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Abstract

Abstract

The thermoelectric figure of merit, ZT , is a dimensionless parameter used to
characterise the efficiency of a thermoelectric material. A material has a high
ZT if its electrical conductivity and Seebeck coefficient are high, and its lattice
thermal conductivity is low. One of the most common techniques to improve
the thermoelectric figure of merit is to suppress lattice thermal conductivity via
nanostructuring. However, this approach often comes with the cost of reduced
electrical conductivity and Seebeck coefficient, resulting in only modest increases
to ZT . Using the first principles Boltzmann transport framework, we show that
driving PbTe-based materials to the verge of the soft mode (ferroelectric) phase
transition could be a powerful strategy to reduce their lattice thermal conductivity
while potentially preserving the electrical properties beneficial for a large ZT .
The proposed concept is based on the induction of considerably softened zone-
centre transverse optical modes, increasing their anharmonic coupling with low-
frequency heat-carrying acoustic phonons and reducing phonon lifetimes at all
frequencies. We illustrate this concept by applying biaxial tensile (001) strain
to PbTe and its alloys with PbSe; and by alloying PbTe with a rhombohedral
material, GeTe, achieving reductions in the lattice thermal conductivity by a
factor of 2 − 3 compared to PbTe. Furthermore, by tuning the chemical com-
position of Pb1−xGexTe alloys, we also investigate the roles of proximity to the
phase transition, mass disorder, and phase of the alloy in reducing the lattice
thermal conductivity. Finally, we take the first steps towards a fully ab initio
calculation of the figure of merit of PbTe-based materials near the phase transition
by considering electron-phonon interactions, and find fair agreement between the
calculated electronic mobility of PbTe and experiment. Furthermore, due to
symmetry forbidden electron-phonon coupling between the extremely soft modes
and the conduction and valence band edges, we anticipate that our outlined
approach may not degrade electronic properties beneficial for a large ZT . This
proposed concept is general and applicable to other thermoelectric materials near
a soft mode phase transition. Thus, we offer a promising new strategy to lower
lattice thermal conductivity and potentially increase thermoelectric efficiency.
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Chapter 1

Introduction

1.1 Thermoelectric materials

Thermoelectrics are an important class of materials that allow for the interconver-
sion of thermal and electrical energy. The generation of a voltage difference due to
a temperature gradient across a material is known as the Seebeck effect [1]. It was
discovered in 1821 by Thomas Johann Seebeck, who observed that the junction
of two dissimilar metals at different temperatures would deflect a compass needle
[2]. Conversely, the Peltier effect is the appearance of a temperature gradient
from the application of an electric current in a material [1]. It was discovered by
Jean-Charles Peltier in 1834, who observed heating/cooling at the junction of two
dissimilar metals when an electric current was applied [2]. The first commercial
application of the thermoelectric effect was an oil burning lamp coupled with
zinc-antimony/constantan thermoelectric elements used to power a radio in 1948
in the USSR [3], which followed from the work of Abram Fedorovich Ioffe.

When a thermal gradient is maintained across a material, free charge carriers
will have higher kinetic energies at the hot end and tend to diffuse towards the cold
end [4]. A thermoelectric power generator thus consists of alternating p- and n-
type thermoelectric legs, connected in series electrically, and connected in parallel
with respect to a heat current [5], see Fig. 1.1 (a) for a model device. Closing
the circuit generates an electric current. Conversely, by applying an electric
current one may drive carriers away from a surface, reducing its temperature.
This is demonstrated in Fig. 1.1 (b) which shows a model device used to pump
heat. Thus, thermoelectrics could be extremely useful for harnessing waste heat
to generate electricity, and may provide an important role in the push for green
energy [1, 5, 6]. The efficient control of thermoelectric energy conversion processes
is particularly desirable as nearly 60% of all energy consumed worldwide is wasted

1



1.1 Thermoelectric materials

Figure 1.1: (a): A model thermoelectric device used to generate electricity from
a heat source. (b) A model thermoelectric device used to pump heat when an
electric current is applied.

in the form of heat [7].
In order to efficiently convert heat to electricity, or vice-versa, we need a

measure of the effectiveness of a thermoelectric material. A good thermoelectric
must be able to maintain a heat difference and easily allow for an electric current
through the device, necessitating a low thermal conductivity and high electrical
conductivity respectively [8]. For power generation, we need a large voltage to be
generated from a heat gradient, requiring a large Seebeck coefficient [8]. Indeed,
the efficiency of a thermoelectric material depends on the dimensionless figure of
merit, ZT [9, 10]:

ZT = σS2

κelec + κlatt
T, (1.1)

where σ is the electrical conductivity, S is the Seebeck coefficient, T is the
temperature, and κelec and κlatt are the thermal conductivities due to charge
carriers and lattice vibrations respectively. σS2 is typically referred to as the
power factor.

The maximum efficiency of a thermoelectric device may be written as a
function of the Carnot efficiency, ηCarnot = (Th − Tc)/Th, and the figure of merit
[1, 10]:

ηmax = ηCarnot

√
1 + ZTavg − 1√
1 + ZTavg + Tc

Th

, (1.2)

where Th and Tc are the absolute temperatures of the hot and cold sides of
the device respectively, and ZTavg is the average figure of merit of the thermo-
electric legs within a device over the operating temperature range. In Fig. 1.2
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1.1 Thermoelectric materials

we reproduce the efficiency ηmax of thermoelectric devices as a function of Th,
taking Tc = 300K, for several ZTavg values ranging from currently available to
optimistic targets. The yellow region highlights the power generation efficiency
and operating temperatures of typical thermoelectric devices available today.
Also included are the efficiencies of several heat sources (geothermal, industrial
waste, solar, nuclear, and coal) in combination with several thermal-to-electric
conversion technologies (organic Rankine, Kalina cycle, Stirling, Brayton, and
steam Rankine) reproduced from data in Refs. [11, 12, 13].
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Figure 1.2: Thermoelectric power generation efficiency versus temperature of the
hot side, taking the cold side as room temperature, for several values of ZTavg.
The yellow region highlights the efficiency of some typical thermoelectric power
generators available today and their approximate range of operating tempera-
tures. Also included are the efficiencies of several conventional mechanical heat
engines as well as the Carnot limit. Adapted from Refs. [11, 12, 13].

Modern thermoelectric devices may operate up to ZT . 1.0 at high tem-
peratures. However, for a typical thermoelectric device with ZTavg∼0.5 and
operating temperatures of Tc = 300 K and Th = 600 K an efficiency of only
ηmax ∼ 6% is achievable for power generation, severely limiting their range of
application [1, 11]. In spite of these limitations thermoelectric devices have
found several niche applications, for example, regulating the temperature of
semiconductor lasers and radioisotope thermoelectric power generators for space
applications [6, 13]. Nevertheless, such low efficiencies have lead to a big drive
within the thermoelectrics community to achieve a target ZT of greater than 2.
Furthermore, by increasing ZT to >3 and assuming a large temperature difference
(Tc = 300 K and Th = 1000 K) one may achieve an efficiency of up to ηmax ∼ 30%
for power generation [1], possibly enabling the application of thermoelectrics in
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1.1 Thermoelectric materials

green energy and waste heat harvesting [12].
However, maximising ZT and expanding the range of applications is not a

trivial task given that thermoelectric properties are heavily intertwined, with an
increase in one not necessarily yielding an enhancement to ZT . Indeed, even
optimising the power factor, σS2, is itself a difficult task. For a degenerate
semiconductor with parabolic bands, assuming that the introduction of a dopant
does not significantly alter the electronic band structure, the Seebeck coefficient
is given by [14]:

S = 8π2k2
B

3eh2 m
∗
DOST

(
π

3n

)2/3
, (1.3)

where kB is the Boltzmann constant, e the electron charge, h the Planck constant,
m∗DOS the density of states effective mass of the carriers, and n the charge carrier
concentration. The electrical conductivity is given by [14]:

σ = neµ, (1.4)

where we assume the mobility µ is independent of n. Thus, while increasing the
carrier concentration will increase σ, S will decrease as dictated by Eq. (1.3).
Careful attention must then be paid when optimising properties of the materials
such as the carrier concentration, to avoid either S or σ falling too low. The
Seebeck coefficient tends to be lower for metals where electrical conductivity
is large, while S is large in poor conductors. This results in optimal power
factors typically being observed in heavily doped semiconductors [11], with carrier
concentrations circa 1019 − 1021 cm−3 [5].

Furthermore, the electrical conductivity and electronic thermal conductivity
are linked via the Wiedemann–Franz law [15]:

κelec
σ

= LT, (1.5)

where L is the Lorenz number, and is approximately π2

3

(
kB
e

)2
for all metals

[16]. Thus an increase to σ must be carefully weighed against the degradation
to ZT from the corresponding increase to thermal conductivity. Since κlatt

is dependent on phononic, rather than electronic properties of the material,
it is usually treated as being largely decoupled from the other thermoelectric
properties of a material. However, conventional strategies to reduce κlatt, such as
nanostructuring to impede phonon transport, can themselves degrade electronic
properties beneficial for a large ZT .

Before proceeding with strategies to improve thermoelectric efficiency, we
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1.2 Optimising thermoelectric performance

Table 1.1: Thermoelectric properties of bulk state-of-the-art materials in the
low, mid, and high temperatures ranges at their optimum carrier concentrations.
Values are shown for alloys of Bi2Te3 at 300 K, PbTe at 700 K, and SiGe at 1100
K, for both p- and n-type. κtotal is the total thermal conductivity.

Material Dopant n κtotal σ |S| ZT Ref.
cm−3 W/mK kS/m µV/K

n-PbTe I 1.7×1019 1.20 56.0 206 1.40 [17]
p-PbTe Na 9.0×1019 1.26 38.9 261 1.47 [18]
n-Bi2(Te,Se)3 − 4.3×1019 1.65 90.4 230 0.85 [19]
p-(Bi,Sb)2Te3 − ∼1019 1.39 98.9 214 0.97 [20]
n-SiGe P 1-3×1020 4.01 50.8 250 0.87 [21]
p-SiGe B 2-4×1020 4.14 33.8 237 0.51 [21]

reproduce the properties of prototypical bulk state-of-the-art thermoelectric ma-
terials at their optimum carrier concentrations in Table 1.1. In the low tem-
perature range up to 500 K, Bi2Te3 alloyed with either Sb2Te3 or Bi2Se3 are
the highest performing thermoelectrics. They achieve a peak ZT∼0.9 at ∼300 K
[19, 20], and are primarily used for thermoelectric cooling applications [22]. In the
mid temperature range of 500 − 900 K, PbTe is the prototypical thermoelectric
material, hitting a peak ZT∼1.4 at ∼700 K [17, 18]. For high temperature
applications at 900− 1300 K SiGe is typically used, reaching ZT∼0.9 for n-type
and ZT∼0.5 for p-type at ∼1100− 1200 K [21].

1.2 Optimising thermoelectric performance

Obtaining a large figure of merit is clearly a considerably difficult task, with
numerous techniques and approaches employed to achieve ZT>2. We first review
the more widely known classes of materials with inherently good thermoelectric
performance. One such class are complex compounds with intrinsically low lattice
thermal conductivity, such as skutterudites, clathrates, and zintl compounds [1,
5, 14, 23]. Their impressive thermoelectric performance is due to features such
as voids in the crystal structure, atomic mismatch within the unit cell, and the
presence of “rattler” atoms which strongly impede phonon transport. However,
we are not limited to these materials only. For example, half-Heusler compounds
lack a complex crystalline structure, resulting in relatively high lattice thermal
conductivity, but possess high power factors due to large carrier effective masses
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[1, 24]. It is the chalcogenide family of compounds that are perhaps the most
famous for offering good thermoelectric performance, due to characteristically
low lattice thermal conductivities [1, 14]. Copper chalcogenides and complex
bismuth chalcogenides are two notable subgroups, but PbTe, SnSe, and Bi2Te3

are perhaps the most prototypical within this family.
In particular, PbTe is a narrow band gap semiconductor that crystallises in the

rocksalt structure. It is the prototypical thermoelectric in the mid temperature
range, achieving ZT∼1.4 at ∼750 K when optimally doped with sodium (hole
density of ∼9×1019 cm−3) or iodine (electron density of ∼2×1019 cm−3) [17,
18, 25]. PbTe possesses an intrinsically low lattice thermal conductivity of ∼2
W/mK at room temperature, which plays a significant role in its impressive
thermoelectric performance. The underlying mechanism for low lattice thermal
conductivity is the strong anharmonic coupling of the heat carrying acoustic
modes with the soft transverse optical (TO) phonon modes, resulting in very short
phonon lifetimes [26, 27, 28]. It is because of these properties that considerable
effort has been expended in studying PbTe-based materials in an effort to enhance
its thermoelectric performance.

There exist several successful strategies within the literature to enhance a
material’s thermoelectric performance even further. To obtain these gains to
ZT , it is common to treat the electronic and phononic properties as being
largely decoupled and respectively optimise them, though obviously a complete
decoupling of these is not possible. For the electronic properties, strategies to
enhance ZT include optimising the carrier concentration via doping, enhancing
charge carrier effective masses, band convergence to increase the degeneracy of
band extrema, and improving the carrier mobility [8, 11, 13, 29]. Optimizing
the electronic local density of states via the introduction of resonant impurities
in semiconductors has also been shown to be a powerful strategy to boost ZT
[30, 31].

While these strategies are general and applicable to a wide range of ther-
moelectrics, we examine their application to PbTe. La and PbI2 doping may
be used to optimise charge carrier density in n-type PbTe [32, 33], while Na
doping optimises hole density in p-type PbTe [18, 34, 35]. The introduction of In
dopants into PbTe maintains its high S by eliminating minority (p-type) carriers
and eliminating the thermal conductivity due to bipolar diffusion of electron hole
pairs [32]. On the other hand, Tl doped PbTe exploits the introduction of resonant
impurity levels near the Fermi level which significantly increases thermoelectric
performance [31]. Furthermore, Pei et al. heavily doped p-type PbSexTe1−x alloys
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to achieve ZT∼1.8 at 850 K, via the convergence of the L and Σ valence band
maxima at a desired temperature by tuning the alloy composition [35]. Such a
“valence band convergence” mechanism also appears to be responsible for the
high ZT of Pb0.13Ge0.87Te nanostructured materials [36]. In fact, recent work by
Hong et al. [37] has predicted a maximum theoretically possible attainable ZT
of 3.1 for PbTe via the optimisation of the carrier density and convergence of
valence band maxima.

Efforts to impede phonon transport and thus reduce the lattice thermal
conductivity also offer substantial opportunities to greatly enhance thermoelectric
performance. Alloying to scatter phonons via atomic mismatch, nanostructuring,
nanocomposites, and scattering of phonons by crystal grain boundaries have all
demonstrated large reductions to κlatt [1, 8, 11, 13, 14, 29]. However, several of
these methods leave all important low-frequency heat carrying phonons unim-
peded. Thus, engineering efficient phonon scattering across the entire spectrum
was recently tackled by fabricating complex IV-VI materials with multi-scale hier-
archical design [34, 38, 39, 40, 41]. This is achieved through the combined action of
mesoscale grain boundaries that scatter low-frequency heat carrying phonons, and
nanoscale precipitates and atomic disorder that affect mid- and high-frequencies.
The use of superlattices, nanowires and low dimensional thermoelectrics have
also been shown to be very promising approaches to boost ZT [11, 42]. In
particular, calculations by Hicks and Dresselhaus show that low-dimensionality
may be exploited to increase the power factor while simultaneously suppressing
the lattice thermal conductivity [9, 43]. Thus, there exists a strong desire within
the community to combine aspects of nanostructuring to improve thermoelectric
performance via a simultaneous improvement of the power factor and thermal
transport [42]. However, in practice such techniques do not often realise a
simultaneous improvement of thermal conductivity and the power factor, while
also being impractical when it comes to large-scale production of thermoelectric
devices [8].

For PbTe, the use of multi-scale hierarchical nanostructuring decreased the
lattice thermal conductivity by a factor of 2-3 and simultaneously enhanced the
power factor, which raised its ZT above the target value of 2 [34, 39, 41]. In
particular, Biswas et al. [34] measured ZT∼2.2 at 900 K in nanostructured PbTe
due to the combined approach of doping with Na, the inclusion SrTe nanoparti-
cles, and the creation of mesoscale grain boundaries with spark plasma sintering.
This thermoelectric performance was aided by an enhanced power factor at high
temperatures, resulting from an increase to the hole carrier density through the
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dissolution of otherwise grain-boundary-confined Na into the bulk matrix [34].
Optimisation of an all-scales design could result in further κlatt reductions, since
nanostructured PbTe without mesoscale grain boundaries can exhibit four to
five times lower κlatt than that of PbTe [44, 45, 46]. Such approaches may also
be combined with band engineering, such as the “valence band convergence”
demonstrated in PbSe1−xTex [35] and nanostructured Pb0.13Ge0.87Te [36], poten-
tially enhancing ZT even further. However, it is often the case that electrical
conductivity and Seebeck coefficient may be negatively affected in that process
due to enhanced electron scattering at the interfaces [34, 39, 45, 46]. It is thus
desirable to establish alternative concepts to realize efficient phonon scattering
in PbTe and related materials throughout the spectrum without degrading their
electronic thermoelectric properties.

One potential strategy to reduce the lattice thermal conductivity while pre-
serving or even enhancing the power factor is to exploit the fascinating properties
of thermoelectric materials near phase transitions. Recent work has shown that
the intrinsically low κlatt of PbTe is due to its proximity to the ferroelectric phase
transition [27, 28]. Furthermore, the record breaking ZT∼2.6 at 900 K in SnSe
has also been linked to its proximity to a soft mode phase transition [47, 48, 49].
The underlying mechanism is the strong anharmonic coupling of the heat carrying
acoustic modes with the soft optical phonon mode. Thus, exploiting the proper-
ties of materials near soft mode phase transitions is an emerging concept that may
offer an alternative strategy in the quest to increase ZT . One advantage of this
approach over other methods discussed previously is the possibility of preserving
the high electrical conductivity and Seebeck coefficient [50] necessary for a large
ZT , owing to weak coupling between the soft phonon modes and electrons.

1.3 Ab initio calculation of thermoelectric
transport properties

Within the thermoelectrics research community, the use of computational meth-
ods offers a unique perspective in the effort to improve thermoelectric perfor-
mance. Atomic simulations from first principles avoid empirical parametrisation
for thermal and charge carrier transport, allowing for the discovery of new ma-
terials with intrinsically low thermal conductivity or high power factors not yet
realised experimentally. Furthermore, the origins of high ZT may be studied in
detail, potentially yielding new approaches to improve a material’s thermoelectric
performance.
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1.3.1 Lattice thermal conductivity

Several different atomistic methods have sought to describe the phenomenon
of thermal transport in bulk materials in recent years. Such methods include
the Boltzmann transport equation (BTE) [51] and molecular dynamics (MD)
[52]. Each approach comes with its own advantages and disadvantages, along
with various flavour of implementation, such as equilibrium molecular dynamics
(EMD) [52], non-equilibrium molecular dynamics (NEMD) [52, 53], the Boltz-
mann transport equation in the relaxation time approximation (BTE-RTA)
[51], and an iterative approach to solving the BTE self-consistently (BTE-SC)
[54, 55, 56, 57, 58, 59, 60, 61].

Molecular dynamics has been a very successful approach to simulate a wide
range of physical phenomena and is particularly advantageous in that it yields
the time evolution of the system and does not require assumptions specific to the
process being investigated. However, MD suffers from several issues, most notably
slow convergence with respect to the size of the system and simulation time. In
order to achieve a converged value for lattice thermal conductivity, work by He et
al. showed that system sizes of at least ∼ 105 atoms for crystalline Si, and ∼ 104

for crystalline Ge were required [62]. In particular, there is debate as to whether
even ∼106 atoms is sufficient to achieve a converged value of κlatt in alloys such as
Si0.5Ge0.5 [62]. It is because of these large system sizes that empirical interatomic
potentials are most often used in MD approaches, limiting the application of
so called ab initio molecular dynamics (AIMD) which incorporates interatomic
forces derived from density functional theory (DFT).

Moving to an approach such as the BTE, we solve several of these issues
associated with MD, and most importantly migrate to a framework where we may
more easily utilise ab initio techniques. The use of first principles calculations
from either DFT or density functional perturbation theory (DFPT) allows us
to design and propose new materials with good thermoelectric performance in
situations where empirical parametrisation is unavailable. Furthermore, we may
treat phonon populations with the quantum, Bose-Einstein distribution function,
compared with their classical treatment under MD. However, the BTE approach
does not come without its downsides. Most significantly, each order of phonon-
phonon interaction must be individually taken into account, typically resulting
in the truncation of anharmonic processes at third order and the neglection
of higher order anharmonic processes. This is in contrast to MD, where all
orders of phonon-phonon interactions are implicitly taken into account during
the simulation. Furthermore, interatomic force constants (IFCs) necessary for
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solving the BTE are calculated at 0 K within DFT/DFPT, losing information
about their temperature dependence. Solving for the lattice thermal conductivity
of a nanostructured material with the BTE would also be impractical given the
size of such systems.

Despite these limitations, the BTE approach has been shown to give lattice
thermal conductivity values in good agreement with experiment [28, 60, 61, 63,
64, 65]. And it is this agreement, coupled with predictive capabilities from the use
of ab initio techniques, that allows us to calculate the lattice thermal conductivity
of new materials. However, when considering materials near the phase transition
like those based on PbTe in this thesis, we must consider the limitations of the
BTE approach as outlined previously, in particular, the effect of 4th and higher
order phonon-phonon interactions. The neglect of these effects results in the
BTE failing to capture the deviation of the lattice thermal conductivity from
the expected temperature dependence of ∼T−1 in simple semiconductors [66].
However, we will still capture important qualitative information on the physics
of thermoelectrics driven near the phase transition, including the all important
interaction between the soft mode and heat carrying acoustic phonons. Thus,
to a first approximation, we may make predictions about the qualitative changes
and trends in the κlatt of PbTe-based materials driven near the ferroelectric phase
transition.

Within the BTE, there are two distinct approaches employed to calculate lat-
tice thermal conductivity, the relaxation time approximation and a self-consistent
iterative procedure. The BTE-RTA is equivalent to the first iteration of the
self-consistent cycle to the BTE-SC [67], and it can adequately capture κlatt

values in the thermoelectric materials studied in this work. Within the RTA,
normal scattering is purely resistive [68]. This typically results in the BTE-
RTA underestimating κlatt compared to the BTE-SC which correctly accounts for
normal processes which play a critical role in redistributing phonons for thermal
relaxation. This is most evident in materials with large thermal conductivities
which typically have weak umklapp scattering in comparison to normal processes.
The RTA fails to adequately capture κlatt for materials such as diamond [61],
graphite [69, 70], and graphene [70], necessitating the use of the BTE-SC. In
systems with lower lattice thermal conductivity umklapp scattering dominates
over normal scattering, and the BTE-RTA falls within 5% of the BTE-SC solution
for silicon, germanium and group III-V semiconductors [65]. It is within this
regime that thermoelectric materials typically fall, and are therefore characterised
quite well by the BTE-RTA [67, 68]. Thus, our approach will be sufficient
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to adequately capture the physics of phonon-phonon interactions and lattice
thermal conductivity, without the need for the extra computational load of a
self-consistent cycle. Further, we note that as temperature increases, umklapp
scattering becomes more significant [71].

Recent work has sought to move beyond some of the limitations in current
implementations of the BTE. These approaches include techniques to capture
temperature dependent interatomic force constants and the effects of 4th and
higher order phonon-phonon interactions. One such method uses a combination
of the temperature dependent effective potential technique and ab initio molecular
dynamics to capture higher order anharmonicity and temperature dependent
interatomic force constants for lattice dynamics calculations [72, 73, 74]. This
was successfully used by Romero et al. [66] to reproduce the increase of the TO
mode with temperature in PbTe. Furthermore, van Roekeghem et al. [75] use an
approach inspired by the self-consistent ab initio lattice dynamics method [76] to
obtain temperature dependence IFCs and partially capture the effects of quartic
anharmonicity, to correctly reproduce the negative thermal expansion of ScF3

with temperature.

1.3.2 Electronic thermoelectric properties

While considerable progress has been made in the ab initio study of lattice thermal
conductivity, transport of charge carriers from first principles remains a consid-
erably more daunting task. This poses a stumbling block in the development of
an easy to use framework for the calculation of ab initio thermoelectric figures of
merit for a wide range of materials. The most acute issue in this regard is the com-
putational cost and difficulty in calculating the scattering rates of charge carriers.
Within semiconductors, the most dominant scattering mechanisms are electron-
phonon interaction, neutral and charged impurity scattering, alloy scattering, and
interface roughness [77, 78]. Typically, calculating electron scattering rates for
these processes has relied on approaches such as empirical deformation potentials
for electron-phonon interaction [79, 80, 81]. One of the simplest approaches is to
treat the electronic lifetime as a free parameter or choose a constant value, the so-
called constant relaxation time approximation [78]. While this approach usually
describes the Seebeck coefficient surprisingly well in a large number of cases, it
notably fails to reproduce the correct sign of the Seebeck coefficient for Li [82].
Furthermore, it fails to describe the electrical conductivity while also failing to
account for their respective temperature and carrier concentration dependences.

Only recently has there been a considerable push by the community to describe
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electron scattering rates from first principles [83, 84, 85, 86, 87, 88, 89]. The
major issue lies with the requirement of very fine sampling of electronic states
in the proximity of the Fermi surface [90], making the calculation of electron-
phonon scattering rates computationally expensive. Wannier interpolation has
been successfully used to sample the Brillouin zone sufficiently densely to achieve
convergence while considerably reducing the computational cost [85, 86, 91].
However, such approaches are limited to non-polar semiconductors, neglecting
materials such as group III-V and II-VI compounds where Fröhlich interaction
dominates [77]. Despite this limitation, the decay of excited electrons in the
prototypical polar semiconductor GaAs from first principles has been obtained
to good agreement with experiment [84].

Only very recent work by Sjakste et al. [88] has extended a Wannier interpola-
tion scheme to take into account Fröhlich interaction using an analytical formula
based off the Vogl model [92]. This approach was recently combined with an
iterative solution to the linearised electron-phonon Boltzmann transport equation
by Liu et al. [93] that captured the electronic mobility of GaAs to excellent
agreement with experiment. By similarly splitting electron-phonon coupling into
short range and long range parts, Zhou and Bernardi [94] also developed an ab
initio approach to calculate the electronic mobility of polar semiconductors. The
computational cost in this case is approximately the same as that of a non-polar
material. However, there remains considerable debate as to whether the RTA
is valid for polar semiconductors with low longitudinal optical frequencies, or
if an iterative solution to the electron-phonon Boltzmann transport equation is
necessary [93, 94].

The approach of Murphy-Armando and Fahy [83] offers an alternative method
to calculate electron-phonon scattering rates in a computationally expeditious
manner. By considering only low-lying valleys in the conduction band relevant
for electron transport the need for very fine sampling of the entire Brillouin zone is
sidestepped. Combined with deformation potential theory [79, 95] the electronic
mobility of n-type SixGe1−x alloys is calculated to excellent agreement with ex-
periment [83]. This approach also allows the strength of different electron-phonon
coupling mechanisms to be easily compared, and is trivial to extend for higher
carrier concentration and higher temperature regimes. This method coupled with
the Fröhlich model of polar-optical scattering offers an excellent starting point
to calculate the electronic mobility of PbTe, constituting the first step towards
ab initio figures of merit of PbTe-based materials near the ferroelectric phase
transition.
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1.4 Thesis outline

The goal of this thesis is to show computationally that it is possible to exploit the
unique properties that arise from proximity to the soft mode (ferroelectric) phase
transition in PbTe to substantially decrease lattice thermal conductivity. We
showed that by driving PbTe-based materials to the verge of the phase transition,
anharmonic coupling between heat carrying acoustic modes and extremely soft-
ened TO modes is substantially increased, leading to considerably shorter phonon
lifetimes across the frequency spectrum. This enables the scattering of phonons
in the whole spectrum without relying on the concept of nanostructuring. We
demonstrate three distinct strategies to achieve this, applying biaxial tensile (001)
strain to PbTe and PbTe’s alloy with PbSe, and furthermore by alloying PbTe
with a rhombohedral group IV-VI material, GeTe. Ultimately, by combining
the effects of increased proximity to the phase transition and mass disorder, we
achieve reductions in lattice thermal conductivity by a factor of 2− 3 compared
to PbTe. Furthermore, we extend the study of Pb1−xGexTe alloys to investigate
the interplay of proximity to the phase transition, mass disorder, and phase of the
alloy in minimizing the lattice thermal conductivity. The role of high symmetry
structures versus their lower symmetry distorted counterparts is also investigated
in this regard. We find that the anharmonic contribution to lattice thermal
conductivity is minimized at the phase transition, and that neither the rocksalt
nor rhombohedral phases is inherently better for suppressing κlatt. The minimal
lattice thermal conductivity of Pb1−xGexTe alloys is reduced by a factor of 3.5
compared to PbTe, and 7.5 compared to GeTe.

We take the first step towards a full ab initio calculation of the thermoelectric
figure of merit by calculating the charge carrier mobility of n-type Ge and PbTe.
We find excellent agreement with experiment for Ge, and reasonable agreement
for PbTe when coupled with the Fröhlich model for polar-optical interaction.
From a symmetry analysis and our DFPT calculations, we also find that electron-
phonon coupling between the TO mode at Γ and the conduction (valence) band
minimum (maximum) is forbidden by symmetry in PbTe. Thus, electronic
properties beneficial for a large ZT may not be degraded by increased proximity
to the phase transition. Coupled with these substantial reductions to κlatt, tuning
PbTe to the verge of the ferroelectric phase transition may be a promising strategy
to greatly enhance thermoelectric performance.

The rest of this thesis is organised as follows.
In chapter 2, we discuss the theoretical background to the Boltzmann trans-

port equation in the relaxation time approximation as used to calculate the lattice
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thermal conductivity and electronic thermoelectric properties. This includes a
discussion of density functional theory, which pertains to computing interatomic
force constants to solve for the lattice thermal conductivity, and the description
of electron-phonon interactions within the DFT formalism. We also include a
brief discussion on modelling alloys in the context of thermal transport.

In chapter 3, we present a first principles study of the lattice thermal con-
ductivity of PbTe-based materials driven to the verge of the ferroelectric phase
transition using biaxial tensile (001) strain and/or alloying. We will discuss
the impact to acoustic-TO phonon anharmonic coupling due to the increased
proximity to the phase transition, and the decrease of phonon lifetimes and lattice
thermal conductivity as a result of the increased acoustic-TO interaction.

In chapter 4, we investigate and quantify the impact of proximity to the fer-
roelectric phase transition and mass disorder on the lattice thermal conductivity
of Pb1−xGexTe alloys by varying their chemical composition. We will argue that
both of these mechanisms, along with the average atomic mass, play a more
crucial role in suppressing lattice thermal conductivity in comparison to effects
arising from differences in the crystal structure between the two phases of the
alloy.

In chapter 5, we calculate the charge carrier mobility of n-type PbTe and Ge
considering the effects of electron-phonon interaction as the first step to obtaining
a full ab initio calculation of the thermoelectric figure of merit. We use first
principles approaches, deformation potential theory, and the Fröhlich model to
achieve this.

In chapter 6, we summarise the main results of this work and give concluding
remarks, followed by a brief outlook on future work.

The original work presented in this thesis has been published in the following
papers:

• Ronan M. Murphy, Éamonn D. Murray, Stephen Fahy, and Ivana Savić,
“Broadband phonon scattering in PbTe-based materials driven near ferro-
electric phase transition by strain or alloying,” Phys. Rev. B, 93, 104304,
2016.

• Ronan M. Murphy, Éamonn D. Murray, Stephen Fahy, and Ivana Savić,
“Ferroelectric phase transition and the lattice thermal conductivity of
Pb1−xGexTe alloys,” Phys. Rev. B, 95, 144302, 2017.
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Chapter 2

Computational Methods

In this chapter we present the theoretical background to the first principles
computational methods used in this thesis. We describe the basis of density
functional theory, the main workhorse of this work, and briefly discuss some of
the approximations used in its derivation. This is followed by a discussion of the
Boltzmann transport equation in the relaxation time approximation (BTE-RTA)
as applied to phonons, which allows us to compute the lattice thermal conductiv-
ity. We derive phonon scattering rates due to the anharmonicity of the crystal and
mass disorder. We also briefly discuss the implementation of this approach and
computational details. We finish with the BTE-RTA as applied to charge carriers,
which yields the electronic thermoelectric properties; the electrical conductivity,
Seebeck coefficient, and the electrical contribution to thermal conductivity, and
the charge carrier mobility. This includes the derivation of electron scattering
rates due to electron-phonon coupling in the DFT formalism, and how they may
be calculated from density functional perturbation theory.

2.1 Total energy calculations

2.1.1 Many-body Hamiltonian

We begin by considering the Hamiltonian for a system of electrons and nuclei,
given by:

Ĥ = − ~2

2me

∑
i

∇2
i +

∑
i 6=j

e2

|ri − rj|
+
∑
i,K

QKe
2

|ri −RK |
−
∑
K

~2

2mK

∇2
K +

∑
K 6=J

QKQJe
2

|RK −RJ |
,

(2.1)
where ~ is the Dirac constant, me, ri, and e are the mass, coordinates, and charge
of a given electron i, and mK , RK , and QK are the mass, coordinates, and charge

15



2.1 Total energy calculations

of a given nucleus K. The first term is the kinetic energy operator, the second
is the electron-electron interaction, and the third is the potential acting on the
electrons due to the nuclei with charge QK at positions RK , which we label T̂ ,
Û , and V̂ext respectively. The last two terms represent the kinetic energy of the
nuclei and the nuclear-nuclear interaction respectfully.

We exploit the Born-Oppenheimer approximation [96], which separates the
motions of the electrons and nuclei, allowing for a significant simplification of the
above Hamiltonian. It follows that the wavefunction of a solid may be written as
the product of the wavefunctions of the electrons and nuclei:

ψsolid = ψelectrons(ri,RK)ψnuclei(RK). (2.2)

We treat the nuclear coordinates as fixed relative to the much more rapidly
moving electrons, and then solve the time-independent Schrödinger equation for
the system of electrons. Thus, we neglect the kinetic energy of the nuclei and
the nuclear-nuclear interaction for the electronic problem, reducing the above
Hamiltonian to:

Ĥ = − ~2

2me

∑
i

∇2
i +

∑
i 6=j

e2

|ri − rj|
+
∑
i,K

QKe
2

|ri −RK |
. (2.3)

We define the interaction between an electron at ri and an electron at rj as:

U(ri, rj) = e2

|ri − rj|
, (2.4)

with the potential felt by an electron at r due to the nuclei defined as:

Vext(r) =
∑
K

QKe
2

|r−RK |
. (2.5)

Thus, we re-write the Hamiltonian as:

Ĥ = − ~2

2me

∑
i

∇2
i +

∑
i 6=j

U(ri, rj) +
∑
i

Vext(ri) = T̂ + Û + V̂ext. (2.6)

This gives the following many-body Schrödinger equation for a system of Ne

electrons each moving through an external potential Vext(r):
Ne∑

i

(
−~2∇2

i

2m + Vext(ri)
)

+
∑
i 6=j

U(ri, rj)
Ψ(r1, r2..., rNe) = EΨ(r1, r2..., rNe).

(2.7)
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2.1.2 Density functional theory

2.1.2.1 Hohenberg-Kohn theorems

Density Functional Theory (DFT) allows us to map the many-body problem of Ne

interacting electrons into one of a single electron moving in an effective potential.
The foundations of DFT are the Hohenberg-Kohn theorems [97]:

Theorem 1: The external potential on electrons due to nuclei, Vext(r), is, to
within a constant, a unique functional of the electron density n(r). As a result,
the ground state density uniquely determines the external potential and all other
ground state properties of the system.

Theorem 2: There exists a universal functional for the energy E[n] defined in
terms of the density n(r), where the exact ground state is the global minimum
value of this functional.

Thus, we re-write the problem in terms of the electron density, n(r), given by
[98]:

n(r) = Ne

∫
d3r2...d

3rNeΨ∗(r, r2..., rNe)Ψ(r, r2..., rNe). (2.8)

Hohenberg and Kohn showed that there is a one-to-one relationship between the
external potential Vext(r), and the non-degenerate ground state wavefunction Ψ,
and that there is a one-to-one relationship between Ψ and the ground state density
n(r) of an Ne-electron system.

Since all ground state properties are uniquely determined by the electron
density, the total energy may be expressed as a functional of n(r):

EHK [n(r)] = T [n(r)] + U [n(r)] + Vext[n(r)]
= T [n] + U [n] + Vext[n]

= T [n] + U [n] +
∫
n(r)Vext(r)dr

= FHK [n] +
∫
n(r)Vext(r)dr,

(2.9)

where FHK [n] is universal, may be applied to any Vext[n] [98], and includes the
non-classical electron-electron self-interaction correction, exchange and Coulomb
correlation. The energy functional EHK [n] also satisfies the Rayleigh-Ritz varia-
tional principle [99], yielding the ground state energy [98, 100]:

EGS = min
n(r)

EHK [n, Vext], (2.10)

for the ground state electron density under the constraint that the integral of
n(r) equals the total number of electrons.
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While all ground state properties of the system may be determined from the
ground state n(r), in practice we are still left with the task of solving the many-
body Schrödinger equation.

2.1.2.2 Kohn-Sham equations

In 1965, Kohn and Sham transformed the problem of solving the many-body
Schrödinger equation into one of solving an auxiliary system of non-interacting
particles in a self-consistent mean field [101]. In order to do this they introduced
a decomposition of the functional in Eq. (2.9):

FHK [n] = Ts[n] + 1
2

∫
dr n(r)Φ(r) + Exc[n], (2.11)

where Ts[n] is the kinetic energy in the ground state of a system of Ne non-
interacting electrons with density n(r), and Φ(r) = e2 ∫ n(r′)

|r−r′|dr
′ is the classical

Coulomb potential for the electrons, both of which are known explicitly. Exc[n]
is the exchange-correlation energy, and contains all the unknowns for the system:

Exc[n] = (〈T̂ [n]〉 − Ts[n]) +
(
〈Û [n]〉 − 1

2

∫
dr n(r)Φ(r)

)
, (2.12)

where T̂ [n] and Û [n] are defined in Eq. (2.6). The correlation energy is the
difference between the exact and Hartree-Fock energies, and the exchange energy
is due to the Pauli exclusion principle [100, 102, 103]. Overall, Exc[n] is the energy
difference between the kinetic and internal energies of the interacting many-body
problem and the independent particle system with the same charge density n(r).
Solving this explicitly is of tremendous importance for DFT.

Applying the variational principle to Eqs. (2.9) and (2.11) yields [98]:

δE[n]
δn(r) = δTs

δn(r) + Vext(r) + Φ(r) + Vxc[n], (2.13)

with the requirement to retain a constant number of electrons, and where Vxc[n] =
δExc[n]/δn(r). If we compare the above equation to a corresponding auxiliary
system of non-interacting electrons with the same density in a fixed potential
V (r):

δE[n]
δn(r) = δTs

δn(r) + V (r). (2.14)

We see that both Eqs. (2.13) and (2.14) are identical provided:

V (r) = Vext(r) + Φ(r) + Vxc[n], (2.15)
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which we label V KS(r).
The solution for Eq. (2.14) may be obtained by solving the Schrödinger

equation for non-interacting particles:

ĤKSψi(r) =
[
− ~2

2me

∇2 + V KS(r)
]
ψi(r) = εiψi(r), (2.16)

which yields:

n(r) = 2
Ne/2∑
i=1

fi|ψi(r)|2, (2.17)

where the index i denotes the eigenstate with eigenvalue εi. ψi are the Kohn-Sham
(KS) orbitals and fi are the occupation numbers. Eqs. (2.15-2.17) are known as
the Kohn-Sham equations, and may be solved iteratively until self-consistency
is reached between the electron density n(r) and potential V KS(r). The ground
state energy of the system may be written in terms of the Kohn-Sham eigenvalues
εi [99]:

E[n] = 2
Ne/2∑
i=1

εi −
1
2

∫
dr n(r)Φ(r) + Exc[n]−

∫
n(r)Vxc[n]dr. (2.18)

This transforms the problem into one of solving the single particle Schrödinger
equation, which is numerically trivial. However, the exchange-correlation energy,
Exc[n], remains unknown, though various approximations to its form exist - see
section 2.1.5, below.

2.1.3 Plane waves

The many-body problem of a system of electrons has now been reduced to an
effective single particle problem. However, there is still the problem of solving
for an infinite number of electrons moving in a static potential due to an infinite
number of ions. Crystalline materials with a periodic lattice have a periodic
potential which obeys V (r) = V (r + R), where R is any vector of the Bravais
lattice. Thus, we use Bloch’s theorem [16, 104], which states that the electronic
wavefunction at a wavevector k in a periodic solid may be written as the product
of a plane wave and lattice-periodic part [16, 104]:

ψi,k(r) = 1√
Nl

eik·rui,k(r), (2.19)

where Nl is the number of primitive cells, and the lattice periodic part satisfies
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ui,k(r + R) = ui,k(r). This may then be re-written as:

ψi,k(r + R) = eik·Rψi,k(r), (2.20)

which allows us to reproduce the electronic wavefunction with a plane wave
expansion in terms of the reciprocal lattice vector G:

ui,k(r) = 1√
Ω
∑
G
ci,k+Ge

iG·r, (2.21)

where Ω is the primitive cell volume, and ci,k+G are the Fourier coefficients. This
allows us to write the wavefunction in terms of a discrete set of plane waves:

ψi,k(r) = 1√
NlΩ

∑
G
ci,k+Ge

i(k+G)·r. (2.22)

Thus, we may rewrite Eq. (2.16) to obtain a matrix equation for the plane wave
coefficients, ci,k+G [104]:

∑
G′

(
~2

2me

|k + G|2δGG′ + V KS(G−G′)
)
ci,k+G′ = εici,k+G. (2.23)

where δij is the Kronecker delta, which equals 0 for i 6= j and 1 for i = j. The
problem of calculating an infinite number of electronic wavefunctions has now
been cast in terms of a finite number of wavefunctions on an infinite number of
k points with a discrete plane wave basis set.

Electronic wavefunctions will be almost identical at k points very near each
other. Thus, we may approximate the infinite k grid with a finite one, where
each point represents the electronic wavefunction over a small region of k space.
One popular scheme for generating this finite grid of points to accurately capture
the electronic properties and total energy of a system is the Monkhorst and Pack
scheme [105]. In principle, an infinite plane wave basis set is required to expand
the electronic wavefunctions. In practice, we may choose an energy cut-off, taking
only those wavevectors G that satisfy ~2

2me |k +G|2 < Ecut, limiting the expansion
of the plane waves to a finite set. We note that plane waves with kinetic energy
smaller than ~2

2me |k + G|2 are typically more important than those with higher
kinetic energy [104].

Calculations are typically performed within the first Brillouin zone, which is a
uniquely defined primitive cell in reciprocal space, and completely characterises a
periodic solid as per Bloch’s theorem. However, numerically, one must converge
with respect to the k grid density and value of Ecut to ensure an accurate value
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for the total energy of the system.

2.1.4 Pseudopotential approximation

Figure 2.1: Sketch showing the Coulomb potential and real wavefunction in blue
compared to the pseudopotential and pseudowavefunction in red, which match
beyond the cut-off radius rc.

The Kohn-Sham orbitals, ψi, have now been cast in terms of a plane wave
basis set, as discussed. However, describing core electrons can still be quite
a computationally demanding task. This arises from the fact that core and
valence states oscillate rapidly near the nuclei to maintain mutual orthogonality,
necessitating the use of a considerably large basis set. As a result of this rapid
oscillation, valence electrons also have large kinetic energies, which roughly cancel
with the strong Coulomb potential in the core region. This results in the valence
electrons being considerably less bound to the nucleus compared to core electrons.

As the chemical bonding and interatomic forces of a material depend on the
valence states far more than they do on the core states, we may in practice use
the pseudopotential approximation. We replace the core electrons and strong
Coulomb potential with an effective pseudopotential within a cut-off radius rc,
see Fig. 2.1 [106, 107, 108]. The wavefunctions of these core electrons are
also replaced with pseudowavefunctions which vary smoothly in the core region.
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Pseudopotentials and pseudowavefunctions are constructed in a manner such that
outside a specified cut-off radius, rc, they yield the same result for the potential
and wavefunctions as that of the all electron case. Replacing the nucleus and
core electrons with a pseudopotential thus considerably reduces the number of
orbitals (the core orbitals having been removed) and size of the plane wave basis
set when solving for the total energy of the system. This reduces the problem to
that of a much weaker potential acting on valence electrons only.

A pseudopotential is generally constructed with local and non-local parts:

Vps = Vlocal(r) +
∑
lm

Vl(r) |Ylm〉 〈Ylm| , (2.24)

where Ylm are the spherical harmonics, l,m are the angular momentum quantum
numbers, and r is the distance from the nucleus. The local part operates on all
one-particle wavefunctions in the same manner. The non-local part produces a
potential dependent on the quantum numbers l,m of the valence electron, such
that pseudowavefunctions reproduce the same scattering properties as the nucleus
and core electrons.

Norm conserving pseudopotentials are perhaps the most popular choice of
pseudopotential, and come with the stipulation that the norm of each pseu-
dowavefunction is the same as that of the all electron case, both inside and outside
rc [109]. Relativistic effects may also be included in the pseudopotential construc-
tion so that a non-relativistic calculation may reproduce these effects in heavier
atoms where these properties are more relevant [110]. Unless otherwise stated,
all DFT calculations in this thesis use the norm-conserving pseudopotentials of
Hartwigsen, Goedecker and Hutter (HGH) [110].

2.1.5 Exchange-correlation functional

The exchange-correlation energy, Exc, is not explicitly known, adding to the
difficulty of calculating the ground state energy with the DFT formalism. This
has resulted in numerous approaches being employed to gain an approximate
expression for Exc. However, the simplest method to approximate Exc, originally
proposed by Kohn and Sham [101], is still in wide use to this day. If n(r) is
sufficiently slowly varying, Exc may be approximated with the Local Density
Approximation (LDA) [101]:

ELDA
xc [n] =

∫
n(r)εLDA(n(r))d3r (2.25)
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where εLDA(n) is the exchange-correlation energy per particle of a homogeneous
electron gas with density n. The exchange-correlation potential is given by:

V LDA
xc [n] = δELDA

xc [n]
δn(r) = εxc[n] + n(r)∂ε

LDA(n)
∂n

. (2.26)

The LDA is known to give surprisingly good performance, far beyond the
cases it was originally intended for. This good performance originates from its
systematic error cancellation, whereby it typically overestimates the exchange
energy but underestimates the correlation energy [111, 112]. It holds for situations
where the density is almost constant [97], and at high densities where the kinetic
energy dominates the exchange and correlation terms [101]. However, the LDA
will fail in situations where the density varies rapidly. Unless otherwise stated,
all DFT calculations in this work have been performed with the Teter-Pade
parametrisation of the LDA [113].

Another popular choice for the Exc is the generalised gradient approximation
(GGA) [114], which builds upon the LDA by adding a gradient term which
describes the spatial derivative of the charge density. There are many flavours
of implementation, with one of the more popular choices being that of Perdew,
Burke, and Ernzerhof (GGA-PBE) [115]. This idea of building upon previous
approximations for Exc is termed “Jacob’s ladder”, where each higher “rung”
describes an extra level of sophistication [98]. Further, more elaborate choices
for the exchange-correlation energy include meta-GGAs and hybrid functionals,
each advancing up higher “rungs” in turn [116].

2.1.6 Structural relaxation

According to the Hellmann-Feynman theorem [117], the forces on atom K are
given by:

FK = − ∂EF
∂RK

= −〈ψ| ∂ĤF

∂RK

|ψ〉 . (2.27)

where the Hamiltonian ĤF is that for a system of electrons defined previously
with the addition of nuclear-nuclear interaction. Minimising with respect to these
forces allows us to find the equilibrium configuration of a system. Within this
work, structural optimisation carried out in the Abinit code has been performed
with the Broyden-Fletcher-Goldfarb-Shanno minimisation [118].
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2.2 Lattice thermal conductivity

2.2.1 Crystal potential

In this section we derive the lattice dynamics for a general three-dimensional
crystal in terms of interatomic force constants, as detailed in Ref. [51]. We start
from the potential energy V of such a crystal where the lth unit cell lattice
vector is labelled Rl and the bth atom has mass mb. Due to lattice periodicity
we can map the entire crystal from the original basis unit cell with these lattice
vectors. Expanding the potential energy in a Taylor series in powers of the atomic
displacement ulb from its equilibrium position and truncating to third order, we
get:

V =V0 +
∑
lb

∑
α

∂V

∂ulbα

∣∣∣∣∣
0
ulbα + 1

2
∑
lb,l′b′

∑
αβ

∂2V

∂ulbα∂u
l′b′
β

∣∣∣∣∣
0
ulbαu

l′b′

β

+ 1
3!

∑
lb,l′b′,l′′b′′

∑
αβγ

∂3V

∂ulbα∂u
l′b′
β ∂ul′′b′′γ

∣∣∣∣∣
0
ulbαu

l′b′

β ul
′′b′′

γ ,

(2.28)

where α, β, γ are Cartesian directions, and V0 is a constant that we set to zero for
convenience. The second term, the first derivative of the potential energy with
respect to atomic displacement, is zero due to the fact that energy is a minimum
at equilibrium. We now define Φ to be the interatomic force constant tensor. For
the second order derivatives of the energy with respect to atomic displacement,
we get the second order force constants:

Φlb,l′b′

αβ = ∂2V

∂ulbα∂u
l′b′
β

∣∣∣∣∣
0
, (2.29)

and similarly we get the third order forces constants from the third order deriva-
tives of the energy with respect to atomic displacement:

Φlb,l′b′,l′′b′′

αβγ = ∂3V

∂ulbα∂u
l′b′
β ∂ul′′b′′γ

∣∣∣∣∣
0
. (2.30)

Writing the potential energy in terms of the interatomic force constant tensors,
we arrive at:

V = 1
2
∑
lb,l′b′

∑
αβ

Φlb,l′b′

αβ ulbαu
l′b′

β + 1
3!

∑
lb,l′b′,l′′b′′

∑
αβγ

Φlb,l′b′,l′′b′′

αβγ ulbαu
l′b′

β ul
′′b′′

γ (2.31)

where the first term is the harmonic potential, Vharm, and the second term is the
third-order anharmonic potential, Vanh.
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2.2.2 Dynamical matrix

The harmonic approximation treats a crystal as a system of harmonic oscillators
that act independently of each other. The displacements of the harmonic poten-
tial, Vharm in Eq. (2.31), may be written in terms of a set of decoupled normal
vibrational modes. Classically there are 3N such modes for a system of N atoms
with 3 degrees of freedom. Writing the equation of motion for this system:

mb
∂2ulbα
∂t2

= −∂Vharm
∂ulbα

= −
∑
l′b′

∑
β

Φlb,l′b′

αβ ul
′b′

β . (2.32)

By exploiting the translational invariance of the force constant tensor Φ, we may
re-write the force constants in term of the relative position between unit cells,
Φlb,l′b′

αβ = Φ0b,l′b′
αβ , which allows the equation of motion to be rewritten:

mb
∂2ulbα
∂t2

= −
∑
l′b′

∑
β

Φ0b,l′b′
αβ ul

′b′

β . (2.33)

Plane wave solutions may be found to the above equation assuming temporal,
ei(−ωt), and spatial, ei(q.Rl) dependences:

ulbα = 1
√
mb

∑
qs
esαb(q)ei(q.Rl−ωqst), (2.34)

where ωqs is the frequency of a vibrational mode with wavevector q and polarisa-
tion s in the first Brillouin zone. esαb(q) is a polarisation vector that characterises
the motion of atom b. Substituting the above solution into Eq. (2.33) yields:

ω2
qse

s
αb(q) =

∑
b′β

Dbb′

αβ(q)esβb′(q), (2.35)

where Dbb′
αβ(q) is the dynamical matrix, given by:

Dbb′

αβ(q) = 1√
mbmb

′

∑
l′

Φ0b,l′b′
αβ ei(q.Rl). (2.36)

Re-writing Eq. (2.35) as a determinant equation gives a non-trivial solution:

|Dbb′

αβ(q)− ω2
qsδαβδbb′| = 0. (2.37)

Diagonalising the dynamical matrix thus yields the normal mode frequencies,
ωqs, and normal mode eigenvectors, esb(q) for a given q. These normal modes
of the harmonic crystal are called phonons, and have a momentum q, with
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branch index s. There are 3N such eigenvalues ω2
qs, with the branch index

correspondingly taking values s = 1, 2, ..., 3N . Further, the eigenvectors esb(q)
obey the orthonormality and completeness relations:

∑
b,α

e∗sαb(q)es′αb(q) = δss′ , (2.38)

∑
s

e∗sβb′(q)es′αb(q) = δαβδbb′ . (2.39)

Thus, the dispersion relation (frequency dependence of the momentum) may
be obtained throughout the first Brillouin zone. However, expanding the potential
energy V of the crystal up to second order only describes non-interacting phonons.
The inclusion of higher order, anharmonic, terms captures the effects of phonons
interacting with each other, as will be discussed in the following sections.

2.2.3 Second quantisation

To simplify the description of phonon dynamics, we cast the crystal Hamilto-
nian in terms of the phonon creation (â†qs) and annihilation (âqs) operators, so
called second quantisation. To begin, we state the Hamiltonian in terms of the
coordinate ulb and momentum plb variables:

Ĥ =
∑
lb

plb.plb

2mb

+ 1
2
∑
lb,l′b′

∑
αβ

Φlb,l′b′

αβ ulbαu
l′b′

β

+ 1
3!

∑
lb,l′b′,l′′b′′

∑
αβγ

Φlb,l′b′,l′′b′′

αβγ ulbαu
l′b′

β ul
′′b′′

γ

(2.40)

where the second and third terms are the harmonic and anharmonic terms of the
crystal potential respectively.

Initially, we perform a Fourier analysis and obtain ulb and plb in terms of the
wavevector q and normal coordinate operators Xqb and Pqb respectively:

ulb = 1√
Nl

∑
q

Xqbe
iq·Rl , plb = 1√

Nl

∑
q

Pqbe
iq·Rl . (2.41)

The next transformation introduces the polarisation vector esb(q) and casts these
normal coordinate operators in terms of the phonon branch index, s:

Xqs =
∑
b

√
mbe∗sb (q) ·Xqb, Pqs =

∑
b

1
√
mb

esb(q) ·Pqb. (2.42)

Finally, we introduce the phonon creation and annihilation operators:
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â†qs = 1√
2~ωqs

P †qs + i

√
ωqs

2π Xqs, (2.43)

âqs = 1√
2~ωqs

Pqs − i
√
ωqs

2~ X
†
qs, (2.44)

which act on the phonon eigenstates, nqs = n(ωqs), as follows:

â†qs |nqs〉 =
√
nqs + 1 |nqs + 1〉 , (2.45)

âqs |nqs〉 = √nqs |nqs − 1〉 , (2.46)

respectively raising or lowering the occupation of a phonon mode qs.
We may now write the displacement and momentum as [16, 119]:

ulb =
∑
qs

(
~

2mbωqsNl

) 1
2

esb(q)
(
âqs + â†−qs

)
eiq·Rl , (2.47)

plb = −i
∑
qs

(
~mbωqs

2Nl

) 1
2

esb(q)
(
âqs − â†−qs

)
eiq·Rl . (2.48)

Taking the harmonic part of the Hamiltonian in Eq. (2.40), we utilise the trans-
formations above to express it in terms of creation and annihilation operators:

Ĥharm =
∑
qs

~ωqs

(
â†qsâqs + 1

2

)
, (2.49)

which is a sum over harmonic oscillators, with the total energy given as:

E =
∑
qs

(
nqs + 1

2

)
~ωqs. (2.50)

Furthermore, taking the anharmonic potential and applying the transforma-
tions above, we obtain:

Vanh = 1
3!

∑
qs,q′s′,q′′s′′

δG,q+q′+q′′Ψqs,q′s′,q′′s′′

×
(
â†qs − â−qs

)(
â†q′s′ − â−q′s′

)(
â†q′′s′′ − â−q′′s′′

)
,

(2.51)

where:

Thermoelectric Properties of PbTe 27 Aoife Rose Murphy



2.2 Lattice thermal conductivity

Ψqs,q′s′,q′′s′′ = i

(
~3

8Nl

) 1
2 ∑
bb′b′′

∑
αβγ

Φqb,q′b′,q′b′′
αβγ

esαb(q)
√
mbωqs

es
′
βb(q′)√
mb′ωq′s′

es
′′
γb(q′′)√
mb′′ωq′′s′′

,

(2.52)
which represents a summation over three-phonon collision operators, and governs
which three-phonon processes occur as a result of the anharmonicity of the crystal
potential.

2.2.4 Boltzmann transport equation

The general form of the Boltzmann transport equation is written as:

∂f

∂t
= ∂f

∂t

∣∣∣∣∣
force

+ ∂f

∂t

∣∣∣∣∣
diff

+ ∂f

∂t

∣∣∣∣∣
scatt

, (2.53)

where f is associated with the number of particles in the system. The terms on
the right hand side of the equation represent the change in f due to external
forces acting on the particles, diffusion and scattering, respectively.

The lattice thermal conductivity of a material may be calculated using the
Boltzmann transport equation as applied to phonons, where f is the phonon
distribution function nqs. In the absence of a heat current phonons are in their
equilibrium state, and obey Bose-Einstein statistics with the distribution function
given as:

n̄qs = 1
e~ωqs/kBT − 1 . (2.54)

In the presence of a finite temperature gradient, ∇rT , the equilibrium distri-
bution function is perturbed by an amount proportional to ∇rT . Two terms are
responsible for the rate of change of the distribution function, the diffusion and
scattering terms respectively, which must equal zero in the steady state of heat
flow through the material:

∂nqs

∂t

∣∣∣∣∣
diff

+ ∂nqs

∂t

∣∣∣∣∣
scatt

= 0. (2.55)

The diffusion term may be written as ∂nqs
∂t

∣∣∣
diff

= −vqs.∇rT
∂nqs
∂T

where vqs is the
phonon group velocity, yielding the phonon Boltzmann transport equation in its
general form [51, 55, 56]:

− vqs.∇rT
∂nqs

∂T
+ ∂nqs

∂t

∣∣∣∣∣
scatt

= 0, (2.56)
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where the left term describes a system of non-interacting phonons diffusing and
the right term describes all scattering processes of phonons into and out of state
qs. Such processes may be elastic in nature, such as those due to mass disorder,
or inelastic processes due to the crystal anharmonicity, as will be discussed in
more detail in the following sections.

Solving Eq. (2.56) is a difficult task. To simplify this we utilise the relaxation
time approximation (RTA), as follows. The equilibrium distribution function,
n̄qs, does not change with time. Assuming a small deviation of the phonon
distribution from equilibrium in the presence of a small temperature gradient, we
arrive at:

nqs = n̄qs + n′qs, (2.57)

which is the Taylor expansion about the equilibrium n̄qs up to the linear term
n′qs, the perturbed phonon population. We now define τqs as the time taken
for the perturbed states to relax back to equilibrium. This is referred to as the
single mode relaxation time (SMRT) and is a single effective phonon lifetime that
expresses all scattering processes for a given mode under the assumption that all
other modes are in equilibrium. Thus, we re-write the second term in Eq. (2.56)
as:

∂nqs

∂t

∣∣∣∣∣
scatt

= −nqs − n̄qs

τqs
. (2.58)

Secondly, we assume that in steady state the deviation from equilibrium due
to a finite temperature gradient is small such that nqs ≈ n̄qs in the diffusive
term in Eq. (2.56). This allows us to write the linearised Boltzmann transport
equation in the relaxation time approximation (BTE-RTA):

− vqs.∇rT
∂n̄qs

∂T
= nqs − n̄qs

τqs
, (2.59)

which holds for elastic scattering processes, and is also used to approximate the
treatment of inelastic scattering processes.

Under Fourier’s law, the rate of heat flow per unit area may be written as:

Q = −κ∇rT, (2.60)

where κ is the thermal conductivity. More specifically, the heat flow in direction α
due to a temperature gradient in direction β may be written as a sum over phonon
modes of the energy carried by a phonon, its group velocity, and perturbed phonon
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population:
Qα = − 1

NlΩ
∑
qs

~ωqsvqs,αnqs = −καβ|∇T |β. (2.61)

Taking the phonon Boltzmann equation, Eq. (2.56), and assuming a temperature
gradient along β, we obtain:

− vqs,β.|∇T |β
∂nqs

∂T
= nqs − n̄qs

τqs
. (2.62)

Re-writing this, we arrive at an expression for the perturbed phonon population:

nqs − n̄qs =− vqs,β|∇T |β
∂nqs

∂T
τqs, (2.63)

Substituting this expression into Eq. (2.61), we obtain the lattice thermal con-
ductivity:

καβ = 1
NlΩ

∑
qs

~ωqs
∂n̄qs

∂T
vqs,αvqs,βτqs, (2.64)

which we may re-write as a tensor:

κlatt = 1
NlΩ

∑
qs
cqsv

2
qsτqs, (2.65)

where cqs is the quantum heat capacity for a given mode qs [62, 119]:

cqs = ~ωqs
∂n̄qs

∂T
= kB

(
~ωqs

kBT

)2
e~ωqs/kBT

(e~ωqs/kBT − 1)2 . (2.66)

The phonon group velocities vqs are calculated from first order perturbation
theory [62, 119]:

vqs,α = ∂ωqs

∂qα

= 1
2ωqs

∑
bb′

∑
βγ

e∗sβb(q)
∂Dbb′

βγ(q)
∂q

esγb(q). (2.67)

The total lifetime of a given phonon mode may be expressed as a sum of contri-
butions from elastic and inelastic processes, added together using Matthiessen’s
rule [16]:

1
τ totalqs

= 1
τ elasticqs

+ 1
τ inelasticqs

, (2.68)

where elastic processes are those that arise from such effects as boundary scat-
tering, points defects, and mass disorder due to isotopes or alloying. Inelastic
processes are phonon-phonon interactions that arise from the anharmonicity of
the crystal potential. In the following sections, we will derive expressions for τqs
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due to anharmonic (three-phonon) interactions and mass disorder respectively.
We note that typically only anharmonic processes up to third order are treated,
with higher order terms generally being weaker in comparison [120].

2.2.5 Anharmonic phonon lifetimes

The single mode relaxation time may be more formally expressed from the phonon
collision operator acting on the deviation of a given phonon mode qs from equilib-
rium, assuming that all phonon states q′s′ 6= qs are in equilibrium. We begin by
treating ψqs as a measure of the deviation of mode qs from equilibrium. In order
to linearise net scattering rates, we expand the perturbed phonon population nqs

about equilibrium in terms of this first order perturbation:

nqs = 1
e~ωqs/kBT−ψqs − 1 ≈n̄qs −

kBT

~
∂n̄qs

∂ωqs
ψqs

=n̄qs + n̄qs(n̄qs + 1)ψqs,

(2.69)

analogous to Eq. (2.57).
We now take the phonon collision operator P whose elements P q′s′

qs provide a
measure of the transition probability of a mode qs, which we approximate within
the single mode relaxation time as:

(Pψ)qs ≈ Pqs,qsψqs = Γqsψqs = −∂nqs

∂t

∣∣∣∣∣
scatt

(2.70)

where Γqs is the diagonal part of the phonon collision operator Pqs,qs, and includes
the diagonal part of the anharmonic operator and all operators representing
elastic processes. Thus, from Eqs. (2.69) and (2.70)

Γqsψqs = nqs − n̄qs

τqs
= n̄qs(n̄qs + 1)ψqs

τqs
, (2.71)

giving us the single mode relaxation time:

1
τqs

= Γqs

n̄qs(n̄qs + 1) . (2.72)

In this section, we derive the expression for τqs due to three-phonon pro-
cesses, which arise from the third order anharmonicity of the crystal potential in
Eq. (2.31). To begin, we look at this anharmonic potential in terms of phonon
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collision operators as given in Eq. (2.51):

Vanh = 1
3!

∑
qs,q′s′,q′′s′′

δG,q+q′+q′′Ψqs,q′s′,q′′s′′

×
(
â−qsâ−q′s′ â

†
q′′s′′ − â†qsâ−q′s′ â

†
q′′s′′ − â−qsâ

†
q′s′ â

†
q′′s′′

)
,

(2.73)

where we are left with only three terms that do not violate energy and momentum
conservation laws after the expansion of the phonon creation and annihilation
operators.

Figure 2.2: Allowed three-phonon scattering processes given energy and momen-
tum conservation constraints.

These terms represent two distinct scattering processes, class 1 and class 2
events respectively, see Fig. 2.2. Class 1 events are coalescing processes, which
refer to the annihilation of two phonons and the creation of a third. Class 2
events are decay processes, which refer to the annihilation of one phonon and the
creation of two phonons. Thus, for an initial state |i〉 = |nqs, nq′s′ , nq′′s′′〉, the
final state |f〉 is given by:

Class 1 : |f〉 = |nqs − 1, nq′s′ − 1, nq′′s′′ + 1〉 ,
Class 2 : |f〉 = |nqs − 1, nq′s′ + 1, nq′′s′′ + 1〉 ,

(2.74)

Where each process obeys the following energy and momentum conservation
relations:

Class 1 : ~ωqs + ~ωq′s′ = ~ωq′′s′′ ,

q + q′ = q′′ + G,
(2.75)

Class 2 : ~ωqs = ~ωq′s′ + ~ωq′′s′′ ,

q = q′ + q′′ + G,
(2.76)

where G = 0 for normal processes, and G 6= 0 for (Peierl’s resistive) umklapp
scattering, see Fig. 2.3. Normal processes occur within the first Brillouin zone
and conserve phonon momentum. In the limit of constant group velocity, i.e.
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for long-wavelength acoustic modes, such processes do not contribute to thermal
resistance within a material. Conversely umklapp scattering, as termed by Peierls
[121], does not conserve phonon momentum, losing crystal momentum G to the
lattice. This reverses the phonon direction and heat flow, contributing to thermal
resistance within a material.

Figure 2.3: (a): Normal scattering, and (b): Umklapp scattering for class 1
events.

To calculate τqs we use Fermi’s Golden Rule, which gives the transition
probability from states |i〉 → |f〉. From first order quantum perturbation theory,
this scattering rate is given as [122, 123]:

P f
i (3ph) = 2π

~
| 〈f |Vanh |i〉 |2δ(Ef − Ei), (2.77)

where the delta function ensures conservation of energy is maintained.
For class 1 events, where two phonons coalesce to form one new phonon, the

transition probability is:

P q′′s′′
qs,q′s′ =2π

~2 |Ψ−qs,−q′s′,q′′s′′ |2nqsnq′s′(nq′′s′′ + 1)

× δ(−ωqs − ωq′s′ + ωq′′s′′)δG,q+q′+q′′ ,
(2.78)

where the factor of 1
3! in the expression for Vanh is cancelled by the 3! equivalent

terms when summing over phonon wavevectors q,q′,q′′. Similarly, the transition
probability for class 2 events, decay processes, may be written:

P q′s′,q′′s′′
qs =2π

~2 |Ψ−qs,q′s′,q′′s′′ |2nqs(nq′s′ + 1)(nq′′s′′ + 1)

× δ(−ωqs + ωq′s′ + ωq′′s′′)δG,q+q′+q′′ .
(2.79)

Summing over the probabilities of class 1 and class 2 events and including
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the possibility of backscattering, we arrive at the total change in the phonon
distribution due to three-phonon processes:

− ∂nqs

∂t

∣∣∣∣∣
3ph

=
∑

q′s′,q′′s′′

[(
P q′′s′′

qs,q′s′ − P
qs,q′s′
q′′s′′

)
+ 1

2
(
P q′s′,q′′s′′

qs − P qs
q′s′,q′′s′′

)]
, (2.80)

where the factor of 1
2 is to prevent double-counting of indistinguishable class 2

events where q′s′ and q′′s′′ swap order without affecting the phonon distribution.
In order to linearise the net scattering rates for class 1 and class 2 events, we

take the expansion of the perturbed phonon population nqs about equilibrium in
terms of a first order perturbation ψqs from Eq. (2.69). Thus, we may write the
scattering rate for class 1 events as:

P q′′s′′
qs,q′s′ − P

qs,q′s′
q′′s′′ = P̃ q′′s′′

qs,q′s′(ψqs + ψq′s′ − ψq′′s′′) (2.81)

where:
P̃ q′′s′′

qs,q′s′ =2π
~2 |Ψ−qs,−q′s′,q′′s′′ |2n̄qsn̄q′s′(n̄q′′s′′ + 1)

× δ(−ωqs − ωq′s′ + ωq′′s′′)δG,q+q′+q′′ .
(2.82)

Similarly, the scattering rate for class 2 events may be written as:

P q′s′,q′′s′′
qs − P qs

q′s′,q′′s′′ = P̃ q′s′,q′′s′′
qs (ψqs − ψq′s′ − ψq′′s′′), (2.83)

where:
P̃ q′s′,q′′s′′

qs =2π
~2 |Ψ−qs,q′s′,q′′s′′ |2n̄qs(n̄q′s′ + 1)(n̄q′′s′′ + 1)

× δ(−ωqs + ωq′s′ + ωq′′s′′)δG,q+q′+q′′ .
(2.84)

Thus, we may write the total change in phonon population due to anharmonic,
three-phonon processes as:

−∂nqs

∂t

∣∣∣∣∣
3ph

=
∑

q′s′,q′′s′′

[
P̃ q′′s′′

qs,q′s′(ψqs + ψq′s′ − ψq′′s′′)

+ 1
2 P̃

q′s′,q′′s′′
qs (ψqs − ψq′s′ − ψq′′s′′)

]
.

(2.85)

For the single mode relaxation time approximation we assume that all phonon
modes are in equilibrium, except for the phonon mode whose lifetime is being
calculated. We also assume that the contribution from all scattering events may
be expressed as a single effective lifetime. In effect, we set ψs′q′ = ψs

′′
q′′ = 0 in
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Eq. (2.85) to get:

−∂nqs

∂t

∣∣∣∣∣
3ph

=
∑

q′s′,q′′s′′

[
P̃ q′′s′′

qs,q′s′ψqs + 1
2 P̃

q′s′,q′′s′′
qs ψqs

]
= Γqsψqs. (2.86)

From this and Eq. (2.72) it follows that the effective lifetime for a phonon involved
in anharmonic (three-phonon) processes is:

τ−1
qs = 1

n̄qs(n̄qs + 1)
∑

q′s′,q′′s′′

[
P̃ q′′s′′

qs,q′s′ +
1
2 P̃

q′s′,q′′s′′
qs

]
(2.87)

With Eqs. (2.78) and (2.79) we arrive at:

τ−1
qs =2π

~2

∑
q′s′,q′′s′′

|Ψqs,q′s′,q′′s′′ |2δG,q+q′+q′′

×
[
n̄q′s′(n̄q′′s′′ + 1)

(n̄qs + 1) δ(−ωqs − ωq′s′ + ωq′′s′′)

+ 1
2
n̄q′s′n̄q′′s′′

n̄qs
δ(−ωqs + ωq′s′ + ωq′′s′′)

] (2.88)

The above expression for τ−1
qs may be simplified further with the use of two

identities, derived in the absence of a temperature gradient under the condition
that the net scattering rate of back and forward processes is zero at equilibrium:

n̄q′s′ − n̄q′′s′′ = n̄q′s′(n̄q′′s′′ + 1)
(n̄qs + 1) , (2.89)

1 + n̄q′s′ + n̄q′′s′′ = n̄q′s′n̄q′′s′′

n̄qs
. (2.90)

Thus, we obtain the expression for the single mode relaxation time due to
anharmonic (three-phonon) processes:

τ−1
qs =2π

~2

∑
q′s′,q′′s′′

|Ψqs,q′s′,q′′s′′ |2δG,q+q′+q′′

×
[
(n̄q′s′ − n̄q′′s′′)δ(−ωqs − ωq′s′ + ωq′′s′′)

+ 1
2(1 + n̄q′s′ + n̄q′′s′′)δ(−ωqs + ωq′s′ + ωq′′s′′)

] (2.91)

2.2.6 Phonon lifetimes due to mass disorder

In order to model alloys, we employ the virtual crystal approximation (VCA) first
introduced by Abeles [124]. This takes the disordered crystal and treats it as an
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ordered one with average lattice parameters, atomic mass, and interatomic force
constants as per the composition of the alloy. The pseudopotential of this average
atom may be constructed as follows, for a hypothetical alloy AxB1−x [125]:

V VCA
ps = xV A

local(r) + (1− x)V B
local(r)

+
∑
lm

∣∣∣Y A
lm

〉
xV A

l (r)
〈
Y A
lm

∣∣∣+∑
lm

∣∣∣Y B
lm

〉
(1− x)V B

l (r)
〈
Y B
lm

∣∣∣ . (2.92)

Despite being a crude approximation, the VCA works well for chemically similar
atoms, such as those from the same group of the periodic table.

We treat the effect of mass disorder on phonon lifetimes in an alloy via a
perturbing Hamiltonian to the ordered average crystal [126]:

Ĥ = Ĥ0 + ĤI , (2.93)

where Ĥ0 is the Hamiltonian expanded up to the harmonic term of the average
crystal with average mass at atomic site b defined as:

m̄b = 1
Nl

∑
l

mlb =
∑
i

fibmib, (2.94)

where fib and mib are the fraction and the atomic mass of the ith atomic species
occupying atomic site b in the virtual crystal lattice. ĤI is the perturbing
Hamiltonian:

ĤI = 1
2
∑
lb

(mlb − m̄b)(u̇lb)2. (2.95)

Taking the atomic displacement defined in Eq. (2.47) as a function of m̄b, and
substituting into Eq. (2.95) we obtain the following perturbing Hamiltonian:

ĤI = − ~
4Nl

∑
lb

∑
qs,q′s′

(ωqsωq′s′)
1
2

(
mlb − m̄b

m̄b

)
esb(q) · es′b (q′)

×
(
âqsâ

†
−q′s′ + â†−qsâq′s′

)
ei(q+q′)·Rl ,

(2.96)

where the terms â†qsâ
†
−q′s′ and âqsâ−q′s′ in the expansion of the phonon operators

have been omitted due to violation of conservation of energy. Thus, from second
order perturbation theory, we arrive at an effective phonon lifetime due to mass
disorder for a diatomic crystal [126, 127]:

1
τmdqs

= π

2Nl

ω2
qs
∑
q′s′

δ(ωqs − ωq′s′)
∑
b

gb|e∗s
′

b (q′) · esb(q)|2, (2.97)
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where gb is the measure of mass disorder and is given by:

gb =
∑
i

fib

(
1− mib

m̄b

)2
. (2.98)

This expression may then by combined with τanhqs using Matthiessen’s rule,
allowing the lattice thermal conductivity to be solved as per Eq. (2.65). However,
we note that disorder in the force constants due to alloying is not treated in our
implementation of the BTE-RTA due to the challenging nature of the problem
[62, 128].

2.2.7 Implementation

To calculate the lattice thermal conductivity within the BTE-RTA, we must
compute the harmonic and third order anharmonic interatomic force constants.
In our implementation, IFCs are calculated from Hellmann-Feynman forces using
a real-space finite difference supercell approach [63, 129, 130]. These forces are
calculated from the derivative of the potential energy with respect to atomic
displacement:

Flb
α = − ∂V

∂ulbα
, (2.99)

Allowing us to write the harmonic force constants as:

Φlb,l′b′

αβ ' −
Fl′b′

β [ulb]
ulbα

, (2.100)

and similarly the third order anharmonic force constants:

Φlb,l′b′,l′′b′′

αβγ ' −
Fl′′b′′

γ [ulb; ul′b′ ]
ulbαu

l′b′
β

, (2.101)

where Fl′b′

β [ulb] is defined as the atomic force measured at position τl
′b′ under an

atomic displacement ulb in a supercell. Fl′′b′′

γ [ulb; ul′b′ ] is defined as the atomic
force measured at position τl

′′b′′ under a pair of atomic displacements ulb and
ul′b′ in a supercell. These forces are computed under the assumption of a small
atomic displacement, in our case 0.02 Å.

We use the Phonopy and Phono3py codes [119, 129, 130, 131] to generate
a minimal set of atomic displacements from which a full set of harmonic and
third order anharmonic IFCs may be reconstructed using lattice symmetries.
These supercell configurations are passed to the Abinit code [132], where DFT
calculations are performed at 0 K to obtain the Hellman-Feynman forces. These
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forces, Eq. (2.100) and (2.101), form systems of linear equations which may be
solved using the Moore-Penrose pseudoinverse technique within the Phono3py
code [119, 130]. This yields the harmonic and third order anharmonic IFCs
respectively. These IFCs are then passed to an in-house code which calculates the
phonon frequencies, group velocities, lifetimes and ultimately the lattice thermal
conductivity. This code is also responsible for the calculation of other physical
quantities shown in this work, such as mode Grüneisen parameters, thermal
expansion coefficients, and phonon densities of states.

Further calculation details are as follows. All DFT calculations are performed
using the local density approximation (LDA) and Hartwigsen-Goedecker-Hutter
norm-conserving pseudopotentials [110]. Phonon dispersions are generated with
the Phonopy code [129, 133] from the calculated harmonic IFCs. Born effec-
tive charges and dielectric permittivity tensors are calculated using DFPT, as
implemented in Abinit [132, 134, 135]. We accounted for the long range ion-
ion interaction using an interpolation in the calculation of phonon frequencies at
general q points with the non-analytical term correction [136].

2.3 Charge carrier mobility

2.3.1 Boltzmann transport equation

We have already discussed in depth the calculation of the lattice thermal conduc-
tivity, now our attention shifts to the other thermoelectric properties in the figure
of merit, namely the electrical conductivity, Seebeck coefficient, and electronic
thermal conductivity. To model these, we once again return to the Boltzmann
transport equation in the relaxation time approximation. In doing so, we also
derive an expression for the charge carrier mobility, µ, which contains all the
pertinent charge carrier transport information necessary to solve for σ, S, and
κelec. Thus, it suffices to calculate µ as the initial step to obtaining an ab initio
thermoelectric figure of merit when coupled with calculations of κlatt.

Starting from the Boltzmann transport equation, the change in energy carrier
population, fnk = f(εnk), is given for a state k and band n as [78]:

∂fnk

∂t
= −vnk · ∇rT

∂fnk

∂T
− e

~

(
E + 1

c
vnk ×H

)
· ∂fnk

∂k
+ ∂fnk

∂t

∣∣∣∣∣
scatt

, (2.102)

where vnk = 1/~∇kεnk is the electronic group velocity. The first term on the right
hand side is due to diffusion of energy carriers, the second due to the influence
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of electric E or magnetic H fields, with the third due to scattering. We derive
electronic thermoelectric transport properties following a similar procedure to
that as laid out in the previous section for deriving phonon transport.

In their equilibrium configuration, f 0
nk, electrons will obey Fermi-Dirac statis-

tics:

f 0(εnk) = 1
e(εnk−EF)/kBT + 1 , (2.103)

where EF is the Fermi level. We assume a small perturbation of electronic states
from equilibrium and thus may use the relaxation time approximation to obtain
an expression for the scattering rate of electrons analogous to that of phonons
(Eq. (2.58)):

∂fnk

∂t

∣∣∣∣∣
scatt

= −fnk − f 0
nk

τnk
, (2.104)

where τnk is the relaxation time for electronic states. In semiconductors, electron-
phonon coupling and neutral and ionized impurities are the dominant scatter-
ing mechanisms [77]. We neglect the effect of impurity scattering in mobility
calculations, which is only significant at high carrier concentrations or very
low temperatures. Thus, we calculate τnk from the effects of electron-phonon
interaction, as will be discussed in more detail in chapter 5.

Taking external perturbations to be small, we may assume fnk ≈ f 0
nk in the

first and second terms of Eq. (2.102), and coupled with Eq. (2.104):

− vnk · ∇rT
∂f 0

nk
∂T
− e

~

(
E + 1

c
vnk ×H

)
· ∂f

0
nk

∂k
− fnk − f 0

nk
τnk

= 0, (2.105)

where the overall change in charge carrier population is 0 in the steady state.
This is the linearised Boltzmann transport equation for charge carriers in the
relaxation time approximation, equivalent to that for phonons, see Eq. (2.59).
We now assume the absence of all external fields other than a weak electric field
and small thermal gradient, and re-write the above equation as [89]:

fnk = f 0
nk − e

(
∂f 0

nk
∂εnk

)
τnkvnk · E−

(
∂f 0

nk
∂εnk

)
τnkvnk(εnk − µ)∇rT

T
. (2.106)

Within the linear response, the electrical current density is related to external
fields via the thermoelectric transport coefficients, σ, S, Π, and κelec, as [78, 89,
137]:

je = σE− σS∇rT, (2.107)

Thermoelectric Properties of PbTe 39 Aoife Rose Murphy



2.3 Charge carrier mobility

with the thermal current density defined as [78, 89, 137]:

jq = σΠE−
(
κelec + TσS2

)
∇rT, (2.108)

where Π = TS is the Peltier coefficient. Strictly speaking, the thermoelectric
transport coefficients are tensorial quantities, however for cubic materials they
reduce to scalars. Within this formalism, E is the effective electric field arising
from an electric and chemical potential gradient, E = ∇r(φ− µ/e) [89].

Starting from Eqs. (2.106) and (2.107) and taking the thermal gradient to be
zero in the charge current density, we write the electrical conductivity as [78, 89]:

σ = 1
NkΩe

2∑
nk

v2
nkτnk

(
−∂f

0
nk

∂εnk

)
, (2.109)

where Nk is the number of k-points. The Seebeck coefficient is defined as the
voltage gradient produced by a given temperature gradient when the electrical
current is zero, and thus [78, 89]:

S = 1
NkΩ

ekB
σ

∑
nk

v2
nkτnk

(
εnk − µ
kBT

)(
−∂f

0
nk

∂εnk

)
. (2.110)

The electrical contribution to thermal conductivity is defined as the heat current
produced per unit of temperature gradient when the electrical current is zero,
and is written from Eqs. (2.106) and (2.108) as [78, 89]:

κelec = 1
NkΩk

2
BT

∑
nk

v2
nkτnk

(
εnk − µ
kBT

)2
(
−∂f

0
nk

∂εnk

)
− TσS2. (2.111)

The charge carrier mobility within the BTE-RTA is given as [87]:

µ = σ

ne
= 1
NkΩ

e

n

∑
nk

v2
nkτnk

(
−∂f

0
nk

∂εnk

)
, (2.112)

where n is the carrier concentration:

n =
∑
nk
f 0
nk. (2.113)

From this the Fermi level is determined for a given charge carrier concentration.
In the calculation of the electronic thermoelectric properties and the charge

carrier mobility, the most cumbersome quantity to compute is the lifetime τnk. In
the following section, we briefly discuss the theoretical ground work behind the
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computation of this quantity from electron-phonon interactions within the DFT
Kohn-Sham formalism.

2.3.2 Electron-phonon coupling

Up to this point we have not considered the dynamics of a coupled electron-
phonon system. To obtain their interaction within the DFT formalism, we
expand the Kohn-Sham potential in terms of an atomic displacement ulb from
their equilibrium positions ulb0 , truncating the expansion to first order [138]:

V KS = V KS(ulb0 ) +
∑
lb

∑
α

∂V KS

∂ulbα
ulbα . (2.114)

The first term is the Kohn-Sham potential due to atoms in their equilibrium
positions, and the second term is the perturbed potential, labelled V KS

pert, which
we re-write as:

V KS
pert =

∑
qs

∑
b

∑
α

N
− 1

2
l

(
mc

mb

) 1
2
lqs
(
âqse

s
αb(q) + â†−qse

∗s
αb(q)

)
eiq·r∂αb,qv

KS, (2.115)

where mc is an arbitrary reference mass, lqs = (~/2mcωqs)1/2 is the “zero-point”
displacement amplitude, and ∂αb,qv

KS is a lattice periodic function defined as
[138]:

∂αb,qv
KS =

∑
l

e−iq·(r−Rl)∂V
KS

∂ulbα

∣∣∣∣∣
r−Rl

. (2.116)

In the second quantisation formalism, the single particle electronic Hamilto-
nian can be written with the unperturbed Kohn-Sham Hamiltonian [138]:

Ĥe =
∑

nk,mk′
〈ψmk′| ĤKS |ψnk〉 ĉ†mk′ ĉnk =

∑
nk
εnkĉ

†
nkĉnk. (2.117)

where ĉ†nk and ĉnk are the electron creation and annihilation operators respec-
tively. This is analogous to the second quantisation of the Hamiltonian for
phonons within the harmonic approximation, see Eq. (2.49). Similarly, the
Hamiltonian due to electron-phonon interaction reads [138]:

Ĥep =
∑

nk,mk′
〈ψmk′ |V KS

pert |ψnk〉 ĉ†mk′ ĉnk

=N−
1
2

l

∑
nk,mk′

∑
qs
lqsHmn(k; qs)

(
ĉ†mk′ ĉnkâqs + ĉ†mk′ ĉnkâ

†
−qs

)
δk+q−k′,G

(2.118)

where the delta function δk+q−k′,G arises from summation over the factor
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ei(k+q−k′)·r [77, 139], and ensures conservation of crystal momentum. Hmn(k; qs)
is the electron-phonon matrix element for an electron scattering event from a
state k and band n to a state k′ and band m via a phonon qs:

Hmn(k; qs) =
∑
b

∑
α

(
mc

mb

) 1
2
esαb(q) 〈umk+q| ∂αb,qvKS |unk〉uc , (2.119)

where the subscript “uc” indicates that the integral is carried out within one
unit cell. unk is normalized to unity in the unit cell and is the lattice periodic
part of ψnk expressed in Bloch form as N−1/2

l unke
ik·r. We calculate the matrix

element 〈umk+q| ∂αb,qvKS |unk〉uc directly from the density functional perturbation
theory method [99, 138] as implemented in Abinit [132, 134, 135], discussed in
the next section. We choose the mass mc to be equal to the mass of the unit
cell for consistency with deformation potential definitions [140]. We note that
our definition of the electron-phonon matrix element is not the typical one given
within the literature, where it is usually defined as gmn(k; qs) = lqsHmn(k; qs)
[87, 89].

Figure 2.4: Allowed electron-phonon scattering processes to first order in the
atomic displacement.

From the electron-phonon interaction Hamiltonian we see that there are two
allowed scattering processes to first order in the atomic displacement. These
represent electron scattering via phonon absorption and electron scattering via
phonon emission respectively, see Fig. 2.4. For an initial state |i〉 = |nk〉 ⊗ |nqs〉,
the final state |f〉 is given by:

Phonon absorption : |f〉 = |mk′〉 ⊗ |nqs − 1〉 ,
Phonon emission : |f〉 = |mk′〉 ⊗ |n−qs + 1〉 ,

(2.120)

where each process obeys the following energy and momentum conservation
relations:

Phonon absorption : εnk + ~ωqs = εmk′ ,

k + q = k′ + G,
(2.121)
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Phonon emission : εnk = εmk′ + ~ω−qs,

k = k′ − q + G,
(2.122)

where G = 0 for normal processes, and G 6= 0 for umklapp scattering.
Under the assumption that phonons are in thermal equilibrium, we use Fermi’s

golden rule to obtain the scattering probability from state |nk〉⊗ |n̄qs〉 to a state
|mk′〉 ⊗ |n̄∓qs ± 1〉 [89]:

Pmk′
nk = 2π

~
1
Nl

∑
qs
l2qs|Hmn(k; qs)|2

[
n̄qsδ (εnk − εmk′ + ~ωqs) δk+q−k′,G

+ (n̄qs + 1)δ (εnk − εmk′ − ~ωqs) δk−q−k′,G

]
.

(2.123)

where the first term describes phonon absorption, and the second phonon emis-
sion. With the above expression we may now write the scattering integral of
Eq. (2.104) in a manner analogous to that of phonons (Eq. (2.80)) in terms of
the transition probability Pmk′

nk , assuming instantaneous, single collisions which
are independent of the driving force [89, 139]:

−∂fnk

∂t

∣∣∣∣∣
scatt

=
∑
mk′

[
fnk(1− fmk′)Pmk′

nk − fmk′(1− fnk)P nk
mk′

]
. (2.124)

The second term is due to back-scattering, and the (1−fmk′) and (1−fnk) terms
are blocking factors which prevent scattering to an already occupied electronic
state. For equilibrium electronic distributions we arrive at the “detailed balance
equation” [139, 141]:

[
f 0
nk(1− f 0

mk′)Pmk′
nk − f 0

mk′(1− f 0
nk)P nk

mk′
]

= 0, (2.125)

which ensures −∂fnk
∂t
|scatt = 0 at equilibrium.

Taking Eqs. (2.123-2.125) and inserting into the linearised Boltzmann trans-
port equation, we arrive at the momentum relaxation time within the RTA [139]:

1
τnk

= 2π
~

1
Nl

∑
mk′

∑
qs

(1− f 0
mk′)

(1− f 0
nk) (1− cos(θkk′))l2qs|Hmn(k; qs)|2

×
[
n̄qsδ (εnk − εmk′ + ~ωqs) δk+q−k′,G

+ (n̄qs + 1)δ (εnk − εmk′ − ~ωqs) δk−q−k′,G

]
,

(2.126)

where θkk′ is the scattering angle, given as [139]:

cos(θkk′) = vmk′ · vnk

|vmk′||vnk|
. (2.127)

Thermoelectric Properties of PbTe 43 Aoife Rose Murphy



2.3 Charge carrier mobility

The above expression for the momentum relaxation time is used for intravalley
acoustic phonon scattering, as discussed by Herring [142], which is treated as a
quasi-elastic process [143]. We can approximate the above expression and obtain
the more familiar form for the lifetime of an electronic quasiparticle [87, 89, 139,
143]:

1
τ lnk

= 2π
~

1
Nl

∑
mk′

∑
qs
l2qs|Hmn(k; qs)|2

[
(n̄qs + f 0

mk′)δ (εnk − εmk′ + ~ωqs) δk+q−k′,G

+ (n̄qs + 1− f 0
mk′)δ (εnk − εmk′ − ~ωqs) δk−q−k′,G

]
,

(2.128)
which corresponds approximately to setting (1 − cos(θkk′)) → 1 in Eq. (2.126)
for low doping concentrations. The above expression is valid for processes with
a weak dependence on k and k′, and thus applies to intervalley and intravalley
optical scattering as argued by Herring [142]. Performing the summation over k′,
we arrive at:

1
τ lnk

= 2π
~

1
Nl

∑
mqs

l2qs|Hmn(k; qs)|2
[
(n̄qs + f 0

mk+q)δ (εnk − εmk+q + ~ωqs)

+ (n̄qs + 1− f 0
mk−q)δ (εnk − εmk−q − ~ωqs)

]
.

(2.129)

Thus, we may calculate ab initio electron-phonon scattering rates on a grid within
the Brillouin zone using the electron-phonon matrix elements. However, such an
approach typically requires very dense sampling of the Brillouin zone [85], and
only very recently has such an approach been extended to polar semiconductors
[88]. Thus, we follow the approach of Murphy-Armando and Fahy [83] using
our knowledge of the electronic band structure to calculate ab initio electron-
phonon momentum relaxation times and scattering rates considering only the
most relevant parts of the Brillouin zone. The details of this approach will be
given in chapter 5.

2.3.3 Density functional perturbation theory

We employ density functional perturbation theory [99, 144, 145] as implemented
in the Abinit code [132, 134, 135] as the main workhorse to calculate electron-
phonon scattering rates, further details of which will be given in chapter 5. DFPT
combines density functional theory with perturbation theory, extending the Kohn-
Sham formalism to allow for ab initio calculation of the derivatives of the total
energy with respect to changes in physical parameters. Below, we reproduce the
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basic formalism of DFPT, as outlined in Ref. [99], and state how the electron-
phonon matrix element Hmn(k; qs) is calculated within this framework.

Within this work, we are most interested in calculating the derivative of energy
with respect to atomic perturbations. However, to generalise the argument, the
external potential acting on the electrons is treated as a differentiable function
of a set of parameters λ = λi, where λi = RK in the case of lattice dynamics.
From the Hellmann-Feynman theorem [117], we may write the first and second
derivatives of the ground-state energy as [99]:

∂E

∂λi
=
∫
nλ(r)∂Vλ(r)

∂λi
dr, (2.130)

∂2E

∂λi∂λj
=
∫
nλ(r)∂

2Vλ(r)
∂λi∂λj

dr +
∫ ∂nλ(r)

∂λi

∂Vλ(r)
∂λj

dr. (2.131)

Solving this requires the computation of the ground state electron density nλ(r)
from DFT along with its linear response to a nuclear distortion ∂nλ(r)/∂λi. To
calculate the latter, we start by linearising the Kohn Sham orbitals of Eq. (2.17),
and assuming double occupied orbitals in this case:

δλn(r) = 4Re
Ne/2∑
n=1

ψ∗n(r)δλψn(r) = 4
Ne/2∑
n=1

∑
m 6=n

ψ∗n(r)ψm(r)〈ψm| δ
λV KS |ψn〉

εn − εm
,

(2.132)
where the finite-difference operator is defined as:

δλF =
∑
i

∂Fλ
∂λi

δλi. (2.133)

The variation of the Kohn-Sham orbitals, δλψn, is obtained with standard
first-order perturbation theory [99]:

(ĤKS − εn)
∣∣∣δλψn〉 = −(δλV KS − δλεn) |ψn〉 , (2.134)

where δλεn = 〈ψn| δλVKS |ψn〉 is the first-order variation of the Kohn-Sham
eigenvalue, and:

δλV KS(r) = δλVext(r) + e2
∫ δλn(r′)
|r− r′|

dr′ + dVxc[n]
dn

∣∣∣∣∣
n=n(r)

δλn(r), (2.135)

is the first-order correction to the self-consistent potential. Eqs. (2.132-2.135)
form a set of self-consistent equations for the perturbed system completely anal-
ogous to the Kohn-Sham equations, Eqs. (2.15-2.17), for solving for the ground-
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state of a system. We note that the self-consistency requirement follows from
the dependence of the right hand side of Eq. (2.134) on the solution of the linear
system [99].

Re-writing Eq. (2.134) in terms of lattice-periodic functions, we arrive at [138]:

(ĤKS
k+q − εnk)

∣∣∣δλunk,q
〉

= −∂αb,qvKS |unk〉+ 〈unk| ∂αb,0vKS |unk〉uc unk, (2.136)

where ĤKS
k+q = e−i(k+q)·rĤKSei(k+q)·r. Thus we obtain directly the electron-

phonon matrix elements Hmn(k; qs) as defined in Eq. (2.119).
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Chapter 3

Lattice thermal conductivity of
PbTe-based materials driven near
the ferroelectric phase transition

3.1 Introduction

3.1.1 Motivation

In this chapter, we show from ab initio calculations a new approach to reduce
the lattice thermal conductivity by exploiting the proximity of certain excellent
thermoelectric materials to a soft mode phase transition. PbTe is energeti-
cally close to the ferroelectric phase transition to the rhombohedral structure,
which corresponds to the frozen-in atomic motion of the transverse optical (TO)
mode along [111] direction [146]. Consequently, TO phonons have relatively
low frequencies at the zone centre (≈ 1 THz), and interact strongly with heat
carrying acoustic modes [26, 27, 28]. These effects lead to unusually small
lifetimes of TO and acoustic modes, and result in PbTe’s intrinsically low lattice
thermal conductivity [28]. Although the sensitivity to the volume changes of
the calculated transverse optical modes and the κlatt of PbTe has been reported
[26, 66, 147, 148], the thermal transport properties of PbTe materials near the
ferroelectric phase transition, and specific proposals how to achieve them, have
never been investigated.

Here we show from first principles that a significant lattice thermal conduc-
tivity reduction and efficient scattering throughout the phonon spectrum can be
achieved by driving PbTe and its alloys to the verge of the ferroelectric phase
transition. These effects can be induced by applying biaxial tensile (001) strain
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to PbTe or its alloys with another rocksalt IV-VI material, such as PbSe. We
also present an alternative route to drive PbTe materials near the ferroelectric
transition without using strain: alloying of PbTe with a rhombohedral IV-VI
material, such as GeTe. Enhanced phonon scattering across the spectrum in all
these materials arises due to the TO softening associated with the increased prox-
imity to the phase transition, which causes much stronger anharmonic acoustic-
TO interaction than in PbTe and PbSe1−xTex alloys. In addition to this key
effect, alloy disorder further scatters high-frequency phonons in Pb1−xGexTe and
strained PbSe1−xTex alloys near the phase transition, similarly as in PbSe1−xTex
alloys [149].

Overall, we find that the lattice thermal conductivities of PbTe, PbSe1−xTex,
and Pb1−xGexTe alloys tuned to the verge of the phase transition as described will
be significantly decreased compared to PbTe (by a factor of 2− 3). These results
show that exploiting the proximity of PbTe to the ferroelectric phase transition is
a powerful strategy to achieve lattice thermal conductivity reductions comparable
to those achieved in all-scale structured materials with record ZT values [34, 39].

3.1.2 Calculation details

Harmonic and third order anharmonic IFCs at 0 K were calculated from
Hellmann-Feynman forces computed on 216 atom supercells, using an energy
cut-off of 15 Ha and 4 shifted 2 × 2 × 2 reciprocal space grids for electronic
states. To account for the long-range interatomic interaction in PbTe based ma-
terials [150], we imposed a cut-off on the interaction at 8 nearest neighbour shells
(NNs) for anharmonic IFCs of PbTe, PbSe0.5Te0.5 and Pb0.51Ge0.49Te. We tested
decreasing the range of anharmonic IFCs to 5 NNs, and found that this affected
the lattice thermal conductivity by less than 5%. Subsequently, to decrease the
computational load, we cut-off the interaction at 5 NNs for Pb1−xGexTe alloys
with 0 < x < 0.49 and 10 NNs for strained PbTe and PbSe0.5Te0.5, which is
equivalent to the 5 NNs cut-off in their equilibrium counterparts. The trunca-
tion of anharmonic IFCs breaks translational invariance of the crystal, which is
enforced by identifying independent IFCs, and correcting them using a Lagrange
multipliers technique [67, 151] which maintains all symmetry properties of the
crystal. We performed lattice thermal conductivity calculations on 40×40×40 q
point grids. Disorder in the force constants due to alloying is not treated in our
implementation of the BTE-RTA due to the challenging nature of the problem
[62, 128]. Therefore, the ratios of κlatt between PbTe and PbTe-based materials
near the phase transition obtained here should be interpreted as the lower limit
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to their actual values [152].

3.1.3 Verification of approach
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Figure 3.1: Phonon dispersions of PbTe: calculated using a 216 atom supercell
at 0 K (solid black line), calculated using a 64 atom supercell at 0 K (dashed red
line), and measured by Cochran et al. [153] at 300 K (blue circles).
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Figure 3.2: Lattice thermal conductivity of PbTe as a function of temperature:
calculated using a supercell with 216 atoms (solid black line), calculated using
a supercell with 64 atoms (dashed red line), and measured by Devyatkova et
al. [154] (blue circles) and by El-Sharkawy et al. [155] (green rectangles).

To verify the validity of our approach, we calculated the phonon band
structure and the lattice thermal conductivity of PbTe, and compared them
with experiments. Harmonic and anharmonic IFCs of PbTe were calculated on
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supercells with 64 and 216 atoms, and we found that it is necessary to use 216
atom supercells to obtain better convergence of the quantities of interest. Our
computed phonon dispersion of PbTe is in good agreement with inelastic neutron
scattering (INS) measurements of Cochran et al. [153], as illustrated in Fig. 3.1. In
contrast, PbTe INS measurements of Delaire et al. [27] exhibit features that were
ascribed to phonon-phonon interaction terms beyond the third order considered
here. This indicates that our approach is more accurate for lower temperatures
(100-300 K), where higher order anharmonic terms are less prominent.

Our calculated κlatt of PbTe is ∼ 30% larger than the experimental values ob-
tained on undoped (∼ 1017 cm−3) single- and poly-crystalline PbTe samples using
the absolute steady-state technique in the temperature range 100-300 K [154], see
Fig. 3.2. Since the κlatt of PbTe is very sensitive to the lattice constant changes
within the accuracy of the DFT-LDA pseudopotential approach (∼ 1%), we deem
this agreement very good. On the other hand, our calculated κlatt of PbTe is
in better agreement with the κlatt measured on undoped poly-crystalline PbTe
samples using the plane temperature waves technique for temperatures 300-600
K [155], see Fig. 3.2. This improved agreement may be somewhat fortuitous,
since the departure of the measured κlatt values from the ∼ T−1 dependence for
temperatures larger than 300 K may be due to stronger higher order anharmonic
terms, as argued in Ref. [66].

3.2 PbTe materials driven near the phase tran-
sition

3.2.1 Strained PbTe

To determine the amount of biaxial (001) strain which will push PbTe to the verge
of the phase transition, we calculated the TO phonon frequencies at the zone cen-
tre as a function of (001) strain. Strain was simulated by constraining the lattice
constant a‖ in the [100] and [010] direction, and relaxing the lattice constant a⊥
in the [001] direction. The amount of strain is defined as η = (a‖− a0)/a0, where
a0 is the equilibrium lattice constant of PbTe obtained from structural relaxation
in DFT. Since (001) strain reduces the symmetry of the rocksalt structure to
tetragonal, the degeneracy of the two TO modes is lifted. Strictly speaking,
these modes do not have pure TO character, but for simplicity, we will use this
term.

We found that η = 1.15%will soften one of the TOmodes from the equilibrium
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Figure 3.3: Phonon dispersions at 0 K for PbTe (solid black lines) and PbTe
driven to the verge of the phase transition by tensile (001) strain of η = 1.15%
(dashed red lines). Frequencies of the soft transverse optical modes at the zone
centre, TO(Γ), are represented with circles for PbTe, and rectangles/diamonds
for PbTe driven to the transition.

value of ∼ 1 THz down to ∼ 0.1 THz, and consequently bring PbTe close to the
phase transition. This is illustrated in Fig. 3.3 that compares the phonon band
structures of PbTe (solid black lines) and strained PbTe at the verge of the phase
transition (dashed red lines) along high symmetry lines for the cubic symmetry.
The other TO mode will also become softer due to applied strain, but to a lesser
extent. The frequencies of the optical modes in strained PbTe close to the zone
centre show directional dependence, which is a consequence of the non-analytic
nature of the ion-ion interaction [156].

3.2.2 Strained PbSe0.5Te0.5 alloy

PbSe1−xTex alloys can be tuned near the phase transition in a similar manner
as PbTe, by changing the amount of applied tensile (001) strain. Since these
alloys are formed by mixing of two rocksalt materials, their TO(Γ) frequencies
are bounded by those of PbTe and PbSe (∼ 1 THz and ∼ 1.2 THz, respectively).
Subsequently, they cannot be driven to the phase transition by changing the alloy
composition, and they need to be strained to achieve this effect. Here we focused
on the x = 0.5 composition since it has the lowest lattice thermal conductivity of
the composition range [149], but we note that the same strategy may be applied
to any other composition. Our calculations show that an extremely soft TO
mode can be induced in PbSe0.5Te0.5 using tensile (001) strain of η = 1.32%, see
Fig. 3.4.
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Figure 3.4: Phonon dispersions at 0 K for PbSe0.5Te0.5 (solid black lines) and
PbSe0.5Te0.5 driven to the verge of the phase transition by tensile (001) strain
of η = 1.32% (dashed red lines). TO(Γ) frequencies are shown in circles for
PbSe0.5Te0.5, and rectangles/diamonds for PbSe0.5Te0.5 driven to the transition.
Phonon dispersions for alloys were calculated using the virtual crystal approxi-
mation.

3.2.3 Pb1−xGexTe alloys
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Figure 3.5: Phonon dispersions at 0 K for PbTe (solid black lines), PbSe0.5Te0.5
(dash-dotted blue lines), and Pb0.51Ge0.49Te alloy at the verge of the phase
transition (dashed red lines). TO(Γ) frequencies are represented with circles
for PbTe, diamonds for PbSe0.5Te0.5, and rectangles for Pb0.51Ge0.49Te. Phonon
dispersions for alloys were calculated using the virtual crystal approximation.

The proximity to the ferroelectric phase transition of PbTe materials can be
dramatically increased not only by applying strain to PbTe and its alloys with
other rocksalt IV-VI materials, but also by alloying PbTe with other rhombo-
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hedral IV-VI materials, e.g. GeTe. Pb1−xGexTe alloys are markedly different
from PbSe1−xTex alloys because they undergo the ferroelectric phase transition
from the rhombohedral to the rocksalt structure with temperature [157]. Conse-
quently, their proximity to the phase transition and softening of TO modes can be
dramatically increased by varying the alloy composition and temperature, unlike
in the case of PbSe1−xTex. The temperature at which the transition between the
two phases occurs in Pb1−xGexTe alloys decreases as the Ge content decreases,
from ∼ 670 K at x = 1 down to 0 K at x ≈ 0.01 [157].

The temperature that brings Pb1−xGexTe alloy near the phase transition for
any composition x > 0.01 could be determined by computing the temperature
dependence of the TO frequencies at the zone centre. Conversely, one could
determine the amount of Ge that drives Pb1−xGexTe close to the transition for
any temperature T < 670 K by calculating the same frequencies as a function of
the alloy composition. Our approach, however, does not capture the temperature
effects on phonon frequencies due to the zero temperature representation of struc-
tural properties and IFCs. Nevertheless, it should describe well the qualitative
changes to the lattice thermal conductivity of Pb1−xGexTe alloys at the brink
of the phase transition with respect to that of PbTe as argued in the following.
Our calculations show that varying the alloy composition within our model does
induce the ferroelectric phase transition. We find that the degenerate TO modes
of Pb1−xGexTe alloys become much softer than those of equilibrium PbTe and
PbSe1−xTex (see Figs. 3.3 and 3.4, respectively) for the composition of x = 0.49.
This effect is illustrated in Fig. 3.5: the TO(Γ) frequency of Pb0.51Ge0.49Te is
∼ 0.1 THz, which is one order of magnitude lower than those of equilibrium
PbTe and PbSe1−xTex alloys. Since the transition temperature of Pb0.51Ge0.49Te
is ∼ 450 K [157], such a phonon band structure and the associated transition
should describe reasonably well the lattice thermal conductivity of Pb0.51Ge0.49Te
near this temperature. The phase transition in our model of Pb1−xGexTe alloys
occurs for the composition of x = 0.492, which is characterised by imaginary
frequencies of TO modes.

3.3 Impact on phonon lifetimes

3.3.1 Strained PbTe

The strain-engineered phonon band structure of PbTe that maximizes the TO(Γ)
softening decreases the phonon lifetimes, τ , roughly by a factor of∼ 2 with respect
to PbTe throughout the frequency spectrum. This is shown in Fig. 3.6 and its
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Figure 3.6: Anharmonic phonon lifetimes at 300 K and their averaged values
(inset) as a function of frequency for PbTe (black pluses and solid line) and PbTe
driven to the verge of the phase transition by tensile (001) strain of η = 1.15%
(red crosses and dashed line).

inset, which represent the anharmonic (three-phonon) lifetimes, τanh, at 300 K
and their averaged values over frequency, respectively. The averaged phonon
lifetimes have been defined as:

〈τ〉 =
∑
qs
τqsδ(ω − ωqs)/

∑
qs
δ(ω − ωqs). (3.1)

Remarkably, the lifetimes of strained PbTe are smaller than those of PbTe even for
low frequency phonons that are difficult to scatter with commonly used strategies
to reduce κlatt, such as nanostructuring. Recently, it has been argued that
low frequency phonons were efficiently scattered in multiple-scales structures by
mesoscale grain boundaries [34, 38, 39, 40]. Our strategy achieves the same effect
without any need for complex hierarchical design.

3.3.2 Strained PbSe0.5Te0.5 alloy

The anharmonic lifetimes of PbSe0.5Te0.5 alloy driven near the phase transition
via strain are also significantly reduced with respect to those of PbSe0.5Te0.5,
see Fig. 3.7. Strained PbSe0.5Te0.5 alloys also provide an additional advantage
for enhanced phonon scattering compared to strained PbTe. Mass disorder scat-
ters high-frequency phonons more efficiently than the three-phonon interactions,
similarly as in PbSe0.5Te0.5 [149], further reducing the effective lifetimes at high
frequencies, see Fig. 3.8.
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Figure 3.7: Anharmonic phonon lifetimes at 300 K and their averaged values
(inset) as a function of frequency for PbSe0.5Te0.5 (black pluses and solid line)
and PbSe0.5Te0.5 driven to the verge of the phase transition by tensile (001) strain
of η = 1.32% (red crosses and dashed line).

Figure 3.8: Frequency dependence of the mass disorder and phonon-phonon
contributions to the phonon lifetimes (black pluses and red crosses, respectively)
of PbSe0.5Te0.5 driven to the verge of the phase transition by tensile (001) strain
of η = 1.32%.

3.3.3 Pb0.51Ge0.49Te alloy

The anharmonic lifetimes of Pb0.51Ge0.49Te alloy near the phase transition are also
considerably lower than those of PbTe and PbSe0.5Te0.5. The TO(Γ) frequencies
of PbTe and PbSe0.5Te0.5 are comparable (see Fig. 3.5), which leads to their
similar three-phonon contributions to τ . This effect is illustrated in Fig. 3.9 that
compares the anharmonic lifetimes of PbTe (black pluses) and PbSe0.5Te0.5 (blue
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Figure 3.9: Anharmonic phonon lifetimes at 300 K and their averaged values (in-
set) as a function of frequency for PbTe (black pluses and solid line), PbSe0.5Te0.5
(blue crosses and dash-dotted line), and Pb0.51Ge0.49Te alloy at the verge of the
phase transition (red circles and dashed line).

Figure 3.10: Frequency dependence of the mass disorder and three-phonon
contributions to the phonon lifetimes at 300 K (black pluses and red crosses,
respectively) of Pb0.51Ge0.49Te alloy at the verge of the phase transition.

crosses). In sharp contrast, Pb0.51Ge0.49Te alloy is energetically much closer to
the phase transition, which results in its much lower TO frequencies near the zone
centre (Fig. 3.5) and reduced τanh across the spectrum and particularly at low
frequencies (red circles in Fig. 3.9). This finding further suggests that extremely
soft TO modes near Γ have a highly beneficial role in effective scattering of a
wide range of phonon frequencies. As in strained PbSe0.5Te0.5, mass disorder in
Pb0.51Ge0.49Te alloy is more efficient in scattering high-frequency phonons than

Thermoelectric Properties of PbTe 56 Aoife Rose Murphy



3.3 Impact on phonon lifetimes

the phonon-phonon interaction, which results in an additional phonon lifetime
decrease at high frequencies, see Fig. 3.10.

3.3.4 Impact of soft TO mode

The large decrease in the phonon lifetimes of PbTe driven near the ferroelectric
phase transition via strain or alloying is a direct consequence of the softening of
the TO modes and their increased anharmonic coupling with acoustic modes. To
demonstrate this effect, we calculated explicitly the acoustic-TO contribution to
the total anharmonic linewidth (inverse of the lifetime) in PbTe, strained PbTe
and Pb0.51Ge0.49Te at 300 K, shown in Fig. 3.11. We computed the acoustic-TO
contribution to the total linewidth for all frequencies by accounting for the triplets
of interacting states that contain at least one acoustic and one TO mode. For
each wavevector, we labelled the two lowest phonon modes as transverse acoustic
(TA) modes, and the highest mode as longitudinal optical (LO) mode. Since
the ordering of TO and longitudinal acoustic (LA) modes changes throughout
the Brillouin zone in all the materials considered (see Fig. 3.3, Fig. 3.4, and
Fig. 3.5), we distinguished between them using the following procedure. We
determined which one of those three states is mostly longitudinal by projecting
their eigenvectors onto the corresponding wave vector, and classified it as LA
mode, while the other two states were labelled as TO modes.

We found that the acoustic-TO contribution to the anharmonic linewidth
dominates over the other contributions across the spectrum in equilibrium and
strained PbTe, and in PbTe alloyed with GeTe. It accounts for ∼ 70% of the
anharmonic linewidth of acoustic and LO modes (except for the ∼ 2 − 3 THz
range), and for nearly 100% of the anharmonic linewidth of TO modes (see
Fig. 3.11). Furthermore, by driving PbTe near the phase transition via strain
or alloying, the acoustic-TO contribution to the anharmonic linewidth typically
increases by a factor of 2 − 3 throughout the spectrum, and up by a factor of
10 − 100 for some frequencies. This is illustrated in Fig. 3.12 by comparing
these contributions for strained PbTe and Pb0.51Ge0.49Te to that of PbTe. We
conclude that extremely soft TO modes generated by driving PbTe near the phase
transition considerably increase the anharmonic acoustic-TO interaction, which
in turn substantially reduces the phonon lifetimes.

Both the increased phase space and coupling strength are responsible for the
increase of the acoustic-TO contribution to the linewidth by driving PbTe to the
verge of the phase transition. The phase space for the three-phonon scattering
is related to the energy and momentum conservation of these processes [158].
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Figure 3.11: The total anharmonic linewidth at 300 K as a function of frequency
(black crosses) together with its contribution from the scattering processes that
involve both acoustic and transverse optical (TO) modes (red crosses) and the
contribution from all other scattering processes (green crosses) for (a) acoustic
modes in PbTe, (b) optical modes in PbTe, (c) acoustic modes in strained PbTe,
(d) optical modes in strained PbTe, (e) acoustic modes in Pb0.51Ge0.49Te, and (f)
optical modes in Pb0.51Ge0.49Te. The acoustic-TO contribution to the anharmonic
linewidth dominates over the other contributions in all these materials.

The coupling strength can be quantified using the expression for the three-
phonon linewidth without the energy conservation terms [63]. Our analysis
of the phase space and the coupling strength associated with the acoustic-TO
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Figure 3.12: The ratio of the acoustic-transverse optical (TO) contribution to
the total anharmonic linewidth of strained PbTe and Pb0.51Ge0.49Te with respect
to PbTe at 300 K versus mode frequency of strained PbTe and Pb0.51Ge0.49Te,
respectively. (a) Acoustic modes in strained PbTe, (b) optical modes in
strained PbTe, (c) acoustic modes in Pb0.51Ge0.49Te, and (d) optical modes in
Pb0.51Ge0.49Te. The acoustic-TO contribution to the anharmonic linewidth of
the materials driven near phase transitions is larger than that of PbTe.

interaction similar to that for the linewidths shows that they both increase by
straining and/or alloying PbTe, and thus lead to the increase of the acoustic-TO
contribution to the linewidth.

We also found that a relatively small number of soft TO modes near the zone
centre that interact strongly with acoustic modes play a disproportionally large
role in determining the linewidth of PbTe driven near the phase transition. To
illustrate this effect, we calculated the contribution to the anharmonic linewidth
due to the coupling of acoustic modes with the TO modes within the sphere
centred at Γ with the radius of 1/3 of the Γ-X distance (∼ 1/27 volume of the
Brillouin zone), here labelled as TO1 modes. Our results for PbTe, strained
PbTe and Pb0.51Ge0.49Te at 300 K are illustrated in Fig. 3.13. Even though TO1

modes contribute to only ∼ 1.3% of the total number of modes, the acoustic-TO1
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Figure 3.13: The total anharmonic linewidth at 300 K as a function of frequency
(black crosses) together with its contribution from the scattering processes that
involve both acoustic and transverse optical modes close to the zone centre (la-
belled as TO1 modes, see text for explanation) (red crosses) and the contribution
from all other scattering processes (green crosses) for (a) acoustic modes in PbTe,
(b) optical modes in PbTe, (c) acoustic modes in strained PbTe, (d) optical modes
in strained PbTe, (e) acoustic modes in Pb0.51Ge0.49Te, and (f) optical modes in
Pb0.51Ge0.49Te. The frequencies of TO1 modes correspond to red crosses within
black boxes. The acoustic-TO1 contribution represents a considerable fraction of
the anharmonic linewidth in all these materials.

Thermoelectric Properties of PbTe 60 Aoife Rose Murphy



3.3 Impact on phonon lifetimes

Figure 3.14: The ratio of the acoustic-transverse optical modes close to the zone
centre (labelled as TO1 modes, see text for explanation) contribution to the total
anharmonic linewidth of strained PbTe and Pb0.51Ge0.49Te with respect to PbTe
at 300 K versus mode frequency of strained PbTe and Pb0.51Ge0.49Te, respectively.
(a) Acoustic modes in strained PbTe, (b) optical modes in strained PbTe, (c)
acoustic modes in Pb0.51Ge0.49Te, and (d) optical modes in Pb0.51Ge0.49Te. The
acoustic-TO1 contribution to the anharmonic linewidth of the materials driven
near phase transitions is larger than that of PbTe.

contribution accounts for ∼ 20 − 30% of the anharmonic linewidth throughout
the spectrum, and for ∼ 100% of the anharmonic linewidth of TO1 modes.
Additionally, by driving PbTe close to the phase transition via strain or alloying
with GeTe, the acoustic-TO1 contribution to the anharmonic linewidth typically
increases by a factor of 2− 3 across the spectrum, and up by a factor of 102− 107

for some frequencies, as shown in Fig. 3.14. These findings reveal an important
contribution of extremely soft TO modes close to Γ in increasing the anharmonic
acoustic-TO interaction and reducing the phonon lifetimes in PbTe materials near
the phase transition.
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3.4 Impact on thermal conductivity

3.4.1 Strained PbTe
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Figure 3.15: Lattice thermal conductivity versus temperature for PbTe (solid
black line), PbTe driven near the phase transition by tensile (001) strain of η =
1.15% (dotted red line), PbSe0.5Te0.5 (dashed green line), PbSe0.5Te0.5 driven
near the transition by tensile (001) strain of η = 1.32% (dash-dotted blue line),
and Pb0.51Ge0.49Te alloy near the transition (dash-double dotted purple line).
Conductivity for strained materials is shown for the out-of-plane direction.
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Figure 3.16: Out-of-plane lattice thermal conductivity of PbTe at 300 K as a
function of (001) strain. Inset: Lowest transverse optical mode frequency at the
zone centre, TO(Γ), for PbTe at 0 K versus (001) strain.

A factor of ∼ 2 reduction of the phonon lifetimes at all frequencies in PbTe
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strained near the phase transition leads to the reduction in the out-of-plane lattice
thermal conductivity by a factor of 1.5 with respect to equilibrium. This is
represented in Fig. 3.15 for the temperature range 100−600 K, where solid black
and dotted red lines correspond to the κlatt of equilibrium and strain-driven PbTe,
respectively. The difference in the τanh and κlatt reductions is due to the larger
group velocities of TO mode phonons in strained PbTe. Interestingly, in the in-
plane direction, this difference becomes very small and the κlatt decreases by a
factor of 1.9. We also computed the out-of-plane κlatt dependence on the amount
of (001) strain at 300 K, see Fig. 3.16. The κlatt decrease directly correlates with
the TO(Γ) softening shown in the inset, in agreement with our conclusion that
softer TO modes lead to more effective phonon scattering.

The efficiency of the proposed concept in reducing the thermal conductivity
of PbTe is comparable to that of alloying with PbSe. Our computed κlatt of
PbSe0.5Te0.5 (dashed green line in Fig. 3.15) is also a factor of 1.5 lower than that
of PbTe, in agreement with a previous calculation [149]. Accounting for disorder
in the force constants would increase the value of this factor [62, 128, 152] closer
to experiments (∼ 2 at 300 K [154, 159]). We emphasize that two very different
mechanisms cause the low lattice thermal conductivity in these two types of
materials. Strained PbTe benefits from the enhanced anharmonic acoustic-TO
interaction across the spectrum, while alloy disorder in PbSe0.5Te0.5 blocks the
flow of high-frequency phonons only.

The low lattice thermal conductivity of strained PbTe originates from the
softer TO modes near the zone centre and their increased anharmonic interac-
tion with acoustic modes with respect to equilibrium. To illustrate this effect
more quantitatively, we artificially replaced the acoustic-TO1 contribution to the
linewidth of strained PbTe with that of PbTe in its κlatt calculation at 300 K. The
κlatt values obtained using this procedure are ∼ 7% larger than those of strained
PbTe. This result shows that TO1 modes, which contribute only ∼ 1.3% to
the total number of modes but interact strongly with acoustic phonons, produce
a much stronger effect on the κlatt than one would expect from their relative
number.

3.4.2 Strained PbSe0.5Te0.5 alloy

The strategy of exploiting extremely soft TO modes to reduce the lattice thermal
conductivity of PbTe will become as effective as all-scale structuring [34, 39, 41]
if it is combined with alloying. This approach simultaneously incorporates the
mechanisms of enhanced anharmonic acoustic-TO interaction and alloy disorder
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to reduce lattice thermal conductivity more effectively. We find that driving
PbSe0.5Te0.5 to the brink of the phase transition via tensile (001) strain will reduce
its out-of-plane κlatt by a factor of at least 2.4 with respect to PbTe (dash-dotted
blue line in Fig. 3.15). If we neglect mass disorder in our calculations, the κlatt of
strained PbSe0.5Te0.5 is 1.5 times lower than that of PbTe (similarly to strained
PbTe) due to the increased acoustic-TO interaction. However, mass disorder
is more efficient in scattering high-frequency phonons of strained PbSe0.5Te0.5,
and causes an additional κlatt decrease by a factor of 1.6 compared to its values
without mass disorder. The actual reduction to lattice thermal conductivity of
strained PbSe0.5Te0.5 with respect to PbTe will be even larger than the factor of
2.4 computed here, due to disorder in the force constants [152].

3.4.3 Pb0.51Ge0.49Te alloy
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Figure 3.17: Lattice thermal conductivity of Pb1−xGexTe alloys at 450 K as a
function of Ge content x: full calculation (black crosses), calculation without mass
disorder (red circles) and linearly interpolated values between those calculated for
PbTe and GeTe (dashed green line). Inset: TO(Γ) frequency of Pb1−xGexTe at
0 K versus Ge content x.

The concept of combining ultra soft TO modes and alloying to substantially
reduce the lattice thermal conductivity of PbTe can also be realized without strain
e.g. by tuning the composition of Pb1−xGexTe alloys to bring them near the
phase transition at desired temperatures. These conditions can be achieved only
in alloys of PbTe with another rhombohedral material, such as GeTe. As already
discussed, Pb0.51Ge0.49Te alloy remains close to the transition at all temperatures
in our calculations, thus describing the κlatt appropriately only near the transition
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temperature of ∼ 450 K [157]. Our results show that the κlatt of Pb0.51Ge0.49Te
alloy (dash-double dotted purple line in Fig. 3.15) will be at least 2.9 times lower
than the κlatt of PbTe at 450 K, even lower than that of strained PbSe0.5Te0.5.

The very low lattice thermal conductivity of Pb0.51Ge0.49Te alloy stems from
both the increased anharmonic acoustic-TO interaction and strong alloy scatter-
ing. Fig. 3.17 and its inset show the κlatt values and the TO(Γ) frequencies
of Pb1−xGexTe alloys at 450 K as a function of the alloy composition x for
0 ≤ x ≤ 0.49 (black crosses), where the rocksalt phase is energetically favourable.
This figure also shows the corresponding κlatt computed by neglecting mass
disorder (red circles). We note that if soft TO modes were not induced in
Pb1−xGexTe alloys, their κlatt without mass disorder would roughly be equal
to the linearly interpolated values between the lattice thermal conductivities of
their parent materials, for example, in the case of PbSe1−xTex. The interpolated
values between our calculated κlatt for PbTe and GeTe at 450 K are shown in the
dashed green line in Fig. 3.17. Our calculated value for the isotropically averaged
lattice thermal conductivity of GeTe at 450 K is 3.27 W/mK. The increased
TO softening in Pb1−xGexTe with x leads to the larger reduction of the κlatt
values that neglect mass disorder with respect to the interpolated values, by up
to a factor of 1.6 for x = 0.49. Additionally, the relatively large mass difference
between Pb and Ge atoms results in a large κlatt decrease with respect to the
case when mass disorder is neglected, by up to a factor of 2.6 for Pb0.51Ge0.49Te.
We conclude that the extra softening of TO modes in Pb1−xGexTe alloys with
respect to PbTe together with strong mass disorder makes them more suitable
materials for achieving low lattice thermal conductivity compared to PbSe1−xTex
alloys.

The group velocities of acoustic modes in Pb1−xGexTe alloys increase con-
siderably as the Ge content increases, unlike the group velocities of PbTe and
PbSe0.5Te0.5 under increasing biaxial tensile (001) strain (see Figs. 3.3, 3.4,
and 3.5). This is the reason why the κlatt of Pb1−xGexTe without mass disorder
does not decrease monotonously with x, as opposed to the κlatt of increasingly
strained PbTe, see Figs. 3.16 and 3.17. Furthermore, the lattice thermal con-
ductivity values without mass disorder for Pb1−xGexTe are larger than those of
strained PbTe and PbSe0.5Te0.5 because of the larger group velocities.

Similarly to strained PbTe, a small number of soft TO modes close to the zone
centre, which interact more strongly with acoustic modes as Pb1−xGexTe alloys
are driven to the phase transition by increasing x, have a relatively large effect
on their thermal conductivity. We quantify this by substituting the acoustic-
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TO1 contribution to the anharmonic linewidth of Pb0.51Ge0.49Te with that of
equilibrium PbTe in its κlatt calculation that neglects mass disorder. This results
in an ∼ 18% larger value at 300 K than that of Pb0.51Ge0.49Te, which is even
larger than the corresponding increase in strained PbTe.

3.4.4 Impact to phonon mean free paths
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Figure 3.18: Normalised cumulative lattice thermal conductivity plotted as a
function of phonon mean free path for PbTe (black), strained PbTe, η = 1.15%
(red), PbSe0.5Te0.5 (green), and strained PbSe0.5Te0.5, η = 1.32% (blue).

The mean free path (MFP) of a phonon describes the average travelling
distance between two phonon scattering events, and is defined as [149]:

Λqs = vqsτqs. (3.2)

To quantify the contribution to the lattice thermal conductivity from phonons
with various MFPs, we calculate the cumulative κlatt by summing over phonon
modes with a MFP shorter than a value Λ [149]:

κlatt(Λ) = 1
NqΩ

Λqs<Λ∑
qs

cqsvqsΛqs, (3.3)

where Nq is the number of q-points. Applying biaxial (001) strain to PbTe
and PbSe0.5Te0.5 considerably shortens the MFPs of phonons contributing to
lattice thermal conductivity compared to PbTe and PbSe0.5Te0.5 respectively,
see Fig. 3.18. This arises from the increased acoustic-TO interaction near the
phase transition which scatters phonons with longer MFPs (lower frequencies),
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and causes a redistribution of the accumulation curve to shorter MFPs (higher
frequencies).

Looking at the phonon mean free paths in terms of reducing lattice thermal
conductivity even further via nanostructuring to increase phonon scattering, one
would need to go to very small length scales to achieve a sizeable reduction.
Approximately 20% of the lattice thermal conductivity of PbTe and PbSe0.5Te0.5

arises from phonons with MFPs larger than 10 nm, see Fig. 3.18. Thus, nanos-
tructures of characteristic length 10 nm would only reduce the lattice thermal
conductivity of these unstrained materials at most by ∼20%. In strained PbTe
and strained PbSe0.5Te0.5 the achievable reduction falls to < 10% for nanos-
tructures of this length. Aiming for a reduction of about 25% would require
scattering phonons whose MFP is greater than 3 nm for the strained materials, a
difficult scale to nanostructure on. Since biaxial tensile (001) strain is so effective
at reducing the mean free paths of phonons contributing to the lattice thermal
conductivity, it makes it considerably more difficult to increase phonon scattering
via nanostructuring.

3.5 Discussion

The proposed concept of increasing the proximity of PbTe to the ferroelectric
phase transition to reduce the lattice thermal conductivity is general and would
also be applicable to other materials close to soft zone centre optical mode
transitions. It can be achieved by using strain, alloying, and possibly also by
nanostructuring. Our proposal may be realized experimentally, for example, by
metastable growth of Pb1−xGexTe solid solutions [157], or by depositing a thin
film of PbTe or PbSe1−xTex alloys on a flexible polymer substrate [160, 161],
and applying biaxial tensile (001) strain directly to the polymer. We note that
the mechanical stability of the tensile strained materials very near the transition
may be compromised. Nevertheless, the proposed concept will hold even if the
materials are not driven very close to the transition, although their κlatt reductions
will be smaller, as illustrated in Figs. 3.16 and 3.17.

3.5.1 Higher order anharmonicity

Even if higher than third order anharmonicity terms were non-negligible for PbTe
materials driven to the transition, the proposed concept would remain valid.
However, the lattice thermal conductivity reductions would be lower than our
results, particularly at higher temperatures. The main implication of higher
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anharmonic terms on the thermal properties of PbTe is shifting the TO modes
upwards, resulting in the well known TO frequency increase with temperature
[27, 66, 162, 163]. This will weaken the anharmonic acoustic-TO interaction,
which may result in somewhat higher κlatt values than those predicted here. This
effect may become more evident for T > 300 K in the case of PbTe [66], and
it may manifest at even lower T for the materials near the phase transition.
Consequently, the actual κlatt reduction may decrease with T with respect to our
calculations.

Experimentally, Pb0.51Ge0.49Te undergoes the phase transition from the rhom-
bohedral to the rocksalt structure at ∼ 450 K [157], while it is rocksalt for
all temperatures in our calculations. Higher order anharmonicity terms would
further stabilize the rocksalt phase in our virtual crystal simulations [66], due to
the hardening of the TO modes. This indicates that using an alloy model beyond
this approximation may be necessary to accurately describe the temperature
behaviour of the κlatt of Pb0.51Ge0.49Te. This, however, will not change the main
implication of our work that tuning the composition of Pb1−xGexTe alloys to drive
the material near the phase transition at a certain temperature will substantially
decrease its κlatt at that temperature. The measured lattice thermal conductivity
values of some of the Pb1−xGexTe materials reported in Ref. [164] indeed exhibit
pronounced dips near the transition temperature, and thus support our argument.

3.5.2 Phase segregation

Low lattice thermal conductivity and high figure of merit have been recently
reported in Pb1−xGexTe materials with phase separated regions and nanoscale
features [36, 165, 166]. Since no dips in the κlatt values close to the transi-
tion temperature have been observed in these materials, their κlatt reduction
is likely dominated by phonon scattering at the interfaces. Our study shows
that substantial κlatt reductions can also be obtained in random Pb1−xGexTe
alloys without any phase separation, which may also be beneficial for electronic
transport properties. More systematic studies across all compositions could
resolve whether random alloys would be more efficient thermoelectric materials
than nanostructured/phase separated materials for certain composition ranges.

3.6 Summary

With first principles calculations, we predict that driving PbTe-based materials
to the verge of the ferroelectric phase transition will be a powerful strategy
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to impede phonon transport in the entire frequency spectrum and considerably
reduce lattice thermal conductivity. We demonstrate this strategy using two dis-
tinct approaches, applying biaxial tensile (001) strain to PbTe and PbSe0.5Te0.5,
and furthermore by alloying PbTe with a rhombohedral material, GeTe. The
proposed concept is based on the induced softening of the transverse optical
modes at the zone centre, whose increased anharmonic interaction with heat
carrying acoustic modes enhances phonon scattering. Furthermore, by combining
increased proximity to the phase transition and mass disorder through alloying,
we achieve reductions to the lattice thermal conductivity by a factor of 2 − 3
compared to PbTe. Thus, the efficiency of this approach in reducing lattice
thermal conductivity rivals that of all-scale hierarchical architecturing [34]. The
presented strategy is general, and it would also be applicable to other materials
close to soft zone centre optical mode transitions.
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Chapter 4

Lattice thermal conductivity of
Pb1−xGexTe alloys

4.1 Introduction

4.1.1 Motivation

In this chapter, we investigate the impact of proximity to the ferroelectric phase
transition on the lattice thermal conductivity of Pb1−xGexTe alloys. This is
inspired by the lack of a quantitative description within the literature on the effect
that the proximity to a soft mode phase transition has on a material’s intrinsic
lattice thermal conductivity. Pb1−xGexTe alloys undergo a soft optical mode
transition between the rocksalt and rhombohedral phases as a function of the
composition and temperature [157], and are known for their high thermoelectric
performance [36, 164, 165, 166, 167, 168]. By tuning their composition, we
investigate the interplay of proximity to the phase transition, mass disorder and
crystal structure in minimising the lattice thermal conductivity of these alloys. In
particular, the investigation of the role of the crystal structure is partly inspired
by recent work highlighting the effect of high symmetry and so-called resonant
bonding in producing an intrinsically low lattice thermal conductivity in materials
such as PbTe [150, 169, 170].

Our first principles virtual-crystal calculations show that the phase transition
minimizes the anharmonic component of lattice thermal conductivity due to
extremely soft optical modes which maximize the anharmonic acoustic-optical
coupling, especially for low-frequency phonons. Mass disorder additionally re-
duces κlatt via scattering of mid- and high-frequencies, which flattens the drop
in the anharmonic κlatt over a wide range of compositions and moves the κlatt
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minimum away from the phase transition, into the rhombohedral phase of the
alloy. Furthermore, we find a continuous change of the total and anharmonic
lattice thermal conductivity between the rocksalt and rhombohedral phases char-
acteristic of the second-order phase transition. We argue that the structure and its
degree of resonant bonding are less crucial for lowering the κlatt in these alloys than
the proximity to the phase transition, average atomic mass and mass disorder.
Our findings highlight the potential of combining soft optical modes and alloying
to design materials with low lattice thermal conductivity and potentially high
ZT .

4.1.2 Calculation details

Harmonic and third order anharmonic IFCs at 0 K were calculated from
Hellmann-Feynman forces computed on 4 × 4 × 4 (128 atom) supercells, with
an energy cut-off of 15 Ha. We calculated all IFCs within this supercell without
imposing any additional cut-off on their range. Electronic states are described
using 2 × 2 × 2 4 shifted reciprocal space grids for alloy compositions x ≤ 0.51,
while 2 × 2 × 2 reciprocal space grids are used for all other compositions. We
performed lattice thermal conductivity calculations on 20× 20× 20 q point grids
in the Brillouin zone, having verified that that the use of 40 × 40 × 40 grids
changes the κlatt values no more than ∼2.3% with respect to 20 × 20 × 20 grids
for selected Pb1−xGexTe compositions (x = 0.00, 0.49, 0.51, 1.00).

We used 4×4×4 (128 atom) supercells as they best reproduced the expected
physical behaviour of the second-order phase transition in Pb1−xGexTe alloys. We
found that the continuity of harmonic interatomic force constants at the phase
transition leads to physically sensible phonon dispersions in the rhombohedral
phase. In 2 × 2 × 2 cubic (64 atom) supercells discontinuities were found in the
long-range IFCs (4th and 8th nearest neighbour) for the rocksalt and rhombohe-
dral structures very near the phase transition, x = 0.49 and x = 0.51 respectively.
This resulted in imaginary frequencies for the lowest transverse acoustic mode
near Γ in the rhombohedral structures near the phase transition. These instabili-
ties were found to persist for larger supercells such as 3×3×3 cubic (216 atoms),
5× 5× 5 (256 atoms) and 4× 4× 4 cubic (512 atoms). On the other hand, using
density functional perturbation theory, we found that the frequencies of transverse
acoustic modes for rhombohedral structures near the phase transition exhibit
oscillations about the physically correct linear dependence on the wave vector near
Γ along the Γ− X direction. While these oscillations decreased in magnitude with
denser wave vector grids, they nevertheless remained for rhombohedral Brillouin
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zone grid sizes up to 12 × 12 × 12. While this suggests that larger supercells
would be required to overcome these issues, such calculations would presently be
computationally very demanding. Thus, we chose 4×4×4 (128 atom) supercells
as they possess continuity in the IFCs at the second-order phase transition, and
exhibit the physically correct linear dependence of the acoustic mode frequencies
on the wave vectors near Γ. However, further investigation is necessary to better
understand the effect of these long range interactions in Pb1−xGexTe alloys.

Our method that only accounts for third order anharmonic terms does not
account for the temperature dependence of structural parameters and IFCs. As
a result, we do not capture the phase transition in Pb1−xGexTe alloys from the
rhombohedral to rocksalt phases with increasing temperature at a given com-
position [157]. The temperature at which the phase transition occurs increases
as a function of Ge content, from 0 K at x ≈ 0.01 to ∼670 K for x = 1 [157].
Nonetheless, we find that the phonon dispersions, thermal expansion coefficients,
and κlatt of PbTe and GeTe agree fairly well with experimental data, as will be
demonstrated next. Furthermore, our model captures the soft optical mode phase
transition as a function of the alloy composition, as we will show in the following
section. This suggests that our approach will correctly predict qualitative changes
in the κlatt of Pb1−xGexTe alloys by varying x.

4.1.3 Verification of approach

To verify the validity of our approach, we compare our calculated phonon band
structure, thermal expansion coefficients and lattice thermal conductivity on 4×
4 × 4 (128 atom) supercells for PbTe and GeTe with experimental data. We
also included the validation of our computed third-order IFCs through Grüneisen
parameter calculations.

The phonon dispersion of PbTe for 128 atom supercells is in good agreement
with the inelastic neutron scattering measurements of Cochran et al. [153] (see
Fig. 4.1), except for transverse modes along Γ-X and Γ-K directions. Our com-
puted dispersion for 216 atom cubic supercells does not exhibit such deviations
from the experiment. However, as discussed earlier, we can describe correctly the
second order phase transition behaviour across the whole range of alloy composi-
tions only using 128 atom supercells. Our calculated phonon dispersion of GeTe
for 128 atom supercells is shown in Fig. 4.2. To the best of our knowledge, there
are no reports of the measured phonon dispersions of GeTe in the literature. Our
computed frequencies of zone centre Raman active modes compare well with the
measurements of Refs. [171, 172] at 300 K. We also calculated the phonon density
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Figure 4.1: Phonon dispersions of PbTe: calculated using a 128 atom supercell
at 0 K (solid black line), calculated using a 216 atom supercell at 0 K (dashed
red line), and measured by Cochran et al. [153] at 300 K (blue circles).
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Figure 4.2: Phonon dispersions of GeTe: calculated using a 128 atom supercell
at 0 K (solid black line), and the frequencies of zone centre Raman active modes
measured by Fons et al. [171] at 300 K (blue circles) and Steigmeier et al. [172]
at 300 K (red squares).

of states of GeTe (Fig. 4.3), which is in good agreement with the experimental
results of Refs. [173, 174]. Our phonon dispersion of GeTe also agrees well with
a previous density functional perturbation theory calculation [175].

We verified the accuracy of our computed third-order anharmonic interatomic
force constants by calculating the mode Grüneisen parameters of Pb1−xGexTe
alloys using two different approaches. Mode Grüneisen parameters are defined
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Figure 4.3: Phonon density of states for GeTe: calculated using a 128 atom
supercell at 0 K (solid black line), measured by Wdowik et al. [173] and Pereira
et al. [174]. The integral of the density of states over frequency is normalized to
unity.

Figure 4.4: Mode Grüneisen parameters as a function of frequency obtained using
finite difference (black pluses) and perturbative approaches (red crosses) for (a)
GeTe, (b) PbTe, (c) Pb0.49Ge0.51Te, and (d) Pb0.51Ge0.49Te.
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as:
γqs = −d(logωqs)

d(log Ω) = Ω
ωqs

∂ωqs

∂Ω . (4.1)

To calculate γqs, we used a finite difference approach that requires computing
phonon frequencies at different crystal volumes using Eq. (4.1). We also used
a first-order perturbative approach to express Grüneisen parameters in terms of
third-order anharmonic IFCs [59, 176]:

γqs = − 1
6ω2

qs

∑
lb,l′b′,l′′b′′

∑
αβγ

Φlb,l′b′,l′′b′′

αβγ

e∗sαb(q)esβb′(q)
√
mbmb

′ eiq·Rl′τl
′′b′′

γ . (4.2)

Eq. (4.2) is derived under the assumptions that the crystal is cubic, and the
atomic positions within the crystal remain fixed upon volume changes. This
condition is not fully satisfied for rhombohedral lattices. Consequently, to
compare the mode Grüneisen parameters obtained with Eq. (4.2) with those
of the finite difference approach for nearly cubic Pb1−xGexTe alloys, we varied
only their lattice constants in the finite difference calculations. Fig. 4.4 shows
the Grüneisen parameters in the whole Brillouin zone obtained using the two
described approaches for GeTe, PbTe, and the alloy compositions near the phase
transition, Pb0.49Ge0.51Te and Pb0.51Ge0.49Te. The results obtained from the two
approaches agree very well with each other for all these materials, which confirms
the accuracy of our computed third-order IFCs.
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Figure 4.5: Linear thermal expansion coefficient of PbTe as a function of tem-
perature: calculated using a 128 atom supercell (solid black line), measured by
Dalven [177] (blue circles), and measured by Novikova and Abrikosov, Ref [153]
and references therein (red squares).
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We also computed the linear thermal expansion coefficient of PbTe as [51]:

α = 1
3NqΩB

∑
qs
cqsγqs, (4.3)

where B is the bulk modulus. Our calculated bulk modulus of PbTe is 47.94 GPa,
from the Burch-Murnaghan equation of state. Fig. 4.5 shows the linear thermal
expansion coefficient of PbTe versus temperature obtained with the Grüneisen
parameters computed using the perturbative approach, and illustrates good
agreement with the measurements on single crystalline PbTe samples [153, 177].

We also derived the generalized expressions for the thermal expansion coeffi-
cients of the rhombohedral lattice in a similar manner as done in Ref. [178], and
calculated these coefficients for GeTe. The relative positions of Ge and Te atoms
within the rhombohedral primitive cell are (0, 0, 0) and (0.5 + r, 0.5 + r, 0.5 + r)
with r = 0.0237 in our calculations, and the angle between the lattice vectors is
φ = 60◦ − θ with θ = 1.2093◦. The change of the zero temperature total energy
with respect to the small deviations of the lattice constant a, the angle φ and the
Te displacement along the [111] direction r is given as:

∆E =1
2Caa(∆a)2 + 1

2Cφφ(∆φ)2 + 1
2Crr(∆r)

2

+ Caφ(∆a)(∆φ) + Car(∆a)(∆r) + Cφr(∆φ)(∆r).
(4.4)

We calculate the symmetric matrix [C] using density functional theory, and find
its inverse matrix [S] = [C]−1. The thermal expansion coefficients for a, φ and r
can be expressed as:

αa = 1
Nqa

∑
qs
cqs

(
Saa
a
γaqs + Saφ

φ
γφqs + Sar

r
γrqs

)
, (4.5)

αφ = 1
Nqφ

∑
qs
cqs

(
Saφ
a
γaqs + Sφφ

φ
γφqs + Sφr

r
γrqs

)
, (4.6)

αr = 1
Nqr

∑
qs
cqs

(
Sar
a
γaqs + Sφr

φ
γφqs + Srr

r
γrqs

)
, (4.7)

respectively, where we write generalized Grüneisen parameters as:

γaqs = −∂(logωqs)
∂(log a) , (4.8)

γφqs = −∂(logωqs)
∂(log φ) , (4.9)
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Table 4.1: Thermal expansion coefficients α of GeTe at 300 K for lattice constant
A, the angle between the lattice vectors Φ, and the Te atom position along
the [111] direction R in the non-primitive pseudo-cubic lattice. The thermal
expansion coefficients from Refs. [179, 180, 181, 182, 183] were extracted by
linearly fitting the measured lattice parameters between ∼ 300 K and ∼ 400−550
K.

αA αΦ αR
(10−6 K−1) (10−6 K−1) (10−6 K−1)

Our results (single crystal) 12.3 7.7 15.5
Ref. [179] (single crystal) 13.4 23.3 16.9
Refs. [180, 181] (powder) 12.9 27.6 49.5
Ref. [182] (powder) 18.7 23.0 −
Ref. [183] (powder) 17.4 32.3 −

γrq, = −∂(logωqs)
∂(log r) . (4.10)

Finally, for comparison with experiment, we transformed the obtained expressions
into the coordinate system of the non-primitive pseudo-cubic lattice vectors where
the lattice constant is given as A = a(3 − 2 cosφ)1/2, the angle between lattice
vectors is cos Φ = (2 cosφ− 1)/(3− 2 cosφ), and the Te position along the [111]
direction is R = 0.25− r/2. The comparison of our computed thermal expansion
coefficients for A, Φ and R of GeTe at 300 K with the experimental values
[179, 180, 181, 182, 183] is given in Table 4.1. We extracted the experimental
coefficients by linearly fitting the reported lattice parameters between ∼ 300 K
and∼ 400−550 K. Our computed thermal expansion coefficients are in reasonable
agreement with experiments. We ascribe the discrepancies to our zero temper-
ature representation of structural parameters and IFCs and the quasiharmonic
approximation, as well as the uncertainties in fitting the sparse experimental
data.

For PbTe, our calculated κlatt is ∼20% larger than the κlatt of undoped
single- and poly-crystalline PbTe for 100 − 300 K [154], see Fig. 4.6. For higher
temperatures of 300−700 K, we see very good agreement between our calculated
κlatt and experiment [155]. We note that our κlatt calculated with a 128 atom
supercell also agrees to within∼7% of the value calculated on a 216 atom supercell
with a cutoff of 8 nearest neighbours for anharmonic IFCs.

GeTe has a large electronic contribution to the total thermal conductivity.
Nath et al. [184] and Levin et al. [182] estimated the lattice contribution by sub-
tracting the electrical contribution from the measured total thermal conductivity
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Figure 4.6: Lattice thermal conductivity of PbTe as a function of temperature:
calculated using a supercell with 128 atoms (solid black line), calculated using a
supercell with 216 atoms (dashed red line), measured by Devyatkova et al. [154]
(blue circles), and measured by El-Sharkawy et al. [155] (green squares).
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Figure 4.7: Lattice thermal conductivity of GeTe as a function of temperature:
calculated using a 128 atom supercell (solid black line), measured by Nath et al.
[184] (blue circles), and measured by Levin et al. [182] (red squares).

using the Wiedemann-Franz law. Within a temperature range of 100−300 K, our
computed κlatt is in very good agreement with that of a 9000 Å GeTe film with a
hole concentration of ∼ 1020 cm−3 measured using a transient technique [184], see
Fig. 4.7. However, for 300−500K the κlatt of the same GeTe film measured using a
steady-state technique [184] is a factor of ∼ 2 lower than our calculated κlatt. This
factor of ∼ 2 difference is also seen for the κlatt of GeTe with a hole concentration
of ∼ 8×1020 cm−3 measured with the flash thermal diffusivity method [182] for
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300− 700 K. However, our model does not capture the phase transition in GeTe
from the rhombohedral to rocksalt phases at ∼670 K [157, 182] due to the zero
temperature representation of structural parameters and IFCs. Thus, we would
expect some disagreement between our calculations and the experimental data at
higher temperatures.

4.2 Pb1−xGexTe and the ferroelectric phase
transition

4.2.1 Virtual crystal model

Figure 4.8: The rocksalt and rhombohedral structures of PbTe and GeTe, respec-
tively. The differences between the two structures are the position of Te atom
along the trigonal [111] axis and the angle between the primitive lattice vectors.
The rocksalt phase is a special case of the rhombohedral phase with the relative
Te position of (0.5, 0.5, 0.5) within the primitive cell, and the angle of 60◦.

PbTe crystallizes in the rocksalt structure, while GeTe forms a rhombohedral
structure, shown in Fig. 4.8. The relative positions of Pb and Te atoms within
the rocksalt primitive cell are (0, 0, 0) and (0.5, 0.5, 0.5), and the angle between
the lattice vectors is φ = 60◦. In the rhombohedral lattice, the relative position
of the second atom is (0.5 + r, 0.5 + r, 0.5 + r), and the angle is φ = 60◦ − θ.
Consequently, the rhombohedral lattice has a trigonal symmetry with respect to
the [111] direction. In GeTe, the relative Te position is (0.52, 0.52, 0.52), and the
angle is φ = 58.8◦ [185, 186]. Thus, the rocksalt phase is a special case of the
rhombohedral phase with r = 0 and θ = 0◦. By varying the alloy composition,
PbxGe1−xTe alloys will undergo a second order phase transition between the
rocksalt and rhombohedral phases. A typical feature of the second order phase
transition is a continuous change of the values of various physical quantities at
the phase transition.
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Figure 4.9: (a) Total energy of the rocksalt and rhombohedral phases of
PbxGe1−xTe as a function of the alloy composition x. (b) Difference between
the total energy of the rocksalt and rhombohedral phases as a function of x. The
rocksalt structure is a special case of the rhombohedral structure, and they are
identical for x < 0.492.
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Figure 4.10: Calculated structural parameters as a function of Pb1−xGexTe alloy
composition: (a) lattice constant, (b) rhombohedral angle, and (c) sublattice
position in the crystal lattice coordinates.

The total energy of both the rocksalt and rhombohedral phases of PbxGe1−xTe
alloys versus Ge concentration, as well as their energy difference, are illustrated in
Fig. 4.9. The two curves coincide for x < 0.492 since the rocksalt phase is a special
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case of the rhombohedral phase with the relative Te position of (0.5, 0.5, 0.5)
within the primitive unit cell, and the angle between the primitive lattice vectors
of 60◦. Consequently, the relaxation of the rhombohedral structure for x < 0.492
results in the rocksalt structure, which is consistent with the second order phase
transition. For x > 0.492, the rhombohedral phase has a lower total energy than
the rocksalt phase, and is thus energetically preferable. The phase transition thus
takes place at x = 0.492.

The calculated structural parameters of Pb1−xGexTe alloys using the virtual
crystal approximation are shown in Fig. 4.10 as a function of chemical composi-
tion. The lattice constant, the angle between the primitive lattice vectors, and
the Te position along the [111] direction all vary continuously as a function of
the alloy composition, as expected for the second-order phase transition. Te
displacement changes most rapidly with the alloy composition, indicating that
it is the primary order parameter for this phase transition. We note that the
displacement of the Te atom along the [111] direction corresponds to the TO
mode [146].

4.2.2 Impact on phonon frequencies
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Figure 4.11: The frequency of the lowest transverse optical mode at the zone
centre, TO(Γ), as a function of Pb1−xGexTe alloy composition.

We illustrate the alloy composition at which the phase transition occurs for
Pb1−xGexTe alloys within our model by plotting the frequency of the lowest
transverse optical mode at Γ, TO(Γ), as a function of x, see Fig. 4.11. The phase
transition takes place for x = 0.492, when the frequency of TO(Γ) becomes
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≈0 THz. For 0 ≤ x < 0.492 where the rocksalt structure is energetically
preferable, the TO(Γ) frequency decreases smoothly with increasing x, from
∼1.0 THz in PbTe to ∼0.2 THz for x = 0.49. For 0.492 < x ≤ 1, where
the rhombohedral structure is favourable, the TO(Γ) frequency decreases almost
linearly with decreasing x, from ∼2.0 THz in GeTe to ∼0.4 THz at x = 0.51. We
note that since the transition temperature of Pb0.5Ge0.5Te is ∼450 K [157], our
model best describes the soft TO modes and κlatt of Pb1−xGexTe alloys near this
temperature.

Figure 4.12: Cartoon of the total energy versus Te atomic displacement from its
equilibrium position in the rocksalt structure along the [111] direction for: (a)
the rocksalt phase, and (b) the rhombohedral phase.

In the immediate vicinity of the structural transition, the TO(Γ) frequency is
higher in the rhombohedral phase compared to the rocksalt phase by a factor of
∼
√
2 (for x = 0.491 and x = 0.493, respectively, see Fig. 4.11). To explain this

factor analytically, we examine the total energy of the atomic motion of the TO
mode in Pb1−xGexTe virtual alloys, which can be represented by the displacement
of the Te atom from its equilibrium position in the rocksalt structure along the
[111] direction.

We assume that the energy potential of such Te motion is of the form:

V (z) = 1
2kz

2 + Az4, (4.11)

where k and A are the harmonic and quartic spring constants, respectively.
Near the phase transition, we assume that the small harmonic spring constant k
changes its sign from positive to negative, keeping the same absolute value. This
physically corresponds to changing the sign of a small restoring force which keeps
atoms in one phase when positive, and causes the transition into a different phase
when negative. We assume that the anharmonic spring constant A is positive and
does not change in this process.

Thermoelectric Properties of PbTe 82 Aoife Rose Murphy



4.2 Pb1−xGexTe and the ferroelectric phase transition

We find the potential extrema from:

∂V

∂z
= kz + 4Az3 = 0, (4.12)

which gives

z = 0 or z = ±i
√

k

4A. (4.13)

For k > 0, z = 0 is the only real minimum, which physically corresponds to the
high-symmetry rocksalt phase (see Fig. 4.12 (a)). For k < 0, z = 0 is a local
maximum, and the minima occur for z = ±(|k|/(4A))1/2, which correspond to
the frozen-in displacement of the Te atom in the [111] direction and the distorted
rhombohedral structure, shown in Fig. 4.12 (b).

Since the curvature of the potential varies as the square of the frequency
(∂2V /∂z2 ∼ ω2), we find its values at the potential minima for the rocksalt phase
at z = 0 and for the rhombohedral phase at z = ±(|k|/(4A))1/2:

∂2V

∂z2

∣∣∣∣
z=0

= |k|, k > 0; (4.14)

∂2V

∂z2

∣∣∣∣
z=±

√
|k|
4A

= 2|k|, k < 0. (4.15)

With ∂2V /∂z2 ∼ ω2
TO, we finally obtain:

ωTO(x = 0.493)
ωTO(x = 0.491) ∼

√
2. (4.16)

Thus, the frequency of the TO mode at Γ differs by a factor ∼
√

2 between the
rhombohedral Pb1−xGexTe alloy very near the phase transition, x = 0.493, and
its rocksalt counterpart, x = 0.491.

In addition to dramatic softening of TO(Γ) modes, we illustrate the full
impact of increased proximity to the phase transition on the phonon dispersions of
Pb1−xGexTe alloys. Fig. 4.13 compares the phonon dispersions of two structures
in the rhombohedral phase, GeTe and a composition on the verge of the phase
transition, Pb0.49Ge0.51Te. Similarly, in the rocksalt phase we compare PbTe and
Pb0.51Ge0.49Te, see Fig. 4.14. Away from the zone centre, phonon frequencies
become significantly lower as the value of x decreases in both the rocksalt and
rhombohedral phases. This change in phonon frequency is largely due to the
heavier mass as the alloy composition varies from GeTe to PbTe. At the phase
transition, the phonon dispersions of the rocksalt and rhombohedral structures
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Figure 4.13: Phonon band structures at 0 K for GeTe (solid black line) and
an alloy in the rhombohedral structure near the phase transition, Pb0.49Ge0.51Te
(dashed red line). The frequencies of the soft transverse optical phonon modes
at the zone centre, TO(Γ), are highlighted in black circles for GeTe and red
rectangles for Pb0.49Ge0.51Te.
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Figure 4.14: Phonon band structures at 0 K for PbTe (solid black line) and an
alloy in the rocksalt structure near the phase transition, Pb0.51Ge0.49Te (dashed
red line). The frequencies of the soft transverse optical phonon modes at the zone
centre, TO(Γ), are highlighted in black circles for PbTe and red rectangles for
Pb0.51Ge0.49Te.

are remarkably similar, see Fig. 4.15. This is due to the fact that the soft optical
mode phase transition in Pb1−xGexTe alloys is second-order, which can also be
seen from the continuous change in lattice parameters as a function of x as shown
previously.
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Figure 4.15: Phonon band structures at 0 K for alloy compositions in the rocksalt
and rhombohedral phases near the phase transition: Pb0.51Ge0.49Te (solid black
line) and Pb0.49Ge0.51Te (dashed red line), respectively.

4.3 Impact on phonon lifetimes

Figure 4.16: Anharmonic phonon lifetimes at 450 K and their averaged values
(inset) as a function of frequency for GeTe (black pluses and solid line) and a
rhombohedral alloy near the phase transition, Pb0.49Ge0.51Te (red crosses and
dashed line).

The extremely soft TO modes at the ferroelectric phase transition minimize
the anharmonic phonon lifetimes of Pb1−xGexTe alloys in both the rocksalt and
rhombohedral phases. In the rhombohedral phase, three-phonon lifetimes are
reduced by a factor of∼2 in Pb0.49Ge0.51Te compared to GeTe at 450 K (Fig. 4.16).
This reduction is maintained across the entire frequency spectrum, which is more
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Figure 4.17: Anharmonic phonon lifetimes at 450 K and their averaged values
(inset) as a function of frequency for PbTe (black pluses and solid line) and a
rocksalt alloy near the phase transition, Pb0.51Ge0.49Te (red crosses and dashed
line).

Figure 4.18: Anharmonic phonon lifetimes at 450 K and their averaged values
(inset) as a function of frequency for rocksalt Pb0.51Ge0.49Te (black pluses and
solid line) and rhombohedral Pb0.49Ge0.51Te (red crosses and dashed line).

clearly shown in the inset of Fig. 4.16 where averaged anharmonic lifetimes are
plotted versus frequency. In the rocksalt phase, anharmonic τ are also minimized
at the phase transition, as illustrated by their comparison for Pb0.51Ge0.49Te and
PbTe in Fig. 4.17. However, in this case the reduction is mainly concentrated
to lower frequencies. The significant decrease of τanh at the phase transition
offers new alternatives in the search for techniques to suppress lifetimes across
the frequency spectrum. Furthermore, the τanh of the rocksalt and rhombohedral
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structures in the vicinity of the phase transition are very similar (Fig. 4.18). This
similarity is a direct result of the second-order phase transition, and results in
the continuous change of τanh as the alloy composition is varied.

Figure 4.19: The acoustic-transverse optical (TO) contribution to the total
anharmonic linewidth at 300 K versus frequency for (a) GeTe (black pluses) and
a rhombohedral alloy near the phase transition, Pb0.49Ge0.51Te (red crosses), (b)
PbTe (black pluses) and a rocksalt alloy near the phase transition, Pb0.51Ge0.49Te
(red crosses), and (c) rocksalt Pb0.51Ge0.49Te (black pluses) and rhombohedral
Pb0.49Ge0.51Te (red crosses).

To understand how the acoustic-TO anharmonic interaction changes with
increased proximity to the phase transition, we calculated explicitly the acoustic-
TO contribution to the total anharmonic linewidth in PbTe, Pb0.51Ge0.49Te,
Pb0.49Ge0.51Te and GeTe at 300 K, see Fig. 4.19, following the same procedure as
described in the previous chapter. We found that the acoustic-TO contribution
to the anharmonic linewidth dominates over the other contributions across the
spectrum in all these materials. Further, the maximal softening of the TOmode at
the zone centre is directly responsible for the maximal strength of the anharmonic
coupling of TO modes with heat-carrying acoustic modes and the minimisation
of anharmonic lifetimes at the phase transition. In the rhombohedral phase,
this contribution becomes maximal at the phase transition as illustrated in
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Fig. 4.19 (a) by comparing GeTe and an alloy composition very near the phase
transition, Pb0.49Ge0.51Te. This is also the case for the rocksalt phase, as shown
in Fig. 4.19 (b) by comparing PbTe and Pb0.51Ge0.49Te. The strength of the
acoustic-TO contribution to the anharmonic linewidth is very similar for the two
structures very close to the phase transition, see Fig. 4.19 (c), which is a typical
feature of the second-order phase transition.
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Figure 4.20: (a) Phonon lifetimes due to mass disorder versus frequency for
three select compositions: Pb0.40Ge0.60Te (black pluses), Pb0.30Ge0.70Te (red
crosses), and Pb0.10Ge0.90Te (blue circles). (b) Calculated phonon density of
states for Pb0.40Ge0.60Te (solid black line), Pb0.30Ge0.70Te (dashed red line), and
Pb0.10Ge0.90Te (dotted blue line). The integral of the density of states over
frequency is normalized to unity.

Figure 4.21: Phonon lifetimes due to anharmonic processes (black crosses) and
mass disorder (red pluses) as a function of frequency for Pb0.49Ge0.51Te.

The effect of mass disorder on phonon lifetimes in Pb1−xGexTe alloys is
strongest for x ≈ 0.6. The strength of mass disorder is given as g = ∑

i fi(1 −
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Figure 4.22: Phonon lifetimes due to mass disorder versus frequency for the rock-
salt and rhombohedral structures very near the phase transition: Pb0.51Ge0.49Te
(black pluses) and Pb0.49Ge0.51Te (red crosses), respectively.

mi/m̄)2 (Eq. (2.98)) where fi and mi are the concentration and atomic mass of
species i, and m̄ is its average mass [64, 126, 127, 149]. It can be derived analyti-
cally that g reaches a maximum for x = mPb/(mGe +mPb) = 0.74. Nevertheless,
the larger density of states for compositions with smaller Ge content shifts the
composition at which the overall scattering due to mass disorder is strongest to
x ≈ 0.6, see Fig. 4.20. Mass disorder is more effective at scattering mid- and
high-frequency phonons in comparison to anharmonic processes. However, at
low frequencies, anharmonic τ are smaller than those due to mass disorder by
several orders of magnitude (see Fig. 4.21). This highlights the effectiveness of
the strategy of combining soft modes and alloying to design materials with low
thermal conductivity. Furthermore, the lifetimes due to mass disorder of the
structures on the verge of the phase transition are very similar as a result of the
second-order nature of the phase transition, see Fig. 4.22.

4.4 Impact on thermal conductivity

4.4.1 Pb1−xGexTe alloys

The ferroelectric phase transition minimizes the anharmonic contribution to
the lattice thermal conductivity of Pb1−xGexTe alloys in both the rocksalt and
rhombohedral phases. This is shown by the unfilled symbols in Fig. 4.23, which
represents the anharmonic κlatt as a function of x at 450 K. In the rhombohedral
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Figure 4.23: Lattice thermal conductivity of Pb1−xGexTe as a function of alloy
composition at 450 K. The unfilled symbols show the thermal conductivity due
to anharmonic (three-phonon) processes only, and the filled symbols show the
thermal conductivity due to anharmonic processes and mass disorder. Black
circles show the thermal conductivity in the rocksalt phase and its isotropic
average in the rhombohedral phase. Red up and blue down triangles show the
thermal conductivity perpendicular and parallel to the trigonal [111] axis in the
rhombohedral phase, respectively.

phase, the anharmonic κlatt of the composition very near the phase transition,
x = 0.51, decreases by a factor of ∼ 2.4 (∼ 1.8) in the direction perpendicular
(parallel) to the trigonal [111] axis with respect to GeTe. These reductions are
a direct result of the substantial decrease in the anharmonic τ of Pb0.49Ge0.51Te
(see Fig. 4.16), and are further enhanced by its lower group velocities due to
the heavier average atomic mass. The anisotropy in the anharmonic κlatt of the
rhombohedral structures decreases from ∼ 29% in GeTe towards zero at the phase
transition. In the rocksalt phase, the anharmonic κlatt initially slightly increases
for low values of x, and then decreases as x becomes larger. This effect is due to
the larger group velocities competing with the reduced phonon lifetimes as the
proximity to the phase transition is increased with x. Overall, there is a modest
reduction by a factor of ∼1.05 in the anharmonic κlatt at x = 0.49 with respect
to that of PbTe. This results in the asymmetric reductions of the anharmonic
κlatt for the rocksalt and rhombohedral phases (see Fig. 4.23). Importantly, the
anharmonic κlatt changes continuously as the alloy undergoes the second-order
phase transition as a result of the continuous variation of phonon lifetimes and
group velocities.

Neglecting the average mass difference among Pb1−xGexTe compositions re-
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Figure 4.24: Anharmonic contribution to the lattice thermal conductivity of
Pb1−xGexTe as a function of the alloy composition at 450 K, where the group IV
element mass of each alloy composition is artificially set to that of Pb0.5Ge0.5Te.
Black circles show the thermal conductivity in the rocksalt phase, while red up
and blue down triangles show the thermal conductivity perpendicular and parallel
to the trigonal [111] axis in the rhombohedral phase, respectively. Also shown in
green crosses is the frequency of the lowest transverse optical mode at the zone
centre for the same mass of the group IV element as described above.

moves the asymmetric reductions in the anharmonic lattice thermal conductivity
for the two phases, and further highlights its minimisation at the phase tran-
sition. This is illustrated in Fig. 4.24, where the mass difference is ignored by
artificially setting the group IV element mass of each alloy composition to that of
Pb0.5Ge0.5Te. The anharmonic κlatt decreases smoothly with increased proximity
to the phase transition mostly due to reduced anharmonic τ , which results in
a factor of ∼1.5 reduction in both the rocksalt and rhombohedral phases with
respect to x = 0 and x = 1. Therefore, the minimisation of anharmonic κlatt
at the phase transition would be more pronounced for alloys with soft optical
modes whose overall mass difference is smaller than that of Pb1−xGexTe alloys,
or for bulk materials driven to the phase transition via pressure or strain, as
discussed in the previous chapter. However, the κlatt of such materials may not
be as low as reported here since mass disorder would be irrelevant or weaker than
in Pb1−xGexTe.

Mass disorder significantly reduces the lattice thermal conductivity of
Pb1−xGexTe alloys, thereby flattening the dip in its anharmonic contribution and
shifting the minimum away from the phase transition (Fig. 4.23). The minimal
κlatt occurs at x ≈ 0.6 in our model where the scattering due to mass disorder is
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maximized, and near the composition where the phase transition occurs (x = 0.5).
Our results illustrate a general trend that the minimal κlatt in alloys with soft
optical modes will be determined by the interplay among anharmonicity, average
mass and mass disorder, and it will not necessarily occur at the phase transition.
We find factors of ∼7.7 and ∼3.6 reduction in the isotropically averaged κlatt at its
minimal value at 450 K with respect to GeTe and PbTe respectively. Interestingly,
for the alloy composition of x = 0.9, scattering due to mass disorder is relatively
strong at high frequencies due to the high density of states (see Fig. 4.20) resulting
in the κlatt value which is comparable to the κlatt minimum at x ≈ 0.6. We note
that disorder in the force constants would further suppress the lattice thermal
conductivity values reported here [152].

4.4.2 Frequency contribution to thermal conductivity
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Figure 4.25: The contribution to the anharmonic lattice thermal conductivity
κcon(ω) at 450 K as a function of phonon frequency. κcon(ω) is shown for (a)
GeTe parallel and perpendicular to the trigonal axis (dotted and solid black
lines) and Pb0.49Ge0.51Te parallel and perpendicular to the trigonal axis (dotted
and solid red lines), (b) PbTe (solid black line) and Pb0.51Ge0.49Te (solid red line),
(c) Pb0.51Ge0.49Te (solid black line) and Pb0.49Ge0.51Te parallel and perpendicular
to the trigonal axis (dotted and solid red lines).
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4.4 Impact on thermal conductivity

In this section we investigate the contribution to the anharmonic lattice
thermal conductivity as a function of phonon frequency, κcon(ω), in Pb1−xGexTe
alloys. We define this contribution as:

κcon(ω) = 1
NqΩ

∑
qs
cqsv

2
qsτqsδ(ω − ωqs), (4.17)

where the anharmonic lattice thermal conductivity is then given as κlatt =∫
κcon(ω)dω.
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Figure 4.26: The contribution to the anharmonic lattice thermal conductiv-
ity κcon(ω) at 450 K as a function of normalised phonon frequency for GeTe
parallel and perpendicular to the trigonal axis (dotted and solid black lines),
Pb0.49Ge0.51Te parallel and perpendicular to the trigonal axis (dotted and solid
red lines), Pb0.51Ge0.49Te (solid blue line), and PbTe (solid green line).

The contribution to the anharmonic lattice thermal conductivity from low-
frequency (. 1.5 THz) phonons is minimised at the phase transition in
Pb1−xGexTe alloys, see Fig. 4.25(a-c). Fig. 4.25(a) compares κcon(ω) of GeTe
and the composition x = 0.51 very near the phase transition in the rhombohedral
phase, while Fig. 4.25(b) compares κcon(ω) of PbTe and the composition x = 0.49
in the rocksalt phase. In the rhombohedral phase, κcon(ω) of the composition
x = 0.51 decreases by a factor of ∼3 (∼2) perpendicular (parallel) to the trigonal
axis in the low frequency regime compared to GeTe, see Fig. 4.26, which shows
κcon(ω) as a function of the phonon frequency normalised such that the highest
longitudinal optical mode frequency for each composition is 1 respectively. In
the rocksalt phase, κcon(ω) of x = 0.49 similarly decreases by a factor of ∼2 in
comparison to PbTe. The minimisation of κcon(ω) in the low frequency regime
follows as a direct result of the maximally softened TO(Γ) frequency at the phase
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Figure 4.27: Calculated phonon density of states for GeTe (solid black line),
Pb0.49Ge0.51Te (solid red line), Pb0.51Ge0.49Te (solid blue line), and PbTe (solid
green line).

transition and its maximised anharmonic coupling with heat carrying acoustic
mode phonons, as demonstrated previously. The frequency contribution to the
anharmonic lattice thermal conductivity of Pb0.49Ge0.51Te and Pb0.51Ge0.49Te
is almost identical, see Fig. 4.25(c), due to the continuous change of phonon
frequencies at the second order phase transition.

The contribution to the anharmonic lattice thermal conductivity from high
frequency phonons is approximately the same for all compositions of Pb1−xGexTe
alloys, see Fig. 4.26. This demonstrates that the maximally softened TO(Γ) at
the phase transition predominantly reduces the phonon lifetimes of low-frequency
phonon modes, leaving higher frequencies relatively unaffected. Interestingly
κcon(ω) due to phonons in the mid-frequency regime (∼0.5 in normalised phonon
frequency, see Fig. 4.26) increases with increased proximity to the phase tran-
sition. This is due to an increase in the density of states for mid-frequency
phonons in those compositions at the phase transition versus those of PbTe and
GeTe respectively, see Fig. 4.27.

4.4.3 Impact of structure and resonant bonding

If the overall mass difference in Pb1−xGexTe alloys could be ignored, the an-
harmonic lattice thermal conductivity would be comparably suppressed in the
rocksalt and rhombohedral structures with similar proximity to the phase tran-
sition. This is shown in Fig. 4.24, where the dependence of the anharmonic
κlatt on x is compared with that of the TO(Γ) frequency when the group IV
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element mass of each alloy composition is set to that of Pb0.5Ge0.5Te. Here we
consider the TO(Γ) frequency as a rough measure of the proximity to the phase
transition of both rocksalt and rhombohedral phases. The anharmonic κlatt of
a rhombohedral structure is comparable to that of the rocksalt structure with a
similar TO(Γ) frequency, and it is notably even lower in the direction parallel
to the trigonal axis. This is in contrast with the previous reports that high
symmetry phases have lower κlatt compared to their lower symmetry counterparts
[49, 71, 150]. However, these studies did not attempt to tune the proximity to the
phase transition of these materials to fully investigate this effect. Our analysis
suggests that the proximity to the phase transition, average atomic mass and mass
disorder are more dominant mechanisms for the thermal conductivity reduction
in Pb1−xGexTe alloys than the symmetry of the phase.

Our findings are in partial disagreement with the recent claims that stronger
resonant bonding leads to lower lattice thermal conductivity in rocksalt IV-VI
and rhombohedral group-V materials [150]. Resonant bonding is characterized
by half-saturated p-bonds typical for these materials, which results in delocalised
electron densities and large electronic polarisabilities [150, 169, 170, 187]. This
leads to large values of the harmonic IFCs for the 4th and 8th nearest neighbours
(NNs) [150, 188], which correspond to the 2nd and 3rd NNs along the [001] direc-
tion in the rocksalt structure, respectively. Such non-monotonically decreasing
harmonic IFCs can only be present due to the change in electronic distribution
with atomic displacement as per the Hellmann-Feynman theorem [150]. It has
been argued that, the larger the magnitude of these long-range IFCs (i.e. the
stronger the degree of resonant bonding), the softer the TO mode and lower the
κlatt of these materials [150].

The electronic polarisability relates a small external perturbation to the
resulting change in electron density [189] and is defined as the dipole moment
per unit volume of the crystal cell [16]. The Born effective charge (BEC) tensor
relates, at linear order, the macroscopic polarisation Pmac per unit cell created
along the direction β due to a displacement in the direction α of atoms belonging
to the sublattice l assuming zero electric field [134]:

Z∗l,βα = Ω
|e|

∂Pmac,β
∂ulα(q = 0) . (4.18)

The dielectric permittivity tensor relates Pmac and the macroscopic electric field
εmac,β in the linear regime. Neglecting the contribution from ionic displacements,
we only consider the contribution to the dielectric permittivity tensor from the
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electronic polarisation, dubbed the high-frequency dielectric constant [134]:

ε∞,αβ = δαβ −
4π
Ω

∂2Eel
∂ε∗α∂εβ

(4.19)

where Eel is the total electronic energy of the system, and εα and εβ are the
electric fields along α and β respectively. “High-frequency” in this context
means high-frequency with respect to lattice vibrational frequencies, but low
compared with atomic excitation frequencies [16]. Thus, the BEC tensor relates
the change in polarisation due to lattice displacements, while the high frequency
dielectric permittivity tensor relates changes in the polarisation due to changes
in the electronic density. Further details of the computation of Born effective
charges and dielectric constants from DFPT within the Abinit code are given in
Refs. [134, 135].
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Figure 4.28: Born effective charge as a function of Pb1−xGexTe alloy composition
in the rocksalt phase (red crosses), perpendicular to the trigonal [111] axis in
the rhombohedral phase (green squares), and parallel to the trigonal axis in the
rhombohedral phase (blue circles).

We found that the electronic polarisability of Pb1−xGexTe alloys is indeed
maximized at the phase transition, which is indicative of very strong resonant
bonding [150, 169, 187]. This is illustrated by plotting BECs as a function of
the alloy composition, Fig. 4.28. BECs are typically viewed as an indicator of
ferroelectric instability, and have been found to be considerably larger than nom-
inal ionic values in ferroelectric or nearly ferroelectric materials [190, 191, 192].
In the case of Pb1−xGexTe alloys, BECs are more than twice the nominal ionic
value of +2 for Pb and Ge, and -2 for Te. As proximity to the phase transition is
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Figure 4.29: High-frequency dielectric constant as a function of Pb1−xGexTe alloy
composition in the rocksalt phase (red crosses), perpendicular to the trigonal axis
in the rhombohedral phase (green squares), and parallel to the trigonal axis in
the rhombohedral phase (blue circles).

increased, there is a considerable increase in BECs, indicative of the increase in
electronic polarisability. The high-frequency dielectric constants are also large
in Pb1−xGexTe alloys (see Fig. 4.29), further illustrating the large electronic
polarisability. The dielectric constants increase substantially, almost doubling
in value from PbTe to GeTe, due to their inverse dependence on the average
electronic gap [193].

Figure 4.30: Nearest neighbours within the rocksalt structure of PbTe along the
[001] direction, and their counterparts for the rhombohedral structure of GeTe.

We also find that long-range harmonic IFCs along the [001] direction are
maximized at the phase transition in Pb1−xGexTe alloys where the lattice thermal
conductivity is minimized. The traces of the harmonic IFC tensors for several
different alloy compositions are shown in Figs. 4.31 and 4.32 for the rhombohedral
and rocksalt phases, respectively. In both phases, we see particularly strong IFCs
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atomic distance for several Pb1−xGexTe alloy compositions in the rocksalt phase.

at ∼3 Å, ∼6 Å, and ∼9 Å, which correspond to the 1st, 4th, and 8th NNs in the
rocksalt structure respectively, and their rhombohedral equivalents. IFCs change
continuously between the rocksalt and rhombohedral phases as a consequence of
the second-order phase transition. This can be seen by comparing the IFCs of
Pb0.49Ge0.51Te with those of Pb0.51Ge0.49Te, as shown in Fig. 4.31. As proximity
to the phase transition increases, the magnitudes of the 4th and 8th equivalent
neighbour IFCs increase substantially and reach maximum values at the phase
transition. As discussed earlier, the TO(Γ) frequency reaches its minimal value at
the phase transition, and the maximized anharmonic coupling between soft TO
and acoustic modes results in the minimal κlatt. Thus, we observe the correlation
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between the large long-range IFCs along the [001] direction and the substantially
reduced κlatt as proposed in Ref. [150].

However, in spite of weaker resonant bonds, the anharmonic lattice thermal
conductivity values of the rhombohedral structures are as low as for the rocksalt
structures with a similar proximity to the phase transition when their average
mass difference is neglected. The short-range IFCs which correspond to the 1st

NN increase rapidly in the rhombohedral phase with increasing x with respect
to the 4th and 8th IFCs, as shown in Fig. 4.31. The relative change between
the short-range and the long-range IFCs is much smaller in the rocksalt than
in the rhombohedral phase, which indicates much weaker resonant bonding in
the rhombohedral structures due to the Te displacement. This stark difference
in the strength of resonant bonding between the two phases does not result in
larger values of the anharmonic κlatt of rhombohedral structures compared to
rocksalt structures with the same average mass (Fig. 4.24). This conclusion is
at variance with the previous argument that stronger resonant bonding causes
lower lattice thermal conductivity in rocksalt IV-VI and rhombohedral group-V
materials [150].

4.5 Discussion

4.5.1 Temperature dependence

Under the assumption of the displacive second-order phase transition,
Pb1−xGexTe alloys transform between the rocksalt and rhombohedral phases as
a function of both the composition and temperature [157]. Consequently, the
anharmonic contribution to the lattice thermal conductivity of Pb1−xGexTe will
be minimized at different compositions as a function of temperature. Similarly,
the anharmonic lattice thermal conductivity for a given x will have a dip in the
vicinity of the corresponding transition temperature. The accurate treatment
of these effects would require extending our model to include the temperature
dependence of IFCs, for example, in Refs. [66, 74]. Including temperature
dependent IFCs in our model would thus result in the shift of the composition
at which the phase transition occurs to larger values of x as the temperature
increases. Additionally, the electronic thermal conductivity will be significant in
Ge-rich alloys due to a large intrinsic vacancy concentration that effectively dopes
the material [182, 184]. This combined with mass disorder will lead to a less
pronounced dip in the total thermal conductivity. Nevertheless, the measured
total thermal conductivities of some of the Pb1−xGexTe materials reported in
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Refs. [164, 167] exhibit dips near the transition temperature.

4.5.2 Structure of Pb1−xGexTe alloys
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Figure 4.33: The quasi-binary phase diagram of Pb1−xGexTe alloys, reproduced
from experimental data from Ref. [157] and references therein. The miscibility
gap is shown with black circles, the liquidus and solidus temperatures are shown
in black squares for each alloy composition.

The experimental preparation of single phase Pb1−xGexTe alloys must be
handled with great care to avoid phase separation. In Fig. 4.33 we show the
miscibility gap of Pb1−xGexTe, reproduced from experimental data as measured
by Hohnke et al. [157]. This demonstrates the limits of the two-phase region,
and yields complete solid solubility above 843 K. In order to retain a single
phase alloy, it was necessary to anneal samples at 873 K for a period of 100-
200 hours followed by rapid quenching on a time scale of ∼1 second [157]. This
procedure was successfully applied to all compositions but Pb0.40Ge0.60Te, where
the authors were unable to retain a single phase alloy, due to extremely rapid
phase dissociation of the alloy. The authors stress that while extremely fast
quench rates are necessary, annealling times of 18-24 hours may be sufficient to
retain a single phase [157].

The question of whether there is a displacive or order-disorder soft mode phase
transition in GeTe remains open. Older work on this topic suggested a displacive
phase transition in GeTe [179, 194] with temperature. However, recent work has
highlighted the pitfalls of techniques used in determining its nature [171]. This
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lead to the conclusions of Matsunaga et al. [195] that an order-disorder model is
more consistent with experiment when GeTe films are probed on shorter length
scales than previous works. However, a thorough investigation by Wdowik et
al. [173] has shown that perfectly ordered single crystalline GeTe undergoes a
displacive phase transition with temperature. Experimental observations of an
order-disorder phase transition [195] may be due to local defect structures in
polycrystalline GeTe films. Thus, we have assumed a displacive second-order
phase transition for Pb1−xGexTe alloys within our model.

Furthermore, there exists considerable debate within the literature as to
whether PbTe crystallizes in the ideal rocksalt structure at all temperatures,
or forms local structural dipoles with increasing temperature [162]. This is
supported by Kastberg et al. [196] who claim that the Pb atom off centres by
as much as ∼0.3 Å at room temperature. However, this view is contradicted
by Zhang et al. [197] who attribute the experimental observations to large
amplitude thermal vibrations. Supporting data from extended x-ray absorption
fine structure spectroscopy finds no evidence for an off-centring of the Pb atom
[198]. Further work by Chen et al. [199] claims to have put the issue to rest
after finding no appreciable breaking of the local or global symmetry in PbTe.
Thus, we have assumed within our model that no such local structural dipoles
(also termed ferroelectric nanodomains) form in the rocksalt phase of Pb1−xGexTe
alloys, giving an ideal rocksalt structure.

4.6 Summary

We predict from first principles virtual-crystal simulations that the anharmonic
contribution to the lattice thermal conductivity of Pb1−xGexTe alloys is mini-
mized at the phase transition due to the maximized acoustic-optical anharmonic
interaction. The total lattice thermal conductivity is further reduced due to mass
disorder, which shifts the minimum value into the rhombohedral phase towards
the composition at which scattering due to mass disorder is strongest. The total
lattice thermal conductivity and its anharmonic contribution change continuously
between the rocksalt and rhombohedral phases of the alloy as characteristic for
the second-order phase transition. We show that lattice thermal conductivity
is comparably suppressed in the rocksalt and rhombohedral structures with a
similar proximity to the phase transition. Consequently, we argue that the
structure and its degree of resonant bonding are less critical effects for suppressing
lattice thermal conductivity in comparison to proximity to the phase transition,
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average atomic mass, and mass disorder. Thus, tuning the soft optical modes of
Pb1−xGexTe alloys and other materials near soft optical mode phase transitions
may be a promising strategy to increase their thermoelectric figure of merit.
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Chapter 5

Electron-phonon coupling and
mobility of n-type Ge and PbTe

5.1 Introduction

Up to this point, we have concerned ourselves with the computation of lattice
thermal conductivity, largely ignoring other thermoelectric properties, namely the
electrical conductivity, Seebeck coefficient, and electronic thermal conductivity.
In this chapter, we take the first steps in calculating these quantities with the
ultimate goal of predicting the thermoelectric figure of merit of PbTe-based
materials driven near the ferroelectric phase transition. We start by calculating
the electronic mobility, which contains all the information pertinent to electronic
transport properties necessary to compute ZT when coupled with lattice thermal
conductivity calculations. We present results of these mobility calculations for n-
type PbTe and Ge, which serves as a check to ensure correct implementation of the
theory, and compare these results to experiment for the low carrier concentration
and low temperature regime.

Remaining within the BTE-RTA framework, we calculate electronic lifetimes
considering the effects of electron-phonon coupling on the low energy states near
the conduction band minimum [83]. To achieve this, we use first principles
techniques [83, 200] and deformation potential theory [79, 95, 201, 202, 203, 204].
This approach also easily allows us to compare the relative strength of different
electron-phonon coupling mechanisms, such as intervalley, intravalley acoustic
and polar optical scattering. In parallel, we present a discussion of the theoretical
descriptions of the electronic band structures of PbTe and Ge. In contrast to Ge,
the electronic bands of PbTe are notoriously difficult to reproduce within the
DFT-LDA framework due to an inversion of the ordering of states at the band
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5.2 Electronic band structure of Ge and PbTe

gap when the effects of spin orbit interaction are taken into account [205, 206, 207].
Thus, we explore methods beyond DFT such as hybrid functionals to reproduce
the band gap and effective masses of PbTe in agreement with experiment.

We find intravalley acoustic scattering to be the most dominant mechanism
for electron-phonon coupling in Ge, and obtain excellent agreement for electronic
mobility compared to experiment. From our calculations in PbTe polar optical
scattering is the most dominant electron-phonon coupling mechanism in the low
temperature and low carrier concentration regime, with several other scattering
mechanisms forbidden by symmetry. Our calculated mobility of PbTe is in good
agreement with experiment up to 200 K for low carrier concentrations. However,
our calculated mobility differs from experiment by a factor of∼2 at 300 K. Further
work is necessary to resolve these discrepancies, and obtain an accurate ab initio
description of the electronic mobility of PbTe.

5.2 Electronic band structure of Ge and PbTe

In this work, we limit ourselves to considering n-type Ge and PbTe in the low
temperature and low carrier concentration regime. Within this limit, conduction
band minima typically display an energy dispersion in k-vector near the band
edge of the form:

E(k) = Ec +
~2∆k2

‖

2m∗‖
+ ~2∆k2

⊥
2m∗⊥

. (5.1)

where Ec is the energy of the band edge, and ∆k‖ and ∆k⊥ are the compo-
nents of k parallel and perpendicular to the k-vector of the valley minimum,
km. Charge carriers behave as free electrons with effective masses m∗‖ or m∗⊥
depending on the direction of motion; along the longitudinal axis parallel to km,
or along the transverse axes perpendicular to km. We verify this assumption and
extract the values of m∗‖ and m∗⊥ from first principle calculations of the electronic
band structure, along with values of the band gap. We then compare these
quantities to experiment before proceeding with calculations of the electronic
transport properties of Ge and PbTe. Unless otherwise stated, all calculations
following this are performed using HGH pseudopotentials [110] with the Teter-
Pade parametrisation [113] of the LDA exchange-correlation functional [97], using
the Abinit code [132].

Ge has an indirect band gap between the valence band maximum at Γ and
conduction band minimum at L, see Fig. 5.1, which shows the electronic band
structure calculated without spin orbit interaction (SOI). The value of the band
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Figure 5.1: Electronic band structure of Ge, calculated using the LDA and HGH
pseudopotentials excluding spin orbit interaction (a) showing several valence and
conduction band states, and (b) zoomed in near the conduction band minimum
to highlight the energy ordering of the L, Γ, and ∆ valleys. The energies of the
valence band maximum (blue dashed line) and conduction band minimum (red
dashed line) are also highlighted.

Table 5.1: Electronic band gap and conduction band effective electron masses at
L of Ge calculated using the LDA functional compared to experiment.

Ge LDA (exc. SOI) Experiment
Eg (eV) 0.261 0.744[208]

m∗,c,L‖ /me 1.639 1.640[209]

m∗,c,L⊥ /me 0.083 0.082[209]

gap is considerably underestimated compared to experiment, see Table 5.1, due to
the well known tendency of the LDA functional to underestimate the electronic
band gap in a range of semiconductors [210, 211]. Since the conduction band
minimum in Ge is at the L point, we extract the effective electron masses along
the directions parallel to L (L → Γ) and perpendicular to L (L → W), labelled
m∗,c,L‖ and m∗,c,L⊥ respectively. We find that these effective electron masses
are in extremely good agreement with experiment using the LDA functional.
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This excellent agreement results from the fact that Ge is an indirect band-gap
semiconductor where the conduction band minimum is not energetically close to
other states of the same crystal momentum. Thus, the LDA functional should
characterise electron transport properties involving the L valley very well in Ge.
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Figure 5.2: Electronic band structure of PbTe, calculated using the LDA and
HGH pseudopotentials (a) excluding spin orbit interaction, and (b) including
spin orbit interaction. The energies of the valence band maximum (blue dashed
line) and conduction band minimum (red dashed line) are also highlighted.

In contrast to Ge, PbTe has a direct narrow band gap at the L point
[212, 213, 214], see Fig. 5.2, which shows the electronic band structure of PbTe
calculated excluding SOI in Fig. 5.2(a), and including SOI in Fig. 5.2(b). Within
the LDA, the inclusion of SOI pushes the Σ valley (along the Γ-K direction)
upwards to become the valence band maximum forming an indirect band gap
with the conduction band minimum at L, at odds with experimental observations
[212, 213, 214].

The LDA excluding SOI overestimates the band gap in PbTe, yielding a value
about twice that of experiment, see Table 5.2. This is due to the lack of relativistic
effects which results in an opening of the band gap, counteracting the effect
of the LDA underestimation of the band gap energy [205, 206]. Nevertheless,
effective electron masses are in very good agreement with experiment. Thus,
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Table 5.2: Direct electronic band gap and effective electron masses of PbTe
calculated using the LDA functional including and excluding spin orbit interaction
compared to experimental values measured at 4 K. The sign of the band gap is
determined from the ordering of electronic states at L, as explained in the text.

PbTe LDA LDA Experiment 1 Experiment 2
(exc. SOI) (inc. SOI) Ref. [212] Ref. [213]

Eg (eV) 0.54 −0.32 0.19a 0.19a

m∗,v‖ /me 0.294 0.834 0.255 0.310
m∗,v⊥ /me 0.023 0.622 0.024 0.022
m∗,c‖ /me 0.216 5.295 0.210 0.240
m∗,c⊥ /me 0.037 0.031 0.021 0.024

a increasing to ∼0.3 eV at room temperature [214].

for calculating electronic transport properties of PbTe, we anticipate that the
LDA excluding SOI may give reasonable results within the DFT level of theory.
However, we note that the energy separation of the 1st and 2nd conduction band
states without SOI is considerably smaller than in the case including SOI, which
may lead to inaccuracies in the electron-phonon matrix element calculations.

We confirmed the presence of a positive electronic band gap in PbTe when
SOI is excluded by calculating wavefunction overlaps as follows. Considering
only the 1st electronic states on either side of the Fermi level at zero temperature
(set to 0 eV, see Fig. 5.2) respectively, we labelled the periodic part of the
wavefunction of the state with the lower energy |uk,h〉, and the periodic part
of the wavefunction of the state with the higher energy |uk,e〉. We then computed
the overlap between the periodic part of the wavefunction at L of the lower energy
band, |uL,h〉, with |uk,h〉 and |uk,e〉 respectively, and the overlap of the periodic
part of the wavefunction at L of the higher energy band, |uL,e〉, with |uk,h〉 and
|uk,e〉 respectively, see Figs. 5.3(a) and 5.3(c). The wavevector k is along the Γ-
L-W line, which corresponds to the directions along which we extract the values
of m∗‖ (L → Γ) and m∗⊥ (L → W). We found that the state at L with the lower
energy overlaps more strongly with the lower energy state along Γ-L-W than the
higher energy state, and thus it mainly exhibits the character of the valence band.
Similarly, the state at L with the higher energy overlaps more strongly with the
higher energy state along Γ-L-W, and thus mainly exhibits the character of the
conduction band. This confirms the correct ordering of states at L and a positive
band gap in PbTe when SOI is excluded, and verifies that our effective electron
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Figure 5.3: Electronic band structure of PbTe along the Γ-L-W line calculated
using the LDA (a) excluding SOI and (b) including SOI. A solid red (blue)
line shows a state whose character mostly corresponds to that of the conduction
(valence) band as deduced from wavefunction overlaps. The overlaps of the cell
periodic parts of the wavefunctions between the 1st electronic states counting
upward (labelled as e) and downward (labelled as h) from the zero temperature
Fermi level at L and those states at k are shown (c) excluding SOI and (d)
including SOI. The following wavefunction overlaps are plotted: | 〈uL,e|uk,e〉 |2
(dot-dashed black line), | 〈uL,e|uk,h〉 |2 (dotted red line), | 〈uL,h|uk,h〉 |2 (large-
dashed blue line), | 〈uL,h|uk,e〉 |2 (small-dashed green line).

masses are extracted from physically correct states.
The combination of LDA’s tendency to underestimate the band gap and the

effects of SOI result in an inverted band gap in PbTe. When relativistic effects
are taken into account the previously degenerate 2nd and 3rd conduction and
valence band states split, see Fig. 5.2. This spin orbit splitting causes the valence
band maximum to be repelled upward, while the conduction band minimum is
repelled downward [205, 206]. The resulting band gap is underestimated to such a
degree that the topmost valence band and bottommost conduction band become
interchanged and mix heavily at L [205, 206], which is an issue well known in the
lead chalcogenides [207]. To confirm that this is indeed the case in our calculations
when SOI is included, we again computed the previously defined overlap of the
cell periodic parts of the wavefunctions, see Figs. 5.3(b) and 5.3(d). We found
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that the state at L above the zero temperature Fermi level overlaps more strongly
with the state below the Fermi level away from L, thus |uL,e〉 mainly exhibits the
character of the valence band. Conversely, the state at L below the Fermi level
overlaps more strongly with the state above the Fermi level away from L, thus
|uL,h〉 mainly exhibits the character of the conduction band. This confirms the
presence of an inverted band gap, and as a result, effective masses calculated with
this approach are in very poor agreement with experiment, see Table 5.2.
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Figure 5.4: (a) Bottommost conduction band state of Ge calculated using LDA-
HGH (solid black line) relative to the band minimum, compared to the parabolic
bands fit shown with red and blue dashed lines, for 2/5 of the line L→Γ (parallel
to L) and 1/5 of the line L→W (perpendicular to L). (b) Bottommost conduction
band state of PbTe calculated using LDA-HGH (solid black line) relative to the
band minimum compared to the parabolic bands fit shown with red and blue
dashed lines, for 1/5 of the line L→Γ and 1/5 of the line L→W.

We find that the assumption of parabolic bands holds extremely well for both
Ge and PbTe up to a value of∼0.1 eV, see Figs. 5.4(a) and 5.4(b), which should be
sufficient for transport calculations below 300 K and at low carrier concentrations
circa 1018 cm−3. We determined the parabolic bands by fitting Eq. (5.1) to our
calculated DFT electronic bands in the vicinity of the conduction band minimum,
which also yields the effective electron masses as given previously. In Ge, the
conduction band has almost perfect parabolic behaviour up to energy values of
∼0.3 eV. On the other hand, there are clear deviations from parabolic behaviour
at energies larger than ∼0.1 eV in PbTe, which is most striking along the L→W
lines for energies higher than ∼0.2 eV. However, this non-parabolicity will only
become significant in the high temperature or high carrier concentration regimes,
outside the scope of this work.

Turning our attention to the LDA description of electronic polarisability in
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Table 5.3: Born effective charges and high-frequency dielectric constant of PbTe
calculated with the LDA excluding and including SOI compared to experimental
measurements.

Z∗ (e) ε∞

LDA (exc. SOI) 6.35 34.85
LDA (inc. SOI) 7.47 70.35
Experiment [153, 215] 6.5 31.81

PbTe, the LDA excluding SOI gives values of the Born effective charges and high-
frequency dielectric constant of PbTe in excellent agreement with experiment,
see Table 5.3. On the other hand, the LDA including SOI overestimates the
experimental BECs by ∼ 20%, and gives a value over twice that of experiment
for the high-frequency dielectric constant. In the latter case, the overestimation
is likely due to the closing of the average electronic gap [193], which results from
the repulsion of valence (conduction) states upwards (downwards) when SOI is
taken into consideration. Thus, we anticipate that parameters derived from the
LDA excluding SOI characterise polar optical scattering more accurately than
those obtained from the case including SOI.

5.3 Modelling electronic mobility

The charge carrier mobility within the BTE-RTA is given in Eq. (2.112). First,
we convert the sum over k to an integral over energy:

µ = e

n

∫
dE

∑
n

ρ(E)
(
−∂f

0(E)
∂E

)
v2
nk(E)τnk(E). (5.2)

where ρ(E) is the density of states per spin. Then, we make a number of
assumptions to simplify this expression. Since we are dealing with the linear
(ohmic) regime, we assume carriers are in thermal equilibrium and obey Maxwell-
Boltzmann statistics, where f 0 = e−(Ek−EF)/kBT [200]. This is the approximate
form of the Fermi-Dirac distribution valid when Ek − EF � kBT . The carrier
velocity vk = 1/~∇kE(k) and density of states may be obtained taking the
parabolic band approximation (see Eq. (5.1)), valid for the low temperature and
low carrier concentration regime as discussed, where conduction only happens
through the bottom degenerate conduction bands.

Thus, summing over the longitudinal and transverse directions, we obtain the
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electron mobility as [83, 200]:

µ = 4
9
eNv

kBTn

 1
m∗‖

+ 2
m∗⊥

∫ ∞
Ec

dEe
−E−EF

kBT (E − Ec)ρ(E)τ(E), (5.3)

where Nv is the valley degeneracy, and the density of states per spin at the carrier
energy E is given as [83]:

ρ(E) =
(m∗‖)1/2m∗⊥

√
E − Ec√

2π2~3
Θ(E − Ec), (5.4)

where Θ(E − Ec) is the unit step function, 0 if E − Ec < 0, 1 otherwise. The
carrier concentration is given as [83]:

n = 2Nv(m∗‖)1/2m∗⊥

(
kBT

2π~2

) 3
2

e
EF−Ec
kBT , (5.5)

In practise Eq. (5.3) does not need to be integrated up to infinity, instead we
integrate up to 10 kBT which is sufficient to capture finite electronic occupations
due to the exponential decay of the Boltzmann distribution. τ(E) is calculated
summing over the scattering rates of different electron-phonon coupling mecha-
nisms using Matthiessen’s rule, whose details are given next.

5.4 Electron-phonon coupling

When calculating electron scattering rates due to electron-phonon coupling, we
are only considering n-type Ge and PbTe in the low temperature and low carrier
concentration regime. Thus, we only consider electronic transport involving the
L valleys, i.e.: scattering within an L valley via an acoustic or optical phonon,
and between non-equivalent L valleys. We note that scattering involving the Γ
and ∆ valleys in Ge will become significant at higher temperatures and carrier
concentrations, see Fig. 5.1. However it is trivial to extend the theory to take
these valleys into consideration. Similarly, in PbTe other conduction band valleys
may become significant only at very high temperatures or carrier concentrations,
see Fig. 5.2. Given that PbTe is a polar semiconductor, we must also consider
the Fröhlich interaction (polar optical phonon scattering).

We divide these scattering mechanisms into three groups based on the com-
putational approach used to obtain electron scattering rates. We first consider
scattering between non-equivalent L valleys (intervalley), see Fig. 5.5, and scat-
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Intravalley scattering in PbTe

Figure 5.5: Cartoon illustrating (a) scattering between L valleys (intervalley) via
an X-point phonon and (b) scattering within an L valley (intravalley) in the limit
of q → 0 in PbTe.

tering within an L valley due to an optical phonon (intravalley optical), following
the approach outlined by Murphy-Armando and Fahy [83]. For intravalley
acoustic scattering, we turn to the deformation potential theory approach of
Herring and Vogt [79, 83, 95, 200]. In both cases, we calculate electron-phonon
coupling elements using the DFPT method implemented in the Abinit code
[132, 134, 135]. Finally, to describe polar-optical scattering we turn to the Fröhlich
model as described in Ref. [77]. To reiterate, all DFT calculations from here on are
performed with the LDA exchange-correlation excluding spin orbit interaction,
unless otherwise stated.

5.4.1 Intervalley and intravalley optical scattering

We begin by returning to the electron scattering rate defined in Eq. 2.128 and
setting the electronic populations f 0

mk′ to zero in the limit of low doping, which
we re-write as [83]:

1
τ lnk

= 2π
~

1
Nl

∑
mk′

∑
qs
l2qs
(
F kk′
nm (εmk′ − εnk)n̄qsΘ(εmk′ − εnk)

×F kk′
nm (εnk − εmk′)(n̄qs + 1)Θ(εnk − εmk′)

)
,

(5.6)

where lqs = (~/2mcωqs)1/2, and we have defined:

F kk′
nm (E) =

∑
s

∣∣∣Hmn(k; qs)
∣∣∣2δ(E − ~ωqs), (5.7)

in terms of the electron-phonon matrix elements Hmn(k; qs), defined previously
in Eq. (2.119). The first term in Eq. (5.6) is due to phonon absorption and the
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second due to phonon emission.
For intervalley and intravalley optical scattering near the conduction band

valley minima, where carriers are concentrated, the electron phonon coupling
elements have a weak dependence on k and k′. Thus, we may approximate
F kk′
nm as effectively being from a valley α (state |ψnk〉) to valley β (state |ψmk′〉),
F kk′
nm ≈ Fαβ [83]. This allows us to calculate the scattering rate for an entire

valley from that of the valley minima, and use Eq. (5.6) instead of the momentum
relaxation time [142].

Converting Eq. (5.6) from a summation over k′ to an integral over energy, and
using the density of states in Eq. (5.4), the scattering rate for phonon absorption
is [83]:

1
τ l,−α→β(Ek)

=
nvΩ

√
(m∗,β⊥ )2m∗,β‖

~2
√

2πmc

∫ ∞
Ek

dEk′

√
Ek′ − Eβ

c Fαβ(Ek′ − Ek)
Ek′ − Ek

n(Ek′ − Ek),

(5.8)
and for phonon emission [83]:

1
τ l,+α→β(Ek)

=
nvΩ

√
(m∗,β⊥ )2m∗,β‖

~2
√

2πmc

∫ Ek

Eβc

dEk′

√
Ek′ − Eβ

c Fαβ(Ek − Ek′)
Ek − Ek′

(n(Ek−Ek′)+1),

(5.9)
where Ω is the volume of the primitive cell, and Eβ

c is the minimum energy of
the valley β. nv is the number of valleys an electron can scatter to, and equals
1 for intravalley scattering, and 3 for intervalley scattering. Ek and Ek′ are the
energies of the initial and final states, and Ek′ −Ek and Ek−Ek′ are the phonon
energies for the two processes respectively. Integration is performed up to a value
of Ek +10kBT . For Ge, intervalley scattering via an X-point phonon is limited to
the LA and LO polarisations as per selection rules [216]. Electron scattering rates
due to these types of electron-phonon coupling for Ge are plotted in Fig. 5.6.

The deformation potentials for intervalley and optical intravalley scattering
are defined as a function of electron-phonon matrix elements as [83]:

D =
√∑

s

∣∣∣Hmn(k; qs)
∣∣∣2 (5.10)

where s is over optical modes for intravalley optical scattering, DopL, and s is over
all modes for intervalley scattering, DLL. We note that in Ge s is only summed
over longitudinal modes for intervalley scattering due to selection rules [216]. For
Ge, we find excellent agreement with previous values from the literature and good
agreement with experiment, see Table 5.4.
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Figure 5.6: Electron scattering rates in an L valley as a function of electronic
energy at 300 K in Ge. Scattering is due to electron-phonon coupling from
intervalley emission (solid black line) and absorption (dashed red line), and
intravalley optical emission (dotted blue line) and absorption (dot-dashed green
line).

Table 5.4: Intervalley and intravalley optical deformation potentials for Ge com-
pared to previous calculations from the literature and experiment.

Our results Previous
calculations

Experiment

[83] [80, 217]
DLL(eV/Å) 1.12 1.11 3.00
DopL(eV/Å) 5.09 5.11 5.50

Calculated intervalley and intravalley optical scattering rates are zero for
PbTe, due to the fact that scattering between L valley minima via an X phonon,
and scattering within an L valley via a Γ phonon is forbidden by symmetry
[218, 219]. In PbTe, the centre of inversion is the Pb or Te site, and thus all X-
point and Γ-point phonons have odd parity under inversion symmetry [220]. Odd
parity phonons can only couple between electronic states of opposite parity, i.e.
odd and even electronic states [220]. Thus, the electron-phonon matrix elements
for intervalley and intravalley optical scattering in the conduction band vanish
exactly at the L point. This is in contrast to Ge where optical phonons at X
and Γ have even parity under inversion symmetry, since the centre of inversion
is between two Ge atoms, and contribute to the electron-phonon scattering rate.
We note that this argument also holds for scattering between L points in the
valence band in PbTe, while interband scattering (between the conduction and
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valence bands) is allowed. Crucially, intervalley scattering via an X phonon and
intravalley scattering via a Γ phonon remain forbidden by symmetry when spin
orbit interaction is taken into account, as confirmed by our DFPT calculations.

5.4.2 Intravalley acoustic scattering

5.4.2.1 Deformation potential theory

To calculate electronic scattering rates due to long-wavelength acoustic mode
phonons, we employ the deformation potential approach introduced by Bardeen
and Shockley [95], which was generalised by Herring and Vogt [79] to include
transverse as well as longitudinal phonons. We follow the procedure outlined by
Fischetti and Laux [200] and Murphy-Armando and Fahy [83]. The fundamental
idea of deformation potential theory is that the matrix element k → k ± q for
absorption or emission of a long-wavelength acoustic phonon is practically equal
to the shift of the band energy which would be produced from a homogeneous
strain equal in magnitude to the local strain at a point r due to a phonon qs.
A deformation potential thus describes the change in electronic band energies at
different parts of the Brillouin zone due to static distortions of the lattice.

To express this idea in another way, the expectation value of the partial
derivative of the electronic Hamiltonian with respect to acoustic displacement
may be approximated as [95]:

∂He

∂u(r)u(r) ≈ ∂εnk

∂u(r)u(r) (5.11)

where ∂εnk/∂u(r) is the shift of the electronic energy of a non-degenerate band
due to a static displacement of the unit cell u(r), and is related to the deformation
potentials of the crystal. We may describe the interaction between electrons and
acoustic phonons with a slowly varying potential dependent on the deformation
potential tensor Ξαβ [77, 79]:

Ĥep =
∑
αβ

εαβ(r)Ξαβ, (5.12)

where ε(r) is the local strain tensor at r, given as εαβ = 1
2(∂uα

∂rβ
+ ∂uβ

∂rα
) [221].

The displacement u(r) of acoustic modes is written as [77]:

u(r) = N
− 1

2
l

∑
qs
lqses(q)

(
âqs + â†−qs

)
eiq·r, (5.13)
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where es(q) is the unit polarisation vector. The strain tensor components then
read [77]:

εαβ(r) = N
− 1

2
l

∑
qs

i

2 lqs
(
âqs + â†−qs

) (
esα(q)qβ + esβ(q)qα

)
eiq·r. (5.14)

Substituting into Eq. (5.12) we arrive at the Hamiltonian describing interaction
between electrons and long-wavelength acoustic mode phonons [77]:

Ĥep = N
− 1

2
l

∑
qs

i

2 lqs
(
âqs + â†−qs

)
eiq·r

∑
αβ

Ξαβ

(
esα(q)qβ + esβ(q)qα

)
. (5.15)

We then insert the above Hamiltonian into Fermi’s Golden Rule to obtain the
electron scattering rate:

1
τ lnk

=2π
~

1
Nl

∑
mk′

∑
qs
l2qs
∣∣∣ 〈umk′ |

1
2
∑
αβ

Ξαβ

(
esα(q)qβ + esβ(q)qα

)
|unk〉uc

∣∣∣2
×
((
n̄qs + 1

2 ∓
1
2

)
δ (εnk − εmk′ ± ~ωqs) δk±q−k′,G

)
,

(5.16)

where the upper sign is for phonon absorption, and the lower for phonon emission.
The cell periodic part of the Bloch function, unk, does not vary rapidly with k
over states near the band edge, where charge carriers are concentrated. Thus we
may assume unk ≈ unk±q to obtain 〈umk±q|unk〉uc = 1 for parabolic bands [77].
For simplicity, we define C = 1/2∑αβ Ξαβ

(
esαb(q)qβ + esβb(q)qα

)
to obtain:

1
τ lnk

= 2π
~

1
Nl

∑
mk′

∑
qs
l2qs|C|2

((
n̄qs + 1

2 ∓
1
2

)
δ (εnk − εmk′ ± ~ωqs) δk±q−k′,G

)
.

(5.17)
We now consider the momentum relaxation time for a simple case, a longitu-

dinal phonon in a cubic crystal with a spherical band following the approach in
chapter 3 of Ref. [77]. For the Γ valley shear strains do not produce a change in
energy, and thus it can be shown that C = ΞΓ

dq, where Ξd is the dilatation
deformation potential and corresponds to the shift in band energy due to a
dilatation in the two directions normal to the axis of the valley in consideration.
We may approximate n̄qs ≈ (kBT )/(~ωqs), assuming that the energy of a phonon
is much less than the energy of an electron. It follows in the limit of n̄qs � 1 that
the rates of phonon emission and absorption processes become identical. Finally,
neglecting the phonon energy ~ωqs in the argument of the delta function since
only very low energy phonons are involved (the quasi-elastic approximation) [142],
and accounting for the factor (1− cos(θkk′)), the momentum relaxation time for
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absorption or emission processes in this case is given as [77]:

1
τ

= (2m∗,Γ) 3
2kBT

4π~4cL
(ΞΓ

d )2
√
Ek − Ec, (5.18)

where m∗,Γ is the effective mass of the Γ valley, and cL is the average elastic
constant for longitudinal modes.

Herring and Vogt generalised deformation potential theory to include lon-
gitudinal and transverse acoustic phonons in a semiconductor with anisotropic
scattering [79, 95]. Considering the Γ, L and X valleys of a cubic material,
the deformation potential tensor consists of two linearly independent terms, Ξd,
and Ξu. Ξu is the uniaxial deformation potential, and corresponds to a uniaxial
stretch along the direction of the valley in consideration, and a corresponding
compression perpendicular to this so that volume is preserved. For the [111] L
valley, the diagonal terms of the deformation potential tensor are given as [79]:

Ξαα = ΞL
d + ΞL

u

3 , (5.19)

with the non-diagonal terms (α 6= β) given as [79]:

Ξαβ = ΞL
u

3 . (5.20)

In this case, the electron-phonon coupling Hamiltonian can be written as [83,
201, 202]:

Hep = ΞL
dTr[ε(r)] + ΞL

u(k̂L · ε(r) · k̂L). (5.21)

where k̂L is a unit vector parallel to the k-vector of the L valley.
Herring and Vogt obtained the angular dependences of the momentum relax-

ation times for anisotropic valleys by interpolating the calculated squared matrix
elements along symmetry directions of the phonon wavevector with spherical
harmonics. For the directions parallel and perpendicular to the k-vector of a
given valley these momentum relaxation rates are written as [79]:

1
τ‖

=
3(m∗‖m∗2⊥ ) 1

2kBT

2 3
2π~4cl

√
Ek − Ec

[
ξ‖Ξ2

d + η‖ΞdΞu + ζ‖Ξ2
u

]
, (5.22)

1
τ⊥

=
3(m∗‖m∗2⊥ ) 1

2kBT

2 3
2π~4cl

√
Ek − Ec

[
ξ⊥Ξ2

d + η⊥ΞdΞu + ζ⊥Ξ2
u

]
, (5.23)

where cl = c12 + 2c44 + 3
5(c11 − c12 − 2c44). ξ‖, η‖, ζ‖, ξ⊥, η⊥ and ζ⊥ are the

deformation potential coefficients, defined in terms of elastic constants, effective
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masses, and integrals over the scattering probability, as per Table VI of Ref. [79].
We have taken elastic constants from experimental measurements of Ge [222]
and PbTe [223, 224] at room temperature respectively. Our calculated values of
these coefficients are given in Table 5.5, which for Ge agree very well with those
reported in Ref. [79].

Table 5.5: Calculated deformation potential coefficients for the L valleys of Ge
and PbTe.

ξ‖ η‖ ζ‖ ξ⊥ η⊥ ζ⊥

Ge 1.23 2.32 1.17 1.31 1.63 0.91
PbTe 1.57 2.83 2.34 1.36 1.46 2.31

Given the above expressions for the momentum relaxation times in terms
of deformation potentials, we now detail how Ξu and Ξd may be calculated.
Contrasting the electron scattering rate of Eq. (5.17) with that of Eq. (2.128), we
find:

C = 1
2
∑
αβ

Ξαβ

(
esα(q)qβ + esβ(q)qα

)
= Hnn(k; qs), (5.24)

where C is determined by the phonon strain tensor and the acoustic deformation
potentials. This may be calculated using the DFPT method implemented in the
Abinit code [132, 134, 135], as previously discussed.

We now deduce values of C in terms of Ξu and Ξd accounting for the directions
of the strain polarisations (given in Table III of Ref. [79]) and q. For a transverse
acoustic phonon along [010] we obtain:

C = 1
3ΞL

uq, (5.25)

and for a longitudinal acoustic phonon along [01̄1] we obtain:

C = ΞL
dq. (5.26)

These values of C/q hold to be constant in the limit of q → 0, with C deviating
from linear behaviour at larger q. Thus, we extract the deformation potentials
from the linear term of a quadratic fit to Hnn(k; qs) versus |q| for the specified
phonon direction and polarisation. For the L valley we calculate the electron-
phonon matrix elements coupling states L and L + q (labelled as L → L + q),
as well as the matrix elements coupling states L− q/2 and L + q/2 (labelled as

Thermoelectric Properties of PbTe 118 Aoife Rose Murphy



5.4 Electron-phonon coupling

L−q/2→ L+ q/2). We then extract the deformation potentials from quadratic
fits to both sets of coupling elements respectively.

5.4.2.2 Deformation potentials of Ge and PbTe
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Figure 5.7: Calculated electron-phonon intravalley matrix elements in Ge as a
function of phonon momentum |q|, for transitions L→ L+q (red crosses) and L−
q/2→ L+ q/2 (blue pluses). These yield (a) the uniaxial deformation potential,
where 3C = ΞL

u|q| for an acoustic transverse phonon along [010], and (b) the
dilatation deformation potential, where C = ΞL

d |q| for an acoustic longitudinal
phonon along [01̄1]. Quadratic fits to the matrix elements are shown with solid
red and dashed blue lines. a0 is the lattice constant of Ge.

Table 5.6: Deformation potentials for Ge compared to previous results from the
literature and experiment. Deformation potentials are extracted from a quadratic
fit to the L → L + q matrix elements, and also from a quadratic fit to the
L− q/2→ L + q/2 matrix elements (in brackets).

Our results Previous calculations Experiment
ΞL
u (eV) 16.67 (16.83) 16.98[83], 16.80[200] 16.20[225]

ΞL
d (eV) −6.46 (−6.54) −6.27[83], −4.43[200] −12.30[226]

The deformation potentials of Ge agree very well with previous results from
the literature, and reasonably well with experiment, see Table 5.6. Fig. 5.7(a)
shows the electron-phonon matrix elements for transitions L → L + q and L −
q/2→ L+q/2 for a transverse acoustic phonon along [010], and Fig. 5.7(b) shows
the matrix elements for these same transitions for a longitudinal acoustic phonon
along [01̄1]. As the q-vector becomes larger, the deviations from linearity, and
thus from the deformation potential approximation, become larger. Along [010]
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the deviation from linearity is relatively small, and the agreement between the
matrix elements coupling states L→ L + q and L− q/2→ L + q/2 is excellent,
see Fig. 5.7(a). However, along q = [01̄1] there is a substantial deviation from
linearity, and a significant disparity between the L→ L+q and L−q/2→ L+q/2
matrix elements, see Fig. 5.7(b). Nevertheless, as q → 0 we see that the linear
terms of the quadratic fits to the L → L + q and L − q/2 → L + q/2 matrix
elements are nearly identical, resulting in values of ΞL

u and ΞL
d which differ by

no more than ∼ 2% from each other respectively, see Table 5.6. We note that
this approach yields the absolute values of the deformation potentials only. Their
signs are determined from an alternative method that calculates the energy shift
of the conduction band due to strain, and will be discussed later in section 5.7.
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Figure 5.8: Calculated electron-phonon intravalley matrix elements in PbTe as
a function of phonon momentum |q|, for transitions L → L + q (red crosses)
and L− q/2 → L + q/2 (blue pluses). These yield (a) the uniaxial deformation
potential, where 3C = |ΞL

u||q| for an acoustic transverse phonon along [010],
and (b) the dilatation deformation potential, where C = |ΞL

d ||q| for an acoustic
longitudinal phonon along [01̄1]. Quadratic fits to the matrix elements are shown
with solid red and dashed blue lines. a0 is the lattice constant of PbTe.

Fig. 5.8(a) shows the electron-phonon matrix elements of PbTe for transitions
L → L + q and L − q/2 → L + q/2 for a transverse acoustic phonon along
[010], and Fig. 5.8(b) shows the matrix elements for these same transitions for a
longitudinal acoustic phonon along [01̄1]. The uniaxial deformation potential of
PbTe agrees reasonably well with experimental values and very well with respect
to a previously calculated value of ΞL

u = 8.29 eV [227], see Table 5.7. A value
of ΞL

u = 3 eV was obtained from piezoresistance measurements on n-type PbTe,
whereas a value of ΞL

u = 4.5 eV was obtained from the ultrasonic technique, see
Refs. [228, 229] and references therein. There is a small deviation from linearity of
the electron-phonon matrix elements along [010] in PbTe, and excellent agreement
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Table 5.7: Deformation potentials for PbTe compared to previous results from the
literature and experiment. Deformation potentials are extracted from a quadratic
fit to the L → L + q matrix elements, and also from a quadratic fit (where we
enforce a positive linear term and neglect the matrix elements that are very close
to zero) to the L− q/2→ L + q/2 matrix elements (in brackets).

Our results Previous calculation Experiment
ΞL
u (eV) 7.23 (7.37) 8.29 [227] 3, 4.5 [228]

ΞL
d (eV) 1.92 (0.08) −4.36 [227] 21− 22a [228]

a Obtained by fitting a model to electronic transport measurements.

between the L→ L+q and L−q/2→ L+q/2 coupling elements, see Fig. 5.8(a),
with a ∼ 2% difference in our calculated values of ΞL

u. However, along [01̄1] there
is a break from linearity and a noticeable difference between the L → L + q
and L − q/2 → L + q/2 coupling elements, see Fig. 5.8(b). In particular, the
matrix elements L − q/2 → L + q/2 increase rapidly with q and its first order
term goes to zero as q → 0, see the blue crosses in Fig. 5.8(b). In this case, we
calculate a value of ΞL

d = 0.08 eV from a quadratic fit to the L− q/2→ L + q/2
transition where we enforce the linear term to be positive and neglect the matrix
elements that are very close to zero. On the other hand, our extracted value of
ΞL
d from the L → L + q transition is 1.92 eV. Again, we deduced the sign from

an alternative calculation of band shifts due to strain as described in section
5.7. Our calculated values of ΞL

d are in reasonable agreement with the previously
calculated value of ΞL

d = −4.36 eV [227]. However, they are in poor agreement
with the value of ΞL

d = 21 − 22 eV estimated by Ravich et al. [228] by fitting a
model to electronic transport measurements. This discrepancy will be discussed
in more detail in a later section. We note that the previously calculated values
of ΞL

u = 8.29 eV and ΞL
d = −4.36 eV were obtained from first principles with an

early, non-self-consistent augmented plane wave method [227].

5.4.3 Fröhlich interaction

In polar semiconductors there is another electron-phonon coupling mechanism to
consider: Fröhlich interaction. This arises from the longitudinal optical motion
of two oppositely charged ions generating a macroscopic electric field with which
electrons interact. This interaction is so strong that polar optical scattering is
the most dominant mechanism in group III-V and II-VI compounds [77].

For PbTe we need an estimate of the strength of Fröhlich interaction to
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compare with intravalley acoustic scattering to see how both mechanisms limit
the electronic mobility. Thus, we turn to the Fröhlich model as laid out in chapter
3 of Ref. [77]. The basic polar interaction energy is given by [77]:

Ĥ = − 1
ε0

∫
D(R) ·P(R)dR. (5.27)

where ε0 is the permittivity of free space. D(R) is the electric displacement at
R associated with an electron at r, which we take as simply [77]:

D(R) = −∇
(

ē

4π|r−R|
e−q0|r−R|

)
, (5.28)

where q0 is the reciprocal Debye screening length, and ē is the electronic charge
containing its sign. P(R) = e∗ulbopt/Ω is the polarisation for an optical displace-
ment and e∗ is the magnitude of the Born effective charge on the atoms [77]:

e∗ =
(
mrΩω2

0ε
2
0

( 1
ε∞
− 1
εs

)) 1
2
, (5.29)

where εs is the static dielectric constant, mr is the reduced mass of the two atoms
in the unit cell, Ω is the primitive cell volume, and ω0 is the longitudinal optical
mode frequency at Γ.

Thus, for a long-wavelength optical displacement, we obtain the Hamiltonian
[77]:

Ĥ = −N−
1
2

l

∑
qs

ēe∗

Ωε0
q

q2 + q2
0

∑
b

(
~

2mbωqs

) 1
2

esb(q)
(
âqs + â†−qs

)
eiq·r. (5.30)

This may be inserted into Fermi’s Golden Rule to obtain the momentum relax-
ation time:

1
τ

= Ω
8π2mrω0

(
ēe∗

Ωε0

)2

×
∫ q2

(q2 + q2
0)2

((
n̄qs + 1

2 ∓
1
2

)
δ (εnk − εmk′ ± ~ωqs) δk±q−k′,G

)
dk′,

(5.31)
where we assume parabolic bands, and again the upper sign in the above equation
is for phonon absorption processes, with the lower for phonon emission. However,
we note that the momentum relaxation time may not be valid for polar-optical
phonon scattering due to the large energy exchange that takes place between
electrons and phonons. In principle, the BTE should be solved self-consistently
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to account for these processes. Nevertheless, since PbTe has a very small LO
frequency (∼14 meV) compared to most other materials, the use of the momentum
relaxation time may be appropriate for all but the lowest temperatures.

Within the low carrier concentration regime, we may neglect the effects of
screening, and set q0 = 0. Thus, we obtain the momentum relaxation rate [77]:

1
τ

= e2ω0

4π~vk

( 1
ε∞
− 1
εs

)(
n(ω0)

(
1 + ~ω0

Ek

) 1
2

+ [n(ω0) + 1]
(

1− ~ω0

Ek

) 1
2

+ ~ω0

Ek

[
− n(ω0) sinh−1

(
Ek
~ω0

) 1
2

+ [n(ω0) + 1] sinh−1
(
Ek
~ω0
− 1

) 1
2
])
.

(5.32)
where the phonon absorption and emission terms have been weighted by the re-
spective changes in momentum. We implement this model of Fröhlich interaction
for PbTe in the following section, and obtain the electronic mobility limited by
polar optical interaction.

5.5 Electron mobility

We calculate electronic lifetimes τ summing over electron-phonon coupling mech-
anisms using Matthiessen’s rule [16]:

1
τ

= 1
τintervalley

+ 1
τintravalley optical

+ 1
τintravalley acoustic

+ 1
τpolar optical

. (5.33)

We then calculate the electronic mobilities of Ge and PbTe inserting τ into
Eq. (5.3).

Intravalley acoustic scattering is by far the most dominant contribution lim-
iting the electronic mobility of Ge, see Fig. 5.9. We note that intravalley optical
scattering becomes more significant with higher temperatures, while even at room
temperature intervalley scattering does not play a significant role. We also find
very good agreement for the electronic mobility of Ge compared with experimen-
tal measurements of a single crystalline sample with a carrier concentration of
2.4×1014 cm−3 at room temperature [230], see Fig. 5.10. The contribution due to
ionized impurity scattering has been subtracted from experimental measurements
assuming it follows the Brooks-Herring relation [80].

The electronic mobility of PbTe limited by polar optical scattering is one order
of magnitude lower than that of intravalley acoustic scattering, see Fig. 5.11. In
our model, the contributions of intervalley and intravalley optical scattering are
zero, forbidden by symmetry as discussed. While there remain questions as to the
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Figure 5.9: The calculated electronic mobilities of Ge limited by intervalley (green
dot-dashed line), intravalley optical (dashed red line) and intravalley acoustic
(dotted blue line) scattering. The total electronic mobility of Ge limited by
electron-phonon coupling is shown by the solid black line.
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Figure 5.10: Calculated electronic mobility of Ge compared to measurements of
a single crystalline sample by Glicksman [230].

reliability of the calculated deformation potentials of PbTe, notably Ξd, it is clear
that Fröhlich interaction is by far the most dominant electron-phonon scattering
mechanism in PbTe for low temperatures and low doping concentrations. Further,
we find good agreement between the electronic mobility of PbTe compared to
experimental measurements at 100− 200 K of a single crystalline sample with a
carrier concentration of 1×1018 cm−3 by Allgaier and Scanlon [231], see Fig. 5.12.
However, at 300 K our calculated mobility differs from experiment by a factor of
∼2.

There are several outstanding issues with our calculation that must be resolved
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Figure 5.11: The calculated electronic mobilities of PbTe limited by intravalley
acoustic (dotted blue line) and polar optical (dashed red line) scattering. The
total electronic mobility of PbTe due to electron-phonon coupling is shown by
the solid black line.
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Figure 5.12: Calculated electronic mobility of PbTe compared to experimental
measurements by Allgaier and Scanlon [231].

to obtain good agreement with experiment at room temperature. The most
notable of these issues is the discrepancy between our calculated deformation
potentials for PbTe and their values within the literature [227, 228]. This may
stem from the inaccurate energy separation of the 1st and 2nd conduction band
states in LDA without SOI, potentially leading to errors with the calculation of
electron-phonon matrix elements. Thus, a higher level of theory is required to
properly describe the electronic band structure of PbTe before progress may be
made on this issue.
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5.6 Electronic band structure from hybrid func-
tionals

There exist multiple issues with the LDA description of the electronic band struc-
ture of PbTe for the purposes of calculating electronic transport due to electron-
phonon coupling. These include the mixing of states at the band gap when SOI
is included, which results in poor description of effective electron masses, or the
inaccurate energy separation of the 1st and 2nd conduction bands when SOI is
neglected. Thus we move to a higher level of theory beyond DFT to reproduce
the electronic band structure of PbTe, in order to accurately describe the energy
separation and curvature of the states near the band gap. We use the Vienna
ab initio simulation package (VASP) [232, 233] to perform our electronic band
structure calculations, which has recently been expanded to include a number
of hybrid functionals [234]. The basis set for the one-electron wave functions is
constructed with the Projector Augmented Wave (PAW) method [235, 236], a
generalised form of the pseudopotential. In its standard mode VASP performs
a fully relativistic calculation for core electron states, and treats valence states
using a scalar relativistic approximation [237]. The effects of spin orbit coupling
are included with a second variation procedure [237]. We note that we read in
VASP’s wavefunction files with the use of the WaveTrans code [238, 239]. All
calculations presented from here on are performed with the VASP code, except
where noted.

Hybrid functionals are constructed replacing some proportion of exchange and
correlation energies from DFT with those from the exact Hartree-Fock solution
[240], significantly improving the accuracy of electronic structure properties com-
pared to experiment. One possible method to determine this mixing proportion
of DFT and Hartree-Fock terms is by fitting to a dataset of measured atomisation
energies, such as is done for B3LYP [237, 241]. Alternatively, in the case of PBE0,
the correlation energy is taken as per DFT, with the exchange energy consisting
of a portion a from Hartree-Fock theory, with the remaining portion (1−a) from
DFT [241]:

EPBE0
xc = aEHF

x + (1− a)EPBE
x + EPBE

c , (5.34)

where the value of the mixing parameter was found to be a = 1/4 from pertur-
bation theory [241]. The inclusion of exchange energy only from Hartree-Fock
theory helps to cancel out some of the notorious single electron “self interaction
error” [242]. However, the computation of long-range integrals can be expensive in
large solids and systems with metallic properties. Heyd, Scuseria, and Ernzerhof
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[243] introduced the concept of a screened hybrid functional, modifying PBE0 to
achieve significantly lower computational cost. A screened Coulomb potential is
used to screen the long range part of the Hartree-Fock exchange, which is then
replaced with the corresponding long range exchange as per DFT:

EHSE
xc = 1

4E
HF,SR
x (µ) + 3

4E
PBE,SR
x (µ) + EPBE,LR

x (µ) + EPBE
c (5.35)

where SR and LR signify short range and long range terms respectively. µ is
the range separation parameter which determines the screening, and thus defines
the range of Hartree-Fock correction. It has been empirically determined that a
value of µ ≈ 0.2 − 0.3 Å−1 is optimum for predicting electronic band structure
properties [243, 244]. In VASP, setting µ = 0.3 Å−1 gives the HSE03 functional,
and setting µ = 0.2 Å−1 yields the HSE06 functional [243, 245, 246, 247].

The effectiveness of screened hybrid functionals [243] in capturing structural,
elastic, and electronic properties has previously been shown for a wide range
of semiconductors [244, 248, 249]. In particular, the documented ability of the
HSE03 functional to correctly reproduce the band gap and correct ordering of
states with the inclusion of SOI in lead chalcogenides [205] is the main motivation
for its use in this work. We show the electronic band structure of PbTe calculated
with the HSE03 functional including SOI in Fig. 5.13.
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Figure 5.13: Electronic band structure of PbTe, calculated using the HSE03
hybrid functional and PAW potentials including spin orbit interaction. The
energies of the valence band maximum (blue dashed line) and conduction band
minimum (red dashed line) are also highlighted.

The HSE03 functional including SOI reproduces the band gap and effective
electron masses of PbTe to excellent agreement with experiment and previous
hybrid functional and quasi-particle self-consistent GW (QSGW ) calculations,
see Table 5.8. The agreement of the band gap with experiment is improved by
the inclusion of the semicore 5d10 electrons of Pb in the valence region alongside
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Table 5.8: The electronic band gap and effective electron masses of PbTe calcu-
lated with the PBE, HSE03, and HSE06 functionals respectively including SOI
compared to HSE03 and quasi-particle self-consistent GW calculations from the
literature and experiment, “+sc” signifies the inclusion of semicore electrons (5d10

of Pb) in the valence region.

PBEa HSE03a HSE06a HSE03b QSGW Exp. 1 Exp. 2
(+sc) (+sc) (+sc) [205] [207] [212] [213]

Eg (eV) 0.081 0.237 0.325 0.20 0.29 0.19c 0.19c

m∗,v‖ /me 0.618 0.341 0.411 0.296 0.338 0.255 0.310
m∗,v⊥ /me 0.184 0.030 0.036 0.029 0.029 0.024 0.022
m∗,c‖ /me 0.362 0.246 0.277 0.223 0.247 0.210 0.240
m∗,c⊥ /me 0.120 0.027 0.033 0.027 0.027 0.021 0.024

a Calculated using the theoretically predicted lattice constant.
b Calculated using the low temperature experimental lattice constant.
c increasing to ∼0.3 eV at room temperature [214].

the 6s26p2 states of Pb and 5s25p4 states of Te typically included in ab initio
pseudopotential calculations. The excellent agreement of the effective masses
with experiment is in part due to the fact that HSE03 functional obtains the
correct ordering of states at the band gap, which we confirmed by computing
the previously defined overlap of the cell periodic parts of the wavefunctions. We
found that the wavefunction of the state at L below the band gap has the character
of the valence band, while the state above the band gap has the character of the
conduction band, see Figs. 5.14(a) and 5.14(c). Thus, there is no mixing of the
conduction and valence bands as seen using the LDA with SOI, see Fig. 5.15(b)
[205]. Furthermore, the valence band maximum is found at L, not Σ as was the
case for the LDA including SOI. The HSE03 functional also captures a much larger
energy separation of the 1st and 2nd conduction band states compared to the LDA
without SOI, see Fig. 5.15(a). This potentially resolves any issues whereby the
2nd conduction band is interfering with the calculation of electron-phonon matrix
elements near the conduction band minimum. The HSE03 functional obtains a
band gap and effective masses that are in better agreement with experiment than
those calculated using the HSE06 functional. Thus, we use the HSE03 hybrid
functional for calculations of PbTe here on.

The PBE functional including SOI obtains a very narrow band gap and poor
effective masses compared to experiment, see Table 5.8, further demonstrating
the necessity of moving to a higher level of theory beyond DFT-LDA/PBE.
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Figure 5.14: Electronic band structure of PbTe along the Γ-L-W line including
SOI calculated using (a): the HSE03 hybrid functional, and (b): the PBE func-
tional. A solid red (blue) line shows a state whose character mostly corresponds
to that of the conduction (valence) band as deduced from wavefunction overlaps.
The overlaps of the cell periodic parts of the wavefunctions between the 1st
electronic states counting upward (labelled as e) and downward (labelled as h)
from the zero temperature Fermi level at L and those states at k are shown for (c):
the HSE03 hybrid functional and (d): the PBE functional. The following wave-
function overlaps are plotted: | 〈uL,e|uk,e〉 |2 (dot-dashed black line), | 〈uL,e|uk,h〉 |2
(dotted red line), | 〈uL,h|uk,h〉 |2 (large-dashed blue line), | 〈uL,h|uk,e〉 |2 (small-
dashed green line).

Interestingly, using the theoretically predicted 0 K lattice constant of 6.568 Å,
we obtain a positive band gap of 0.08 eV with this functional, unlike for LDA-
HGH calculations which include SOI, see Table 5.2. However, using a room
temperature experimental value of 6.443 Å [205], we predict a negative band gap
of −0.04 eV with the PBE functional. We confirmed mixing of the conduction
and valence band states by computing the previously defined overlaps of the
cell periodic parts of the wavefunctions of the states above and below the zero
temperature Fermi level at this experimental lattice constant, see Figs. 5.14(b)
and 5.14(d), in agreement with the literature [205]. This suggests that the DFT-
PBE framework is extremely sensitive to the value of the lattice parameter used,
with small changes to its value resulting in a positive or negative band gap. Thus,
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Figure 5.15: Electronic bands for PbTe calculated using the HSE03 functional
including SOI (solid black lines) compared with those calculated using the LDA
functional (a) excluding SOI (dashed blue lines) and (b) including SOI (dashed
red lines).

the PBE is insufficient to describe the electron band structure of PbTe, requiring
the use of hybrid functionals.

Table 5.9: Hydrostatic pressure gap coefficients for PbTe calculated with the
LDA, PBE, and HSE03 functionals with and without SOI, compared to experi-
mental measurements at 4 K, 7 K, and 300 K. Pressure was simulated by setting
the lattice constant to 0.999×a0, where a0 is its theoretically predicted equilibrium
value.

dEg/dP (inc. SOI) dEg/dP (exc. SOI)
(×10−6 eV/Bar) (×10−6 eV/Bar)

LDAa +2.1 −4.6
PBE −4.9 −4.7
HSE03 −7.0 −
Exp. [215, 218, 224] −7.4, −7.5 −7.4, −7.5

a calculated with Abinit

We further confirm the accurate description of the electronic band structure
of PbTe using the HSE03 functional by comparing the calculated hydrostatic
pressure gap coefficient with experiment, which is defined as the change in
the electronic band gap with respect to pressure, dEg/dP . The value of this

Thermoelectric Properties of PbTe 130 Aoife Rose Murphy
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coefficient calculated with the HSE03 functional for PbTe compares very well
with experimental data and describes a decreasing band gap with pressure, see
Table 5.9. Thus, we expect that the hybrid functional will adequately capture
changes in the electronic band structure due to strain or pressure, of particular
importance when computing deformation potentials in the following section. The
PBE functional also captures the correct sign of dEg/dP at the theoretical lattice
constant, however its magnitude is in poor agreement with experiment. The
calculated value with the LDA including SOI yields an increasing band gap with
pressure due to the inverted ordering of the conduction and valence bands and
heavy mixing of states at the band gap [205].

5.7 Deformation potentials from band shifts
due to strain using hybrid functionals

In this section we calculate the deformation potentials of Ge and PbTe following
the pioneering work of van de Walle and Martin [201, 202, 203, 204] on band
shifts due to strain in semiconductors. We use this as an alternative method to
compute the deformation potentials of PbTe in order to resolve the discrepancy
between our calculated values using DFPT and those within the literature. Fur-
thermore, coupling this method with hybrid functionals which give a much better
representation of electronic states near the band gap compared to LDA allows
us to include the effects of spin orbit coupling. The approach of van de Walle
and Martin has been applied to a wide range of semiconductors to capture band
offsets at semiconductor interfaces and deformation potentials to good agreement
with experiment.

The calculation of Ξu is relatively straightforward, given that we need only find
the energy splitting between previously degenerate valleys in a strained material.
On the other hand, Ξd is significantly more involved as it requires knowledge of
the conduction band energy shift under strain on an absolute scale [250].

5.7.1 Uniaxial deformation potential

Under uniaxial strain along [111] the L valleys of a cubic material cease to be
degenerate and shift in energy proportional to the uniaxial deformation potential
and the applied strain. These shifts in energy at the L point may be derived from
Eq. (5.21), which yields the change in energy of the conduction bands [201, 202]:
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∆E[111]
c = 2ΞL

uεxy, (5.36)

∆E[1̄11],[11̄1],[111̄]
c = −2

3ΞL
uεxy, (5.37)

allowing us to write the uniaxial deformation potential:

ΞL
u = 3∆EL

8εxy
(5.38)

where ∆EL is the energy difference between previously degenerate L valleys.
To calculate this energy splitting from DFT, we strain the lattice constant

parallel to the trigonal axis, a0,‖, and hold constant at a value a‖. We then
contract the lattice constant perpendicular to the trigonal axis, a0,⊥, to a value
a⊥ such that the volume of the primitive cell remains constant. Strain is then
defined as [201, 202]:

εxy = 1
3

(
a⊥ − a0,⊥

a0,⊥
−
a‖ − a0,‖

a0,‖

)
. (5.39)

Table 5.10: Uniaxial deformation potential of Ge calculated from the splitting
of previously degenerate L-valleys under strain using the LDA and HGH pseu-
dopotentials in Abinit. ΞL

u is compared to our values calculated using DFPT,
previous calculations from the literature, and experiment.

Ge
Band splitting DFPT Previous

calculations
Experiment

ΞL
u (eV) 15.80 16.67 16.98[83],16.80[200] 16.2 [225]

The calculated ΞL
u for Ge using this method is 15.8 eV, which agrees very

well with our calculated value from DFPT and with respect to experiment, see
Table 5.10. We note the excellent agreement between our two calculated values
which are both performed within the LDA-HGH framework. For PbTe, the
values calculated using different exchange-correlation functionals are broadly in
agreement with each other, and in reasonable agreement with experiment and a
previous calculation, see Table 5.11. In particular, ΞL

u calculated with the HSE03
functional agrees fairly well with the LDA results both from band splitting due
to strain and DFPT. When SOI is taken into consideration at the LDA level of
theory, we calculate a value of ΞL

u = 7.73 eV from strain induced band splitting,
in excellent agreement with the value calculated excluding SOI. This indicates

Thermoelectric Properties of PbTe 132 Aoife Rose Murphy



5.7 Deformation potentials from band shifts due to strain using hybrid functionals

Table 5.11: Uniaxial deformation potential of PbTe calculated from the splitting
of previously degenerate L-valleys under strain for the LDA, PBE (inc. SOI),
and HSE03 (inc. SOI) functionals. They are compared to our values calculated
using DFPT, a previous calculation from the literature, and experiment.

PbTe
Band splitting DFPT Previous

calculation
Experiment

ΞL
u (eV) LDAa: 7.99 7.23 8.29 [227] 3, 4.5 [228]

LDA+SOIa: 7.73
PBE: 7.25
HSE03: 5.48

a calculated with Abinit

that the character of the states at the band gap is not so important for the
calculated value of ΞL

u since the conduction and valence bands at L move either
downward or upward according to Eqs. (5.36) and (5.37) due to mirror symmetry.
Furthermore, the value of ΞL

u for PbTe calculated with the LDA from strain
induced splitting agrees extremely well with our value from DFPT, which both
use the same pseudopotentials and functional.

5.7.2 Dilatation deformation potential

Within deformation potential theory and using Eq. (5.21) we may write the shift
of the conduction band minimum at L for an isotropic deformation as [201, 202]:

∆EL
c =

(
Ξd + 1

3Ξu

)
¯̄1 : ¯̄ε = ac

¯̄1 : ¯̄ε (5.40)

where ¯̄1 is the unit tensor, and ¯̄ε is the strain tensor. ac is the hydrostatic
deformation potential for the conduction band, and refers to changes of the
electronic bands under strain or pressure on an absolute scale [250]. However,
due to the long range nature of the Coulomb interaction the zero of energy is
undefined for a bulk crystal, resulting in no intrinsic energy scale with which to
reference energy levels [251]. To get around this issue, we calculate ac following
the procedure of van de Walle and Martin [201, 202].

We start by performing separate calculations of the bulk unstrained and
strained material to obtain the conduction band energies at L for either case,
EL
c (0) and EL

c (ε) respectively. These calculations also yield the total potential
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acting on the electrons, defined as the sum of ionic, Hartree, and exchange-
correlation potentials [201], the averages of which we denote as V (0) and V (ε)
respectively. Next, we construct a heterostructure which consists of unstrained
and strained materials meeting at an interface, which allows us to obtain the
average total potential energies of either region, V ′(0) and V ′(ε) respectively, on
an absolute scale. We then align the total potentials of the bulk calculations
to those of the heterostructure, yielding the absolute splitting of the conduction
band energies. Thus, we may write the hydrostatic deformation potential for the
conduction band as:

ac = ∆EL
c

ε
= 1
ε

((
EL
c (ε)− V (ε)

)
−
(
EL
c (0)− V (0)

)
+
(
V ′(ε)− V ′(0)

))
. (5.41)
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Figure 5.16: Total average potential V (z) for an 8-atom Ge heterostructure
consisting of unstrained and strained regions meeting at a (001) interface. The
solid blue (red) lines show the total average potential of the unstrained (strained)
region, with average potential energies V ′(0) and V ′(ε) respectively. The total
average potential for each value of z in the bulk unstrained and strained material
are shown with dashed black lines, aligned to the heterostructure such that
V (0) = V ′(0) and V (ε) = V ′(ε) respectively.

For calculations presented here, we construct a (001) interface between the
unstrained and strained regions, with 1% of strain applied perpendicular to the
interface. Our calculations of the bulk unstrained and strained materials are
performed on 4 atom supercells. The heterostructure is then grown by repeating
4 atom supercells of the unstrained and strained material along the z-direction
to the desired length. The average potential at each value of z along the [001]-
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direction is defined as:

V (z) = 1
Na2

∫ ∫
V (r)dxdy. (5.42)

We show this average potential V (z) for an 8-atom Ge heterostructure in Fig. 5.16,
highlighting the unstrained and strained regions. The average potentials of bulk
unstrained and strained Ge are overlaid on top (dashed black lines), shifted
upwards/downwards in energy such that V (0) = V ′(0) and V (ε) = V ′(ε) respec-
tively. We note the deviation of the average potential of the heterostructure from
bulk behaviour in the vicinity of the interface. We assume that the atoms occupy
the ideal positions of the strained structures. However, this is not the case for
all interfaces, with certain directions producing a change in internal displacement
parameter dependent on orientation. This is of particular importance for polar
interfaces, where the change in atomic position produces a dipole shift [203, 252].

The use of a supercell introduces periodicity into the heterostructure calcu-
lation, the size of which must be converged in order to restore bulk behaviour
for the average potential away from the interface. However, we found that our
calculated values of ac did not converge with respect to increasing supercell size
as anticipated. This numerical instability was due to the sparse set of computed
points defining the average potential V (z) in the heterostructure calculation,
and the fact that these output points did not necessarily align to the peaks
and troughs of V (z). This introduced inconsistencies in the extraction of the
values of V ′(0) and V ′(ε). Thus, we performed a cubic spline interpolation of the
average potential using Gnuplot, to generate a sufficiently dense set of points.
We extracted the average potential energies from the centre of the unstrained
and strained regions of the heterostructure, where the average potential is most
bulk-like. In doing so, we defined the region over which the average potential
energy is calculated to be a 4-atom subsection of the supercell of the unstrained
and strained parts of the heterostructure respectively. This procedure yielded
convergence with respect to increasing supercell size.

Our calculated value of ΞL
d = −7.15 eV for Ge agrees very well with previous

calculations and with experiment, see Table 5.12. We also find very good agree-
ment between our calculated values from band shifts due to strain and those
calculated previously with DFPT which both use the same pseudopotential and
functional. This serves as an additional check of both methods and demonstrates
that there are no significant errors within the implementation. We note that
convergence with respect to supercell size is of particular importance, however,
a supercell size larger than 12 atoms is sufficient to get a reasonably converged
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value, as previously claimed [201].

Table 5.12: Dilatation deformation potential of Ge calculated from the energy
shift of the L-valley under strain using the LDA and HGH pseudopotentials
in Abinit. ΞL

d is compared to our values calculated using DFPT, previous
calculations from the literature, and experiment.

Ge
Band shift DFPT Previous

calculations
Experiment

ΞL
d (eV) −7.15 −6.46 −6.27[83],−4.43[200] −12.30[226]

The calculated value of ΞL
d = 0.47 eV for PbTe using the band shift method

for the LDA functional without SOI is in fair agreement with the corresponding
calculated values using DFPT of 0.08 eV and 1.92 eV, see Table 5.13, further
highlighting the difficulties with extracting this parameter from first principles.
However, since our calculated values of ΞL

d are small compared to typical values
of this deformation potential in other semiconductors, and our values calculated
using DFPT and from band offsets fall within ∼1 eV of each other, we deem
their agreement good. The HSE03 functional yields a value of ΞL

d = 0.78 eV,
comparable to the values of ΞL

d calculated with the LDA and PBE functionals,
see Table 5.14. This is despite the fact that it obtains a more accurate description
of the electronic band structure compared to DFT methods. However, our
calculated values of ΞL

d remain in poor agreement with the value of 21-22 eV
obtained by Ravich et al. [228]. Nevertheless, the consistency of our calculated
values suggests this discrepancy with the literature is unlikely to be due to an
error in our implementation of either approach.

Indeed, we note that there may be issues with the values of the deformation
potentials obtained by Ravich et al [228]. In extracting the deformation potentials
of PbTe, Ravich et al. assumed that the electronic mobility as a function of carrier
density at 77 K is entirely limited by three scattering mechanisms: impurity
scattering, polar optical scattering, and acoustic phonon scattering. Using exper-
imental parameters for the former two mechanisms, the electron mobility limited
by these is subtracted from the experimental values. An effective deformation
potential is then obtained by fitting a model to the remaining mobility which is
assumed to be entirely due to acoustic phonon scattering. Thus, the discrepancy
between our calculated deformation potentials and those estimated by Ravich et
al. may be due to the more severe approximations used in that model versus
ours, for example, neglecting the anisotropy in the momentum relaxation times.
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Table 5.13: Deformation potentials of PbTe calculated from the energy shift of
the L-valley under strain using the LDA and HGH pseudopotentials excluding
SOI in Abinit. They are compared to our values calculated using DFPT, and
previous results from the literature, and experiment.

PbTe
Band shift DFPT Previous

calculation
Experiment

ΞL
u (eV) 7.99 7.23 8.29 [227] 3, 4.5 [228]

ΞL
d (eV) 0.47 1.92 −4.36 [227] 21− 22a [228]

a Obtained by fitting a model to electronic transport measurements.

Table 5.14: Dilatation deformation potentials for PbTe calculated using the LDA
functional excluding/including SOI in Abinit and with the PBE and HSE03
functionals including SOI in VASP, shown for multiple supercell sizes.

PbTe ΞL
d (eV)

Supercell size LDA LDA PBE HSE03
(atoms) exc. SOI inc. SOI
8 3.67 2.41 −1.73 −1.20
16 −0.66 −2.32 −0.13 −0.22
24 0.21 −1.91 0.01 0.91
32 0.35 −1.69 −0.12 0.69
40 0.39 −1.66 −0.20 0.78
48 0.47 −1.55 −0.22 −

Since our calculated values of the deformation potentials of PbTe using hybrid
functionals are in good agreement with those calculated using the LDA excluding
SOI, the calculated mobility of PbTe using the HSE03 functional is very similar
to that of the LDA without SOI, see Fig. 5.12. While intravalley scattering via a
Γ phonon and intervalley scattering via an X phonon is forbidden by symmetry,
the higher order contribution to these mechanisms may be significant. However,
within the work of Ravich et al. [228, 229] and in the work presented here, the
effect of this higher order contribution is taken to be zero. Thus, we are currently
investigating the strength of the second order terms to non-polar optical and
intervalley scattering in PbTe. Other possible reasons for the discrepancy of
our calculated mobilities with experiment are the use of the Maxwell-Boltzmann
distribution, parabolic approximation, as well as the temperature dependence
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of the effective masses that was not accounted for in this work. Furthermore,
while the HSE03 functional obtains an electronic band structure of PbTe that
compares very well to experiment, formally speaking GW yields a more accurate
description. In future work, calculating the deformation potentials of PbTe using
the GW method may yield different results to those presented here, or at the
very least serve as an additional check of our approach.

5.8 Electronic properties of PbTe-based mate-
rials near the phase transition

While we are not yet certain about the dominant transport processes in PbTe,
our calculations allow for speculation on the impact to electronic thermoelectric
properties as a result of increased proximity to the ferroelectric phase transition.
We anticipate that driving PbTe-based materials to the verge of the phase
transition via strain or alloying could preserve their high electrical conductiv-
ity and Seebeck coefficient while suppressing the lattice thermal conductivity.
Our DFT calculations using HGH pseudopotentials with the LDA exchange-
correlation show that biaxial tensile (001) strain of ∼ 1% practically does not
change the electronic band structure of PbTe and PbSe0.5Te0.5 close to the con-
duction (valence) band minimum (maxima). Further, we find that the electronic
band structure of Pb0.51Ge0.49Te in the vicinity of the conduction (valence) band
minimum (maxima) is very similar to that of PbTe. Symmetry analysis [218] and
our DFPT [132, 134, 135] calculations show that the electron-phonon coupling
elements for the conduction band minimum or the valence band maximum with
TO modes at Γ in PbTe are zero. These results indicate that the electronic
transport properties of PbTe strained close to the phase transition may not be
deteriorated by the TO softening.

Driving Pb1−xGexTe and strained PbSe1−xTex close to the phase transition
substantially reduces the lattice thermal conductivity partly due to mass disorder.
However, electronic properties beneficial for a large ZT may also be hampered as a
result of increased alloy scattering of the carriers, which we have not considered in
our discussion of carrier mobility. Nevertheless, it is possible that the reduction to
lattice thermal conductivity will outweigh the potential degradation to electrical
conductivity and Seebeck coefficient, resulting in a substantial increase to ZT ,
similar to Si1−xGex alloys [253].
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5.9 Summary

Using first principles approaches we calculate the mobility of n-type Ge and
PbTe in the low temperature and low carrier concentration regime. We find
excellent agreement for the calculated electronic mobility of Ge compared to
experiment. Our deformation potentials are consistent when calculated using
DFPT and from band shifts due to strain, demonstrating the robustness of
the methods employed within this chapter. We find good agreement with the
experimental values of the mobility of PbTe at low temperatures up to 200 K and
low doping concentrations circa 1018 cm−3 when our first principles calculations
are coupled with the use of the Fröhlich model for polar optical scattering.
Further, we see that intravalley acoustic scattering is substantially less important
in PbTe compared to Fröhlich interaction within the low carrier density and
low temperature regime, and that intervalley and intravalley optical scattering
processes are forbidden by symmetry. Nevertheless, resolving the discrepancies
between our calculations and experiments at higher temperatures requires further
work. Finally, while these calculations shine light on the great difficulties inherent
in calculating electronic transport properties in PbTe, they also form the basis for
future ab initio calculations of the thermoelectric figure of merit in PbTe-based
materials.
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Chapter 6

Conclusion

6.1 Conclusion

The aim of this thesis was to propose and investigate a new strategy which could
improve the thermoelectric performance of PbTe and PbTe-based materials by
exploiting their proximity to the ferroelectric phase transition, which gives rise to
their intrinsically low lattice thermal conductivity. We have done this using first
principles calculations of the lattice thermal conductivity within the Boltzmann
transport framework. While we primarily focused on the impact on thermal
transport arising from increased proximity to the phase transition, we have also
taken the first steps to obtain electronic thermoelectric properties using ab initio
calculations. This will form the basis of future calculations of the full impact
of driving PbTe-based materials near the phase transition on the thermoelectric
figure of merit.

We have predicted that driving PbTe to the verge of the ferroelectric phase
transition via biaxial tensile (001) strain or alloying will be an effective strategy
to impede phonon flow in the entire frequency spectrum, and thus to considerably
reduce the lattice thermal conductivity. This proposed concept is based on the
induced softening of the transverse optical modes at the zone centre, whose
increased anharmonic interaction with heat carrying acoustic modes enhances
phonon scattering. We have demonstrated this strategy by applying biaxial
tensile (001) strain to PbTe to induce a maximally softened TO mode at the
zone centre, substantially increasing anharmonic acoustic-TO interaction. As
a direct result of this anharmonic phonon lifetimes are reduced by a factor of
∼2 across the frequency spectrum, and we achieve a reduction in the lattice
thermal conductivity by a factor of 1.5. Subsequently, we applied biaxial tensile
(001) strain to PbSe0.5Te0.5 alloy and found a reduction in the lattice thermal
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conductivity by a factor of ∼2.4 with respect to that of PbTe. This decrease arises
from the combination of reduced anharmonic phonon lifetimes and mass disorder.
Finally, we alloyed PbTe with a rhombohedral material, GeTe, demonstrating a
strategy to drive PbTe towards the verge of the phase transition which does not
rely on strain. Ultimately, in PbGe0.51Te0.49 alloy we achieve a reduction in the
lattice thermal conductivity by a factor of ∼2.9 with respect to that of PbTe at
450 K, rivalling the reductions achieved through the use of all-scale hierarchical
architecturing [34]. The presented strategy is general, and would be applicable
to other materials close to soft zone centre optical mode transitions.

Furthermore, we have shown explicitly that the substantial decrease of the
anharmonic phonon lifetimes in strained PbTe and PbTe alloys driven to the
phase transition is a direct consequence of the maximally softened TO modes
and their increased anharmonic coupling with acoustic modes. We found that the
acoustic-TO contribution to the linewidth dominates over all other contributions
for PbTe, and increases by a factor of 2−3 throughout the spectrum in PbTe
driven to the verge of the phase transition via biaxial tensile (001) strain or
alloying with GeTe. Furthermore, we found that a relatively small number of soft
TO modes near the zone centre that interact strongly with acoustic modes play
a disproportionally large role in shortening phonon lifetimes.

We further investigated and quantified the impact of proximity to the fer-
roelectric phase transition on the lattice thermal conductivity of Pb1−xGexTe
alloys. We show that the role of anharmonic scattering in limiting lattice thermal
conductivity of Pb1−xGexTe alloys is maximized at the phase transition due to
the maximized acoustic-optical anharmonic interaction. The total lattice thermal
conductivity is further reduced due to mass disorder, which shifts the minimum
value away from the phase transition into the rhombohedral composition, where
phonon lifetimes due to mass disorder are shortest. Neglecting the mass difference
of Pb1−xGexTe alloys, the anharmonic lattice thermal conductivity is comparably
suppressed in the rocksalt and rhombohedral phases of the alloy with similar
proximities to the phase transition. We thus argue that the structure and
its degree of resonant bonding are less critical for suppressing lattice thermal
conductivity in these alloys compared with proximity to the phase transition,
average atomic mass, and mass disorder.

Moreover, we find that the electronic polarisability of Pb1−xGexTe alloys
is maximized at the phase transition, indicative of very strong resonant bond-
ing [150, 169, 187]. IFCs along the [001] direction are also maximised at the
phase transition, which coincides with the minimization of the anharmonic lat-
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tice thermal conductivity of Pb1−xGexTe alloys. Further, our analysis of the
behaviour of short and long range IFCs indicates weaker resonant bonding in the
rhombohedral phase compared to the rocksalt one, all of which are consistent with
previous reports [150]. However, our lattice thermal conductivity calculations
are at variance with the argument that stronger resonant bonding leads to lower
thermal conductivity [150]. While it is clear that resonant bonding plays a role
in determining the lattice thermal conductivities of group IV-VI and group V
materials, more remains to be done before this effect is fully understood.

We have taken the first steps towards a full ab initio calculation of the
thermoelectric figure of merit for PbTe by calculating the mobility of n-type
Ge and PbTe limited by electron-phonon interaction. Our calculated electronic
mobility for Ge is in very good agreement with experiment. For PbTe, our
calculated mobility is in good agreement with experiment at low temperatures up
to 200 K and low doping concentrations circa 1018 cm−3 when our first principles
calculations are coupled with the use of the Fröhlich model for polar optical
scattering. However at room temperature our calculated mobility differs from
experiment by a factor of ∼2. Disagreements between our results and those
within the literature motivated the use of hybrid functionals for PbTe, enabling
the inclusion of spin-orbit interaction and capturing the band gap and effective
electron masses in excellent agreement with experiment. We found that our
calculated deformation potentials, either from DFPT or from band shifts due to
strain, agree well with each other. However, further work is necessary to resolve
the discrepancies between our calculations and experiments at higher temper-
atures. Nevertheless, our presented calculations form the basis for future first
principles calculations of the thermoelectric efficiency of PbTe-based materials
driven near the phase transition.

By exploiting the proximity of PbTe to the ferroelectric phase transition we
have demonstrated a new strategy to substantially reduce the lattice thermal
conductivity. This may be combined with mass disorder to bring about even
larger reductions. Due to the symmetry forbidden electron-phonon coupling
between the TO mode at Γ and the valence band maximum and conduction band
minimum in PbTe [218], electronic properties beneficial for a high figure of merit
may not be hindered by increased proximity to the phase transition. Thus, this
approach offers new opportunities for suppressing lattice thermal conductivity
and potentially greatly enhancing thermoelectric efficiency.
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Below are some thoughts on the potential directions of future research stemming
from this work.

• The most important effect that was neglected in our lattice thermal con-
ductivity calculations is higher than third order anharmonicity. This is of
considerable importance for describing the zone centre transverse optical
modes in PbTe-based materials near the phase transition, particularly at
higher temperatures. One of the current state of the art methods to take
such effects into account is the temperature-dependent effective potential
approach of Hellman et al. [72, 73, 74] which uses ab initio molecular
dynamics. Temperature dependent IFCs calculated using this approach
combined with a solution to the Boltzmann transport equation beyond the
relaxation time approximation [59, 60] may be used for future calculations.

• For electronic thermoelectric transport, considerable work remains before a
reliable ab initio calculation of the figure of merit of PbTe-based materials
near the phase transition is obtained. In addition to the approach presented
in this thesis, one of the most promising developments for future calculations
is the EPW code [254] to compute electron-phonon scattering rates. This
makes use of Wannier interpolation schemes [85, 86, 91] to sample the
Brillouin zone sufficiently densely and, as of its most recent version, contains
a first principles treatment of Fröhlich interaction [88, 255], essential for
polar semiconductors. However, this approach must be combined with an
accurate description of the electronic band structure and electron-phonon
matrix elements of PbTe, while the current EPW implementation includes
only the insufficiently accurate LDA/PBE framework.

• SnSe is the current record-breaking thermoelectric material, reaching
ZT ∼2.6 at 900 K [47]. It undergoes a soft mode phase transition with tem-
perature, which coincides with a minimized lattice thermal conductivity and
maximised power factor. While SnSe has been the subject of much research,
there exists no thorough quantification of the interplay of proximity to the
phase transition, temperature, and phase in minimizing the lattice thermal
conductivity. An analysis similar to that of Pb1−xGexTe alloys in this work
combined with a study of its electronic transport properties would thus be of
significant importance in the drive to improve thermoelectric performance.
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• There is a growing trend in the literature towards the use of machine-
learning algorithms and high-throughout calculations to scan thousands of
materials for desirable properties. Such an approach was used recently
by van Roekeghem et al. [256] to scan hundreds of semiconducting com-
pounds in the search for low thermal conductivity materials that are also
mechanically stable at high temperatures. Phonon dispersions for hundreds
of materials may be computed quickly and scanned for potential new ma-
terials with high thermoelectric efficiency. In the spirit of this, there are
a few features of phonon band structures indicative of low lattice thermal
conductivity arising from our work: soft modes at the zone centre and high
TO-LO splitting.

• Recent studies have reported extremely low lattice thermal conductivity
values in marginally stable rocksalt structures [71, 150, 257, 258], in which it
has been claimed that the phenomenon of resonant bonding plays a key role
for group IV-VI compounds [150, 169, 170, 187]. Chemically similar near-
rocksalt compounds, such as rhombohedral GeTe and orthorhombic SnSe
similarly possess low lattice thermal conductivity and have also been linked
to this phenomenon. Despite these indications, there remains a lack of a
quantitative description within the literature of the exact role of resonant
bonding and good thermoelectric performance. Thus, future work may
revolve around a more thorough description of this phenomenon.
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