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Hamiltonians for magnetic fields in simple geometries
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Hamiltonian representations of magnetic fields using magnetic coordinate systems
have recently been used by some authors in plasma physics (Boozer 1982a, b,
Carey and Littlejohn 1983, Channel 1984). Magnetic coordinates are used in the
study of magnetic surfaces (Miyamoto 1980) which have a relevance in toroipal
fusion devices. As a first step towards an actual stability analysis, we would
write the magnetic field line equations in the Hamiltonian canonical form. Ttis
requires that we find a Hamiltonian for the system in terms of suitably defined
‘canonical coordinates and momenta’. Once this is done, the KAM theorem or
the Chirikov criteria can be applied to study the stability of the system.

We consider two relatively simple cases: (1) a helical magnetic field, (2)
the field due to a long straight steady current.

A directed Ilne element in orthogonal curvilinear coordinates u,, u,, u, is
~ ~n s
ds--e h,du, +eghydug+{ e hgdug .

~ n A
and the magnetic field B— EIB, - e,B,+e,B,, e are unit vectors in the directions
of increasing uy.
The field line equation is
dsxB=0 (1)
This leads to

hydu, hgduy _hydu,

B, B, B, (2)
We define the ‘canonical coordinates and momenta’ as
q—q(uy, ug)
p=p(uy, uy) 3)

and the ‘canonical time’ r=u,
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Requirement of Local single valuedness of H together with the condition
p-B=0 leads to the following possible sets of q, p and H, these sets being
connected to each other by canonical transformations (Janaki and Ghosh 1987)

. 2 Ug

i) qu=u,, pl.—=& h,hyB,du,, HI:\ heh B du, 4)

) Y U,

i) qg=ug. p,:—& h,heBodu,, H,,-:—& hh,B,du, (5)
Uy Yy

i) po=u,, q,.—-—g h,h,Bdu,, Hu-—-S hoh,B,du, (6)

. Ui Uy

iV ) p.=us, q.-—fg huhyBydu,, Hy -\ h,h,B,du, )

The Hamiltonian is such that the equations of the field lines are consistent with
the canonical equations

8H dp .8H_dq
8 dr "3p dr ®

We use cylindrical polar coordinates r, z, 6 with e, xgz = é“, etc ; this convention
is somewhat different from that usually used. But this has a definite advantage
in the case of toroidal geometry (Woods 1987). Here

Uy, Ug, Ug=T,Z,0; hy=1hy= 1,h,-rand B, =B,,
B,=B,, B,=B,. 9

The field components for a helical magnetic field are (Blewett and Chasman 1977)

B,—28,[1, (k)= L(kn] sin (8 - k2) (10a)
B, = —2B,l,(kr) cos (6 - kz) (10b)
B, -:?%' 1,(kr) cos (8—kz2) (10¢)

where B, is the transverse on-axis field amplitudes and I,, I, are zero-th order
and 1st order Bessel functions of imaginary arguments. In the case of a helical
magnetic field we have the first choice

q,=", PI:_-.—SB,dz, HI:SrBsz (11)
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In view of eqn. (10), this leads to

28, ,
r

Py =— 1(kr) sin (6 —kz)

H, —2B[kr I ,(kr)--1,(kr)] cos (8 —kz)
From the field line eqs. (2) it follows that

dr_ B, r—kr ,_,[(, ]sm (8 -kz)
I, kr

d B, cos (6 - kz)

‘;; rBB, —kr®

py- ‘_1(%1—321 23.,k, (kr) cr sin (6- kz)
._eru I,(kr) cos (0-- kz) (1 - kg—;

(12a)

(12b)

(13a)

(13b)

(1'\»

For a helix of constant pitch (k= constant, as we have assumed above) we cah
take 6—0 for z=0 which makes (¢ —kz)-—-0 for all z. In such a case eq. (14)

reduces to

po=1— 2P k{14 ko)

Also under the same boundary condition,

H, _8H
6qi£ 2= 2B, [kl (k) + k2l (k) — ki (k)]

Using the recursion relations (Watson 1988)
15 (x) —11(x) 1w (x) = ly(x)
Xly(x)+ nlp(x) — xly. 1 (x)

we can write

a2, [k (k) -+ kerl (k) — kel (k) = 1 (k)]

From eq. (15) and (17) we get

8H, =,
5 M

(15)

(16)

(17)

(18)
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Now, in the Hamiltonian theory, p and q are regarded as independent variables,
both being (implicit) functions of the ‘time’. Therefore in dealing with the other
canonical equation, we have to regard p, and r as independent.

From eq. (12a) and (12b) we then get

r[krlu(kr)—ll(kr)] sin (6 —kz)

E 1,(kr) " cos (60— kz)
We note that this eq. (19) holds independently of the boundary condition (6§ kz)=0.

When this boundary condition is taken into consideration, eq. (19) is trivially

satisfied because both P H, and ¢, are then zero.
1

Linear current :
With our choice ot

u,=r,u,=zand u,=o

B=e,B,~ ~¢, gm' (20)
s
pa=\Bodz= - ““‘( D (21)
f=t
H,~\rB,dz
=f,(r, 0) [Since B, =0, the integral should be a function

only of r and 0]

dPl:—_—q_P_n . #u 1 dz ~ _ZA d_f -0
dt T do 2n [rdo r¢ dg
Since dz =0= dr for the field lines
do de
8H, _é&H, i[l
b‘p1 ér  &r
if the canonical equation dp, Bﬂl is to hold,

do

we should have 8{1_0 so that f, is a function only of .
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We may take H, = «f, where « is a constant.

Then f: %‘-=0, because p, is function of z and r while f, is a function
1 1
only of 8 and d"l— B =0 for the field lines. So the other canonical equation,

namely, 3:1_§:1 is also trivially satisfied.
1

By a canonical transformation, we may obtain
9=qg=2; p=p,= ‘S hyhgBydu,

€ o pll L dr

= SB,dr —i-ﬁ-g .

2ol 10 r 4 constant
27
H,= ——Shlh,B,dul
= —S rB,dr=f,(z, 6), because B, =0

This set of quantities also leads to the canonical equations

dp, _ oH,
6 bp,, both sides being zero

and

%%2—_«2::, both sides being again zero.

We can obtain two more alternative forms by similar canonical transformations.

We have shown that (i) in the case of a helical magnetic field (given by
eq. 10.), the canonical coordinate ¢ and momentum p and the Hamiltonian H given
by egs. (11) and (12) and (ii) in the case of the magnetic field due to a long
steady current, q, p and H given by eq. (21) lead via the field line equations to the
correct canonical equation. We may, therefore, conciude that the canonical
equations themselves represent the field line equations in the respective cases.

Acknowledgments

The authors sincerely thank Prof B Dasgupta of the Saha Institute of Nuclear
Physics, Calcutta and Prof S K Chakravarty of the Department of Mathematics,
Burdwan University for helpful discussions. One of the authors (SPK) is grateful
to the University of Burdwan for financial assistance.



Hamiltonians for magnetic fields In simple geometries 143

References

Boozer A H 1982a Phys, Fluids 25 620

Boozer A H 1982b Phys, Fluids 26 1288

Blewett J P and Chasman R 1977 J. Appl. P hys. 48 2692

Carey J R and Littlejohn R C 1983 Ann, Phys. 151(1)

Channel P J 1984 Los plamos Nat, Lab, Rep. No. LA-10048-MS

Chirikov B V 1979 Phys, Reports 52 263

Goldstein 1980 Classical Mechanics 2nd edn. (New York : Addison-Wesley)

Janaki M S and Ghosh Gautam 1987 ]. Phys. A20 3676

Miyamoto K 1980 Plasma Physics for Nuclear Fusion (Cambridge, M A : MIT Press)

Watson C N 1958 A Treatise on the theory of Bessel functjons 2nd. edn. (Cambridge : Cambridge
University Press) p 79

Woods L C 1987 Principles of Magnetoplasma Dynamics (Oxford : Clarendon Press) p 223



