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Finding a point in the intersection of a collection of closed convex sets, that is the convex feasibility problem,

represents the main modeling strategy for many computational problems. In this paper we analyze new
stochastic reformulations of the convex feasibility problem in order to facilitate the development of new
algorithmic schemes. We also analyze the conditioning problem parameters using certain (linear) regularity
assumptions on the individual convex sets. Then, we introduce a general random projection algorithmic
framework, which extends to the random settings many existing projection schemes, designed for the general
convex feasibility problem. Our general random projection algorithm allows to project simultaneously on
several sets, thus providing great flexibility in matching the implementation of the algorithm on the parallel
architecture at hand. Based on the conditioning parameters, besides the asymptotic convergence results, we
also derive explicit sublinear and linear convergence rates for this general algorithmic framework.

History: First version: March 2017.

1. Introduction Finding a point in the intersection of a collection of closed convex sets, that
is the convex feasibility problem, represents a modeling paradigm which has been used for many
decades for posing and solving engineering and physics problems. Among the most important
applications modeled by the convex feasibility formalism are: radiation therapy treatment planning
[20], computerized tomography [19] and magnetic resonance imaging [33]; wavelet-based denoising
[13], color imaging [34] and demosaicking [24]; antenna design [17] and sensor networks problems [8];
data compression [23], neural networks [35] and adaptive filtering [38].

Convex feasibility problems have various formulations, such as finding the fixed points of a non-
expansive operator, the set of optimal solutions of a specific optimization problem or the set of
solutions to some convex inequalities. Projection methods were first used for solving systems of
linear equalities [21] or linear inequalities [25], and then extended to general convex feasibility
problems, e.g. in [14]. Projection methods are very attractive in applications since they are able to
handle problems of huge dimensions with a very large number of convex sets in the intersection.
For instance, the projection algorithm which represents one of the first iterative algorithms for
feasibility problems, rely at each iteration on orthogonal projections onto given individual sets. Its
simple algorithmic structure supports the current large scale setting and can be easily adapted to
parallel environments, making such schemes adequate to modern computational architectures. If
the iteration of a given projection algorithm rely on an alternating sequence of projections onto
sets over the iterations, then it belongs to an alternating projection schemes [5,6,27,31]. Further-
more, depending on the variant of the alternating projection algorithm, the current set (or sets)
on which the projection is made can be chosen, for example, in a random, cyclic or greedy manner.
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Otherwise, if the scheme uses at current iteration an average of multiple projections of the current
iterate onto various sets, then also it can be viewed as an average projection algorithm [11,12].
The convergence properties, the iteration complexity and even the inherent limitations of the
class of projection schemes has been intensely analyzed over the last decades, as it can be seen
in [1-6,11,12,14,27,28,31] and the references therein. In [1] a barycenter type projection algorithm
is developed, which allows the efficient handling of feasibility problems arising in the nonnegative
orthant. The proposed method uses approximate projections on the sets and is proven globally
convergent under the sole assumption that the given intersection is nonempty and the errors are
controllable. An important contribution is made in [3], where the rates of convergence of some
projections algorithms are analyzed for solving the general convex feasibility problem. Besides
revealing some connections between the Slater’s condition and the classical linear regularity prop-
erty, the authors show that if the Slater’s condition does not hold, the projection algorithms can
behave quite badly, i.e. with a rate of convergence which is not bounded. Moreover, the authors
also propose an alternative local linear regularity bound to derive further convergence rate results.
Linear convergence of the conditional gradient method applied on the equivalent optimization for-
mulation of the problem of finding a point in the intersection of an affine set with a compact
convex set is derived in [4]. In a more general setting, [2] studies the problem of finding a point in
the intersection of affine constraints with a nonconvex closed set and a simple gradient projection
scheme is developed. The scheme is proven to converge to a unique solution of the problem, at a
linear rate, under a natural assumption defined in terms of the problem’s data.

Contributions. Below, we clarify the relationship and differences between our work and earlier
research in this direction. In particular, the main contributions of this paper consist in unifying
and extending existing projection methods in several aspects:

(7) The classical convex feasibility problem was usually formulated for a finite intersection of simple
convex sets. While finding a point in the intersection of a finite number of convex sets is a problem
with its own challenges, it does not cover many interesting applications modeled by an intersection
of (infinite) countable/uncountable number of simple convex sets (see e.g. [29]). In this paper we
present several new equivalent stochastic formulations of the convex feasibility problem, which
allow us to deal with intersections of families of convex sets that may be even uncountable.

(7i) From an algorithmic point of view, most of the previous approaches are limited to cycle
based alternating projection schemes. Moreover, for this strategy it is difficult to prove asymptotic
convergence and to estimate the rate of convergence in the general convex feasibility case. Therefore,
we introduce a general random projection algorithmic framework, which covers or extends to
the random settings many existing projection schemes, designed for the general convex feasibility
problem. Besides asymptotic convergence results, we also derive explicit convergence rates for this
general algorithm. It is worth to mention that our convergence rates depend explicitly on the
number of computed projections per iteration. Moreover, our general framework generates new
algorithms, that are not analyzed in the literature, with possible better convergence rates than the
existing ones.

(7i7) From our convergence analysis it follows that we can use large step-sizes, besides the usual
naturally arisen constant step-size policy. Thus, we prove theoretically, what is empirically known
in numerical applications for a long time, namely that these over-relaxations accelerate significantly
the convergence of projection methods.

(iv) Our general random projection algorithm allows to project simultaneously onto several sets,
thus providing great flexibility in matching the implementation of the algorithms on the parallel
architecture at hand.

Notations. For given m € N\{0}, we denote the set [m|={1,...,m}. We consider the space R"
composed by column vectors. For x,y € R" denote the scalar product by (z,y) = 2Ty and the
Euclidean norm by |[z|| = vVzTx. We use the notation z; for the ith component of the vector =
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and e; for the ith column of the identity matrix. The projection operator onto the closed convex
set X is denoted by IIx(-) and the distance from a given z to set X is denoted by distx(x).
Let Q € R™*™, then we use notation (; for the ith row of the matrix ). The minimal non-zero
singular value and the minimal nonzero eigenvalue of the matrix @) are represented by 2% (Q) and
Az (@), respectively. Similarly, 0y,.,(Q) and Ay..(Q) denote the largest singular value and the

largest eigenvalue of the matrix @, respectively. Also ||Q||r denotes its Frobenius norm.

2. Problem formulation In this paper we consider the convex feasibility problem:
Find z€X, (1)

where X CRR" is a closed convex set. We assume that X is nonempty. In general, in most convex
feasibility problems one should seek scalable algorithms with simple iterations which are able to
find an approximation of a point from the set X. For this purpose, we usually assume that X can
be represented as the intersections of finitely/infinitely many simple closed convex sets. Then, a
simple and widely known idea for solving the convex feasibility problem is to project successively
onto the individual sets in a certain fashion, e.g. cyclic or random. These projection algorithms are
most efficient when the projections onto the individual sets are computationally cheap. However, in
many cases, it is difficult to find an explicit representation of the set X as intersection of simple sets.
That is why in the sequel we consider different relaxations of (1), based on several representations
for the individual sets, and we investigate when this relaxations are exact.

2.1. Stochastic reformulations In many applications the set X’ has explicit representations,
while in others this set it is not known explicitly. Therefore, below we present several representations
or approximations for the set X'. For that, we introduce the concept of stochastic approrimation
of X. Given a probability distribution P, we consider a random variable S ~ P from a probability
space €.

DEFINITION 1 (STOCHASTIC APPROXIMATION OF SETS). For any S € Q let X5 be a random

closed convex subset of R™. We say that Xy is a stochastic approximation of X if X C Xq for all
Se.
We will henceforth consider stochastic approximation sets X’s arising as a function of some random
variable S from a probability space (€2, P). Therefore, the set X may be represented as an exact
countable /uncountable intersection of stochastic approximation sets Xg, that is X' = Ngeqds, or
approximated by this intersection, that is X C Ngeqds. Clearly, having a family of stochastic
approximation sets (Xs)scqo, we have the first relaxation of (1):

xC ) As. (2)
SeQ
Then, we consider the following convex feasibility problem, which may be a relaxation of the
potentially difficult original problem (1):
Find z¢€ () Xs. (3)
Sen

In this paper, we propose several stochastic reformulations of the convex feasibility problem (3).
1. Stochastic fixed point problem.

Find a fixed point of the mapping z~— Eg.p [IIx,(2)]. (4)

2. Stochastic non-smooth optimization problem.

def

Minimize {f(x) = Esp [Lxg (a;)]} subject to z €R". (5)
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3. Stochastic smooth optimization problem.

def 1

Minimize {F(x) = §ES~P [z — g (a:)||2]} subject to zeR".  (6)

4. Stochastic intersection problem.
Find xz€R" such that P(z e Xs)=1. (7)

Equivalence of the above reformulations is captured by the following lemma:

LEMMA 1 (Equivalence). Assume Ng.pXs # (0. The stochastic reformulations (4), (5), (6)
and (7) of the convex feasibility problem (3) are equivalent. That is, the set of fixed points of
x— BEgop [ILyg ()] is equal to the set of minimizers of the objective functions f or F', and to the
set {x : P(x € X5)=1}. We shall use the symbol Y to denote this set.

Proof: An elementary property of the Lebesgue integral states that if ¢ > 0, then E[¢] =0 if and
only if ¢ =0 almost sure (a.s.). Using this classical result, we can prove the following equivalences:

(5)« (7). The P-measurable function fs(x) =Ly (x) is non-negative and thus the set of minimizers
in (5) are those = for which Eg.p [Ly,(2)] =0, which is equivalent to Ly, (z) =0 a.s., that is z € Xg
a.s., or equivalent to P(xz € X5) = 1.

(6)< (7). The function Fg(z) = ||z —ILy(x)||* is non-negative and thus the set of minimizers in
(6) are those x for which Eg_p [[|# — Ly, (2)[|?] =0, which is equivalent to ||z — Iy, (z)|| =0 a.s. or
equivalently x = Il (x) a.s. or equivalently x € Xy a.s., or equivalent to P(z € Xs) = 1.

(6)=(4). Since |[|[Eg.p [z —Hxy(2)]||> <Egsp [||x — Hx, (z)]|?], then it follows that the set of min-
imizers of (6) are included in the set of fixed points of the average projection operator Il(z) =
Es. p [y, (x)] defined in (4).

It remains to prove the other inclusion (4)=-(6). Let x be a fixed point of the average projection
operator, that is = Eg.p [Ilx, (x)]. Then, for any z € Ng.pXs, it follows that z € Xy for all S and
from the optimality condition for the projection onto Xs we have (x — Iy (x), Ly () — 2) > 0.
This leads to:

0= (Bswp [o Ty (@)] 2 — 2) = Boop (o — Ty (a),2 — 2)]
=Egs.p [(z —Hxy(2), 2 — Iy (v) + xg () — 2)]

=Es.p [z — Ly (2)|°] + Esep | (@ — My (2), Iag () — 2) |

>0

for all z € NgeqXs. Thus, sum of two non-negative scalars is zero implies that each term is zero,
that is Es.p [[|z — Ly, (2)[|?] = 0 and therefore the set of fixed points of (4) are included into the
set of minimizers of (6). Q.E.D.

2.2. Discussion The proof of Lemma 1 provides several connections between (4), (5), (6)
and (7). There is also an interesting interpretation between (5) and (6). Notice that for any given
nonempty closed convex set Y, the indicator function Iy is convex, lower semi-continuous, that is
not identically +oco. Therefore, the value function:

1 . 1
Sl =Ty ()| = min Ty (=) + 5 12 — 2
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is known to be well-defined and finite everywhere [7] (Chapter 12). Moreover, the function x —
| — Iy (x)]|* is the Moreau approximation of the non-smooth indicator function Iy, thus it has
Lipschitz continuous gradient with constant 1, see [27]. This implies that the function F' has
Lipschitz continuous gradient with constant Lr = 1. Observe that the smooth optimization problem
(6) is obtained from the Moreau approximation Fg(z) = 1/2||z —Iy,(z)|]* of each indicator function
fs(x) =ILxg(x) of the non-smooth optimization problem (5), that is:

. . . . 1 9
min F(z)=min Es.p [Fs(z)] = min Es.p |min fs(2)+5 ]z - ]| (8)

. . 1 5
=min Es.p | minly,(2) + Sz — 27| -

N

Tl (2)]2

Note that, for general functions fg, there are no connections between the two problems (5) and
(6) as expressed in (8). However, for indicator functions fg(x) =Ixg(x) we have argmin, f(x) =
argmin, F'(z), according to previous lemma.

For the convex feasibility problem (3), with {2 having finite support, the following basic alternating
projection algorithm has been extensively studied in the literature [18,27]:

(B-AP): choose S; cyclic/random & update 2" = e, (x").

The (B-AP) algorithm can be interpreted in several ways depending on the reformulations (4)-(7):
1. For example, when solving the stochastic fixed point problem (4), we do not have an explicit
access to the average projection map z — Eg..p [[Ix, ()] Instead, we are able to repeatedly sample
S ~ P and use the stochastic projection map = — ILy,(x), which leads to the random variant of
(B-AP) algorithm.
2. Since the stochastic optimization problem (5) with fg=1Ix,:

mmin f(xz)=Egs.p [fs(x)],

is non-smooth, then we approximate each indicator function fg = Iy, with its Moreau approxima-
tion Fg and we can apply gradient method on the resulting expected approximation which leads to
the proximal point method. Since we do not have access to the function Eg.p [Lxg(2) + ||z — z[|?]
for some fixed x, but we can repeatedly sample S ~ P we can apply stochastic proximal point:

. 1
#t = argminl () + 5|2 — ol = T (2).

3. When solving the stochastic optimization problem (6):
min F(z)=Eg.p [Fs(z)],

x

where 1
Fy(w) = 3o~ T (@)

we do not have access to the gradient of F':
VF(xz)=Eg.p[VFs(z)]=Eg.p [z — Iy (x)].

Instead, we can repeatedly sample S ~ P and receive unbiased samples of this gradient at points of
interest, that is VFg(z) = x — Ly, (). Then, applying the stochastic gradient method with stepsize
1 leads to the random variant of (B-AP).
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4. We observe that (7) can be written equivalently as:

Find 2 € {z: PlzeXs)=1}:= [ As.

S~P

Then, when solving the previous stochastic intersection problem we typically do not have explicit
access to the stochastic intersection Ng.pAXs. Rather, we can sample S ~ P and utilize the simple
form of X to derive (B-AP) algorithm. Notice that if € is finite/countable, then the stochastic
intersection problem reduces to the standard intersection problem (3).

However, in Section 6 we will give a more general algorithmic framework for solving the four
equivalent problems with larger stepsize and better performances than (B-AP).

As Lemma 1 claims, our four stochastic reformulations are equivalent and they are all relaxations
of the convex feasibility problem (3), that is:

NsecaXs C V.

Therefore, for any family of stochastic approximation sets (Xs)sp over a probability space (£2,P),
we clearly have:
XC()xs<y. (9)
Seq

Therefore, it is natural to investigate when these inclusions hold with equality.

3. Exactness For simplicity we further redenote Eg.p[-] with the simpler notation E[].
From previous discussion we note that for any family of stochastic approximations (Xg)s.p over
a probability space (Q2,P) we trivially have the inclusion X C Y. If X =), then the stochastic
reformulations (4), (5), (6) and (7) are equivalent to the convex feasibility problems (1) and (3).
However, this need not be the case, not without additional assumptions. To see this, consider
X =", A, that is finite intersection of closed convex sets X;, and the random set Xs = X;. Since
X C A, this constitutes a stochastic approximation of &X', as defined in Definition 1. However,
Y = X}, which is not necessarily equal to X. In view of the above, we need to enforce a regularity
assumption, which we call ezactness.

AssuMPTION 1 (Exactness). Stochastic reformulations (4), (5), (6) and (7) of the convex
feasibility problems (1) and (3) are exact. That is, X =) .

In the next result we give a sufficient condition for exactness:

LEMMA 2. The following statement hold: If there exists k < oo such that the following inequality
(a.k.a. “linear regularity property”) holds for all x € R™:

dist? (z) < K E [distis (z)], (10)

then X =) (i.e., exactness holds).

Proof: The set ) of optimal points of the stochastic smooth optimization problem (6) satisfies:
F(z) =0 for all x € Y. Moreover, the relation F(z) = E[||z — Iy, (z)|*] = E [distis(x)] holds.
Therefore, for any x € ) we have E [distis (z)] = 0. From (10) we conclude that dist3 (z) = 0, which
means that € X. Combined with (9), this implies that X =) holds. Q.E.D.

Since disty (x) < disty(z) it follows immediately from (10) that x > 1. The feasibility problem
is ill-conditioned when k is large. Notice that linear regularity is a very conservative condition
for exactness. We can see that if €2 is finite/countable, then the stochastic intersection problem
reduces to the standard intersection problem (3), i.e. we have exactness. Note that linear regularity
property does not hold for any collection of closed convex sets as the following example shows:
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EXAMPLE 1. Let A} = {x:|2;|? <2y} with p> 1, and X = {z : 22 = 0}. These two sets are
convex and X = X} N Xy ={0}. Then, for any z € X, satisfying |z, |’ = z,, we have:

dist}(z) =27 +23 and dist}, (2)+ dist?, () = 23.
Then, clearly there is no finite x > 0 such that:
22+ a2y <kxy Y|z [P =z, 21 >0,

since by replacing x, and obtaining

1
xf+xfp§mxfp:>m+1§/€,
1
we can take z; very small (close to zero). Q.E.D.

Notice that linear regularity is related to Slater’s condition, as discussed in [3]. Moreover, this
property is directly related to the stochastic formulations (4)-(7), as we will show below.

3.1. Properties of the smooth function F' If we consider the smooth stochastic optimiza-
tion problem (6), then we have the following important relation:

Fla) = %E IVFs@)|?] VzeR, (1)

since we recall that VFg(x) =2 — ILy, (). Moreover, the linear regularity property (10) is equiv-
alent with the quadratic functional growth condition on F' introduced in [26], which was defined
as a relaxation of strong convexity. Indeed, under the exactness assumption, we have X =) =
argmin, F'(z) and the optimal value F* =0. Moreover, we have F(z) =E [distis (z)]. Then, the
property (10) can be rewritten equivalently as:

1
F(a:)—F*ZﬂH{L'—HX({L')Hz Vr e R", (12)

which is exactly the definition of the quadratic functional growth condition introduced in [26].
Typically, the standard assumption for proving linear convergence of first order methods for smooth
convex optimization is the strong convexity of the objective function, an assumption which does
not hold for many practical applications, including the one presented in this paper. In [26] it has
been proved that we can still achieve linear convergence rates of several first order methods for
solving smooth non-strongly convex constrained optimization problems, i.e. involving an objective
function with a Lipschitz continuous gradient that satisfies the relaxed strong convexity condition
(12). Moreover, in [26] it has been shown that the quadratic functional growth condition (12) is
equivalent with the so-called error bound condition for unconstrained problem (6).

Further, let v > 0 be the smallest constant satisfying the inequality:

IE o~ Ty @)]I° <7-E |2 g (@) P] Vo eR™ (13)

By Jensen’s inequality, v < 1. However, for specific sets and distributions P, it is possible for v to
be strictly smaller than 1, as the following examples show. For example, we can consider finding a
solution of a linear system X = {x: Az = b}, where A € R™*". For this set we can easily construct
stochastic approximations sets Xg = {x: ST Az = STb} taking any matrix S € R™*%. Clearly, for
any matrix S we have X C Xg. Then, we have the following characterization for -:
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THEOREM 1. Let us consider finding a solution of the linear system X = {x: Az =b}, where
A € R™ ™. Further, let us consider the stochastic approzvimation sets Xg = {x: ST Az = STb},
where S € Q=R™*? and a probability distribution P on Q. Then, (13) holds with:

Y= Ana(ATE [S(STAATS)TST] A) < 1.

Proof: Clearly, for x satisfying Az = b the inequality (13) holds for any v < 1. It remains to prove
for x satisfying Az — b # 0. However, since Xg = {x: ST Az = STb}, then the projection of x onto
X can be computed explicitly:

Iy, (z) =2 — ATS(STAATS)T S (Az —b)
and the relation we need to prove becomes as follows:
HE [ATS(STAATS)TST(AJU — b)] H2 <~E [HATS(STAATS)TST(AQ: — b)||2] .

Using the standard properties of the pseudoinverse, that is QTQQ" = QT for any matrix Q, the
previous relation is equivalent to:

|ATE [S(STAATS)TST] (Az —b)||* < v(Az —b)"E [S(STAATS)TST] (Az —b).

For simplicity, let us denote £ = E[S(STAATS)~1S7]. Then E is a positive semidefinite matrix
and thus there exists E'/2. Clearly, for Az — b € Null(E) the previous inequality holds for any 7.
Therefore, v is defined as:

| AT E(Ax —b)|*
max
e:Az—bgNull(E) (Ax — b)TE(Ax —b)
i | AT B2 EY2( Az — b) |2
o: Az —b@Null(E1/2) |EY?(Az —b)|?

T /2,2
M = O'?nax(ATEl/Q) — Amax(ATEA)'

’7:

= max
A0 |22

Therefore, we have v = A\, (ATE [S(STAATS)TST] A). Since the function W — A, (W) is convex
over the space of positive semidefinite matrices, then using Jensen’s inequality we have:

Amax (ATE [S(STAATS)TST] A) < B Aan (AT S(STAATS)TST A)] .

Furthermore, the matrix Ps = ATS(STAATS)TST A is idempotent, that is P2 = Ps. Therefore, all
the eigenvalues of Pg are either 0 or 1. Then, we get:

¥ = Amax (ATE [S(STAATS)TST] A) < E [Amax(A7S(STAATS)TSTA)] <1,

which proves the statement of the theorem. Q.E.D.
Based on the previous theorem we can prove that for particular choices of the probability distri-
bution P we have v <1, see e.g. the next corollary:

COROLLARY 1. Let us consider finding a solution of the linear system X = {x: Ax =b}, where
A € R™ ™ having rang(A) > 2. Further, let us consider Q={ey, - ,e,,}, the standard basis of R™,
and the corresponding stochastic approzimation sets X,, = {x: Al x="0b;} for all i € [m]. Then, for
two choices of the probability distribution P on Q, inequality (13) holds with:

>\7naz(ATA) . _ — HA2H2
v HAH%} if P(S=e)= 14l <1, (14)
i) ps_ ey

where the diagonal matriz D d:efdiag(HAlH*Q, o AR
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Proof: In this case we have the following expression:
1 T

S(STAATS)IST =e;(e]f AATe;)) el = A HQeiei .

Then, from Theorem 1 we get for probability distribution P(S =¢;) = 15

1 m AP 1
_ T T . T T
7= (A7 el | 4) = A (A 2 A A A

ATA AAT
:Amax < > :Amax < > M
AT AT

In the last equality we used the fact that the maximum eigenvalues of the matrices AT A and AAT

coincides. But we can easily see that the trace of the matrix ﬁf— is equal to 1 and thus:
F

- AAT > < AAT >
Ai| —5 | =Trace | ——= | =1.
2 <||A||2F 1[I

i=1

Therefore, if rang(A) > 2, then v = A« (““‘A““; ) < 1. Similarly, from Theorem 1 we obtain for the
F
_ 1’

uniform probability distribution P(S =¢;)
¥ = Ame <ATE [ ! e»er} A) = A Asz:iLe»eTA
1Az m Al

i=1
ATDA AATD
:Amax< > :Amax< )7
m m

where D =diag(||A.|| 72, ,||An||7?) and we used the fact that the sets of nonzero eigenvalues of
the matrices UV and VU are the same for any two matrices U and V 0£ appropriate dimensions,
in particular U = ATD and V = A. Moreover, the trace of the matrix AATD is equal to 1 and thus:

- AATD AATD
Z)\i< )zTrace( )zl.
m m

i=1

If rang(A) > 2, then v = A\« (%) < 1 for uniform distribution. Q.E.D.

For systems of linear inequalities we can obtain similar statements. For example, we can consider
finding a feasible point for a system of linear inequalities X = {x : Ax < b}, where A € R™*". For
this set we can easily construct stochastic approximations sets Xg = {x: ST Azx < STb}, where S is
a vector with nonnegative entries, i.e. S € R'. Clearly, if the vector S has nonnegative entries, we
have & C X5. Then, we have the following characterization for ~:

THEOREM 2. Let us consider finding a solution of a system of linear inequalities X = {x: Ax <
b}, where A € R™*™. Further, let us consider the stochastic approzimation sets Xg¢ = {x: ST Ax <
STb}, where S € Q=R"" and a probability distribution P on Q. Then, (13) holds with:

Y= Az (ATE [S(STAATS)71S] A) <1

Proof: Clearly, for x satisfying Ax <b the inequality (13) holds for any « < 1. It remains to prove
for z satisfying Az £ b. However, since Xg = {x: ST Az < STb}, then the projection of z onto Xy
can be computed explicitly:

~ max(0,5" (Az — b))ATS o I, (ST(Az — b))

AT
JATS|? s 40

Oy, () =2
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and the relation we need to prove becomes as follows:
|E [ATS(STAA"S) L, (ST (Az — )] || <AE [||A7S(STAATS) L, (ST (Az —b))|?]
or equivalently
HATE [S(STAATS) ML (ST (Az —b))] H2 <AE [IL.(S"(Az — b)) (STAAT S) 'L (ST (Az — b))] .

Moreover, if we define the event Z(z) = {S € Q: ST (Ax —b) > 0}, then the previous relation can
be written as follows:

2

HAT ( /I ; 5(5TAAT5)1sTdP> (Az—b)

<~(Az—b)7 < /I . S(STAATS)lsTdP> (Az—b).

Let us define E(z) = [}, S(STAATS)™1SdP and E = [, S(STAATS)~"SdP. Then both matrices
are positive semidefinite and E(z) < E for all x such that Az £ b. It follows that ~ is an upper
bound on the following function:

AT E(x)(Az = b)]|?

R = e =B (A —b) =

Vo : Ax £Lb.

However, it is easy to find an upper bound for this function R(x) for each fixed x, namely:
R(7) < Apax (ATE(2)A)  Va: Az £b.
Since E(z) X E, then ATE(x)A X ATEA and consequently A, .. (AT E(2)A) < Apax (AT EA). More-
over, there exists = such that Z(x) =. Thus, we have:
Y= Amax(ATEA) = A (ATE [S(STAATS)1ST] A).

Since the function W — A, (W) is convex over the space of positive semidefinite matrices, then
using Jensen’s inequality we have:

Amax (ATE [S(STAATS)'ST] A) <E [Apax (ATS(STAATS) 15T A)] .

Furthermore, the matrix Pg = ATS(ST AATS)~1ST A is idempotent, that is P2 = Ps. Therefore, all
the eigenvalues of Pg are either 0 or 1. Then, we get:

Y=Amax (ATE [S(STAATS) " ST] A) <E [Amax (AT S(STAATS) ST A)] <1,

which proves the statement of the theorem. Q.E.D.
Based on the previous theorem we can prove that for particular choices of the probability distri-
bution P we have v < 1, see e.g. the next corollary:

COROLLARY 2. Let us consider solving a system of linear inequalities X = {x : Az < b}, where
A e R™™ having rang(A) > 2. Further, let us consider Q={ey, - ,e,,}, the standard basis of R™,
and the corresponding stochastic approzimation sets X,, = {x: Alx <b;} for alli € [m]. Then, for
two choices of the probability distribution P on Q, inequality (13) holds with:

>\7naz(ATA) . _ — HA2H2
= TATE, if P(S=e)= 14l <1, (15)
>\maw(A DA) 'lf P(S — ei) _ 1

where the diagonal matriz D d:efdiag(HAlH*Q, o AR
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Proof: The proof is similar to the one given in Corollary 1. Q.E.D.

The reader can easily find other examples of convex feasibility problems with v < 1. The linear
regularity inequality (10) and the Jensen type inequality (13) impose strong conditions on the
shape of the function F:

THEOREM 3. Let the linear reqularity condition (10) hold. Then, the following bounds are valid
for the smooth objective function F':

1
sllz —Tx(@)|* < Fa) - F < %Ilw —Ix(2)|* VzeR", (16)
and their dual formulations
1 « K n
%HVF(QJ)Hng(x)—F §§||VF($)||2 Vo e R". (17)

Proof: Under the linear regularity condition (10) we have (12), which represents the left hand side
inequality in (16). For proving the right hand side inequality in (16) we use a well-known property
of the projection:

l& =Ty (2)|* < [l — 2[|* — Mg (2) — 2 V2 € Xs. (18)
Then, using that I1y(x) € Xs we have:

E [z — Iy (2) ] = l|o = Te (2) | + E [ (2) — Mag (2)[°] + 2(z — I (2), B[y (2) — Mg (2)])

ol — M ()2~ B [l — g (0)]?] + 2z — T (2), B [ () — Ty ()
= B [~ Ty ()[?] +2(z — Ty (2), Bz — I, (2)]),

where in the first inequality we used (18). In conclusion, we get:
E [||lz — x (2)]*] < (2 — Mx(2), E [z — Tag (2))]). (19)
Furthermore, using Cauchy-Schwartz inequality and (13) in (19) we get:

1B [~ T ()] |
B2 — T ()2

(
E [||lz — Ty (2)|]?] < [lz — Ty (z)]
< ||z — Hx ()|

which leads to: -
Pla)— F* < 2o~ Te(a) %,

that is, the right hand side inequality in (16) holds. This proves the first statement of the theorem,
i.e. (16).

For proving the second statement, (17), we first notice that since the Jensen type inequality (13)
always holds for some v <1 and using the expression of F' and that F* =0, then we can easily find
the left hand side inequality in (17):

SIVF@? <4(F(x) -~ F) vzeR" (20)

Then, combining (10) and (19) and using Cauchy-Schwartz inequality, we get:

E [||z - Ty, (2) %] < [l =Ty (@) [ | E [2 — Mg ()] |
< \/FLE [l = T (2) [P E [z — TLxg ()] ],
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which leads to
1 ; 1 5
~(F(2) = F") < 5 [IVF ()]

Combining the previous inequality with (20) we obtain the second statement of the theorem, i.e.
(17). Q.E.D.

Theorem 3 states that F' is strongly convex with constant % and has Lipschitz continuous gradient
with constant v when restricted along any segment [z, I1y (z)]. Indeed, since VF (Ilx(x)) =0, then
from (16)-(17) we obtain:

1
517 =T @)|I" + (VF(x (2)), & — T (2)) + F*
< F(@) < o~ (@) 4 {VF (L), 7~ T (a)) +
which are exactly the strong convexity condition and the Lipschitz continuity condition, respec-
tively, along any segment [z,IIy(x)], see [26] for more details. It follows that ky > 1 and kv

represents the condition number of the convex feasibility problem (3). Note that F has global
Lipschitz continuous gradient with constant Ly =1.

3.2. Properties of the operator II=E [Ily.] It is well-known that the projection operator
is firmly nonexpansive:

(Tlyg (7) = Mg (y), 2 —y) > Mg (z) — HXS(?J)||2 Vz,y € R".

Taking the expectation in the previous relation, we get that average projection operator II(x) =
E [Ty (x)] is also firmly nonexpansive:

(E [y (2)] - E [ (y)] 2 —y) > B [[Mag (@) — Mag () ?] > [ E [ (2)] - E Mg (n)] 7 (21)

for all z,y € R". Similar to Theorem 3 we can derive some contraction inequalities for the average
projection operator II.

THEOREM 4. Let the linear reqularity condition (10) hold. Then, the following bounds are valid
for the average projection operator Il(x) = E Ly, ()]

(1=l < 1) - 1)) < (11 ) o (22)

for all x € R™ and the corresponding fized point x* =TIy (z).

Proof: In order to prove the right hand side inequality, we choose in (21) the fixed point y = Iy (z),
which leads to:

(E [y, (2)] — Mx(2), 2 — Ty (2)) > E ||y (2) — e ()]
=E [y () — 2] — [lo — Ma () ||* + 2(E [Lxg (2)] — T (2), @ — M (2)),

which combined with (10) leads to
(E [y (2)] - Ta(2), 2 — Ma (@) < [|lv — I (@) ||* — B [[[TLxg () — 2[|°]

(10)

2 <1_%) o — T ().
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For the left hand side inequality we proceed as follows:

(E Ly, ()] = My (2), 2 — Iy (2)) = ||z = Iy (2)||* + (B [y (v)] — 2,2 — Iy (2))
> ||l — I ()1 = [l — M () || B I (2)] — ]
> ||l — M ()" = |l — Hx(fv)ll\/vE[HHxs(fv)—x\IQ]
= ||z — Ty (2)||* = [l — Iy (2) | \/29(F (z) = F*)

2 e~ T (@) = 12 — (@) I/ To ~ T (@)
=(1—7)||z —Tx(2)|?

where in the first inequality we used Cauchy-Schwartz inequality, in the second inequality we used
(13) and in the third inequality we used relation (16). Q.E.D.

Theorem 4 shows that the operator II is a contraction with contraction constant ¢ =1 — % <1
when restricted along any segment [z, 1y (x)].

4. Examples: finite intersection We consider X represented as the intersection of a finite
family of convex sets:

where X, are nonempty closed convex sets. We also assume that X # (). In several papers, such
as [5,27], the authors introduced a linear reqularity property for the set X = (", X;. That is, there
exists Kpax < 00 such that:

dist% () < Kmax max distii(az) Vo e R". (23)

Based on this condition, linear convergence rate, depending on the constant k.., has been derived
for the alternating projection algorithm (B-AP). Note that our definition of linear regularity (10)
extends the one given in (23) for finite intersection to the more general convex feasibility problem
(3). More precisely, in order to show linear convergence for our general algorithmic framework
introduced in this paper, we require the linear regularity property for the set X = NgenXs defined
n (10). For a uniform probability over the set 2 = [m)] d—ef{l 2,...,m} we have:

dist? () < Kmax m[ab}? dist? () < Kmax E dist?, ()
Ze m 1 1
i—1
=M Kmax B [distis (:E)] )

This shows that:
K< M- Kmax-

Thus, condition (23) is a relaxation of our more general condition (10), also analyzed in [28].
Further, we analyze this property (10) and estimate the constant x for several representative cases
of stochastic approximation sets for X.

4.1. Standard Let Xg =X, for all i € Q = [m], endowed with some probability p; > 0. Since
N, X =X C Xg, then X is a stochastic approximation of A'. Note that:

—{x : Zm:pi]lxs(x)—()}— ﬂ X;.

i:p; >0
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Hence, a sufficient condition for exactness is to require p; > 0 for all i € [m]. Moreover, under this
condition and (23) it follows that linear regularity (10) holds with x = *;'“ax where puin = min; e ;.
Indeed, we can use the following inequality:

Pimin 108X disty, (1) <> puwdisty, (z) <Y pidisty, (z) = E [disty, (z)] .
=1

i=1

4.2. Subsets With each nonempty subset S C [m] we associate a probability pg > 0, such
that ngm] ps = 1. We then define Xg = N;cgX; with probability pg. Since X C Xy, then this is a
stochastic approximation. Moreover,

—{x:ZpS]IXS(a:)—O}— ﬂ Xs.

S :pg>0

A sufficient condition for the last set to be equal to X (i.e., a sufficient condition for exactness) is

U s

S:pg>0

In words, this condition requires us to assign positive probabilities to some collection of subsets
covering [m]. If we only assign positive probabilities to singletons, we recover example 1. Moreover,
under this condition and (23) it follows that linear regularity (10) holds with x = fmax, where
Pmin = MiNg.,s~0 ps. This is due to the fact that max;c, dlStX () <>", disti@_ (x), that distii (z) <
dist? sesx, (T ) = dist% . (7),Vi € S and that we assume there is a collection of subsets S covering [m].

4.3. Convex combination Fix r € [m], and let us consider a countable subset €, defined as
follows: o
Q, C {SGR’”:ZSZ-:L S >0, ||SH0§T}.
i=1
Let us consider a discrete probability distribution P on €2,.. We then choose S ~ P and define the
stochastic approximation set as:

XS = iSiXi d:ef {isiflfi X € Xz} .
=1 =1

This is clearly a stochastic approximation, that is X C Xs, since »_.." | S; =1 and for any z € X

it follows that « € X; for all i € [m] and thus z =), S;x € Xs5. For r =1 we recover the stan-

dard example from Section 4.1. If additionally, we assume that €2, contains the basic vectors, i.e.

{e1,  ,en} CQ,, and Xg defined as above, then exactness holds when p; = P(S =¢;) > 0 for all
€ [m]. Indeed, if 2 € Y, then:

0=E[Ly;(@)] =D polas(@) > Y pslag(a),

5€Q  Seferiem)

which implies = € &, provided that p; > 0, for all i € [m]. Moreover, under this condition and (23)
it follows that linear regularity (10) holds with x = ’;m‘"“‘, where P, = min;epy,) p;. This is due to
the fact that X, = X; and that:

Prmin ?El[arrz]{ distii(x) < Zpidistii(x) < Zpsdistis(x) =E [distis(x)] .

SeQ
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4.4. Equality constraints Assume a linear representation for the set X, that is X = {z €
R": Az = b}, where the matrix A € R™*". In this case we have X; = {x € R" : ATz — b, =0}, where
A; is the ith row of matrix A. Let ¢ <m, Q CR™*? and a probability distribution P on 2. Thus,
we define the stochastic approximation:

Xg={xecR": STAx=5"b} VSc.

We notice that NgeqXs = {x: SAz =SbVS € Q}. If we can find m linearly independent columns in
the family of matrices (S)geq, then X = NgeqX’s. Next we derive sufficient conditions for exactness,
that is conditions that guarantee X =), and we also provide an estimate for .

THEOREM 5. Let X ={x € R": Ax = b}, with A € R™*" and consider the stochastic approxi-
mation Xs = {x € R": ST Ax = STb}, where S € R™*? is a random matriz in the probability space
(Q,P). Furthermore, assume that S satisfies E[S(STAATS)TST] = 0. Then, we have exactness and
the linear regularity property (10) holds with constant:

1
(ATE[S(STAATS)TST] A)

K > 0. (24)

N

Proof: Notice that the projection Ily (x) of  onto Xg can be expressed as:
Hy,(x) =2 — ATS(STAATS)TST (Ax —b),

thus the local distance disty,(z) from z to the set Xy is given by:

dist g (2) = [l = Tag (2) ]| = [ATS(ST AATS)TST (Az —b)|
= |ATS(STAATS)TST Az — T (2))]. (25)

Further, the matrix Pg = ATS(STAATS)1ST A is idempotent, that is P2 = Pg, which implies that
| Psz||?> = 2T Psz for any z € R™. By squaring and taking expectation in both sides of (25) and also
using the previous property of Pg, we further obtain:

E [dist?, (2)] Z'B[|Ps(z - Ly (2))]?]
=E [(x — My (2))" Ps(x — My (x )]
(2~ x(2))"E [Ps] (v — Ty (). (26)

On the other hand, it is well known from the Courant-Fischer theorem [30], that for any C' € R™*"
we have:
IC2] = omin(O)I2ll ¥z € Im(CT),
where recall that 022 denotes the smallest nonzero singular value of a matrix. If we define the
matrix F=E[S(STAATS)ST] and take C' = E'/2 A, then the above relation leads to:
|EY2Az|| > 0% (EV2A)||z|  VzeIm(ATEY?). (27)

min

Further, since we assume that E = E[S(STAATS)1ST] = 0, then EY2 = 0 and Im(AT) =
Im(ATE'Y/?). Moreover, we have the fact that  — Ily(z) € Im(A”). Therefore, by applying the
relation (27) for z =z — Iy (z), observing that E[Ps] = A" EA, and by combining relations (26)
and (27), we have:

12 A2 — Ty () ]*

(02, (EV/?A)) dist? (z)

A (AT EA)dist5 ()

A2 (E[Pg])dist (z)
(E[ATS(STAATS)TST A )dist? (z)

E [disti(s ()]

2

A
vy Il
3

min

— )\HZ

min



Author: Necoara et al., Randomized projection methods for convex feasibility problems
16 00(0), pp. 000-000, © 0000

for all x € R™. This final relation implies our statement. Q.E.D.

In [31] it has been proved that, when we consider discrete samplings, such as S € Q= {e',--- ,e™},
and full row rank matrices A with no strictly zero rows, the matrix E [ST(SAATST)TS] is positive
definite, that is it satisfies our assumption considered in the previous theorem. A simple consequence
of previous theorem is the following:

COROLLARY 3. If we consider Q={ey, -+ ,e,}, then for two choices of the probability distri-
bution P on € the linear regularity constant takes the form:

2

S if P(S=e;) =140
nz T ;
weq O AE Sy, (28)
warony U PE=e)=g
where the diagonal matriz D = diag(|| x| -+, I1An| 7).

Proof : 1t Q= {ey,- -+ , e, } and the probability P(S =e¢;) = || A;]|?/||A]|%, then the stochastic approx-
imation set X,, is given by a linear hyperplane, i.e. X,, = {x € R": AT2 =b,}, and the expression
n (24) becomes:

Ai||? eel I Az (AT A)
)\nmzln T H — )\mm AT m A — 7 'min )
( Z IAlI% 11A; H2 1A% A%
Thus, in this case, the linear regularity constant is given by:

ey |lAl3 IAl»
= > 1.
"= N AT A) o ay) =1

min min

A (ATE [S(STAATS)TST] A) = A (ATE[H 0 HA)

For the uniform probability P(S =e;) =1/m, the expression in (24) becomes:

el
A (ATE[S(STAATS)TST] A) =\, ( AE [IIZGTIQ] A)
1 el A (ATDA)
=\ T — Z'min
& Z A mo
where the diagonal matrix D = diag(|| 4|2, , || A, ||7?). This proves our statement. Q.E.D.

4.5. Inequality constraints Let ¢ <m, Q C R7*? the set of matrices with nonnegative
entries, i.e.,, RT*" = {SeR™*:5;; >0 Vi€ [m],j € [q]}, and a probability distribution P on .
Assume a functional representation for the set X, that is X = {x € R" : F(z) < 0}, where F :
R™ — R™ is a vector of convex closed functions, that is F = (Fi,---,F,,). In this case we have
X, ={z e R": F;(z) <0}. Thus, we define the stochastic approximation:

Xg={zxcR":STF(x)<0} VSeq.

We notice that NgeqXs = {z: ST F(x) <0VS € Q}. If there exist m linearly independent columns
in the family of matrices (S)secq, then X = NgXs. Moreover, if the probability space is finite,
then we also have exactness. Next, we provide estimates for the linear regularity constant x for
some particular sets. First, we consider finding a point in the intersection of halfspaces, that is

X ={xeR": Az <b}.
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THEOREM 6. Let X ={x € R™: Ax <b} and consider stochastic approzimation halfspaces Xs =
{z e R": ST Az < STb}, where S is a random wvector from the finite probability space Q, C {S €
R™: S>0,|S|lo <r} for some given r € [m] endowed with a probability distribution P = (pg)secq,. -
We further denote the Hoffman constant for the polyhedral set X with k. Then, under eractness
the linear regularity property (10) holds with constant:

max| AT S|

p=250 R (29)
sea, IS

Proof: Notice that in this case we have an explicit projection onto Xy given by Iy (z) =z —

T T
WATS , which implies that:

I (ST Az — $7b) _ 11, (57 Az — S™b)
|ATS]| ~ max|[ATS|

dist y, () = (30)

From Markov inequality we have:
E [dist%, (z)]

gé&):dlst ()

>P <dist§ () > maxdist}, (z )).

SeQ,

Combining the previous inequality with (30), we obtain:

E [distis (z)] > P(distis (z) > max distifs (7)) max dlStX (x)

= P(distx, (z) > maxdistxs(x)) -grg}fdlstxs(x)
>§r€119n Ds - maxdlstX ()

(?;)) min pg - s R
~ §eQ gé%’f”ATSHQ

(31)

On the other hand it is well know that for a polyhedral set the Hoffman inequality is valid, see [9].
Since we assume exactness and that €2, has a finite number of elements, then there exists some
positive constant £ > 0 such that:

disty (z) < Fmax T2 (ST Az — STb) VYV eR™

SeQ,
Using this Hoffman inequality in (31) leads to the relation:

min
SeQ, Ps

.2 e 2 n
E [dlSth (.Z')] Z Wdlst)((x) VerelR s

which proves our statement. Q.E.D.
However, for a specific choice of the probability distribution we can get better estimate for k, as
the next corollary shows:

COROLLARY 4. Let X ={x € R": Az < b} and consider stochastic approximation halfspaces
Xs={reR": ST Ax < STb}, where S is a random vector from the finite probability space Q, C {S €
R™: S>0,|S|lo <7} for some given r € [m] endowed with the probability distribution P = (ps)secq,
given by ps = | A"S|?/ Y gcq, IATS|I>. We further denote the Hoffman constant for the polyhedral
set X with k. Then, under exactness the linear regularity property (10) holds with constant:

k=7 Y [|ATS|? (32)

SeQ,
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T T
Proof: Since Iy (z) =x — WATS, then we have:

I, (ST Az — STb)

distxg () = TATS]

Using the expressions for the distance and for the probability, we further have:

E [disth, (z)] = Y  psdisth, (z)

SeQy
_ |ATS||2 T2 (ST Az — STb)
SeQ > sea, [ATS]? ||AT S|

R 2/QT g QT
- S sen JATS]2 Sgg; II% (5" Az — S7b). (33)

On the other hand, under exactness and €2, has a finite number of elements there exists some
positive Hoffman constant % > 0 such that:

disty (x) <& Y T3(S"Az—S"b) VzeR".

SeQ,

Using the Hoffman inequality in (33) leads to the relation:

1
E [dist?_(z)] > =
s ()] 2 e TATSTP
which proves our statement. Q.E.D.
Second, following similar ideas as in [18,27], we consider the general case of a convex set X with
nonempty interior, that is, there exists a ball of radius 6 > 0 and center Z € X’ such that:

dist? (z) VxeR",

{zeR":||z—z|| <0} CX.

THEOREM 7. Let X be a convex set with nonempty interior, that is there exists 6 >0 and z € X
such that {z e R" : ||z — x| <6} C X. Consider any family of stochastic approximations Xs, where
S is a random variable from the finite probability space 2 endowed with a probability distribution
P = (ps)scq. Then, under exactness the linear reqularity property (10) holds over any bounded set
Q with constant:

max||z — Z||?
K= Q. Vx € Q (34)

02 min
Geo DS

Proof: Let us define for some o > 0 and x € R™ the vector:

a

Yol®) = 5T 5T

Now we show that by choosing & = rga&cdist){s (z), then ys(x) € X for all z € R™. Indeed, we first
S

rewrite yz(z) as: .

a o
yd(x) - C~E+5Z+ —d+5HXS(x),
where z =Z + 2 (2 — Iy, (2)). Notice that:

diStXS (3:)

————— <.
max distxg ()

lz = 2] = ~llz — g ()| = 6
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Thus, we have z € X', which implies z € Xy for all S € . Since z € Xg, then further we conclude
that also y,(z) € Xs for all X, which finally confirms that y,(x) € X, due to exactness. By using
this fact, results that:

distx (7) < [lya(z) — 2| =

From the Markov inequality we get the bound:
E [distis ()]

- .2 .
max disty, ()

. . 2 2
min pg < P(disty,(z) > max disty, (7)) <

Using (35) and (36), we obtain for any = € Q:

(35)+36) ||z — |2 I£1€a§||a:—§?||2
2 mi 213
iy s " un b

dist? () <

E [dist?, ()] < E [dist% (2)] ,

which confirms our result. Q.E.D.

5. Examples: infinite intersection Assume X' =NgcqXs, for some (possibly infinite) index
set 2 and sets X¢ C R”. Many interesting applications can be modeled as the intersection of infinite
(countable/uncountable) number of simple convex sets, see e.g. [29] for some control and machine
learning applications. Let P be a probability measure on §2. Then, if we choose S ~ P, X5 is a
stochastic approximation of X. Note that

Y={z:PlxeXs)=1}.

5.1. Separation oracle Assume that we have access to a separation oracle for X. That is,
for each S € R™, the oracle either confirms that S € X, or outputs a vector g = ¢g(S) € R" such that
(g,2—8) <0 for all ze€ X. If we let

T def R" SeXx
Tz (gr—-8)<0}  S¢AX,

then clearly X C X for all S € R". Given any distribution P over R", X is a stochastic approxi-
mation of X. In this case we can only guarantee:

X CNgernXs.

5.2. Supporting halfspaces A particular case of the convex feasibility problem is the so-
called split feasibility problem [10]:

Finde e ¥ ={z €R": Az € Z},

i.e., X is defined by imposing convex constraints defined by the set Z in the range of the matrix
A € R™*™. Then, if we choose any S € R” we can define a stochastic approximation as the entire
space or the following halfspace:

. def R™ SeXx
g {z: ckz <bg} S¢x,
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where cg # 0 and bg are defined as follows:
cg=AT(AS —TIz(AS)) and bg = | AS|> — (TIz(AS))TAS — ||AS — Iz (AS)|]?.
Note that the halfspace Xs ={z: cfx <bg} can be written equivalently as:
Xs={x: (AS—11z(AS), Az — 11z (AS) <0}.

It is easy to check using the optimality conditions for the projection onto Z that for any S ¢ X
the hyperplane cLx = bg separates S from X, that is:

X CXs VSeR"™

Therefore, given any distribution P over R”, the halfspace X5 is a stochastic approximation of X.
In fact, in this case we have:

X = OSGR"XS-
Indeed, it is straightforward that we have X C NgcpnXg. For the other inclusion, let us take any

T € NgernXs. Then, x € Xg for any fixed S. Now, if we make the particular choice S = x, then
x € X, that is it satisfies:

(Az —TIz(Ax), Az — Iz (Ax) <0

which holds if and only if Az =1Iz(Az), that is x € X.

5.3. Normal cone Let Q€ R" be a closed convex set and fix z € 2. Consider X to be the
normal cone of the convex set {2 at some fixed point = € €

X={x:(x—2)"(S—z)<0foral S} = ﬂ Xs,

SeQ

where Xs < {z : (z—2)7(S— ) <0}. If P is a probability distribution over €2, and S ~ P, then
Xs is a stochastic approximation of X'. Moreover, in this case we have X' =g, Xs-

6. Stochastic Projection Algorithm In this section we propose the following parallel
stochastic projection method:

Algorithm SPA (general case)
Choose z° € R", minibatch size N > 1, and positive stepsizes
{a }i>0. For k> 0 repeat:
1. Draw N independent samples, S¥, S ... Sk ~P
N
2. Compute z"*! =zF —qy [ 2% — & ;H’fslc (%)

This algorithm can be viewed as a random implementation of the extrapolated method of parallel
projections from [15], which generates a sequence by extrapolation of convex combinations of
projections onto subfamilies of sets cyclically.
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6.1. Interpretation The minibatch algorithm SPA performs at each iteration k a number of
N projections onto the simple sets X Gl ,XSI;CV in parallel and then the new iterate is computed
taking a linear combination between the previous iterate and the average of those projections.
Such minibatch strategy has several interpretations. For example, when we consider the stochastic
smooth optimization problem (6):

min F(z) = B[Fy(x)],
where Fg(x) =1/2|z — ILyy(x)||?, usually a Monte Carlo simulation-based approach is used for
solving it. It consists in generating random samples of S and the expected value function F' is
approximated by the corresponding sample average function. That is, let S;,---, Sy be indepen-
dently and identically distributed random sample of N realizations of the random variable S. Then,
we consider the sample average function Fy=1 /N vazl Fg, and the associated problem:
irel]%% Fy(z).

Finally, this sample average optimization problem is solved. The idea of using sample average
approximations for solving stochastic programs is a natural one and was used by various authors
over the years [32]. However, the solution &% of the sample average optimization problem converges
to the true solution z* of the stochastic optimization problem only for large enough number of
samples N — o0o. On the other hand, in our minibatch algorithm SPA the approach is different.
First, we fix the number of samples N. Then, at each iteration k¥ we draw N independent samples
Sk Sk ... Sk to also form a sample average function F§ =1/N S~  Fg.. Finally, we do not solve
the sample overage optimization problem: '

s Pk
min Fy (),

instead we only perform one gradient step for this problem with stepsize ay,
M =k — ) VFE (2F),

and then repeat the procedure. In this case we are not forced to take N large in order to obtain
an approximative solution of the original problem. In fact, we can even consider N = 1.
The minibatch algorithm SPA can be also interpreted in terms of the stochastic non-smooth
optimization problem (5):

min f(z) =E[fs(x)],

where fs(x) =Ixg(x). If we fix the number of samples N, then at each iteration k we draw N
independent samples S, S5 --- | S% to form the same sample average function:

N

. 1 . 1
Fi(o) = 3 (min far () + g llo— 7).

i=1

and then consider solving the sample overage optimization problem

min Fiy(z),
which can be rewritten using the notation z = [z, --- zy]7 as follows:

N
: | |
: k — N 2l — 2
et g, P (®:2) <'_ N2 [HX%(Z”H e ==l D
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However, we do not solve the previous average optimization problem in the variables (z, z), instead
we only perform one step of Relaxed Block Alternating Minimization Method. That is, given z*,
we compute:

k+

1_ s k(o k ~k+ k+1
2" =arg min Fy (2%, z), & )
2ERNn

1 sk
—arg min Fy(x, z
ngR" N( ’

karl — (1 _ ak)xk +Oék.i'k+l,

and repeat the whole procedure. Again, this strategy allows us to work also with /N small, including
N=1.

6.2. Convergence analysis Our convergence analysis is based on two important properties
of the family of convex sets (Xs)seq. For simplicity, we recall them once more here. First, there
exists v < 1 satisfying the inequality (13), i.e.:

IE o~ Ty @)]I° <7 B |2y (@) P] Vo eR™. (37)

However, for specific sets and distributions P, we proved in Section 3.1 that «v can be much smaller
than 1. Second, there exists x < oo such that the family of convex sets (Xs)seq satisfies the linear
regularity property (10), i.e.:

dist?(z) <k E [distis ()] Vax e R"™. (38)

However, we have proved in Section 4 that for specific sets and distributions P, the constant x can
be finite, that is k < co. Based on the properties (37) and (38) the smooth objective function F' of
the stochastic optimization problem (6) satisfies Theorem 3, in particular we have:

1
5 l7 —Tx(@)|* < Fa) - F* < %Hx —Ix(2)|*  VzeR™ (39)

There is an interesting interpretation of inequality (39), that is the objective function F' is strongly
convex with constant % and has Lipschitz continuous gradient with constant v <1 when restricted
along any segment [z, 11y (x)]. Thus, kv represents the condition number of the convex feasibility
problem (3). Using the inequalities (37)-(39) we can prove not only asymptotic convergence of the
sequence {z¥},5, generated by algorithm SPA, but also rates of convergence. We start with a
basic result from probability theory, see e.g. [28]:

LEMMA 3 (Supermartingale Convergence Lemma). Let v* and u* be sequences of non-
negative random variables such that:

E [vk+1|Fk] <vF—u* a.s. VE>O0,

where F, denotes the collection {v°,--- 0% u°

variable v a.s. and Y, u" < oo a.s.

,--,u*}. Then, we have v* convergent to a random

Then, we obtain the following asymptotic convergence result:

THEOREM 8. Assume that the set X is nonempty and define vy = ++(1-%)y<1. Let

{x*}r>0 be generated by algorithm SPA with stepsizes 0 <y, < % Then, we have the following
average decrease:

E (|2 —a"|* | 2] < [|l2" — 27|* — 2(200 — afyn) F(a") (40)

for all k>0 and z* € X. Moreover, the fastest decrease is given by the constant stepsize oy, =1/7vx.

If additionally, exactness holds and the stepsize satisfies § < ay, < % — 0 for some0<§ < #, then

the sequence x* converges almost sure to a random point in the set X and klim F(z2%) =0 almost
—00

sure.
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Proof: For simplicity, we shall write IT¥ = HXSk (). Let 2* be any element of X. Then, we have
the following;: '

2

9 N
— |l — 2|2 - = <xk—x*,xk—Hf>+% > (a1
2c :]b al - :
< la* —a"* - kZH f—m” Z(xk—ﬂf)
i=1

= llz* — | - 2“’“2\\ iy

(an Hi-“H2+Z<a:’€—Hf7x’“—H?>>a

i#]

(41)

where the inequality follows from the bound:

(a* — 2, 2" —1IF) = (2" — 10}, 2® — TI}) + (I} — 2", 2® — II}) > [|2" —TIF||?,
since (IT% —z*, 28 —TI¥) > 0 for all 2* € X C X, k- Taking expectations conditioned on z* and using
the definition of F:

1 1
F(a") = SE [[l2" TP [2"] =SB |[la" =Ty, (@) [«

1
=SB [Ja" ~ ey (@) 2],

and invoking conditional independence of II} and II¥ for i # j (inherited from independence of S¥
and S¥), we obtain:

E[[|"*" - x*llz | 2] <[la" = 2*||* — 4o F'(2¥)

+m 2NF(x +§<E Hf|x’“],E[mk—H?|xk]>>
7]

203 2(N>~N
= |la* — "~ 4o F (o) + %F@m W B @ T )
S 2 k Q(N_l) k k|12 | .k
< ot~ o P~ dag P(a) 4 S F () + SBR[l T ()] o]

= [lo" — 2"||* — daw F (") + N F(z") +
= [|la* — 2" ||* = 2(204 — @ yw ) F ().

Thus, we have obtained for all £ >0 and z* € X
E [[|l2" — 2" P [ 2%] < [|l2* — 27 ||* — 220 — afyw ) F(a").

Clearly, the fastest decrease is obtained by maximizing 2a;, — iy in oy, that is the maximum
is obtained for constant stepsize a;, = 1/yy. Further, for the stepsizes satisfying § < ay, < % -6
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we have 2ay, — aiyy > 6%yy > 0. Then, from Supermartingale Convergence Lemma we have that
|z* — 2*||* converges a.s. for every x* € X and thus the sequence z* is bounded a.s. This implies
that z* has a limit point Z*. Since we also have )~ , F(2") < o0 a.s., it follows that F(z*) — 0
a.s. Therefore, for any accumulation point Z* of z* we have F(2*) =0 a.s. (by continuity of F').
This leads to z* € ) a.s. When exactness holds (i.e. X =)), it follows that at least a subsequence
of z¥ converges almost surely to a random point #* from the set X. Q.E.D.

The previous theorem clearly shows that in order to have decrease in average distances (see (44))
the stepsize 4, has to satisfy:

O<ozk<i Vk > 0. (43)
IN

This shows that we can use large stepsizes ay. Thus, we prove theoretically, what is known in
numerical applications for a long time, namely that this overrelaxation «y =~ % > 1 accelerates
significantly in practice the convergence of projection methods as compared to its basic counterpart
ag, = 1, see [12,15]. For several important sets we can estimate the “Lipschitz” constant v and
consequently vy, see Section 3.1. For other sets however, it is difficult to compute ~. In this case
we propose an adaptive estimation of v at each iteration k as follows:

p_ B[ =Ty ()] |
E[[la* — Ty («*)[7]

This choice has the following interpretation. From Theorem 3 we have that F' has Lipschitz con-
tinuous gradient with constant  on any segment [z*, TLy(z%)]:

F(a*)'S F* 4 (VF(Iy(2)), 2"~ TLy(2)) + %nvm’w CVF(I ()],

which, using F* = F(Ilx(z%)) =0 and VF(IIx(2*)) =0, is equivalent to:
v V2(VEEDI _
Using arguments of Theorem 8, it is straightforward to obtain the following descent.

COROLLARY 5. Assume that the set X is nonempty and deﬁn; ¥ (Ef% + (1 — %) vk < 1. Let
k

{x*}rs0 be generated by algorithm SPA with stepsizes 0 <, < T Then, we have the following
average decrease: Y

E [[l2" —a"|* | 2] < [|l2" — 27|]* — 2(200 — afy}) F(a") (44)

for all k>0 and x* € X.

Proof: From the relation (42) we have:

. . 203 ai(N?*=N) 2
B [l — 0 24] < o~ o [~ o P (") + 20 P (o) 4 ) 1 iy (00) a4
k (12 k 20‘% k O‘i(N_l) k k EN(I2 [k
= ||z"— z*||*— 4oy F (") + WF(x )+ Tv E[Hx —Iyy (27)* | ]
205 (N -1

2 2
= ka—x*||2—4akF(xk)+%F(xk)+ )’ku(xk)
= [|2* — 2*||* — 2(20u — ajyy ) F ("),

which confirms the results. Q.E.D.
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When even the expectation is difficult to compute for finding 4", then, inspired by [15], we
propose to use the following approximation for the previous ratio:

N
o I it =Tl ()1
Y= N - )
D Wi |k — HXS;; (2?2

where the weights w? satisfy 3. w® =1 and w} > 0. For these situations we take the stepsize:

ay, with o € (0, 2).

p— _k 3
TN

The effectiveness of this choice for the stepsize has been shown in many practical applications, see
e.g. [12,15]. Next theorem provides rates of convergence for the sequence z* generated by SPA:

THEOREM 9. Assume that the set X is nonempty and define vy = % + (1 — %) 7. Let {z*} 150
be generated by algorithm SPA with stepsizes satisfying 6 < ay, < % — 3§ for some 0 <9 < #
Then:

k=1 k=1
(i) For the average point 3% = zik ST auxt, where X, = Y «y, we have the following sublinear
=0 i=0

convergence rate: ,
1 disty (2°)
E [F(3%)] — F* = 2E [dist}_ (2")] < =227
[F(a)] - F* = 5B [dis, (3] < G2
Moreover, the average sequence ¥ converges almost surely to a random point in the set X, provided
that exactness holds.
(13) If additionally the linear regularity property (38) holds, then we have the following linear
convergence rate for the last iterate x*:

E [dist? (z*)] < <1 — 52ZN> E [dist% (z")] ,

or in terms of function values:

N ) " ydist? (2°)

E [F(a")] - F* < <1 -0 :

Proof: By taking expectation w.r.t. the entire history on both sides in (44) we get the following
decrease in the distance to a point x* € X:

E [||z**" —2*||’] <E[||2" —2*|*] — 220y — ajyn)E [F(2")] .

Further, denoting r, = E [[|z* — z*||?] and noticing the lower bound 2 — ayyy > 7 for any stepsize
satisfying ¢ < q, < % — ¢ for some 0 < 9§ < #, we have:

20ynaE [F(2")] <200(2 — apyw ) E [F(a¥)] <7y — rpgr.

If we add the entire history from ¢ =0 to ¢ =k — 1, we obtain:

k-1 k-1
20yyE ZaiF(xi) :Z 20y E [F(z')] <ro—r<rg=[]a” — 2*|?
i=0 i=0

for all z* € X. If we choose z* =14 (2°) and use the convexity of function F', then we finally get:

k—1 k—1
1 , .
25,6 EF—E/‘Z” <26 E§F < dist2 (z°).
KOYN <Ek i_0a$>]_ YN i:OOé (55) = dis X(fﬂ)
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This relation and F* =0 imply immediately the first part of our result. Moreover, by Theorem
8, ¥ converges almost surely to a random point in the set X. Therefore, the average sequence
k=1

gk = % > x' also converges almost surely to the same random point in the set X'

( i=0
(

ii) In order to prove linear convergence under linear regularity property (38) we use again inequality
44) and F* =0:

E [[[" —z*|?[2*] < [l2* — 2> = 22 — aGyw) (F(a*) — F7)
(39) a2 .
<ok — a2 - ZHTORIN it (aF).

Taking expectations w.r.t. the entire history, we obtain:

2
2ap — apYN

E [||lz**! —2*||’] <E[||2* —2*|*] - E [dist} (z")] . (45)

Choosing z* = [Ty (2*), and using the inequality dist? (z*') = |21 — Ty (2"+1) || < [|l2**! — 2*||?
together with (45), we finally get:

2
E [dist} («"11)] < (1 - M) E [dist? («")] .

Since for our choice of the stepsize § < ay, < % —¢ for some 0 < § < #, we have 2ay, —aiyy > 6%y,
then the previous relation implies immediately:

52
E [dist? (z*")] < <1 — W) E [dist% (z")] .
K
which proves the second statement of the theorem. Finally, combining the convergence rate in
distances with the right hand side inequality in (39) we get the convergence in expectation of value
function. Q.E.D.

An immediate consequence of Theorem 9 is the following corollary:

COROLLARY 6. Assume that the set X is nonempty and vy =+ + (1 — =) ~. Let {z*}1>0 be

generated by algorithm SPA with the optimal constant stepsize oy, =1/vy. Then:
k=1

(i) For the average point &% = % > &' we have the following sublinear convergence rate:
i=0

L diat2 (0
E [F(i%)] - F* = %E [dist?, (#4)] < ) dl;f:’f(x )

(13) If additionally the linear regularity property (38) holds, then we have the following linear
convergence rate for the last iterate z*:

E [dist? (z*)] < <1 — ) E [dist% (2")] (46)

IN K

or in terms of function values:

E[F(a")] - F" < <1_ 1 )kvdistig(xo)‘
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Proof: By taking expectation w.r.t. the entire history on both sides in (44) we get the following
decrease in the distance to a point x* € X:

E [||z" —2*|I’] <E[|lz" — 2*|*] — 2(2c. — ajyn)E [F(2)] .
Further, denoting r, & E E [||z* — 2*]|?], we have:
2200 — agyN)E [F(2¥)] <rp — 1

The fastest decrease is obtained maximizing 2cy, — aivyy in «y, which leads to the optimal stepsize
aj, = 1/vy. The rest of the proof follows exactly the same steps as in the proof of Theorem 9,
observing that choosing § =1/yx we get o, =1/yn. Q.E.D.

From Theorem 9 and Corollary 6 it follows that the convergence rates of algorithm SPA depend
explicitly on the minibatch sample size N via the term ~y. Moreover, we notice that the scheme
SPA is very general and we can recover multiple existing projection algorithms from the litera-
ture. Further, we analyze some particular algorithms resulted from SPA and derive their conver-
gence rates.

6.3. Average Projection algorithm: N =m/oco As N — oo, we have vy — 7, and the
linear rate in Corollary 6 converges to 1 — 1/(k-~). This is also confirmed by the convergence
rate given in Theorem 10 below. More precisely, when N — oo the algorithm SPA becomes the
deterministic gradient method for solving the smooth convex problem (6), which we call average
projection algorithm:

Algorithm AvP
Choose 2° € R™ and positive stepsizes {ay }x>o. For k >0 repeat:

1. Compute 2" = 2% —, VF (2¥) ( Lok —ay(aF — B My (a:k)]))

Under linear regularity condition (38) the sequence {z*},>, generated by algorithm AvP is con-
verging linearly:

THEOREM 10. If the linear reqularity property (38) holds, then we have the following linear
convergence rate for the last iterate x* generated by algorithm AvP with the optimal stepsize oy, =

1/5:

dist? (2+1) < <1—%€> dist? ("), (47)

or in terms of function values:

1 )k ydist? (2°)

F(z*)-F<|(1-
(%) _< YR 2

Proof: Let x* be any element of X'. Then, we have the following:

kaﬂ—x*HQ:ka—x*—ak (a?k— [Hxs(a:k)])HQ
:ka—x*||2—2ak< gt ok — [HXS xk)]>+aiHa;k [HXS ]H
(37)

<ot — 2|2 = 200 (2" — 2", 2t — B [Ty, (2 ]>+W;ED1x — L, ()|

:ka—a:*H2—2akE |:<.%'k—HXS( )+HXS( )—a:*,a?
2
+707E |[[2* ~ T (o)

= o= | = 204 || * = Ty (2)|*] + 702 [~ Ty (o) ]

B HXS( )>]
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— 20, E [<Hxs(a:k) — a2 — Ty, (%) |
< Jlot— 2" | - (21— 70})E |2 ~ T ()]
= [|o*—a*||* — 2(20% — yaf) F(x"). (48)

where the second inequality follows from the optimality condition of the projection
(Tag (2%) — 2%, 2% — Txg (2F)) > 0 for all 2* € X C Xg. From (48) we observe that the fastest decrease
is obtained from maximizing 2a;, — yai, which leads to the optimal stepsize oy, = 1/~. For this
choice of the stepsize, oy, =1/, and using F'* =0 we obtain from (48):

2
o™ — 2| <l — 27 = ;(F(ﬂf’“) - F)

(39) 1
< laf—2? - —R||x’“— "

which implies immediately the statement of the theorem. Q.E.D.

Note that from the proof of Theorem 10 it follows that we can achieve linear convergence for the last
iterate generated by algorithm AvP with stepsizes satisfying 0 < ay, < 2/v Moreover, 7k represents
the condition number of the convex feasibility problem (3) or of its stochastic reformulation (6)
(see Theorem 3).

Let us consider finding a point in the finite intersection of convex sets (&X;);cpm), that is X =N A,
Further, we consider a uniform probability on Q = [m] and we choose the minibach sample size
N =m, then the average projection algorithm AvP becomes the barycentric method:

1 m
AVP(1/m): 2"t =aF —q <xk - Z;H;dﬁ)) :

The barycentric method was shown to converge asymptotically to a point in the intersection of the
closed convex sets (X;)icm), see e.g. [15]. Recall that we denoted D = diag(||A]| 72, , || A ?).
Let us derive convergence rates for the barycentric method AvP(1/m) for two particular cases of
sets:

(i): Consider the problem of finding a solution to a linear system Az = b, where A is an m X
n matrix. In this case X; = {z: Alxz = b;}. Then, from Theorem 10 the barycentric method
AvP(1/m) with the optimal stepsize oy, =1/ converges linearly:

(a7) 1"
E[distf,((:vk)] < <1—%> dist? (z°)

anres (A (ATDAN' L,
= <1 o (ATDA) disty (27).

(ii): Consider now the more general problem of finding a solution to a system of linear inequalities
Ax <b, where A is an m X n matrix. Then X; = {x: ATz <b;}. From Theorem 10 it follows that
the barycentric method AvP(1/m) with the optimal stepsize «y =1/7 converges also linearly:

2 g @D 1\ o
E [dist% (z")] < 1—% disty(x”)

k
(15)+(29) 1 c 2 (0
pr— 1— d t .
( mgquiuzxmaAATDA)&) sl



Author: Necoara et al., Randomized projection methods for convex feasibility problems
00(0), pp. 000-000, © 0000 29

Note that from Theorem 10 it follows immediately that the basic barycentric method z*+! =
L3 M, (2%), ie. stepsize oy, =1, converges linearly:

(47) —7\"
E [dist% (z¥)] < <1—2T7> dist3 (x°).

However, our algorithmic framework leads to new schemes. For example, for a general probabil-
ity distribution (p;)icpm) on 2 = [m] and N =m, the average projection algorithm AvP has the
iteration:

i=1

AVP(p;): 2" =aF —q (azk — ZPiH&- (xk)> .

2
If we choose the probabilities p; = I‘l‘i]“z
F

linear systems and linear inequalities:
(iii): For a linear system Az = b, from Theorem 10 the AvP (]| 4;]|?/]|A]|%) method with the optimal
stepsize ay, = 1/7 converges linearly:

, then this method has the following convergence rates for

) (47) 1\"
E [dist% (z")] < <1 - —) dist> (2°)
YK
k
(14)+(28) A (ATA)N" 1 o o
= <1—m dlStX(ﬂf )
(iv): For a system of linear inequalities Az <b, from Theorem 10 the previous method with the
optimal stepsize ay, = 1/7 converges also linearly:

2 (kg D 1\ o
E [disty (2")] < 1—7—1% disty (2")

1 k
(15)+(32) <1 B A(TA);%) dist?, (2°).

6.4. Stochastic Alternating Projection algorithm: N =1 In this section we analyze in
more detail a particular case of scheme SPA which uses a single projection for the updates. That
is, in SPA we choose N = 1, which results in the Stochastic Alternating Projection (SAP) scheme:

Algorithm SAP
Choose z° € R™ and positive stepsizes {ax }r>o
For k > 0 repeat:
1. Choose randomly a sample S, ~ P

2. Compute zF! = 2% — ay, ($k — g, ($k))

Algorithm SAP can be viewed as a random implementation of the alternating projection method,
which generates a sequence of iterates by projecting on the sets cyclically. The alternating pro-
jection algorithm has been proposed by Von Neumann [37] for the intersection problem of two
subspaces in a Hilbert space, and it has many generalization and extensions [6,16,27]. A nice
survey of the work in this area is given in [5]. The first convergence rate result for the alternating
projection algorithm under the assumption that the intersection set has a nonempty interior has
been given in [18]. Unlike the alternate projection method (which is deterministic), the algorithm
SAP utilize random projections. The convergence rate of SAP for a finite intersection of simple
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convex sets has been given recently in [27,28]. From the convergence analysis of previous section
it follows that the stepsize in SAP can be chosen as:

(SSOK;CSQ—&,

since for N =1 we have vy = 1. Moreover, the optimal stepsize is a;, = 1. However, it has been
observed in practice that overrelaxations, that is ay € [1, 2], make SAP to perform better. Further
note that for specific sets and probabilities we recover well known algorithms from literature:

(i): Consider the problem of finding a solution to a linear system Az =b, where A is an m X n

matrix. Further, assume Q = {ey, - ,e,,} and the probability distribution P(S =¢;) = ‘I‘If\il“;' Then,
F

SAP with o) =1 is the randomized Kaczmarz algorithm from [36]:

p Alat b,
[ As|*

k+1

" =x A;.
Moreover, for these choices of the probabilities and stepsize, our convergence analysis matches
exactly the one in [36], that is SAP is converging linearly:

(46) 1\* wz (AT A)\
E [dist} («¥)] < <1_E> dist> (z°) @’( —%> dist2 (2°).
F

However, SAP generalizes the randomized Kaczmarz algorithm from [36], considering for a random
matrix S, € R™*7 the general iteration:

oF = aF — 0, AT S, (SFAATS,) ST (Azh —b).

Notice that for constant stepsize a; = 1, the previous SAP scheme is equivalent with the ran-
domized iterative method of [31]. For this choice of the stepsize, our convergence analysis matches
exactly the one in [31]:

(46) 1\"
E [dist% (z¥)] < <1_E> dist? (z°)

(ﬁ) (1 o )\nz

v (ATE [S(STAATS)TST] A))" dist? (2°).

(ii): Consider now the more general problem of finding a solution to a system of linear inequalities
Ax <b, where Aisanm xn rznatrix. Further, assume as above Q = {e;,--- ,e,,} and the probability
distribution P(S = ¢;) = 14l- Then, SAP with a;, =1 is the Algorithm 4.6 from [22]:

_ 2
Al %

I, (AT2* — b))
k+1 _ xk o + 1 2 Aq,
142

For these choices of the probabilities and stepsize, our convergence analysis matches exactly the

one in [22]:
1\" (32) 1 F
1— =) dist3(z°) = <1 - ~7> dist? (2°).
( H) i Rl A% "

However, SAP generalizes the Algorithm 4.6 from [22], considering for a random vector S € R
the general iteration:

(46)

E [dist? (z¥)] <

k+1 k H+(SkTAx Ska)
=2" —
||‘1TS]€H2

ATS,.

X
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Under the settings of Theorem 4 we obtain:

E [dist? (z")] 2 <1 . l>kdist2 (z0) & <1 - ! >kdist2 (z°)
" - K " R seq, IATS| "

(iii): Finally, we can consider the convex feasibility problem where the intersection set has a

nonempty interior. First, let us investigate when the sequence ||z* — z*|| is decreasing. For N =1
and oy € [0, 2] it follows from (41) that:

l2*h — 2|2 < |2 — 2™ ||* = (20 — o) 2* — TLa, (=) V>0,

that is the sequence ||z* — x*|| is nonincreasing. Similarly, for N > 1 and ay, € [0, 1] it follows that:

(1—ay)(z" — %) +ozk( ZHX — )

— ZHXsk (z") -z

2

ot — | =

< (1 —ap)l|z” —2*||* + ax

< (1- ) — |+ ZHHX )~
o N
* k * *
N WZ(HHX (@ >—x\|2—\|xk—x||2)
< fla* —a*|* - “’“ZH F T, () VR 20,

The last inequality follows from the bound ||z* — My, (x®)]]? + M, (z%) — 2*||? < ||la* — x*||* for

all z* € X C Xgx. Therefore, for N > 1 and oy € [0,Z 1] we also have a nonincreasing sequence

k

7
||l® — 2*||. In conclusion, for the two choices for N and «; given above we have:

2% —2*|| < ||2° —2*|| Vz* e X, k>0.

An important application of the previous inequality is that when the set X contains a ball with
radius ¢ centered in Z. By taking z* = Z in the previous relation, we have: ||z* — Z|| < ||2° — Z|| for
all £ > 0. This implies that under the settings of Theorem 7, one should choose the compact set
Q={z: ||z —z| <||2° — Z||}, such that the linear regularity constant given in (34) becomes:
20 —z|?
!2 min ]|3| (49)
seq 1
since all the points of interest for which the linear regularity property has to hold are the iterates
{x*}1>0. Then, SAP with a;, =1 is the random projection algorithm from [27]. For this choice of
the stepsize and under the setting of Theorem 7, the algorithm SAP attains the following linear
rate:

(46) 1 k . k
E [dist} (z")] < (1_E> dist? (z0) V2 (1_1”*1;;2 ) dist> (2°),

where ppin = mingeq ps and R = ||z — Z||. A similar convergence rate has been derived in [27] for
this particular scheme.
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7. Conclusions We have proposed new stochastic reformulations of the classical convex fea-
sibility problem and analyzed the problem conditioning parameters in relation with (linear) reg-
ularity assumptions on the individual convex sets. Then, we have introduced a general random
projection algorithmic framework, which extends to the random settings many existing projection
schemes, designed for the general convex feasibility problem. Based on the conditioning parame-
ters, besides the asymptotic convergence results, we have also derived explicit sublinear and linear
convergence rates for this general algorithm. The convergence rates show specific dependence on
the number of projections averaged at each iteration. Our general random projection algorithm
also allows to project simultaneously on several sets, thus providing great flexibility in matching
the implementation of the algorithms on the parallel architecture at hand.
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