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Abstract

We show that for a strong extension of discrete measured groupoids 1 — S —
G - Q — 1 with LG a finite factor, Q has poperty (T) if and only if the
inclusion of LS into LG is corigid. In particular, this implies that G has
property (T) if and only if L*>°(X) C LG is corigid.

Furthermore, we give the definition of an invariant random positive definite
function on a discrete group, generalizing both the notion of an Invariant
Random Subgroup and a character. We use von Neumann algebras to show
that all invariant random positive definite functions on groups with infinite
conjugacy classes which integrate to the regular character are constant.

We also show a rigidity result for subfactors that are normalized by a
representation of a lattice I in a higher rank simple Lie group with trivial
center into a finite factor. This implies that every subfactor of LI" which is
normalized by the natural copy of I is trivial or of finite index.
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Chapter 1

Introduction

1.1 Outline of results

In this thesis we collect results in different topics in von Neumann algebras
and measured group theory. Besides the introduction there are three chapters.

In Chapter [2| we discuss generalizations of the following definition that was
given by Kazhdan in 1967 in order to show that certain groups are finitely
generated.

Definition 1.1.1. A discrete group has property (T) if every unitary repre-
sentation 7: I' — U(H) which has almost invariant vectors, i.e., a net of norm
one vectors (§;) C H such that ||7(7)& —&]| — 0 for all v € T, has an invariant
vector, i.e., a nonzero vector £ € H such that ()¢ =& for all y € T,

Typical examples of groups with property (T) are lattices in higher rank
simple Lie groups, for example, SL(n,Z) for n > 3. The definition has since
then proven to be useful in many contexts, for example, in the proof of Mar-
gulis’ normal subgroup theorem or in proving that the Lebesgue measure is the
unique rotation invariant measure defined on all Lebesgue-measurable subsets
of the unit sphere S™ for n > 2.

The notion of property (T) has been generalized to finite von Neumann al-
gebras in [CJ85] by Alain Connes and Vaughan Jones. In their definition repre-
sentations of the group are replaced by bimodules of the von Neumann algebra
and (almost) invariant vectors are replaced by (almost) central vectors in the
bimodule. Robert Zimmer has defined property (T) for group actions of dis-
crete groups and discrete measured equivalence relations in [Zim81], which was
generalized to discrete measured groupoids by Claire Anantharaman-Delaroche
in [ADO5]. Representations of measured groupoids act on bundles over the unit
space of the groupoid and property (T) is defined via (almost) invariant sec-
tions in these bundles.

As one can associate a finite von Neumann algebra to a discrete mea-
sured groupoid, the question about connections between property (T) for the

4



Chapter 1. Introduction 5

groupoid and property (T) for its von Neumann algebra arises. It turns out
that if G is a discrete measured groupoid such that the corresponding von Neu-
mann algebra LG is a finite factor, then G has property (T) if and only if the
inclusion L*>(X) C LG is corigid, some kind of relative property (T) defined
by Sorin Popa and C. Anantharaman-Delaroche.

While working on this text we were informed that this equivalence has
been proven by Martino Lupini this year [Lupl7, Theorem 3.5]. For discrete
equivalence relations the result had been stated before several times. However,
we could not find an earlier proof. In particular, the version of [Pop86] we know
does not contain Section 4.8, which is cited in [Pop06]. Things become more
complicated by the fact that there have been several definitions similar to
corigidity that are not known to be equivalent. [Moo82] states the equivalence
of a discrete measured equivalence relation having property (T) to such a
slightly different notion, which is probably wrong.

We give a proof independent of [Lupl7, Theorem 3.5] of the above equiv-
alence in the more general setting of strong extensions introduced by Roman
Sauer and Andreas Thom in [STT10].

Theorem 1.1.2 (Theorem [2.7.1)). Let
1-8§—-0g—=0—1

be a strong extension of discrete measured groupoids such that LG is a finite
factor. Then Q has property (T) if and only if LS C LG is corigid.

On the way, we discuss different possible definitions of property (T) for
discrete measured groupoids, which arise from different ways to define almost
invariant sections for a representation of a groupoid. We show that they give
equivialent characterizations of property (T).

Having answered the question how property (T) of G is characterized in
terms of von Neumann algebras, one could also ask how property (T) of LG is
characterized in terms of the groupoid. We do not answer this question, but
draw the attention to results of Adrian loana, who gave a sufficient condition
in terms of the groupoid that implies that the inclusion LG C LG is rigid, a
notion of S. Popa, which is complementary to corigidity in the sense that an
inclusion N C M is both rigid and corigid if and only if M has property (T).
Together with our result about corigidity this gives a condition in terms of the
groupoid that implies that LG has property (T). In the case of group actions
this condition is also necessary.

In the last years there has been a lot of progress around the definition of an
Invariant Random Subgroup (IRS), which shifted the attention in the study of
ergodic group actions from their orbit equivalence relations to their stabilizers.
We define a generalization of Invariant Random Subgroups, which we call
invariant random positive definite functions, and study them in Chapter [3
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Definition 1.1.3 (Definition [3.3.1]). Let I" be a discrete group. An invariant
random positive definite function (i.r.p.d.f. ) is a measurable I'-equivariant
map

©: Q= PD(I),

where (€, 1) is a standard probabilitiy space with a measure preserving I'-
action, and PD(I") are the normalized positive definite functions ¢ on I' with
[-action given by (g.¢)(h) = ¢(g *hg) for ¢ € PD(T) and g,h € T.

This specializes to the definition of an IRS if we demand each ¢(w) to be
the characteristic function of the stibilizer subgroup of w.

As an example for an i.r.p.d.f. let (2, 1) = (S, A) be the unit sphere in C"
with Lebesgue measure and I" a discrete subgroup of the unitary group U(n),
acting on S in the natural way. Then

0: S = PD(), we(y)=(&E) VEeSyerl,

is an invariant random positive definite function.

This definition is also closely related to the notion of a character on T’ i.e.
a conjugation invariant normalized positive definite function. Indeed, if ¢ is
an ir.p.d.f. |

Ele)i= | o) de

is a character.

A construction of Anatoly Vershik shows that in the case of I' = S, every
extremal character, except for the regular, the trivial and the alternating char-
acter, is of this form for a non-constant i.r.p.d.f. ¢. Some of these i.r.p.d.f.’s
are IRSes, some are "twisted IRSes” arising from cocyles of the action.

Characters and i.r.p.d.f.’s share the property that every character and every
i.r.p.d.f. can be decomposed into extremal ones, but, in contrast to the situation
for characters, this decomposition is not unique in the case of i.r.p.d.f.’s.

The main result of Chapter |3]is the following theorem.

Theorem 1.1.4 (Theorem [3.5.1)). Let I be a group where every nontrivial
conjugacy class is infinite and let p: Q — PD(T') be an i.r.p.d.f. on T' with
Elg| = d.. Then p(w) = 6. for almost every w € (.

We call this phenomenon disintegration rigidity of the regular character
d. € Ch(I).

I' having infinite conjugacy classes is equivalent to d, € Ch(I') being an
extremal character. Hence the theorem states disintegration rigidity of ¢, in
all cases where it has a chance to be disintegration rigid.

The main step in the proof of this theorem is to translate a given ergodic
i.r.p.d.f. ¢ with E[¢] = 4. into a random variable f: Q — L*(LT") which fulfills
the invariance condition f(y.w) = 7(y™1)f(w)m (7). We then show that such a
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function must be constantly 1, using that the conjugation action of I' on LI is
weakly mixing. Then ¢ also must be constant. This method might also apply
to other characters than the regular one.

In Chapter [d] we study the following question.

Question 1.1.5 (Question [4.1.4). Is every regular subfactors of the group von
Neumann algebra of a lattice in a higher-rank simple Lie group with trivial
center trivial or of finite index?

The reason to hope for such a rigidity phenomenon is that this would be
analogous to Margulis’ Normal Subgroup Theorem, which states that for such
groups every normal subgroup is trivial or of finite index.

In fact, we only look at the special case where a subfactor N C LI' is
actually normalized by a unitary representation 7: I' — U(LI") such that N
and 7(I") generate M. We use methods developed by Jesse Peterson for the
proof of his character rigidity theorem to prove the following theorem.

Theorem 1.1.6 (Theorem . Let T be a lattice in a simple real Lie group
G which has trivial center and real rank at least 2. Let M be a finite factor,
N C M a subfactor and w: T' = Ny (N) a unitary representation of T' into the
normalizer of N such that the action T ~ M given by o, (z) = w(y)am(y™?) is
ergodic and M = (NUn(T"))". If M # N xT' and N'NM is finite-dimensional,
then [M : N] < co.

Peterson’s proof is inspired by Margulis’ proof in the sense that the proof
of the normal subgroup theorem is based on the fact that an amenable dis-
crete group with property (7T) is finite, whereas the proof of character rigid-
ity is based on the fact that an amenable factor with property (T) is finite-
dimensional.

We adjust Peterson’s proof to the situation of subfactors described above
by putting coefficients in N into it. Then we use that if an inclusion N C M is
both amenable and corigid and the relative commutant is finite-dimensional,
the inclusion is of finite index.

In the case where M = LI' and 7 is the left regular representation we get
rid of the assumption that the relative commutant is finite-dimensional. To do
so, we construct a projective representation into the relative commutant and
use that Peterson’s proof of character rigidity can be slightly modified to give
a rigidity result for projective representations. We get the following theorem.

Theorem 1.1.7 (Theorem [4.3.1)). Let I' be a lattice in a simple real Lie group
G which has trivial center and real rank at least 2. Let N C LI' be a subfactor

which is normalized by the natural copy of I' in LT". Then [M : N] < oo or
N =C.
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1.2 Preliminaries on von Neumann algebras

1.2.1 Topologies on von Neumann algebras

A reference for this and the following subsection is [Bla06].

Definition 1.2.1. A von Neumann algebra is a *-subalgebra M C B(H) of
the bounded operators on some Hilbert space that contains the identity and
is closed in the weak operator topology (WOT).

The weak operator topology is not independent of the embedding of M into
some B(H). Therefore, a more natural topology for von Neumann algebras is
the ultraweak topology.

Definition 1.2.2. e The ultraweak (or o-weak or weak®) topology on a
von Neumann algebra M C B(H) is the restriction of WOT on M®B(¢?)
(the smallest von Neumann algebra containing the algebraic tensor prod-
uct) to M.

e The ultrastrong (or o-strong) topology is the restriction of the strong
operator topology (SOT) on M®B({*) to M.

e The strong* topology is the topology induced by the seminorms ||7'||¢ =
ITEN + 1T¢ ]| for & € H.

Theorem 1.2.3. WOT and SOT coincide on convex sets. The ultraweak
topology and WOT as well as the ultrastrong topology and SOT coincide on
bounded sets.

Definition 1.2.4. A positive map ®: M — N between von Neumann algebras
is called normal if ®(sup ;) = sup ®(z;) for all norm bounded, increasing nets
(IZ) C M+.

A bounded linear functional is normal if it is ultraweakly (or ultrastrongly)
continuous. The set of normal linear functionals on M is denoted by M,.

The notation M, comes from the fact that M is the dual space of M,. For
positive linear functionals the two characterizations of normality in Definition
coincide. Also *-homomorphisms are normal if and only if they are ultra-
weakly (or ultrastrongly) continuous. *-isomorphisms between von Neumann

algebras are automatically normal. We write Aut(M) for the *-isomorphisms
on M.

Definition 1.2.5. A von Neumann algebra M is called separable if M, is
separable in the norm topology.

M is separable if and only if it is isomorphic to a von Neumann subalgebra
of some B(H) for a separable Hilbert space H.
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Theorem 1.2.6. The double commutant
A" ={z € B(H)||y,a] =0Va € A= [z,y] =0}

of any selfadjoint subset A C B(H) is equal to the WOT-closure of the subal-
gebra generated by A and therefore a von Neumann algebra.

Example 1.2.7. For a discrete group I' we define the group von Neumann al-
gebra

LT ={\(g)lg € T}" C B(*(I"))

where \(g) € U(¢*(T")) is the operator that sends a basis element d, to dgp,.
A is called the left reqular representation.

Example 1.2.8. Let ¢: I' x I' = S! be a 2-cocycle on T, i.e.,
c(my2, 13)c(71,72) = (11, 7273)e(V2,73) Y,y 3 €T

and c(vy,e) = c(e,y) =1 for all v € I'. Then the twisted left reqular represen-
tation with cocycle ¢ is the projective representation given by

Ac(7): (L) = (T),  A(7)85 = (7, 9)054,

and LT, = \.(T")” € B(¢*(T)) is called the twisted group von Neumann algebra
with cocycle c.

Ezxample 1.2.9. If M C B(H) is a von Neumann algebra and a: I' — Aut(M)
an action of a discrete group I' on M, we can define the crossed product

M x,T C B(H® (*(T))
as the von Neumann algebra which is generated by the operators 1 ® A\(7)

for v € T' and A the left regular representation and the operators t(z) €
B(H ® (*(T")) with x € M given by

U(2)(0y ® &) = a1 (2)(§) ® 6y
Conjugation with 1 ® A implements the action «, i.e., forallx € M and vy € "
(L@ N)Muz)1@N) () = tay(@)).
Theorem 1.2.10 (Kaplansky density theorem, [Tak02, Theorem I1.4.8]). Let

A C B(H) be a selfadjoint subalgebra and let M = A”. Then the unit ball of
A is strongly* dense in the unit ball of M.
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1.2.2 Factors

Definition 1.2.11. A von Neumann algebra is called a factor if its center
contains only the multiples of the identity.

FExample 1.2.12. LT is a factor if and only if all nontrivial conjugacy classes of
I' are infinite. One says then that I" is i.c.c..

Definition 1.2.13. If (2, i) is a measure space and (H,)ueq is a measurable
field of Hilbert spaces, the direct integral

/ " H, dpl)

is the Hilbert space consisisting of L%-sections, i.e., (£, )weq With &, € H,, such
that w +— ||&,]] is in L?(Q, p), with scalar product

<(§w)weﬂa (nw)w€§2> = / <£w; T]w> d,u(w).

Q

If M,, C B(H,) is a measurable field of von Neumann algebras, féﬂ Ty, dp(w)
with z, € M, is the operator on fg? H,, du(w) defined by

/(; Ty du((AJ) (fw)weﬂ = (xw€w>weﬂ>

and the direct integral of von Neumann algebras fée M, du(w) is the von Neu-
mann algebra consisting of all bounded operators of this form such that for all
&ne féa H,, dp(w) the map w — (x,&,, ) is measurable. Everything in this
construction is modulo sets of measure zero.

Often it is enough to study factors because every separable von Neumann
algebra can be decomposed into a direct integral of factors.

Theorem 1.2.14. Fvery separable von Neumann algebra M is isomorphic to
a direct integral [, M, du(w) of factors M, such that the center Z(M) of M
is isomorphic to L™, u).

1.2.3 Finite von Neumann algebras

A reference for this subsection is [ADP10].

Definition 1.2.15. A von Neumann algebra M is finite if there is a linear
map 7: M — C such that

i) 7(z*z) =04 = =0 (7 is faithful),

ii) 7 is normal,
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iii) 7(xy) = 7(yx) for all z,y € M (7 is tracial) and
iv) 7(1) =1 and 7(z*z) > 0 for all z € M (7 is a state).
7 is called a trace on M.

FExample 1.2.16. The von Neumann algebra of bounded operators on a Hilbert
space is finite if and only if the Hilbert space is finite-dimensional.

Ezxample 1.2.17. LT" and LT, are finite with trace 7(z) = (xd., d.).

FExample 1.2.18. If M is a finite von Neumann algebra with trace 1), and
a: ' - Aut(M) is a trace-preserving action, then M x, I' is a finite von
Neumann algebra with trace defined by

T((1@A(Y))e(x)) = Ge(y)7ar ().
Theorem 1.2.19. The trace on a finite factor is unique.

Theorem 1.2.20. A von Neumann algebra is finite if and only if viv = 1
implies vv* =1 for allv e M.

Theorem 1.2.21. If p and q are projections in a finite von Neumann algebra
(M, T), 7(p) = 7(q) if and only if there exists a v € M such that p = v*v and
q = vvt.

If (M, 7) is a finite von Neumann algebra, we can build a Hilbert space
L*(M,7) as the completion of M with respect to the norm ||z||s = /7(z*x).
If we view an element z € M as an element of L*(M,T), we sometimes write
& € L*(M, 7). On this dense subset the scalar product of L*(M,7) is (Z,9) =
T(zy*).

M can also be viewed as a subset of B(L?*(M, 7)) as for every & € M the
map ¢ — 2y extends to a bounded operator on L?(M, 7). This homomorphism
M — B(L*(M, 1)) is called the standard representation of M.

Ezample 1.2.22. We have L*(LT,,7) = L*(LT',7) = (*(T') and L* (M x T, 1) =
L*(M, 7|pr) @ £3(T) for the traces defined above.

Proposition 1.2.23. The map & — z* exstends to an isometric, conjugate-
linear operator J on L*(M,T) such that J* =1, JMJ = M' C B(L*(M, 1))
and JM'J = M.

Dimension of Hilbert modules over finite von Neumann algebras

For a finite von Neumann algebra M with fixed trace 7 we have a dimension
function dimj,; on Hilbert modules over M.

Definition 1.2.24. Let (M, 7) be a finite von Neumann algebra. A Hilbert
module over M is a Hilbert space H with a left action of M such that 1 € M
acts identically. H is called finitely generated if it is isomorphic to a submodule

of @7 L3(M, 7).
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Definition 1.2.25. Let H be a finitely generated Hilbert module over M with
H C @7 L*(M,7). Let ® be the orthogonal projection in B (] L*(M, 7))

.....

are bounded linear maps. The ®; ; commute with the left M-action, hence by
Proposition each @, ; is given by right multiplication with some element
in M, which we again denote by ®; ;. Then the dimension of H over M is
defined as

n

dimy,(H) = Z 7(P; ;).

=1

If H is not finitely generated, we define
dimys(H) := sup {dimy, (V)| V C H finitely generated}.

Remark 1.2.26. This construction is independent of the chosen embedding.

An inclusion of finite von Neumann algebras N C M is an inclusion of von
Neumann algebras with fixed traces such that the trace of N is the restriction
of the trace of M. We will need the following facts.

Lemma 1.2.27. i) If N C M is an inclusion of finite von Neumann alge-
bras, then dimy(H) < dimy,(H) for every Hilbert M -module H.

ii) If N C M s an inclusion of finite von Neumann algebras such that
N is finite-dimensional and dimy(L*(M)) < oo, then M is also finite-
dimensional.

iii) If N; C M; are inclusions of finite von Neumann algebras, then

dim gz, (L (Mi@Ms, 71 ®72)) = dimy, (L*(My, 1)) - dimy, (L*(Ma, 72)).

w) If N C M 1is an inclusion of finite von Neumann algebras and M C
> wer N for a finite set F C M, then dimy(L*(M)) < oc.

v) If N C M is an inclusion of finite von Neumann algebras and M contains
infinitely many x € M such that the sets Nz are pairwise orthogonal in
L*(M), then dimy(L*(M)) = .

Definition 1.2.28. The index of an inclusion N C M of finite factors is
defined as

[M : N] = dimy(L*(M)).

This depends only on the factors themselves since the traces are unique.
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Types of von Neumann algebras

Definition 1.2.29. i) A von Neumann algebra is of type I if almost ev-
ery factor in its direct integral decomposition is B(H) for some Hilbert
space H. It is of type I if almost every factor in its direct integral
decomposition is a matrix algebra M,,(C).

ii) A von Neumann algebra is of type II; if almost every factor in its direct
integral decomposition is finite and not of type I.

iii) A von Neumann algebra is of type Il if for almost every factor M in
its direct integral decomposition there is a net of increasing projections
{p;} € M such that p; — 1 in SOT and each p; Mp; is of type II;.

iv) A von Neumann algebra is of type III if almost every factor in its direct
integral decomposition is not of type I or II.

Theorem 1.2.30. A factor is of type I if and only if it has minimal projections.

1.2.4 Conditional expectations

A reference for this subsection is [Bla06].

Definition 1.2.31. Let A C B be C*-algebras. A conditional expectation
E: B — A is a contractive projection, i.e., a linear map such that E(a) = a
for all a € A and ||E(b)|| < ||b]| for all b € B.

Theorem 1.2.32. Fach conditional expectation is completely positive, i.e. the
map F ® id,,: M,,(B) — M, (A) is positive for all n € N, and each conditional
expectation is a bimodule map, i.e. E(aba’) = aE(b)d’ for all a,a’ € A and
be B.

Theorem 1.2.33. Let (M, 1) be a finite von Neumann algebra and N C M
a von Neumann subalgebra (i.e., 1,y € N). Then there is a unique trace-
preserving normal conditional expectation E: M — N.

A conditional expectation is normal iff it is weak™ continuous.

Definition 1.2.34. A von Neumann algebra M C B(H) is amenable if there
is a conditional expectation E: B(H) — M.

Amenability of M is independent of the embedding M C B(H).
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1.2.5 Affiliated operators
A reference for the theory of affiliated operators is [Tak03].

Definition 1.2.35. If M C B(H) is a von Neumann algebra, an unbounded,
densely defined operator x on H is called affiliated to M if, for every unitary
u in the commutant M’ C B(H), the domain of x is invariant under u and the
two operators commute. We denote the set of affiliated operators by U(M).

M consists exactly of the bounded operators in U(M).

Definition 1.2.36. For a finite von Neumann algebra (M, 1) let L'(M, ) be
the closure of M in U(M) with respect to the norm ||z||; = 7(|x]).

Ezxample 1.2.37. If (Q, ) is a probability space and
M = L=(Q, 1) € B(L*(Q, 1))

with trace 7(f) = [, f du, then U(M) consists of all measurable functions on
Q2 modulo null sets and L*(M, 1) = L'(Q, u).

Theorem 1.2.38. Let (M, 1) be a finite von Neumann algebra.
i) LY (M) is an M-bimodule.
ii) T extends continuously to L*(M).

iii) The map L'(M) — M,, z — (y — 7(xy)), is an isomorphism mapping
positive elements to positive elements.

1.3 Preliminaries on ergodic theory

Our references for this section are [Gla03] and [KMO04].

1.3.1 Group actions and equivalence relations on mea-
sure spaces

Ergodic theory is about groups acting on measure spaces. We will restrict
ourselves to so-called standard spaces.

Definition 1.3.1. A standard Borel space is a separable topological space
which is metrizable with a complete metric together with the Borel o-algebra
generated by open sets.

Definition 1.3.2. A standard probability space is a probability space which is
isomorphic as a measure space to a union of an interval (might be empty) with
Borel o-algebra and Lebesgue measure and at most countably many atoms,
i.e., points with positive measure.
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Theorem 1.3.3. Fvery reqular probability measure on a standard Borel space
turns it into a standard probability space.

If (X,u) is a standard probability space, then L?(X,u) is a separable
Hilbert space.

Definition 1.3.4. Let I' ~ X be a group action. Then the corresponding
orbit equivalence relation on X is given by x ~y < Iy el 1z =vy.y.

Definition 1.3.5. For a Borel equivalence relation R C X x X on a Borel
space the full group [R] consists of all automorphisms f € Aut(X) such that
the graph of f is contained in R.

Definition 1.3.6. e Anaction a: I' ~ (X, u) is called measure preserving
(or p is invariant) if 1o a, = p for every y € I'.

A Borel equivalence relation R C X x X on a measure space (X, u) is
called measure preserving if o f = u for every f € [R].

e [f 1 is also a probability measure, « resp. R as above is called probability
measure preserving (p.m.p.).

e Anaction a: I' ~ (X, p) is called measure class preserving (or p is quasi-
invariant) if p1o a, ~ p for every v € I', i.e., poa, and g have the same
measure zero sets.

e A Borel equivalence relation R C X x X on a measure space (X, ut) is
measure class preserving iff po f ~ u for every f € [R].

Clearly an action is measure (class) preserving iff its orbit equivalence re-
lation is.

Definition 1.3.7. A measure class preserving action a: I' ~ (X, p) induces
a unitary representation o: I' — U(L*(X, p)) given by

ay(f)(z) = fla,-1(2))

where CZ’T“ denotes the Radon-Nikodym derivative. This is called the corre-
sponding Koopman representation.

The action also induces a corresponding action on the von Neumann alge-
bra L>(X, u) by a,(f)(z) = f(a,-1(x)). Note that for all f € L>(Q,u) C
B(L*(Q, p)) and all v € T we have af f(a9) ™" = o, (f).

Definition 1.3.8. An equivalence relation is called discrete if every orbit is
countable and discrete.
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Definition 1.3.9. A discrete p.m.p. equivalence relation R C X x X on (X, u)
is called amenable if there is a sequence \": R — R>( of Borel functions such
that

i) Ay € £1([a]), where A7 (y) = A"(z,y),
ii) [|AZ]; =1 and
iii) there exists an R-invariant set A C X of measure 1 such that
17 = Ayl =0
for all z,y € A with 2Ry.

Definition 1.3.10. A p.m.p. equivalence relation R C X x X is called hyper-
finite if there is a sequence {F, }nen of p.m.p. equivalence relations on X such
that F,, C Fnyq for all n and | J,, . Fn = R.

Theorem 1.3.11. A discrete p.m.p. equivalence relation R C X x X on (X, p)
1s amenable if and only if it is hyperfinite p-almost everywhere.

1.3.2 Ergodicity

Definition 1.3.12. e A group action on a measure space I' ~ (X, p) is
called ergodic if every I'-invariant, measurable subset Y C X is null or
conull, i.e., u(Y) =0 or pu(Y°) = 0.

e An equivalence relation R C X x X on a measure space is called ergodic
if every R-invariant, measurable set Y (i.e., z € Y = [z]g C V) is null
or conull.

Ezample 1.3.13. The action Z ~ S! on the circle with Lebesgue measure where
n rotates the circle by n times an angle « is ergodic if and only if o ¢ Q.
Clearly an action is ergodic iff its orbit equivalence relation is.

Remark 1.3.14. Tt is easy to check with a nested intervals kind of argument
that an action is ergodic iff every (bounded) measurable I'-invariant function
into a standard Borel space is essentially constant.

Definition 1.3.15. An action on a von Neumann algebra I' — Aut(M) is
called ergodic if the fixed point algebra is trivial, i.e. M' = C.

Remark [1.3.14] implies that an action I' ~ (X, ) is ergodic iff the corre-
sponding action on L (X, ) is ergodic.

FExample 1.3.16. The conjugation action of an i.c.c. group I' on its von Neu-
mann algebra,

a:I'—= Aut(Ll), o, (x)= AY)zA(y ),

is ergodic.
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Often a non-ergodic situation can be decomposed into ergodic parts by the
following theorem.

Theorem 1.3.17 (ergodic decomposition). Let R C X x X be the orbit equiv-
alence relation of an action I' ~ X of a countable group on a standard Borel
space. Let I be the set of R-invariant probability measures on X and ELx the
set of ergodic R-invariant probability measures on X. Then there is a unique
map 7: X — ELr with the following properties:

i) T is R-invariant, i.e. it maps orbits to the same measure.

i) If X, == {x € X|n(z) = v}, then v(X,) = 1 and v is the unique
R-invariant measure on R|x, .
i) p= [m(x)du(z) for all p € Ig.
The probability spaces (X, v) are called ergodic components.

Example 1.3.18. Consider Example [1.3.13| with rational o. Then 7 maps each
point to the normalized counting measure on its orbit.

We will also need the following strengthening of ergodicity:
Definition 1.3.19. A measured equivalence relation R is strongly ergodic if
w(Cy AO(Cy)) — 0 for all § € [R] implies that u(C,,)(1 — u(Cy)) — 0.
Ergodicity of induced actions on von Neumann algebras

We will need that the following construction preserves ergodicity. This follows
[Pet16].

Definition 1.3.20. Let I' C G be a closed subgroup of a locally compact group
and 6: I' — Aut(M) a continuous action. Pick a Borel section s: G/I' — G
and let x: G x G/T — T be the cocycle given by x(g,z) = s(gx)'gs(z).

Then the induced action 6 of G on L>(G /T)®M , which we view as bounded
functions from G/T" to M, is given by

ég(f)(x) = Qx(gy*lz)ﬂg_lx)a
forge G, f € L®(G/T)®M and z € G/T.

Remark 1.3.21. Let R be the G-action on L*°(G) given by right multiplication.
Then

U: L2(G/T)@M — (L(G)@M) 0 W(f)(g) = byrye.qm (f(91))
is an isomorphism and
W (0,(f) = L@id(g)¥(f),

where L is the G-action on L>(G) given by left multiplication.
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Lemma 1.3.22. 6 is ergodic iff 0 is.
Proof. By Remark [1.3.21],

(L™(G/TY@M)!D = (Lo(G)R M) FeNMUELeid)(G) — 1 g 1o

hence (L=(G/T)@M)%% = C if and only if MT) = C. O



Chapter 2

Property (T) for discrete
measured groupoids and their
von Neumann algebras

2.1 Discrete measured groupoids and their von
Neumann algebras

In this section we collect some notation and definitions concerning discrete
measured groupoids. Our references are [AD05], [ADRO0] and [ST10].

Let G be a groupoid. We write s and r for the source and range maps,
G, resp. G® for s~ (z) resp. r~1(x), G¥ for the units and G for the pairs of
composable elements in G. We will also often denote G by X. If A C Q(O),
G| 4 is the groupoid {a € G|s(a),r(a) € A}.

A discrete measured groupoid is a groupoid G such that s~!(x) and r~*(z)
are countable for every x € X, G is a standard Borel space such that inversion,
composition, range and source maps are Borel, together with a measure p on
X such that the two measures on G

a(A) = /X #(G. N A)dp(x)  and

) = [ (@70 4) duto)

are equivalent.

A discrete measured groupoid is called p.m.p. if (X, p) is a probability
space and p, = 5. The results in this chapter will all be about discrete p.m.p.
groupoids.

Ezample 2.1.1. If ' ~ (X, u) is a p.m.p. action of a discrete group on a
standard probability space, we get a discrete p.m.p. groupoid

X 3T ={(z,v,y)|z,y e X,y gy =2z}

19
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with s(z,7v,y) =y, r(z,7,y) = 2, and (z,7,9)(y,7', 2) = (2,77, 2).
Example 2.1.2. If R C X x X is a p.m.p. equivalence relation with countable
equivalence classes on a standard probability space, then R is a discrete p.m.p.

groupoid with s(z,y) =y, r(z,y) =z and (z,y)(y, 2) = (, 2).

Definition 2.1.3. Let G be a measured groupoid. Then Rg is the equivalence
relation on X given by

Ry JaeG:s(a)=x,r(a)=y.

Definition 2.1.4. A measured groupoid is ergodic if its equivalence rela-
tion Rg is ergodic.
Definition 2.1.5. The full group of G is defined as [G] := [Rg|. Hence

Gl ={0 € Aut(X)|Vr € XJa € G : s(a) ==z, r(a) =0(x)}.

Definition 2.1.6. Let G be a discrete p.m.p. groupoid. Then Aut(G) is the
set of Borel maps ¢: X — G such that s(¢(x)) =z for a.e. x € X and ro ¢ is
a.e. injective.

We will write ¢ for r o ¢. The second condition implies that ¢ is a.e.
surjective since it is measure preserving. So ¢ defines almost everywhere an
element of the full group. In fact, every element of the full group is of this
form:

Lemma 2.1.7 ([ST10, Lemma 3.10]). For every 0 € [G] there is a ¢ € Aut(G)
such that ¢ = 0 almost everywhere.

For ¢, 1 € Aut(G) we define composition and inverse as

$o(x) = d(r((@)y(z), ¢ ' (r(o(x))) = (d(z)) 7,
where the inverse is only almost everywhere defined.

Lemma 2.1.8 ([ST10, Lemma 3.2]). For discrete p.m.p. groupoids G there
are countably many ¢, € Aut(G) such that G = Jim(¢,). If G is ergodic, the
unton can be made disjoint.

The von Neumann algebra of a discrete p.m.p. groupoid

Let G be a discrete p.m.p. groupoid. Similar as for groups, define CG to
consist of the functions k € L>(G, ug) for which there is an N € N such that
{a € G, k() # 0} and {a € G*| k() # 0} contain at most N elements for
p-almost every x € X. Multiplication and involution on CG are given by

(kxD)(y) = > k(o k(y) = k(y71).

af=y
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The left reqular representation \: CG — B(L?*(G, ug)) is given by
AK)(1) ==k * ]

for k,1 € CG and (k) extends to a bounded operator on L*(G, ug).
The von Neumann algebra of G is defined as the weak closure of A(CG),

LG = A\(CG)" C B(L*(G, ug)).

LG is a finite von Neumann algebra with trace 7(z) = (xxx, xx), where yx is
the characteristic function of the units. Then L?*(LG,7) = L*(G, ug). Hence
arbitrary elements of LG C L*(LG, ) are still given by measurable functions
k: G — C for which \(k)(I) = k * [ defines a bounded operator on L*(G, ug).
We will drop A and write k € LG. Then 7(k) = [, k() dp.

Definition 2.1.9. We associate to ¢ € Aut(G) a unitary element u, € LG
defined by ug = Xim(g) € CG.

The u, together with L>(X) generate LG. We have uyuy = Ugoy and
u; = Ugy-1.

Lemma 2.1.10. Let G be a discrete p.m.p. groupoid. Then LG is a factor if
and only if G is ergodic and almost all the groups G := G, N G* are i.c.c..

Proof. If G is not ergodic, there is an invariant subset Y C X of nontrivial
measure. Then yy is nontrivial and central in LG, hence LG is not a factor.

Suppose that G7 is not i.c.c. for z € Y a set of positive measure and choose
¢n € Aut(G) such that G C (Jim(¢,,). For every z € YV let

n, = min{n| ¢,(x) € G; \ {z}, Cl(¢,(x)) is finite},

where Cl(a) denotes the conjugacy class of « in GZ. Then for some N € N,
the set
Y' = {z € Y|#Cl(6. () < N}

is of positive measure and ery, XCl(én, (z)) € CG is in the center of LG. Hence
LG is not a factor.

If G is ergodic and almost all G7 are i.c.c., let k: G — C be in the center of
LG. Then for every f € L*(X) C LG

flr(@)k(a) = (fk)(@) = (kf)(e) = f(s(a))k(a)

for almost every a € G, which implies that supp(k) C | |GZ.

Find sections ¢,, € Aut(| | .y G7) such that | | . GF = [, cn im(¢n). Set-
ting I, = Xim(¢,) gives that for almost every «, say for all a € | |,., G with
w(Y,) =1, we have
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Kén(s(@)) ') = Y L(BK(Ba) = (k) (@) = (ka)(a)

ﬁegs(a)

= Y k(@B )(B) = k(agn(s() ™).

ﬁegs(a)

Define Y = [,y Yn, then Y has measure one and for z € Y and a,a’ € G
conjugate we find k(a) = k(a/). Since a.e. G¥ is i.c.c., it follows that k €
L>(X). By ergodicity, k is constant. So LG is a factor. O

2.2 Representations and bimodules

We recall some notions on representations of groupoids, referring to [AD05]
for more details.

Definition 2.2.1 ([AD05]). If H is a Hilbert bundle over G with fibers H,,
denote by Iso(H) the groupoid with elements (z,V,y) for 2,y € G and V

an isomorphism from H, to H,, and composition given by (z,V,y)(y, W, z) =
(x, VW, 2).

Definition 2.2.2 ([ADO05]). A representation of a Borel groupoid is a Borel
homomorphism U: G — Iso(#) that preserves G, that is,

U(a) = (r(a), U(a), s(a))

with U(a): Ha) = Hot), U(af) = U(a)U(B) for (a, ) € GP and U(a™t) =
U(a)~!. We will identify U() and U(w).

To connect properties of groupoids and their von Neumann algebras, we
need to pass from groupoid representations to bimodules over von Neumann
algebras.

From representations to bimodules

Let G be a discrete p.m.p. groupoid and let U: G — Iso(H) be a representation.
From this we define H to be the Hilbert bundle over G with fiber H, ) at a € G.
Then H carries the following commuting left and right LG-actions L and R
introduced in [Moo82]: Let ® € H and k € LG, then

(LO®)() = Y Ka)U(a)2(5) (2.1)

aoﬁ:'y

(Re®)(7) = 3 B(a)k(B). (2.2)

aoff=y
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Definition 2.2.3. The LG-bimodule defined by the construction above is
called the associated bimodule for the representation U: G — Iso(H).

If G is ergodic, almost every fibre H, is isomorphic to some Hilbert space
Hy. In this case we have H = L*(G, Hy) = L*(G) ® Hy. The following Lemma
has a version for general G. We state it in the ergodic case because it makes
notation easier.

Lemma 2.2.4. Let G be an ergodic discrete p.m.p. groupoid. An LG-bimodule
H is associated to some representation U of G if and only if the restriction to
a L>®(X)-LG-bimodule is of the form

L) Hrg =xsia (L*(G) ® Ho)psia-
Proof. Given such a bimodule H a corresponding representation can be con-
structed as follows. Let 7 be the left action of LG on H. Then for ¢ € Aut(G)
the element
fo = (A @id)(ug)m(ug) € B(H)
belongs to (A ® id)(L>®(X)) = L*(X) ® B(Hy) = L>*(X, B(Hy)) as for all
projections py € L>®(X) onto some A C X we have:
(A @ id) ()7 () (A @ i) (pa) = (A @ id) () ()

= (A ®id)(ug)m(py(a)ts)

= (A ®1d)(ug) (A @ id)(pr(say )7 (ug)

= 0@ ) (u3pa0 n(ue)
= (A ®@id)(pa)(A @ id) (ug)7 (ug).
In fact, f, € L>(X,U(Hy)) because f, is a product of two unitaries. We
assume the f,’s to be pointwise defined by picking one version f,: X — U(H,).
We now would like to define U: G — U(H)) as U(a) = fy(s(a)) for some ¢
with ¢(s(a)) = a. To make this well defined, we must first exclude some null
sets. To do so, take countably many ¢, € Aut(G) such that G = (Jim(¢y).
Let T" be the group they generate. Changing the enumeration of the generators
we write ¢, also for arbitrary elements of I'. Let

Xnm = {z € X|on(z) = dm(2)}.

Then ug,px,. . = U, Pxn.. € LG, so for every ® € L*(G, Hy),

n,m

(7 (Ug, DX, )P) () = (T(Ug,Dx,.,.)P) () forae aecg.

It follows that fs, (x) = fs,.(x) for a.e. x € X, ,,, because for k € {n,m} we
have

(7 (14D, ) ) (@) = (A @ id) (g, ) fo, 7(Px,... ) ) (@)
= (f5, (A @1d)(px, ) ®)(dr " (r(a))e)
_ {fm@;(( a)))®(dx (r(@))a)  if ¢, (r(a) € Xnm

0 else,
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so the claim follows by choosing a non-vanishing ® and noting that

(671(r(@)) € X ) & (8,1(r(0)) € X ) = (607 (r()) = 6" (r())) .

Hence there is a null set X, such that f,, (x ( ) = fo(x) foralle € X, ,,\ X}, .,
so for o with s(a) € X' := X \ Un.mer Xnm We can define U(a) = f, (s(a))
for an n such that ¢,(s(a)) = a.
Using f, € L>(X, B(Hy)), we find
Joop = A @ id(uy-1) for(up) = (fo 0 ¥) - fo-
Hence we have that fs,(¢ (2))fs,.(2) = fpnos,(2) for a.e z € X, say, for x €
X", Let (o, 8) € G® with s(a),s(8) € X'NX" and ¢, (s(a)) = a, p(s(B)) =
B. Then @, 0 G(s(3)) = aff and
U(U(B) = fo(2,,(5(8)) for (5(8)) = Jonoan (€) = U(af).

Hence U is a homomorphism. Now

(m(ug,) ) (7) =((A @ 1) (ug,) f5,2) (V) = D Xim(on)(@)(f5,P)(5)
af=y
=D Xm(on) (@ (Fo, (r(D)B(B) = D Xim(on) (@)U (@) 2(5)
af=y af=y
as in (2.1). The ug, and L*>°(X) generate LG, so since also 7|pe(x) = A ® id,
we find that 7 is the action belonging to U as in ([2.1)). m

2.3 Almost invariant sections and property (T)
for groupoids

In the definition of property (T) for groupoids (almost) invariant sections will
play the same roll as (almost) invariant vectors for groups.

Definition 2.3.1. Let U: G — Iso(#) be a representation of G. A nonzero
section &: GO — H is called invariant for U if U(a)é(s(a)) = &(r(a)) for

almost every a € G.

There are different versions how to define almost invariant sections. From
now on we assume all our spaces to be separable to be able to restrict ourselves
to sequences instead of nets.

Definition 2.3.2 (JAD05]). A representation U: G — Iso(H) has almost in-
variant unit sections if there is a sequence of Borel sections &,: G — H, such
that ||&,(2)|l%, = 1 for all n and almost every = € G and

[U(@)€u(s(@)) — Eulr(@))l, o, =5 0

for almost every o € G.
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Definition 2.3.3. A representation U: G — Iso(H) has L*-almost invari-
ant sections if there is a sequence of Borel sections &,: G©© — H, such that

fX |60 (2)]|?dp(x) = 1 and

J 1066 @) ~ & (0@ dnte) 5 0

for all ¢ € Aut(G).

Definition 2.3.4. A representation U: G — Iso(H) has almost invariant
sections if there is a sequence of Borel sections &,: G — #H, such that
Jx l1&n(@)|]Pdp(z) = 1, the &, do not converge to zero in measure and

1U(@)én(s()) = &a(r(a)) |l 0, = 0
for almost every a € G.

Remark 2.3.5. Definition is equivalent to the condition that the induced
representation of C*(G, u) (see [ADRO0, p.141]) weakly contains the trivial
representation.

If a representation has almost invariant unit sections, these are also L?-
almost invariant sections by the Lebesgue convergence theorem. If a repre-
sentation has L?-almost invariant sections, then it also has almost invariant
sections by the following lemma. We do not know if the three notions are
actually equivalent for ergodic groupoids.

Lemma 2.3.6. Let G be ergodic. Then if a representation of G has L*-almost
mvariant sections, it also has almost invariant sections.

Proof. Let &, be L?-almost invariant sections and let ¢, € Aut(G) be such
that G = |J,cnim(¢x). Then for every k € N

[ W6 @) - 60, >0 forn > ox.

Hence we can pick a subsequence such that [|[U(¢g(x))En(2) — &u(r(dr(x)) |4,
goes to zero for almost every z € X. A diagonalisation over subsequences
makes this true for every k£ € N. For this subsequence it is now true that

[U()€n(s(a)) — &u(r(a))llm,,, — 0 for ae. a €G. (2.3)

Assume for contradiction that the &, converge to zero in measure and pick
a subsequence such that &, — 0 a.e.. With ||€,]|2 = 1 then there is an N and
a set A C X such that u(A) < 1 and ||&,]all2 > 2 for all n > N. By [ST10,
Lemma 3.8] there is a ¢ € Aut(G) such that ¢~'(A) C A°. Now since the &,

are L?-almost invariant, there is an n > N with

1

V@) = &l < 7
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where (U(¢)¢,)(z) := U(9(¢™' (2))éa(¢ ™" (). So

1

2 2 [(U(9)€a)lallz 2 [IEalall = (U (0)&n — &)lall > 5.

o = 1. O

Ac

1€n

in contradiction to ||, ]|z = ||nlallz + [|&n]ac

Remark 2.3.7. If G is ergodic, invariant sections are automatically of constant
norm. But it is not true for ergodic G that almost invariant sections with
|€n]l2 = 1 are approximately unit sections: Let G be the hyperfinite equiva-
lence relation on [0, 1] where two numbers are equivalent if their binary codes
coincide from some point on. Then &, € L*([0,1]) given by

.(2) {\/5 if 3k € N:z e [2 2
€Tr) =
m : . 2k+1 2k
0 if 3k e N: o € [55=, 57)
are almost invariant for the trivial representation of G, but not approximately
of constant norm.

However, the constant 1 is an invariant vector for the trivial representation,
so the above example does not prove Definition and Definition [2.3.4] to
be different.

As we will see in the proof of the next proposition, the above kind of
example cannot happen if G has property (T).

Definition 2.3.8 ([ADO05]). G has property (T) if every representation U which
has almost invariant unit sections already has invariant sections.

The following proposition is certainly known to the experts, but we could
not find a reference.

Proposition 2.3.9. We get equivalent characterizations of property (T) when
replacing “almost invariant unit section” in Definition by “almost invari-
ant sections” or “L2-almost invariant sections”.

Proof. We show that if G has property (T) as in Definition and &, are
almost invariant sections for a representation U, then there is an invariant
section for U. This proves the claim because, by the discussion before Lemma
, having almost invariant unit sections is stronger than having L?-almost
invariant sections and having almost invariant sections. The proof partly fol-
lows [Sch&1) 2.3, (1) = (3)].

Let f,, € L*(X) be given by f,(z) = ||{.(x)]|. These functions have 2-norm
one and are almost invariant for the representation V(a)f(s(a)) = f(r(«a))
of G on the Hilbert bundle with fibers C.

Define a sequence of probability measures on R by

on(A) = p({z € X | fulz) € A}).
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Then {0, } is uniformly tight, meaning that for every ¢ > 0 there is a compact
K C R such that 0,(K) > 1 —¢ for all n. This is true because otherwise there
would be a subsequence such that p({f, > n}) > ¢ and hence ||f,[2 = oc.
By [Par67, Theorem I1.6.7] it follows that {co,} is weak* compact. Let o be a
probability measure such that o, — o for a subsequence in the weak* topology.

If o is not a Dirac measure, there is an a € R such that o({a}) = 0 and
0 < o([0,a]) < 1. Since a is a continuity point of o, we have lim o,,([0,a]) =
o([0,al]). Hence for C,, = {x € X | f.(x) < a} we find u(C,)(1 — u(Cy)) - 0.
We claim that u(C, A0(C,)) — 0 for all § € [G].

To this end, let € [G] and x € X. Then 0(x) = r(a) for some a € G, and

() = fu(0(2)] < [[U(@)8n(2) = & (0())]] = 0

almost surely. So | f,,(z) — f.(6(x))| — 0 a.e. and hence in measure. Using this
and continuity of o at a for every e > 0 and 0 € [G] we find a § > 0 and an
N € N such that for all n > N

#({fa € By(@)}) = 0u(Bs(a) < & and pu({w € X | | (0(2)—ful@)] > 6}) < e.

Then p(671(C,) A C,,) < 2 because otherwise

p({z € X | |fu(0(z)) = fal2)| > 0}) = p((071(Cn) A Co) N {fu € Bs(a)})
> p(07HC,) ACy) = 04(Bs(a) > e

Hence if o is not a Dirac measure, Rg is not strongly ergodic. Then by [JS87,
Theorem 2.2., Remark 2.5] there is an ergodic amenable countable infinite
equivalence relation @ C Y x Y on a probability space (Y,r) and a measure
preserving map ¥: X — Y mapping Rg to Q. Since G has property (T), Rg
and Q also have property (T) because every representation of Q or R¢g with
almost invariant unit sections and no invariant section would give a represen-
tation of G with the same properties. But if an amenable countable ergodic
equivalence relation has property (7T), it is essentially transitive [AD05, Propo-
sition 4.7, Remark 4.6]. This implies that Y is countable and hence finite since
@ is measure preserving, a contradiction.

Thus o is a Dirac measure o = J,, which means that the f, converge to the
constant a in measure. By Definition [2.3.4] the &, do not converge to zero in
measure, hence a # 0. This means that the ||§,|| go away from zero in measure
and therefore the sections

@ IE@ i ) #0
) {50(96) if €() = 0

for a fixed section &, of constant norm one are still almost invariant and of
norm one. So property (T) gives an invariant section. [l
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Remark 2.3.10. A groupoid is amenable iff the left regular representation has
almost invariant unit sections (see [ADRO0, Prop. 3.2.14 (v)]). As for property
(T) we get an equivalent definition if we use only L2-almost invariant sections
instead as [ADRO0Q, Prop. 6.1.4 (ii)] shows. We do not know if almost invariant
sections as in Definition [2.3.4] also give the same notion of amenability.

2.4 Almost invariant sections and almost cen-
tral vectors

In this section we compare the notions of having almost central vectors for
bimodules and having almost invariant unit sections for representations.

Lemma 2.4.1. Let U: G — Iso(H) be a representation of an ergodic discrete
p.m.p. groupoid such that H, = Hy for almost all x € GO, Let &,: GO — H,
be almost invariant unit sections. Then the functions ®, € H = L*(G, Hy)

defined by

0 else

o if o ©)
2. (a) = {&( ) ifacg

are almost central norm one vectors in the associated LG-bimodule.

Proof. For all k € LG we have

1

|L(U), — R, | = ( /g K@U (@) (s(a)) - £n<r<a>>|r2dug<a>)2

Let k € CG with £ < C a.e. and such that K, := {a € G.|k(a) # 0} has at

most N elements for a.e. z € X. Then

1
2

L), ~ Rt < € (N [ (I0(@6ae) ~ (@)} o))

This converges to zero because r — maxaex, {||U(a)&n(x) — &n(r(az)) |}
converges pointwise and therefore in 2-norm as it is bounded by 4. Now the
statement for general k € LG follows because by the Kaplansky density the-
orem we can strongly approximate k£ by elements of CG that are uniformly
bounded in operator norm. O

Lemma 2.4.2. Let G be discrete p.m.p. groupoid such that LG is a factor and
let U: G — Iso(H) be a representation. Let H = L(G, Hy) be the associated
LG-bimodule. Then if ® € H 1is central for the actions of LG, it is supported
on GO and ¢: GO — Hy defined as £(x) = ®(x) is an invariant unit section
for U.
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Proof. For every f € L*>(X) we have
fr(@)®(a) = (LU);P)(a) = (Ry®)(a) = f(s(a))® ()

almost everywhere, which implies that supp(®) C | |GF. Now for general
k € LG we have for almost every a € | |GZ

> HBUB)R(B™ 0 a) = (LU)k®)(a) = (Red)(a) = 3 ®(cr0 F7)k(B).
BEGa BEGs
Find sections ¢,, € Aut(| |,. G5) such that | | . GF = U, cn im(¢n). Setting
E = Xim(¢,) gives
U(én(2))2(dn(2) ") = D(adu(w) )

for almost every a, say, for all a € | | oy G with p(Y,) = 1. Then YV =
MNnen Yo has measure one, and it follows from above that for z € Y

a, o’ € G conjugate = [|(a)]| = [|(a)].

Since LG is a factor, almost all the G are i.c.c.. So we find that supp(®) C G
because ® € L*(G, Hy).

Now ¢ is an invariant section for U because if ¢ € Aut(G) and k = Xim(y),
we have

k(e)U()é(s(@)) = Le(U)E(@) = Rif(a) = k(a)é(r(a)),

so U(a)é(s(a)) = &(r(a)) for almost all o € im(¢). The claim follows because
there are ¢, € Aut(G) such that G = J,,cp im(¢n)- O

2.5 Corigidity and rigidity
There are different definitions for a von Neumann algebra M to have property
(T) relative to a von Neumann algebra N C M:

Definition 2.5.1. Let M be a II; factor and N C M a von Neumann
subalgebra.

i) N C M is called corigid if every M-bimodule H with N-central norm
one vectors &, € H such that ||z&, — &,x|| — 0 for all z € M contains a
non-zero M-central vector.

ii) N C M has Anantharaman-Delaroche’s property T if every M-bimodule
H such that
NHy =xgia (LP(M) @ Hy)pgia

that has norm one N-central vectors &, € H such that
|z&, — &nx|| — 0 for all z € M,

contains a non-zero M-central vector &.
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iii) N C M has Moore’s property T if every M-bimodule H such that
NHur =agia (LA(M) @ Hp) psia

that has norm one vectors &, € H such that ||z§, — &,z|| — 0 for all
x € M contains a non-zero M-central vector.

Remark 2.5.2. The notion of corigidity originates from [Pop86], the adjective
“corigid” first appears in [Pop06] (corigid inclusions were called “rigid” in
[Pop86], and now rigidity is a different notion, see Definition [2.5.3). In [ADST]
corigidity is called property T” for (M, N). The last two definitions come from
[ADS87] and [Moo82| respectively.

It is clear that Anantharaman-Delaroche’s property (T) is weaker than

both Moore’s property (T) and corigidity.

Definition 2.5.3. An inclusion of finite von Neumann algebras N C M is
called rigid if for every € > 0 there is a finite set ' C M and a 6 > 0, such that
for every M-bimodule H with a vector £ € H satisfying || (z€, {)—7(z)|| < d]|z||
and || (€x,&) — 7(x)|] < 0||z| for all z € M and ||z§ — Ez|| < § for all z € F
there is a an N-central vector &, € H that satisfies ||{ — & < e.

Definition is independent of the chosen trace 7.
Definition 2.5.4. M has property (T) if M C M is rigid.

LT has property (T) iff I" has property (T), hence this is actually a gener-
alization.

Proposition 2.5.5 ([Pop06, Proposition 5.9]). Let M be a 11, factor and
N C M a von Neumann subalgebra. Then M has property (T) if and only if
N C M 1is both rigid and corigid.

2.6 Strong extensions

The theory of strong extension of groupoids is developed in [ST10]. We recall
the relevant information.
For subgroupoids S C G we always assume S©© = G0 = X

Definition 2.6.1. Let S C G be a subgroupoid of a discrete measured groupoid.
Then Auts(G) is the set of all ¢ € Aut(G) such that

a €S e o(r(a)ad(s(a)™ S

for every a € G.
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Definition 2.6.2. A subgroupoid S C G is strongly normal if there is a count-
able family {¢, }ner € Auts(G) such that for a.e. @ € G there exists exactly
one n € I such that ¢,(r(a))a € S.

Definition 2.6.3. Let ¢: G — Q be a homomorphism of discrete measured
groupoids with unit spaces (X, u) and (Y, v) such that v = g,pu. Let

o e

be the measure disintegration with respect to ¢: (X, ) — (Y, v) and let S =
¢ (V). Then

i) q is called a surjection if for a.e. x € X and a.e. a € Q with s(a) = ¢(x)
there exists a § € G such that ¢(8) = .

ii) ¢ is called a strong surjection if it is a surjection and (S|g-1(y),7y) is
ergodic for a.e. y € Y.

Theorem 2.6.4 (|[ST10, Theorem 3.12]). Let S be a strongly normal sub-
groupoid of an ergodic p.m.p. groupoid. Then there is a strong surjection

q: G — Q onto an ergodic discrete measured groupoid, called the quotient
of G by S such that

i) ker(q) :== ¢1(Q©) =S,

it) for any ergodic measured groupoid Q' and any homomorphismq': G — Q'
with S C ker(q') there is a measure preserving homomorphism k: Q —
Q' such that koq = (.

In such a situation we write 1 — 8 — G % Q — 1.

Theorem 2.6.5 ([ST10, Theorem 3.11]). Let q: G — Q be a strong surjection
of ergodic, discrete p.m.p. groupoids. Then the kernel is a strongly normal
subgroupoid.

The following lemma will be useful later.

Lemma 2.6.6. Let 1 -+ S — G 5 Q — 1 be a strong extensions of groupoids
with (X, p) and (Y,v) as in Definition [2.6.3. Then the relative commutant
L>*(X)NLS' is isomorphic to L>(Y'). More precisely, L>°(X)NLS" = L>*(Y)o
q.

Proof. Let f € L*(X)N LS’. Then
usf = fuy, Yo € Aut(S).

Since fug = uy(f o ¢), these are exactly those f for which fo¢ = f ae.
Vo € Aut(S), i.e., fis [S]-invariant. As g is a strong surjection, (S|s-1(y), V)
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is ergodic for almost every y € Y. So f is essentially constant on almost all
(¢ ' (y),v,) and therefore lies in L*(Y) o q.

If f e L>*(Y)og, it follows that usf = fu, for all ¢ € Aut(S). Since f
clearly commutes with L>°(X'), which together with these u, generates LS, we
get fe L*(X)NLS'. O

2.7 Property (T) for groupoids and corigidity

In this section we prove the main result of this chapter connecting property
(T) of a quotient of groupoids to coriditiy of the inclusion of the corresponding
von Neumann algebras. For groups this is the well known fact that I'/A has
property (T) iff the inclusion LA C LI is corigid. For ergodic equivalence
relations it comes down to the result that R has property (T) iff L>(X) C LR
is corigid.

Theorem 2.7.1. Let
1-S—>63590—1

be a strong extension of discrete p.m.p. groupoids such that LG s a factor.
Then Q has property (T) if and only if LS C LG is corigid. It is also equivalent
to LS C LG having Anantharaman-Delaroche’s (T).

We will cite some lemmas which we prove afterwards without using Theo-

rem 2. 7.11

Proof. Since Anantharaman-Delaroche’s (T) is clearly weaker than corigidity,
we only have to show that Q has property (T) if LS C LG has Anantharaman-
Delaroche’s (T) and that LS C LG is corigid if Q has property (T). By Propo-
sition we may assume almost invariant unit sections in order to prove
property (T).

We write Y for Q). Suppose LS C LG has Anantharaman-Delaroche’s
property (T) and let U: Q — Iso(#H) be a representation of Q with almost
invariant sections. Since Q is ergodic, H, = Hj for a.e. y € Y and some
Hilbert space Hy. Consider the corresponding representation of G given by
U’ = U o g on the Hilbert space fX H. du, where H, = Hy for all x € X. Let
H = L*(G, Hy) be the LG-bimodule constructed out of U’ as in .

If U has almost invariant unit sections &,: Q© — Hy, the sections &/ :=

&, 0q are almost invariant unit sections for U’ because ¢ is measure preserving.
By Lemma [2.4.1] we get that the vectors

R P

0 else

are almost central in H. They are central for LS by Lemma [2.7.2]
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Hence by Anantharaman-Delaroche’s property (T) there is a norm one
vector ® € L?(G, Hy) that is central for the whole of LG. By Lemma it
follows that ¢'(xz) = ®(z) is an invariant unit section for U’.

By Theorem m (Sg-1(y), vy) is ergodic for almost all y € QO and for
those y, £'|;-1(y) is essentially constant since it is invariant under S. So there
is a well-defined section ¢: Q© — H given by £ o ¢ = €. It has norm one
because ¢ is measure preserving, and it is U-invariant by construction. Hence
Q has property (T).

For the other direction, let Q have property (T) and let H be an LG-
bimodule with almost central vectors that are central for LS.

Let H' C H be the subspace of vectors in H that are central for LS. H' is a
Hilbert space since the action is by continuous operators. It is invariant under
the conjugation action § — uguy, of Autg(G) on H. To prove this we check
that ugéu, with ¢ € Auts(G) and § € H' commutes with uy for 1 € Aut(S)
and with L*(X), which together generate LS. By the definition of Auts(G)
we have ujuyuy € LS, which implies that

Uy gy, = Ug(ugupug)E(ugupug) uy = ugluy.
Using L>®(X) C LS we get for all f € L>®(X)

fuglug = ug(f o §)8ugy = ugl(f o p)ug = uglugyf.
H’ is also invariant under left multiplication of L*(X) N LS’ because for
e H', fel=®X)NLS' ¢ € Aut(S) and g € L=(X) we find f§ = fuyuy, =

uy fEuy, and gf& = fEg.
By Lemma we have L>(X) N LS = L>(Y). So [Dix81, Theorem
11.6.2.2] gives a decomposition

H’z/yHde(y)

such that the action of L>*(Y") is by pointwise multiplication.

For ¢ € Auts(G), ¢: X — X is also well-defined on the quotient, ¢: Y — Y
because go ¢: X — Y is [S]-invariant by Definition and for a.e. y €Y
(S|g-1(y), vy) Is ergodic, so g o ¢ is essentially constant on (¢~ (y), v, ).

Let now ¢ € Auts(G) and c(uy): H — H' be conjugation with u, €
U(LG). For every A C Y we have for the corresponding projection py € L>*(Y)

c(ug)pa& = ugpa§uy = Poayusluy = Py(a)c(ug)s.

So by [Dix81], Theorem I1.2.5.1], ¢(uy) is a diagonal operator from [ H, dv(y)
to fH?(y) dv(y):

c(ug) = /YC(U¢)y dv(y), for some c(ug),: Hy — Hy(y).-
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Let ¢, € Auts G be the sections from Definition [2.6.2, Then for every a € G
there is exactly one n such that ¢,(s(a)) € Sa. Define U'(v): Hyey — Hyqy)
for a € GY as

U'(o) = c(ug,, )q() for the ¢, with ¢,(s(a)) € Seu. (2.4)

This is a groupoid homomorphism with § C ker(U’) a.e. by Lemma [2.7.3]
which implies that U’ = U o ¢ a.e. for a representation U of () on H' by
Theorem 2.6.4]

Now let & € H be almost central norm one vectors that are central for
the action of LS. Hence & € H’. Then the & are L2-almost invariant for
U by Lemma 2.7.4, So by Lemma [2.3.6] U has almost invariant sections and
property (T) of Q gives a non-zero £ € H' such that U(a)&(s(a)) = &£(r(a))
for a.e. @ € Q. Since U = U o q, we get U'(a)¢(q(s(a))) = &(q(r(w))) for
a.e. a € G and hence ug,§uy, = £ for every n € N. These uy, generate LG
together with LS, so since £ is also central for LS, € = x for all x € LG. [

Lemma 2.7.2. Let 1 - S — G — Q — 1 be a strong extension of discrete
p.m.p. groupoids. Let U be a representation of @ and U' = Uoq. Let H be the
LG-bimodule corresponding to U’ as constructed in and let ® € H satisfy
supp(®) € GO, Then ® is central for LS.

Proof. The vector ® is central for L>°(X) since supp(®) C X. Let ¢p € Aut(S).
Then

up®ul (@) = > Xim(w)(B)U(B)R(s(8)) Xim(w-1 (B~ a)

Begr(e)
The first factor is non-zero iff 3 = ("' (s(«))) and the last one iff 1y~ (s(a)) =

B~ 'a. So uy®uj(a) is non-zero only if

a =By (s(a)) = (¥ (s(e)v ™ (s(a)) = s(a).

Thus uyPuy is again supported on X. For z € X the above formula gives

uyp@uy(z) = (U0 q) (1 (2)))(2) = U(z)®(x) = O(x). u

Lemma 2.7.3. The map U': G — Iso(H') defined in (2.4) is a groupoid ho-
momorphism and S C ker(U’) a.e..

Proof. For every ¢ € Aut(G) let
Gs ={a € Glo(s(a)) € Sa}.

Then G = | |Gy, and G, = Gy, S because if o € G, and o € S are composable,
we get, using ¢, € Auts(G),

Pn(s(a0)) (@)™ = ¢u(s(0))o ™ Gu(s(a)) " Pu(s(@))a™" € S. (2.5)
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Let now

gn,m,k - g¢ng¢m N gqsk.
Then G = U, nien Gnmp- v = af € Gy, with a € Gy, and 8 € Gy,
¢a7 ¢,37 gbv S {an}ne], we find

0, (s(8))87 ", da(s(a))a €S,

30 ¢, (s(8))B  pals(a))™t € S. Conjugation with ¢! € Auts(G) gives

(65" 0 9,)(s(8)B~ € S.
Together with ¢g(s(5))5~! € S this implies (¢, o ¢,)(s(8))ds(s(B))! € S
or, by conjugation with gbgl € Auts(G),

(65" 092" 0 9,)(s(8))) € S.

So we find that

D © Dt 0 Dils(Gpm i) € AUL(S)|s(gp i)

Extend it to a section ¥ € Aut(S) (This is possible for example by Claim in
the proof of [ST10, Lem. 3.2]). Then

u¢k ps(gn,m,k) = u¢no¢mow ps(Qn,m,k‘)’
so using that H' is central for L>°(X) and that c(uy) = idg we get

(U )Ps(Gman) = (U Ds(Grrm)) = C(U06motPs(Grmi)) = C(Ugnodm )Ps(Grmi)-

Since $(Gp ) is, by (2.5)), an [S]-invariant subset of X, we can also regard
it as a subset of Y = Q@ and get c(ug,04, )y = c(ug,), for almost every
Y € $(Gnmi), say for all y € s(Gpmi) \ Yamp with Y, ., of measure zero. If
1(s(Gnmi)) = 0, we choose Yy, i = $(Gpmk). Moreover, define

Zn,m = {y € Y| C(u¢n0¢m>y 7é c(“d’n)?m(y)c(ugﬁm)y}

Let now

Y =Y\ ( U YimaU Zn,m> .

n,m,keN
Then p(Y’) = 1 because the Y, x and Z,, ,,, are all null sets. Now for v = af
with s(f) € Y’ we have that

U'(7) = c(ug, )g(s(8)) = (Ugnoss)a(s(8)) = (U )q(s(a))C(Ugy )q(s(8))
=U'(a)U'(B),

so U': G — Iso(H') is a groupoid homomorphism.

S is almost surely in the kernel of U’ because, by , Y, :=15(Gy, NS) C
Y, so for every n, ¢yly, = ¥nly, for a ¢, € Aut(S). Hence c(uy, ), = c(uy, )y =
idy, for a.e. y € Y}, say for y € Y, \ Y,. Now Sy» C ker(U’) for the set
Y=Y\ (UY)) of full measure. O
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Lemma 2.7.4. Let & € H' as in Theorem be almost central norm one
vectors. Then the & are L?-almost invariant for U.

Proof. Let ¢ € Aut(Q) be arbitrary and (¢,)ne; as before. Then g o ¢, is
essentially constant on a.e. (¢~!(y),v,) because ¢, (r(a))a € Sp,(s(a)) for all
a €S and (S|;-1(y), vy) is ergodic for a.e. y € Y. Hence it can be viewed as a
section in Q.

Let YV, ={y € Y|o(y) =qo¢n(y)}. Then Y =| |, Y, since for all a € G
there exists a unique n such that ¢,(s(a)) € Sa and if ¢(¢,(y)) = ¢(dm(n))
we have ¢, ()¢, (z)™t € S for a.e. x € ¢7'(y), hence ¢, (y) € Sém(y). Now

[ 100060 - @I, @)
=3 [ I0(a(6.0)05) = £, 0010)

nel

- / I 3, (6(9)) — &) s, A W)

_ /Y (s (y) — &) 13, dv (),

which goes to zero for © — oo because the &; are almost central. O]

Remark 2.7.5. [Moo82l, Proposition 6.2.2] claims that equivalence relations R
have property (T) iff L>(X) C LR has Moore’s (T), that is, for bimodules H
with

L=x)Hrr =xeid (L*(M) ® Hy) pgia

the existence of central vectors follows already from that of almost central
vectors that do not have to be L>(X)-central. We do not see why this is true.

2.8 Rigidity for groupoid von Neumann alge-
bras

In [Toal0], Adrian loana gives a sufficient condition for L*(X) C LG to be
rigid.

Proposition 2.8.1 ([loal0l Proposition 2.2]). Let G be an ergodic discrete
p.m.p. groupoid such that there ezists no sequence of measures v, € M(X x X)
such that

i) Plvn = fori=1,2,
”) hmn—>co fXXX fl ®f2 an - fX f1f2d,u fOT' all f17f2 € LOO(X>
iii) limy, oo |[(6 X 0) 4 — 1] = 0 for all 6 € [G] and
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) v,(A) =0,
where A is the diagonal in X X X. Then L*(X) C LG is rigid.

Ioana formulates this only for equivalence relations, but the above theorem
is what he actually shows. He also proves that if G is as in Example 2.1.7] the
other direction is true too: If L>(X) C L*(X) x I is rigid, then there are no
measures as in Proposition [2.8.1]

Together with Theorem and Proposition this gives a condition
in terms of the groupoid that implies that LG has property (T) and a charac-
terization when L*°(X) x I' has property (T):

Theorem 2.8.2. If G is an ergodic discrete p.m.p. groupoid with property (T)
such that almost all G are i.c.c. and such that there exists no sequence of
measures v, € M(X x X) such that

i) plv, = p fori=1,2,

) limy oo [y x (f1 @ fo) dvy = [ fifadp for all f1, f, € L(X),
it1) limy, o0 |[(0 X 0)svp, — vy|| = 0 for all 6 € [G] and
i) v,(A) =0,

then LG has property (T).
L>®(X) T has property (T) if and only if the groupoid X x T has property
(T) and the above conditions are fulfilled.

Question 2.8.3. Is the above sufficient condition for LG to have property (T)
also necessary for arbitrary groupoids?

Remark 2.8.4. It follows from [Lupl7, Theorem 3.5] that for S C G discrete
p.m.p. groupoids with common unit space X, LS C LG is rigid if and only
if S C G has relative property (T) and L*(X) C LG is rigid. Hence for the
question how to characterize property (T) of LG in terms of the groupoid it is
enough to study rigidity of the inclusion L>(X) C LG.



Chapter 3

Disintegration rigidity for
invariant random positive
definite functions

In this chapter we define invariant random positive definite functions on dis-
crete groups and prove a rigidity result for them. As invariant random positive
definite functions will generalize both characters and Invariant Random Sub-
groups we first collect some information about these in the next two sections.

3.1 Characters on discrete groups

Let ' be a discrete, countable group.

Definition 3.1.1. A function ¢: I' — C is called positive definite if for all
J1s- -+, gn € ' the matrix [qﬁ(g;lgi)] € M, (C) is positive or, equivalently, if ¢
induces a state on CI.

Definition 3.1.2. A character 7 € Ch(I') is a conjugation-invariant positive
definite function on I" normalized by 7(e) = 1.

A character is called extremal if it is not a non-trivial convex combination
of two different characters.

Theorem 3.1.3 ([Tho64b]). The characters of a given group ' form a Cho-
quet simplex, i.e. every character can be uniquely decomposed as a convex
combination of extremal ones.

If ¢ is a positive definite function, then (g, h) = ¢(h*g) for g, h € T" extends
to a prescalar product on CI'. Let H be the separated completion and denote
the image of ¢, in H again by ¢,. Then 7(g): 6, — dg, extends uniquely to a
unitary operator 7(g) € U(H). We get a unitary representation 7: I' — U(H)
such that d, € H is cyclic and

¢(g) = (m(9)de; be)

38
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for all ¢ € I'. The triple (H,m,J.) is unique with these properties up to a
unitary. This is called the GNS construction of ¢. Sometimes we will also call
the von Neumann algebra =(I')” C B(H) the GNS construction of ¢.

If = 7 is a character, its GNS construction is a finite von Neumann algebra
with trace extending the character. We denote this trace again by 7 and get
L*(w(T)”,7) = H. In this case we also have a unitary right representation

p: ' =U(H), p(g): On— dpg-1.

Restricted to 7(T")” C L*(w(T")”,7), the maps m(g) and p(g) correspond to
r + m(g)r and z — xw(g~') when x is viewed as an operator x € B(H). In
particular,

I — Aut(n(I')"), g (v 7(g)am(g™)),

is a well-defined, trace-preserving action.
In the case of the regular character 6. we get the group von Neumann
algebra LI" as GNS construction.

Theorem 3.1.4 ([Tho64b]). Let 7 be a character. Then it is extremal if and
only if n(I')" C B(H) is a factor.

Definition 3.1.5. We say a character is of a certain type if its GNS construc-
tion is of this type in the sense of Definition [1.2.29]

Since the GNS construction of a character is finite, its type can only be I;
or I1; (or a combination if it is not extremal).
The following theorem characterizes all characters on S.

Theorem 3.1.6 ([Tho64al). Every extremal character on S is of the form

maslo) = [ 52,

k>2

where T(g) is the number of cycles of length k in g, a = (n)nen and B =
(Bn)nen are sequences with oy, > api1 > 0 and B, > Bus1 > 0 for allm € N

and such that
Do+ Bu<1

neN neN

and the si are given by

Sp 1= Zafb + (1) Zﬁfj

neN neN

All such 71, p are extremal characters and 7,53 = T4 g implies a = o' and
B=p.

All extremal characters on S exept for the trivial character and the alter-
nating character are of type II.
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Remark 3.1.7. In the theorem the trivial character belongs to a = (1,
and § = 0, the alternating character belongs to &« = 0 and = (1,
and the regular character belongs to a = 8 = 0.

0,0,...)
0,0,...)

In contrast to S, higher rank lattices have only one type II character:

Theorem 3.1.8 ([Petld]). Let ' be an irreducible lattice in a higher-rank semi-
simple Lie group G with trivial center, property (T) and no compact factors.
Then every extremal character T € Ch(I") is of type I or the reqular character
T = 0.

Lemma 3.1.9 (Margulis). A group T' as in Theorem is i.c.c. (hence 0,
is extremal).

Proof. Let N be the union of all finite conjugacy classes. Then N is normal
in I'. Hence by Margulis’ normal subgroup theorem N is trivial or of finite
index. If it is trivial, then I' is i.c.c..

As T is infinite with property (T) it is not amenable and hence not virtually
solvable. Hence by Tits’ alternative we get Fo C T'. Clearly, Fo N N = {e}, so
F» maps injectively into the quotient, which implies [[' : N| = oc. O

3.2 Invariant Random Subgroups

The name “invariant random subgroup” in the following definition is due to
[AGV14]. However, the concept is much older and was, for example, studied
by Vershik in the 80s and by Stuck-Zimmer in the 90s. Invariant random
subgroups are a tool to study actions, but also behave similarly to normal
subgroups.

Definition 3.2.1. An invariant random subgroup (IRS) is a map given by
0: Q@ — Sub(l'), w Stab(w) ={y €' 7w = w},
for a measure preserving action I' ~ (€2, 1) on a standard probability space.

In fact, invariant random subgroups were originally defined as conjugation
invariant measures on Sub(I'). One can show that this is equivalent to the
above definition [AGV14], Proposition 13]. We use this formulation because it
will fit with our definition of invariant random positive definite functions and
makes our notation easier.

If p: Q@ — PD(T") is an IRS,

Elg): v p({w] v = w})

is a character.
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Ezample 3.2.2. Let Q = {1,...,n}, let u be the normalized counting measure
and I' = S,, the symmetric group. Then (i) = {o|o(i) = i} for ¢ € Q is an
IRS where E[p] = tr is the normalized trace on matrices. The trace tr is not
an extremal character on .S,,.

Theorem 3.2.3 (Stuck-Zimmer Theorem, [SZ94]). Let I' be an irreducible
lattice in a higher-rank semi-simple Lie group G with trivial center, property
(T) and no compact factors. Then every ergodic IRS on an infinite probability
space is trivial (i.e., the action is essentially free).

Theorem implies Theorem [PT16, Theorem 3.2].

Definition 3.2.4. An action I' ~ (2, ) is totally nonfree if the o-algebra
generated by the sets of fixed points o({€2,| g € I'}) coincides with the whole
o-algebra on ).

Theorem 3.2.5 ([Verl()]). If ¢ is an ergodic, totally nonfree IRS, the GNS
construction of E[p| is a factor, hence Elp] is an extremal character.

We give a detailed proof as there is only a sketch in [Verl0)].

Proof. Let R C Q x § be the orbit equivalence relation of I' ~ (2, ). We
have a measure pugr on R as defined in Section and for g € I" we define
u, € U(L*(R,ur)) to be given by u,f(z,y) = f(g~'.x,y). If A denotes the
diagonal of Q x Q and ya € L?(R) its characteristic function, we have

(ugxa, xa) = n(Sy) = Elpl(g).

Hence for H = span{uy,xa}, M = {u,}" C B(H) is the GNS construction of
Elp]. We show that M = LR, which is a factor because the action is ergodic.

As LR is generated by {uy4|g € I'} and L>(€, 1) we have to show that
L>(Q, ) € M. For each uy € M the spectral projection x(i}(ug) also lies in
M. This is the projection in L>(2) onto €2,. As the fixed points sets generate
the o-algebra, these projections generate L>(£2). O

For I' = S, many characters arise in this way.

Theorem 3.2.6 ([VK81]). Using the notation of Theorem assume 3 =

0, let
(5:1—Zan

neN

and let @ = N U [0,0] with probability measure pn which is (a,)nen on N and
the Lebesgue measure on [0,0]. Let Q = [[° Q with measure mao = [[° p
and let So act on (2, mq ) by permutation of the coordinates.

Then 1,0 = E[g] for this IRS .
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3.3 Definition and examples of invariant ran-
dom positive definite functions

The following definition was given by Miklés Abért, Vadim Alekseev and An-
dreas Thom in 2016.

Definition 3.3.1. Let ' be a discrete group. An invariant random positive
definite function (i.r.p.d.f. ) is a measurable I'-equivariant map

¢: Q0 — PD(I),

where (€, ) is a standard probabilitiy space with a measure preserving I'-
action and PD(I") are the positive definite functions ¢ on I' with ¢(e) = 1 and
[-action given by (g.¢)(h) = ¢(g 'hg) for ¢ € PD(T) .

We often write ¢, for ¢p(w).

Definition 3.3.2. An ir.p.d.f. ¢ is called ergodic if the action I' ~ (€, p) is
ergodic.

We say ¢ is extremal if ¢ = cp1 + (1 — ¢)gs for ir.p.d.f’s p;: Q@ — PD(I)
and ¢ € (0,1) implies that ¢ = ¢y = ¢.

When viewing the i.r.p.d.f.’s with given I' ~ €2 as I'-equivariant positive
definite functions ¢: I' — L®(Q, 1), they form a compact convex subset of
0>°(T, L*>°(Q2, 1)) with the topology of pointwise weak®* convergence. By the
Krein-Milman Theorem, the space of these functions is then equal to the closed
convex hull of its extremal points. Hence as for characters, every i.r.p.d.f. is
the convex integral of extremal i.r.p.d.f.’s.

FExample 3.3.3. Invariant Random Subgroups are i.r.p.d.f.’s because the sub-
groups Sub(I") of I" are canonically embedded in PD(I") by taking the charac-
teristic function and the stabilizers of an action fulfill the invariance condition
in Definition B.3.11

As for Invariant Random Subgroups, if ¢: Q@ — PD(I") is an i.r.p.d.f. |

E[p] = /Q @u dp(w)

is a character.

Question 3.3.4. Does extremality of ¢ imply that E[¢] is extremal as a char-
acter?

Ezample 3.3.5. Let (S, \) be the unit sphere in C" with Lebesgue measure and
let T" be a discrete subgroup of the unitary group U(n) acting on S in the
natural way. Then

0: S—=PD(), we(v)=(768 VEeSyel
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is an i.r.p.d.f. for which E[p] = tr is the normalized trace on matrices, which
is an extremal character on I' iff I" generates M,,(C) as an algebra. For such T,
@ is an extremal i.r.p.d.f..

Example 3.3.6. Let (S',\) be the circle with Lebesgue measure and trivial
action of Z. Then
@: S' = PD(Z), ¢.(n)=2"

is an i.r.p.d.f. with E[p] = .. Here ¢, is not extremal and ¢, is an extremal
character for every z € S. In this way every decomposition of a non-extremal
character into extremal ones gives an i.r.p.d.f. with trivial action.

Example 3.3.7. Let G be a compact group with Haar measure p and I' <
G. Let I" act on G by left multiplication. Let 7: G — U(H) be a unitary
representation and £ € H a unit vector. Then

¢t (G, p) = PD(T),  ¢5(h) = (r(hg)§,m(g)E)

is an i.r.p.d.f.. If 7: G — U(C") is irreducible and I is dense, then E[x%](7) =
tr(m(y)), which is an extremal character on T, and ¢* is ergodic and extremal.

Example shows that, in contrast to the situation for characters, the
decomposition of an i.r.p.d.f. into extremal i.r.p.d.f.’s is not unique: Take an
irreducible representation 7: G — U(C"), an orthonormal basis (§;) of C" and

I' < G dense. Then
Z — @t = trom.
i

For different bases we get different (%’s, so this gives different convex decom-
positions of the constant i.r.p.d.f. tr om into extremal i.r.p.d.f.’s..

Theorem 3.3.8 ([VK8I], Theorem 3). In the notation of Theorem let

5:1_20%_257”

neN neN

Ny =N_ =N and Q@ = N, UN_ U [0,0] with the probability measure p which
is (n)nen 0n Ny, (Bn)nen on N_ and the Lebesgue measure on [0,6]. Then
let @ =TI Q with the measure mqo g =[] 1 and let Ss act on (2, mqp) by
permutation of the coordinates.

For g € Sy and w € Q define sgn(g,w) to be 1 if

1T (9(7) — 9(i))

(4,9): wiw; EN_,3<j
is positive and —1 otherwise. This fulfills the cocycle identity

sgn(gh,w) = sgn(h,w) sgn(g, h.w). (3.1)
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Let

~ Jsgn(g,w) if g.w = w,
Pul9) = {O if g.w # w.
Then 1,3 = E[p].

The following theorem proves that the above ¢ is an ir.p.d.f.. If g is
non-trivial, then ¢ is not an IRS.

Theorem 3.3.9. Let T' ~ (Q, 1) be a p.m.p. action and c: T x Q — S a
cocycle as in (3.1). Then

_Jegw)  ifgw=w,
Pul9) = {O if g.w # w,
1s an ©.r.p.d.f..

If ¢ is not constantly 1, ¢ is not an IRS because it takes values outside
{0,1}.

Proof. To show that ¢ is invariant we need that c(g, hw) = c(h~'gh,w) if
h=lgh.w = w. By the cocycle identity we have

1 =c(l,w) =c(h h,h tghw) = c(h,w)c(h™!, gh.w)
and hence
c(h tgh,w) = c(h,w)e(h g, hw) = c(h,w)c(g, h.w)e(h ™, gh.w) = c(g, h.w).

Now we show that ¢, is positive definite for a.e. w € Q). Let R C 2 x Q2

be the orbit equivalence relation of I' ~ (2, 1), equipped with the measure as
in Chapter [2} Then 7: I' — U(L*(R)), given by

(m(9)8)(x,y) = c(g,2)§(g-7, y)

is a unitary representation and for every X C  we find a vector £x =
X{(z2)wex} € L?(R) such that

/X pulg) = (m(9)€x. £x)

Hence for every a € CI' we have

/X%(a*a) >0

for all X C © and hence ¢, (a*a) > 0 almost everywhere. O

The i.r.p.d.f.’s in Theorem [3.3.9| are supported on an IRS in the sense that
V() =0if y.w # w.
Question 3.3.10. Is every i.r.p.d.f. ¢ such that E[y] is of type II supported on
an IRS 7
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3.4 Invariant random positive definite func-
tions and von Neumann algebras

In this section we translate i.r.p.d.f.’s into the language of von Neumann al-
gebras in order to be able to use von Neumann methods to study them in the
next section.

Fix a discrete group I', a character 7 € Ch(T") and an ergodic, measure
preserving action «: I' ~ (€, 1) on a standard probability space. Let A :=
L>(Q, 1) and write again « for the corresponding action on A. Let 7: I' —
U(H) be the GNS representation of 7.

Lemma 3.4.1. Let ¢ be an i.r.p.d.f. with E[¢] = 7 and for each w € Q let
(7w, Hy, &) be the GNS construction of . Let

®
H, ::/ H, du(w)
Q

be the direct integral of Hilbert spaces, & = (&u)wen € H, and

®
Ty = /Q Ty dp(w): T' = B(H,)

the direct integral of representations. Then m,(I')" = n(I')" with isomorphism
taking m,(y) to w(v) for all v € I.

Proof. Let p € B(H,) be the orthogonal projection onto the cyclic represen-
tation of {. Then p € m,(I")'. As E[p] = 7 we have

m)e6) = |

Q

(1) ) dpi(e) = / ou(y) dulw) = 7(7)

forally € I'. So (p(H,), 7y, &) is a GNS triple for 7 and therefore by uniqueness
of the GNS construction

m(I)" = (p(I) p)" = p(m, ()"
with isomorphism taking () to pm,(7) for all v € I'. Now we show that
©: (7, (I)" = p(me(I))", @ = pa,

is an isomorphism. It is clearly a surjective homomorphism. For injectivity let
z € (my(I"))” with ®(a*z) = pr*xp = 0. Then for all a € CI" we have

0= @am @) m(@6) = [ (@ 0)ma(0)es mola)6) du(o)
Q

and therefore ((z*x),7,(a)é,, m,(a)é,) = 0 for almost allw € Q. But 7,,(CI')&,

is dense in H,,, so (z*x), = 0 for almost all w. Hence z = 0 and ® is injective.

Composing the two isomorphisms we get 7(I")” = pr(I')"” = 7,(I')” with

isomorphism mapping 7 () to m, (7). O
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Lemma 3.4.2. Let M := (AUT, ()" = fée 7o(D)"dp(w). Then M is a finite
von Neumann algebra.

Proof. Let u € M be such that v*u = 1. By the Kaplansky Density Theorem
we find a sequence of finite sums

t, = E Pn il
7

converging to u in the strong* topology such that |t,|| <1 for all n, p,; € A
are mutually orthogonal projections for fixed n and z,; € m,(I')”. We then

have tt, *% 1 since the strong® topology is jointly continuous on bounded
sets. Hence |t,] 1 by [Tak02, Lemma I1.4.6]. Letting

{1—2t, 0<

t<1/2,
0, 1/2 <t

<1

we obtain (again by [Tak02, Lemma I1.4.6]) f(|t,]) % 0, and therefore |tn] +
f(ta]) % 1. However, as 1/2 < t+ f(t) <1 on[0,1], we also have 1/2 <

[tal + f(Ita]) < 1.
Let t, = u,l|t,| be the polar decomposition of ¢,,. Then we have

wn([tal + F(ta])) 5 u

because f(|t,]) % 0. On the other hand, ltn| + f(|tn]) is invertible with the

inverse bounded by 2 and (|t,| + f(|t.])) ™" % 1 again by [Tak02, Lemma
11.4.6]. Therefore,

= n(|ta] + F(tal)) (1] + F([a]) T S . (3-2)

Let ,,; = vy 4|Tn,| be the polar decomposition of z,, ;. Then
Up = an,ﬂ)n,i (33)

because using that A commutes with 7,(I')” and that the p,; are mutually
orthogonal we get that
|tn| = an,i|xn,i|’
i

and hence

(Z pn,ivn,i> |tn| = an,ivn,i|xn,i| = an,ixn,i = tn
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Now (3.3)) and (3.2) imply that

* * s*
Uy Uy, = E Pn,iVy iUni — 1,
i

and therefore

S i 5L (3.4)

Since 7, (I')” = 7(I")" is finite, there exist partial isometries w,; € m,(I")"
such that w,; = vn; + wy; are unitaries. Let g,; = wy, ;wy; be the source
projections of the w, ;. Then

s*
an,iQn,i - an,z(l - U:;ivn,i) S 1 - an,ivz,ivn,i =1- u;;un — 07

and therefore

an,iwn,i = (Z pn,iwn,i> (an,zqm> s_*) 0.

Thus by
an,iun,i = Uy + an,iwn,i i u,

and therefore, since the u, ; are unitaries,

§ § x SN *
pn7i = pn,iun,iunj — uu .
i %

Hence uu* =1 by (3.4), which means that M is finite. O

Lemma 3.4.3. If 7 is extremal, we have M = A®m,(I')" with isomorphism
taking xa € M to a ® x € AQn,(I")" for alla € A and x € m,(I")".

Proof. Since M is finite by the previous lemma, there exists a normal faithful
conditional expectation E: M — m,(I')”. Since m,(I')” and A commute and
E is m,(I")"-linear,

E(a) = E(my(v)amy(v ) = m,(v) E(a)m, (v ")

for all v € I' and @ € A. Thus, E(A) is contained in the center of 7, (I')” =
7([')”, which is equal to C since 7 is extremal. Now the claim follows from
[Str81, Theorem 9.12]. O

On M resp. L'(M) we define a I'-action 6 by
(@ @m) = ay(a) ® r()mr(r ).

By MY resp. L'(M)? we denote the elements that are invariant under 6.
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Proposition 3.4.4. Given an ergodic action and an extremal character T €
Ch(T") there is a one-to-one correspondence between i.r.p.d.f.’s p: £ — PD(T)
with E[p] = 7 and positive selfadjoint elements f € L*(M)? with [, f., dp(w) =
1 such that

Sow(’y) = T(W(V)fw)'

Proof. By Lemma and Lemma [3.4.3, we have «(I')" = 7,(I")" for a.e.
w € € with the canonical isomorphism sending 7 () to m,(vy) for each v € T..

As v, (7) = (mu(7)éw, &), We can extend it to

o: (D) = C, x— (x&,,&,),

which is a positive normal functional on 7, (I")” and therefore on 7(I")”. So by
Theorem there exists a unique positive element f,, € L'(7(T")”, 7) such
that p,(z) = 7(xf,) for all z € 7(T)". Let f: Q — LY(=()"), w — f,. To
see that f is f-invariant, we calculate

T(1(V) fay @) = Pa@)(7) = 0(V0Y) = 7(n ()7 (7)) for ('),

SO a;,l(f)w = fa,w) = 7(¥) for(y'71) for all 4/ € T by uniqueness of f,
hence 6(f) = f. It follows that ||f,||1 is [-invariant and hence constant, so
f e LY(M)°? We have for all v € T

- (W(’y) e du(w)> = [ 1)) dutw) = [ ula) dute) = (),

hence [ f, du(w) = 1. By [Luc02, Lemma 8.3 (3)], f is a selfadjoint operator.
Conversely it is easy to check that such an f defines an i.r.p.d.f. ¢ with

E(p) =7 by pu(v) = 7(7(7) fu)- O

Remark 3.4.5. 1) If ¢ is as in Example with I" big enough so that ¢ is
extremal, we have f: S — M, (C) with f¢ the orthogonal projection on

span(&).

ii) Similarly, if " in Exampleis dense and 7 irreducible, we find f: G —
M,,(C) where f, is the orthogonal projection on span(m(g)¢).

iii) The i.r.p.d.f. in Example is not of the form as in Proposition [3.4.4]
Hence the ergodicity and extremality assumptions are necessary (or at
least one of them is).

Lemma 3.4.6. In fact, for f € LY(M)? as in Proposition the condition
that [, fudp(w) = 1 is equivalent to Ty (f) = 1, where Ty = [, @7 is the
trace on M.
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Proof. Let f be constructed from ¢ as above. Then

rulf) = [ r)dute) = [ euterdut) = [ 1dute) =1

Q

For the other direction let first p € M? be a projection. Then

)= (7 [ podu)) 7 (5) [0 phaduto))

is a convex decomposition into two characters. So by extremality of T,

/pw dp(w) = T (p) - 1.

Now let f € LY(M)? be positive selfadjoint with 7,(f) = 1. Then it follows
from the above and the spectral theorem for f that [ f, du(w) = 7 (f)-1 = 1.
[

Lemma 3.4.7. For 7 extremal and « ergodic the extremal i.7.p.d.f.’s ¢ given
a and E[p] = 7 correspond to minimal projections in M°. M? is a direct sum
of matriz algebras.

Proof. Let ¢: Q — PD(T') be an extremal ir.p.d.f. and f € LY(M)? as in
Proposition such that 7(f,m(7)) = @u(7) for a.e. w € Q and all v € T
Assume that f is not a scalar multiple of a projection. Then there is a ¢ € R
such that

fe=x((0,¢)f and  f=¢:= x([¢,0))f,
are both nonzero with x(7) denoting the spectral projection on I. These are
again positive elements in MY hence 7y, (f<¢)71f<¢ and 1,(fZ¢)~1f2¢ define
two different i.r.p.d.f.’s ¢<¢ and ¢©=¢ such that

o = ()= + T (f7) >

contradicting the extremality of ¢. So f = 7y (p)~'p for some projection
p € MY If p is not minimal in M?, say ¢ < p and ¢ € MY, then again ¢
and p — ¢ define two i.r.p.d.f.’s such that a convex combination gives ¢, which
contradicts extremality.

Conversely every minimal projection p € M? gives an extremal i.r.p.d.f. ¢
because if there was a decomposition ¢ = cp1+(1—c)ps for some 0 < ¢ < 1 and
different i.r.p.d.f.’s ¢;, this would give different positive elements f, fo € M?
such that 73/(p)™'p = cfi + (1 — ¢)f2, which is not possible for a minimal
projection p.

Since the set of i.r.p.d.f.’s is the closed convex hull of its extremal points,
every positive trace 1 element of M? is a convex integral of minimal projections.
This means M? is generated by its minimal projections, hence by Theorem
it is of type I with no diffuse part, i.e., Z(M?) = L>*(X, u) such that
every point in X has positive mass. Since it is also finite, it follows that M?
is a (maybe infinite) direct sum of matrix algebras. O
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Remark 3.4.8. Let I', 7, be fixed as in Proposition [3.4.4] Then

i) As MY is a direct sum of matrix algebras every i.r.p.d.f. ¢ with E[¢] = 7
is a convex combination of countably many extremal ones.

ii) M? = C iff the constant i.r.p.d.f. 7 is the only one with E[p] = 7, i.e., T
is disintegration rigid. This is also equivalent to the constant 7 being an
extremal i.r.p.d.f..

iii) M? is abelian iff the decomposition of ir.p.d.f.’s with E[¢] = 7 into
extremal ones is unique.

iv) M? is finite-dimensional iff every i.r.p.d.f. is a finite convex sum of ex-
tremal ones.

3.5 Disintegration rigidity of the regular char-
acter on i.c.c. groups

In this section we show the following theorem.

Theorem 3.5.1. Let T be an i.c.c. group. Let p: Q@ — PD(T') be an i.r.p.d.f. on
I with E[¢] = d.. Then p(w) = d. for almost every w € S).

Definition 3.5.2. If the conclusion of the theorem holds, we say (T, d.) is
disintegration rigid.

Remark 3.5.3. Theorem [3.1.6] Remark and Theorem [3.3.8|show that the
regular character, the trivial character and the alternating character are the
only disintegration rigid characters on Sy. Indeed, if Soo ™~ (§2,m4 ) is the
action from Theorem such that 7, 3 is none of these three characters, we
have 0 < a; < lor 0 < f; < 1. Assume w.l.o.g. that 0 < oy < 1. Then for

every nontrivial g € S, and j € supp(g) = {j]| 9(j) # j}

0<map({weQw =1€N; Viesupp(g)})
<Map({w e Qgw=uw})
<1—mep({weQuw;=1eNy, gw; #1 €N }) <1

Hence the ¢ in Theorem is non-constant with E[¢] = 7, .

The trivial and the alternating character are clearly disintegration rigid
because every positive definite function takes values in the unit disk, and
thus, if an i.r.p.d.f. intergrates to a character which takes values only on the
boundary of the unit disk, the i.r.p.d.f. has to be constant.

Definition 3.5.4. A trace-preserving action on a finite von Neumann algebra
I' — Aut(M) is called weakly mizing if C1 is the only finite-dimensional, I'-
invariant subspace in L*(M).
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The following lemma might be known to experts.

Lemma 3.5.5. Let I' be an i.c.c. group. Then the conjugation action on LI’
15 weakly mizing.

Proof. Let I' = {~;|j € N} be an enumeration of I'. Assume Cé, # H C
¢*(T) is an [-invariant, finite-dimensional subspace and let {y,...,&,} be an
orthonormal basis of H such that & ¢ Cd.. Then for every € > 0 there is a
K € N such that

K

&= (&.6,)0,

i=1

<eg forallj=1,...,n. (3.5)

Let F = {v,...,vx}. Then by [CSUI6, Proposition 3.4] there exists a v € I'
such that

YEFy'NF C {e}. (3.6)

Let Hp := span(F') and Pr the orthogonal projection on Hp.
As {v&y7h ..o, v€ay 1} is again an orthonormal basis of H we have ¢; € C
with 7 |¢j|* = 1 such that

n n K o0
&1 = ZCJ’VQV_I - Z € (Z (&5 042 Oyypn—1 + Z (&> 65) 5wml> :

Jj=1 j=1 i=1 i=K+1

We have Zz 1 (&4 6,) 641 € Hp+C6, because of . which together with
bl) implies

1P (&)l < [ (€1, 0e) | +

Pr (ZCJ Z (&5+ 0ni) Oy — 1)

=1 i=K+1

517 ‘+€Z|CJ’

— |<€17 6>|+n5'
Since ||Pp(&1)]] > 1 — € by (3.5]), we get a contradiction when choosing € <
n=H L= [ (&1, 0e) ])- O

Definition 3.5.6. We call an extremal character conjugation weakly mizing if
the conjugation action on its GNS construction is weakly mixing.

Question 3.5.7. Which other characters are conjugation weakly mixing?

The following theorem implies Theorem [3.5.1]

Theorem 3.5.8. Let 7 be a conjugation weakly mizing character on I'. Then
(T, 1) is disintegration rigid.
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Proof. We first assume that « is ergodic. An action on a finite von Neumann
algebra o: I' ~ N is weakly mixing if and only if for every action a: I' ~
A on a finite von Neumann algebra one has (AQN)©®?) = A* @ 1 [Vae(7,
Proposition D.2]. So if we take A = L>(2) as in Section and N = 7(I")",
Lemma [3.5.5| implies that

M? = (AgN)leeeon(m) = go = C.

T is extremal because if the conjugation action is weakly mixing, it must be
ergodic, hence the GNS construction is a factor. Hence by Proposition |3.4.4
every i.r.p.d.f. ¢ with E[p] = 7 is given by an element in M?, which proves the
statement in the ergodic case.

The general case follows by ergodic decomposition: Let ¢ be ani.r.p.d.f. with
E[¢] = 7. Then the restriction to the ergodic components defined after The-
orem are ergodic i.r.p.d.f.’s. The expectation values of these ergodic

ir.p.d.f.’s integrate to 7 by [1.3.17] and are therefore by extremality u-
almost surely equal to 7. Hence we can apply the statement to them and get

that they are constantly 7 v-almost surely, which by [1.3.17] implies that ¢

is constantly 7 p-almost surely. O



Chapter 4

A rigidity result for regular
subfactors

4.1 A question about regular subfactors of the
von Neumann algebra of lattices in higher-
rank groups

In this chapter we study possible analogues of Margulis” Normal Subgroup
Theorem [Mar91, Theorem IX.5.3] in the setting of subfactors.

Theorem 4.1.1 (Margulis’ Normal Subgroup Theorem). Let I' be an irre-
ducible lattice in a higher-rank simple Lie group G with trivial center. Then
every normal subgroup of I' s trivial or of finite index.

A typical example of such a group is PSL(n,Z) C PSL(n,R) for n > 3.

Remark 4.1.2. Margulis’ Normal Subgroup Theorem follows from Peterson’s
Character Rigidity Theorem (Theorem as follows. Given a normal sub-
group N < I', the characteristic function yy is a character on I' with GNS
representation m = Ap/y o p, where p: I' = I'/N is the quotient map and Ap/n
is the left regular representation of I'/N. By the Character Rigidity Theorem
and decomposition of the character into extremal ones, 7 is the direct sum of
a type I representation and possibly the left regular representation of I'. If it
contains the left regular representation of I', it is injective, hence N is trivial.
Otherwise L(I'/N) is of type I which implies that I'/N is virtually abelian
[Liic97, Lemma 3.3] and hence amenable. Since it also has property (T), it
must be finite dimensional.

Definition 4.1.3. An inclusion of von Neumann algebras N C M is reqular
if the normalizer of N generates M, i.e., Ny (N)" = M.

Question 4.1.4. Is it true that, maybe under some extra conditions, if I" is as
above and N C LI" a regular subfactor then N = C or [LI' : N| < 00?

23
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This question has probably been asked before, but we couldn’t find it in
the literature.

In the following we restrict our attention to the situation where the image
of " is not only in Ny (N)”, but even in Ny (N) in order to make the question
accessible to Peterson’s methods from the proof of character rigidity (Theorem
. We allow subfactors in von Neumann algebras than bit more general
than LT'.

Assumption. For the rest of this chapter let I' be a lattice in a simple real
Lie group G which has trivial center and real rank at least 2. Let M be a finite
factor, N C M a subfactor and m: I" — N/ (N) a representation of I' into the
normalizer of N such that the action T' ~ M given by a.,(z) = m(y)zm(y™!)
is ergodic and M = (N Ur(I"))".

FExample 4.1.5. M = LI’ with A : I' — LI the left regular representation and
N C LT a subfactor which is normalized by A\(T") is as in the assumption. M
is a factor and the conjugation action is ergodic because T" is i.c.c. (Lemma

3.1.0).

Remark 4.1.6. It should be possible to do everything in this chapter with the
same assumptions on I' as in Theorem [3.1.8] We restrict ourselves to the
simple real case to avoid some technicalities.

4.2 Peterson machine with coefficients in NV

In this section we adjust the proof of Peterson’s character rigidity theorem in
[Pet14] and [Pet16] to the situation described above by putting coefficients in
N into it. Setting N = C gives back the proof of character rigidity.

We will need a bunch of subgroups, which we first define in the case of
G = SL(n,R).
Ezxample 4.2.1. For G = SL(n,R) let P be the subgroup of upper triangular
matrices and V' the subgroup of upper triangular matrices with 1 on the diag-
onal. Fix numbers 0 = jp < j1 < Jo < --- < Jx = n. We define now subgroups
consisting each of all block matrices in SL(n, R) of a certain structure:

( (A A ... A ) ([1 A ... A
P o A‘22 A?k e o 1 A'Qk |
o o ) oo 2
( (A 0 ... 0\ ((Vii 0 ... 0
o 0 A.22 o e o v.22 0 |
Lo o 0 au)) Lo o0 0w
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where A; are arbitrary matrices of size (j; — ji—1) X (ji — Ji—1), Vi; are upper
triangular matrices with 1 on the diagonal and 1 is an identity matrix of fitting
size.

For each of these subgroups we denote by P,V ect. the corresponding
transposed subgroup.

Definition 4.2.2. For general GG, let S be an R-split maximal torus, P a
minimal parabolic subgroup containing S and V' < P its unipotent radical.
Let P be the opposite parabolic and V its unipotent radical. Let P, be another
parabolic subgroup s.t. P < Py < G. Let Vj be the unipotent radical of B
and Py, Vj the corresponding opposite subgroups. Let Ry be the reductive
component of P, containing S so that Py = Ry x Vy and Ly = Ry N V. Then
V =V x Ly. See [Mar91], 1.1.2] for the definitions.

We have the following commuting diagram:

V _ VO >4 L_O (’U,l)’—ﬂ) VO

vr—wPl lvb—wPo

G/p 2290 G,

Lemma 4.2.3. The wvertical maps map measures in the class of the Haar
measure to G-quasiinvariant measures. They are measure isomorphisms when
equipping the quotient spaces with these measures.

Proof. Let ugr be a left Haar measure on V and let A € M(G/P) be the image
of py. This defines by [Bou04, Proposition VII.2.1.4] a measure A\* on G given

b
' /G fin# = / ; [ fap)inr(arip),

where pp is a left Haar measure on P. By [Mar91, Lemma IV.2.2], the map
(V x P,y @ pp) — (G, pg), (v,p) — vp~!, is a homeomorphism onto the
image and a measure isomorphism, pg being a suitably normalized left Haar
measure on G. This implies that \* = (1 ® Ap) - ug, where Ap is the
modular function on P. It follows by [Bou0O4, Lemma VII.2.5.4] that A is
G-quasiinvariant. Now the same follows for the images of measures that are
strongly equivalent to Haar measure and analogously for such measures on V4.

The vertical maps are then measure isomorphisms because they map the
measures to each other and are injective. O

Let v and p be probability measures on Vj resp. L in the class of the Haar
measure; the image of v on G/ P, is still denoted by v. We equip V = Vj x Lg
with the product measure v x p.

Let G act on V and V; in the way that makes the above diagram G-
equivariant. This transforms the action of V on G//P to left multiplication on
V and the action of Ry on G/P to the action induced by conjugation on V.
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Let o be the corresponding action of T' on L®(G/P) and ¢° the corre-
sponding Koopman representation on L?(G/P). Let

P :=1® P, € L®(G/P)®B(L2M),

where P; is the orthogonal projection on Cl ¢ L2M with M as in the assump-
tion. Let

B:= (L*(G/P)@B(L*M))N{o, ® (Jr(y)J)ly e T} Nn(1® JNJ).
Lemma 4.2.4. There exists a conditional expectation
E: (L™(G/P)®B(L*M))N(1® JNJ) — B.

Proof. Let H = L?>(M) and let #: T' — Aut(B(H)) be conjugation with
Ju(-)J. Let 6 be the induced action of G on L*(G/T)®B(H) as in Defi-
nition with a section s: G/I' — G and x: G x G/T' — T’ given by
x(g, %) = s(gx)'gs(x). 0 is also well-defined on L>(G/T)®B(H)N(1&JNJ),
which we view as bounded functions from G/I" to B(H) N (JNJ)'. To see this
let f e L>*(G/T)Q(BH)N(JNJ)),z€G/T,neN,ge G, v=x(g,9 ')

and calculate
Op(F)(x)Ind = T (y)J f(g~ @) Jm(y~") T In]
— Jn(0) £ (g™ 2) Ty (m) T (y )T
= Jr(y)JJa.,- (n)Jf(g Lo)Jr(y 1)
= JndJn(7)J f(g~ @) Jm(y~")J
= JnJO,(f)(x).
P is amenable [Mar91) 1V.4.4], hence [Pet16, Theorem 7.4] gives that there
is a conditional expectation
E: L®(G/T) @ (B(H) N (JNJY) = (L®(G/T) @ (B(H) N (JNJ)))"®)
= (L*(G/T) ® B(H))"® n(1® JN.J).
But

(L(GTYBB(H))"®) 2 (L*(GYBB(H)) H)=(eom)
~ (Loo( ) (H)) (R®Id(P))x (L®O(T))

1%

~ (L>(G/P)®B(H))"®*™,

Here the first isomorphism is the map ¥ given in Remark|1.3.21|and the second
isomorphism is f + (g~ f(g~!)). Thus

(L>(G/TV&B(H))* PN (JNJ) = (L®(G/P)&B(H))"** )N (18 JNJ) = B.
O
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The following lemma is [Pet14, Lemma 4.4], only with different B, which
does not change the proof. We give it anyway in order to provide more details.

Lemma 4.2.5. Let
r=2"€BCL®G/P)RB(L*M) = L*(Vo)®L*(Ly)@B(L*M)
and view it as a function from Vi to L=(Lo)@B(L*M). Let
x9 € L(Lo)®B(L*M)

be in the SOT-essential range of x. Then there exists a y = y* € B such that
ypl € LOO(L())®B(L2M) and plypl = leopl.

Proof. That z is in the SOT-essential range of  means that there are subsets
E; C Vp of positive measure such that for all n € L*(M), &, € L*(Loy) and
€ > 0 there exists an N with

(2(v,0) — @o(1)nll*1EL ()] dp(l) < € (4.1)

|l
Lo

for all j > N and all v € E;. By the proof of [Petl4 Lemma 4.3] there
are 7; € I' and h; € V x Z(Ry) such that vjhj_l — e and v(h;E;) — 1.
We first show that these can be chosen in a way that o, () — 1z in SOT.
Take a countable SOT-basis of neighborhoods of zero in the unit ball of
L=®(Vo)®L>®(Lo)®B(L?*M), denoted by {U;}jen, such that U; N\, {0}. As
the action o is strongly continuous, there are numbers k(j) € N and neighbor-
hoods e € O; C G such that O; C O; if j > 7 and

O'g(l‘o—l-Uk(j)) Cl’o-i-Uj Vg € Oj. (4.2)

We can choose the 7, in [Petl14, Lemma 4.3] in a way that ’yjh;l € O; for
all j. We will show now first that o, (z) — ¢ if o4,(2) — 2 and then that
on, (x) = w0, all in SOT.

So assume that oy, (x) — xo, hence Vj AN : o4,(v) € x + Uy for all
i > N. Then by 04, (o) = 0. -10m,(x0) € o + Uj for all i > max{N, j}
because v;h; ' € O;. So then 0., (z) — .

To show that oy, (z) — zo let n € LM, &), € L*(Lo),&v € L*(Vp). Then,
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as the h; € Vo x Z(Ry) act trivially on Ly and using ,
thjEj (th (:L‘) - xO)(fV ® éL ® 77)H2
:/h —on, (@) (v, 1) = zoD)nl*[&v (0§ (1) dv(v)dp(D)

]'Ej XLQ

- /E a5 o, = aoD)nllPley () O diw)dp()
[l d) = so@lPle (h)u OF ")) e)p()

= [ (et = auttpmlPles 0P ) 16 Pat ) o)

J

< / elév () 2 du(v) < ellév]>
h;E;

So 1y, k, (o, (x) —x0) — 0in SOT, and since v(h; ;) — 1, also o4, (2) =20 — 0
in SOT.

Let y be a WOT cluster point of the set {W(’yj)xﬂ(%—l)}. Then y € B
because x € B and conjugation with JN.J and Jx(I')J commutes with conju-
gation with 7(I"). Also yP; is a WOT cluster point of

{r(y)am(y; ) P} ={m () (I () ) (Tm(y; ) ) (T (y;) ]) Prt
={m () (I (7;) )0y, () P}

Since o, (x) — x¢ in SOT, yP; must then also be a WOT cluster point of
{m(y)(Im(y;) )1} C L*(Lo)®B(L*M),
so yP, € L®(Lo)®B(L*M). PiyP; is a WOT cluster point of
{Pir(yp)am(y; )P} = {P (I () T)a(Tr(y; ) T) P} = {Pioy (2) P}
So again since 0., (v) — o, PiyP1 = PiwoPy. O

Proposition 4.2.6. If M is not isomorphic to N x I with isomorphism ex-
tending 7, then B = M.

Proof. Assume that M is not isomorphic to N x I with isomorphism extend-
ing . Then thereis ayy € '\ {e} and an n € N such that ¢y := 7(7(7)n) # 0
because if 7(nm(y)) = 7(n)d.(v) for alln € N and v € T, the *~homomorphism
7(y)n — (1 ® A(7))e(n) from the *-algebra generated by N and 7(I') to the
*-algebra generated by «(N) and 1 ® A(T") as in Definition extends to
a unitary U: L*(M,7) — L*(N x ', 7|y ® 0.) = L*(N,7) ® ¢*(T') such that
M =U*(NxD)U.

Let z, x¢p and y be as in the above lemma. We want to show that x is a
constant function. Let §: I' — Aut(M), different as in the proof of Lemma
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, be conjugation by 7(-) and the induced action 6: G ~ L>(G/T)®M as
in Definition [.3.20.

6 is ergodic by assumption, hence 6 is ergodic by Lemma [1.3.22] Tt is still
ergodic when restricted to Vy x Z(Ry) because Vi x Z(Ry) is not compact
and hence every Vj x Z(Ry)-invariant vector must also be G-invariant by the
Howe-Moore property of G [HM79, Theorem 5.2]. Now [Petl4, Lemma 3.2
gives us that for every neighborhood e € O C G and I'o = I'NO(Vy x Z(Ry))
we have

7(x(y0)n) = Jr(w(v0)n)J € conv T {Jr (v ) (o)nw(v)J|y € To}. (4.3)

We want to show now that [09 ® co, PizgP] is zero. By Lemma
(09, ® co, PizoP1] = [0, ® co, PryP1]. The approximation (4.3) of 7(m(yo)n
gives for every O an approximation

k
S0 _
[030 ® co, Piy P <r Z aPy [030 ® Jr(y; yo)nm(vi)J, y) Py

1=1

with +; € T'p and Zle ¢ = 1.

Now write 7; = g;h; where g; € O and h; € Vox Z(Ry). We have oy, (yP,) =
y Py and 0y, (Pyy) = Pyy since yPy, Piy € L=(Lo)®B(L*M) and taking O small
enough we get o.,(y) P, = 04, (yP1) ~ yP and Pioy,(y) = op,(Pry) ~ Py in
SOT. Then

[020 ® co, Przo P
k
WOT _
~ > ePilod, @ Jn(y; vo)nm (i) T, 0, (y)] Pr
=1

k
=Y P (oY, ® I (3 07 ] 04 ()] (Ja, 1 (n)T) Py
i=1
k
- Z ciPy [020 ® Jr (v 0y, (021_ ® l)y(agi_l ® 1)] (Jawf(n)J)Pl
i=1

k
= Pi(0f ®1) (0710 @ TT( 70%) Lyl (0] 4 @ 1) (Ja, 1 (n) ) Py
=1
=0.

In the second step we used that y and hence also o, (y) commutes with JN.J.
In the last step we used that [Ugflvw ® Jr(v; "07%i)J,y] = 0 because y € B.

So we found [020 ® co, PrxoP] — 0 and hence 0y (PrxoP) = PizoPy. Since

7(m(0)n) = 7(w (V)7 (vo)nw(v7) = T(x(v107 )y (n)), we get oy (Praolr) =
PPy for all v € ({7)) in the normal closure of 7. By [Petl6, Theorem
10.10.] the action of (()) on L>(G/P) is ergodic, so PyzoP; € C1® P;. Since
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zo was arbitrary in the range of z, we conclude that Pz Py € L>(Vp) ® P; and
hence PIBP, C L>(Vy) ® P;. This means B C L>®(Vy)®B(L*M) because if
x € B and a,b € M, we have

<xd, 13> = {((b*za)1, 1) = ((Pib*zaPy)1,1) € L=(Vp)

since b*za € B. But V) = G/P, and G is generated by the Py’s [Mar91]
Proposition 1.1.2.2], so we get

B=B(L*M)n (Jr(T)JUJNJ) = M. O

Theorem 4.2.7. Let I' be a lattice in a simple real Lie group G which has
trivial center and real rank at least 2. Let M be a finite factor, N C M a
subfactor and w: T' — Ny (N) a representation of T' into the normalizer of
N such that the action T ~ M given by o (z) = w(y)xzm(y~t) is ergodic and
M= (Nu~r())".

If N'N M 1is finite-dimensional and M is not isomorphic to N x I' with
isomorphism extending 7, then [M : N] < oco.

Proof. 1If m does not extend to an isomorphism M = N xI', we get a conditional
expectation E: B(L*M) N (JNJ) — M by Lemma and Proposition
[1.2.6] By [Pop86, 3.2.3 (ii)] this means that the inclusion N C M is amenable.
N C M is also corigid because I' has property (T) [Pop86l 4.1.7 (ii)] (note the
differences in the terminology described in Remark 2.5.2). If an inclusion is
amenable and corigid and N’ N M is finite-dimensional, then the inclusion is
of finite index [Pop80], 4.1.8 (iv)]. O

Remark 4.2.8. In the case where M = LI' and 7 is the left regular repre-
sentation we have M = N x I' with isomorphism extending 7 if and only if
N =_C.
Remark 4.2.9. Going through the above proof or the proof of Peterson’s char-
acter rigidity theorem one can see that it not only works for representations,
but also for projective representations. Indeed, we only get some constants
coming from the cocycle in the proof of Proposition [4.2.6] which does not
change the result that the commutator is zero and the argument which follows
it.

So in the case of N = C we get that if 7 : I' — U(V) is a projective
representation such that 7(I')” is a finite factor, w(I')” is finite-dimensional or
7 extends to an isomorphism 7(I")” = LT..

4.3 On the relative commutant

In this section we remove the condition from Theorem [.2.7 that the relative
commutant is finite-dimensional in the case where M = LI and m = \. Hence
we will prove the following theorem.
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Theorem 4.3.1. Let I' be a lattice in a simple real Lie group G which has
trivial center and real rank at least 2. Let N C LI' a subfactor which is
normalized by the natural copy of T' in LT'. Then N =C or [LI' : N] < oo.

To prove this let, as before, a: I' = Aut(N), a,(n) = w(y)nr(y~') and
@: ' = Out(N) = Aut(N)/Inn(N), @(y) = [a(y)].

The kernel of @ is either trivial or of finite index by Margulis’ Normal Subgroup
Theorem.

Lemma 4.3.2. If the kernel of @ is trivial, then M = N x T.

Definition 4.3.3. An action a: I' ~ N is called properly outer if xy = a.,(y)x
for all y € N implies x = 0.

Proof of Lemma [£.3.2] If the kernel is trivial, a., is outer for all v € "\ {e}
and therefore properly outer because N is a factor (see [Sun87, Definition 4.1.8
and Proposition 4.1.16], where properly outer actions are called “free”). Let
Enx: M — N be the trace preserving conditional expectation. Then for all
y € N we have

Ex(r(v))y = Ex(m(v)y) = En(ay(y)7(7)) = ay(y) En(7(7)),

which implies En(7(y)) = 0. Hence 7(w(v)x) = 7(En(7(7)x)) = 0.(7)7(2),
which implies M = N x I'. O

If the kernel is of finite index, let Iy = ker(@) so that Iy acts by inner
automorphisms, hence for every v € I'y there is a v, € U(N) such that for all
neN

m(Y)nm(y™") = uynu,-1. (4.4)

For o = e we pick the u. = 1. Define c(v,7') = uyuz, u 1 for all v,7 € T.
Then c¢(v,7') € U(Z(N)) = S because N is a factor and ¢ is a 2- cocycle.
Now

p:Tog = UNNM), ~— W(V)uvl,

takes values in N’ N M because of (4.4) and we have

plgh) = w(gh)ug} = w(g)m(h)(clg, WYugun) ™" = clg, )" w(g)m(R)u; ;!
= c(g. )" (g)uy ' m(h)w, = c(g. 1)~ p(g)p(h).
Hence we got two projective representations, p: 'y — N’ N M with cocycle

¢ tand u: I'y — N with cocycle c. Up to here we did not use M = LI" and
™=\
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Lemma 4.3.4. u(T'y)"” and p(Ty)” both have finite center and we have
dim, gy L*(N' N M) < 0o and dimyrg)r L*(N) < oco.

Proof. By [Cam07, Lemma IV.3 and Lemma IV.5], we have 7(zy) = 7(x)7(y)
forallz € NN M and y € N and

M>(NNM)UN)"=(N'NnM)®N. (4.5)
Let F' C I be a finite subset such that I' = (I'g, F'). Let
My = MTo)" = (p@u)(Ty)" C p(Ty)"@u(ly)” C (N'NM)RN.

Since M = A(I")", we have

M =37 MyA(y) = 3 (V' 0 M)EN) ), (46)

yeF yeF

Now the claims about dimensions follow from the following estimate using
Lemma [[.2.27]

oo > dimMO (L2M) > dim(p®u)(p0)//(L2((N' N M)@N))
> dimy gy (L (N0 M)BN))
= dim, gy (L*(N' N M)) - dimy,mryyr (L*(N)).

I'/Ty acts on Z(p(Iy)") and Z(u(ly)"”) by conjugation with A because A|r, =
p ®@u and A(I') normalizes N and N’ N M. Since M is a factor, these actions
must be ergodic. As I'/T is finite, Z(p(I'y)”) and Z(u(Ty)”) must also be
finite. O

Lemma 4.3.5. p and u generate finite-dimensional von Neumann algebras
or are the direct sum of a projective representation (with cocycle ¢ resp. ¢!)
generating a finite-dimensional von Neumann algebra and a twisted left reqular
representation (with cocycle ¢ resp. ¢™1).

Proof. We want to use Remark for v and p. Since the center of u(I'y)” is
finite, we can decompose it into a finite direct sum of factors, u(I'y)” = @ N;
and u = @ u; decomposes into a direct sum of projective representations such
that u;(T'g)” = N;. Then the claim follows for u and analogously for p. O

So both u and p have a finite-dimensional and possibly a left regular com-
ponent. The following lemma shows that they can’t simultaneously have a left
regular component.

Lemma 4.3.6. It cannot happen that p = p™ ® A1 and u = v ® )\, such
that p"(Ty)" and uf™(Ty)" are finite-dimensional.
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Proof. Assume that p and u are as above such that B is a basis of p*(Ty)”

and C is a basis u™(T)”. Recall (4.5) and let E: M — (N'N M)®@N be the
trace-preserving conditional expectation. Then (4.6)) implies

(N'NM)®N = E(M) = E (Z Mow) = MyE\(%))

YEF YEF

= ((p™ & A1) @ (u™ @ A))(To) " E(A(7))

yeF

=3 3 ) (A @A) (T0) 2yE(A(7))

yeF xeB yeC

The left hand side contains A.-1(T'g)"®A.(Ig)” and the right hand side is finite-
dimensional over (A.-1 ® A.)(I'g)”. To bring this to a contradiction to Lemma
we show that

dim(y _, oa0) ey L2 (Ac-1(T0) " @Xe(To)") = o0.
For this we prove that if g, h, g/, i’ € Ty such that h=tg # h/~'¢’, the sets
(A1 @ Ac)(T'0)" (Ac1(9) @ Ac(h))  and (Amr @ A)(T0)" (Ae-1(g") @ Ae(R))
are orthogonal in L?(A.-1(Ty)"®@M.(Tp)"). Indeed, for each v, € T,

<()‘c*1 ® )‘c) (’y)(AC*l (g) ® )‘c(h))v ()‘0*1 ® )‘c)(’yl)()‘cfl (g/) ® )‘c(h,)»
= (A1 (MNA1(9), A1 (V)A1(9)) - Ae(V)Ac(B), Ac(7) Ac(R)) -

The first factor is nonzero iff g¢'~! = y~!4/, the second factor is nonzero iff
hh'=t = 4714/, So if the product is nonzero, g¢'~' = hh/~!. Hence h™'g =
h'=tqg', contradicting the assumption. O

Hence u(I'y)” is finite-dimensional or p(I'y)” is finite-dimensional. If u(T'y)”

is finite-dimensional, then N is also finite-dimensional because dim,r,y» L*(N)
is finite, which implies N = C by Lemma[3.5.5] If p(Ty)” is finite-dimensional,
then N’ N M is finite-dimensional since dim,rq)» L*(N’' N M) is finite. This
proves Theorem [4.3.1}]

Remark 4.3.7. Another approach to obtain results as in this chapter would be
to study the character v — ||Ex(7(7))||3 and use character rigidity of T
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