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Relativistic properties of a molecule: energy, linear momentum, angular momentum
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We give an explicit and general description of the energy, linear momentum, angular momentum
and boost momentum of a molecule to order 1/c2, where it necessary to take account of kinetic
contributions made by the electrons and nuclei as well as electromagnetic contributions made by
the intramolecular field. A wealth of interesting subtleties are encountered that are not seen at
order 1/c0, including relativistic Hall shifts, anomalous velocities and hidden momenta. Some of
these have well known analogues in solid state physics.

I. INTRODUCTION

Energy, linear momentum, angular momentum and
boost momentum are of fundamental importance, be-
ing associated with the Poincaré group: translations in
time, translations in space [1], circular rotations in space
and hyperbolic rotations in spacetime (Lorentz transfor-
mations or boosts) [2–9]. At a fundamental level, the
conservation of these quantities [3, 10] facilitates the ex-
amination and exploitation of molecules in the labora-
tory, through changes brought about by interactions: fre-
quency spectra yield knowledge about molecular energy
and angular momentum differences, deflection techniques
utilise modifications of molecular linear momentum and
boost momentum and so on.
The present authors recently began a high-precision

molecular calculation and, to our surprise, were un-
able to find a complete discussion of the aforementioned
quantities for a molecule beyond that afforded by the
‘∑p2/2m + V ’ Hamiltonian, which is valid to order 1/c0

only. This shortfall has encouraged us to write the
present paper, in which we give an explicit and gen-
eral description of the energy, linear momentum, angu-
lar momentum and boost momentum of a molecule to
order 1/c2. Our paper should prove increasingly useful
as molecules are examined and exploited with increasing
precision [11–23]. Our approach is general and our results
are of relevance to any molecule (or atom). They might
prove especially useful for molecules containing heavy
atoms, where relativistic effects can be pronounced.
We consider ourselves to be in an inertial frame of ref-

erence with right-handed Cartesian coordinates x, y and
z and time t. The SI system of units is adopted and
the Einstein summation convention [24] is to be under-
stood, with subscripts a, b, c, . . . running over x, y and
z. We adopt the Coulomb gauge [25] and work in the
Schrödinger picture of time dependence.

∗ robert.p.cameron@strath.ac.uk, www.ytilarihc.com

II. MOLECULAR MODEL AND HAMILTONIAN

In the present section, we define our chosen molecular
model and Hamiltonian.

A. Molecular model

We consider a single molecule in isolation: an elec-
trically neutral collection of electrons (subscript i) and
nuclei (subscript j), bound together by electromagnetic
interactions in the absence of external influences. We
refer to the electrons and nuclei collectively as ‘the parti-
cles’ (subscript k). Our molecular Hamiltonian Ĥ (intro-
duced below) is effectively truncated at order 1/c2 and
we therefore neglect terms of order 1/c3 or smaller.

1. Electrons

We treat the ith electron as a point particle of rest
mass mi = me, mean position r̂i = ri [26], canonical lin-
ear momentum p̂i = −ih̵∇∇∇i, electric charge qi = −e and
magnetic-dipole moment m̂i = γiŝi, with ∇∇∇i the gradi-
ent with respect to ri, γi = −e/me the gyromagnetic
ratio and ŝi = h̵σ̂σσi/2 the mean spin [26], where σ̂σσi is
a pseudovector of Pauli matrices [27, 28]. We identify
an (effective) finite-size parameter Ri, defined such that

qiR
2
i = −3eλ

2
e/4 [29], with λe = h̵/mec the reduced Comp-

ton wavelength [30] of the electron: Ri accounts for a
smearing due to the electron’s Zitterbewegung [31, 32].

2. Nuclei

For the jth nucleus, we adopt one of the following three
treatments, depending upon the value of the spin quan-
tum number sj .

• For sj = 0, we model the nucleus as a point particle
of rest mass mj , mean position r̂j = rj , canonical
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linear momentum p̂j = −ih̵∇∇∇j and electric charge
qj = Zje, with ∇∇∇j the gradient with respect to rj
and Zj the atomic number.

• For sj = 1/2, we extend the sj = 0 model by grant-
ing the nucleus a non-vanishing magnetic-dipole
moment m̂j = γj ŝj , with γj the gyromagnetic
ratio and ŝj = h̵σ̂σσj/2 the mean spin, where σ̂σσj is a
pseudovector of Pauli matrices.

• For sj ∈ {1,3/2, . . .}, we extend the sj = 1/2 model
by modifying the explicit form of the spin to ŝj =

h̵sjλ̂λλj whilst granting the nucleus a non-vanishing

electric-quadrupole moment Θ̂jab = eQj[3(ŝjaŝjb +
ŝjbŝja)/2−h̵2δabsj(sj+1)]/2h̵2sj(2sj−1), with λ̂λλj a
pseudovector of the relevant higher-order spin ma-
trices and Qj the electric-quadrupole-moment pa-
rameter [33, 34].

We account for the finite-size of the jth nucleus further
via the radius parameter Rj [35] and treat the Θ̂jab and
the R2

j as if they are of order 1/c2, as their associated
contributions are ‘small’. Rj might include contributions
due to nuclear Zitterbewegung [36]. It is to be understood
that m̂j/γj = ŝj = 0 for sj = 0.

B. The molecular Hamiltonian

We take the Hamiltonian that governs our molecule to
be [29, 33, 35, 37–51]

Ĥ = c2∑
k

mk +
1

2
∑
k

p̂2k
mk

+
1

2
∑
k

qkΦ̂k

−
1

8c2
∑
k

p̂4k
m3

k

+
1

12
∑
k

qkR
2
k∇

2
kΦ̂

q

k

−
1

c2
∑
k

(1 − qk

2mkγk
) m̂k ⋅ ( p̂k

mk

×∇∇∇kΦ̂
q

k
)

−
1

2
∑
k

qk

mk

p̂k ⋅ Âk −
1

2
∑
k

m̂k ⋅ (∇∇∇k × Âk)
+
1

6
∑
j

Θ̂jab∂ja∂jbΦ̂
q
j , (1)

with

Φ̂k = Φ̂
q

k
+ Φ̂R

k + Φ̂
Θ
k (2)

Âk = Â
m

k + Â
v

k (3)

the intramolecular scalar and magnetic vector potentials
seen by the kth particle at its mean position r̂k.

Φ̂q

k
=

1

4πǫ0
∑
k′≠k

qk′

r̂kk′
, (4)

Φ̂R
k = −

1

6ǫ0
∑
k′≠k

qk′R
2
k′δ

3(r̂kk′) (5)

Φ̂Θ
k =

1

12πǫ0
∑
j≠k

Θ̂jab

r̂3
kj

⎛⎝3r̂kjar̂kjbr̂2
kj

− δab
⎞⎠ (6)

account for the electric charges of the other particles,
the finite sizes of the other particles and the electric-
quadrupole moments of the other nuclei.

Âm

k =
µ0

4π
∑
k′≠k

m̂k′ × r̂kk′

r̂3
kk′

(7)

Âv

k =
µ0

16π
∑
k′≠k

qk′

mk′

⎡⎢⎢⎢⎢⎣
1

r̂kk′
p̂k′ + p̂k′

1

r̂kk′

+ r̂kk′
1

r̂3
kk′

(r̂kk′ ⋅ p̂k′) + (p̂k′ ⋅ r̂kk′) 1

r̂3
kk′

r̂kk′

⎤⎥⎥⎥⎥⎦ (8)

account for the intrinsic magnetic moments and orbital
motions of the other particles.
The molecular Hamiltonian Ĥ can be obtained as the

non-relativistic limit [49, 50] of the Breit Hamiltonian
[43, 45, 46] or from quantum electrodynamics [29], with
nuclear contributions added heuristically. At the time of
writing, there is “no unambiguous and rigorous proce-
dure for constructing molecular Hamiltonians for parti-
cles other than electrons” [35]. The difficulty stems in
part from the composite nature of nucleons and nuclei,
as well as the absence of universally accepted field equa-
tions for higher-spin particles: the Rarita-Schwinger field
equation for spin-3/2 particles [52], for example, has been
accused of acausal behaviour [53]. The various terms that

comprise Ĥ are described in more detail in the appendix.
The list of intramolecular interactions included in the

molecular Hamiltonian Ĥ is almost exhaustive to order
1/c2. One might add additional terms due to the internal
structures of the nuclei [34, 54] or non-electromagnetic
corrections due to the parity-violating influence of the
weak interaction [11, 18, 55–59], for example. In the
present paper we do not account explicitly for vacuum
effects, but it might prove interesting to do so [60, 61].

III. PARTICLE POSITIONS, VELOCITIES AND

LINEAR MOMENTA

In the present section, we focus our attention upon the
kth particle and highlight some subtleties inherent to the
description of its postion, velocity and linear momentum.
An understanding of these subtleties is important for the
next section, where we consider our molecule in its en-
tirety.
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A. Positions

In spite of its name (and simple operator representa-
tive), the mean position r̂k(= rk) does not embody the
average position of an electron or spinning nucleus: the
‘mean’ terminology introduced in [26] for r̂k and other
quantities such as the mean spin ŝk is something of a mis-
nomer [62]. The role is more closely filled by the kinetic
position ˆ̄rk [63], which differs from r̂k by the position
difference [64]

δ̂δδk = ˆ̄rk − r̂k
=
p̂k × ŝk
2c2m2

k

. (9)

To appreciate the distinction between r̂k and ˆ̄rk in simple
terms, consider a translating spinning wheel: r̂k is analo-
gous to the axle whereas ˆ̄rk is analogous to the element-
weighted centre of the wheel, which is shifted away from
the axle as different elements on the rim have different
speeds and are Lorentz contracted by different amounts.

δ̂δδk might thus be regarded as a manifestation of the rela-
tivistic Hall effect [65] and is intimately associated with

Thomas precession [66]. For a spinless nucleus, δ̂δδj = 0.
Also of importance is the position

ˆ̄r′k = r̂k + (2mkγk

qk
− 1) δ̂δδk (10)

of the centre of electric charge. For an electron, ˆ̄r′i coin-
cides with ˆ̄ri [67] and, indeed, the position about which
the electron exhibits its Zitterbewegung [62]. For a spin-
ning nucleus, ˆ̄r′j is distinct from ˆ̄rj . Note that the dis-

tinctions between r̂k, ˆ̄rk and ˆ̄r′k first become apparent at
order 1/c2 and so do not enter into discussions founded
upon the ‘∑p2/2m+V ’ molecular Hamiltonian, which is
valid to order 1/c0 only.

Position differences like δ̂δδk are well known for electrons
in the solid state and can be regarded as Berry connec-
tions in momentum space [67–74].

B. Velocities

When the kth particle is considered in isolation, the

position difference δ̂δδk is found to be independent of time.
The mean position r̂k, kinetic position ˆ̄rk and position
ˆ̄r′k of the centre of electric charge then differ by con-
stant amounts. When the particle is considered as a con-

stituent of our molecule, however, δ̂δδk can vary in time, as
the intramolecular electromagnetic field can vary p̂k× ŝk:

dδ̂δδk
dt
= −qkŝk ×∇∇∇kΦ̂

q

k

2c2m2
k

+O( 1

c3
), (11)

where we have made use of dp̂k/dt = −qk∇∇∇kΦ̂
q

k
+O(1/c1)

and dŝk/dt = 0+O(1/c1). It follows that the mean veloc-

ity

v̂k =
dr̂k
dt

=
p̂k

mk

− p̂2kp̂k

2c2m3
k

− qkŝk ×∇∇∇kΦ̂
q

k

2c2m2
k

+ m̂k ×∇∇∇kΦ̂
q

k

c2mk

− qkÂk

mk

(12)

does not necessarily coincide with the kinetic velocity

ˆ̄vk =
dˆ̄rk
dt

=
p̂k

mk

− p̂2kp̂k

2c2m3
k

+ m̂k ×∇∇∇kΦ̂
q

k

c2mk

− qkÂk

mk

+O( 1

c3
),
(13)

or the velocity

ˆ̄v′k =
dˆ̄r′k
dt

= v̂k + (2mkγk

qk
− 1) dδ̂δδk

dt
(14)

of the centre of charge.
Velocity contributions like the ŝk- and m̂k-dependent

terms seen in (12) and (13) are also known for electrons
in the solid state and are sometimes referred to as being
‘anomalous’ [68–72, 74].

C. Linear momenta

The total kinetic linear momentum π̂ππk follows from the
canonical linear momentum p̂k as π̂ππk = p̂k − qkÂk. A re-
vealing expression for p̂k can be obtained by rearranging
(13) and interating:

p̂k =mk ˆ̄vk + p̂2kp̂k

2c2m2
k

+ qkÂk − m̂k ×∇∇∇kΦ̂
q

k

c2
+O( 1

c3
)

=mk ˆ̄vk + π̂2
k
ˆ̄vk + ˆ̄vkπ̂

2
k

4c2mk

+ qkÂk − m̂k ×∇∇∇kΦ̂
q

k

c2+O( 1

c3
). (15)

Evidently, p̂k is comprised of relativistically cor-
rected kinetic linear momentum terms (mk ˆ̄vk + (π̂2

k
ˆ̄vk +

ˆ̄vkπ̂
2
k)/4c2mk), an electromagnetic linear momentum

term (qkÂk) and a hidden momentum term (−m̂k ×∇∇∇kΦ̂
q

k
/c2) with the prototypical form [4, 75–78]. For an

electron, we attribute this hidden momentum to a modifi-
cation of the electron’s Zitterbewegung by the intramolec-
ular Coulomb electric field −∇∇∇kΦ̂

q

k
. For more details, see

our recent paper on hidden momentum [78]. Note that
the distinction between π̂ππk and p̂k first becomes apparent
at order 1/c2; that it is necessary to identify the kinetic
velocity ˆ̄vk in the first term of (15), rather than the mean
velocity v̂k, for example, and that π̂ππk contains within it
the hidden momentum −m̂k ×∇∇∇kΦ̂

q

k
/c2.
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IV. MAIN RESULTS

In the present section, we give our main results: an
explicit and general description of the energy, linear mo-
mentum, angular momentum and boost momentum of a
molecule to order 1/c2. Before describing each of these
properties for our molecule, we will consider the analo-
gous results for a simpler system that is well understood:
a collection of structureless point particles interacting
electromagnetically in the classical domain [2, 4, 5]. We
use tildes to distinguish this system from the molecule.
The particles give rise to electric charge and current

densities

ρ̃ =∑
k

q̃kδ
3 (r − r̃k) (16)

j̃ =∑
k

q̃kṽkδ
3 (r − r̃k) , (17)

with q̃k the electric charge of the kth particle, r̃k the
position of the kth particle and ṽk = dr̃k/dt the velocity
of the kth particle. The trajectory of the kth particle is
governed by the Lorentz force law [79]

dπ̃ππk

dt
= q̃k [E (r̃k) + ṽk ×B (r̃k)] , (18)

with

π̃ππk =
m̃kṽk√
1 − ṽ2

k
/c2 (19)

the kinetic momentum of the kth particle. The electric
and magnetic fields

Ẽ = −∇∇∇Φ̃ − ∂Ã

∂t
(20)

B̃ =∇∇∇× Ã (21)

are governed by Maxwell’s equations [25]

∇∇∇ ⋅ Ẽ = ρ̃

ǫ0
, (22)

∇∇∇ ⋅ B̃ = 0, (23)

∇∇∇× Ẽ = −
∂B̃

∂t
(24)

∇∇∇× B̃ = ǫ0j̃ + ǫ0µ0

∂Ẽ

∂t
, (25)

with Φ̃ and Ã the scalar and magnetic-vector potentials.
We treat Ã as if its largest contribution is of order 1/c2.

A. Energy

1. Classical system

The total energy of a collection of structureless point
particles interacting electromagnetically in the classical
domain is [4, 5]

W̃ = W̃rest+kin + W̃em, (26)

with

W̃rest+kin =∑
k

√
c4m̃2

k
+ c2π̃2

k

= c2∑
k

m̃k +
1

2
∑
k

π̃2
k

m̃k

−
1

8c2
∑
k

π̃4
k

m̃2
k

+O( 1

c3
)
(27)

the total rest and kinetic energy of the particles and

W̃em =
ǫ0

2
∫ (Ẽ2

+ c2B̃2)d3r
=
1

2
∫ ρ̃Φ̃d3r +

1

2
∫ j̃ ⋅ Ãd3r +O( 1

c3
),

=
1

2
∑
k

q̃kΦ̃(r̃k) + 1

2
∑
k

q̃kṽk ⋅ Ã(r̃k) +O( 1

c3
)
(28)

the total energy of the electromagnetic field.

2. Molecule

We identify the total energy of our molecule as being

Ŵ = Ĥ. (29)

Ŵ generates translations in time:

eiτŴ /h̵ŝke
−iτŴ /h̵ = ŝk + τ

dŝk
dt
+O(τ2), (30)

eiτŴ /h̵r̂ke
−iτŴ /h̵ = r̂k + τ

dr̂k
dt
+O(τ2) (31)

eiτŴ /h̵p̂ke
−iτŴ /h̵ = p̂k + τ

dp̂k

dt
+O(τ2). (32)

The conservation law

dŴ

dt
= 0 (33)

shows that this is a symmetry transformation for the
molecule [10], embodying invariance under translations
in time.
It is not immediately obvious that the energy Ŵ of the

molecule has a form analogous to the energy W̃ of the
classical system described above. To proceed, we observe
that (1) can be rewritten in the form

Ŵ =∑
k

mkc
2
+
1

2
∑
k

p̂2k
mk

−∑
k

qk

mk

p̂k ⋅ Âk −
1

8c2
∑
k

p̂4k
m3

k

+
1

2
∑
k

qkΦ̂
q

k
−

1

c2
∑
k

(1 − qk

2mkγk
) m̂k ⋅ ( p̂k

mk

×∇∇∇kΦ̂
q

k
)

+
1

2
∑
k

qk

mk

p̂k ⋅ Âk

+
1

6
∑
k

qkR
2
k∇

2
kΦ̂

q

k
−
1

2
∑
k

m̂k ⋅ (∇∇∇k × Âk)
+
1

3
∑
j

Θ̂jab∂ja∂jbΦ̂
q
j , (34)
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where we have made use of the following equalities:

1

2
∑
k

qkΦ̂
R
k =

1

12
∑
k

qkR
2
k∇2

kΦ̂
q

k
(35)

1

2
∑
k

qkΦ̂
Θ
k =

1

6
∑
j

Θ̂jab∂jab∂ja∂jbΦ̂
q
j . (36)

The first line on the right-hand side of (34) can be recast
as

∑
k

mkc
2 + 1

2
∑
k

p̂2k
mk

−∑
k

qk

mk

p̂k ⋅ Âk −
1

8c2
∑
k

p̂4k
m3

k

=∑
k

mkc
2
+
1

2
∑
k

π̂2
k

mk

−
1

8c2
∑
k

π̂4
k

m3
k

+O( 1

c3
). (37)

The second line can be recast as

1

2
∑
k

qkΦ̂
q

k
−

1

c2
∑
k

(1 − qk

2mkγk
) m̂k ⋅ ( p̂k

mk

×∇∇∇kΦ̂
q

k
)

=
1

2
∑
k

qkΦ̂
q

k
+∑

k

qk (ˆ̄r′k − r̂k) ⋅ ∇∇∇kΦ̂
q

k
, (38)

which is in accord with the idea that ˆ̄r′k is the position of
the centre of charge of the kth particle: one can interpret
(38) as a Taylor series expansion of the expected electro-
static interaction expressed in terms of the ˆ̄r′k, with the
expansion taken about the mean positions r̂k and trun-
cated at order 1/c2. An alternative interpretation of (38)
follows from the observation that the kth particle has an
electric-dipole moment

d̂k = qk (ˆ̄r′k − r̂k) (39)

with respect to r̂k (but no electric-dipole moment with
respect to ˆ̄r′k, again in accord with our interpretation
of ˆ̄r′k as the particle’s centre of charge): the familiar
spin-orbit interaction with Thomas precession included
[37, 38, 40, 51] is also the electric-dipole interaction

d̂k ⋅∇∇∇kΦ̂
q

k
. d̂i is not to be confused with the more funda-

mental electron electric-dipole moment currently being
sought in high-precision experiments, which is believed
to be parallel to the electron’s spin, in violation of parity
symmetry and time reversal symmetry [12, 19, 22]. The
third line on the right-hand side of (34) can be recast as

1

2
∑
k

qk

mk

p̂k ⋅ Âk =
1

4
∑
k

qk (ˆ̄v′k ⋅ Âk + Âk ⋅ ˆ̄v
′
k)

+O( 1

c3
), (40)

in accord with the idea that ˆ̄v′k is the velocity of the
centre of charge of the kth particle. The fourth and fifth

lines require no further development. Thus,

Ŵ =∑
k

mkc
2
+
1

2
∑
k

π̂2
k

mk

−
1

8c2
∑
k

π̂4
k

m3
k

+
1

2
∑
k

qkΦ̂
q

k
+∑

k

qk(ˆ̄r′k − r̂k) ⋅ ∇∇∇kΦ̂
q

k

+
1

4
∑
k

qk (ˆ̄v′k ⋅ Âk + Âk ⋅ ˆ̄v
′
k)

+
1

6
∑
k

qkR
2
k∇

2
kΦ̂

q

k
−
1

2
∑
k

m̂k ⋅ (∇∇∇k × Âk)
+
1

3
∑
j

Θ̂jab∂ja∂jbΦ̂
q
j +O( 1

c3
). (41)

The first line on the right-hand side of (41) resembles
(27), the second and third lines together resemble (28)
and the remaining lines describe additional contributions
due to the finite sizes of the particles, magnetic-dipole
moments of the particles and electric-quadrupole mo-
ments of the nuclei.

B. Linear momentum

1. Classical system

The total linear momentum of a collection of struc-
tureless point particles interacting electromagnetically in
the classical domain is [2, 4, 5]

P̃ = P̃kin + P̃em, (42)

with

P̃kin =∑
k

π̃ππk

=∑
k

¿ÁÁÀ1 +
π̃2
k

c2m̃2
k

m̃kṽk

=∑
k

m̃kṽk +
1

2c2
∑
k

π̃2
kṽk

m̃k

+O( 1

c3
) (43)

the total kinetic linear momentum of the particles and

P̃em = ǫ0 ∫ Ẽ × B̃d3r

= ∫ ρ̃Ãd3r +O( 1

c3
)

=∑
k

q̃kÃ(r̃k) +O( 1

c3
) (44)

the total linear momentum of the electromagnetic field.

2. Molecule

We identify the total linear momentum of our molecule
as being

P̂ =∑
k

p̂k. (45)
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P̂ generates translations in space:

eid⋅P̂/h̵ŝke
−id⋅P̂/h̵ = ŝk, (46)

eid⋅P̂/h̵r̂ke
−id⋅P̂/h̵ = r̂k + d (47)

eid⋅P̂/h̵p̂ke
−id⋅P̂/h̵ = p̂k. (48)

The conservation law

dP̂

dt
= 0 (49)

shows that this is a symmetry transformation for the
molecule [10], embodying invariance under translations
in space.
A more explicit expression for P̂ follows from (15):

P̂ =∑
k

mk ˆ̄vk + 1

4c2
∑
k

π̂2
k
ˆ̄vk + ˆ̄vkπ̂

2
k

mk

+∑
k

qkÂk

−∑
k

m̂k ×∇∇∇kΦ̂
q

k

c2
+O( 1

c3
). (50)

The first line on the right-hand side of (50) resembles
(43), the second line resembles (44) and the third line
is the total hidden momentum of the molecule, which is
cancelled by the linear momentum of the intramolecular
electromagnetic field [78]:

−∑
k

m̂k ×∇∇∇kΦ̂
q

k

c2
+∑

k

qkÂ
m

k = 0, (51)

as one might expect [4, 77, 80–82].

C. Angular momentum

1. Classical system

The total angular momentum (about the spatial ori-
gin) of a collection of structureless point particles in-
teracting electromagnetically in the classical domain is
[2, 4, 5]

J̃ = J̃kin + J̃em, (52)

with

J̃kin =∑
k

r̃k × π̃ππk

=∑
k

r̃k ×
¿ÁÁÀ1 + π̃2

k

c2m̃2
k

m̃kṽk

=∑
k

r̃k × (m̃kṽk + π̃2
kṽk

2c2m̃k

) +O( 1

c3
) (53)

the total kinetic angular momentum of the particles and

J̃em = ǫ0 ∫ r × (Ẽ × B̃)d3r
= ∫ r × ρ̃Ãd3r

=∑
k

r̃k × q̃kÃ(r̃k) +O( 1

c3
) (54)

the total angular momentum of the electromagnetic field.

2. Molecule

We identify the total angular momentum of our
molecule as being

Ĵ =∑
k

r̂k × p̂k +∑
k

ŝk. (55)

Ĵ obeys the usual angular momentum commutation re-
lations:

[Ĵa, Ĵb] = ih̵ǫabcĴc, (56)

and generates rotations in space:

eiθθθ⋅Ĵ/h̵ŝke
−iθθθ⋅Ĵ/h̵ = ŝk + θθθ × ŝk +O(θθθ2), (57)

eiθθθ⋅Ĵ/h̵r̂ke
−iθθθ⋅Ĵ/h̵ = r̂k + θθθ × r̂k +O(θθθ2) (58)

eiθθθ⋅Ĵ/h̵p̂ke
−iθθθ⋅Ĵ/h̵ = p̂k + θθθ × p̂k +O(θθθ2). (59)

The conservation law

dĴ

dt
= 0 (60)

shows that this is a symmetry transformation for the
molecule [10], embodying invariance under rotations in
space.
A more explicit expression for Ĵ follows from (15):

Ĵ =∑
k

rk × (mk ˆ̄vk + π̂2
k
ˆ̄vk + ˆ̄vkπ̂

2
k

4c2mk

)
+∑

k

rk × qkÂk

+∑
k

rk × ⎛⎝−m̂k ×∇∇∇kΦ̂
q

k

c2

⎞⎠
+∑

k

ŝk +O( 1

c3
). (61)

The first line on the right-hand side of (61) resembles
(53), the second line resembles (54), the third line is the
total hidden angular momentum of the molecule and the
fourth line is the total mean spin of the molecule. It
seems that the total hidden angular momentum of the
molecule is not cancelled by the angular momentum of
the intramolecular electromagnetic field: we note in par-
ticular that

∑
k

rk × ⎛⎝−m̂k ×∇∇∇kΦ̂
q

k

c2
+ qkÂm

k

⎞⎠ ≠ 0, (62)
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in spite of the fact that the total hidden (linear) momen-
tum of the molecule is cancelled by the linear momentum
of the intramolecular electromagnetic field, as shown in
(51). This represents no fundamental difficulty, as the
total angular momentum of a system ‘at rest’ need not
vanish [4].

D. Boost momentum

The total energy of a system generates translations
of the system in time, the total linear momentum gen-
erates translations in space and the total angular mo-
mentum generates circular rotations in space. Similarly,
the total boost momentum of a system generates hyper-
bolic rotations of the system in spacetime, also known as
Lorentz transformations or boosts [6, 7]. The conserva-
tion of boost momentum embodies invariance under such
rotations [3, 7, 8]. When taken together with the global
conservation of energy and linear momentum, the global
conservation of boost momentum can be interpreted as
a statement that the system translates with constant ve-
locity [2, 3, 65].

1. Classical system

The total boost momentum (about the spacetime ori-
gin) of a collection of structureless point particles inter-
acting electromagnetically in the classical domain is [2]

K̃ = tP̃ − D̃kin − D̃em, (63)

with

D̃kin =∑
k

¿ÁÁÀ1 + π̃2
k

c2m̃2
k

m̃kr̃k

=∑
k

m̃kr̃k + 1

2c2
∑
k

π̃2
kr̃k

m̃k+O( 1

c3
) (64)

defining the total kinetic boost momentum tP̃kin − D̃kin

of the particles and

D̃em =
ǫ0

2c2
∫ r (Ẽ2 + c2B̃2)d3r

=
1

2c2
∫ rρ̃Φ̃d3r +O( 1

c3
)

=
1

2c2
∑
k

r̃k q̃kΦ̃(r̃k) +O( 1

c3
) (65)

defining the total boost momentum tP̃em − D̃em of the
electromagnetic field.

2. Molecule

It seems that there is no closed form for the total boost
momentum of our molecule. This is unsurprising, as the

molecular Hamiltonian Ĥ is not Lorentz invariant but
rather is effectively truncated at order 1/c2. Working to
order 1/c2 then, we identify the total boost momentum
of the molecule as being

K̂ = tP̂ − D̂ (66)

with

D̂ =∑
k

mkˆ̄rk + 1

4c2
∑
k

π̂2
k
ˆ̄rk + ˆ̄rkπ̂2

k

mk

+ 1

2c2
∑
k

ˆ̄rkqkΦ̂
q

k
+O( 1

c3
), (67)

which suffices to ensure the conservation law

dK̂

dt
=

i

h̵
[Ĥ, K̂] + ∂

∂t
K̂

= 0 +O( 1

c3
), (68)

as desired. The first line on the right-hand side of (67)
resembles (64) and the second line resembles (65). Note
that it is necessary to identify the kinetic position ˆ̄rk
in the first term, rather than the mean position r̂k, for
example.
In general, the rate of change with respect to time of

an energy is referred to as a power, the rate of change of
a linear momentum is referred to as a force and the rate
of change of an angular momentum is referred to as a
torque. There does not appear to be a unique terminol-
ogy, however, for the rate of change of a boost momentum
[2, 3, 6–9, 65], which is surprising given the fundamental
importance of boost momentum. We propose, therefore,
that the rate of change of a boost momentum be referred
to henceforth as a ‘jig’. The need to distinguish between
a torque and a jig is not negated by the fact that an-
gular momentum and boost momentum reside together
in a tensor, any more than the need to distinguish be-
tween a power and a force is negated by the fact that
energy and linear momentum reside together in a tensor
[2, 3, 6–8, 65].

V. OUTLOOK

Possible avenues for future research into the relativistic
properties of a molecule include the following.

• The identification of generalised translational, ro-
tational, vibrational and electronic coordinates to
order 1/c2.

• The separation of angular momentum into spin and
orbital or intrinsic and extrinsic parts to order 1/c2.

• The interaction of a molecule with externally im-
posed fields to order 1/c2. In particular, the cal-
culation of powers, forces, torques and jigs, which
can change the energy, linear momentum, angular
momentum and boost momentum of the molecule.

We will return to these and related tasks elsewhere.
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Appendix A: Breakdown of Ĥ

The molecular Hamiltonian can be partitioned in the
form

Ĥ = Ĥbasic + Ĥfs + Ĥhfs, (A1)

with Ĥbasic, Ĥfs and Ĥhfs as described below.

The basic molecular Hamiltonian

Ĥbasic = c
2∑

k

mk + 1

2
∑
i

p̂2i
mi

+ 1

8πǫ0
∑
k

∑
k′≠k

qkqk′

r̂kk′

+ 1

2
∑
j

p̂2j

mj

(A2)

accounts for the basic structure of the molecule. In a
notional order of decreasing ‘size’...

• The first term on the right-hand side of (A2) is the
total rest energy of the particles.

• The second term describes the kinetic energies of
the electrons to order 1/c0.

• The third term describes the Coulomb interactions
between the particles.

• The fourth term describes the kinetic energies of
the nuclei to order 1/c0.

The first term is constant and so is usually omitted.

The fine-structure Hamiltonian

Ĥfs = − 1

8c2
∑
i

p̂4i
m3

i

− h̵2

8ǫ0c2
∑
i

qi

m2
i

∑
j

qjδ
3(r̂ij)

+ 1

4πǫ0c2
∑
i

(1 − qi

2miγi
) m̂i ⋅ ( p̂i

mi

×∑
k≠i

qkr̂ik

r̂3
ik

)
+
µ0

4π
∑
i

m̂i ⋅∑
i′≠i

qi′ r̂ii′ × p̂i′

mi′ r̂
3
ii′

+
µ0

8π
∑
i

∑
i′≠i

⎧⎪⎪⎨⎪⎪⎩
1

r̂3ii′

⎡⎢⎢⎢⎢⎣m̂i ⋅ m̂i′ −
3(m̂i ⋅ r̂ii′)(m̂i′ ⋅ r̂ii′)

r̂2ii′

⎤⎥⎥⎥⎥⎦
−
8π

3
m̂i ⋅ m̂i′δ

3(r̂ii′)⎫⎪⎪⎬⎪⎪⎭
−

h̵2

8ǫ0c2
∑
i

qi

m2
i

∑
i′≠i

qi′δ
3(r̂ii′)

−
µ0

16π
∑
i

∑
i′≠i

qiqi′

mimi′

⎡⎢⎢⎢⎢⎣p̂ia
1

r̂ii′
p̂i′a

+ (p̂i ⋅ r̂ii′) 1

r̂3ii′
(r̂ii′ ⋅ p̂i′) ⎤⎥⎥⎥⎥⎦

+
µ0

4π
∑
i

m̂i ⋅∑
j

qj r̂ij × p̂j

mj r̂
3
ij

−
µ0

16π
∑
j

∑
i

qjqi

mjmi

⎡⎢⎢⎢⎢⎣p̂ja
1

r̂ji
p̂ia + p̂ia

1

r̂ji
p̂ja

+ (p̂j ⋅ r̂ji) 1

r̂3ji
(r̂ji ⋅ p̂i) + (p̂i ⋅ r̂ji) 1

r̂3ji
(r̂ji ⋅ p̂j) ⎤⎥⎥⎥⎥⎦

−
µ0

16π
∑
j

∑
j′≠j

qjqj′

mjmj′

⎡⎢⎢⎢⎢⎣p̂ja
1

r̂jj′
p̂j′a

+ (p̂j ⋅ r̂jj′) 1

r̂3jj′
(r̂jj′ ⋅ p̂j′) ⎤⎥⎥⎥⎥⎦

−
1

8c2
∑
j

p̂4j

m3
j

(A3)

accounts for certain higher-order intramolecular interac-
tions in which the m̂j , Θ̂jab and Rj do not appear. In a
notional order of decreasing ‘size’...

• The first term on the right-hand side of (A3) de-
scribes relativistic corrections to the kinetic ener-
gies of the electrons [42, 43].

• The second term describes one-electron Darwin in-
teractions [41].

• The third term describes electron spin-orbit inter-
actions [37], with Thomas precession [38, 40] in-
cluded.
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• The fourth term describes electron-spin / other-
electron-orbit interactions [39].

• The fifth term describes electron-spin / electron-
spin interactions, comprised of classical dipolar [39]
and contact [42] contributions.

• The sixth term describes two-electron Darwin in-
teractions [42, 43].

• The seventh term describes electron-orbit /
electron-orbit interactions, comprised of magnetic
[42] and retardation [43] contributions.

• The eighth term describes electron-spin / nuclear-
orbit interactions.

• The ninth term describes electron-orbit / nuclear-
orbit interactions, comprised of magnetic and re-
tardation contributions.

• The tenth term describes nuclear-orbit / nuclear-
orbit interactions, comprised of magnetic and re-
tardation contributions.

• The eleventh term describes relativistic corrections
to the kinetic energies of the nuclei.

The ninth, tenth and eleventh terms are particularly
‘small’ and are often neglected.
The hyperfine-structure Hamiltonian

Ĥhfs =
µ0

4π
∑
j

m̂j ⋅∑
i

qir̂ji × p̂i

mir̂
3
ji

+
µ0

4π
∑
i

∑
j

⎧⎪⎪⎨⎪⎪⎩
1

r̂3ij

⎡⎢⎢⎢⎢⎣m̂i ⋅ m̂j −
3(m̂i ⋅ r̂ij)(m̂j ⋅ r̂ij)

r̂2ij

⎤⎥⎥⎥⎥⎦
−
8π

3
m̂i ⋅ m̂jδ

3(r̂ij)⎫⎪⎪⎬⎪⎪⎭
−

1

12πǫ0
∑
j

Θ̂jab∑
k≠j

qk
⎛⎝ δabr̂3

jk

−
3r̂jkar̂jkb

r̂5
jk

⎞⎠
−

1

6ǫ0
∑
i

qi∑
j

qjR
2
jδ

3(r̂ij)
+

1

4πǫ0c2
∑
j

(1 − qj

2mjγj
) m̂j ⋅

⎛⎝ p̂j

mj

×∑
k≠j

qkr̂jk

r̂3
jk

⎞⎠
+
µ0

4π
∑
j

m̂j ⋅ ∑
j′≠j

qj′ r̂jj′ × p̂j′

mj′ r̂
3
jj′

+
µ0

8π
∑
j

∑
j′≠j

1

r̂3jj′

⎡⎢⎢⎢⎢⎣m̂j ⋅ m̂j′ −
3(m̂j ⋅ r̂jj′)(m̂j′ ⋅ r̂jj′)

r̂2jj′

−
8π

3
m̂i ⋅ m̂jδ

3(r̂ij)⎤⎥⎥⎥⎥⎦
−

1

6ǫ0
∑
j

qj ∑
j′≠j

qj′R
2
j′δ

3(r̂jj′) (A4)

accounts for certain higher-order intramolecular interac-
tions in which the m̂j , Θ̂jab and Rj appear. In a notional
order of decreasing ‘size’...

• The first term on the right-hand side of (A4) de-
scribes nuclear-spin / electron-orbit interactions
[48].

• The second term describes electron-spin / nuclear-
spin interactions, comprised of classical dipolar and
Fermi contact [44] contributions.

• The third term describes nuclear electric-
quadrupole interactions [33].

• The fourth term describes nuclear finite-size correc-
tions to the electron-nucleus Coulomb interactions
[35].

• The fifth term describes nuclear spin-orbit interac-
tions, with Thomas precession included [51].

• The sixth term describes nuclear-spin / other-
nucleus-orbit interactions [51].

• The seventh term describes nuclear-spin / nuclear-
spin interactions, comprised of classical dipolar [47]
and contact contributions.

• The eighth term describes nuclear finite-size correc-
tions to the nucleus-nucleus Coulomb interactions.

The contact contributions to the seventh term, as well
as the eighth term, are particularly ‘small’ and are often
neglected.

Note that the nuclei are effectively described in the
basic molecular Hamiltonian Ĥbasic and the fine struc-
ture Hamiltonian Ĥfs as structureless point particles with
electric charge: we have attributed interactions that in-
volve nuclear magnetic-dipole moments, nuclear electric-
quadrupole moments or nuclear finite-size corrections to
the hyperfine structure Hamiltonian Ĥhfs. Our reason-
ing is that interactions that involve nuclear magnetic-
dipole moments or nuclear electric-quadrupole moments
are nuclear-spin dependent and nuclear finite-size correc-
tions emerge at the same order of multipole expansion.
One might argue moreover that nuclear Zitterbewegung

is nuclear-spin dependent [36].
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