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Chapter 1

Introduction

1.1 Background

In the second half of the 18th century, scientists studying the many body problem in ce-
lestial mechanics realised that they could considerably simplify their equations by noting
that the periodic perturbations of the other planets on the earth and sun approximately
cancel out over time. This became later known as the averaging principle[SVMO7].

One hundred years later, when Boltzmann was laying the foundations for statistical
mechanics, he noted that the probability of a collection of particles being in a certain
state was closely related to the time a typical particle with a sufficiently long trajectory
spent in that state. This was the beginning of ergodic theory [Von91].

Both ergodic theory and the averaging principle rely on the idea that on a sufficiently
long trajectory perturbations will eventually cancel out. When combined they lead to
stochastic averaging principles, the main topic of this work.

The first main object we will study are integral functionals of the form

sr= | U xod, fecn
where X is a solution to an SDE on R™ with possibly time-dependent coefficients
dX; =0b(t, Xy)dt + o(t, X¢)dBy, Xo==

with b(t, x), o(t, z) continuous in ¢ and locally Lipschitz continuous in z, o taking values
in the space of nondegenerate n x n matrices and B being a standard Brownian motion
on R".
The second main object are the solutions (X,Y) to the following SDE on R™ x R™:

dX{ = abx (X7, V,%)dt + VaoxdBY, Xo==

dY = by (X7, Y)dt + oydB), Yo=y



where bx, by are locally Lipschitz continuous functions from R” x R™ to R"™ and R™
respectively, oy, oy are constant non-degenerate n x n and m x m matrices and BX,
BY standard Brownian motions on R” and R™ respectively. The parameter o > 0
expresses the “acceleration” of X with respect to Y, which is why the process (X¢,Y)
is interpreted as a two-timescale process.

Both objects share the common property that random fluctuations “average out”. In the
first case, we will develop a novel martingale argument to quantify the distance between
St and its expectation via concentration inequalities. For the two-timescale process, we
will extend and quantify existing results and introduce a new approach to show that as
o — oo the slow component Y,* converges to a process Y adapted to BY. This can be
interpreted as the random fluctuations of BX being averaged out, since FX = o(BX)
provides no additional information on Y® in the limit as a — oo.

Both the ergodic theorem and the averaging principle have a long history in physics and
engineering, where they are typically used to derive reduced models of complex physical
systems. The values of T" and « are imposed by the underlying physics and usually
sufficiently large that the asymptotic results hold with very high precision.

More recently, these ideas have become an important ingredient in computer algorithms.
For example, Stochastic Approximation and Stochastic Gradient Descent [LTE17], nowa-
days arguably the most important algorithms for optimisation and machine learning
problems, are built on the principle that it is possible to optimize an objective by iter-
atively optimizing over randomly perturbed versions of it since the perturbations even-
tually cancel out. The averaging principle underlies multiscale simulation algorithms in
physics [ERV09] and the implementation of important artificial intelligence algorithms
such as actor-critic methods in reinforcement learning [Bha+09] and generative adver-
sarial neural networks. What these problems have in common is that T and « become
tuneable parameters, which should be chosen as small as possible since the running time
of the algorithms increases with 7" and «. A quantitative, non-asymptotic understand-
ing of both the ergodic theorem and the averaging principle now becomes essential for
guiding the choice of T" and « in practical situations.

The next subsection in this introductory chapter will elaborate on the application of
averaging to the simulation of two-timescale systems by presenting in more detail mul-
tiscale methods and the Temperature-Accelerated Molecular Dynamics method.

The first part of Chapter 2 contains a presentation of the state of the art for concentration
inequalities for functionals like S; in the time-homogeneous case. The main purpose is
to anchor the results from Chapter 3 and show that they can lead to new mathematical
results, since such concentration inequalities are their most direct application. The
second part of Chapter 2 gives a short taxonomy of different approaches to the averaging
principle and serves to establish a context for Chapter 4 which presents a new approach
to the Averaging Principle.

The first main contribution of this work is in Chapter 3, where we show that for T fixed



the time average St defined above can be decomposed as

T T
ST == EST + / / th”gf(Xt)dS . O'(t, Xt)dBt
0 t

where

P f(x) =E[f(s, Xo)| Xy =x], t<s

is the transition operator associated to X. In the time-homogeneous case P; 3 = Ps_; is
the familiar one-parameter semigroup associated to X.

To the author’s knowledge, this is the first time that functionals such as St have been
systematically studied beyond the time-homogeneous setting. It is also the first time
that the martingale part in the martingale representation theorem for St is explicitly
investigated via differentiation formulas for 2-parameter Markov semigroups.

In particular, when there exist positive constants C' and A such that VP, s f < Ce M=t
for all s € [t,T] then we get a Gaussian concentration inequality for Sp.

Chapter 3 concludes with an application of the martingale representation above to av-
eraging.

The proof of the decomposition in Chapter 3 is elementary and we now give a quick
preview. The decomposition follows in fact directly from the application of It6’s formula
to

T
RTf(@)= [ Praf(as
¢
together with the observation that
O+ Lo)R[ f(x) = = f(t,2), zeR"t<T

so that
f(t, Xy)dt = —dR] (X)) + VR f(X,) - o(t, X;)dB,.

This gives the martingale representation shown above for St since R%ﬁ = 0. As a special
case, this result also includes the well-known argument based on Poisson equations in
the time-homogeneous ergodic setting. If Ps; = FP;_; then for a bounded continuous
function f(z) on R™, centered with respect to the invariant measure, we can let T go to
oo and —LR°(f — p(f)) = f — p(f) for arbitrary ¢ > 0, where L is the generator and
4 the invariant measure.

The second main contribution is Chapter 4. It describes a new approach to the averaging
principle, based on freezing the whole trajectory of the slow process. In a first step, we
show how the mutual interaction of feedback between X and Y* can be broken. Then
we condition on a trajectory of the slow process, and due to the previous decoupling
operation we can study X¢ as a time-inhomogeneous diffusion process for each fixed
value of Y* € C([0,T],R™). Finally we integrate over all values of Y* to obtain the
result. In the process, we need to estimate a functional of the form of Sp, which we
do using a forward-backward martingale argument under the assumption of a Poincaré
inequality holding for all time marginals of X“.



1.2 Applications of Averaging

Averaging methods are well established in the analysis and control of physical systems
in the engineering and natural sciences. In fact, many physical systems exhibit a natural
hierarchy of timescales where some components change slowly while others evolve rapidly.
The physical timescales often differ by several orders of magnitude, so that asymptotic
results can be used to derive approximate models of the phenomena under investigation.
Experiments can then validate and complete these reduced models. Typical examples
in the natural sciences include physico-chemical systems such as large molecules, where
physical processes often operate on timescales of femtoseconds (1071 s) whereas chemical
properties evolve on a timescale of milliseconds (1073 s). In fact, the 2013 Nobel prize in
chemistry was awarded for the development of multiscale models for complex chemical
systems. Examples in the engineering sciences include the longitudinal movements in
airplane dynamics, which exhibit fast short-period and slow phugoid oscillations, and
the control of a DC-Motor [KK099].

As computers became more powerful, there has been a growing interest in the simulation
of complex systems with multiple timescales, the prototypical example being molecular
dynamics simulations of large macromolecules such as proteins. The underlying challenge
is that the timestep of the numerical integration is dictated by the fastest timescale in the
system, so that simulations of extended time periods become prohibitively expensive. In
situations where there is a clear separation into fast and slow degrees of freedom, many
numerical methods have been proposed for approximating the evolution of the slow
degrees of freedom without resorting to a complete simulation of the fast components.
A popular approach proceeds by an alternance of slow and fast steps. In each fast step,
the fast degrees of freedom are evolved until they reach stationarity while keeping the
values of the slow coordinates frozen. The slow steps then evolve the slow degrees of
freedom with the value of the fast components replaced by their stationary values. This
corresponds in some sense to a numerical simulation of the approximation used in the
proof of the averaging principle in Section 2.2.2.

Another approach keeps the original dynamics, except that the fast dynamics are now
slowed down by a certain factor which is such that the dynamics of the slow variables
remains intact while significantly increasing the step size of the simulation, and thus
decreasing the number of steps necessary for a given accuracy. In order to determine
how much we can slow down the fast dynamics, it is crucial to have a quantitative un-
derstanding and non-asymptotic understanding of the averaging principle. See [ERV09]
for more complete descriptions and further references on the methods described in this
and the previous paragraph.

A similar principle can be used when the coordinates can not be clearly separated ac-
cording to their timescale, but we are only interested in the approximate dynamics of
certain macroscopic quantities. This method, called Temperature-Accelerated Molecular
dynamics (TAMD), was the original motivation for this work and is described in more



detail in the next section. Here too, we have to choose the magnitude of the separation
between the timescales.

In a different spirit, averaging also plays an important role in stochastic approximation
algorithms such as stochastic gradient descent. In particular, when considering a varia-
tion of stochastic gradient descent for two-stage optimisation problems, we are again in
a situation where we have to choose the separation of timescales so that it is important
to have quantitative results on averaging.

1.2.1 Simulation
In this section we will take a brief look at the heterogeneous and seamless multiscale
methods for simulating systems with disparate timescales as described in [ERV09].

For concreteness, suppose that the system we want to simulate is described by an SDE
of the form

X = abx (X9, V%) dt + VadB;*, Xo==x
dY,® = by (X2, Y dt +dBY Yy =1y

with BX, BY standard Brownian motions on R” and R™ respectively, o > 0 and bx, by
bounded Lipschitz continuous functions.
A standard Euler-Maruyama numerical scheme with step size A is: For Kk =1... N set
Xit1 = X + Aabx (X, Yi) + v AO&N]‘CX
Vi1 = Vi + Aby (X3, Y3) + VAN

with V ,5( , N ,3/ sequences of standard independent n- and m-dimensional normal variables.
From the expression for X; we can see that in order to keep a fixed approximation error
as « increases, we need to choose A on the order of 1/«, meaning that the number of
simulation steps N needed to simulate (X,Y) on a fixed time intervals is of order a.

For y € R™ let XY be the solution to
dX? = by (X;,y)dt + dB;

and suppose that X¥ has a stationary measure p¥. By the averaging principle as o — 0o
Y'® converges in probability to ¥ solution to

A% = b(T)de + dBY . bw) = [ by(og)(de).

This observation leads to the following numerical scheme for directly simulating Y: For



k=1...Nandi=1...M set

XF = XF+0bx(XE Y3) +VONG, XP=Xi!

M
b= > by (X[, V%)
i=1

?k+1 = Yk + AB}C + \/KNK

The total number of simulation steps is of order N M, where N can be much smaller
than for the Euler-Maruyama scheme when « is large and M depends on how fast XV
converges to equilibrium.

The idea behind the seamless multiscale method is the following: Our goal is to numer-
ically approximate a trajectory of Y where the approximation error is at most ¢ with
probability of at least 1 — e. Suppose that for ¢ fixed we know a continuous decreasing
function F' such that for all «

P(sup| Y — Vi| > ¢/2) < F(a).

Then when « is sufficiently large we can choose 5 < « such that for given e > 2F(«)
P(sup|Y;* — Yt’B] >c) <e.

because

P(sup|¥;" — Y| > ¢) < P(sup|¥;® — Vi| > ¢/2) + P(sup|Y}’ — Yi| > ¢/2) < F(a) + F(5)

so that we can choose f < « such that F(8) = ¢ — F(«). Now we can use an Euler-
Maruyama scheme for X?, Y? which requires a number of simulation steps N on the order
of . We will see later that F'(«) is usually on the order of 1/y/a. If F(a) = K/+\/a,
then 8 = (¢/K — 1/y/a)~2 and the acceleration relative to the Euler-Maruyama scheme
for X®is a/B = (Vag/K —1)? = O(a).



1.2.2 TAMD

Following [MV06] (see also [SV17]) consider the TAMD (Temperature-Accelerated Molec-
ular Dynamics) process (Xy, Y;) and its averaged version Y; defined by

dX{ = —aV,U (X2, Y2)dt + Vay/26-1dB,  Xo ~ e U0 gy
dY® = —Le(Y — 0(Xp))dt +\/2(57) " dBY, Yo =g
dY, = b(Yi)dt +\/2(57)"'dBY, Yo = yo

Ue,y) = V@) + 5y — (),
By) = Z(y)"! / “Lis(y — B(z))e” SO V@) gy

Z(y) = / e~ 2 0@ V(@) gy

with X; € R", V;,Y; € R™, Lipschitz-continuous functions V(z) and a map 6(z) =
(01(x),...,0m(x)), constants k,a, 3,5,5 > 0 and independent standard Brownian mo-
tions BX, BY on R" and R™.

By the averaging principle in [PV03] Y@ converges weakly to Y on the space of trajec-
tories.

Let p(dr) = e #V@dz, v(dy) = O4u(dy) be the image measure of u by 0 and v, =
v+ N(0,571) be the convolution of v with a centered Gaussian measure with variance
k1. Suppose that v, = e*W(y)dy. It can be shown that

b(y) = V, W (y).

This means that Y is a reversible diffusion process with invariant measure e #"®)_ and so
is Y in the limit & — co. In particular, if we choose 3 small then the “energy landscape”
is flattened out and the mixing properties of Y are improved. The key for applications
in molecular dynamics is now that y is still the energy landscape corresponding to V' at
the original temperature 3, and so the trajectories of Y can provide some insights on
the topography of V' at .

10



Chapter 2

Concentration Inequalities and
Averaging Principle

2.1 Concentration Inequalities

The next chapter presents a novel approach for studying functionals of the form
t
Sy = / f(s, Xs) —Ef(s, Xs)ds.
0

The goal of this section is to build up some context for these results from a well-studied
particular case. This case is that of an ergodic Markov process X with stationary
measure p. When f is independent of time and the initial measure of X is p, then S/t
takes the form

t
: /0 FOX)ds ~ [ f(otde). (2.1.1)

It is well-known from ergodic theory that this quantity goes to 0 as ¢ — oco. In the first
subsection, we will review a classical method based on Poisson equations that can be
used to obtain some quantitative estimates for (2.1.1) in the limit as ¢ — co. In the next
two subsections we summarize known results on upper bounds for quantities of the form

p(+ ] F(X)ds — u(f) > ).

2.1.1 Ergodic Theory and Poisson Problems

Consider a Markov diffusion process X; on R™ with generator (L,D(L))
Lf(z) = b(z) - Vf(z) + Af(z), [feDL)

11



where b is locally Lipschitz continuous. Suppose that X; has a unique invariant proba-
bility measure p such that

/Lfdu =0 forall f € D(L).

Assume furthermore that X is ergodic: For every f € D(L), Lf = 0 implies that f is
constant. Then it is well known that for bounded measurable f

T
7| e [ g (212)

a.s. for every initial distribution of X [Kal02, Theorem 20.21].

A common method of analysing functionals such as the left-hand side of (2.1.2) is via a
solution to the Poisson problem. We say that a function g solves the Poisson problem
on R” for L and f if for all x € R"

— Ly(z) = f(x) — p(f). (2.1.3)

We will see below sufficient conditions on L and f that give existence and uniqueness of
a bounded solution g with bounded first derivative.

Now fix a function f such that g solves the Poisson problem associated to L and f such
that g is bounded with bounded first derivative. Then by It6’s formula

T
9(Xr) = g(Xo) + / Lo(Xy)dt + M

where MY is a continuous local martingale with quadratic variation d(M?9), = |Vg|?dt.
Rearranging and using that —Lg = f — u(f), we get

T
/0 F(X0) — p(f)dt = g(Xo) — g(Xr) + M.

This leads to the following estimate on the L? distance between 7 fOT f(Xy)dt and [ fdu:

2

e E |g(Xo) —g(X)I* | EM%)r _ llgll ., 1V9l2
E|~ X))dt — [ fdu| <2 9 < gl | 5 IVIlloe
7| seei= [ ra < s | EM D glolle , oIV0

We also have the well-known resolvent formula for g = (=L~ (f — u(f)):
glw) = /0 Ef(X;) - u(f)dt. (2.1.4)

At the time of this writing, the most general results on existence and uniqueness to
solutions to the Poisson equation can be found in [PV01]. They also give some bounds

12



on the growth rate of the solutions. The next two propositions, which are simplified
versions of the more general theorems found in the reference, give the flavour of the
results available.

They are stated in the context of a second order partial differential operator (L, D(L))
Lf(x) =0b(x) -V f(x) + Af(z), feDL)
where b is a locally bounded Borel vector function.

Proposition 2.1.1. Suppose that b satisfies the recurrence condition
b(x) -x < —rlz|% |z| > M

with Mo > 0, a > 0 and r > 0. Suppose that f € L' (u) is such that | f(x)| < Oy + Ca|z|?
for some positive constants C1,Co and f > 0. Then the resolvent formula (2.1.4) defines
a continuous function g which is a solution to the Poisson problem (2.1.3) for L and f.

Proposition 2.1.2. Assume that the conditions of Proposition 2.1.1 are in force.

o If there exists C' > 0 and B < 0 such that
[f(2)] < C(L+ a2

then g is bounded.
o If there exists C' > 0 and 3 > 0 such that

|f(2)] < C(1+ |z])+o?
then there exist positive constants C',C" such that
lg(2)] < C'(1 + [a])Po2

and
IVg(z)] < C"(1 + |x]PT72 + |2|7).

Although the previous results give existence and growth rate for solutions to a large
class of instances of the Poisson problem, they provide no information on the constants
involved.

If we restrict to the class of Poisson problems where the right-hand side f is Lipschitz
continuous and the operator L satisfies a certain dissipativity condition, we can get
some explicit estimates on the solutions in terms of an auxiliary function (7). With
the same operator (L, D(L)) as above, suppose that the invariant measure p is such that
[1z|?dp < co. Define (r) as

)= {~2m0) o) - be)

|z — ]

13



so that

(xiy)' x) —b(x —k(lz —
7l (b(z) = b(x)) < —r(lz —yl)

for all z,y € R™. Let

@) = f(y)]
[ fllLip = sup BT

T#Y
Then we have the following result from [Wu09] Theorem 1.1 and Remark 3.5:

Proposition 2.1.3. Suppose that
o0 ™
cr, = / re fo R(S)dsdr < 00.
0

Then for a Lipschitz function f, the resolvent formula (2.1.4) defines a Lipschitz con-
tinous function g that solves the Poisson problem for L and f on R™ and we have the
bound

lgllLip < crll fllLip-

The following result from [CCG12, Corollary 3.2] gives an idea on the convergence rates
of X to stationarity that are necessary in order for solutions to the Poisson equation to
exist:

Proposition 2.1.4. Let
L=-VV -V+A

for a smooth function V. on R"™ and denote P; the associated semigroup. For f € L*(u)
such that [ fdu =0 we have f € D(L™Y) iff

1P ys < o0

and in this case the Poisson equation has a unique solution g given by (2.1.4).

2.1.2 From Functional to Concentration Inequalities

Consider a stationary ergodic continuous-time Markov process X; on a Polish space X
with invariant measure y and semigroup P;. Assume that P; is strongly continuous on
L?(p) and denote L its generator with domain Do(L) in L?(p).

We will start with some results that apply both to reversible and non-reversible processes.
For that, we need to assume that the quadratic form £ on Ds(L) defined by

an=su¢w=—/}LmM

is closeable in L%(p). Denote (£, D(E)) its closure, which is the symmetrized Dirichlet
form associated with X. When X is reversible £ is always closeable.

14



For a measure v on X define the Fisher-Donsker-Varadhan information of v with respect

to p by
I(v]p) = {SW”/T“% v < i, /dv]dp € D(E)

oo else.

For f € L'(u) define J %(r) and its lower semi-continuous regularisation J¢(r) by

Jy(r) =inf {I(v|p); v(If]) < +oosv(f) =r}, Jp(r) = lim Ji(r—e).

e—0t+

The following theorem from [Wu00] forms the basis for all subsequent results in this
section.

Proposition 2.1.5. For any initial measure v of X such that v < p and dv/du € L?(p)
we have for allt >0, R >0 and f € L'(p)

([ n) <[

Now, showing that certain functional inequalities for p imply bounds on Jy leads to

exp (=t Jp(R — pu(f))) .-
L2(p)

concentration inequalities for } fot f(Xs)ds.

We start with the following observation from [GGW14]: If there is a non-decreasing
left-continuous convex function ay with a¢(0) = 0 such that for all measures v on X
with f € L'(v)

ar((f) = p(f) < I(v|p)
then —J¢(r — pu(f)) < —ay(r) by the definition of J; and the left-continuity of a.

This leads to the definition of transportation-information inequalities as in [Gui409].
For instance, taking a¢(r) = r? for 1-Lipschitz functions f leads to the definition of the
L' transportation-information inequality Wil.

We say that p satisfies a W1I(c) inequality if for all measures v on X
Wi (v, 1) < 4 1(v|p).

By the preceding observation together with the Kantorovich-Rubinstein duality we get
the next result.

Proposition 2.1.6. If u satisfies a W11 (c) inequality, then for all Lipschitz functions
f on X, R> 0 and initial measure v such that v < p and dv/du € L?(u)

1 [t dv tR?
P, (= Xs)ds — R) < |= 4|12 )
<t /0 f(Xe)ds = ulf) > ) : Hdﬂ L2(p) o ( 462||f”%ip)

15



If X is reversible the last concentration bound is actually equivalent to the W1l inequal-
ity [Gui+09].

A sufficient condition for WiI(c) is a bound on solutions of the Poisson problem for
Lipschitz continuous functions as in Proposition 2.1.3, see Corollary 2.2 in [Wu09].

We say that a Logarithmic Sobolev inequality with constant C' holds for p if for all
feDs(L)

[ rogsrau- [ fapiog [ fap <20 [ rLpan
Still in the irreversible setting, the following result was shown in [Wu00].

Proposition 2.1.7. Suppose that p satisfies a Logarithmic Sovolev inequality with con-
stant C. Then for all f € L'(p)

1 [t dv t o,
P (3 [ f0caas - i) > 7)< |5 e (~5et )
where
H()) = log / eMdp — Mu(f)
and

H*(r) =sup{Ar — H(A\); A € R}.
For the rest of this section, suppose that X is reversible, i.e.

/ngdu=/gLfdu, f.9 € Dy(L).

What follows is a summary of the result from [GGW14] where the authors investigated
the following Bernstein-type inequality for different classes of functions f and constants
M under various ergodicity assumptions on X:

t 2
v ([ focas -t > r) <[] ew |- - ;
0 L2y o2 (JW+ 1)
tR?
Hdu 12 <_2(0’2+MR)>

with

o) = Jim Ve, [ 50605)

This inequality was first proved by Lezaud [Lez01] for bounded measurable f under a
Poincaré inequality on pu. The standing assumption for the following results is that u
satisfies a Poincaré inequality with constant cp in the sense that

Var,(f) < cpE(f), [feDE).
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. (Proposition 2.1 [GGW14]) If only the Poincaré inequality holds, then the Bern-
stein inequality holds for bounded measurable f with

M = cp|| f]|so-

. (Theorem 3.1 [GGW14]) If a Logarithmic Sobolev inequality holds with constant
crs, then the Bernstein inequality holds for f € L?(u) such that

A(N) = log/e’\fdu < 00

with

1
M = X[CPA(A) + QCLS].
A>0

. (Corollary 3.1 [GGW14]) If a Logarithmic Sobolev inequality holds with constant
crs and X has continuous sample paths, then the Bernstein inequality holds for
f € D(E) such that [|[I'(f)]|co < o0 with

M =2crs/cp||T(f)loo-

. (Theorem 4.1 [GGW14)) If there exist functions U > 1, ¢ > 0 and a constant b > 0

such that LU
> b—b
u — ¢

then the Bernstein inequality holds for all f € L?(u) such that
Ko(f7) :=if{C > 0: |f*] < Co} < o0

with
M = Kg(f)(bep +1).

. For all f € L?(u1) such that the Poisson problem —LF = f has a solution F in
L?(u) with ||T(F)|ls < 0o the Bernstein inequality holds with

M = 2+/cp|I(f)llso-

2.1.3 Regeneration methods

Following [LL13], consider a positive Harris recurrent continuous-time strong Markov
process X on a Polish space X with invariant measure p. Denote L the associated
infinitesimal generator and P; the semigroup, which we assume to have a density with
respect to some o-finite positive measure on X.
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Suppose that the following Lyapunov-type condition holds: There exists a continuous
function V' : E — [1, 00), constants b, ¢ > 0 and a closed measurable set B such that for
some 0 < a<1

LV < —cV* 4+ blp.

In [LL13] the authors show that for bounded functions f € L'(u) and € < || f|loc,t > 1
it holds that

te?

e (|5 [ "o )| 2 <) < KoV <”f”g°>a/(l_a) )

The proof relies on the so-called Nummelin splitting technique in continuous time, which
yields a sequence of stopping times R", called regeneration times, such that the random

variables
Rn+1

b= / FOX0) — u(f)at

n

are identically distributed and two-dependent, meaning &, and &, are independent for
all £ > 2. It can then be shown that the left-hand side of (2.1.5) can be estimated by

N
P, (Z\sn\ > at/3)
n=1

plus some remainder terms. A deviation inequality for two-dependent identically dis-
tributed random variables then yields a bound in terms of E|&;|P for p > 1. Using

El&i )7 < 2| fIE(Ry — Ba1)”

the result then follows from an estimate on the expectation in the right-hand side, which
is an analogue of excursion times.

2.2 Averaging Principle

2.2.1 Introduction

The theory of averaging is concerned with processes that admit a decomposition into
fast and slow degrees of freedom. A typical example would be the solution to an SDE
of the form

dX; = abx (X3, YV)dt +VadB;*, Xo==x (2.2.1a)
dY; = by (X3, V)dt +dB;*, Yo=vy (2.2.1b)

where bx, by are bounded Lipschitz continuous real-valued coefficients and BX, BY stan-
dard independent Brownian motions on R. The parameter o > 0 represents the accel-
eration of X relative to Y. We say that an averaging principle holds if there exists an
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averaged process Y that is independent of BX such that Y converges to Y as o — o0.
Intuitively we expect the fluctuations of X to average out due to the separation of
timescales. We will below review a number of averaging results from the literature,
together with the conditions they impose on the process and the sense in which the
convergence is to be understood.

But first, let us have a closer look at Y. The intuition is that due to the separation of
time scales Y sees X as quasi-static whereas X sees Y as almost equilibrated. Consider
the following process XY, corresponding to X with the Y component frozen at a fixed

value y:
dX}) =bx(X},y)dt +dBY, X ==

Suppose that XY has a stationary distribution p¥ for each y, and let
bw) = | by g)u(de).

Then it is part of the statement of an averaging principle that the averaged process Y
solves the SDE o
dY; = b(Y;)dt + dBY .

We will concentrate on averaging principles for stochastic differential equations. The
most general SDEs for which an averaging principle is known to hold are of the form

dX; = abx (Xs, Y3)dt + Vaox(X:, Y;)dBY, Xo==z
dY; = by (X, Y)dt + vacy (X, i) + oy (X4, Y)dB*, Yo =y

and, depending on the regularity of the coefficients, averaging principles have been shown
for strong convergence on the space of trajectories and both strong and weak convergence
of the time marginals.

Compared to the simple example (2.2.1), the coefficient ox(x,y) does not cause any
extra difficulties as long as the process remains elliptic. Neither does oy = oy (y)
as long as it only depends on the y variable. The situation with an extra coefficient
cy requires some additional technical tools but is generally well-understood. However,
oy = oy(z,y) introduces a qualitative difference and a simple counterexample to the
strong convergence of Y to Y can be found in [Liul0]. In this case only weak convergence
of the time marginals on compact state spaces has been shown.

Large and moderate deviation principles for averaging are in general well understood,
and there has been some progress on quantitative non-asymptotic estimates under as-
sumptions of strong contractivity or the existence of a reversible stationary distribution
for the process (X,Y), see [Liul0] and Section 2.2.4 below.

We will now proceed to present the main approaches to averaging for SDEs found in
the mathematical literature and give an outline of their proofs in the setting of the
example (2.2.1).
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2.2.2 Freezing the slow process

This method essentially consists in formalising the intuition of the frozen slow process.
It consists of dividing a fixed time interval [0, 7] into subintervals of size A(a)) on which
Y is kept constant. On each interval of length A an ergodic theorem is then applied to a
process still running on the time scale . This imposes the requirement that aA(a) — 0o
as a — o0o0. Since the approximating process still needs to converge to the original
process, we also need A(a) — 0 as a@ — 0.

We now outline a proof of an averaging principle using a frozen slow process for (2.2.1),
following [FW12, Section 7.9]. Since the estimates hold only asymptotically we make
the dependence of X and Y on « explicit by using the notation X%, Y* whenever it is
necessary for clarity of presentation. The statement is:

Proposition 2.2.1. Suppose that there exists a constant C' independent of y such that
foranyy e R, T >0

gi

1 T
Bl [ vt [ovtpian| < £

C
Then for any T > 0,6 > 0 and any initial values x,y of Xi*, Y, it holds

a— o0 0<t<T

lim IP’( sup ‘X?—Xt‘>5> =0

Outline of Proof. Consider a partition of [0, 7] into intervals of length A. Construct a
decoupled process X, Y piecewise such that for t € [kA, (k + 1)A]

t

t
%= Xa+a [ (X Yeads+va [ B
kA

kA
Yt = Ym +/
kA

t

t
by(Xs,YkA)dS+/ dBLz/
kA

Note that for ¢ € [kA, (k + 1)A], given initial conditions Xja, Yia the SDE for X; is
closed and can be solved in isolation from Y;. We have passed from a system of mutually
dependent SDEs to one in which the dependence only goes in one direction.

Now the proof consists in showing that (X,Y’) converges in probability to (X , Y) and
that Y converges in probability to Y.

We have for t € [kA, (k+ 1)A]

2

.12 t .
B|xe - % =8| [ be(X,¥) — by (X, Yia)ds
kA

t .12
gaz(t—kA)HbXHLip/ E|X, - X, +E[Y; - Vial?ds.
kA
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Now the key to decoupling is that by using the boundedness of by we can get the estimate

2

t
EIYt—YkA\Q:E/ by (X, Y2)ds| < [byllocAA?
k

A

without studying the interdependence of X and Y.
We get

2 2 A4
ds + & A%|bx ||Lip||by || oo

L2 t .
E ‘Xt - Xt‘ < oﬂAbeuLip/ E ’XS ~ X,
kA
so that by Gronwall’s inequality

o |2 24 272
E[X; — %] < a?A%bx by lloe exp (0222 bx [1ip) -

Now
T . 2
E/ ’bY<X57Y;’)_bY(XSaYLs/AJA)d*S’
0

T .12
STHbYHLip/ E’XS—XS +E‘Y;»—YLS/AJA‘2dS
0

< T2|lby [[Lip (A0 [[bx|Lip 1y lloo exp (a* A% [bx [[Lip) + A%|[by o) -

If we put A(a) = Y% then this expression goes to 0 as a — co.

o

From this we get that as o — 00
IP’( sup )Yt—ﬁ‘ >5> —0
0<t<T
and )
sup E ‘Yt - ?’t’ — 0. (2.2.2)

0<t<T

Recall the definition of Y .
m:m+/am@+mf
0
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so that

R _ 12
En—ﬂ

2

t
=E / bY(Xsay\_s/AJA)_b(}/s)dS
0

2
+ 3K

2

t t
swﬂ/bydaywAm>—Mnm5 | ) = 632pas
0 0

2

+ 3E /tz‘)(y}) — b(Ys)ds
0

2

NP
Yo —Ys| ds

t
< 3E ’/ by (X, Yy aja) — B(Y2)ds
0

t
+ 3ol [ B
0

N _ 12
Y, Y| ds

t
3T by [ B
0

and by Gronwall’s inequality

2

N _ 12
E%—M

< (31@'/0 by (X5, Ys/aja) — b(Ys)ds (2.2.3)

t
+wwm/ﬁ
0

~ |2 7
Y, -V, ‘ ds) 3T bllLip

We now use our ergodic assumption to obtain

(k+1)A R 3
E / by(Xt, YkA) — b(YkA)dS
k

A

1

al
— X5 Via) — b(Y;
aA/O by (X, %2, Yra) — b( kA)dt‘

< CVA/Va

= AE
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and

t
E sup /bY(X&YLs/AJA)_b(Ys)
0<t<T |JO
t t
<E sup /bY<XSaYLs/AJA)_b(YLs/AJA) +E sup /b(YLS/AJA)—b(Ys)
o<t<t |Jo o<t<T | Jo
N a(kt)A )
< ]Eosrglg%cm kzzo/m b(Xs, Y|s/aja) = b(Y|s/aja)ds
B T
+ HbHLipE/O Yy —Y|s/anl ds
T/A-1 (k+1)A - -
<> E /m b(Xs, Y|s/aja) = 0(Y|s/aja)ds| + [|bllLipTA
k=0
TC -
< ——+ b lTA
<A 1] Lip

Together with (2.2.3) we finally obtain

IP’( sup ‘f@o‘—f” >(5>
0<t<T

t
<P < sup / by (X5, Yi/aja) — b(YSY)
o<t<T |Jo

> 5/3)

+P </0T b(Y.) — B(E2)| > 5/3)

(| "o - s > o13)

which converges to 0 as o — oo by the preceding results.

2.2.3 Asymptotic expansion of the generator

In this section we present the asymptotic expansion approach from [KY04]. The goal is
to establish a weak averaging principle by identifying a process Y independent of a such
that for appropriate test functions f and ¢ > 0 fixed

E[f(Y*)] = E[f(Yy)] as a — co.

The technique consists of a formal series expansion in o~ ! of the one-parameter semi-
group associated to (X%, Y?), which is justified by making use of the compactness of
the state space, and then letting o — o0 in the resulting expansion.
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We assume that (X<, Y?) takes values in a compact C*°-manifold K = Kx x Ky where
Kx and Ky are connected and compact C'*°-manifolds. Now, the idea behind the asymp-
totic expansion approach is to note that the generator LX for (X,Y) can be split into two
operators L~ and LY such that L = LY + aLX. Suppose that u(t,z,y) = P.f(z,y) can
be written as a power series in a™! such that u(t,z,y) = uo(t,y) + > iy o ‘u;(t, z,y).
Then we can formally substitute this series in the backward Kolmogorov equation
Owu = LY u + oLXu and equate coefficients of matching powers on both sides.

Define the operators LX and LY by
LY f(z,y) = bx (2,9)0. f (2, y) + 03 f (z,y)
LYf(xvy) = bY(xay)ayf(xa y) + 85.}0(3:7?/)
Let uqs(t, z,y) be the solution to the following Cauchy problem on K:
Ortte = LY ug + aL X uy, (2.2.4a)
ua(0,2,y) = f(z,y) (2.2.4b)
or equivalently uq (¢, z,y) = E»Y (X7, Y,*).

Due to the compactness of Kx and the regularity of the coeflicients there exists for each
y fixed an invariant measure p¥ associated to LX such that for all smooth test functions
fon Kx

| s 0. yeky.
Kx
For functions ¢(z,y) on K we will use the notation
ow)i= [ leda).
Kx
Define the truncated series
Ug(t, z, y) = UO(t> y) + Z OL_Zui(t, z, y) + Z Oé_l?,}i(Oét, Z, y)

=1 =0

and the associated error term

— n
Can = Uy — Uq-

To justify the series expansion up to order n, we need to show that the growth of e,y
in a is of order O(a~ (1)), We will outline in the following the procedure for n = 0,
see [KY04] for a complete proof and the extension to arbitrary powers n.

We begin by substituting uo(t,y) + S a~u,(t, x,y) into (2.2.4) and equating powers
of a so that

Oy, = LXuk+1 + Lyuk (2.2.5)
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and similarly for the boundary layer term vy (7, z,y) with 7 = ot

drvo = L% vg (2.2.6a)
v = L v 4+ LY vy 1. (2.2.6b)

Since the leading term consists of the sum ug + vg we can choose the following initial
condition for ug, which is independent of x,

UO(an) = My<f)

and let
U0(07$7y) = f(xay) - luy(f)

Using the fact that ug is a function of ¢ and y only and integrating (2.2.5) against u¥ for
k = 0 yields

Opuo(t,y) = /Lxul(t,m,y)uy(dw)+/LyuO(t,x,y)uy(d$)
= LYup(t,y), LY =b(y)d, + 0, (2.2.7)

where we used the fact that p¥ is an invariant measure for L~X. We have the probabilistic
representation

uo(t,y) = BV (f).

We also chose above
UO(O,-%,:U) = f(xv y) - :uy(f)
so that from (2.2.6) we get

vo(T,z,y) = B f(X],y) — pn¥(f)
where XY is the process with “frozen” y solution to the SDE

dXY = bx(X},y)dt +dB;*, X =u.
It can be shown using compactness of the state space that (using multi-index notation)

<ce ", |y=0...4

for some finite constants ¢; and co. This implies an exponential bound of the same form
on LY vg.

In order to get an error estimate, we also need to determine u; and v;. Substract-
ing (2.2.7) from (2.2.5) we get

LXuy = (LY — LY )u. (2.2.8)
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The solution writes as
Ul(t, €, y) = Ul (ta y) + al (t7 x, y)

where @1 (¢, z,y) is a particular centered solution of the Poisson equation (2.2.8).
In order to determine Uy, we integrate (2.2.5) against u¥ to get

UL (t,y) = LY Uy + p¥ (LY 1iy)

M@w%j/MWJWMWM)

In order to determine the initial condition, first observe that since there were no terms
in « in the initial conditions for our original Cauchy problem, we have

ug(0,z,y) + v (0, z,y) = 0 for all k > 1.

We then impose v1(7,x,y) — 0 as 7 — oo and integrate (2.2.6) in time from 0 to co and
in space against p¥ to get

/mmammww——/mmamwwm—éwﬁxﬂm@uwmwmw

where the right hand side is finite due to the exponential decay of LYvy. This initial
condition together with (2.2.6) uniquely determines v;.

It can again be shown that there exists constants ¢; and co (possibly different from the
ones in the estimate for vy) such that

8'”'1)1

—C2T —
W < cie N ’V’—04
Yy - YYd

This implies in particular that LY v; is bounded and exponentially decaying. It can be
noted that the proof in [KY04] relies heavily on the compactness of the state space.
Unlike in the case of vy, there is no obvious probabilistic interpretation of v and it is
unclear how the result could be extended to a non-compact setting.

We now proceed to bound the growth of e, o so that the series expansion to order 0 is
justified. Let
Lof =0 —alXf—L"F.

Now

Laea,O = Loug + Lavg
= Oy — aLXug — LY ug + a(0rvg — LXUO) — LY

= O — LY ug — LY vy
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is of order O(1), since we saw above that LY v is bounded. Similarly, using that LY v;
is bounded, it can be shown that Lyeqs 1 is of order O(a™!). This implies that a1 1S
also of order O(a™1).

We conclude by noting that

€a,0 = €a,1 — a_lul — a_lvl

where all the terms on the right hand side are of order O(a™!).

2.2.4 Effective dynamics using conditional expectations

We give a short description of some of the ideas employed in [LL10] and [LLO16]. Let
us introduce a process Y solution to

dY; = b(Y;)dt + dBY

with B
b(y) = Elby (X¢, Y7)|Y: = y).

Now suppose furthermore that (X,Y) has a joint stationary probability measure p =
e V@YW dzdy for a smooth function V and write E, for the expectation with initial
measure p. Then we have for all f € C°(R x R), g € C°(R)

E.g(Yy)f( X, Y:) = / /f z,y)e”V =Y dady

flz,y)e ’y)da: “V(z

=E,g(Ys)i" (f)

with
e—Vizy)

Jem Vi(z.9) da

so that by Kolmogorov’s characterisation of conditional expectation

Eulf (X, YOIY: = y] = 5¥(f)

p(de) =

and therefore .
b(y) = ¥ (by ).

Now suppose furthermore that bx = —0,V (z,y). Then for each y, XV is a reversible
diffusion with invariant probability measure ¥ so that ¥ = p¥ and b(y) = b(y).
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Finally, suppose that by (z,y) = —0,V (x,y) so that (X,Y) is reversible with respect to
. Then we can use a forward-backward martingale argument to show that for T > ¢
arbitrary but fixed and f centered, meaning u(f) =0,

¢
2 [0 Y)ds = My + (3~ M)
0
where M and M are martingale with quadratic variation

(M), = (NI), = / D((~L) 1) (X, Yy ) ds.

Now we make the observation that, since p is an invariant measure for both L and LX
and f is centered with respect to u, f € D((—LX)~!) and we can write

f=(=LH)(=L5) 7 f
so that
/F((—L)_lf)du= /fL_lfdu= —/L_lfLX(—LX)_lfdu
- / DXL, (L) f)du

<(/ FX(—L‘lf)du>1/2 ([ pan) "
< ( / F(L_lf)dﬂ> v ( / FX((LX)‘lf)du)l/Q

so that after dividing both sides by the square root of the left hand side
[rt=n nas [ 0¥ P
Remark 2.2.2 (Probabilistic interpretation).
/OOO Cov,(Xo, X¢)dt < /OOO Cov, (X2, X)) dt

Freezing the slow component degrades the mixing. To be investigated.

We have the following dual formulation of the Poincaré inequality (see [BGL14] Propo-
sition 4.8.3): A measure v satisfies a Poincaré inequality with constant cp with respect
to a carré du champs I' and associated reversible generator L iff

[ra <er [wipa
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Suppose now that a Poincaré inequality with constant cp holds for p¥ uniformly in y
with respect to the standard carré du champs in the sense that

[ £ <o [1972d0

Since I'Y = |V f|? this implies a Poincaré inequality with constant cp/a with respect
to I'Y. We can now combine the two previous results to obtain

t// L)' f) (@, y)p(de, dy)

//FX (=L ) (@, y)p? (da) p(dy) < HfHLw

Together with the forward-backward martingale decomposition, using Doob’s maximal
inequality this gives

27 cp

E < 7 o Mz T

2
t
sup /by(Xs,Ys)—/leds
0<t<T JO

We have . .
Yi—Yi— / by (X, Ya) — 1 (by)ds + / B(Y) — B(Ya)ds.
0 0

We saw above how to estimate the first term. For the second term, we can assume that
b is Lipschitz so that by Gronwall’s inequality

t —
D/t - YH < </ by(XS,YS) — /LYS(bY)dS> eHbHLipt
0

and finally

27
E sup |V - Y, <=L

HbY ”L2( Te2||bHL1p
0<t<T

In [LLO16] it is shown how the Lipschitz condition on b can be relaxed to a one-sided
Lipschitz condition in the one-dimensional case.
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Chapter 3

Time Averages of Diffusion
Processes

3.1 Introduction

For a Markov process (X;); with t € [0,T] or t =0,1,...,T let

T
Spf = /O £t Xo)dt

in the continuous-time case or

T-1

Stf=)_ f(t.X)
t=0

in discrete time.

In the first part of this work, we will show a decomposition of the form
Srf =ESrf + M-S

where M T/ is a martingale depending on 7T and f for which we will give an explicit
representation in terms of the transition operator or semigroup associated to X.

We then proceed to illustrate how the previous results can be used to obtain Gaussian
concentration inequalities for ST when X is the solution to an It6 SDE.

The last part of the work showcases a number of results on two-timescale processes that
follow from our martingale representation.
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3.2 Martingale Representation
Consider the following SDE with time-dependent coefficients on R™:
dX; = b(t, Xt)dt + O'(t, Xt)dBt, Xo==x
where B is a standard Brownian motion on R™ with filtration (F;):>0 and b(t, z), o(t, x)

are continuous in ¢ and locally Lipschitz continuous in . We assume that X; does not
explode in finite time.

Denote Cg° the set of smooth compactly supported space-time functions on Ry x R"™.

Let Ps; be the evolution operator associated to X,

P f(x) =E[f(t, X)|Xs =2], feCr.
For T > 0 fixed consider the martingale
T
M, = E / f(s, Xs)ds.
0
and observe that since X is adapted and by the Markov property

t T t
M= [ s X0as+ 87 [ s X0ds = [ (s, Xds+ R ()

with .
Rl f(z) = /t P, s f(x)ds.

By applying the It6 formula to R} f we can identify the martingale M. This is the
content of the following short theorem.

Theorem 3.2.1. For T >0 fized, t € [0,T] and f € C®
t T
/ f(s, Xa)ds + RTf(X,) = E / f(s, X)ds + M7
0 0
with
t
MI = / VRTF(X,) - o(s, X)dBs.
0

Proof. From the Kolmogorov backward equation 0, P, s f = —LP, s f and since P, f = f
we have

T
8tR?f(x) =—f(t,x) — /t LiP, s f(x)ds = —f(t,x) — Lthf(x).
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By It6’s formula

RTF(X,) = RY f(Xo) + /0 CO.RT F(X,)ds + /0 LT F(X.)ds

+ / t VRI f(X) - 0(s, Xs)dBs
0

T t t
= - T 4 s s
_IE/O £t X))t /Of(s,Xs)ds—i—/O VR f(X,) - o(s, X,)dB

and we are done.
O

Remark 3.2.2 (Poisson Equation). In the time-homogeneous case P; s = Ps_y and when
the limit below is finite then it is independent of ¢ and we have

T T—t 00
R®f := Jim RTf = lim/ P,_ifds = lim/ Psfds:/ P, fds.
—00 T—oo Jt T—oo Jg 0

This is the resolvent formula for the solution to the Poisson equation —Lg = f with
g=R>*f.

By taking ¢t =T in Theorem 3.2.1 we can identify the martingale part in the martingale
representation theorem for fOT f(t, Xy)dt.

Corollary 3.2.3. For T > 0 fized, f € C°
T T T T
| rexde—e [ s xoi= [0 [ Pepds- o, X B,
0 0 0 t

By applying the It6 formula to P, 7 f(X;) we obtain for T' > 0 fixed
dPt’Tf(Xt) = VPt7Tf(Xt) . O'(t, Xt)dBt (321)

and by integrating from 0 to T’

T
ST, Xr) = E[£(T, X7)] + /0 VP /(X)) - o(t, X,)dB,.

This was observed at least as far back as [EK89] and is commonly used in the derivation
of probabilistic formulas for VP ;.

Combining the formula (3.2.1) with Theorem 3.2.1 we obtain the following expression
for Sy —ES; in terms of VP, f.

Corollary 3.2.4. For f € C2°, T > 0 fized and any t <T

t
/ F(s,Xs) —Ef(s, Xs)ds = M -z
0
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with
T rt
Z;T’f - / / vPT,sf(Ta XT) : O'(T’, X’") dBT dS
t 0
T
MtT,f - /t/ vPr,sf(ra Xr) ds - 0‘(7“, XT) dB;.
0 Jr
Proof. Let fo(t,x) = f(t,x) — Bf(t,X;) = f(t,x) — Pos(x0). We have
T
R?f(](Xt) = / Pt,st(Xt)dS
t
T
= / Pt,sf(Xﬂ - P07sf(X0)ds
t

T t
= / / VP sf(r,X,) o(r,X,)dB, ds
t 0

where the last equality follows by integrating (3.2.1) from 0 to ¢ (with 7' = s). Since
RYfo=0and VP, sfo = VP.sf we get from Theorem 3.2.1 that

t
/0 fols, X)ds = M — BT fo(X,)

and the result follows with Z;*/ = RT fo(X,). O
Remark 3.2.5 (Carré du Champs and Mixing). For differentiable functions f, g let

Le(f,9)(x) = 5V f(t,x) (o0 ")(t,2)Vy(t,).

Then we have the following expression for the quadratic variation of M7T/:

2

T
d<MT,f>t — / O’(t’ Xt)TVPt,sf(Xt) ds| dt
t

= <4/ Ft(Pt,sf7 Pt,rf)(Xt) dr d8> dt.
t<s<r<T

Furthermore, since

aSPT,S(PS,tfPS,tg) = 2PT,S(FS(PS,tf7 Ps,tg))
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and setting g(t,z) = ftT P, f(x)ds we have
T
E(M"); = 2/ / 2P L'e(Prs f, Prsg)ds dt
o Ji
T T
= 2/ / 8,:P07t(Pt,sfPtvsg)ds dt
o Ji

T T T
= 2/ 375/ Pot(PrsfPrsg)dsdt + 2/ Poi(fg)dt
0 t 0

T
2/ Poi(fg) — PoifPoygdt
0

= 2/ Cov(f(t, X1), f(s,Xs))dsdt.
0<t<s<T

This shows how the expressions we obtain in terms of the gradient of the semigroup
relate to mixing properties of X.

Remark 3.2.6 (Pathwise estimates). We would like to have a similar estimate for

B sup | [ F(X.) — EF(X.)ds|.

0<t<T |JO
Setting
fo(t,z) = f(z) —Ef(Xy) = f(z) — Pof (o)
we have
t
E sup / f(Xs) —Ef(Xs)ds| <E sup |M; ’f°\+E sup |Rt fo(Xy)|
0<t<T |JO 0<t<T
/2
2(E<MT’fO>T)1 +E sup |R{ fo(Xy)l
0<t<T
and

RY fo(X,) / Prof(X1) — Pof(z0)ds

//Vme o(r, X,)dB,ds

where the last equality follows from (for s fixed)

dPt,Sf(Xt) = VPt,sf(Xt) . O'(t, Xt)dBt
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3.2.1 Discrete time

Consider a discrete-time Markov process (X,,)n,=1..n with transition operator

Pm,nf(l') = E[fn(Xn)|Xm = fL‘]

and generator

As in the continuous-time setting

M, = fn( fO XO Zme

is a martingale (by the definition of L) and by direct calculation

Mn - Mn—l = fn(Xn) - Pn—l,nf(Xn—l)-
Let
Ry f(x) Z Py f(x

and observe that

N-1
RNf Z Pnn+1Pn+1mf anmf _fn(x)

m=n+1
Note that
N—1
RN f(z) =0 and Révf(x): Zf(Xm) onx].
It follows that
n—1
> fn(Xm) + RY (X Z Ln RN f(Xom) + RY f(X) = RY' f(Xo) + M7
m=0
with
MY — M = Z Poinf(Xn) = Poc i f (Xu1)-

Analogous to the continuous-time case, we define the carré du champs

Fn(fyg) = Ln(fg) - gnLnf - fnLng
= n,n-i-l(fg) - fnPn,n-i-lg - gnPn,n—i-lf + fngn
= E[(fnt1(Xn+1) = fu(X0)) (gn+1(Xns1) — 9n(Xn)) | Fn]
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and using the summation by parts formula
(M), — (M), = B[N — MY F ]
=2 Y E[(Pumf(Xa) = Pactanf (Xn-1))(Pagf (Xn) = Pac1of (Xn-1))| Faci]

n<k<m<N-1

N-1
+ Z E [(Pn,mf(Xn) — P mf( 1))2|-7:n71]
N—-1N-1
=2 Fnl nlmfpn 1kf) nl"’zrnl nlmf)( )
m=n k=m m=n

3.3 Concentration inequalities from exponential gradient
bounds

In this section we focus on the case where we have uniform exponential decay of VP ;
so that
o(s,2) TV P, f(x)] < Coe™™ 9 (0<s<t<T) (3.3.1)

for all x € R™ and some class of functions f.
We first show that exponential gradient decay implies a concentration inequality.

Proposition 3.3.1. For T > 0 fized and all functions f such that (3.3.1) holds we have

I _R’r 1 [T/, 2
P X)) ~Ef(t. X <e v (& (1 e
<T/0 F(t, Xi) — Ef(t, t)dt>R>_e T, Vi T/o (At( ¢ )) at

Proof. By (3.3.1)

2

d(MTy, = o(t, Xs) "VP. o f(Xi)ds| dt

C 2
M(s=t) g Gt Ae(T—t)

so that (MT-/)p < VoT.

By Corollary 3.2.3 and since Novikov’s condition holds trivially due to (MT>/) being
bounded by a deterministic function we get

T
Eexp <a/ ft, Xy) — Ef(t,Xt)dt> = Eexp (aMTT’f)
’ T a’ a® a®
<E [exp <aMT’f — 2<MT’f>T)] exp <2<MT’f)T) < exp <2VTT> .
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By Chebyshev’s inequality

1 /T 2
P <T/ ft, Xe) —Ef(t, Xy)dt > R) < exp (—aRT)exp ((ZVTT)
0
and the result follows by optimising over a. O

The corresponding lower bound is obtained by replacing f by —f.

For the rest of this section, suppose that o = Id and that we are in the time-homogeneous
case so that Ps; = P,_s. An important case where bounds of the form (3.3.1) hold is
when there is exponential contractivity in the L' Kantorovich (Wasserstein) distance
Wy. If for any two probability measures p, v on R”

Wi (uP;, vP;) < Ce MWy (i, v). (3.3.2)

then (3.3.1) holds for all Lipschitz functions f with Cs = C, As = \.

Here the distance W; between two probability measures p and v on R" is defined by

Wi(p,v) = inf/|a: — y|m(dz dy)

where the infimum runs over all couplings m of pu. We also have the Kantorovich-
Rubinstein duality

Wi(p,v) = sup /fdu - /fdu (3.3.3)
Il fllLip<1
and we use the notation
iy = sup LI
TH#Y |l‘ - Z/|

We can see that (3.3.2) implies (3.3.1) from

VP, f|(x) = lim 1P (y) = Buf ()] < lim Wi (0y By, 02 F%)
Yy ly — x| Yo ly — z

Wi (5?;7 5:):)

= IfllLipCe™
]y—x! ’ H P

< || fllLipCe lim
y—>.'1}

where the first inequality is due to the Kantorovich-Rubinstein duality (3.3.3) and the
second is (3.3.1).

Bounds of the form (3.3.2) have been obtained using coupling methods in [Ebel6; EGZ16;
Wan16] under the condition that there exist positive constants x, Ry such that

(z —y) - (b(z) — by)) < —klz — y[* when |z — y| > Ry.

Similar techniques lead to the corresponding results for kinetic Langevin diffusions
[EGZ17].

37



Using a different approach, in [CO16] the authors directly show uniform exponential
contractivity of the semigroup gradient for bounded continuous functions, focusing on
situations beyond hypoellipticity.

Besides gradient bounds, exponential contractivity in Wj also implies the existence of
a stationary measure fio, [Ebel6]. Proposition 3.3.1 now leads to a simple proof of a
deviation inequality that was obtained in a similar setting in [Jou09] via a tensorization
argument.

Proposition 3.3.2. If (3.3.2) holds then for all Lipschitz functions f and all initial
measures fig

T WTR W10, poc)
]PM() <T[) f(Xt)dt - /fdﬂoo > R) < eXp | — (C‘fHLlp(]- — G_AT) a \/T )

Proof. We start by applying Proposition 3.3.1 so that

T
B, G/@ f(Xt)dt—/fd,uoo >R>
T

T
P (7 [ 1050 B0 > Rt [ ) = Pt

< exp <— (R - ’; /OTuoo(f) - /,L()Pt(f)dtDQ 5;) V= <’f‘LipC()\1 —~ eAT>>2'

By the Kantorovich-Rubinstein duality

1 (T 1 [T
'T / uoo<f>uopt<f>dt\ < ]T / quoowlwoopuuozﬂodt\

IV leC (1 =) VVr
< H/ = —_— H/ .
from which the result follows immediately. O

3.4 Averaging: Two-timescale Ornstein-Uhlenbeck

Consider the following linear multiscale SDE on R x R where the first component is
accelerated by a factor a > 0:

dX; = —a(X, — YV)dt + VadBiX, X =z
dY, = —(Y; — X)dt +dBY, Yo =yo

with BX, BY independent Brownian motions on R. Denote P; and L the associated
semigroup and infinitesimal generator respectively.
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Let f(z,y) = x —y and note that Lf = —(a+ 1) f. We have by the regularity of P; and
the Kolmogorov forward equation

atazptf = 8thLf = —(O[ + 1)8xptf

so that
83;Ptf _ 8$f€f(a+l)t _ 67(a+1)t.

Repeating the same reasoning for 9,F; and P; gives
OyPif = —e @tV and Bif(z,y) = (v — y)e (@TDL

From Corollary 3.2.3

T
/ X; — Yidt = RE f(x0,y0) + MY
0

with
1— e—(a-l—l)(T—t)

a+1

)

T
RY f(, ) = / Py of(z,y)ds = (z — )

T T T T
MTva:/O /t axPs_tf(Xt,}Q)ds\/EdBf(Jr/o /t Oy Ps_1 f (X3, Yy)ds dBY

T 1— e—(oc—‘rl)(T—t)
:/ — 1 (VadBX —ap)),
0

This shows that for each T fixed
T
Yr — (B + o) 2/ Xy — Ypdt
0

is a Gaussian random variable with mean
1— e—(a+1)T
RT — —yy)—

(0 = 0) a—+1

and variance

T
ity = L [ ()
«Q 0

3.5 Averaging: Exact gradients in the linear case

Consider

dX; = —a(X; — Y)dt + VadBY, Xy = g
dY; = —(Y; = Xp)dt — Yy +dBy, Yo = yo
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Denote Zi((z,y)) = (X¢(z), Yi(z)) the solution for Xg = z,Yy = y and let Vi(z,v) =
Zi(z 4+ v) — Zi(z). Then

. [« -«
dV; = — AV, dt with A = <_1 (1+5)>

The solution to the linear ODE for V4 is
Vi(z,v) = e Aty

Since V; does not depend on z we drop it from the notation. Now for any continuously
differentiable function f on R? and v € R?,z € R? we obtain the following expression
for the gradient of P, f(z) in the direction v:

Pif(z +ev) — P f(2) Ef(Zi(z +ev)) — f(Zi(2))

= lim

VP f(z) = lim

e—0 € e—=0 €
_ iy EVI() Vien) + ol Veen))
e— 9

=EVf(Z(2)) e .

Since V,P;f = VP, f - v we can identify VP, f(z) = E*(e )TV f(Z;).
The eigenvalues of A are (\g, a\1) with

)\0:%<a+5+1—\/(a+5+1)2—4aﬁ>,

)qz%(@-i-ﬁ—i-l—i-\/(a+5+1)2—4a5).

By observing that
(a+8+1)%—4af =(a—(1+p)* +da= (8~ (a+1))* +45

we see that asymptotically as o — oo

)\o—ﬂ—FO(l)
(6%

1 1
« «

We can compute the following explicit expression for e~4?
c1(t
At — ety 1d— 1Y 4
@

_ (2 0
all) () — ey (1)
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with

(t) Oé)\le_’\ot _ /\Oe—a)qt (1 + a)e—)\ot _ ﬁe_o“\lt Lo 1
C = = R
’ alr — Ao ali — Ao ’

!
e (t) = o (e‘AOt — e_a)‘lt) ,

ca(t) = alep(t) —ei(t)) = ﬁ—)\o (e_)‘ot — (8- a)e_""\lt> +0 <;> :

o?

Note that A\, A1, o, c1 and ¢y are all of order O(1) as o — oo.

We obtain
o VP f(z)=E o o V(Z)
a(t) eft) — e (t)
_ o —Aot —aAit
o~ Goe + Giae > PNV f(2)
with

Fo ). (F ) 0!
The expression for G shows that |0 VP, f(2)
fa(z) such that E*[0; fo(Z;) + Oy fa(Zt)] = O(

| can be of order 1/y/a only for functions
1/ /a).

Furthermore, for any function f € C2° we have

Cov (f(Z,),B*) =0 (%)

Cov </Otf(s, Zs)ds,BtX> =0 <¢1a) :

Since by Itd’s formula dPs f(Zs) = VP51 f(Zs) - cdBs we have

and

t
F(Z) — Ef(Z) = /O VP,.f(Zs) - odB,

t t
= / ViPsif(Zs)\/adBX + / V,Ps.f(Zs)dBY
0 0
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we have
Cov (f(2), BX) = E [(f(Z) — Ef(Z)B}X]

—E [ /0 t vxPs,tﬂZs)\/ads]

t
— <\/1a +0 (jv)) 1 —Tj e /0 e 5Py (Vaf + Vyf)(Zs)ds.

The result for fot f(s, Zs)ds follows by the same arguments from the martingale repre-
sentation for fg f(s, Zs)ds — ]Efg f(s,Zs)ds.

3.6 Averaging: Conditioning on the slow component

Consider the following linear multiscale SDE on R x R accelerated by a factor a:

dX; = —akx(Xy — Y;)dt + VaoxdBi*, Xo=0
dY; = —ky (Y; — X3)dt + oydBY, Yy =0
where BX, BY are independent Brownian motions and «,kx,ky,ox,0y are strictly

positive constants and we are interested in the solution on a fixed inverval [0, T7].

We define the corresponding averaged process to be the solution to

dX; = —arx(Xy — Y)dt + VaoxdB¥, Xo=0 (3.6.1a)
4, = E [—ry (¥, — Xt)‘ff] dt + oydBY, Yy =0 (3.6.1b)

where ]:tY is the o-algebra generated by (Yy)s<:.

The conditional measure P(-|F}) has a regular conditional probability density u
P(-|Y = u), u € C([0,T],R). Now observe that BX remains unchanged under P(-|Y =
u) since Y and BX are independent. This means that for all u € C([0,7],R) and
f € C(R), P(]Y = u) solves the same martingale problem as the measure associated

to
dX! = —arx(XP — u(t))dt + VaoxdBi, Xy =0. (3.6.2)

It follows that the conditional expectation given .7-"}7 of any functional involving X equals
the usual expectation of the same functional with X replaced by X“ evaluated at u =Y.

For example, since

t
EX} = / arxe X5 () ds
0
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the drift coefficient of YV is

E [~y (Y = X0)| 7 | = =y (Vi ~ EIX|FF]) = —ry (Y — EXJ,y)

t
= —Ky (Yt —/ ak e rx(t=s) y ds)
0

dZ; = —arx(Zy — Yy)dt (3.6.3a)
dY; = —ky (Y; — Z)dt + oy dBY . (3.6.3b)

so that Y solves the SDE

The key step in our estimate for Y; — Y; is the application of the results from the first
section to

T
/ h(t)(X{ — EX{)dt
0
for a certain function h(t).
We begin with a gradient estimate for the evolution operator Py, associated to X*.

Lemma 3.6.1. Let id(z) = x be the identity function and h(t) € C([0,T],R). We have
forallz e R

0, P, (hid)(z) = h(t)e~rx(t=9),
Proof. Denote X;"* the solution to (3.6.2) with X“ = x. Then

A(XP™ — XP7) = —akx (X770 — XP7)dt

so that
XBEHE _ x5 _ cpmrxali=)
and
Or Pya(hid)(2) = lim &' E ()X = h(t) X" | = h(t)exet=),
O
Theorem 3.6.2.
E|Yr — Y| = _amyoy /T (1 — e~ orx(T=1) (2 — e_”Y(T_t))>2 dt  (3.6.4)
(akx + Ky)? Jo
T ryox
e /<;?X
and
E|Yr — oy BT |* = m /OT (1 - e*(a“X“Y)t)Q dt (3.6.5)
z KL%O'%/
—a? k%
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Proof of Theorem 3.6.2. We now proceed to show the equality (3.6.4). We decompose
Yo — Vi = / oy (Xo — Yi)dt — / oy (B[X,| V] — Tt
0 0
T o ~ T ~ ~
= —HY/ (E[X|Y] = Xp)dt — /‘GY/ (Y = Yy) — (Xy — Xy)dt. (3.6.6)
0 0
Using linearity, we can rewrite this as
— T — - -
YT — YT = —Hy/ h(T — t)(E[Xt‘Y] - Xt)dt
0

for some function h.

Since

d(Xt — Xt) = *OZK,X(Xt — Xt)dt + O[IQX(}/t — }_/t)dt

we have
- t —_
X — Xy = / a/er_““X(t_s)(Y} —Y})ds.
0

With the notation - B o
ft)=Y: =Y, g(t) =Xi —E[X3]Y]

equation (3.6.6) reads as

L+ £ - /0 arxe 59 f(5)ds = g(t).

Ry

Using capital letters for the Laplace transform, this writes as

ZP(s) + F(s) — —2Xp(s) = G(s)
Ky S+ akx

or, after rearranging,

S+ arx

F(s)=k
(5) Ys(s—i—omX—i-/fy)

G(s) = ky H(s)G(s).

Inverting the Laplace transform, we find that

arx Ry _
t) = + e
akx + Ky aKkx + Ky

akx+Ky)t

so that

— T — — —
Yr—Yp = /{y/o T — s) (X5 — E[X,|Y]) ds.
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By the properties of conditional expectation and Corollary 3.2.3 we have for any inte-
grable function ¢ that

E®(Yr — Y1) = E[E®(Yy — Y7)|F)] = E[E(®(Yr — Yr)lu = Y)] = E[(ES(M}))],—v]
with

MY = ky 8y P (W(T — -)id)(Xy) ds v/ao x dB,
s

:nyfax/ / T —5) _MX(S ) ds dB,
_ HYfUX / / akxe —akx (s— t)d

akx + Ky
+/ rye v (T=s)gmanx(T=s)g—arx(s—t) qg (B,
t
T
_ Vanyox | 1= etemerm@n g,
akx + Ky

Since M} is independent of u we can let M; = M{* for an arbitrary u so that

E®(Yy — Vi) = E®(My).

Now we can compute

2

2 T 2
o2 __ GRyOx —(ar+ry ) (T—t)
E\Yr-Yr|"=EM)p= ——=2 1-— Y dt.
| T T‘ < >T (Oélix+l<éy)2/0 ( € )

We now turn to the computation of E|Y; — oy B} |2.

From equation (3.6.3) we have
d(z —7Zy) = —(akx + Hy)(f/;g — Zy)dt + UthY

so that .
Y, — Zy = oy / e~ (arxtry)(t=s)g Y (3.6.7)
0
is an Ornstein-Uhlenbeck process. This means that
2 p—(arx+ry)t

E(Y; — Z)(Ys — Z) = 1’61@(—+w sinh((akx + Ky)s), s<t.
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so that
2

E|Y; — oy BY |? = %

¢
/ Y, — Z.ds
0

t s
o2 / / (Y, — 2,)(Y, — Z,)drds
0 0

— it [l entemssens [ (a4 vy ryinds
(arx +Ky) Jo 0
2k2.0% - +ry)s

= o [t (cosh((anx + 1)) — 1) ds

I€2 0_2 t )
- an Y+3/; )2 </ 14e” (arx+rYy)s _ 26—(aﬁx+my)5ds>
X Y 0

3.7 Approximation by Averaged Measures

In the previous section, the computation for E|Y; — oy B} |? relied on the fact that we
had an explicit expression for E[X; — Y;|Y]. Here we will see a method that can be used
to obtain similar estimates in more general situations.
Consider a diffusion process (X¢,Y;) on R™ x R™

dX; = bx(Xy,Yy)dt + ox(Xy,Y;)dB{*

dY; = by (Yy)dt + oy (Y1)dB)

where BX and BY are standard independent Brownian motions. Denote L the generator
of (X,Y) and FY the filtration of BY.

Let

Quf =EF f(X1. Vi)
so that, by the It6 formula and since Y is adapted to F¥ and B¥X and BY are indepen-
dent, we have

t t
Quf = EF | £(Xo, Yo) + / LF(X,.Y,)ds + / Vo f(Xs, Ya) - 0x (Xo, Yo)dBX
0 0

t
T / V,f(Xs,Ya) - oy (Ys)dBY
0

t t
= E70 [£(Xo, Yo)] + / B Lf(X,, Ys)ds + / (7 Yy f(Xo,Y2)) - oy (Yo)dBY .
0 0

In other words,

dQif = QiLfdt + (QiVyf) - oy (Y2)dB; .
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Ezample 3.7.1 (Averaged Ornstein-Uhlenbeck). Consider again the process (X,Y’) from
the previous section. In this case, f(z,y) = z — y is an eigenfunction of —L with
eigenvalue akx + Ky and we have 9, f = —1. Therefore

dQif = —(akx + ky)Qqfdt — oydBY

so that we retrieve the result from (3.6.7)

t
E[X; - Y|Y] = Q.f = _JY/ e—(omx-i-HY)(t—s)de/.
0
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Chapter 4

Towards a Quantitative
Averaging Principle for
Stochastic Differential Equations

This chapter is a reproduction of the preprint [Pepl7], which is why the notation differs
slightly from the rest of the thesis.

4.1 Introduction and notation

4.1.1 Motivation and main result

We are interested in stochastic differential equations of the form

dX; = e ox (X, Vy)dt + e Y20 x (X, V)dBY, Xy = o,
dY; = by (X4, Yy)dt + oy (Y1)dBY, Yy =yo

for some € > 0 and g € R", yo € R™. The precise assumptions on the coefficients are
stated in Assumption 4.1.1 and they essentially amount to bx being one-sided Lipschitz
outside a compact set, by being differentiable with bouded derivative, ox being bounded
and the process being elliptic.

It is well known (see for example [FW12]) that when all the coefficients and their first
derivatives are bounded, Y (which depends on ¢) can be approximated by a process Y
on R™ in the sense that for all T > 0 fixed

P sup |V;—Yi| >e| - 0ase—0.
0<t<T
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The process Y solves the SDE
dY, = by (V)dt + oy (YV1)dBY, Yo =wo

with

) = | b))

Here (Ny>yeRm is a family of measures on R™ such that for each y, p¥ is the unique
stationary measure of XV with

The work [Liul0] replaces the boundedness assumption on bx and ox by a dissipativity
condition and shows the following rate of convergence of the time marginals:

sup E|Y; — Y| < Cel/?
0<t<T

for some constant C' independent of e.

In [LLO16] the authors relax the growth conditions on the coefficients of the SDE and
show that when (X¢,Y;) is a reversible diffusion process with stationary measure p =
e~ V@) dedy such that for each y, a Poincaré inequality holds for e~V @ ¥ dz, then there
exists a constant C' independent of € such that

E sup |Y; — Y| < Ce'/?,

0<t<T

The present work extends the approach from [LLO16] to the non-stationary case and
drops the boundedness assumption on by, oy commonly found in the averaging liter-
ature. The general setting and notation will be outlined in Section 4.1.2. Section 4.2
presents a forward-backward martingale argument under the assumption of a Poincaré
inequality for the regular conditional probability density p{ of X; given Y; = y. By
dropping the stationarity assumption, we have to deal with the fact that p{ is no longer
equal to p¥ defined above. This is done in Section 4.3 by developing the relative entropy
between p; and p¥ along the trajectories of Y. Dropping the boundedness assumption
on by forces us to consider the mutual interaction between X; and Y;. In Section 4.4 we
address this problem when the timescales of X and Y are sufficiently separated. The
main theorem is proven in Section 4.5. Section 4.6 applies the theorem to a particular
class of SDEs to obtain sufficient conditions such that for any 7" > 0 and ¢ sufficiently
small

E sup |V; Y < Cel/?
0<t<T

where C' will be explicitly given in terms of the coefficients of the SDE and the Poincaré
constant for pf.
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4.1.2 Setting and notation

The results in Sections 2 to 5 will be stated in the setting of an SDE on & x Y = R” xR™
of the form

dX; = bx(Xy, Y)dt + ox(X;, V1)dBY, Xo = z
dY; = by (X3, Vi)dt + oy (X,, V1)dBY , Yo = y

where z € X =R", y € Y = R™, BX, BY are independent standard Brownian motions
on R™ and R™ respectively and by = (bg()lgign, by = (b% )i<i<m, ox and oy are
continuous mappings from X x Y to X, ), R™*™ and R™*™ respectively.

The matrices Ay = (a%(x, Y)). and Ay = (ag(w, y))ij<m are defined by

Z7j§n
Ax(z,y) = jox(z,y)ox(z,y)", Ay (z,y) = sov (z,y)oy (z,y)"
and the infinitesimal generator L of (X,Y) has a decomposition L = LX + LY such that

LXf= Zn:b Ou: f + Z a2, f,
=1

731

LYf =080, f+ Z o2,
i=1 i,j=1
Lf=(LX+LY)f.

We will also make use of the square field operators I' and I'X, defined by

T(f,9) = 3(L(fg) — gLf — fLg) = > _ a%0s,f0u,9+ > a0y, f0y,9,

ij=1 ij=1

Y(f9) = 3L (f9) — gL f = fLXg) = Y a{0r, fOr,g.

ij=1
We denote pi(dz, dy) the marginal distribution of (X,Y") at time ¢, i.e. for p € C°

Elp(Xe, Yy)] = /XW o(x,y)ps(dz, dy)

and we let py(dz) be the regular conditional probability density of P(X; € dz|Y; = y).

If a measure u(dx, dy) is absolutely continuous with respect to Lebesgue measure we will
make a slight abuse of notation and denote u(z,y) its density.

We will also make use of a family of auxiliary processes (X y)yey defined by

dXY = bx (X, y)dt + ox(Xs,y)dBY, XY =z
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which we assume to be uniformly ergodic and we denote Y the unique stationary in-
variant measure of XVY.

We will furthermore use another auxiliary process X solution to
dX; = bx (X, Yy)dt + ox (X, Y;)dBY, Xo =z

where BX is an n-dimensional Brownian motion independent of BX and BY and we
denote pf the regular conditional probability density of P(X; € dz|Y; = y).

For the section on decoupling and the main theorem we need in addition to a separation
of timescales the following regularity conditions on the coefficients of (X,Y):

Assumption 4.1.1. Regularity of the coefficients:
e bx wverifies a one-sided Lipschitz condition with constant kx and perturbation c.:

(x1 — mg)T(bx(xl,y) —bx(x2,y)) < —kxl|z1 — .732\2 +a forall zy, 0 € X,y €Y

e by has a bounded first derivative in x:
2 1 = % 2
Ry = — E sup|Vzby (z,y)|” < o0
mi3 ey

e Ax is nondegenerate uniformly with respect to (x,y), i.e. there exist two constants
0 < Ax < Ax < oo such that the following matrixz inequalities hold (in the sense
of nonnegative definiteness):

AxId < Ax(z,y) < Ax1d

e oy is invertible and Ay is uniformly elliptic with respect to (x,vy), i.e. there exists
a constant Ny > 0 such that the following matriz inequality holds (in the sense of
nonnegative definiteness):

)\y Id < Ay({L', y)

Assumption 4.1.2. Regularity of the time marginals:
e There exists My such that for |z|? + |y|*> > Mo, r >0, a > 0

V. log pi(,y) @+ Vylog pi(z,y) y < —r(|zf* + |y|*)*/2

e The regular conditional probability densities p; of P(Xt € dz|Yy = y) satisfy
Poincaré inequalities with constants cp(y) independent of €:

[ =2 < erty) [loxVasiant.

In order to characterise the separation of timescales, we introduce a parameter v defined
by
K X2>\y

7= Axry?
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4.2 Approximation by conditional expectations

We will start with a Lemma for a form of the Lyons-Meyer-Zheng forward-backward
martingale decomposition.

Lemma 4.2.1 (Forward-backward martingale decomposition). For a diffusion process
& with generator Ly and square field operator T'y we have for f(s,-) € D(Ls+ Lp—s) and
1<p<2

p/2

E sup
0<t<T

/Ot —(Ls + Lr—s) f(s5,&5)ds ’ <3120, + 1) <IE /OT 2Ft(f)(§t)dt>

where Lg is the generator of the time-reversed process §~t = {r—¢ and C), is the constant
in the upper bound of the Burkholder-Davis-Gundy inequality for LP.

Proof. First, suppose that f(¢,x) is once differentiable in ¢ and twice differentiable in x
so that we can apply the It6 formula.

We express f(t,&) — f(0,&) in two different ways, using the fact that & = Er_y:

f@@—mmwaé@+uvw@%+m 1)
f(OafO) - f(t7£t) = (f(ong) - f(Tv 50)) - (f(téf—t) - f(Tv 50))

T
= / (=05 + Lg) f(T — s,&5)ds + My — Mp_,
T—t

t
:Ab@+L%ﬁ@&@®+Mrﬂ%4
t
= /0 (=85 + Lr_s) f(s,&)ds + My — Mp_, (2)

where M and M are martingales with

T
<A4>Tv=:]£ 2T (f)(s,£:)ds

T B T
(M) = / 2 ()T — 5,&)ds = / 2I5(f)(s,&s)ds = (M)7.
0 0
Summing (1) and (2), we get
t
/) _(Ls +ET—S)f(57€S) = Mt+MT—MT_t'

We have by the Burkholder-Davis-Gundy LP-inequality that
E sup [Mif” < CpEI(M)}]

0<t<
E sup [Mr_f =E sup INL|P < CLE[(M)Y?] = C,E[(M)/?]
0<t<T <t<T
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so that

P p

/0 (L + Lo f)(s,6)

=E sup ‘Mt + My — My,

0<t<T

E | sup
0<t<T

< 3! (IE sup |My|P +E|M7r|P +E sup \MT_t]p>
0<t<T 0<t<T

< 3P71(20, + 1) (E(M)7)P/?

/2
< 3p—1(20p + 1) (E /OT 2Ft(f)(t,§t)dt>p

For a general f(¢,z), C? in = and locally integrable in ¢, we approximate first in space
by stopping & and then in time by mollifying f(-, z).

For R > 0, > 0 and a function f(¢,z) we will use the notation

(1 (t0) = f(e.a "5,
+oo
(fe(t,x) = f(s,2)pe(t — s)ds

where ¢. is a mollifier. In particular, (f)#(t,-) is bounded and (f)-(-, ) is differentiable.

Let K; = Ly + Ly—;. K, is a second order partial differential operator and so can be
written as

K f(t,x) = sztxaft:v%—Za”tm Jf(t )
for some functions b and a¥.

Define the stopping times 7p = inf{t > 0 : |&| > R}. Then

tATR p t p
E sup / Ky(f)e(s,6)ds| =E  sup / (Ko(£)e) (s, £,)ds
0<t<T 0 0<t<TpAT 0
t p
<E sup / (Ku(£)2) (s, £2)ds
0<t<T 0

T p/2
<6, + (B [ 20 e g )
(4.2.1)

By differentiating inside the integral for (f). we get

tATR
/0 Ku(f — (F))(s.6)ds < sup  [bi(t,2) / SUp (D, f — (D, )5, 2)|ds

0<t<T,|z|<R |z|<R

+  sup Utx‘/ sup |(82,,. f — (02, £)c) (5, 2)|ds.
0<t<T,|z|<R 2| <R
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Ase — 0, (9)e — gin LY([0,T],L>°(Bg)) and the integrals on the right hand side go to
0. We now let first € — 0 with dominated convergence and then R — oo with monotone

convergence to get
tATR p
| s gas
0

/ "Kuf(s,6)ds|
0

For the right hand side of (4.2.1), note that

(Ce(f) =Te((NN =Telf = (Nes f+ () = (@) (0, f = (00, 1)) (0, f + (02, )T
so that

E sup
0<t<T

= lim limE sup
RHOOE*)O 0<t<T

T T
/ (Ce())=Tel(HNTI < sup a2, w)(azijr(@xjf)e)/ sup |0y, f— (O, f)e|dt.
0 0<t<T,|z|<R 0 [z[<R
Now the convergence follows again by first letting ¢ — 0 with dominated convergence
and then R — oo with monotone convergence. O

Lemma 4.2.2. Let L and L be generators of diffusion processes with common invariant
measure i and square field operators I' and I' respectively. Let f, g be a pair of functions
such that

Lf = Lg and / P(f)du < / I'(f)dp.

Then
[rthn< [P
Proof.
/F(f)du= /fodu:/ngdu /f(f g)du
<(froa) (/ 1/2( )
< ([rom) " ([twa)”
The result follows by dividing both sides by (f T'(f)du)">. O

Lemma 4.2.3. Consider a generator L with invariant measure p and associated square
field operator T'. Assume that the following Poincaré inequality holds:

[ o= utdn < cr [Ty

Then for any sufficiently nice f
[rhin<cr [ (-Lifdn< e [r-Lian

54



Proof. Since both I" and L are differential operators, we can assume that p(f) = 0. Now,

(/ F(f)du)2 ~(-/ fodu>2 < [ an [ rptanser [Tan [ Lo

and the first inequality follows after dividing both sides by [T'(f)du. For the second
inequality, we apply the Poincaré inequality again with ¢ = (—Lf). O

Proposition 4.2.4. In the general setting of section 4.1.2 with Assumption 4.1.2 let
v (dx) be the regular conditional probability density of P(X; € dz|p(Yy) = n) for a
measurable function ¢: Y — RL. If v, satisfies a Poincaré inequality with constant
cp(n) independent of t with respect to TX then for any function fi(x,y) with at most
polynomial growth in x and y such that fi(-) € C*(X x ), [, ft(:r,y)uf(y)(dx) =0 and
1<p<2

P p/2

E sup
0<t<T

/ (X, Yo)ds
0

< 31972020, + 1)<E /OT CP(<Z>(1€))ft2(Xt,3€)dt)

where Cy, is the constant in the upper bound of the Burkholder-Davis-Gundy inequality
for LP.

Proof of Proposition 4.2.4. The generator of the time-reversed process (X,Y")_, is [HP86]

n m n m
Lip= > bydoo— 3 o+ > a0+ 3 alld, o
=1 =1

ij=1 ij=1
1 < i 1 & i
+ Z On,; (20 p1—1)02,0 + Z Oy, (2aypr—1)dy, ¢
Pr—t =1 Pr—¢ =1
so that the symmetrized generator is
(L+Lr_y)e
Kip = —
1 & . noo 1 = . moo
= Z On;(aXpe)Otp + Z al)jfagixg@ T Z Oy; (aype) Oy + Z a%ﬁa;ingo
Prii=1 =1 Prii= =1
n 1 i m 1 y
= Z ;azi(Ptaxascj@ + Z ani(ptaYango)'
ij=1 ij=1

For fixed 7 > 0, we see from the expression for K that p.(dz, dy) is an invariant measure
for K, (use integration by parts).

By the properties of conditional expectation | frdp, = 0. From Assumption 4.1.2 and
Theorem 1 in [PVO01] it follows that for each 7 there exists a unique solution F, €
C?(X x ) to the Poisson Problem K, F, = f;.

95



We can now apply the forward-backward martingale decomposition via Lemma 4.2.1 to
obtain

t p t p
E sup /fS(XS,Ys)ds =E sup /KSFS(XS,YS)ds
0<t<T |JO 0<t<T |JO
t ~ p
278 sup | [ (L4 Ly R (X, Yo)ds
0<t<T | Jo

T p/2
< 27P3r~1(2C, + 1)<E/ QF(FS)(XS,YS)ds>
0

Now, we want to pass from I" to I'X in order to use our Poincaré inequality for v

For o € C*(X)andy € Y, 7 > 0 fixed let IA(T’ygo be the the reversible generator associated
to I'*(¢)(-,y) and 2.

Since Y satisfies a Poincaré inequality and [ f-(z, y)l/f @) (dz) = 0 by assumption,

K;Fﬂ%x):f}maw
has a unique solution F7Y(z).

If we set Kro(z,y) = (K™o(-,y))(x) and Fr(z,y) = F™¥(x) then

/ KTw(x,y)pt(dx, dy) = / / (KT’ygo(',y))(a:)uf(y)pt()(,dy) =0 and
XxY yJx

KTFT(CU’?/) = fr(2,y) = K- Fr(z,y).
By Lemma 4.2.2 we get that

/ L(Fy)dpe < / X (Fy)dp;.
xxYy XY

Since KE, = fr and K, is the generator associated with I'* and l/t¢ (y), we can use the

#(y)

Poincaré inequality on v, in Lemma 4.2.3 to estimate the right hand side by

/ PX(£y) (2, y)pe(de, dy) = / / X () (@, ) (de)pu( X, dy)
XxY yJX
< /y ep((y) /X F2 (@, ) f P (de)py(X, dy)

N / cp(@(y)) (@, y)pi(de, dy)
XxY

which completes the proof.
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4.3 Distance between conditional and averaged measures

We will first show a general result on the relative entropy between pft and p¥* by
studying the relative entropy along the trajectories of Y;. We are still in the setting of
section 4.1.2.

Proposition 4.3.1. Let fi(z,y) = %(I). If 1Y satisfies a Logarithmic Sobolev inequal-

ity with constant ¢y, uniformly in y with respect to 'Y then forreR
B et < BRG — (2= 0) [ErGE e
Proof. We have

H(pt ") = | filog fun(do) = Ellog fi(X,, Y[V =y
X
so that the quantity we want to estimate is
Yiy, Yoy
EH(p;*|p*) = Ellog f¢(X, Y2)].
Now by It6’s formula

de™ log fi(X:, Y1) = ((8; + L) log fi(Xs, Y2) + rlog fi( Xy, Yy)) € dt + dM,
= ((Drlog p{ (2))(X1, Y2) + L log fi(X1,Y2) + LY log fi( X1, Y1)
+r IOg ft(Xt7 Yi))eqﬂtdt + th

where M, is a local martingale.

Since p{dz is a probability measure, we have

B{orlog ot (2) (X, YoYe =] = [ (@rlog ot (2))pt(a)do

By the definition of p¥ as an invariant measure for X¥ we have for all ¢ in the domain
of LX

/ LY o(z,y)du? = 0. (4.3.1)
X
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From the Logarithmic Sobolev inequality for p¥ we get

X Xz
H") < ben the?) = de [ =005 oy

Together with the formula LX (go f) = ¢'(f)LXf + ¢"(f)TX(f) this implies

BIL log (X0, Y0l =] = [ 1 (og )l y)ol (@)

B ¥ () (2,y)
= | PRy - | ZEOE @)
= —I(p{|u¥)

2
< ——H(p{|n¥).
CL
By the tower property for conditional expectation and the preceding results,
E[(0; log p} (2))(X¢, Y3)] = 0 and E[L~ log f;(X;, V)] < —ZEH(p;*|s**) so that

EH(p,"|n"")e"™ = Ellog fi( X, Yr)e"]

2

t t
<BRE ) - (2 - r) [RHEPds [ B tog (X o)l

O]

We now proceed to estimate the term E[LY log fs(X;,Y;)] in a restricted setting where
the coefficients of LY are independent of z and p¥ has a density p¥(z) = Z(y) te~"V(®¥)
where V' has bounded first and second derivatives in y.

Lemma 4.3.2. If the coefficients b}, and agz of LY only depend on y then for fi(z,y) =

dopY
air (@)

[ 2 og pudgt <~ [ 17 vog vt
X X
Proof. Let gi(x,y) = p{(z). Provided that all the integrals exist, we have
[ 2 o) et @) = [ 1Y Qogante D)ot ()
Y (g:(z, ) (y
= [ 2o Dyt~ [ Dy

X gt(l‘)y)
< /X LY (gu(x, ) (y)do

2% ([ e 1as) () =0

o8



since g¢(z,y)dzx is a probability measure. Now the result follows since
LY log f; = LY log g, — LY log ¥

O]

Lemma 4. 3 3. Consider a probability measure pu(dz,dy) with density p(z,y) on X x Y
and let Z(y) = [, p(x,y)dx, p¥(dz) = p(dx,y)/Z(y). We have the identities

Oy, log Z(y / Oy, log p(x, y)u? (dz),
aziy log Z(y / 8 y; 108 u(x, y)p? (dz) + Covyw (9y, log i, Oy, log ).

Proof. By differentiating under the integral

_ ayZZ Rt 3@/#(%?/) /L(:L‘,y)dl‘ _ o T T

and
2

= Oy, /X 9y, log p(z, y)p (dz)

Oy (. y) 0y, Z(y)
= | 0y,0y, logu(x,y)uY(dx —i—/@.lo x, yldw—/@lo x, x,y)—L dx
/X y; Oy, log p(z, y) ¥ (dz) % g u(z,y) 70 e gz, y)pu(z,y) 2(0)?
+/X@y]- log p1(x, y) Oy, log p(x, y) ' (dz) — O, 10gZ(y)/Xf9yj log pu(, y) ¥ (dz)

= /X ai_yj log p(x, y)p¥ (dx) + Covyw (0y, log p, 9, log ).

Lemma 4.3.4. For any Lipschitz function f

‘ [ i~ [ sdot

Proof. By the Logarithmic Sobolev inequality of u¥ with respect to I'* and the uniform
boundedness of A we have

2
< I flIfipAxcrH(pf 1Y)

uniformly iny € Y.

Ent, (f?) < 2¢y, / X (f)dp? = 2¢y, / (Ve H)TAC,y) (Vi f)dp? < 2cpAx / Vo f|2dp?
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which says that ¥ satisfies a Logarithmic Sobolev inequality with respect to the usual
square field operator |V.|> with constant cyAx. By the Otto-Villani theorem, this
implies a T inequality with the same constant:

Wa(pf, 1¥)? < e Ax H(pf |12%).

By the Kantorovich duality formulation of W7 and monotonicity of Kantorovich norms
it follows from the preceding T5 inequality that

2
sup /fd(pi’ — )| = Wil 1) < Walp!, 1i¥)? < e Ax H(p}|p¥)

IfllLip<1

from which the result follows. O

Proposition 4.3.5. If by, oy depend only on y and p(dx) = Z(y)~ eV @V dx such
that [|0y,V (-, y)|Lip < o0, || yzyJV(‘ay)HLip < oo for ally then

AXcL
ELth(XhY; ZHa V Y% ”L1p+ Z H yyj Y;f ||L1p H(pz/tLuYt)

1,j=1
+ E®(Y5)
where
Oy) =35> W)+ 3> dl@?+ D ail(y) Covuw(d,V,0,,V).
i=1 i,j=1 i,j=1

Proof. Using Lemmas Lemma 4.3.2, 4.3.3 and 4.3.4 together with the inequality 2ab <
a® + b% we get

| £ 10g fudet
X
- [ L 1ogurant
X
=LY log Z(y) — / LY log pdp}
X

i y)/ Dy, logud(uy_p?)Jrag(y)/X@;yj log pd(p¥ — p?)

( ) Cov iy (Oy, log 1, Oy, log 1)
v(y

< % )+ 5119y log ullfip Axer H (o} ) + 3a-(y)?
+ 31105,y log ullfipAx e H(pf |1¥) + af (y) Covuy(ayi log u, 0y, log p).
The result now follows from the tower property of conditional expectation. O
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4.4 Decoupling

We are still in the general setting of Section 4.1.2. We also require that oy (x,y) = oy (y)
only depends on y and that Assumption 4.1.1 is in force. The key requirement for the
results in this section is a sufficient separation of timescales expressed by assumptions
on 7.

The goal in this subsection is to estimate expressions of the type EF(X,Y) by EF(X,Y)
for any functional F' on Wy x Wy.

Denoting P the Wiener measure on C([0,7],X x )), define a new probability measure
Q = E(M)P with
~1 o T oy
aMy = (oy (¥i) ™ (by (X0, ¥3) = by (X, 1)) dBY .
Corollary 4.4.5 will show in particular that under our assumption on v £(M) is a true
martingale so that Q is indeed a probability measure.

Under this conditions, there is a Q-Brownian motion BY such that
dY; = by (X, Yy)dt + oy (Y)dBY
with
dBY = dB} — oy (Y}) ! (by (X:, Y3) — by (X¢, V2))dt.
The following Proposition 4.4.2 states the key property of Q which we are going to use.

Lemma 4.4.1. Under Q, BX, BX and BY are independent Brownian motions.

Proof. Girsanov’s theorem states that if L is a continuous P-local martingale, then L —
(L, M) is a continuous Q-local martingale. Thus BY = BY — (BY, M) is a continuous
Q-local martingale by definition, and B, BX are continuous Q-local martingales since
(BX, M) =0 and (BX, M) = 0. Since the quadratic variation process is invariant under
a change of measure we can conclude using Lévy’s characterisation theorem. O

Proposition 4.4.2. The laws of (X, Y,X) under P and of (X, Y, X) under Q are equal.

Proof. (X,Y) solves the martingale problem for L under P, and (X,Y") solves the mar-
tingale problem for L under Q. Since bx and by are locally Lipschitz, the martingale
problem has a unique solution. ]

Note in particular that under Q B;X and Y are independent.

The rest of this section is dedicated to show that we can estimate expectations under P
by expectations under Q when we have a sufficient separation of timescales.
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Lemma 4.4.3. For any p > 1,q > 1 and Fy-measurable variable X
-1

<EX)p < (EQXP) <E6)\(p,q)(M>t)pq with )\(p’ q) — M <p+ . 1 1)
p— —

Proof. We have
EX = E[XE(M)7e(M)"7) < (EXPE(M)) /P (EE(M) 7 /M)

— (EoX)/PEE(M) ™M) with 141 =1

Furthermore, using that for any o € R we have E(M)™* = 50‘(—M)ea(1+°‘)/2, we get

(gqp (e 2p(qp+1 )1/‘1]

10! 1/ /! 7, # /q
< (Betiran) (Ee‘é’; (% +1><M>> with 141 =1
! 1/q
< (Eew<p+qll)<M>t>

The first expectation in the second line is < 1 since £97/P(—M) is a positive local
martingale and therefore a supermartingale. Expressing ¢ and p’ in terms of p and ¢ in
the second expectation, we pass to the last line and conclude. O

E[g(M) /7 = E [(E(M)—Q’P’/p>1/ q'} _

Lemma 4.4.4. Under Assumption 4.1.1 for

g <

NI

we have

2Bk x (a+ nS\X)t>

Bexp (301)) < exp (X0

Proof. From the definition of M; we have
- 2 1 - 2
AM)e = oy ™ (B(Xe, Y2) = b(K0,Y0) )| dt < 1 [b(X, Y0) = b(K, o)t
Y
-2
<Y ‘Xt —Xt‘ dt.
Ay
We also have
- A\T -
d1X - X =2(X - %) (bx(X0,Y) — b (%0, V7)) e

~\T ~ ~
n 2<Xt - Xt) <JX(Xt, Y)dBX — ox(Xy, Yt)ngf)
+2Tr(Ax (X, Yy))dt + 2 Tr(Ax (X, Yy))dt

(m) - _
< —2kx| X — X¢2dt + 2(a + nAx)dt
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(m)
where < means inequality modulo local martingales, and

d{| X — Xef?) = 4(X¢ — Xt)T (AX(Xta Y;) + AX(Xt,YZ)) (X — Xy)
< 8Ax| X — Xt|2

so that

~ ~ 2 ~ r v
dez!Xe=Xel? BM)e — (;d!Xt — X¢? + Bd(M); + %dﬂXt —~ Xt\2>> e 31 Xi=Xul? B M)

(m) 2 ~ - r %
= <<T2AX —rex + /B)\F;Y> X — Xi* +r(a+ n)\X)) ez Xe=Xel? M) gy
Y

= (Ax(r—r)(r =)l Xe = Ko 4 rlo+ ndx) ) e3P 2001y
with

ri:;\—XX@i 1=4B/7).

According to our assumptions, 1 —43/y > 0 and we have, choosing r = r_
T X, X2 (m) < T, |2
dez X=Xl BM)e " (0 4 phy)ez 1K= Xel e BOM)e gy

so that
e%‘Xt*XtFe,B(M)t (2) eT_(aJrnS\X)t

and . : B
EefM)e < Ee o 1 X=X B(M): < er-(atnAx)t,

Since 1 — /1 —x <z for 0 < z <1 we have furthermore

r_ < 2. %
T 2Ax vy
so that _
EeAM) < oxp <2ﬁﬁx(a + Mx)t> .
Ax~y
O
Corollary 4.4.5. If v > 2 then
E(M), is a true martingale.
Proof. Since % < 7 by our assumption we get from the previous Proposition that
E [eaM >t} < 00
and Novikov’s criterion leads directly to the conclusion. O
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Proposition 4.4.6. Under assumption 4.1.1 for any Fi-measurable random variable Z
mﬂl+%+2¢g§p§2

p/ﬁix(a +nXx)t

(p—l—\/2/7’7> Ax

Proof. We would like to apply Lemmas 4.4.3 and 4.4.4, so we need to find conditions
that ensure the existence of a ¢ such that A\(p,q) < 7.

(EZ) < Eqg |27) exp

After some straightforward computations we get the identities

Mpg)— p(g —q-)(q — q4)

4 20-1)%q-1)

inW“Z;U(p—1+iixﬂp—pJ@—pH)7

142492
pr=1+242/2

Our assumption on p implies that 1 + % + 2\/% <2 <— ~v2>

m > 2 so that

p—p—>p—1+ % > 0 and by our assumption on p, p — p+ > 0 as well so that g+ is

real and \(p,qy) = 7.

For our particular values of p_ and p; we have furthermore (p—p_)(p—p+) > (p — p+)2

so that
%p—D@—l—vg)
2p

q+ =

Now, apply Lemma 4.4.3 with ¢ = ¢4 to obtain

p—1

E[Z]” < Eq [ZP]E[G%(M%] T+

We estimate the second expectation on the right hand side using Proposition 4.4.4

2 ((p— l)nx(a—l—n/_\x)t)

. p=1
EledM)] & < ox
[ ) =P\ a 2Ax

prx(a+nix)t
(p—1-v2/7) Ax~

which leads to our result. O

< exp
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4.5 Proof of the main theorem

Lemma 4.5.1. If by is Lipschitz then

sup |Y; — Y| < sup el

0<t<T 0<t<T

/Ot by (X, V) — B(Ya)ds

Proof.

sup |[V; —Y;| = sup

/by X, Y,) — by (Ys)ds

0<t<T 0<t<T
T
< sup / by (X5, Ys) — by (Yy)ds| + ”bHLip/ sup |Ys — Yi|ds
0<t<T |J0 0 0<s<t
and the conclusion follows from Gronwall’s inequality. O

Theorem 4.5.2. Under Assumption 4.1.1 if oy (z,y) = oy(y), a Poincaré inequality
with constant cp holds for p!, a Logarithmic Sobolev inequality with constant cr, holds
for p¥(dz) = Z(y)"te V@YW da both with respect to T'X, Xo ~ p*0 and b is Lipschitz
then for 1 <p < 2\/7 we have the estimate

1+242,/=
++2/5

2/p

B 2CL2 T
E| sup |V; — Y|P < mky?Ax | 27¢p?T + E/ \IJYdt)
ogth“ l = X( F 4 —cr?Ax(mey? +3cv?)  Jo ()
Wrx(a+nix)T -
eXp< prx( x) +2||b||LipT>
pyAx
with
3mey?(a + niy ~ o moo
w(y) = PTG a1 D a0+ ai) Covu(D,V,0,,V),
X ij=1 ij=1
o 1 2
- 2 2 —
SO
and
m
CV2 = sup ZHasz HLlp + Z H yzy] HLlp
Y i=1 ij=1

Proof. By Lemma 4.5.1 we have

<E | sup

t
/ by (X.,Y2) — b(Ys)ds
0<t<T 0

0<t<T

E[sup Y, - Vi

p _
ePllbllLip T
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Using Proposition 4.4.6 we get for 1 < p < —2—— that
1+%+2\/g
t - P
E| sup / by (X, Ya) — B(Ys)ds
0<t<T |Jo
t 27P/2 / .
_ Ax)T
<Bq | s | [y —bvas| | e (p rx(atnix) )
o<t<T |Jo YA x
with
, 1
0<p = < 00.

2
-5 (1+y2)

By Proposition 4.4.2

2

Eg | sup =FE

0<t<T

sup
0<t<T

/t by (X, Y,) — b(Ys)ds /t by (X, Ys,) — b(Ys)ds
0 0

|

Now we decompose

t 2
/ by (X,, Ys) — b(Y,)ds
0

E | sup
0<t<T

t N ~ 2

<28 | sup | [ by (X, ¥2) — Elby (£ YOI (X., Ya)lds

0<t<T |J0
t ~ B 2
428 | sup | [ By (2 Y0l Yol - BYds] |- (05.)
0<t<T |JO

For the rest of the proof we put ourselves in the setting of section 4.1.2 where we
substitute X for X and (X,Y) for Y.

For 1 < 4 < m we now apply Proposition 4.2.4 with ¢ : (z,y) — y, v/ = p{ and
f1(@,z,y) = b (2, y) — Eb (X, Ys)|(Xs, Ys) = (x,9)]. Since pf satisfies a Poincaré in-
equality by assumption and [ f;(-,y)dp; = 0 by the properties of conditional expectation,
we get

2]

E | sup

0<t<T

27 [T

2 Jo

27 (T

2 Jo

27cP2AX|\beiY||§OT
2

[ B ¥ B (R Yl (6 Vs

< E [ep(Vi) fA(X0, X0, Y7) | dt

< E [ep(Vi)’TX (0)) (%1, ¥i)] dt

<
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where the second inequality follows from the tower property of conditional expectation
and applying the Poincaré inequality a second time to 57 and the last line from T'X (bi ) =
Vbl TAxV, bl < Ax|Vbi|? < Ax|Vibi||%. Summing over the components b} we
get

E | sup

t
/ by (X, Ya) — Efby (Ko, Ya) (X, Y))ds
0<t<T 0

2
27CP AXT Z 9
< =) Vet Il
] =1
B 27cp?Axmry T
B 2

We now turn to the second term on the right hand side in the decomposition (4.5.1).
First, note that
2]

[ by an) — [ @ vo )
X

E /tE[bY<X37Y;)’<X37Y;)] _B(Ys)ds
0

sup
0<t<T

< IE/T Efby (X, V2)I(X,, Y2)] E(Y;)dsf

—Z/

By Lemma 4.3.4 we have

2

2

| [ @y ) - [ e vou @)
— X X

< Zl\b?llLlpAXCLEH( o ity < miy 2 Ax e EH (507 1Y),
i=1

Suppose that uniformly in y

m
ZHasz ”Llp + Z H yzyj HLlp < CV2'
1=1

i,j=1

Now, for some r € R to be fixed later, use Propositions 4.3.1 and 4.3.5 to get

9 2A t t
EH (55 | )e™ < — ( - w - 7’) / EH (pX=Ys|uY*) e ds +/ E®(Xs, Ys)eds.
€L 0 0
(4.5.2)
We have
BB(X, Y2 =B |53 0 (X0 Y + 3 D0 all () + 3 a(¥:) Cov i (8, V., V)
i=1 ij=1 ij=1



and we estimate the first term on the right hand side as follows:
EbY (X, Y5)? < BE[bY (X, Ye) — 0y (X, V5P

b Yo o)+ 3| [ 0o ¥ o)

1 3[EK, (K., V) - /
X

Since by is Lipschitz in the first variable we get for the first term

i mmy2(a + n;\X)

. .~ ~ 2 ~
Bl (X, V)b (K, Vo)l = E[by (X, Y5) = by (X, Vo) < iy 2BIX,— K2 <

=1

KX

Still using the Lipschitzness of by, we use Lemma 4.3.4 together with the tower property
for conditional expectation on the second term to get

> [Eby (X, Ys) —/ by (2, V)™ (do)]* < mmsy e, AxEH(5XY|1).
i=1 X
This leads us to

mHy2(Oé + nXx)

+E,5<y;>|2)

+ 3(@(Ys) + ai(Y) Cov,r. (8, V.0, V).

E®(X,,Y;) < 3 (mHYQCLAXE H(pXsYs|pYs) + .

Substituting ® in (4.5.2) we get

2 A 2 2 t
B et < - (2 - ST ) et

t 3m/<cy2(oz—|—n5\X) _ mo

E [ e” $1b(Y:)1* + 3 P(Ys)?

R S LLCIRT DI LD

+ g ay(YS)COVHY@(ayiVaaij)ds.

3,j=1

Now we choose
2 AXCL(mKYQ + 30\/2)

r = E — 9
so that .
~ X, Y Vs —r(t—s)
BH(GE ) <B [ e Ou(v.)ds
0
with
3mry2(a 4+ nix) - TN N
W(y) = TSI SR+ 5 3 @R+ Y af () Covn(0,.9,,V).
ij=1 ij=1
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By the preceding inequality and the Young inequality for convolutions on L!([0, T)

T T t
/ EH (57" ") dt < / / e TG (Y, ) dsdt
0 0 0
T

T
gIE/ e’“tdt/ U (Y;)dt
0 0

_ 1 . efrT T
! )IE/O W(Y;)dt

r

so that finally

t ~ - 2 mky2Axcr T
E | sup /ﬁmmﬁaA@MX&nn—buaﬁ s(l—erﬁE/‘wa@ﬁ
0<t<T |Jo r 0
QCLQAXmHy2 T /T
= 1—-e™)E U (Y;)dt
4 — CLQAx(mHYQ + 36\/2) ( € ) 0 ( t)
2¢1.2A xmky?

T
)E/O U (Y;)dt.

<
~ 4 —cr?Ax(mry? + 3ey?
Assembling the previous results, we obtain

2/p

E | sup |Y; - Vil?

2 2 2¢,? g
< mry“Ax | 27cp*T + E \I/(th)dt
0<t<T ) Jo

4 —cp?Ax(mry? + 3cy?

<2pllix(04 + ’n;\)()T
exp

2[|b|LipT ) -
(o AT 21l

d

4.6 Applications

4.6.1 Averaging

For € > 0 fixed consider an SDE of the form
dX; = —e 'V, V(Xy, Yo)dt + 7Y% /285 dBY (4.6.1)
dY; = by (X3, Yy)dt + /28y dB) (4.6.2)

with Yy = 5o € R™ and Xo ~ p¥ = e BV (@%0)dz and V(z, y) is of the form

1

Viz,y) = 5@ —9(y)Qz — g(y)) + h(z,y)
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where h is uniformly bounded in both arguments and both 9,h and 8§h are Lipschitz
in x uniformly in y. Under these conditions

! (dz) = Z(y) " te PV EV dy with Z(y) = / e BxV(@Y) g

X

is a Gaussian measure with covariance matrix Sx@ and mean g¢(y) perturbed by a
bounded factor e Bx(=:¥)  Ag such it satisfies a Logarithmic Sobolev inequality with
respect to the usual square field operator |V|? with constant

cp = (5X)\Q)_16’8X oso(h) " with osc(h) = suph — inf h

and Aq is the smallest eigenvalue of (). In particular, ;¥ satisfies a Logarithmic Sobolev
inequality with constant

cp = 6)\5166)( osc(h)

with respect to TX = =151 V|2.
We have

— (21— 22)T (Vo V(21,y) — VoV (22,9))
(71 — 22)T Q21 — w2) — (w1 — 22) T (Vih(z1,y) — Vih(za,y))

< —Aglz1 — mof* + |21 — 22| Vel
Vhl]
< —Aglrr — @2f” + Tho
so that we can choose
1 ~1[Vah[le
Kx =€ " AQ, a=g —.
4\q
We also have trivially
Ax = Ax = Ax = 185}, Ay = By, Ky = || Vaby |lso

and the separation of timescales is

If v >

1

S A28yt
T 2 = ¢ 2 g—1°
XmKy [Vaby (13,85

~ 9.899 we can apply Theorem 4.5.2 with p =1 to get

(V3-v2)2
2
E | sup |V; - |
0<t<T
with

T
<eCy <27(CP(€)/CL)2T + CQE/ W(Y})dt) exp (2p'C3T + 2||b||LipT)
0
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Ci = e 'mry?Axer? = mny2ﬂ)_(l)\65262ﬁx ose(h)
) 2\ —Bx osc(h)
02: 5 SlfOI‘ES Q¢ BX,
4 — ¢y, Ax(ml-{y2+36\/2) ||VbeH§o+30V2
o mxlatndy) _ [IVabrll <“ e 4t
3= = )

YAx

3mry?(a 4+ nix) 35y
U(y) = 3 §
(y) kx 2 y)l +3

3,j=1

+ > ail(y) Covyw(0y,BxV, 9y, Bx V)
i,j=1

3 Vaby B (g + n8y)
2/\Q

_ 3IVabr i (Bl 1 ngyt)
- 2)\@

+2mBy” + By BY > Varuw (9, V) + 5[b(y)

+3mBy” + By B D 10y VI + 310(y)?

_ 3 Vabyl (il 1 ngyt) .
M + 3mBy? + Bx (By M) e MY 110, VI, + S b)),

i

2<yp = ! < 2 ~ 3.633

(e 2) B VE

and

HLlp + Z H y,y] HLlp

i,j=1

m
cy? = sup ZH@%V
Yo\i=1
If we suppose that cp(g)/cr converges to a finite limit as € — 0 and that

T
1) / b(Y;)%dt < oo
0

then there exists a constant C' depending on T, V, Bx,by and By such that for e suffi-
ciently small

E sup [Y; — V| < VEC.
0<t<T

In other words, we obtain a strong averaging principle of order 1/2 in e.
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4.6.2 Temperature-Accelerated Molecular Dynamics

In [MVO06] the authors introduced the TAMD process (X¢,Y:) and its averaged version
Y; defined by

dX; = 1V, U (X, Yy)dt + 1/ 2(Be) " 1dBY, Xo~ e PU@0) g

dY; = —1r(Y: — 0(Xy))dt +/2(B7) dBY, Yo =y
dY; = b(Y;)dt +\/2(B5)"dBY, Yo =yo

Y) )+ 5ly — ()],

Yy

Ulz,y) =V(z
o) = 2) " [ =3ty - oae B IRV e, () = [ EoR Vg

with X; € R™, Y}, Y; € R™, a Lipschitz-continuous function V (x), constants x, ¢, 3, 3,7 >
0 and independent standard Brownian motions BX, BY on R” and R™.

Let D C R™ be a compact set and define the stopping time 7 = inf{t > 0:Y; ¢ D}.

We will show that under some additional assumptions, a strong averaging principle with
rate 1/2 holds in the sense that for any fixed T and e sufficiently small but fixed, there
exists a constant C' not depending on & such that

\ 1/2
sup ’}/t/\T _Y;f/\T‘ <Ce / .
0<t<T

We need the following extra assumptions on the TAMD process:

0 < Mg Id,, < DO(z)DO(z)" < AgId,, < oo,

—(21 — 22) (Vo (0(21) — 9)? = Va(0(z2) — )?) < —kola1 — z2]* + ag

lim |f(x)| = o0
|z|—o00

gk > Agﬁil.

In order to apply Theorem 4.5.2 we also need to suppose that Assumption 4.1.2 holds
for the TAMD process.

We will now briefly comment on the form of Y;. Let

plde) = Z5'e Vs, 2= [V
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so that

by) = ZZ((;)/_TIH(O(SE) —y)e 2O )

Zo ——1/ —5lz—y[?

= — —k(z —y)e 2 O pi(dz
R R pn(d2)
ZO __1 / —E|z— 2

=—~ "V, [ e 2 0,u(dz

where 041 denotes the image measure of 4 by 6. Now note that
A 5 iy
Z(y) — /6_2|9(I)_y|2u(dx) _ /e—glz—yQQ#u(dz)
0

so that
. B2 _
bu) =771V log [ B0, dz) = T, log(Ou < N 0.6 0)

In the last expression, * denotes convolution, A'(0, s~ 1) denotes the Gaussian measure
with mean 0 and variance k! and we identify through an abuse of notation measures
and their densities which we suppose to exist.

Thus,
dY; = 571V, log(Oup + N (0, 5~ 1)) (V) dt +\/2(37) " dBY .

In physical terms, Y; evolves at an inverse temperature of 3 on the energy landscape
corresponding to the image measure of p by 6 convolved with a Gaussian measure of

variance k1.

We proceed to establish a Logarithmic Sobolev inequality for p¥ via the Lyapunov func-
tion method. From [CG17] Theorem 1.2 it follows that a sufficient condition for a
Logarithmic Sobolev inequality to hold for an elliptic, reversible diffusion process with
generator L and reversible measure y is: there exist constants A > 0, b > 0, a function
W > w > 0, a function V' (x) such that V' goes to infinity at infinity, |[VV (z)| > v > 0
for |z| large enough and such that u(e®") < oo verifying

LW (z) < =MV (z)W(z) + b.

Fix y and let F(z,y) = 3|0(z) — y[*>. In order to establish a Logarithmic Sobolev
inequality for pu¥ we are going to show that the preceding condition holds for V(z) =
F(x,y) and W(z) = @) We have
VaF(z) = DO(z)" (0(z) - y),
Ml0(x) — y|* < [V F|? < Aglo(x) —y|?,
AF =nXg + (AT (6 —y).
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Furthermore

elXF = -V, VIV.F — k|V,F|? + B 'AF
= -V, VDT (0 —y) — k| DOT (0 — 4)|2 + B Inkg + B7TAOT (6 — y)
< |V Volv/Rol0 — y| — kXol0 — yI> + B~ 'ndg + B A0]]0 — y]

(IV2VolvAg + 571AG])
2K M\g

< —kMF + + 5_171/_\9
= —rNF + G(x)

1

where we used the fact that —az? + bz + ¢ < —§ax2 + % + ¢ for the second inequality.

Let W (z,y) = @Y. Now,
eLXW(z,y) = eL*F(z,y)W(z,y) + B Vo F(z,y)*W(z,y)
< —(Ngk = NgB ) F (2, )Wz, y) + [|GllocW (2, 9)
= —((Aor — AgB™)F (2, 9) — |Glloc) W (2, y).

Since F' goes to infinity at infinity, for x outside a compact set

Mok = Mg F(2,y) + [|Glloo < —5(Nok — Mg~ F(2,y)

so that
ELXW(£> y) < _%()\9’% - Aeﬁ_l)F(fU, y)W(l‘, y) + K

for some constant K. This establishes a Log-Sobolev inequality for the measure p¥ with
respect to e['X in the sense that

/f2 log f2dpY < 20%/5FXd,uy
for some constant ¢ depending on y. Let cf, = sup,cp cf so that
/ f2log f2dpY < 2ecy, / rXdu?.

This shows that a Log-Sobolev inequality with a constant ecy, holds for each measure
W,y € D.

It remains to estimate kx, Ky, Hayl.UH%ip, Hf);UH%ip and b(y)?.

We have by = —e 'V, V(2) — e 15V,|0(x) — y[* and we want to find kx such that

(x1 — xg)T(bX(xl,y) —bx(x2,y)) < —kxl|r1 — x2\2 + « for all z1,z9 € R",y € R™.
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Since |V, V| is bounded and using the assumption on 6, we get

(z1 — $2)T(5X(I1, y) — bx(22,%))
Ny —22) (Vo V(1) = VaVi(x2)) — e (21 — 362) (Val0(z1) — y|* = Val0(z2) — yI*)

< —e kgl — @of” + 26 My — 22| VLV (@)]loo + & g
< _ —1"9“ |21 x2’2+4€—1‘|vr [ NI
- 4 KKg
so that we can identify
V.V
Kx = 571@ o= 4571M + 571049
4 KKg

We have A
so that ‘
and

Zﬁuv 0:(x)||%, < K2Ag.

We also have
HayzU”Llp Hb H%ip S R2||v$91||go S /iQAG

and
102 Ul = 10y, 560(2)[|75, = 0
so that
m
CV2 = Sup ZHale HLlp + Z H yzyj ||L1p < m'%ZA@-
Yoo\i=1 i,j=1

From the expression for eLX F we get that

€ rx G(z)
F<——L*F .
Y + KA\g
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Now

#(5) = ([ ~to - e<x>>uy<dw>)2

K? / F(z,y)p! (dx)
< — / LXF(z,y)p¥ (dz) + — / G(x)p¥ (dx)

_/G

since p¥ is invariant for LX (-, y).

IN

The separation of timescales is

_ kx2 Ay 1 Ko (BY)
Ax/{,y2 - 16/\9(671).

Ify > we can now apply Theorem 4.5.2 as in the previous section to show that

1
(vV3—v2)?
an averaging principle holds for the stopped TAMD process with rate /2, i.e. there
exists a constant C' depending on T, V, Bx, by and By such that for

16(v/3 — V2)?Agy8~1
bl

we have

E sup ’Y;f/\T - Y/t/\‘r| S \EC
0<t<T
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