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Abstract: We propose a Finite Volume Time-Domain scheme for the numerical treatment of
Generalized Sheet Transition Conditions (GSTC) modeling metasurfaces in the one-dimensional
case.
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Schéma volume fini pour les équations de Maxwell 1D
couplées aux conditions GSTC

Résumé : On propose un schéma volume fini en domaine temporel pour le traitement
numérique des conditions de transfert généralisées modélisant la discontinuité du champ élec-
tromagnétique traversant une métasurface dans le cas 1D.

Mots-clés : Meétasurfaces, équations de Maxwell en domaine temporel, conditions GSTC,
méthode volume fini



FVTD scheme for GSTC 3

1 Introduction

Metasurfaces are artificial devices designed for controlling electromagnetic waves through the
surface electric and magnetic susceptibility tensors. Conversely, in some cases, one may deduce
these parameters from the surrounding electromagnetic field (|2], [3]). The connection between
susceptibility tensors and the electromagnetic field may be given through boundary conditions.
Such conditions are called GSTC for Generalized Sheet Transition Conditions and were es-
tablished in the frequency-domain (see [I] and references therein). Numerical simulations were
carried out using finite difference methods first in the frequency-domain (cf. [5]) and then in the
time-domain (cf. [4]).

Here, we propose a new finite volume scheme that can handle these unusual boundary con-
ditions. Numerical results are compared to analytical and FDTD solutions.

2 Maxwell equations
Let us consider a metasurface at z = 0, parallel to the Ox axis. We choose a TE, polarisation

(ie E = (0, E,,0)T, H = (H,,0,0)T ) and assume that fields depend only on z and t variables
and that there is no charge or current. Thus Maxwell equations are written as

0H, OF,
o o U
0E, OH .
y _ Oz
ot o U
We introduce the following change of variables
€ 1 _ _ _
T = Cot; Er = —H Hr=—", E = Ev H= CO/‘LOH = ZOH (2)
€0 Ko

where 7 is the characteristic impedance of free space. Assuming the medium surrounding the
metasurface is the vacuum, becomes

om_or |
or 0z
., E=FE, H=H, (3)
o8 o _
or 0z
We set I1 =] — 00, 0], Iz =]0, +o0o[ and add the following initial conditions

Hy(z) = H(z,0)

{ g1(z) ifzel

g2(2) ifzel,

z) ifzely
Fo(s) =B(z0) = {fi() i

fg(Z) ifz e Iy

where f; and g; are arbitrary regular functions defined on I;. We can easily check that the
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4 Loula Fezoui and Stéphane Lanteri

general solution to (3)-([4) is given by

H(zt) = 1{ (nh—f)e=-t+(Lr+q)z+t) ifzel

20 (go— )z —t)+ (fo+go)(z+1) ifzely

E(zt) = 1{ (fi—g)z—t)+(fitg)z+t) ifzel
’ 2 (fo=92)z=t)+ (fa+g2)(z+1) ifzels

3 GSTC conditions

We introduce electric and magnetic surface polarisation fields P and M and GSTC boundary
conditions are written in the time-domain (cf. [5]) as

% N

L AU=UEn - (6)
—— = —AFE

dt Ho

The polarisation fields P and M are connected to the electric and magnetic fields £ and H
through the following equations

P = £&oXe Eav
{ — ) Uav =

P (U(0T) +U(07)) (7)

DN | =

where x. and x,, are respectively the electric and magnetic surface susceptibility.

We set P = ]5/50 and M = ZyM then @ becomes

= am
ey (®)
— = AF
dr
with
P = XcEay (9)
M = XmHaU
We inject @D into and we obtain
AH = di (X@E(I/U>
-
(10)

AE = % (X,,LH,W>

Inserting in the general solution leads to the first-order differential system

L e (B = G + (B + G ()} =2((Ga = F) (=) + (Fa+ Ga)(7)
(1)
= (o (Go = F)m) + (B + G0 | =2((Fa = Ga) (=) + (Fa + Ga)(m)

Inria



FVTD scheme for GSTC 5

with
Fo=fi+fo, Gi=g1+92, Fai=fo—fi, Gi=g2—an (12)

If we assume that y. and x,, are time-independent, conditions ([10)) are written as

AH = xe% (Eav)

(13)
d
AE = Xm% (Hav)
and the differential system becomes
xe s {(F = G)(=m) + (B + G0} =2((Gu — Fa(=7) + (Fa+ Ga)(7)
(14)
xm A { (G = B)(=1) + (B + Go)(n) } = 2((Fa = Ga) (=) + (Fa+ Ga) ()
4 The Finite Volume Time-Domain method (FVTD)
We write Maxwell equations in the conservative formulation
0Q OF B
2 (F)@=o (19)
with
Q=(HE)T, FQ)= (E,H)T (16)

Let z; = (j —1)Az and Cj = [#;, zj+1]. Integrating (15)) on each C; element gives

[oefomm

In finite volume methods, the approximate solution is independent of space variables in each
C; element, therefore the value Q; = Q(z;) is not unique. We usually introduce a numerical
function ® (known as the numerical flux function in fluid mechanics) and we write

F(Q)) = ®(Qj-1,Q)) (18)
We inject in and the finite volume scheme becomes
dQ; 1
QL 0(QQn) () - 2(Q-1.Q) (7) (19)

The function ® is not unique. We choose the central average flux defined by

F(U) +F(V)

(U, V) = 3 (20)
and becomes
d 1
B [F@)-F@ )] (21)
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6 Loula Fezoui and Stéphane Lanteri

or in terms of F and H

dE; 1

dT] T 27z (Hj1 = Hj1)

dH, 1 (22)
T’T] YN (Ejpr = Eja) (1)

The approximate solution being constant in each C; element, the metasurface must be located
at the interface of two adjacents elements named C,; and C,_1, where & is the index of the point
z = 0. We use a leap-frog scheme for time integration and becomes

n_1 n_1
EJ" = EJ" oy V(Hj+12 _ijf)
AT
ntl n—1 n n ) V=92 (23)
H™* = H"* + v(Er, —E",) 207

We use to compute (E;, H;) for each j except for j = x — 1 and j = k in which case we
write

1 n—1 AT
Bry =B - v(HT D)+ oHTHO)
_1 _1 A 1
E" :Eg—l + V(H:Jrf —ﬁ-H;L 2) _ I:Hn—g(o-i-)
(24)
n+l n—1 n AT n
H/—c—lz = Hﬁ—lz - Vv (Eﬁ—l +Er@ 2) + KZ (O )
n+3g n—g n n At n(n+
H,g :HH + V(EK+1+E/{) — EE (O )
We integrate using the same leap-frog scheme and obtain
H"=3(0%) — H"=3(0") = X ([En, — Bt
2( ) 2( ) AT [ av av ]
(25)
1 n_1l
E™(0%) — E™(07) LA ]
AT
with
ntd 1 n+i 0+ n+3% - n L n(n—
He s = S [ 00 + 13 00)] B, = 5[Em(00) + B 07)] (26)
We inject into and obtain
H*™3(0%) = H"307) + ;XT (E"(o*) — E"1(0F) + E"(07) —E""I(O’)>
(27)
E™(0T) = E"(07) + QXTT (H" 3 %) — B "5 (1) + B TR (07) - H* T (0))

is an underdetermined linear system with too many unknowns so we decide to keep
E™(0%) and H" 2 (0%) as unknowns. Setting U(0~) = U._1,U(0%) = U, in the R.H.S. of
leads to

n—2% n—3% Xe n n— n n—
O = (B B B - B
(28)
+ Xm n+g n—3 n+d n—3
E™(0T) = ., +2AT H. *-H. *+H,_7—-H,_7'

Inria



FVTD scheme for GSTC 7

We inject into and set U(0~) = Ux—1 in the R.H.S. of and obtain

_1 _1
El, = EZ{+v (H:—12 *H:—Qz)
En _ En 1 2 "7% n n—1 n n—1
ph = + v H 72H +H,.@ - Ce E E +En 1 En—l
nt3 n—3 n
Hmfl = HH 1 +V(E l_En 2)
1 _1 _1 1 _1
TP = H v v(B, - 2ED + ER) - cm( HE o H T e H —H,Zlf)

After regrouping terms in the second and fourth equations the scheme becomes (for j = k)

A.EP = AEM'+4u (H:ﬁ _oH"TE 4 H:_%> — Ce(Br, - BT
1 1 1 (29)
AnHIYE = A HITE v(Bp, - 2B, + Ep) - Cm (H:ff - Hij)
with X
Cp:ﬁ, A, =14C,, p=e,m (30)
5 Numerical Experiments
5.1 Propagation of a gaussian pulse
Let us study the propagation of a gaussian pulse defined at 7 = 0 by
_ —a(z—z0)>
z)=¢e
{ fl( ) , a>0, zel (31)
91(2) = =f1(2)
We consider two cases
(a’) Xe = Xm = 0
2
() Xe=Xm = 2
We solve the system and find respectively
(@) fo=fi, g2=0 (32)
fo(z) = ame 2Tl (1 —erf (*‘/&(HZ(Z*ZO)))) - f1(2)
0 2 (33)
92(2) = = fa(2), with erf(x e " dx
\f /
We use to compute the exact electric field and find respectively
() B(zr)=e G727V (z7), (34)

RR n° 9156
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ifze[l

Efa,(zfzofT)Q7
(35)

= a(l144(z—2p9—7)) P
(®) E(z7) ame 1 (1 — erf (—‘/E<1+2(§ 0 T)))) — e*a(Z*ZO*‘F)Q7 ifze I

We set x. = 0.5, 20 = —1.5, [; UIy =] — 3,3[ and Az = 1/100 and we plot in Figure (1| the
exact solution (35) and the numerical results using the finite volume — and the FDTD

schemes (see Annex [1] egs. —). We may observe that the approximate solutions compare
well with each other as well as with the analytical solution.

1k /;\\ Exact 1 Exact
2 W VF :’\ ------ VF
o8k Il ‘\ —=--- Yee 08k ! ' —--= Yee
L | \ f \
__ o6 / 0.6 %
o = . i
L i / o r J .
N oal [ \ T oaf ¥ ‘%
w !/ 1 N '
/ ' Wy ! i
0.2 | 0.2 v A\
/ i .
' / ] 7 %\
.—.__—" O —— - ""\.._____
o L b
-0.2 1 1 1 1 1 1 1 1 -0.2 1 1 1 1 I 1
-3 -2 -1 0 1 2 3 1 2 3 4 5 6
T

Figure 1: E(z,7 = 1) (left), E(z = 0.01,7) (right)

To quantify the accuracy of the numerical solutions, we compute the global error at 7, = nAT

using the discrete L? norm

\/Z Az ((B? — Boact (25, 1) 2 (HY — Howwt (2, 7,))2) (36)

Figure [2[ shows the evolution over time of error in case (a) (on the left) and in case (b) (on
the right). In both cases, as expected, the error decreases with smaller Az (ie with more refined

grids).

Inria
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0.04 0.1
Az =2/100 L Az =2/100
— Az =1/100 Az =1/100
= Az =5/1000 0.08 - Az =5/1000

0.03 -

0.06

0.02 -

0.04

0.02

Figure 2: FVTD: L? error without (left) and with GSTC (right)

To determine to what extent numerical solutions satisfy GSTC conditions, we compute the
following error function

max (‘[E"(O)] - i—’: (H;’ﬁ - va_%> ‘ ‘[H”*%(O)] - ﬁ (EZ, — BN

) (37)

with [U(0)] = U(0") — U(07).

Figure [3] shows the evolution over time of error on different grids. We can see that this
error is smaller that the global error , which means that the GSTC conditions are better
resolved than the Maxwell equations.

Az=2/100
0.08

Az=1/100

Az = 5/1000
0.06

Figure 3: FVTD: error in GSTC conditions

RR n° 9156



10 Loula Fezoui and Stéphane Lanteri

5.2 Metallic cavity

We look for frequency waves in [—a, a] which satisfy the GSTC conditions at z = 0 and the
perfect metallic condition at z = d+a. Such waves exist and are given by

{ sin(k(z + a)) sin(wt), z <0
E(z,t) =
sin(k(z — a)) sin(wt), z2>0
(38)
{ —cos(k(z + a)) cos(wt), z<0
H(z,t) =
—cos(k(z — a)) cos(wt), z>0
with
Xe =0, Xm:—%tan(ka)7 k=w=nm, neN (39)
Remark 1.

The unusual form of the dispersion relation k =

w stems from the change of
variables described in section [3

We choose k = 27 (which corresponds to a frequency of 0.3 GHz and a wavelength of 1 m)

and x,, = 0.02 (¢ = 1.5). Figure [4] shows the analytical electric field and numerical results
obtained with FVTD and FDTD schemes.

Exacf Exact
LT S T PP VF 1 === VF
:’\‘ ,‘/\ //\ Yee | Yee
{ \
3 /
! \ \
05/ \ / \ / \ 05+ ;/\ ] A
i \ { i I ‘\ I\ ) ] “
—~ H \ — \
& | \ / | \ 2 [\ \ \ \ \
1l \ | | \ ) f A 1 b \
S | [ i [ \ \ i
prrg \ ! \ / \ NOF | f f
14 \ / \ L 5 ] \ I ] :, .5
J i ] R | [ ; ] {
-0.5F { \ \ \ vl /
i \ / \ (I \
J Vo SUARY /
1k L
E 1 1 1 n 1 1 = ! ! ! ! !
-15 -1 -0.5 0 0.5 1 15 0

Figure 4: E(z,7 = 6) (left) and E(z = 0.1,7) (right)

We can see that computed and exact solutions compare relatively well with each other,
however comparison with the exact solution favours the FVTD solution. Figure [f] shows the
and errors on different grids. We notice that while the former error decreases with Az
for both schemes, the latter grows with 7 for the FDTD scheme and decreases for the FVTD

scheme. However we can see on the right side of Figure [5| that error is much the same for
both schemes.

Inria
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| —— VF: Az=1/100

: ! 0.1f = = VF:Az = 1/100
05 - z;‘_' izz' ]'71300 I Yee: Az = 1/100

Com == VF:Az =1/200

Yee: Az=1/200 0.08 - Yee: Az = 1/200
02}
oA PR
s A A AN \’\’\’\I\h\

015 F ANAN \ | IR AY]

0.1

I ANy
0.04 l|’ I "“ “
I

I
L |
i /\/\/\/\’\/* ~ A\
\/\/\_ y \/ \/ 0.()211 “2“ il \l,’ lf \ A
0.05 H \J v Vv ¥ U v ¥ o\
M of 11 (1

Figure 5: L? error in solutions (left) and error in GSTC conditions (right)
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1 The finite-difference time-domain method (FDTD)

Let us briefly recall the FDTD scheme described in [5]. We introduce the following notations

A

zj=(j—1)Az, 7, =nAr, v= A—Z,

n """% 71,-1—l
Ej ZE(Z]',TLAT), Hj :H(Zj_l,_%vT 2)

Applied to (3), the Yee scheme [6] is written as

n _ n—1 n—3 n—3
Er = EM' 4+ (Hj 2 Hj;)

’IH*l n—1 n " 5 (40)
H'Y: = HP 4 u(ER, - ED)

In the electric field is computed at the nodes z; and the magnetic H at z; + % and since
these fields are discontinuous along the metasurface, the authors of [5] suggest to place the
metasurface in |(k + 3)Az, (k+ 1)Az[, with x chosen so that z, and %41 are on the left of the

metasurface and z,y; is on the right (Figure @

o°|o*

| ow+1 k+3/2 k42 :

K-:l K—:1/2 K /

K+1/2

Figure 6: Metasurface at z =0

The usual Yee scheme is used to compute all values E; and Hj, except E.4, and H, for
which we write

"L—l
Bl = B+ vo(HILE - HHOY)
i - (41)
R v(E”(O‘)—EQ)

The values H"~2(0%) and E"(0~) are computed using the boundary conditions discretized
here as

n—

B0r) = B Xm_ (H:g+% _H %_Hn+%<0+>+H”—%<0+>)
Kl 2AT
(42)
_1
H"_%(OJ'_) — H:‘ 2 + & (E,2L+1 — E:Z’_T_ll —+ En(o_) — E"—l(O_))

2AT
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We inject into and obtain

1

_1 _1
B = Bt oY)

X n — n(nN— n— —
- (B - B B0+ B 00)

n+3 n—j3 n n
artr = ol —|—U(EK+1—EK>

_ Xm T St S TR e n—1i +)
2AZ(Hﬁ HE™? — HY3(0%) + H*3(07)

We set H(0") = Hy11 and E(07) = E,. After regrouping terms, the scheme becomes

o1 _1
AEy, = A B + o (Hmz —H] 2) —- C (E;: - E:j*l)
(44)

n+i n—1 ntld n—1

AmHﬁ 2= AmHN 2 + U(EQ+1 - E;}) - Cm Hn+12 _Hn+12
where
Cp= Xp7 Ap=1+C), p=e,m
2Az

Remark 2. We note that if x. = 0 and/or xm = 0 then {C. = 0, A, = 1} and/or {C,, =
0,4,, =1} and reduces to the classical Yee scheme (@) for j=k+1 and/or j = k.

Remark 3. The scheme differs slightly from that described in [3] since we found that the
constant Bp,=1— C,, is in fact equal to Ap.

RR n° 9156
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