
any strip. So, if we use H, in eq. (3.6), this will be verified
only as an approximation that will become as better as T
becomes smaller, if H.(s) goes to zero with increasing values
if Im(s). As (3.7) represents a periodic function, it has a
Fourier series:

+¥

Hye) =4 hane™ (38)
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with Fourier coefficients given by:
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If He(s) is honzero only in the strip |Im(s)| < p/T , itissimple
to conclude that

hg, = T.he(nT) (3.10)
Then, the impulse invariant conversion technique is an
approximation to the eigenequival ence method. On the other
hand, az= € variable changein (3.9), we obtain:

1 -
hgn= P 8 Hi(@ 2 dz (3.11)
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that isthe usual inversion formulafor the Z Transform.
In the M<N case, the transfer function (3.2) can be
consi dered asasum of partial fractions of theform

= k=1, 2, ... 312
(s)( K (312)

We can then apply (3.7) to each fraction. Let n = k =1. In this
case[4],
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when p=0, we obtajn the bilinear transformation that
appears as the DT analogue of the integrator, allowing usto
use the transformation (Tustin):
1 _Ti+z'
s 21-7¢
By integer differentiation of both sidesin
Y1 Ti+edT

2p T 21-gCPT
¥ s-p+ jfn ©
we obtain the conversions for the n=1, k=2, 3, ...,
example, for k=2, we obtain:
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(3.15)

cases. For

(3.16)

giving
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This procedure cannot be used for H(s) = s, for example,
since this function is not strip-limited and the
corresponding system is not stable. If T is small, the
application of this kind of procedure did not show better
performances than those we obtain by using the bilinear
transformation (3.15). So, this has been widely used.
However, we must firmly remark that (3.15) states an
approximation to the integral and thisis not equivalent that
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the non-fractional case, we would like to obtain the DT
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seems that D =0 does not have aclosed form.
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3.4 TheGrunwald-Letnikov integral

According to what we just said, when converting a
continuous-time system to discrete-time, it is more common
to use the bi linear transformation:

2 1-

ST 147 (318)
We must remark again that this equation must be more
suitable for integral than derivative computation, since
21+¢¥ h :
h'1-e¥ 1ev oSt
has an important advantage over (3.3). the phase is -90°.
However, while being very useful in discrete-time modelling
of the integrator it is not interesting for modelling the
differentiator. Similarly, in fractional integration we can use

1
is a better approximation to = than
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k=0
are the convolution of te coefficients of two binomial
series. With some manipulation we obtain

=a.(-1)" F a (a k+1)ns (3.21)
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Figure 2 — Magnitudes and phases of the Frequency Responses
corresponding to a=-1/2

The above considerations are illustrated in figures 2 and 3
obtained with a=+1/2. We computed 200 points of the
impulse responses and computed their Fourier Transforms,
represented in strips 2 and 3 in the pictures. In the first strip
we present the continuous-time Fourier Transform (jw)?.
According to the results, (3.19) must be used only in
integration. On the other hand, we verified that the
coefficients in (3.19) converge as similarly to the binomial
coefficients when a is negative.

Magnitudes Phases

2 45
45
1
45—
0 45
0 02 04 06 08 0 02 04 06 08
15 60
1 40
05 20
0 0
0 02 04 06 08 0 02 04 06 08
30 80
20 60
10 /_J 4Or-*
0 20
0 02 04 06 08 0 02 04 06 08

Figure 3— Magnitudes and phases of the Frequency Responses
corresponding to a=1/2
So, we must transform (3.2) in order to make negative
powers appear, by dividing numerator and denominator by
s, with K=max(M,N). We will obtain:
¥ M Sion nld
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that is the transfer function of the equivalent discrete-time
system. Some of the research in this area has been directed
towards obtaining rational approximationsto (3.19) [16].
With (3.19) we can obtain similar results to the ones
obtained with (3.3). In particular we can obtain a Grinwald-
Letnikov likefractiona integral:
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4 On thefractlonal B-splines

The signal processing with splines have been acquiring
increasing interest due to its flexibility in interpolation,
sampling and wavelet transform [15]. Recently, causal and
symmetric fractional B-splines were proposed [16]. A closed
look into the proposed B-spline definitions reveals that they
seem strange. Here, we will face the problem and propose a
new definition for the symmetric B-splines.



A nth degree B-spline, bg (t), is a symmetric function
resulting from n-fold convolution of the rectangle function

0 i 1 2
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ItsLT isan analytic function given by
752 < n+1 es(n+1)/2 n+l

ep9= U B e a2

k=0
So, the corresponding FT existsand is given by:
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From (4.2), we obtain:
n 1n+1 1n
bo(="ya (k )(l) (t-k+" ) (4.4
k 0

On the other hand, as

FTGw™) = 1—59’41”, ~ 45)
we obtain, from (4.3) and (4.5):
n 1 n+1
by (1) = ])( 1<t - k+—)0 46)
k 0

that seem to be different from (4.4), but due to the symmetry
of the coefficients represents the same function.

Now, we are going to face the problem of defining a
fractional symmetric Bspline. Let O<n<1 and consider the

function:

@ngw/zgu
B (W)= é w2 S
As 0<n<1, (1)" is a complex number and then the inverse
transform of will be a complex function. To avoid this, we
consider the function:

/
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It is clear, now, that the inverse transform of the previous
functionisgiven by the autocorrelation of the function:

_ 1 o n/ n/2-1

0% (= Gl '2) (- ' (4.10)

To compute such autocorrelation, we have to compute the
o n/2-1
n2) . .
autocorrelation of the function d™2(t)= G( 12) This is
easily computed giving:
B2y

R{)=————— nl]0] (4.11)

G (n)

where B(p,q) is the Euler beta function. As B(p,q) =
Gp)EQ) and G(n/2).G5(1-n/2) ==

_b -
we obtain:
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On the other hand [11], for every gl R, but non-even integer

J(1+q)
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So, the continuous-time function corresponding to (4.8) is
given by:
¥ Q1-n).q1+n).sin(np/2) (-1

pG(n/2+k+1)Gn/2-k+1) - |
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(4.19)
In [15], a symmetric B-spline is defined as inverse FT of the
function:

i sin(w2)j a+1
B0 (w)= P w2 i (4.15)
However, this definition has the disadvantage of giving a
strange spline, when a is an even positiveinteger. To avoid
this, we are going to present a centred fractional spline that
does not have this drawback. Let a = n . We define a
fractional a-order B-spline as the function that has

@n!w/Z[um'l [ sin(w/2)j N
BO() & w2 0 i w2 i (4.16)

as FT. When a is an integer, n=0 and we obtain the normal
n-order Bspline, while when nt 0, we obtain a fractional
centred and symmetric B-spline that is the convolution of

two even functions. To obtain bg (t), we only have to

convolve (4.4) with (4.14). Instead of performing this
convolution, it is preferable to proceed recursively by

. . . 0
successive convolutions with by (t).

bp " (0=bp ™ (©* bo(t) (417)

In performmg such recursions we have to compute the
following kind of primitivesint:

n+n-1

I |tt = Mlq(q—f%m—t) (4.19)
and
I |t-t Psgn(t-t):-%% (4.19

With these primitives we can compute recursively the
successive convolutions referred above. It is a somehow
fastidious but not difficult computation. We are led to:

I"I'H"I (t) -

+¥ n+l

n+1 v n+1y NN n+1
a bd ()" tmk+—4 sgn
k=-¥ m=0

1
tmk )
(4.20)
where we wrote asgthe constant factor in (4.14) and

gD
i (M1 GN/2+k+1)G(N/ 2-k+1) (4.21)




In the following figures we present some splines for values
of n=0, 1, and 2 and n=0.1, 0.3, 0.5, 0.5, and 0.9.
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Figure 5— Some fractional B-splinesfor Ofa< 1.

As it can be seen, the fractional B-splines interpolate the
integer ones and become sooth as the order increases.

5 Conclusions

In this paper, we presented an approach into
Fractional Calculus having in mind generalisations of well-
known concepts currently used in Signal Processing. We
presented the differintegration based on Laplace Transform.
With this definition we introduced the Transfer Function
that we used to convert a continuous-time fractional linear
system to a discrete-time form. We proposed two ways of
performing this transform, one based on the backward
difference transformation and the other based on the
bilinear transformation. With this we could propose a new
Grinwald-Letnikov integral. At last, we presented a
fractional symmetric B-spline generalising a well-known
concept.
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Figure 6 — Somefractional B-splinesfor 1£a<2.
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