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Cyclotomic shuffles

Oleg Ogievetsky∗1,2 and Varvara Petrova1

1Aix Marseille Univ, Université de Toulon, CNRS, CPT, Marseille, France
2Kazan Federal University, Kremlevskaya 17, Kazan 420008, Russia

Abstract
Analogues of 1-shuffle elements for complex reflection groups of type G(m, 1, n) are

introduced. A geometric interpretation for G(m, 1, n) in terms of rotational permuta-
tions of polygonal cards is given. We compute the eigenvalues, and their multiplicities,
of the 1-shuffle element in the algebra of the group G(m, 1, n). Considering shuffling
as a random walk on the group G(m, 1, n), we estimate the rate of convergence to
randomness of the corresponding Markov chain. We report on the spectrum of the
1-shuffle analogue in the cyclotomic Hecke algebra H(m, 1, n) for m = 2 and small n.

PACS number: 02.10.Hh

Introduction
In 1988, N. Wallach considered an element of the group algebra of the symmetric group Sn
which is the sum of cycles (12 . . . i) where i ranges from 1 to n. He discovered in [20] that the
operator of the left multiplication by this element in the group algebra ZSn is diagonalizable
with eigenvalues

0, 1, 2, . . . , n− 2, n. (1)
The sum of cycles (12 . . . i) denoted X1,n−1 appears in different circumstances and is called
1-shuffle element. In particular, it describes all possible ways of removing the top card from
the deck of n cards and inserting it back in the deck at a random position.

Investigating the repeated top-to-random shuffling as a random walk on Sn, P. Diaconis
et al. [5] (see also R. Phatarfod [18]) found that the multiplicity of the eigenvalue i in (1)
is equal to the number of permutations in Sn with i fixed points, explaining the absence of
n− 1 in (1).
The q-deformation of the result of N. Wallach for the q-analogue qX1,n−1 in the Hecke
algebra Hn(q) was proposed by G. Lusztig in [11]. He established that the spectrum of the
operator LX1,n−1 of the left multiplication by X1,n−1 consists of the q-numbers

qj−1[j]q := 1 + q2 + q4 + · · ·+ q2j−2, j = 0, 1, . . . , n− 2, n. (2)

Later, A. Isaev and O. Ogievetsky considered shuffle elementsXp,q in the braid group ring
ZBn. With the help of baxterized elements [9], they constructed additive and multiplicative
analogues of Xp,q in Hecke and Birman-Murakami-Wenzl algebras. The multiplicities of the
eigenvalues in (2) have been established therein by taking the trace of LX1,n−1 : Hn(q) →
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Hn(q), using the fact that the q-numbers (2) are linearly independent over Z as polynomials
in q. For generic q, the multiplicities turn out to be the same as for the symmetric group.

In the present paper we propose polygonal analogues of cards that we call m-cards.
We introduce elements (m)X1,n−1, which realise the analogues of top to random shuffling
on m-cards. The elements (m)X1,n−1 belong to the group algebra of complex reflection
groups of type G(m, 1, n). We adopt the approach of [5] (for details see [6]) and of [9] to
compute the spectrum and the multiplicities of the eigenvalues of L(m)X1,n−1 . The obtained
result for the multiplicities is expressed in terms of the so-called m-derangements numbers.
Asymptotic convergence to randomness in the shuffling the m-cards is briefly analysed. We
give a preliminary result on the spectrum of L(m)X1,n−1 in the cyclotomic Hecke algebra
H(m, 1, n), which is a deformation of the group algebra of the complex reflection group.

1 Complex reflection groups G(m, 1, n)
A finite complex reflection group is a finite subgroup of GLn(C) generated by complex
reflections, that is, elements τ ∈ GLn(C) of finite order such that Ker(τ−id) is a hyperplane.
The finite complex reflection groups have been classified by Shephard and Todd (1954) into
an infinite family of groups G(m, p, n) where m, p, n are positive integers such that p divides
m, and 34 exceptional groups. The group G(m, 1, n) ⊂ GLn(C) is formed by all matrices
with exactly one nonzero entry in each row and column; nonzero entries are m-th roots of
unity; it is generated by the elements t, s1,. . . , sn−1 with the defining relations:

si+1sisi+1 = sisi+1si for i = 1, . . . , n− 2 ,
sisj = sjsi for i, j = 1, . . . , n− 1 such that |i− j| > 1 ,
s2
i = 1 for i = 1, . . . , n− 1

(3)

and 
s1ts1t = ts1ts1 ,

sit = tsi for i > 1 ,
tm = 1 ,

(4)

or equivalently by t1, . . . , tn, s1, . . . , sn−1 with the defining relations (3) and
tmi = 1 for i = 1, . . . , n ,
titj = tjti for i, j = 1, . . . , n ,
sitj = tπi(j)si for i = 1, . . . , n− 1 , j = 1, . . . , n .

(5)

Here t1 := t, ti+1 := sitisi for i = 1, . . . , n− 1 and πi is the transposition (i, i+ 1).
In particular, the group G(1, 1, n) is isomorphic to the symmetric group Sn and the group

G(2, 1, n) to the hyperoctahedral group Bn, the Coxeter group of type B.
The group G(m, 1, n) also admits the following description, see e.g. [16]. Let Cm be the

cyclic group of order m with a generator γ. Let E be the set {(x, ρ) | x ∈ n, ρ ∈ Cm} where
n = {1, 2, . . . , n}. Define the action of Cm on E by:

ρ · (x, ρ′) = (x, ρρ′), ∀ ρ, ρ′ ∈ Cm and ∀ x ∈ n.

Let Perm(E) be the group of all permutations of the set E. Denote by Perm0(E) the subgroup
of Perm(E) consisting of elements π ∈ Perm(E) such that:

π(x, ρ) = ρ · π(x, 1), ∀ ρ ∈ Cm and ∀ x ∈ n.
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The group G(m, 1, n) is isomorphic to Perm0(E) via the map φ such that:

φ(t)(x, 1) =
{

(x, γ) if x = 1 ,
(x, 1) otherwise ;

φ(si)(x, 1) = (πi(x), 1) for x ∈ n and i = 1, . . . , n− 1.

We propose a definition of polygonal cards (or m-cards) and interpret Perm0(E), and thus
G(m, 1, n), as the group of “rotational” permutations of polygonal cards.

Definition. An n-deck X of m-cards is an n-tuple X =
(
(x1, γ

k1), (x2, γ
k2), . . . , (xn, γkn)

)
where (x1, . . . , xn) is a permutation of (1, . . . , n) and γkj ∈ Cm, j ∈ n.
Let M be an m-gon with a distinguished vertex. We interpret (x, 1) as an m-gon M , on
which the number x is printed, with the distinguished vertex pointing to the north. The
m-card (x, γk) is the card (x, 1) rotated clockwise by an angle 2π

m
k in the plane of M .

FIG. 1: m-cards

Abstractly, a 1-card (a usual card)
is a point and a 2-card is a segment
with two vertices. In the context
of card shuffling, we shall slightly
transgress this picture and conceive
of 1 and 2-cards as the rectangular
cards, as illustrated in figure 1.

Let ((1, 1), . . . , (n, 1)) be an ini-
tial deck. We identify a deck X

with a “rotational” permutation of the form: g =
(

(1, 1) . . . (n, 1)
(x1, γ

k1) . . . (xn, γkn)

)
, meaning that

the j-th position in the deck gets occupied by the xj-th card rotated clockwise by an an-
gle 2πkj

m
. The group Perm0(E) describes G(m, 1, n) as the group of all possible rotational

permutations of the n-deck of m-cards. In particular, for i = 1, . . . , n − 1, the generator si
permutes the i-th and (i + 1)-st m-cards without any turn. For i = 1, . . . , n, the element ti
rotates the i-th m-card clockwise by an angle 2π

m
.

Schreier coset graph for the chain of groups G(m, 1, n)
Given a group G with a finite generating set G, and a subgroup W ⊂ G of finite index, the
(right) Schreier coset graph of (G,W ;G) is an edge-labeled graph whose vertices are the right
W -cosets and edges are of the form (Wg,Wgx) where x ∈ G and g ∈ G; the edge (Wg,Wgx)
has label x. The graph depicts the action of G on cosets of W by right multiplication and
is equivalent to the coset table obtained by the Todd-Coxeter algorithm [4].

Figure 2 is the Schreier coset graph of (G(m, 1, n),W ;G) where G = {t, s1, . . . , sn−1} and
W is generated by the elements t, s1, . . . , sn−2. An unoriented edge represents a pair of edges
with opposite directions. For simplicity, only non-trivial actions are drawn (if Wgx = Wg
then (Wg,Wgx) is a loop and we do not draw it). At each vertex of the oriented m-gon in
the middle of the figure starts a tail with n−1 edges. All tails are identically (edges-)labelled.
The graph provides a “normal form with respect to W” [16].
Proposition 1. Any element x ∈ G(m, 1, n) can be uniquely written in the form: x =
wsn−1 · · · s1t

αs1 · · · sj with j ∈ {0, . . . , n−1}, α ∈ {0, . . . ,m−1} and w ∈ W ' G(m, 1, n− 1)
(by convention, the empty product is equal to 1).
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FIG. 2: Schreier coset graph for G(m, 1, n) with respect to W [16].

Starting with a normal form (powers of t) for G(m, 1, 1) ' Cm, we build recursively [16]
the global normal form for elements of G(m, 1, n) for any n. We have an ascending chain:

G(m, 1, 0) ⊂ G(m, 1, 1) ⊂ G(m, 1, 2) ⊂ . . .

In the computational context, in order to build an algorithm that takes as input a word in
generators of G(m, 1, n+ 1) and their inverses, and returns its normal form one only needs
to know the normal form of the words ψ(n)

kj x = sn · · · s1t
ks1 · · · sjx for all generators x of

G(m, 1, n+ 1), k = 0, . . . ,m− 1 and j = 0, . . . , n. We established the following recursive list
of rewriting rules (the equalities are to be understood as “replace the left hand side by the
right hand side”).
Proposition 2. The rewriting rules for G(m, 1, n+ 1) with n > 1,m > 1 include (addition-
ally to the defining relations (3)-(4)) the rewriting rules for G(m, 1, n) and the following: snsn−1 · · · sjsn = sn−1snsn−1 · · · sj, j = 1, ..., n− 2,
ψ

(n)
kj sn = sn−1ψ

(n)
kj , k = 0, ...,m− 1, j = 0, 1, ..., n− 2.

For G(m, 1, 2) the rewriting rules (in addition to the defining relations) are:

s1t
ks1t = ts1t

ks1, ∀ k = 2, ...,m− 1.

2 Shuffle elements in G(m, 1, n) group algebra
We start by recalling that a (p, q)-shuffle, where p and q are non-negative integers, is a
permutation σ ∈ Sp+q of the set {1, . . . , p + q} such that σ(1) < σ(2) < · · · < σ(p) and
σ(p + 1) < · · · < σ(p + q). When p = 1 or q = 1, the (p, q)-shuffle is called 1-shuffle. The
sum over all (p, q)-shuffles with p, q fixed is called shuffle element and is denoted by Xp,q.

Let w↑` denote the image of w ∈ Sn under the homomorphism Sn → Sn+` sending
πi = (i, i + 1) to πi+`, i = 1, . . . , n − 1. Shuffles Xp,q can be defined inductively by any of
the recurrence relations (analogues of the Pascal rule):

Xp,q = Xp−1,q + Xp,q−1πp+q−1 · · · πq
= X↑1

p,q−1 + X↑1
p−1,qπ1 · · · πq ,

with X0,q = Xq,0 = 1 for any q > 0. Let Σ̃n := ∑
σ∈Sn

σ be the symmetrizer, σΣ̃n =
Σ̃n, ∀σ ∈ Sn. Then Σ̃q+p = Xp,qΣ̃qΣ̃↑qp , in particular,

Σ̃n = X1,n−1Σ̃n−1. (6)
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By their combinatorial structure and relationship with the structure of products, shuffle
elements appear in many constructions in homotopy theory and higher category theory.
In particular, they are involved in the product of simplices [12], in the study of multiple
polylogarithms [2,3], in the bialgebras of type 1 [13], in the construction of the Hopf algebra
structure on the tensor algebra T (V ) of a vector space V [7], in the construction of the
standard complex for quantum Lie algebras [8], etc.

In the present paper we consider the analogues of the 1-shuffle elements X1,n−1 in
ZG(m, 1, n) of the form

(m)X1,n−1 := X1,n−1 · (m)Tn,

where X1,n−1 = 1 + sn−1 + sn−2sn−1 + ...+ s1 · · · sn−1 and (m)Tn := 1 + tn + t2n + ...+ tm−1
n .

The element (m)X1,n−1 describes all possible ways of rotating the n-th m-card and inserting
it at random position in the deck; we found that (m)X1,n−1 satisfies:

(m)X2
1,n−1 = (m)X1,n−1

(
m+ (m)X1,n−2

)
. (7)

Let (m)Σ̃n denote the sum of all elements of the group G(m, 1, n). The recurrent relation
similar to (6) holds:

(m)Σ̃n = (m)X1,n−1 · (m)Σ̃n−1.

Making use of the relation (7) we prove by induction on n that

n−1∏
i=0

(
(m)X1,n−1 − im

)
= (m)Σ̃n . (8)

Since (m)X1,n−1 · (m)Σ̃n = mn · (m)Σ̃n, we obtain, multiplying (8) by
(

(m)X1,n−1 − nm
)
,

n∏
i=0

(
(m)X1,n−1 − im

)
= 0. (9)

For a given x ∈ ZG(m, 1, n), let Lx be the map ZG(m, 1, n) → ZG(m, 1, n), y 7→ xy. We
calculate the multiplicities of the eigenvalues of L(m)X1,n−1 following the approach Garsia
and Wallach developed for the symmetric group in [6]. Let α and β be two words in some
alphabet. We denote by αd β the formal sum of all words that can be obtained by shuffling
α and β as it is done with two decks of cards. We define for 0 6 a 6 n:

Ba =
∑

α∈G(m,1,a)
α d βa,n ,

where α is viewed as an a-deck ofm-cards and βa,n is the deck ((a+1, 1), (a+2, 1), . . . , (n, 1)).
In particular, B0 = 1. Since B1 = (m)Xn−1,1 = w · (m)X1,n−1 · w−1 where w is the longest
element of the symmetric group Sn = G(1, 1, n), it has the same spectrum as (m)Xn−1,1.
The element Ba is composed of n!

(n−a)!m
a decks that may be grouped according to the number

and the angle of the top card. We get am+ 1 groups labelled by (1, ρ), (2, ρ), . . . , (a, ρ) and
(a + 1, 1), with ρ ∈ Cm. Upon multiplication by B1, each group (k, ρ), 1 6 k 6 a, ρ ∈ Cm,
yields a term Ba, and the group (a+ 1, 1) gives the term Ba+1. Thus, B1Ba = amBa +Ba+1
or Ba+1 = (B1 − am)Ba, 0 6 a 6 n− 1. Iterating, we obtain

Ba = B1(B1 −m)(B1 − 2m) · · · (B1 − (a− 1)m) , 0 6 a 6 n . (10)
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Applying the Stirling inversion to (10), we find, for 0 6 k 6 n:

Bk
1 = mk

n∑
i=0

ikEi , where Ei = 1
i!

n∑
a=i

(−1)a−i
(a− i)!ma

Ba . (11)

Substituting into the identity B1B
k
1 = Bk+1

1 the expressions (11) for Bk
1 and Bk+1

1 we obtain:
n∑
i=0

ik (B1Ei − imEi) = 0 , k = 0, . . . , n .

Since the matrix Mik := {ik}ni,k=0 is invertible, we get B1Ei = imEi, i = 0, . . . , n.
Let B be the Q-subalgebra of QG(m, 1, n), generated by B1. By (10), B is a linear span

of Ba, a = 0, . . . , n. By (11), B is a linear span of Ea, a = 0, . . . , n. Therefore Ei and Ej

commute. We have

B1EiEj = miEiEj = mjEiEj , 0 6 i, j 6 n ,

whence EiEj = 0, 0 6 i 6= j 6 n. On the other hand, the equality ∑n
i=0 Ei = 1 obtained

from (11) for k = 0 implies that E2
i = Ei, i = 0, . . . , n. Operators Ei, i = 0, . . . , n, are

therefore the orthogonal projections onto the eigenspaces of B1. The multiplicity of the
eigenvalue im in (9) is thus given by the trace of the matrix LEi

. Since the trace of any
element except the identity vanishes in the regular representation, we get:

tr(LEi
) = 1

i!

n∑
a=i

(−1)a−i
(a− i)!ma

tr(LBa) =
(
n

i

)
mn−i(n− i)!

n−i∑
a=0

(−1)a
maa! .

The obtained multiplicities have the combinatorial meaning. We shall say that an element
g ∈ G(m, 1, n) has i fixed points if it fixes i m-cards. For a given n the m-derangement
number is the number dm,n of elements in G(m, 1, n) with no fixed points. We have

dm,n = mnn!
n∑
k=0

(−1)k
k!mk

.

We summarize the obtained results.
Theorem 3. The operator L(m)X1,n−1 : ZG(m, 1, n) → ZG(m, 1, n) is diagonalizable with
eigenvalues im, i = 0, 1, . . . , n−1, n. The multiplicity of the eigenvalue im equals

(
n
i

)
dm,n−i,

the number of elements of G(m, 1, n) with i fixed points.
Remark. The spectrum of L(1)X1,n−1 is {0, 1, . . . , n−2, n}, because d1,1 = 0; the spectrum has
a gap at n− 1. For m > 1, the gap disappears. This result proves important in estimating
how close k repeated shuffles, randomly picked among the set of elements of G(m, 1, n)
whose sum is (m)X1,n−1, get the n-deck of m-cards to being randomized. Indeed, under a
suitable normalization, the matrix of L(m)X1,n−1 is a matrix P of transition probabilities. As
it belongs to the convex envelope of the set of permutation matrices, the matrix P is doubly
stochastic. The underlying Markov chain is ergodic and its unique stationary probability
distribution is uniform. Using the spectral representation formula for the k-step transition
matrix P k [10,19], one can show that the convergence to the stationarity occurs exponentially
fast with the rate of convergence governed by the second largest eigenvalue: there exists a
constant α > 0 such that:

∀ k > 1,
∣∣∣∣P k
ij −

1
mnn!

∣∣∣∣ 6
 α

(
n−2
n

)k
if m = 1 ,

α
(
n−1
n

)k
if m > 1 .
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Cyclotomic algebras. The cyclotomic Hecke algebra H(m, 1, n) is the associative algebra
over C

[
q±, v±1 , . . . , v

±
m

]
generated by τ, σ1, . . . , σn−1 with the defining relations:

σiσi+1σi = σi+1σiσi+1 for all i = 1, . . . , n− 2 ,
σiσj = σjσi for all i, j = 1, . . . , n− 1 such that |i− j| > 1 ,
τσ1τσ1 = σ1τσ1τ

τσi = σiτ for i > 1 ,
σ2
i = (q − q−1)σi + 1 for all i = 1, . . . , n− 1 ,

(τ − v1) · · · (τ − vm) = 0.

The algebra H(m, 1, n) is a deformation of the complex reflection group algebra CG(m, 1, n).
The representation theory ofH(m, 1, n) has been constructed in [1]; the representation theory
of G(m, 1, n) and H(m, 1, n) was reobtained in [14,15] from the analysis of the spectrum of
the so called Jucys-Murphy elements, following the approach of [17].

Consider the algebra H(2, 1, n) with parameters v1 = p, v2 = −p−1. Let elements τi be
recursively defined by, cf (5):

τi = σ−1
i−1τi−1σi−1, i = 2, . . . , n ,

with τ1 = τ . We propose the following analogue of (2)X1,n−1 for the algebra H(2, 1, n):

(2)X1,n−1;q,p :=
(
1 + qσn−1 + q2σn−2σn−1 + · · ·+ qn−1σ1 · · ·σn−1

)
(1 + pτn) . (12)

Our calculations of the spectrum of (12) in various representations of H(2, 1, n) for small n
lead to the following conjecture.

Conjecture. The spectrum of the operator of the left multiplication by (2)X1,n−1;q,p in the
algebra H(2, 1, n) consists of the values:(

p2 + q2(j−`)
)
q`−1[`]q ,

where q`−1[`]q are the q-numbers defined in (2), ` = 0, 1, . . . , n and j = `, `+ 1, . . . , n− 2, n.

Remark. We numerically observed (for n 6 5) that the eigenvalues 0, (p2+q2)qn−2[n−1]q and
(p2 +1)qn−1[n]q have the same multiplicities as their respective counterparts 0, 2(n−1), 2n in
the classical situation, for the group G(m, 1, n). This is not the case for the other eigenvalues.
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