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Prime power divisors of binomial coefficients

By J. W. Sander at Hannover

1. Introduction
Around 1850, Chebyshev was the first mathematician who proved any worthwhile
results on the prime counting function 7 (x), namely that it is bounded from above and below
by 1—6);—. This can be obtained by looking at the prime factors of the “middle” binomial
X
coeflicients " , because these coefficients have enormously many distinct prime factors.
n

On the other hand, in 1975, Erdés [5] conjectured that for » > 4, the binomial coefficient
(Znn is never square-free. In a subsequent article, Erdés and Graham [3] asked more
general questions (see also [4] and [6]), namely: Given a positive integer a, does for
sufficiently large n, there exist a prime p such that p*| <2nn>? Does p tend to infinity for
increasing n? Do these properties also hold for binomial coefficients <2n + >, if dis “not

n
too large”?

The original conjecture of Erdos was settled by Sarkdzy [14] in 1985 for sufficiently
large n. In [10], [11] and [13], the author gave answers to the second and third question
mentioned above, using a new exponential sum estimate [12]. In this paper, we will finally
give an answer to all three questions by proving the following

Theorem 1. Let 0 <e<1,and ae N. Then there exists my, = m(¢, a) such that for
allm =2 my and all 0 < k < m satisfying

(1) |m —2k|<m'~®,
m . 1 1
we have p°| K for some prime p > 7 ma+1,

The main tool for the proof of Theorem 1 will be an upper bound of the exponential
sum
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2 Sander, Divisors of binomial coefficients

hy h,))
elx|{—+ ...+ — N
pzé‘:P < (p]l p.lr

where e(x) = e2™* for real x, as usual. This generalizes the corresponding results obtained by
Jutila [7] and the author [12]. As a corollary, we get an asymptotic formula for

x .
card{p§P:{;)—j}<aj(1 §j§])},
where 0 <og; < 1.

In a forthcoming paper, we will apply these exponential sum estimates to the method
of Sarkozy [14] in order to obtain upper and lower bounds for the highest a-th power
dividing binomial coefficients.

2. Preliminaries

In the sequel, let r be a positive integer and let real numbers 4; (1 < i < r) and positive
integers j; (1 < i < r) be given such that
) h=h =1,
H=max{|h|:1Si<r}

and
(3) 1§j=j1<j2<"'<jr§']3

where J is a positive real number. We define
log X'\?
AX,Y)=—] .

All the explicit and implicit constants may only depend on J. We adopt the convention that
the constant ¢, which always is assumed to be positive, may change its value within equations
and inequalities. This enables us to write

x!7logx < x17¢,

for instance.

We will make use of methods due to Vinogradov-Karacuba, van der Corput and
Jutila [7].

Lemma 1 [8]. Let N, P and n = 2 be positive integers, let f(x) be a real function
having continuous (n + 1) th derivative in the interval N < x < N+ P. Let c,, c;, C,, ¢3 and
¢, be positive constants satisfying c, <1, ¢, <1, ¢, + ¢, <c,, let t be an integer with
con St < n,andintegerss;(1 < i< 1),2 £5; < n,such that for N £ x £ N + P the following
inequalities hold:
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Sander, Divisors of binomial coefficients

1
4 (n+1) < =ci(n+1)
@ /| s praer,
1
©®) P-czs-'g’;fw(x) <P (1Sisy).

Then for each positive integer P, < P and
N+Pi—1
S= Y e(fix),
x=N
we have for some positive constants A and y

|S| < APV,

Lemma 2. Let T'>2, T = T h such that

(6) 0< P'<P< TTH+ 1007
and
@) P(log P)’ >JH(3logT)’ .
Then
(B )| e,
Proof. Without loss of generality we may assume
® J>8
and
©)) P> (2J)1507%

We intend to apply Lemma 1 and put N = P,

’ hl hr
fx)=T (;ﬂ+--~+ )

er
logT
— | 1002 282
(10) n [ 0j logP]’
I S U 1 1
€= 500, T T 50,20 2T T 252 3T 50,20 4T 60,2

and

. 1 \logT 1\ logT
(1)  {s:15is4 {se <1+_5j2) logp—s§(1+j)logP}
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4 Sander, Divisors of binomial coefficients

By (6), we have

logT 1 1 \!
12 > .
12 log P <j+1 + 100j3>

1 1 logT 1
1+=-)—-({14+ = >14+ —>1
<< ¥ f) ( " Sﬂ» logP T3
thus {s;} + 0. Moreover, (12) yields
1 1 logT L, logT
t2{{1+-]—-[(1+=—5]})—=—1>¢y1 2_2=2_ >
= << + j) ( + 5j2>> log P €010/ logP = Colt

Obviously, 2 < 5; < n. It remains to check (4) and (5) in Lemma 1. For x> 0 and me N,
we have

Therefore

z i JU+D) -G+ m—1h,
m! =, xirm '

) P = (-1

(7) and (6) give P> H. By (2) and (7), we thus get

Il i <i<n,

ho_ |k
(14) 5 Z Ba

v

which implies for P=N< x < N+ P = 2P with (9)

1 n n ’ |h1| |hrl Jn+1 T h
mf( V)| =T <W+ ot ) S
n+2
= p{jﬂ-g; = P("+2)%3§l”+}%§%_(j+"+l) = pcimt1)
where
¢, =1+ J (n+2)logJ logT
1 _— —"

— > cl
n+1 (n+1)logP (m+1)logP
by (9) and (10). Hence (4) holds.
In the same way, we get for P < x < 2P and se {s;} by (11)

1 JEHT .
£ I —c3s
.S'f (x)‘ é Pj+s _P ’
where
_(s+1logJ  logT
slog P slog P

c§=1+§ c3.
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Sander, Divisors of binomial coefficients h)

This proves the upper bound in (5). By (13), we have for P < x < 2 P and s € {s,} using (2)

(r—1)<J_i+s>£ﬁ)-

We apply a weak form of Stirling’s formula, namely

+110n n+31 lo3 <l 1< 110 +1
n > g > g2 <logn! £ n+2 gn—n .

For J — 1 <, this implies together with (8)

(16) <J_;+S)<SJ—1,

For J—1 = s, we have trivially

a7 <J—1+s)<4j_1.

s

(15) } f‘s’()l>T<

By (15), (16), (17), (2) and (3), we get for s, = max (s, 4)
T Js§ 'H
xi*s h— xi2=i
> I (4_ Iso ' H
(2P)1+s piz—i

L, I, Iss'H
= (@P)i*s P )

v

1
(18) .ﬁﬂ””

By (7), (11) and (12)
P>2JslH.

Therefore, (18) yields

(s) — —pcs
~f (ﬂ_zapyﬂ :

where

)
%S

j log2 log2 logT
= =){1
(1 + s) < + logP> + slogP slogP = =6
using (11), (9) and (12). Hence the lower bound in (5) also holds. This proves Lemma 2.
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6 Sander, Divisors of binomial coefficients

Lemma3. LetT'>2, T=Thand0 £ P’ < P such that

(19) P = T7+1* 1007
and

(20) P>2J3H.
Then

P+P’ h h Pj+1
Tt +--- r < .
5 e(r(Ee e

Proof. We use van der Corput’s well-known method. Again let

’ hl hr
e (et ).

We assume without loss of generality
1) P> (2J)%000%,

For x>0,

’ ! jh jrhr
fx)=-T (x;,+l1 + +_4'-T>

x.lr
Since by (2), (3) and (20) for P < x <2P

Froo= (B LG D)

Xirt2
T . L

> xT;;(1(1+1)hx“ i—(r—1)JJ+1H)
T s

f'(x) obviously is an increasing function. Because of (14), we get for P< x < P+ P’ by
(19) and (21)

, T'7 [ h, B\ _TJ h _J°T
If(x)|§T<F{+"'+Pj'>§—1—;-r_};7épj+1
<J2P‘T61?3‘1<J2(2J)“;i!§%<1

Bereitgestellt von | Technische Informationsbibliothek Hannover
Angemeldet
Heruntergeladen am | 10.04.18 11:14



Sander, Divisors of binomial coefficients 7
Thus Lemma 4.8 in [15] implies

P+P hl h P+P hl h
22 T {— + - =~ 1) = —= 44— .
( ) Z e< <x11 + + x}r)) i‘; € (T <x]l + + xlr)) dx+ 0(1)

x=P

The function f’(x) is increasing in [ P, P + P’'] and, by (3) and (20), we have in this interval
, L Jh JH
—fxzT <;+—1 - (7—1);;271)

> T’ h J*H
= (2P)J‘+1 Jn—= pi2=i
1 T
2 2Pyt

1 T'h
>

— ; >
=20QpP)ytt=

Hence Lemma 4.2 in [15] gives

P+P h h j+1
| e(T’(——!— + o+ '.>>dx <
P x.’l x]r
By (22), the desired result follows.
Lemmad. LetT'>2, 0P <Pand
(23) P>JHQGlogT H) .
Then
Pj+ 1

< Pl—cA(P.T'H)+ T .

P+ P , hl hr

Proof. For P =T’ the lemma obviously holds. In case P < T, (23) implies (7) and
(20). Hence the proof is completed by Lemma 2 and Lemma 3.

Lemma 5. Let x> 2. Then

hl hr
mgM ¢ <x <mj1 * mjr)>

Proof. For M < J*H?(3logxH)?*’, the lemma is obvious. Thus we assume

< MlmeAMxH) 4 pAritlx=ly H2 (logx H)?Y .

(24) M>J*H?(logxH)* .
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8 Sander, Divisors of binomial coefficients

Let%§x<1. Then

hl hr
Ex("(ﬁ*‘“*mh))lé

<M+ YR,

h, h,
) e i+ )|
M®2V<m<min(M*2v+1,M) m m

. 1
By Lemma 4, (24), and since k = > we get

+ X

vz0
M®x2v<M

m<Mx

M*2v<m<min(M*2v+1 M)

where

R =

v

Rv < (szv)l—cA(M"Z",xH) + (szv)j+1x—1
< 2va-cx3A(M,xH) + 2(j+1)vM(j+1)xx—1 .

(1—x)logM

In ZRV, the variable v runs through the interval 0 £ v < Tog2

, therefore

22v§ 2M1—x
and

22(j+1)v é 2j+1M(j+l)(1—K) .
For large xk <1, the lemma follows.
We would like to mention that Lemma 5 is non-trivial only for x = M/,

Lemma 6. Let2 < M=ZM Zmin(M,N)<N=<xand B=2. Then

2

h

hl . r
Y NA(n)e<x ((mn)j‘ + -+ (mn)f'>>

B<n§;

< (NZM—I—CA(M,xH)+Nj+2(Mx)—1+N+ NZM_2H)(10gXH)J+2,

r=_ %

M<mszM’

where A (n) denotes von Mangoldt’s function.

Proof. For M < JH(3logxH)’, we obviously have
N 2
T<JHQ@BlogxH)’ (H log N)

< N2 M *H(logxH)’*?,
which proves the lemma in this case. Hence, let
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Sander, Divisors of binomial coefficients

(25) M>JHQGlogxH)’ .

Clearly

r h.
T= A(ny) A(n, P
M<§§M’ B<§§N B<§§% (n1) (n )e( ; ((mn )Ji (mnz)n)>

- Y Y Ampamy) ¥ e(x<ﬁ.41+~-+”_"i)>

J1 Jr
N M<msM’ m m
B<n1<——B<nz<——
M M N N
é"l mé'lz
with
1 1
A' =\— - — (1 <i< r)
nJl n.h
1 2
Thus

(26) T<(logN)?* Y Y

msfh sl

hlAl hrAr
Z e{x\——+-" 4+ —
M<msM' m’ m’r

N N
mgnl mgnz

< (logN)? (N+ )P ) e()((”’;j‘l ++h_';;h))l>
M<nM’

0<n1<n2<

FA

N

= (logN)*(N+ 1),

| =

say. By the mean value theorem, we have for fixed 1 <n, <n, <
0<4,<---<4,=51.

By this and (25), Lemma 4 implies
@n 1= }X

5 e(xa (o +’zﬁz/ﬁ+...+h,4m,>>‘
1<n,<"2§% M<msM’ mit m’? mir

< ZZ (Ml—cA(M,xH)+Mj+1(xA1)—1)

1<n1<n2§%

< N2M~1-cAMxH) | pri+1y -1 22 i
x4

1<n1<n25 1

E

We set 4 =n, —n,. For 1<n;<n,and 1 Si<r, we get

_mi—nt i a4 e T2 0 Ao
i i~ 4o j = i+l
(nyny)” (nyny)” n3
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10 Sander, Divisors of binomial coefficients

Therefore,
1 1
Y 4= ¥ XY o
t<m<mzl Tl og<cgo< 1< <N 1
n1<n2=yg o< "‘<"2=M
ny—ny=Ag
<1y L ¥y wn
J1 0<do<f "0 o0<n <l
N jit2
<« | — logN .
() s
By (27),

T1 < NZM—l—CA(M’xH)+Nj+2(MX)_110gN.

This and (26) yield the desired result.

3. Vaughan’s identity
The application of Vaughan’s identity instead of Vinogradov’s rather complicated

combinatorial argument is by now a well-known technique in analytic number theory. In our
case, it simplifies the method of Jutila [7].

As a corollary to Vaughan’s identity (see for instance [16], [17], or [2], p. 138—-140),
we have

Lemma7. Let U=2, V=2, UV N, and let f(x) be a complex-valued function
satisfying | f(x)| =1 for real x. Then

Y Am)f(n) < V+(ogN)S, +S,,

ns<N

where A (n) denotes von Mangoldt’s function, and

S, =) max
tsuUvV w>0

wss<

;= Y Y Y wd)A@fmn).

N NdsU
U<m<y V<,.§m dTm

Lemma 8. Let x>0and2 < N < x'. Then

Z A(n)e(x <;l,_171; + -+ hr)) < (Nl—cA(N,xH)+N‘Liz‘—zx—%_i_N%Hz)(long)Ll.

nsN n}r
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Sander, Divisors of binomial coefficients 11

Proof. We apply Lemma 7 with

h

ror=e(s(f 4 1))
n n’r

First consider S,. By splitting up the sum ) into intervals M < m <2 M, we get

S, < (log N) max

U<M<M <min(2M, &)

Y ) ( )y A(n)f(mn)><z u(d))‘~
s el

N
V<n§m

Cauchy’s inequality implies

Y. A()f(mn)

V<ns

g(z

m

3=

2\1/2 2\ 1/2
) (Z(Z u(d)))
m \dsU
dim
= T11/2 T21/2 ,

say. By Lemma 6,

T, < (N2M ~17cAMxH) 4 Nit2Z(Mx)" '+ N+ N?2M "2H)(logxH)'*2.

Moreover,
2
ns ¥ (zif-3 % ¥ o
Msm<M \dsU dysU d 25U M<m<M’

dim m=0modd;,m=0modd;
1

sy ¥y LBDoyys v 3
disU dsU d1d2 bsU disU d dldl

22U
dy=0modb d2=0modb

< M(logN)3.
Together, we get
(28) S, < (logN) max (T, T,)"?

v<msh

< (logxH)™ S max (NM—eAMs8 4 N'532 -3 L (NM)2+ NM~3H?)

v<msl

< (NU-cA@xm ¢ N335 -3 L NV-3 4+ NU-TH})(logxH)¥ .
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12 Sander, Divisors of binomial coefficients

. N
It remains to bound S;. For 1 < w = 7 we have by Lemma 5

hl hr B x hl hztil—jz h,,tjl_j'
ZJ(" ((sr wt +(st>f'>> =2, e(ﬂ* <+ T ))
N w<s
(29) E ~ea (i XH) N " z -
t t ti

—cA(w,xH) + HZ (lngH)ZJ

IIA

The function
g(y) = y! e e

is increasing for 1 < y < exp ((3¢’)~¥/?). Without loss of generality we may assume that
$2

for ¢ in (29), we have ¢ £ % Then for N < x/J

N . log xH 3c -2
Y < xH) = < _2¢ .
; =) ex"( j ) = &xp (((long)2>

Hence, for N < x/J, we get by (29)

hy e h, N\t-ea(fosm) | (NVT1 4, 2 27
2 (< am) < () +(F) it s

wss=

N\t-ca(¥.x .
- <7>1 A(t H)+ N_]+1(xt)—1+H2(long)2",

thus
hl hr N 1-cA(¥,xH)
— 4 - _ < [ =
w0 wi{(" (Gm+ (s,yr»l (7)
==7
+ Nt (x)" 1 + H?(logxH)*’ .
Therefore,

Sl < Z <<E>1—CA(¥,J‘H)+Nj+1(xt)—1+H2(long)2.l>

tsUvV t

. 1
<« N1=eA(gypsh) ¥ (mireA(gysH) 4 Nittx -1 ~ + UVH? (log xH)>’
t<Uv v

IA

-1
< Nt-ea(gyH) 4 (?]ALV xH) (UV)A@y+H) 4 Ni*1x~tlog UV
+ UVH?(logxH)* .
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Sander, Divisors of binomial coefficients 13

For U=V = N'3 and N < x'/4, this together with (28) implies according to Lemma 7

Z A(n)e( (h ++:;))

< (N1=CAWSE) f(N x[)~1 4 Nit1x~1 +N%H2)(long)“+1

+NY3 4 (NEmeANsm)  NTER -7 4 NSIS H T (log xH )

< (Nl—cA(N,xH)+NJ.LZZ‘X—%+N%H2)(10ng)4J.

Theorem 2. Let 2 < N < x'J. Then

h h
) e(X (—71 + -+ —)) < (N1-eAWsB 4 N5 -3 L NEH?) (log xH)™ .
p 1 p.lr

PEN
Proof. By Chebyshev’s theorem ([2], p. 55),

Z A(n)e( (h +"'+:;r>>=2210gp e( (iih—i— +p}i'1)>

pesN

(30) = Y logp e<x (f} 4+t h;,)) + 0 (log N7 ()/N))
h
2)) +ou/m.

h
= ) logp e<x<p—;1 + -+

PEN

Put

+2

A(N) = (N1-eAtxt) o N2 =5 L NEH?) (log xH)* .

By partial summation, Lemma 8 and (30) give

hy h hy h,))
elx|—=+ " +— logp e{ x| =+~ + =
5 es(Be e )| 2| £ e e(s(Ge e
N h h dt

logp e{x{—+ -+ '>>—

£p§, #7 <<p“ p*)) tlog)

< ha }' h(f) 1/JT/
logN > t(logt)2 logN

1
log N

IIA

< h(N) + (logxH)*’ j ¢ meAtxH) gy
2
N . N 1
+ (logxH)* x4 | ti2dt + H* (logxH)*’ [ t "&dt
2 2
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14 Sander, Divisors of binomial coefficients

N
< h(N) + (log xH)*/(] /N + [ ¢meaesm ggy
VN

+(N‘;2x‘%+N%H2)(10ng)4J
< h(N)+ (lngH)‘“(l/]T[_'_ N-%cA([/ﬁ,x}{)N)
< h(N).

This completes the proof of Theorem 2.

4. Vinogradov’s Fourier series method

The following method may be found in [18], p. 32, or [1], Lemma 2.1.
1
Let0<4< 7 For Je N and real numbers 4; and B; (1 <j < J) with

0<B-4;<1-24,
there are 1-periodic functions y;(z), satisfying

@ = 1 for 4;=z< B,
Y Z10 for B+A<z<1+4,-4,

and 0 < y;(z) <1 for all z, such that

(31) y(2)=B—A4;+4+ _Z a,, je(mz),
m#*0

where a,, ;€ C and for [m|>0and 1 << J

1
m*a’

(32) | @ ;| <
Theorem 3. Let2<P=<x'", a= (0,,...,0) with0<o; <1 for 1 <j< J and
D(g) = D(g; P, x) =card{p§ P: {;i%} <o; (1 §j_<_.J)}.

Then we have for arbitrary ¢ > 0

D(g) = 0, - g;n(P) + O (P! ~*4*» 4 P ex—3) (logx)* .
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Sander, Divisors of binomial coefficients 15

Proof. Ford={A,,...,A;}, B={B,,..., B}, let

X .
T(4,B)=card{p<P:4;< {?} <B(1=ZjsJ)}.

Then

o rews s ($u()<ra s,
sP \j

where 4 = (4, ..., 4). By (31),

o fn(3)-fla-asovo( 3 (5 e(Z)

i= 9+rel,...,J} jeI \m=—w Pj
m+0
By (32),
i mx mx mx
(35) a, e (—) = A, ;€ (———) +0 ( a, e (—))
m=z-:-ooo Y p’ 0<|mz|:<4-2 I p’ Im[gZA‘Z »J p’
m=+

mn 1
a o™ +0< —)
o<|m2|:<4-2 'J (PJ> |m|§:1-2m24
a,,,,,.e('";j.f) +0(4).

Define L to be the O() term in (34). The preceding equation yields

0<|m|<4-2

=% s (3 awe(")vow)

r=11<j1<...<jp=J i=1 \0<|m;|<4-2

J r mix
< X > ) ( ) ami.,-..e( . >> +0(4).
r=1 1<j1<...<j,<J i=1 \0<|mj|<4-2 P

Since P £ x'7, we get by (32), (34) and Theorem 2

3 (1w() = 5 (@)

+ 0< max

aml-jl '”amn]’r
1£j1<...<jrsT | 0<|my|<4~2 0<|m,|<4-2
m m
(36) X Ze(x(—%+"‘+-—7')>)+0(PA)
p<P p P

(11 &-a+0)
P<P

ji=1

+O((Proeasd 4 pHRx-b oy PEA4)(0gxa ) 47Y),
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16 Sander, Divisors of binomial coefficients

if we choose for some suitable y = y(J) >0

A = pvAa®.x)

At this point, we have to check that 4 < 3 as required by the initial conditions. This can be

done by distinguishing two cases. If (log P)*® << (log x)?, we have
Pl —cA(P,x) (log x)4J > P ,

hence the theorem obviously holds. Therefore, we may assume (log P)3 > (log x)2, which
yields the desired inequality for suitable y. Then for arbitrarily small ¢ > 0

J x J
8 (fio(3) - (fn-ae )

J+2

+0((P1—CA(P.JC)+P 2 +8x—%+P%+E)(lOgX)4J)

= <f[ (Bj~Aj+A)>n(P)

j=1
J+2
2

+O((Pre4®9 4 pTEE e 2) (log x)*) .

Let R denote the error term of the last equality. Then, by (33),

J
(37) T(d4, B)< n(P) [ (B,— 4, + 4) +|R|
j=1
and
(38) T(d—4,B+8) 2 n(P) [] (B—4;+4)~|RI.
j=1

Replacing 4, Bby 4 — 4, 4 resp. B, B+ 4, (37) implies

T(4—-4,4)< Q24 n(P)+|R|
respectively

T(B,B+4)=(24) n(P)+|R|.
Thus, by (38),

T(4,B)=TA—-4,B+4)—T(Ad—-4,4)—T(B,B+4)
> n(P) f[ (B,— A;+ 4) — 3|R| — 22 4)’ n(P)
j=1

J

J
=n(P) [] B,—4)+ 0P ")+ O(R)

j=1

=n(P) ﬁ (B;—4;)+ O(R).
j=1

J
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Sander, Divisors of binomial coefficients 17

Similarly, we get by (37)

T4 B)S7(P) [] (B—4)+O(R).

i=1

Together, we have

J
T(4,B)=n(P) [] (B— 4)+ O(R).

ji=1
Setting 4; =0, B;=0g; (1 = j = J), the desired result follows by observing that

D(g; P,x) =T(4, B).

S. Proof of Theorem 1

Let m and n be positive integers, and p a prime. We define U, (m, n) to be the number
of “carries” which occur when adding m and » in p-adic notation. Moreover, let
e(n; p) =max{a =0: p®n}. An old result of Kummer is the following

e((m+n>;p> =U,(m,n).
m

Now we are in the position to give the proof of Theorem 1. By (1),

Lemma 9 ([9], p.116).

m _ m
-3 <—-—m"t<m—-2k<m! ‘<5

for sufficiently large m. Hence

(39) m < min (4k, 4(m — k)) .
Thus

(40) |m—2k| < (min(k, m — k))* ¢

for a suitable ¢’ > 0. Set

n=min(k,m—k), d=|m-—2k]|.

w ("7)=(%)
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18 Sander, Divisors of binomial coefficients

i 12 J
Let 0 = %; let Je N with J> —8,—a. For sufficiently large n and K = [m:l, we get by

Theorem 3 and the prime number theorem that

2 n ) n 1
{nl/”+1)<p< (2n)1/“+1>:§ < {;}—,} (K<j=J), {;,2} < 5}

is not empty, i.e. there is a prime p satisfying

(42) %p.l+1<n<p1+1,
2
(43) {%} >3 K<j=J)
and
n 1
o3

Write n in p-adic notation, namely
n=mp’+n_p’ '+ 4+npt+n, (0<n;<p).

For K <j < J, we have by (43)

thus

ni_y _ 2 1 1
— > - — _1 — e — 1 >

This implies for p = 7

1
nj_ 1 > Ep .
i.e.
1
(45) n>sp (K=j<J).
By (44), we get in a similar fashion
1
(46) ng-1 <3P

By (40) and (42), as well as the choice of d, n and J,
0 é d= |m _2k| < nl—-e’ < p(l+l)(1‘s’) < pl(-l .
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Sander, Divisors of binomial coefficients 19
Writing d in p-adic notation, too, we therefore get
d=dy_,p* %+ - +d,
with integers d;, 0 < d; < p. Thus we have by (42), (45) and (46)

n=mp’ 4 b pETI g,
n+d=np’+ - +ng_ pX '+ g,

where

1
nj=”,,'> EP (K=jsJ).

2n+d
e " ;pl2J—K2a,

which means that there is a p satisfying p?| <2n:— d). By the definition of » and (39)
we have

By Lemma 9,

n>1m
4 ’

thus by (42)

1
> (;)J+lg %m1+1

By (41), the proof of Theorem 1 is completed.
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