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Highlights1

• Lorentz reciprocal theorem applied to evaluate Raman backscattering differen-2

tial cross-section3

• Oscillatory dependence of the scattering by spherical particles on their size is4

a novel effect. Physics explained5

• Computer modeling covers the size parameter from zero up to 90006
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Abstract14

A theoretical framework is presented that permits investigations of the relation be-

tween inelastic backscattering from microparticles and bulk samples of Raman-active

materials. It is based on the Lorentz reciprocity theorem and no fundamental restric-

tions concerning the microparticle shape apply. The approach provides a simple and

intuitive explanation for the enhancement of the differential backscattering cross-

section in particles in comparison to bulk. The enhancement factor for scattering of

water droplets in the diameter range from 0 to 60 µm (vitally important for the a pri-

ori measurement of liquid water content of warm clouds with spectroscopic Raman

lidars) is about a factor of 1.2-1.6 larger (depending on the size of the sphere) than

an earlier study has shown. The numerical calculations are extended to 1000 µm and

demonstrate that dispersion of the refractive index of water becomes an important

factor for spheres larger than 100 µm. The physics of the oscillatory phenomena

predicted by the simulations is explained.

Keywords: Raman backscattering cross-section; microspheres; Lorentz reciprocity;15

cloud physics; liquid water content; refractive index dispersion16

∗Corresponding author
Email address: taras@physics.uq.edu.au (Taras Plakhotnik )

Preprint submitted to J. Quantitative Spectroscopy and Radiative Transfer January 9, 2018



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

1. Introduction17

The water content of clouds, be it in liquid or frozen form, is one of the key pa-18

rameters that govern the energy budget of the atmosphere, and thus the weather and19

by extension the climate of the Earth [1, 2]. For this reason accurate measurements of20

cloud water content are of high importance so that microphysical processes in clouds21

can be studied and eventually understood better, and numerical weather prediction22

and climate models may be validated. Over the years, remote sensing has become23

an integral part of such endeavors for the spatial and temporal coverage it provides.24

Today, both active and passive instruments are monitoring clouds from space and25

from the ground continuously, and cloud microphysical products are generated rou-26

tinely from these observations. However, one should take notice of the fact that these27

products are often the results of retrieval algorithms based on proxy variables and28

modeling rather than stemming from direct measurements of the parameter itself,29

which adds another layer of uncertainty. For instance, in the case of ice water con-30

tent (IWC), common retrieval techniques employ empirical relations between radar31

reflectivity (e.g., [3, 4]), or lidar extinction coefficient (e.g., [5, 6]), and IWC derived32

from ice particles sampled in situ during field campaigns. So, ideally, direct measure-33

ment methods should be devised to verify the retrieval techniques. Our objective is34

to determine liquid water content (LWC) and IWC from lidar measurements a priori35

by utilizing the Raman effect.36

The water molecule is Raman-active in all three phases of matter, and Raman37

scattering by water vapor has been exploited successfully for lidar measurements of38

atmospheric humidity for a long time (as an early example of an operational water39

vapor Raman lidar, see [7]). For experimental and methodological reasons, however,40

Raman lidar studies of the condensed water phases are much more complicated, and41
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despite dedicated efforts over the last years (see the reviews given in [8, 9]), a priori42

LWC and IWC measurements have been proven elusive. This is about to change with43

the advent of spectroscopic water Raman lidars. These instruments allow for the first44

time direct measurement of the Raman backscatter coefficients of cloud water and45

ice [9].46

Let β be the Raman backscatter coefficient of cloud droplets, then47

LWC =
Kβ

dσs/dΩ
, (1)

where K is a known instrument-specific constant. One can directly obtain LWC from48

the measurement of β provided that dσs/dΩ, the Raman differential backscattering49

cross-section of a water molecule within a water droplet (subscript ’s’ stands for50

sphere) is known. A similar relation applies to IWC, only the numerical values of K,51

β, and dσ/dΩ (being shape dependent) are different. Note, however, that dσs/dΩ is52

not the same as the cross-section dσb/dΩ determined in laboratory experiments using53

bulk samples (subscript ’b’ for bulk), but differs from it substantially and exhibits a54

size dependence as previous studies have shown [10, 11].55

Let ηs be the ratio of the molecular cross-section in a droplet to the one in the56

bulk water sample, henceforth called the enhancement factor:57

ηs =
dσs/dΩ

dσb/dΩ
, (2)

then Eq.(1) can be rewritten as:58

LWC =
Kβ

ηs dσb/dΩ
. (3)

So in order to obtain LWC a priori, we have to determine the Raman differential59

backscattering cross-section of a water molecule in a macrosample and the magni-60

tude of the size-dependent enhancement factor. In a previous publication, we have61
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obtained dσb/dΩ with high accuracy [12], the subject of the present paper is the62

investigation of ηs. Because the situation is even more complicated for ice due to63

the enhancement factor being dependent on the shape of the ice particle [13, 14], we64

focus here mostly on the liquid phase. The enhancement factor for ice particles will65

be discussed in a follow-up article.66

Incidentally, we point out that a study of the enhancement factor of water droplets67

was published previously [10] which, however, was restricted to relatively small size68

parameters and left some questions unaddressed. Thus our motivation has been69

threefold: (1) Find a simple and intuitive explanation for the enhancement of the70

molecular Raman backscattering cross-section in water droplets in comparison to71

bulk samples. (2) Determine the magnitude of ηs. Because any error in ηs directly72

affects LWC results, this knowledge is crucial. (3) Extend the droplet size range to73

diameters of drizzle and small rain drops for which a spherical shape may still be74

assumed, and explore the dependence of ηs on size.75

The article is organized as follows. In Section 2, the theory of our model is76

described in detail. We have followed a new approach and have applied the Lorentz77

reciprocity theorem to the analysis of Raman scattering by particles. The numerical78

results are presented and discussed in Section 3. Conclusions are drawn and an79

outlook is given in Section 4.80

2. Theory81

The following theory is basic and is not limited to the case of spherical liquid82

droplets. To evaluate the value of η, we use a new approach based on Lorentz83

reciprocity theorem [15] which states that for any volume and its enclosing surface84
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S the following relation between the volume and surface integrals85

∫
[ ~J1 ~E2 − ~J2 ~E1]dV =

∮

S

[ ~E1 × ~H2 − ~E2 × ~H1]d~S (4)

holds for two sinusoidal current densities ~J1 and ~J2 oscillating at the same frequency86

and generating the electromagnetic fields ~E1, ~H1 and ~E2, ~H2. For a particular case of87

~J1 and ~J2 being the currents of two point dipoles and the volume covering the whole88

space, the surface integral vanishes and the theorem simplifies to89

~µ~E(d) = ~d ~E(µ) (5)

where ~E(d) is the field created by a point dipole ~d at the location of point dipole ~µ90

and ~E(µ) is the field created by ~µ at the location of ~d.91

Suppose that the point electrical dipole ~µ is immersed in a dielectric of an arbi-92

trary shape. The dielectric material occupies volume V . Both dipoles oscillate at93

angular frequency ω′. We assume a large distance between the two dipoles (much94

larger than the size of V and the wavelength of the wave). Without a loss of general-95

ity, we can also assume that ~d′ is oriented along x-axis of the coordinate system and96

consider a wave radiated by this dipole propagating in z-direction towards ~µ. At a97

large distance from ~d′, the electromagnetic wave emitted by ~d′ can be treated as a98

plane x-polarized wave (this wave is considered plane within V ). The electrical field99

of this (pumping) wave reads E0 exp(k′z − iω′t), where E0 ∝ d′.100

When the pumping wave interacts with the dielectric volume, the internal field101

(inside the volume) can be presented as a vector field ~E
(x)
i (x, y, z, ω′), where we drop102

the time-dependent factor exp(−iω′t) and the superscript indicates that the internal103

field is calculated for the case of a plain, x-polarized incident wave. Suppose that104

(x, y, z) is the location of the dipole ~µ which is induced by ~E
(x)
i . In the simplest105

case of Raman scattering, ~µ = α~E
(x)
i (x, y, z, ω′) with α being polarizability but106
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it oscillates with angular frequency ω. The field produced by this dipole is the107

scattered wave and can be obtained from Eq. (5) by considering an auxiliary dipole108

~d. Generally, the angular coordinates of this dipole can be arbitrary, but here we109

take a practically important case of backscattering when the location of ~d coincides110

with ~d′. For simplicity it is assumed that |~d| = |~d′|. Vector ~d can be either parallel or111

perpendicular to ~d′. In the case of ~d ‖ ~d′, one gets α~E
(x)
i (x, y, z, ω) ~E

(x)
i (x, y, z, ω′) =112

dE
(µ)
x . The projection of the scattered field on y-axis can be obtained by considering113

~d ⊥ ~d′ which results in α~E
(y)
i (x, y, z, ω) ~E

(x)
i (x, y, z, ω′) = dE

(µ)
y .114

If there are many incoherent induced dipoles homogeneously distributed over the115

entire volume V , then one can get the total power radiated by these dipoles in the116

direction to the dipole ~d by integration. The differential x-polarized backscattering117

cross-section per dipole is the radiant intensity of the scattered wave (proportional118

to |E(µ)
x |2) divided by the intensity (irradiance) of the pumping wave (proportional119

to |E0|2) and similar for the y-polarized scattering. Thus, one gets120

dσ
(x)
V

dΩ
= Υ

|α|2
| ~E0|4

1

V

∫

V

∣∣∣ ~E(x)
i (x, y, z, ω) ~E

(x)
i (x, y, z, ω′)

∣∣∣
2

dV (6)

and121

dσ
(y)
V

dΩ
= Υ

|α|2
| ~E0|4

1

V

∫

V

∣∣∣ ~E(y)
i (x, y, z, ω) ~E

(x)
i (x, y, z, ω′)

∣∣∣
2

dV (7)

where Υ absorbs all the constant factors such as speed of light in vacuum, concen-122

tration of dipoles etc. This constant also includes a factor dependent on the units,123

photon/(s sr) or W/sr used for the radiant intensity. The value of the total backscat-124

tering cross-section (a common case of lidar measurements is integration of scattering125

over both polarizations) can be obtained as a sum of the two values:126

dσV
dΩ

=
dσ

(x)
V

dΩ
+

dσ
(y)
V

dΩ
. (8)
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2.1. Bulk Raman scattering127

First, we apply Eqs. (6, 7, 8) to the case of bulk scattering. In such a case the128

dielectric is a large volume (theoretically a half-space) and has a plain interface with129

air but the scattering is collected from a volume small in comparison to the size of130

the bulk sample (see Fig. 1). In practice, this volume is defined by the details of the131

experimental setup. The internal field inside the bulk E
(x)
i (x, y, z, ω) is uniform and132

in accordance with Fresnel’s formula reads133

E
(x)
i (x, y, z, ω) =

2

n+ 1
E0 exp(ikz), (9)

where k is the wave number of light, and similar for the field at frequency ω′. The134

y-polarized cross-section is zero in this case. Thus the total bulk differential backscat-135

tering cross-section reads136

dσb
dΩ

= Υ|α|2 16

(n+ 1)2(n′ + 1)2
(10)

where we have allowed for the difference in the refractive index at ω and ω′. As a137

matter of fact, it is customary to take into account the effect of the interface on the138

scattering and rescale the apparent value of the differential cross-section to its value139

in the dielectric media [12, 16].140

First, the power transmitted through the interface is reduced at approximately141

normal incident by the factors t′ = 4n′/(n′+1)2 and t = 4n/(n+1)2 for the pumping142

wave and for the scattering wave, the expression on the right side of Eq.(10) should be143

divided by tt′. Second, the solid angle increases by the factor n2 on the interface and144

therefore the cross-section should be multiplied by n2 when rescaled to the medium145

(see Fig. 1). This simplifies the expression for the differential cross-section to146

dσ̃b
dΩ

=
n

n′
Υ|α|2. (11)
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n
θ0 θ

V

Water

Figure 1: Bulk experiment. Scattered waves are collected from the molecules occupying volume V ,

the region enclosed by the dashed line. Because for small angles θ = nθ0, the differential scattering

dσ/dΩ is reduced by the factor n2. This factor can be eliminated by immersing the detector of

scattering in water but usually the apparent value is simply multiplied by n2 and so it becomes

intrinsic to the scattering medium.

The value of n/n′ ≈ 0.996 (for water pumped at 355-nm wavelength) is very close147

to 1 and this factor will be ignored in the following analysis. But the dispersion will148

be an important aspect when we consider Raman scattering by microparticles.149

2.2. Relative cross-section of Raman backscattering by microparticles150

It is practically convenient to compare scattering by microparticles to the scat-151

tering by bulk material. For an arbitrary shaped particle of volume V one gets from152

Eqs. (6) and (11) the enhancement factor for x-polarized scattering153

η
(x)
V ≡

dσ
(x)
V /dΩ

dσ̃b/dΩ
=

1

V | ~E0|4
∫

V

∣∣∣ ~E(x)
i (x, y, z, ω) ~E

(x)
i (x, y, z, ω′)

∣∣∣
2

dV. (12)

A similar equation for η
(y)
V is obtained by replacing ~E

(x)
i (x, y, z, ω) with ~E

(y)
i (x, y, z, ω).154

The total enhancement factor then reads ηV ≡ η
(x)
V + η

(y)
V . The internal fields can be155

found numerically, analytically or using a combination of the two.156

The inhomogeneity of the distribution of the energy density inside V is the main157

reason for the enhancement factor being larger than 1. The variance of |Ei|2 is defined158

9
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by the equation159

var(|Ei|2) ≡
1

V

∫

V

|Ei|4dV −
(

1

V

∫

V

|Ei|2dV
)2

. (13)

We can use Eqs. (12) and (13) to express approximately (ignoring the difference160

between ~E
(x)
i (x, y, z, ω) and ~E

(x)
i (x, y, z, ω′)) the total enhancement factor as161

ηV ≈
〈|Ei|2〉2 + var(|Ei|2)

|E0|4
(14)

where 〈〉 stands for the volume averaging. Therefore a more inhomogeneous distri-162

bution of the energy (larger var(|Ei|2)) will increase the relative scattering which is163

proportional to 〈|Ei|4〉.164

The simplest case of scattering by a microparticle is scattering by a nanosphere165

with a radius a such that ka � 1. For such a small sphere, the internal field166

E
(x)
i (x, y, z, ω) can be found by solving the corresponding problem in electrostatics167

and the result reads E
(x)
i (x, y, z, ω) = 3/(2 +n2)E0. The y-polarized field is zero also168

in this case. Thus one gets from Eq. (12)169

ηn =
81

(2 + n2)4
≈ 0.40, (15)

where the numerical value is calculated for water, n = 1.33. Note that in [10] this170

value is close to 0.3 (Fig. 3b in the cited paper). Note that Eqs. (24) and (26) in171

Ref.[11] and Eq.(14′) in Ref. [17] agree with our Eq.(15).172

In the following section, we will consider spherical particles large in comparison173

to the wavelength and will use Mie theory where the field is expressed in a form174

of an infinite series which should be evaluated and integrated numerically. The175

computations can be accelerated by using spherical coordinates for vectors and space176

locations because the dependence of the field on the azimuthal angle φ is very simple:177

~E(x)(r, θ, φ, ω′) = ~E(x)
c (r, θ, ω′) cosφ+ ~E(x)

s (r, θ, ω′) sinφ. (16)

10
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Moreover, the internal field induced by a plane wave polarized along y-axis can be178

obtained from ~E(x)(r, θ, φ, ω′) if φ is replaced by φ+ π/2. That is179

~E(y)(r, θ, φ, ω) = ~E(x)
c (r, θ, ω) sinφ− ~E(x)

s (r, θ, ω) cosφ. (17)

For briefness, we drop the explicit arguments in the notations of the vector fields and180

move prime from ω′ to ~E. Then due to the mutual orthogonality of ~Ec and ~Es181

| ~E(x) ~E ′(x)|2 = | ~Ec
~E ′c cos2 φ+ ~Es

~E ′s sin2 φ|2 (18)

and182

| ~E(x) ~E ′(y)|2 = | ~Ec
~E ′c − ~Es

~E ′s|2 cos2 φ sin2 φ. (19)

The integration over φ can be done analytically to obtain183

η(x)s =
π

4
(3I1 + 3I2 + 2I3) (20)

and184

η(y)s =
π

4
(I1 + I2 − 2I3) , (21)

where the three double integrals are expressed as follows:185

I1 =
1

V E4
0

∫ a

0

∫ π

0

| ~Ec
~E ′c|2r2 sin θdθdr (22)

186

I2 =
1

V E4
0

∫ a

0

∫ π

0

| ~Es
~E ′s|2r2 sin θdθdr (23)

I3 =
1

V E4
0

∫ a

0

∫ π

0

Re
[
( ~Ec

~E ′c)( ~Es
~E ′s)
∗
]
r2 sin θdθdr. (24)

The value of the total relative scattering cross-section (the common case for lidars)187

can be obtained as a sum of the two values, and the enhancement factor in the case188

of Raman scattering by a sphere reads:189

ηs = π(I1 + I2). (25)
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3. Numerical modeling and discussion190

We have used these equations to calculate Raman scattering of water by spheres191

of radius a covering the range from 0 up to 500 µm. The results are shown in192

Fig. 2. Because Raman lidars used to study inelastic scattering by clouds, such as193

the RAMSES instrument [9, 18], usually operate at 355 nm, this wavelength has been194

selected in the computations for the pumping light. The Raman spectrum of liquid195

water is shifted by 3400 cm−1 to a longer wavelength. Refractive indices npw = 1.350196

and nsw = 1.344 for the pumping and scattered wavelength respectively have been197

taken from [19]. The apparently marginal dispersion of ∆n = 0.006 turns out to198

be an important factor. The electrical field inside the spheres has been obtained199

using a standard series expansion in Bessel and spherical harmonic functions [20].200

For the integrations, the electrical field at 4× 104 points (16× 104 points for spheres201

larger than 300 µm) within the cross-section of the sphere, that is 200 × 200 points202

(400×400) in the (r, θ) space have been used. The calculations have been done using203

Matlab code which routinely provides double precision for all numerical values.204

First, we compare Fig. 2 to the results reported by Veselovskii [10], where the205

size parameter of spheres varies from zero to χ ≡ 2πa/λ = 500 (about 60 µm in206

diameter for the pumping wavelength of 355 nm). We note that the refractive index207

used in [10] is 1.33 for both wavelengths instead of the correct UV values, but the208

small variation of the refractive index has a minor affect on the relative cross-section209

in this range of χ. For example, the values of ηn obtained with Eq.(15) are 0.383210

and 0.40 for n = 1.347 and n = 1.33, respectively. The value of ηs for the smallest211

spheres in Fig. 2 is 0.395 (slightly larger than the value calculated with Eq.(15) but212

it converges to 0.383 in the limit a → 0). The value of ηn reported in [10] (see Fig.213

3b there) is about a factor of 1.25 smaller than the theoretical value of 0.40. Figure214

12
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Figure 2: Relative Raman differential backscattering cross-section (top) and depolarization factor

(bottom) of spheres on a semilogarithmic scale. The wavelengths of pumping and scattered light

are 355 nm and 404 nm, respectively. The curves are calculated using correct UV values of the

refractive indices (npw = 1.350 and nsw = 1.344). Accurate calculation of the scattering near the

resonances (showing up as spikes) has not been attempted (except for a short segment shown in

Fig. 3).
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2 also shows a peak value of ηs (reached at χ ≈ 10 or about 1 µm in diameter) a215

factor of 1.65 larger than in [10].216

In the range 30 < χ < 70 (diameters of 3.4 - 7.9 µm), the previously reported217

relative backscattering cross-section is about 2.0 in average. This value includes218

averaging over resonances. Away from the resonances the value of ηs can be as small219

as 1.5 (Fig. 6a in [10]). Figure 3 shows ηs for a small select range of diameters (similar220

to Fig. 6a in [10]). Because the contribution of very narrow resonances strongly221

depends on the morphology of the droplets [21], intrinsic optical losses in water [22]222

and presence of dust and other impurities [23], we have tested this dependence by223

considering three cases. In a theoretical case of zero losses, the average value of ηs is224

about 3.9. In a more realistic case [24] when the imaginary part of the refraction index225

Im[n] = 10−8, the average value reduces to 2.95. It decreases to 2.85 if Im[n] = 10−7.226

The off-resonance values are not affected by such a small loss and the minimum value227

of ηs for the range of diameters shown in Fig. 3 is 2.13 in all cases. Both numbers228

2.85 and 2.13 are a factor of 1.45 larger than the corresponding values reported by229

Veselovskii [10] . Overall, in the range of diameters covered in [10] the previosly230

reported values of ηs are systematically smaller than those of Fig. 2 but the two sets231

of data can not be brought into agreement by a single scaling factor. The oscillatory232

behavior observed for large diameters manifested in Fig. 2 is a novel phenomenon not233

reported in earlier publications and will be discussed later in the paper.234

The accuracy of our calculations has been verified in several ways. To assess235

the limitations of the double precision, a few points on the curve (100 µm, 200 µm236

and 600 µm) have been calculated with quadruple precision (this takes time about a237

factor of 200 longer than the double precision calculations) using a multi-precision238

package [25] developed by Advanpix LLC. The change of the calculated value of ηs239

was less than 10−5 even at the largest size of the sphere (which requires the largest240

14
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Figure 3: A short segment of Fig. 2 calculated with a high resolution (the step equals 10−6 of the

sphere diameter). The amplitude and width of the narrow resonances depend on the imaginary

part of the refractive index which is assumed to be 10−7 in this example. The peak value for the

strongest resonance line is 320.

number of terms in the series expansion of the field). Additionally, the effect of241

truncation of the infinite series expansion for the field has been estimated. Increase242

of the length of the series by 40% (in comparison to the conventionally used estimate243

χ+ 4χ1/3 + 2 for the number of required terms) has changed ηs by about 10−7. The244

main error in the calculations is due to the limited number of the points used in245

the final integration step. Monte Carlo integration technique has been employed to246

estimate a 95% confidence interval. The points have been randomly chosen in the247

θ-r plane and the integration has repeated several times. The estimate of the 95%248

confidence interval is obtained using Student’s t-distribution with an appropriate249

number of degrees of freedom (one less than the number of repetitions).250

The average of |Ei|2 has been used as another check of the computational accuracy251

(the total energy of the electromagnetic field inside the sphere equals nV 〈|Ei|2〉).252

Away from the resonances and for diameters significantly larger than the wavelength253

of light, the geometric optics approximation can be used to show [26] that the volume254
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Figure 4: a) Relative Raman differential backscattering cross-section for large diameters on a

semilogarithmic scale. The blue curve shows ηs calculated with a wavelength-independent refractive

index of 1.347 (no dispersion), the mean value of the refractive indices at 355 nm and 404 nm. The

red curve is obtained for the case of doubled dispersion (npw = 1.353 and nsw = 1.341). Results

presented in Fig. 2 are shown as a reference (the grey area marks the 95% confidence interval).

b) Normalizsed volume average of the electromagnetic field inside the sphere on a semilogarithmic

scale.
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average of |Ei|2/E2
0 does not depend on the size of the sphere or the wavelength of255

the pumping light and reads256

1

V E2
0

∫
|Ei|2dV =

1

n2

[
(n3 −

(
n2 − 1

)3/2] ≈ 0.94 (26)

where the numerical value is calculated for water (n = 1.347, dispersion ignored).257

This theoretical result agrees with our numerical results which show the value of258

〈|Ei|2〉/|E0|2 to be close to 0.95 (see Fig. 4) at large diameters (away from resonances).259

Figure 5a illustrates the distribution of | ~E ~E ′|2 in a large 300-µm sphere. The260

distribution is quite inhomogeneous and this results in the enhancement factor being261

significantly larger than 1. Such distributions for spheres larger than approximately262

50 µm closely resemble each other (with corresponding geometrical scaling) and the263

results obtained in geometrical optics approximations [27], except for the resonances264

and some features which do not simply scale with the size of the sphere as expected265

in the geometrical optics approximation. These features critically depend on the266

wavelength of the pumping/scattered wave. The sphere in Fig. 5a has been modelled267

with much higher spatial resolution than what was used for calculation of the curves268

shown in Figs. 2 and 4, to verify the accuracy of integration.269

The oscillatory behavior of ηs at large diameters and correct UV dispersion of270

∆n = 0.006 has been investigated in some details to confirm that it is not an artifact271

but a physical phenomenon. The value of ηs has been calculated for two hypothet-272

ical cases: a two-times larger dispersion (npw = 1.353, nsw = 1.341) and with a273

zero dispersion (npw = nsw = 1.347). The curves are shown in Fig. 4. In the case of274

zero dispersion, the oscillation disappears and the enhancement factor grows approx-275

imately logarithmically with increasing diameter. The three curves overlap (except276

for the resonances) if the diameter is smaller than 40 µm (a < 20 µm). The condition277

npw− nsw ≈ λ/a apparently defines a minimal value of a such that the off-resonance278
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Figure 5: a) Value of 0.5x

∫ 2π

0
| ~E ~E′|2dφ on a logarithmic scale (log10) across the entire 300-µm

sphere. Correct UV refractive indices have been assumed. The value is shown using Cartesian

coordinates x ≡ ±ra−1 sin θ and y ≡ ra−1 cos θ. The factor x in front of the integral reduces its

value near x ≈ 0 which correctly reflects the relative insignificance of this region for the volume

integral. For the sake of testing the integration accuracy, these images have been calculated on a

1000× 2000 grid and the integrals over the volume resulted in ηs = 2.212, in agreement with Fig. 2.

Panels b) and c) show 0.5x
∫ 2π

0
| ~E′|2dφ and 0.5x

∫ 2π

0
| ~E|2dφ respectively for the strongest features

on a linear scale for a 780-µm sphere when npw = nsw = 1.347. Panels d) and e) show the same

region of the sphere as in b) and c) but for the case of npw = 1.350 and nsw = 1.344.

18



ACCEPTED MANUSCRIPT

ACCEPTED M
ANUSCRIP

T

cross-sections are noticeably affected by the dispersion. Larger dispersion results in279

earlier deviation of the red curve from the ”no dispersion” curve. The first minima280

in the value of ηs on the red curve is reached at about 175 µm which is followed281

by a maximum around 290 µm. These values for the black curve are about 430 µm282

and 780 µm respectively. Both numbers are approximately 2.6 times smaller for the283

larger dispersion. The amplitude of the oscillations of the red curve clearly decays284

with increasing diameter and the enhancement factor converges to approximately285

2.05. This suggests that the oscillations will decay also for the case ∆n = 0.006286

(this decay is less obvious in Fig. 4 due to the insufficiently long range of diameters).287

Finally, note that Monte Carlo integration (which employs a randomized integration288

grid) eliminates a possibility of an accidental coincidence of the grid nodes with the289

antinodes of the electric field (such a coincidence would artificially increase the value290

of the integral).291

To explain the discovered oscillations of ηs and the reason why the dispersion of292

water plays such an important role, we focus on the narrow and strongest features in293

the distributions of the field presented with high resolution in Figs. 5b-e. Figures 5b294

and 5c show that in the absence of dispersion the positions of the diagonal lines are295

almost identical for the pumping and scattered fields. The difference (about 10%)296

in the two wavelengths just slightly affects the spacing between these lines. In the297

case of dispersion, the positions of the lines are different for the pumping and the298

scattered fields due to different refraction at the interface between water and air299

(the refraction plays a critical role when the incident field enters the sphere). The300

mismatch in the locations of the lines for the two fields reduces the value of | ~E ~E ′|2301

and hence the value of ηs. But ηs partially recovers if lines 1′, 2′, etc of | ~E ′|2 (the302

numbering starts from the strongest line in Fig. 5d) correspondingly overlap with303

lines 2, 3, etc of | ~E|2 (see Fig. 5e). As demonstrated by the figure, such a resonance304
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is achieved for the size of the sphere of about 780 µm. This is the diameter when305

the value of ηs reaches its first maximum in Fig. 4a. The first minimum is reached306

by ηs at 430 µm. This is the size when the position of line 1′ in the distribution | ~E ′|2307

sits between lines 1 and 2 of the distribution | ~E|2. This size is a bit larger than half308

of the 780 µm because lines 1′ and 1 are the strongest and therefore line 1′ should309

be positioned closer to line 2 (not in the middle between lines 1 and 2) to achieve a310

minimal overlap between | ~E ′|2 and | ~E|2.311

It may look surprising that the relative backscattering cross-section of a sphere312

does not converge to the bulk value with increasing diameter. This is because we313

consider only a situation when the distance from the sphere to the point of detection314

(location of ~d) is much larger than the sphere diameter and therefore the contribution315

of different points of the sphere to the total scattering is not affected by the collecting316

optics. Therefore the right hand side of Eq. (25) does not converge to 1 in the limit317

a → 0. The conventional ”bulk measurements” deal with the situation of a plane318

interface between water and air when the water and air take a half-space each but319

the scattering is collected only from a small finite size volume. Therefore when the320

size of the sphere increases, the integration volume should be decreased to a smaller321

and smaller fraction of the sphere for a proper transformation to bulk.322

4. Conclusion323

We have applied Lorentz reciprocity theorem to the analysis of Raman backscat-324

tering by particles. This approach provides a simple and intuitive explanation for the325

enhancement of the backscattering cross-section in particles in comparison to bulk326

samples (theoretically considered as objects occupying a half space). The enhance-327

ment factor is related to the variance of the energy density within the particle vol-328

ume. This theorem also links the standard Mie theory of elastic scattering to Raman329
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scattering, and numerical calculations of relative differential Raman backscattering330

cross-section have been carried out for spherical particles up to 1000-µm diameters.331

These calculations are in qualitative, but not in quantitative, agreement with pre-332

viously published results, the values of the relative cross-section reported in this333

paper are about a factor of 1.2–1.6 larger (depending on the size of the sphere).334

We have also discovered that the small dispersion of the refractive index of water335

has a significant effect on Raman scattering by spheres larger than 100 µm. The336

observed phenomenon systematically depends on the factor ∆na/λ. The oscillations337

are explained by considering resonance phenomena between narrow and wavelength338

dependent features in the distributions of the electrical field at pumping and scat-339

tered wavelengths.340

The basic theory developed in this article is applicable to small particles of any341

shape as long as the internal fields can be determined numerically or analytically.342

If one studies microphysical cloud properties with lidars, assumption of a spherical343

shape for the microparticles is a good choice for several reasons: It is a realistic344

model for cloud and drizzle droplets as well as drops in light precipitation; Mie345

theory can be used for the computations; and spatial orientation of the particles346

with respect to the exciting light field is irrelevant which makes the calculations347

relatively fast. Obviously, the spherical particle model is only sufficient for warm348

clouds. Below the frost point, the fraction of aspherical particles increases with349

decreasing temperatures. So in order to measure IWC a priori, one needs to employ350

a different model for microparticles (see review [28]) and different numerical methods351

such as T-matrix etc [29] to compute enhancement factor of cold clouds.352
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