
��������	
�������������	
�������������������
������
����������������������
������	�������������	��������������������������	�������

������
������������
������������	�������	��������
��� �

�	
� � 
� �������	��!�����
��� �����
�������
�	��� 
� � " �	���"##����� ��
�!�������� ��#

���
����$%�"�&'()*

������������	�
��������"�%�$"�&+ &&+*#,	��-��.��
�� * +*/0+)

-��	���"##�1 ��
 ��2#&+ &&+*#,	��-��.��
�� * +*/0+)

��������	�
����
����"��3����	����
4�5
�	��������6�������4�-7�
���

������	
��������������������������	����������	��������
���������

�����������������	�����������������
������������)+&(�4�,	��
����

-��
���.��
��4���� �*4��8*4��� �&!)*

��������������������������
�2��	
������
����	�����������������	�������
����

���
�
�������"������!�����9�
����!�
�� 
��!�������� ��

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Open Archive Toulouse Archive Ouverte

https://core.ac.uk/display/157571842?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


Modeling the effects of small turbulent scales on the drag force for particles

below and above the Kolmogorov scale
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Consistently with observations from recent experiments and DNS, we focus on the
effects of strong velocity increments at small spatial scales for the simulation of the
drag force on particles in high Reynolds number flows. In this paper, we decompose the
instantaneous particle acceleration in its systematic and residual parts. The first part is
given by the steady-drag force obtained from the large-scale energy-containing motions,
explicitly resolved by the simulation, while the second denotes the random contribution
due to small unresolved turbulent scales. This is in contrast with standard drag models
in which the turbulent microstructures advected by the large-scale eddies are deemed to
be filtered by the particle inertia. In our paper, the residual term is introduced as the
particle acceleration conditionally averaged on the instantaneous dissipation rate along
the particle path. The latter is modeled from a log-normal stochastic process with locally
defined parameters obtained from the resolved field. The residual term is supplemented
by an orientation model which is given by a random walk on the unit sphere. We propose
specific models for particles with diameter smaller and larger size than the Kolmogorov
scale. In the case of the small particles, the model is assessed by comparison with direct
numerical simulation (DNS). Results showed that by introducing this modeling, the particle
acceleration statistics from DNS is predicted fairly well, in contrast with the standard LES
approach. For the particles bigger than the Kolmogorov scale, we propose a fluctuating
particle response time, based on an eddy viscosity estimated at the particle scale. This
model gives stretched tails of the particle acceleration distribution and dependence of its

variance consistent with experiments.

I. INTRODUCTION

High Reynolds number turbulent flows laden by heavy particles can be observed in many natural
phenomena and industrial applications. For the characterization and the control of such flows, a clear
understanding of how the particles respond to the carrier flow is essential. The difficulty is that the
computation of the instantaneous forces on a particle of finite size requires the accurate resolution of
all turbulent scales involved in the motion of this particle, and with the present computer technology,
this is still effectively impossible for most problems of practical importance. It is a common practice
to consider particles as material inertial points, and to use unresolved descriptions, known as large
eddy simulations (LES) to compute the carrier flow. In the LES approaches, the large-scale velocity
field uf is resolved explicitly from spatially filtered equations while the small-scale motions can be
accounted for through a turbulent viscosity ν1 that ensures a correct energy flux below the resolved
scale, ε1 [1,2]. When particles are small and much denser than the carrier phase, their acceleration
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is primarily given by the drag force [3,4], and the particles respond to the fluid solicitation with
a time lag τp. Because of the response time of the particles acting as a temporal filtering of the
high frequency fluid velocity fluctuations, it is usually assumed that the turbulent microstructure,
advected by the large-scale eddies, does not influence the particle motion. Therefore, it is considered
that the dynamics of the inertial particles mainly result from interactions with the energy-containing
large-scale motions, resolved by the LES:

ap =
dup

dt
= −

up − uf (x=xp)

τp

, (1)

where ap is the particle acceleration, up is the particle velocity, and xp is the particle position. For a
small heavy spherical non-rotating particle, subjected to a velocity field that is uniform and stationary
at its scale, the response time is τp = ρp/ρf d2

p/18ν, with dp, ν, and ρp/ρf being respectively the
particle diameter, the fluid viscosity and the particle to fluid density ratio.

However, measurements in high Reynolds flows showed that particles present highly non-
Gaussian acceleration probability density function (PDF) [5–11]. The broad probability tails of
high acceleration events are related to the highly non-Gaussian PDF of the velocity increments at
small scales. Those scales are associated typically with the large fluctuations of the dissipation rate
of turbulent kinetic energy ε [12–15]. Consequently, since the small scales are smoothed out from the
evolution of the filtered velocity field uf , Eq. (1) needs to be extended. Similar conclusions can also
be found in Ref. [16]. The importance of the small scales of the flow, and particularly the fluctuations
of the viscous dissipation of turbulent energy, was already emphasized in Ref. [17]. Applying the

formula fromRef. [18]: 〈(up − uf )2〉 =
∫ ∞
0 dωE(ω) (ωτp)2

1+(ωτp)2
, where the brackets denote the averaged

along the particle path, ω is the frequency, and taking the spectral density of the velocity fluctuations
along the particle trajectory as E(ω) ∼ 〈ε〉/ω2 [19], the following expression was given:

〈(uf − up)
2〉 ∼ 〈ε〉τp. (2)

Here it is assumed that τL ≫ τp ≫ τη with τL and τη the integral time scale and the Kolmogorov
time scale, respectively. We conclude from this expression that the viscous dissipation appears as a
key parameters for the modeling of the drag force. Moreover, according to the refined Kolmogorov
hypotheses, it is expected that the particle dynamics mainly stem from the large fluctuations of the
dissipation rate. Additionally, one can see from Eq. (2), in case of statistical stationarity, d 〈u2

p〉 = 0,
dt

that the correlation between the fluid velocity and the particle acceleration is given by 〈uf ap〉 = 〈ε〉,
which implies that themain contribution to this correlation is also dependent on the strongfluctuations
of the viscous dissipation. This motivates us to develop models in which the particle response to the
large fluctuations, present at the residual scales, is taken into account. To this end, later on in this
paper, we refine Eq. (2) to account for the Stokes and Reynolds numbers dependency, and introducing
as well the intermittency effects along the particle path.

Along with particles below the Kolmogorov scale, we also consider particles with diameter
above the Kolmogorov scale, dp > η. For a large particle, despite its important inertia, the turbulent
fluctuations of the fluid at the scale of the particle is the source of an additional agitation for the
particle. It was underlined in Ref. [10] that the turbulent time scale of the flow at the size of the
particle should play a primary role in the particle dynamics. As observed in the experiments of
Refs. [5,8,11,20,21], even for large particles, the acceleration present non-Gaussian fluctuations with

a variance decreasing as dp
−2/3. In the numerical simulations of dispersed-phase flows of Refs. [22,23]

the finite-size effects are accounted by averaging the fluid quantities around the particle introducing a
so-called Faxén correction term. The approach proposed here is different. Assuming that the particle
diameter remains smaller than the coarse mesh resolution, dp < 1, the particle is still viewed as
a point-particle. Further, to account for the turbulent fluctuations at the scale of the particle, we
introduced a stochastic turbulent particle response time based on the local velocity fluctuations at
the scale of the particle diameter.
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As discussed above, in the framework of LES, it appears necessary to account for the fluctuations
both in the estimation of the fluid-particle relative velocity and for the inhomogeneity of flow
fields at the scale of the particle (for particles larger than the dissipative scale of the flow η). The
general question addressed in this paper is: how to account for the full spectrum of the flow velocity
fluctuations in the particles-turbulence interaction? Various strategies have been tested to address
this issue (see Ref. [24] for a comprehensive review). In most of these approaches, the unresolved
scales of the Lagrangian dynamics are reproduced using stochastic models for the flow on subgrid
scales [25–35]. Note also the approach of Ref. [36] in which a determinist surrogate of the fluid
velocity at the particle position is obtained from the filtered velocity field.

In difference with these approaches, we propose in this paper to replace Eq. (1), by the
decomposition of the instantaneous particle acceleration into a large-scale contribution and a random
contribution:

ap = âp︸︷︷︸
large scale
contribution

+ 〈a∗
p|εf 〉

︸ ︷︷ ︸
unresolved scale
contribution

. (3)

The first term represents the response to the large-scale sweeps governed by the resolved fluid
velocity field and the second one, the residual acceleration, accounts for fluctuations at unresolved
scales. Following the refined Kolmogorov hypothesis, the fluctuations at the unresolved scales are
primarily attributed to thefluctuation of the energy transfer rate towards smaller scales and the residual
acceleration is represented as conditionally averaged on the local value of the energy transfer rate
“seen” along the particle path. This energy flux has to be also modeled since its wide fluctuations
cannot be resolved from the filtered velocity field. In this paper, we compute a surrogate of the local
dissipation rate by a log-normal stochastic process which primarily depends on the local coarse-
grained dissipation rate computed from the LES mesh. The further modeling of the amplitude of the
random term is based on the first-hand on an estimation of the particle relative velocity derived in this
paper and, on the other hand, on the introduction of a fluctuating relaxation time scale for particles
larger than the Kolmogorov scale. The modeling of the residual part is completed by a stochastic
orientation model which includes both alignment with the large scales and return to isotropy.

The paper is organized as follows. In Sec. II, we present the numerical details of the LES used
to obtain the filtered fluid velocity in a triply periodic domain. In Sec. III, we present the model
for the unresolved contribution to the relative velocity of small inertial particles. In this section, the
coupling of this model with the LES fields is assessed by comparing statistics obtained from the
Direct Numerical Simulations of [37] and the standard LES approach. In Sec. IV, we discuss the
model for the fluctuating response time for particles larger than the Kolmogorov scale. This model
is compared to the experiments of Refs. [11,21] and to standard LES with the Stokes drag law as
well as its nonlinear correction for larger particle Reynolds number.

II. LES METHODOLOGY FOR THE CARRIER PHASE

We consider the transport of the particles by a statistically stationary, homogenous and isotropic
turbulent flow. The flow is simulated by the LES approach using the standard Smagorinsky model
[2,38] for the estimation of the turbulent viscosity: ν1 = 12

⋆|Sij |, whereSij is the filtered rate of strain
tensor, and1⋆ = Cs1 is the mixing length of the model with1 the cutoff scale of the simulation and
Cs the Smagorinsky constant. We use a pseudospectral approach to compute the flow of the carrier
phase [39,40] and the forcing of the flow is ensured by keeping constant the kinetic energy of the
smallest wave numbers [41]. The 2/3 dealiasing technique acts as an explicit filtering of the fluid
velocity field, as a consequence the cutoff scale is1 = 3H/2N , withH the size of the computational
domain and N the number of mesh points in this direction.

The Reynolds number based on the Taylor length scale is Reλ ≈ 400 and 3 mesh resolutions are
used: 1283, 963, and 643. The ratio between the smallest resolved scale (1) and the Kolmogorov
length scale (η) corresponds approximately to 20, 30, 50. For the three resolutions, the
Smagorinsky
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FIG. 1. Velocity spectra from the LES for 3 mesh resolutions 643 (light gray), 963 (gray), and 1283 (black),
and comparison with the DNS of Ref. [42] in dashed lines and the k−5/3 power law in gray dashed lines.

constant is set to Cs = 0.19. Note that to resolve all scales at such Reynolds number, the Direct
Numerical Simulations (DNS) of Refs. [37] and [42] require a mesh with 20483 points.

In Fig. 1 it is seen that the velocity spectra for the LES at the different resolutions are very close
to the velocity spectra obtained from the DNS of Ref. [42] and present, as expected, the −5/3 slope,
and for the three resolutions the cutoff scale lies in the inertial range. Details of the comparison of the
flow from the various LES and the DNS are given in Table I. It is seen that for the three resolutions
the LES is able to correctly estimate the turbulent length and time scale ratio obtained from the DNS.

From the filtered velocity field obtained from LES, the local instantaneous value of the dissipation
rate ε = 2νSijSij cannot be computed as it requires the knowledge of the local instantaneous velocity
gradients. However, from the turbulent viscositymodel, one can estimate the energyflux that cascades
from scale 1 to smaller scales, and the total flux of energy at the scale of the mesh is ε1 = 2(ν +
ν1)SijSij . It should be noted that although the turbulent viscosity model ensures that the average flux
is consistent: 〈ε1〉 = 〈ε〉, ε1 exhibits much less intense fluctuations than ε (this will be illustrated in
Fig. 5). For the Lagrangian tracking, the value of the fluid filtered fields is interpolated at the particles
position with cubic splines [43]. Note that to avoid positivity issues, we interpolate the logarithm
of ε1.

TABLE I. Comparison of the numerical parameter and the flow characteristics of the LES at various
resolutions 1283, 963, and 643 and of the DNS of Ref. [37]. In the table, N is the number of mesh points in each
direction, H is the size of numerical domain, τL = (2/3K)/〈ε〉 is the eddy turnover time, L = (2/3K)3/2/〈ε〉 is
the scale of the large eddies, andK is the turbulent kinetic energy. ReH =

√
2/3KH/ν is the Reynolds number

based on the large scale of the flow, Reλ =
√
2/3Kλ/ν is the Reynolds number based on the Taylor length scale,

η = ν3/4〈ε〉−1/4 and τη = ν1/2〈ε〉−1/2 are the Kolmogorov length and time scales, respectively, and τ1 = 12/ν1.

Type N ReH Reλ τL/τη
〈ε〉 H

K3/2 L/η 1/η ν1/ν τ1/τη

DNS 2048 21800 420 111 1.09 1110 1.08 – –
LES 128 20800 408 105 1.02 1080 23.8 6.05 41.6
LES 96 20600 398 103 1.07 1040 31.8 9.1 49.4
LES 64 20100 389 100 1.09 1010 47.1 15.5 63.6
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St

FIG. 2. Spectra of the particle relative velocity normalized using ωη = 2π/τη from the DNS of Ref. [37] at
Reλ = 420 for various Stokes number (St = 0.16, 0.6, 1, 2, 3, 5, 10, 20, 30, 40, 50, 70). The dot indicates the
nondimensional frequency ωη/τp for each curve.

III. MODEL FOR A PARTICLE SMALLER THAN THE KOLMOGOROV SCALE

To emphasize the importance of the small-scale fluctuations in the motion of particles much
smaller than the dissipative scale of the flow (1 ≫ η ≫ dp), and to discuss further the estimation
Eq. (2), we gather statistics from DNS of Toschi’s group [37] at Reλ = 420. In this DNS only the
Stokes drag force acts on the particles:

ap =
uf − up

τp

. (4)

In Fig. 2, we present the Lagrangian spectra of the relative velocity E(ω) obtained from the DNS
data of Ref. [37] for various Stokes numbers ranging from St = τp/τη = 0.16 to 70. For vanishingly
small Stokes number the relative velocity presents almost no fluctuation at all scales as expected,
whereas increasing the Stokes number, an inertial range develops in which the spectra evolve as
E(ω) ∼ 〈ε〉ω−2. In this figure, the main contribution of the fluctuations of the relative velocity
is seen from frequency ∼1/τp and higher. Such high-frequency fluctuations remain unresolved
in LES.

The estimation Eq. (2), which takes place in the inertial interval of the turbulence spectrum, can
be expressed as

〈(uf − up)
2〉 ∼ 〈ε〉τp = 〈ε〉τηSt. (5)

This relation is compared with the data from the DNS of Ref. [37] in Fig. 3. It is observed that, at
this Reynolds number, the prediction is correct over a narrow range of Stoke numbers.

To have an analytical estimation of 〈(uf − up)2〉 over a larger range of Stokes numbers, we
consider first a particle with a vanishing response time (τp ≪ τη). In that case the particles should
behave as fluid tracers and one could estimate the variance of their acceleration as being of the order
of a2

η = 〈ε〉−3/2ν1/2. With Eq. (4) this leads to

〈(uf − up)
2〉 = Aτ 2

pa2
η = A〈ε〉τηSt

2. (6)

The parameter A = A(Re) accounts for the Reynolds number effect in the acceleration variance and
according to Refs. [15,44] for Reλ = 420, A ≈ 3.9. This evolution is also compared with the DNS
data in Fig. 3 and is seen valid for τp ≪ τη.
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FIG. 3. Variance of the particle relative velocity normalized by u2
η = 〈ε〉τη as a function of the Stokes

number from the DNS of Ref. [37] and comparison with the relations Eqs. (5), (6), and 2/3K/u2
η in dotted lines

and with Eq. (9) in dashed lines.

By asymptotic matching of Eqs. (5) and (6), one can propose the following relation, valid for
τp ≪ τL:

〈(uf − up)
2〉 ∼ 〈ε〉τη

St2

St + 1
. (7)

Of course, this simple relation is not expected to reproduce exactly the DNS, as it does not account
for preferential concentration effects, which have been shown in Ref. [45] to affect the statistics of the
particle acceleration mainly for St = O(1). Nevertheless, in Fig. 3 this relation is seen to reproduce
reasonably well the variance of the relative velocity.

On the other side, for particle inertia much larger than the integral time scale of the flow, τp ≫ τL,
the relative velocity variance approaches the variance of the fluid velocity. Then asymptotically, let
us assume the following expression:

〈(uf − up)
2〉 ≈ 2

3K[1 − exp(−τp/τL)], (8)

where K is the mean turbulent kinetic energy of the fluid. Finally, noting that for τp/τL ≪ 1, 1 −
exp (−τp/τL) ≈ τp/τL = St τη/τL, and that K = 〈ε〉τL, the following relation is proposed for the
variance of the particle relative velocity:

〈(uf − up)
2〉 ≈

2

3
〈ε〉τL(1 − exp(−Aτp/τL))

St

St + 2/3
. (9)

FromFig. 3, this expression appears to be reasonably accurate over thewhole range of Stokes number.
Recalling that τL

τη
∼ Re1/2, it is straightforward from Eq. (4) to express the particle acceleration

variance, as a function of the Stokes and Reynolds numbers:

〈
a2

p

〉
≈

〈ε〉
τη

2

3

(
1 − exp(−A(Re) StRe−1/2)

StRe−1/2(St + 2/3)

)

︸ ︷︷ ︸
f 2(St,Re)

. (10)

In line with the refined Kolmogorov hypothesis [46,47] and following Refs. [14] and [15], it is
inferred that the main source of fluctuations in the particle acceleration is attributed to the large
fluctuations of the local value of the dissipation rate. Therefore, from the previous relation Eq. (10)



MODELING THE EFFECTS OF SMALL TURBULENT …

FIG. 4. Variance of the particle acceleration conditional to the temporally filtered local rate of dissipation,
for various Stokes numbers from St = 0 to 70 from black to orange.

it is proposed to express the particle acceleration variance conditioned on the local dissipation rate
“seen” by the particle εf :

〈
a2

p

∣∣εf

〉
∼

εf

τη

f 2(St,Re), (11)

where εf is the value of ε along the particle trajectory filtered at the time scale of the particle
τp: εf = Gτp

∗ ε,Gτp
being the kernel of the filter with characteristic time τp. This behavior is

confirmed in Fig. 4, where it is observed that the conditional acceleration variance presents a close
to linear behavior with εf . Similarly to the numerical finding of Ref. [15] for fluid particles, the
conditional acceleration variance deviate from the straight line prediction for small fluctuations of
εf . But, more importantly, we observe that for all the Stokes number, the curves present the same
behavior. Equation (11) is used further for the construction of the stochastic model for the particle
acceleration at unresolved scales.

As discussed in the Introduction, Eq. (3) is proposed to express the instantaneous particle
acceleration, as the sum of a filtered and stochastic contributions. Based on the time-scale separation
between the evolution of the norm and the orientation observed experimentally [48] and proposed
for fluid particles in Refs. [28,49], the unresolved contribution is expressed by the product of two
stochastic processes, one for the amplitude of the particle residual acceleration |a|∗ and the other for
its orientation vector e∗:

ap = âp︸︷︷︸
large scale
contribution

+ |a|∗ e∗︸ ︷︷ ︸
random

contribution

. (12)

Consistently with Eqs. (10) and (11), the model for |a|∗ is given by

|a|∗ = k1ε
1/2
∗ τ−1/2

η f (St,Re1⋆
). (13)

To account for the Reynolds number at the unresolved scale of the flow, in contrast with Eq. (10),
where f is defined, in the previous equation the argument of f is Re1⋆

= (τ1⋆
/τη)2, where τ1⋆

=
12

⋆/ν1 is the smallest resolved time scale. The value of k1 = 2 is checked to give the best agreement
with the DNS as seen later. In Eq. (13), ε∗ denotes the local dissipation rate “seen” by a particle. To
estimate its evolution along the particle trajectory, ε∗ follows a stochastic process that depends on
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FIG. 5. (Top) A realization of the evolution of ǫ along a particle trajectory at St = 1 and Reλ = 420, from
the DNS of Ref. [37]. (Bottom) In red, a realization of the evolution of ǫ1 along a particle trajectory at St = 1
and Reλ = 420, from the LES with a 643 mesh; in black, a realization of the stochastic process for ε∗.

the local value of ε1 computed from coarse LES mesh. Assuming a log-normal distribution for ε∗,
one obtained the following stochastic process for ε

1/2
∗ (see Appendix A):

dε
1/2
∗

ε
1/2
∗

=
dε

1/2
1

ε
1/2
1

− ln

(
ε
1/2
∗

ε
1/2
1

)
dt

τ1⋆

+

√
1

2

σ 2

τ1⋆

dW, (14)

with dW the increment of the Wiener process. The parameter σ in Eq. (14) is set to σ 2 = 1
2 ln τ1⋆

τη+τp
.

It is seen that that with increasing τp, the variance σ 2 decreases to mimic the filtering of the local
value of the dissipation rate operated by the particle inertia, whereas for vanishing τp, we have
σ 2 = 1/4 ln Re1 which reproduces the DNS results of [50]. For illustration, in Fig. 5, we compared
the dissipation rate “seen” by a particle along its path from the DNS of Ref. [37] and the energy flux
ε1 from LES with a sample path from Eq. (14). It is seen that the stochastic process Eq. (14) presents
large fluctuations in agreement with the behavior observed by DNS.
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FIG. 6. Evolution of the PDF of the component ex of the orientation vector as given by the stochastic
model Eqs. (15) and (16), where the relaxation term is expressed ap/1⋆ = eeq/τ

2
R for three values of τR:

τR = ∞, 0.5 and 0.1, respectively, from top to bottom. In each case: eeq = (0,0,+1), the initial orientation
is ex(t = 0) = (0,0,+1), σ 2

e = 1, τe = 1. Each curve corresponds to a different instant from t = 0 to t = 5τe,
respectively, from black to orange, and separated by a time interval of 0.1τe.

In Eq. (12), the model for the orientation vector e∗, is given by a random process on a unit sphere
[29,51,52]:

dα = −e∗ ×
âp

1⋆

dt − α

dt

τe

+

√
σ 2

e

τe

dW, (15)

de∗ = γ e∗ × αdt + (γ − 1)e∗. (16)

In this process, the orientation e∗ is modified by a random angular displacement αdt . In Eq. (16),
the factor γ = [1 + (αdt)2 − (e∗ · αdt)2]

−1/2
corresponds to a projection ensuring that the norm

of the orientation vector remains unity (see Appendix B for details). The orientation increments
are obtained from the angular velocity α of a point on the surface of the sphere which evolves
according to the Ornstein-Uhlenbeck process given in Eq. (15). This stochastic process is composed
of relaxation, damping, and diffusion terms. The diffusion term, in which dW is a 3DWiener process
(〈dWi〉 = 0 and 〈dWidWj 〉 = dtδij ), ensures the tendency to return toward a statistically isotropic
orientation by allowing the vector e∗ to take all possible orientation. The damping term is necessary
to control the rate of return to isotropy at short time lag. In contrast to the return to isotropy, the
relaxation term in Eq. (15) tends to align e∗ with the orientation of the large-scale contribution of the
particle acceleration âp/|̂ap| with a relaxation rate dependent on its magnitude: (|̂ap|/1⋆)−1/2. The
contribution of the different terms is illustrated in Fig. 6, which presents the evolution of the PDF
of a component of the orientation vector. It is seen that without the relaxation term each orientation
becomes equiprobable, while increasing the intensity of the relaxation term leads to a narrower
stationary distribution. The parameters are τe = 1

2 (τp + τη) and σ 2
e = τ−2

e . With this process, when
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FIG. 7. (Top) Evolution of the orientation vector of the acceleration of a particle with St = 0.6 and Reλ =
420, from the DNS of Ref. [37]. (Bottom) A realization of the random orientation e∗ for St = 0.6 and Reλ = 420
and a 643 LES mesh. For both panels, the observation time span over 100τη.

τe ≪ (|̂ap|/1⋆)−1/2 the orientation becomes practically independent of the large-scale orientation,
consistently with the assumption of local isotropy in the small scales of large Reynolds number flow;
otherwise, for τe ≫ (|̂ap|/1⋆)−1/2, the orientation is impressed by the large resolved scales.

The combination of these terms is necessary to have the autocorrelation of the acceleration orien-
tation consistent with the experiments and the DNS, as discussed later (see Fig. 7). For vanishingly
small Stokes number the correlation time for the acceleration components is commensurate with τη

as in the experiments of Ref. [48], while increasing St leads to an increase in the correlation time.
Because the stochastic orientation e∗ is correlatedwith the “resolved” acceleration, the two stochastic
processes for the modulus and for the orientation are not independent. Finally, note that this model
share some similarities with the Debye model [53,54].

Concerning the resolved contribution in Eq. (12), the particle acceleration is computed from the
spatially filtered fluid velocity field uf obtained from the coarse LES mesh. Moreover, an explicit
temporal filtering is applied to obtain the large scale contribution:

âp = Gτ1⋆
∗

(
uf − up

τp

)
, (17)

034602-10
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FIG. 8. Variance of the particle acceleration normalized by the Kolmogorov acceleration (a2
η = 〈ε〉3/2ν−1/2)

in logarithm scale. Crosses, LES with the proposed model; circles, LES without model; for the three meshes,
643 (black), 963 (dark gray), and 1283 (light gray). Comparison with the DNS of Ref. [37] in dashed line. Inset
zoom for small Stokes number in linear scale.

where Gτ1⋆
is a temporal filtering kernel with characteristic time τ1⋆

. Of course, if only the resolved
contribution is accounted for in the particle dynamics (i.e., without model for the unresolved
contribution) this explicit temporal filtering is useless since no fluctuations with frequency larger than
the cutoff frequency of uf , which is of order τ−1

1⋆
, can develop. However, with the stochastic forcing

in the particle acceleration, it becomes necessary to apply an explicit temporal filter, to prevent the
resolved term to respond with high frequency oscillations. The implementation of this temporal filter
is straightforward. It is sufficient to replace the relaxation time scale τp in the resolved contribution
by τ1⋆

whenever τp < τ1⋆
:

dup

dt
=

uf − up

max(τ1⋆
,τp)

. (18)

From the standard LES (for which no explicit temporal filtering is applied) it is observed for the
three resolutions and for τp < τ1⋆

that the particle acceleration variance becomes independent of the
Stokes number (see Fig. 8).

A. Assessment of the model

To validate this approach, we present comparisons of statistics of the particle dynamics obtained
from the LES with the proposed model Eqs. (12)–(18), the DNS of Ref. [37] and the standard LES
approach without a model for accounting of the subgrid scale fluctuations.

First, we consider in Fig. 8 the particle acceleration variance. It is observed that the standard
LES approach fails to reproduce the acceleration variance obtained with DNS. As expected, the
coarser the LES mesh, the larger the underestimate of the variance. With the coarsest LES mesh,
the variance of particles with small Stokes number is approximately 10 times smaller than for the
DNS. Furthermore, as discussed above the acceleration variance predicted by the LES saturate when
τp < τ1⋆

. This is in contrast with the LES supplemented with the proposed stochastic model, for
which the agreement with the DNS is fairly good over the whole range of Stokes number considered.
Moreover, it is seen that this accurate prediction holds for the three meshes resolutions tested here.
Therefore, this indicates that, with the model for the residual acceleration, the LES becomes nearly
independent of the mesh resolution which implies that the proposed model accurately reproduce the
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FIG. 9. PDF of the particle acceleration normalized by its variance for St = 0.016, 0.16, 0.6, 1, 2, 3, 5, 10,
20 (respectively, shifted upward by one decade from each other for clarity). Gray, LES at 643 with the proposed
model; black, LES at 643 without models; black dashed line, DNS of Ref. [37]; gray dashed line, the Gaussian
distribution.

effect of the unresolved small scales of the flow. Note that very similar trends are observed for the
variance of the acceleration modulus but are not shown for brevity.

In Fig. 9, we present the PDF of the particle acceleration for the various Stokes numbers. As
expected [45], for small Stokes numbers, the PDF obtained from the DNS exhibits non-Gaussian
behavior, with very stretched tails, whereas the distribution becomes narrower as the Stokes number
increases. With the proposed model the LES simulation is able to predict this behavior remarkably
well, while without the model the LES cannot reproduce the largest fluctuations of the acceleration
at small and moderate Stokes number. The good agreement between the LES with the model and the
DNS is confirmed in Fig. 10, where the flatness of the particle acceleration is compared. Consistently
with the observation of the PDF, it is seen that the flatness for small Stokes number is correctly
estimated by the LES with the model, for all the three mesh resolutions and is largely underestimated
by the standard LES, even with the fine mesh.

These findings strongly support the model Eqs. (12)–(18) and the choice of parameters.
Figure 11 shows the autocorrelation of the particles acceleration along their trajectory. It is

observed that, for both small and moderate Stokes numbers, the LES without model provides a
too slow decorrelation of the acceleration compared with the DNS. With the proposed model, the
LES presents a shorter correlation time, in agreement with the DNS. This is due to the high-frequency
forcing provided by the stochastic model. Also important to obtain realistic autocorrelation is the
specific orientation model provided in Eqs. (15) and (16) and in particular the correlation between
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FIG. 10. Flatness of the particle acceleration. Crosses, LES with the proposed model; circles, LES without
models; for the three meshes, 643 (black), 963 (dark gray), and 1283 (light gray). Comparison with the DNS of
Ref. [37] in dashed line.

FIG. 11. Auto-correlation of the particle acceleration for St = 0.016, 0.16, 0.6, 1, 2, 3, 5, 10, 20 (respectively,
shifted upward by one unit each other). Gray, LES at 643 with the proposed model; black, LES at 643 without
the model; black dashed line, DNS of Ref. [37].
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FIG. 12. Variance of the power exchange with the fluid per unit mass of a particle normalized by the mean
dissipation rate in logarithm scale. Crosses, LES with the proposed model; circles, LES without the model; for
the three meshes, 643 (black), 963 (dark gray), and 1283 (light gray). Comparison with the DNS of Ref. [37] in
dashed line. Inset zoom for small Stokes number in linear scale.

the orientation model and the resolved orientation as well as the explicit temporal filtering of the
resolved part of the particle acceleration.

We also consider the statistics of the rate of change of the kinetic energy of a particle d(u2
p/2)/dt =

ap · up = P . Since in the absence of other forces, this quantity is the power (per unit mass of a
particle) received by a particle from the fluid, it characterizes the interaction of the particles with
the fluid phase. In Fig. 12 we present the variance of the power fluctuations normalized by the
mean dissipation rate 〈P2〉/〈ε〉2. Consistently with the observation of Ref. [55] for fluid tracers, we
remark that according to the DNS, the characteristic power fluctuations are much larger than 〈ε〉.
It is also observed in this figure that LES without the model under-predicts by almost one order of
magnitude the variance of the power fluctuations for St < 5, whereas with the LES supplemented
by the model for small scale agitation, the prediction follows remarkably well the DNS and does
not present effects of the mesh resolution. Due to the stationarity of the flow, the average power is
zero, but the skewness of the distribution is negative, as pointed out by Ref. [55]. This is seen in the
PDF of P , in Fig. 13, which also present very stretched tails, especially for small Stokes numbers.
Again such tails, as well as their dissymmetry can be fairly well reproduced by the LES coupled with
the small scales model, while LES without the model gives less developed tails. As apparent from
its definition, P depends on the correlation between the resolved and small-scale contributions as
well as the orientation and magnitude of the modeled part. Therefore, the good agreement observed
validate the proposed modeling strategy.

IV. STOCHASTIC RESPONSE TIME FOR A PARTICLE LARGER

THAN THE KOLMOGOROV SCALE

In this section we consider a particle that is larger than the Kolmogorov length scale of the flow but
that remain much smaller than the grid scale: 1 ≫ dp ≫ η. In this situation the turbulent eddies, of
sizes from dp to η, drag collectively such a particle due to the fluid-particle relative motion. It is then
natural to assume that statistically this drag is characterized by an effective viscosity of the turbulent
flow at the scale of the particle dp. On the other hand, instantaneously, the strong fluctuations of
the flow structures at scales of order dp may cause an additional source of agitation for the particle,
despite its significant inertia. To account for turbulent fluctuations in the drag of a “large-subgrid”
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FIG. 13. PDF of the power exchange with the fluid normalized by its variance for St = 0.016, 0.16, 0.6, 1,
2, 3, 5, 10, 20 (respectively, shifted upward by one decade from each other for clarity). Gray, LES at 643 with
the proposed model; black, LES at 643 without the model; black dashed line, DNS of Ref. [37]; gray dashed
line, Gaussian distribution.

particle, we propose to introduce an effective response time τp,t :

τp,t =
ρp

ρf

d2
p

18(ν + νp,t )
, (19)

where νp,t is defined as the turbulent viscosity at the scale of the particle. Using the Prandtl’s
mixing length hypothesis and Kolmogorov scaling, we have νp,t ∼ u′dp ∼ 〈ε〉1/3d4/3

p Furthermore,
following the refined Kolmogorov hypothesis [46,47], we introduce a turbulent viscosity defined
locally, along the particle path, based on the energy flux from scale dp to smaller scales, εd :

νp,t ∼ ε
1/3
d d4/3

p . (20)

With this expression one gets, for the turbulent response time,

1

τp,t

=
1

τp

+ 18
ρf

ρp

ε
1/3
d

d
2/3
p

. (21)

In the framework of the decomposition introduced previously, Eqs. (12) and (13), but with using
now the turbulent response time Eq. (21), the resolved and subgrid contributions for the acceleration
become

ap =
(uf − up)

τp,t

+
(

εd

τp,t

)1/2

e∗. (22)
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We assumed in Eq. (22) and in the following that τL ≫ τp,t ≫ τη, to use the simplified estimation
of the relative velocity given by Eq. (5). With Eq. (21) this relation reads

ap =
(uf − up)

τp

+ 18
ρf

ρp

ε
1/3
d

d
2/3
p

(uf − up) +

(
εd

τp

+ 18
ρf

ρp

ε
4/3
d

d
2/3
p

)1/2

e∗. (23)

To further simplify this expression, note that for dp ≫ η, νp,t ≫ ν and therefore the subgrid scale

contribution is dominated by the fluctuating response time ( ρf

ρp

ε
4/3
d

d
2/3
p

≫ εd

τp
). Second, as specified

above, we consider that 1 ≫ dp, which as in the previous section, implies that the unresolved scale
dominates in the estimation of the relative velocity: (εddp)1/3 ≫ |uf − up|. With these assumptions,
Eq. (23) becomes

ap =
(uf − up)

τp

+
(
18

ρf

ρp

)1/2
ε
2/3
d

d
1/3
p

e∗. (24)

For very large Reynolds number, one can neglect the filtered part and it is seen from Eq. (24) that
the particle acceleration variance for dp ≫ η scales as

〈
a2

p

〉
∼

ρf

ρp

〈ε4/3〉
d
2/3
p

. (25)

This is consistent with the d−2/3 scaling proposed by Refs. [5,11,21] for nearly buoyant particles and
for particle density ratio up to 50. Note that the intermittency correction to this scaling suggested in
Ref. [21], which leads to a possible d−0.8

p dependence, is discussed later. Furthermore, note that when
dp ≫ 1, the second term on the right-hand side of Eq. (23) should dominate and the variance of
the acceleration scale like 〈a2

p〉 ∼ (ρf /ρp)2〈(uf − up)2〉〈ε〉2/3d−4/3
p , which is in agreement with the

∼d
−4/3
p dependence observed in Refs. [56,57] for large particles dominantly swept by the large scales

of the flow. Of course, this limit is beyond the validity of the “large pointwise” particle approach
considered in this paper.

Similarly to the previous section, the model Eq. (24) requires the knowledge of the instantaneous
energy flux seen by the particle along its trajectory. Assuming a log-normal statistics for εd one
obtains a surrogate process with the following stochastic equation for ε

2/3
d (see Appendix A):

dε
2/3
d

ε
2/3
d

=
dε

2/3
1

ε
2/3
1

−

(
ln

ε
2/3
d

ε
2/3
1

+
2

9
σ 2

)
dt

τ1⋆

+

√
8

9

σ 2

τ1⋆

dW, (26)

where as previously τ1⋆
= 12

⋆/ν1 and σ 2 = 1
2 ln τ1⋆

/〈τp,t 〉, which should yield a reduction of the
occurrence of large fluctuations of the particle acceleration with increasing the particle size, as
observed by Ref. [21]. It may be noted that because of the dependence of σ 2 on dp, one should
also consider an intermittency correction to the scaling of 〈a2

p〉 with the particle diameter. From
expressions for moments of lognormal distribution Eq. (A1) we have 〈ε4/3〉 = 〈ε〉4/3 exp (2/9σ 2),
and with the proposed expression of σ 2 we find, for νp,t ≫ ν, 〈a2

p〉 ∼ d
−2/3−2/27
p = d0.74

p against the
d−0.8

p law proposed in Ref. [21].
The stochastic model for the orientation of the subgrid contribution e∗ in Eq. (24) is d∗∗

p − 0.744
given by Eqs. (15) and (16) as in the case of the small particles with a similar definition of the
parameters τe = 1

2 (〈τp,t 〉 + τη) and σ 2
e = τ−2

e . And, finally, the resolved part in Eq. (24) remains
evaluated by Eq. (18), as in the previous section.

A. Assessment of the model

The evaluation of the model Eqs. (24)–(26) proposed for the particles larger than the Kolmogorov
scale is given here by presenting statistics of the particle acceleration for particles with a diameter
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FIG. 14. Variance of the large particle (1 > dp > η) acceleration normalized by the Kolmogorov acceler-
ation (a2

η = 〈ε〉3/2ν−1/2) in logarithm scale. Crosses, LES with the proposed model; circles, LES without the
model with Stokes drag; triangles, LES without the model and with the drag correction of Schiller and Nauman.
For three density ratios: ρp/ρf = 50 (black), 100 (dark gray), and 1000 (light gray). For all cases the mesh size
is 643. Comparison with the experiments of Ref. [11] with particle density ratio around 50 in black squares and
the power laws 〈a2

p〉d−2/3
p in gray dashed line and 〈a2

p〉d−0.8
p in gray dotted line.

of 5, 10, 20, and 26 η and for three density ratio ρp/ρf = 50, 100, and 1000. As pointed out in
Refs. [56,57], the point-particle approximation with the usual drag law is clearly not valid for these
sizes of particle. The results from theLESwith themodel are comparedwith experimental results from
Refs. [8,11,21] and from standard LES approach, i.e., from LES without the model for unresolved
fluctuations. Note that we expect the effect of gravity to be negligible in the experimental results of
Refs. [8,11]. In the standard approach, two expressions for the particle response time are considered.
The first one is the standard Stokes relaxation time τp = ρp/ρf d2

p/18ν valid for the small Reynolds
number based on the particle diameter, Rep < 1, whereas in the second version the relaxation time
accounts for the finite particle Reynolds number correction proposed from the experimental work of
Schiller and Nauman [58] τp = ρp/ρf d2

p/18ν (1 + 0.15 Re0.687p )
−1

for Rep = dp|up − u|/ν < 800.
Several papers, Refs. [23,59] for example, used this correction to account for the large size of the
particles in turbulent flows.

The simulations presented here use a mesh size of 643. As seen in Table I, even the largest particle
diameter considered here remains smaller than the grid spacing. Note that we consider only relatively
heavy particles ρp/ρf > 50, because the added mass effects are not accounted for in this paper.

In Fig. 14, we present the acceleration variance as a function of the particle diameter for the various
density ratio. It is seen that the two versions of the LES without models predict a strong reduction
of the acceleration variance with increasing dp/η. It is also seen that, as expected, in the case of the
linear drag, the decrease is much more pronounced than in the case of the drag proposed by Schiller
and Nauman. In contrast, from LES with the model Eqs. (24)–(26), the decrease of the acceleration
variance with dp/η is much less and presents a behavior similar to d

−2/3
p . For the short range of

dp/η considered here, the difference between d
−2/3
p and d−0.8

p is not substantial but as expected for
very large particle diameters the evolution appears closer to d−0.8

p . In comparison with the standard
approach, it is clearly seen that introduction of Eqs. (24)–(26) allowed us to match correctly the
results of experiments in Ref. [8].

The PDF of the particle acceleration normalized by their standard deviation for ρp/ρf = 50 are
given in Fig. 15. It is seen that the LES without model predicts a Gaussian distribution for the
acceleration when the Stokes drag is used. This dramatically departs from the experimental findings,
for which the tails of the PDF remain quite large even for large value of dp/η. With the nonlinear
drag
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FIG. 15. PDF of the large particle (1 > dp > η) acceleration normalized by its variance for dp/η = 5,10,
20, and 26 (respectively, shifted upward by one decade from each other for clarity). Light gray, LES with the
proposed model; black, LES without the model with Stokes drag; dark gray, LES without the model and with
the drag correction of Schiller and Nauman. In each case, the density ratio is ρp/ρf = 50 and the mesh size
643. Comparison with the Gaussian distribution gray dashed line, with the experimental data of Ref. [21] (with
dp/η = 1.6, 8.2, 13.4, and 23.6) in black dashed line and with the fit from Ref. [11] in dotted line.

correction [58], the LES without model predicts a larger distribution, which surprisingly appears to
be independent of the particle diameter. Nevertheless, the large fluctuations remain under-predicted
compared to the experiments from both Refs. [11] and [21]. In contrast, the LES supplemented
with the proposed stochastic model gives PDF tails in excellent agreement with the experiments of
Ref. [21]. We would like to stress that although the experiments presented in Ref. [21] have been
performed for nearly neutrally buoyant particles, it is believed that the dependence of the PDF tails
on the particle diameters remains similar for not too dense particles. Note that in their experiments
for particles with density ratio between 1 and 100, Refs. [8,11,20] observed that the shape of the
PDF is left approximately invariant with a change of the particle diameter, at least for not too large
fluctuations. However, it is to note that the PDF in Refs. [8,11,20] are observed to be less stretched
compared to the PDF presented in Refs. [21,60] for similar size and density ratios and Reynolds
numbers, pointing to some discrepancies between those experiments.

These favorable comparisons between LES with the model and the experiments support the
proposed approach, although further comparisons with experiments and fully resolved numerical
simulations appear necessary to establish the validity of the proposed model.

V. FINAL COMMENTS

In LES of turbulent flow laden with heavy particles, it is common practice to assume that the
particle motion results from its response to the energy-containing large-scale eddies. However, recent
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experiments, analytical estimations, and DNS showed that, in high Reynolds number flows, the large
increments of velocity at small scales play an important role in the dynamics of particles even when
their inertia is substantial. In this paper, we propose a new approach that accounts for the effects of
the turbulent fluctuations at unresolved spatial scales (<1) for both small (1 ≫ η ≫ dp) and large
(1 ≫ dp ≫ η) particles. To this end, the instantaneous acceleration of the particle is decomposed
into a large-scale contribution given by the resolved fluid velocity field and in a random contribution.
The random part is obtained by the product of two stochastic processes. One is for the modulus
and represents the particle acceleration conditionally averaged on the dissipation rate seen by a
particle along its path. This latter quantity is assumed to follow a log-normal stochastic process.
The expression of the acceleration modulus is derived from physical assumptions on the basis of the
available DNS data. The second stochastic process is for the orientation of the particle acceleration
and is given by a random walk on the unit sphere, ensuring the appropriate rate of return to the local
isotropy.

We propose twomodels, valid for locally homogenous and isotropic high Reynolds number flows,
to specifically estimate the subgrid scale contribution of the fluid-particle relative velocity and to
reproduce the influence of the turbulent fluctuations at the scale of the particle. For particles larger
than the Kolmogorov scale of the flow, we introduced a fluctuating particle response time base on
an effective viscosity at the scale of the particle. The advantage of these models are demonstrated
by comparisons with statistics obtained from the DNS of Ref. [37] in the case of the small particles
(1 ≫ η ≫ dp) and from the experiments of Refs. [11,21] for the large particles (1 ≫ dp ≫ η). The
evolution of the particle acceleration variance with the Stokes number or the particle diameter, the
autocorrelation as well as its strongly non-Gaussian PDFs are in very good agreement with the DNS
and the experiments in contrast with the standard tracking of the particles by LES. Finally, we stressed
that the implementation of the proposed subgrid scale models is straightforward to implement.

Several extensions of this work can be considered. The stochastic process used to estimate the
dissipation rate along the particle trajectory is independent from one particle to another and so the
preferential concentration of the particles at subgrid scales cannot be reproduced by the modeling
presented in this paper. The feedback of the particles on the carrier phase also is not accounted for here
because we only considered vanishingly small volume fraction of particles. However, large particles
generate vorticity in their wake which scales roughly as the particle Reynolds number [61–64], and
the two-way coupling with surrounding turbulence may be of crucial importance. With the proposed
models the momentum and energy transfer from the fluid to the particles is seen to be estimated
fairly accurately, and thus it may also be useful to account for two-way coupling effects. To extend
the range of validity of the approach to particles with smaller density ratio, it would be necessary
to propose a modeling for the added mass and inertia terms which appears in the particle equation
of motion. Finally, we note that the rotation of the particles has not been considered in this work,
nevertheless it was shown recently [65] that the rotation could be important for the motion of large
particles in a turbulent flow.
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APPENDIX A: LOG-NORMAL STOCHASTIC EQUATION FOR ε
n

∗

Following the derivation of Ref. [27], we assume that the ratio ε∗/ε1 is log-normal where
ε1(t) evolves in time (with average value ε0). Therefore, χ = ln ε∗/ε1 = ln (ε∗/ε0 ε0/ε1) follows
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a Gaussian process: dχ = 5dt + 6dW with dW the increment of a Wiener process (〈dW 〉 =
0; 〈dW 2〉 = dt).

We introduce f = (ε∗/ε0)n = (ε1/ε0)nen χ and so ∂f

∂χ
= n(ε1/ε0)nen χ = nf , ∂2f

∂χ2 =
n2(ε1/ε0)nen χ = n2f , and ∂f

∂t
= nf d

dt
ln ε1/ε0.

Applying the Ito transform, the stochastic equation for f reads

df

f
=

(
n

d

dt
ln

ε1

ε0
+ n5 +

n262

2

)
dt + n6dW.

Taking an Ornstein-Uhlenbeck process for χ of the form: 5 = −χ−µ

τ
, 6 =

√
2σ 2

τ
, gives

df

f
=

(
nτ

d

dt
ln

ε1

ε0
− ln

[(
ε0

ε1

)n

f

]
+ nµ + n2σ 2

)
dt

τ
+

√
2n2σ 2

τ
dW.

The moments of f in the stationary state (t ≫ τ and ε1 constant) are

〈f k〉 = exp

(
knµ +

k2n2σ 2

2

)
. (A1)

As a consequence, we need µ = −σ 2/2 to impose 〈ε∗/ε0〉 = 〈f 1/n〉 = 1. And the previous equation
simplifies into

df

f
=

(
nτ

d

dt
ln

ε1

ε0
− ln

[(
ε0

ε1

)n

f

]
+ n

(
n −

1

2

)
σ 2

)
dt

τ
+

√
2n2σ 2

τ
dW

or

dεn
∗

εn
∗

=
(

nτ
d

dt
ln

ε1

ε0
− ln

εn
∗

εn
1

+ n

(
n −

1

2

)
σ 2

)
dt

τ
+

√
2n2σ 2

τ
dW.

APPENDIX B: STOCHASTIC PROCESS ON THE SURFACE OF A SPHERE

In the orientation process, the vector e∗ is modified by a random increment:

e∗(t + dt) = e∗(t) + de∗(t). (B1)

To satisfy the normalization constraint at all times,

|e∗(t + dt)| = |e∗(t)| = 1, (B2)

we introduced the following projection:

e∗(t + dt) =
e⋄(t + dt)

|e⋄(t + dt)|
, (B3)

where e⋄(t + dt) represents the predicted orientation vector which is obtained from

e⋄(t + dt) = e∗(t) + de⋄(t). (B4)

The predictor increment process de⋄(t) is given later. Taking the notation γ = |e⋄(t + dt)|−1 and
substituting Eq. (B4) into Eq. (B3) gives

e∗(t + dt) = γ [e∗(t) + de⋄(t)], (B5)

and reporting into Eq. (B1) yields the increment of the orientation vector satisfying the normalization
constraint:

de∗(t) = (γ − 1)e∗(t) + γ de⋄(t). (B6)
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Concerning the prediction for the orientation increment de⋄(t) it is obtained by an angular
displacement of a point on the surface of the sphere moving with the angular velocity α during
a time interval dt :

de⋄(t) = e∗(t) × αdt. (B7)

Substituting this relation into Eq. (B4) one can express γ = |e⋄(t + dt)|−1 as

γ =


e∗(t)

2

︸ ︷︷ ︸
=1

+de⋄(t)
2 + 2e∗(t) · de⋄(t)




−1/2

=


1 + (e∗(t) × αdt)2 + 2 e∗(t) · (e∗(t) × αdt)︸ ︷︷ ︸

=0




−1/2

=


1 + e∗(t)

2

︸ ︷︷ ︸
=1

α
2dt2 − (e∗(t) · αdt)2




−1/2

. (B8)

As specified in Eq. (15), the angular velocity α evolves according to an Ornstein-Uhlenbeck
process.
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