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Efficiency at maximum power of a laser quantum heat engine enhanced by noise-induced coherence
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Quantum coherence has been demonstrated in various systems including organic solar cells and solid state
devices. In this article, we report the lower and upper bounds for the performance of quantum heat engines
determined by the efficiency at maximum power. Our prediction based on the canonical three-level Scovil and
Schulz-Dubois maser model strongly depends on the ratio of system-bath couplings for the hot and cold baths
and recovers the theoretical bounds established previously for the Carnot engine. Further, introducing a fourth
level to the maser model can enhance the maximal power and its efficiency, thus demonstrating the importance
of quantum coherence in the thermodynamics and operation of the heat engines beyond the classical limit.

DOI: 10.1103/PhysRevE.97.042120

I. INTRODUCTION

Systematic formulation of the laws of thermodynamics
has been entangled with the notion of heat engines. The key
elements of a heat engine include [1] the working fluid (e.g.,
steam), two-temperature environment (thermal bath and the
entropy sink), and net work along with relevant measurement
in the form of the output power. A quantum heat engine
(QHE) can be viewed as a miniature version of the classi-
cal heat engine on the scale where quantum effects cannot
be neglected [2]. Examples include lasers, solar cells, and
photosynthetic organisms. The basic “quantum” feature of
these QHEs is rooted in the fact that the working fluid is a
few-level quantum system [3–5]. Quantum coherence has been
identified as an important performance enhancement feature of
continuous devices [6–8]. The sources of “quantumness” may
also include nonclassical baths [9,10], quantum feedback [11],
quantum measurements [12,13], or quantum effects in the
interaction with environment [3,14–16]. The latter effects
have been explored in the context of quantum coherence in
system-bath interactions. In particular, it has been shown that
noise-induced coherence may enhance power of the laser
and solar cell [17,18] and is responsible for highly efficient
energy transfer in photosynthetic systems [19], which has
been confirmed in the experimental studies of polymer solar
cells [20] and recently demonstrated in nitrogen vacancy-based
microscopic QHE [21] in diamonds and generalized to any
kind of quantum effects [21,22]. However, the demonstrated
power enhancement occurs in the limit of low efficiency, and,
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therefore, the practical implementation of the effect might
be difficult. Furthermore, unlike the power, the efficiency
itself usually shows no sign of quantum coherence. Therefore,
although it is expected that efficiency at maximum power
will be affected by coherence primarily due to the power
dependence, the exact analytical form and the range for
efficiency at maximum power analogous to that of a more
traditional QHE [23] has not been achieved so far.

Here we calculate the fundamental bound for the efficiency
at maximum power (EMP) [24] with and without coher-
ence. We demonstrate that the Chambadal-Novikov-Curzon-
Ahlborn (CNCA) limit [25–27] is not a fundamental bound but
rather the result of a particular parameter optimization, which
has been shown in stochastic engines [2,28]. We further derive
analytical expressions for both the high- and low-temperature
regimes and demonstrate that coherence may indeed increase
both the EMP and power. Finally, we obtain a strong indication
that a broken symmetry can affect the EMP depending on the
relation between the couplings of the nondegenerate states
responsible for coherence. These results suggest a robust
mechanism of improving and controlling the operation of the
QHE by manipulation of quantum coherence in the system-
environment interaction.

II. THREE-LEVEL QHE MODEL

The model is represented by a three-level system: ground
state |g〉 and two excited states |1〉 and |0〉, which correspond
to the lasing transition in a Scovil Schulz-DuBois (SSD)
laser [29]. A hot reservoir with temperature Th drives the
|1〉 − |g〉 transition, whereas a cold reservoir with temperature
Tc is coupled to the |0〉 − |g〉 transition [see Fig. 1(a)]. In
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FIG. 1. (a) Three-level QHE model. The hot (cold) reservoir is coupled with the |1〉 − |g〉 (|0〉 − |g〉) transition with dissipative rate �h

(�c). The single-mode laser field is driving between |1〉 and |0〉 with coupling strength λ. (b) Four-level QHE model. The difference from
the three-level model is that there are two excited states |1〉 and |2〉 coupled with |0〉 via the hot reservoir, with dissipative rate �h1 and �h2,
respectively. The energy gap between |1〉 and |2〉 is 2�.

the rotating frame an arbitrary operator is defined as AR =
e

i
h̄
H̄ tASe

− i
h̄
H̄ t where AS is the operator in the Schrödinger

picture and H̄ = h̄ωg|g〉〈g| + h̄ω
2 |1〉〈1| − h̄ω

2 |0〉〈0| with h̄ωg

the ground state energy and ω the laser frequency. The time
evolution of the system density matrix in the rotating frame [30]
is described by

ρ̇R = − i

h̄
[H0 − H̄ + VR,ρR] + Lc[ρR] + Lh[ρR], (1)

where the Hamiltonian of the system is given by H0 =
h̄

∑
i=g,0,1 ωi |i〉〈i|, and ωi represents the relevant energy.

Interaction with the single-mode lasing field is described by
the semiclassical Hamiltonian

VR = h̄λ(|1〉〈0| + |0〉〈1|), (2)

where λ is the field-matter coupling, which is considered
to be strong compared to any other relaxation process.
System-bath interaction is described by a Liouvillian,
Lj [ρ] = �j (nj + 1)[2|g〉〈g|ρνj νj

− |νj 〉〈νj |ρ − ρ|νj 〉〈νj |] +
�jnj [2|νj 〉〈νj |ρgg − |g〉〈g|ρ − ρ|g〉〈g|], j = c,h, νc = 0,
νh = 1 (see Appendix A). Here the average occupation
numbers are given by nc = (exp[h̄ωc/(kBTc)] − 1)−1,
nh = (exp[h̄ωh/(kBTh)] − 1)−1 with ωc = ω0 − ωg ,
ωh = ω1 − ωg .

Following the general approach outlined in Refs. [30,31],
which is applicable for weak system-bath coupling, the power,
heat flux, and efficiency of the QHE are defined, respectively,
as

P = − i

h̄
Tr([H0,VR]ρR), (3)

Q̇h = Tr(Lh[ρR]H0), (4)

η = − P

Q̇h

. (5)

In the steady state one can calculate Eqs. (3)–(5) and obtain
the efficiency ηSSD = 1 − ωc/ωh. The maximum possible
efficiency is given by the Carnot efficiency, which can be
shown by equating lasing-level populations using equilibrium
distributions: ρ11/ρgg = exp[−h̄ωh/(kBTh)] and ρ00/ρgg =

exp[−h̄ωc/(kBTc)]. This yields maximum efficiency to be
Carnot ηSSD < ηC ≡ 1 − Tc/Th. However, the QHE with the
Carnot efficiency has zero power as the Carnot limit corre-
sponds to the threshold condition for the lasing, rather than
the optimum operation with the highest power. Here we first
maximize the power and then calculate the corresponding
EMP η∗ ≡ η(Pmax). The power (3) and efficiency (5) in the
high-temperature limit can be calculated by setting nh �
kBTh/(h̄ωh) and nc � kBTc/(h̄ωc) and assuming the strong
coupling limit λ � �h,c. The maximization of the power is
typically performed for the parameter c = ωh/ωc with respect
to the temperature ratio τ = Tc/Th [4]. One way to perform
this optimization is to fix ωh while varying ωc = ωh/c to obtain
the maximum power. More details regarding the optimization
of the output power are presented in Appendix B, giving the
corresponding efficiency

η
(ωh)∗
SSD = γ −1[τ + γ −

√
τ (1 + γ )(τ + γ )], (6)

where γ = �h/�c. Alternatively one can fix ωc and vary ωh =
cωc which yields

η
(ωc)∗
SSD = 1 − τ√

(1 + γ )(τ + γ ) − γ
. (7)

Note that the difference in the two optimization schemes has an
underlying physical reason. Since evolution due to the coupling
to cold and hot baths does not commute, the absence of the time
translational invariance results in different operations under
two limiting conditions. In Eqs. (6) and (7) the superscript
ωj (j = h,c) denotes the fixed parameter. Further optimization
involves the parameter γ . We obtain the lower bound for the
efficiency at γ → 0 and the upper bound at γ → ∞:

(1 − τ )/2 � η
(ωh)∗
SSD � 1 − √

τ , (8)

1 − √
τ � η

(ωc)∗
SSD � 1 − τ

1 + τ
. (9)

Note that γ → ∞ limit should be achieved while keeping
�h � ωh and �c � ωc ensuring the weak dissipation regime.
Both the lower bound for η

(ωc)∗
SSD and the upper bound for η

(ωh)∗
SSD

are given by ηCA = 1 − √
Tc/Th, which is known as CNCA

efficiency [25–27]. As shown in Fig. 2, ηCA separates the entire
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FIG. 2. EMP η∗
SSD vs the Carnot efficiency ηC for the three-level

QHE model. When fixing ωh and optimizing ωc, η∗
SSD lies between the

bounds ηC/2 and ηCA (red area). When fixing ωc and optimizing ωh,
η∗

SSD lies between the bounds ηCA and ηC/(2 − ηC) (blue area). η∗
SSD

approaches the lower (upper) bound when γ → 0(∞). We present the
η∗

SSD with γ = 1 (green dash-dotted line) and γ = 0.05 (blue dotted
line) fixing ωh; γ = 1 (yellow solid line) and γ = 0.05 (purple dash
line) fixing ωc. Here we set kBTh = 100�c and λ = 1000�c.

parameter regime of η∗
SSD into two parts: one corresponds to

fixing ωh (red area) with upper bound ηCA and lower bound
ηC/2, and the other one corresponds to fixing ωc (blue area)
with upper bound ηC/(2 − ηC) and lower bound ηCA. We also
present the numerical simulation for γ = 1 and γ = 0.05 for
the two different optimization approaches, which shows that
the larger (smaller) γ is, the closer η∗

SSD approaches to the
upper (lower) bound. Our result therefore agrees with the work
of Esposito et al. [23], which shows that the CNCA is not
a fundamental limit for the QHE performance but rather a
consequence of the optimization procedure. However, despite
the mathematical equivalence between the two results, the
physics explored here is rather different. The previous analysis
of EMP bounds is based on the four-stroke engine and therefore
employs first order in the finite time Taylor expansion of the
thermodynamical quantities such as heat flux and entropy. In
contrast, this paper analyzes continuous QHE and therefore
uses the steady-state solution of quantum master equation,
which is a nonperturbative treatment of thermodynamics. Note
also that the CNCA limit in Ref. [23] is achieved when
γ = 1, which corresponds to the symmetric case when the
system dynamics during the interaction with cold and hot
bath commute. This holds only for the linear dependence
of heat flux with respect to γh and γc, which applies in the
weak dissipation limit. Our calculation shows that the CNCA
is achieved in the γ → 0 or γ → ∞ regime, depending on
the optimization scheme. While our method is based on the
master equation approach, which is second-order to system-
bath coupling, the solution for the density operator as well as
all consequent calculations of the heat flux, entropy, and power
are performed exactly to all orders in the system-bath coupling.
In that way this is applicable for a wide range of parameters
and does not assume a particular form of the dependence of

the thermodynamical quantities with respect to system-bath
coupling.

We also note that η(ωh)∗
SSD and η

(ωc)∗
SSD are analogous to classical

quantities η− and η+ discussed in Ref. [32], which are obtained
for the systems with power law dependence of the internal
energy with respect to entropy U = Sω. This parameter ω is
analogous to c = ωh/ωc in the present case. Equations (B1)
and (B3) predict a similar result for the QHE power P ∼ cω

with the dominant contributions in the range 1 < ω < 2 which
includes limits such as the black-body radiation (phonon bath)
regime [32]. Indeed, the phonon bath in the high-temperature
limit yields a classical result.

III. FOUR-LEVEL QHE MODEL

We now consider a coherence-enhanced QHE model where
we replace a single level |1〉 in the SSD model by a pair of
closely spaced states |1〉 and |2〉 [33] separated by 2� [see
Fig. 1(b)]. The interaction Hamiltonian with lasing radiation
in the rotating frame (2) can be then recast as

VR = h̄λ(|1〉〈0| + |2〉〈0| + |0〉〈1| + |0〉〈2|). (10)

Density matrix evolution can be described by Eq. (1) by re-
placing H̄ → ¯̄H with ¯̄H = h̄ωg|g〉〈g| + h̄ω

2 (|1〉〈1| + |2〉〈2| −
|0〉〈0|), and the new bath Liouvillian is given by Eq. (C3).
The coupling of states |1〉 and |2〉 to the ground state is
governed by spontaneous emission rates �h1 and �h2, re-
spectively, and thermal radiation occupation numbers nh1,2 =
(exp [h̄(ωh ± �)/(kBTh)] − 1)−1. The details of the time evo-
lution of the density matrix equations are given in Appendix C.
The key parameter that characterizes the strength of the
noise-induced coherence between states |1〉 and |2〉 is the
dipole alignment factor p = μ1g·μ2g

|μ1g||μ2g| : p = 0 yields no hot bath
coherence, whereas p = 1 (p = −1) corresponds to maxi-
mum coherence due to constructive (destructive) interference.
Assuming that the laser frequency is tuned midway between
states |1〉 and |2〉: ω = (ω10 + ω20)/2 = ω10 − � = ω20 + �,
the efficiency of the quantum-enhanced QHE is given by

ηQ = 1 − ωc

ωh + �ξ
, (11)

where the subscript Q signifies quantum coherence effect in the
four-level system, ωh = ω + ωc and ξ = (ρ01 − ρ10 − ρ02 +
ρ20)/(ρ01 − ρ10 + ρ02 − ρ20). Depending on the sign of ξ one
can get either enhancement (ξ > 0) or suppression (ξ < 0) of
the efficiency. There are two sources of the quantum coherence
in the system. First is the laser field, which gives a rise
to the coupling between ρ10 and ρ12 in Eq. (C12). Due to
strong laser-system coupling, this contribution can be quite
substantial. The second one is due to quantum interference
in the hot bath and depends on the magnitude of p. In
the high-temperature limit for degenerate states � = 0 and
nh1 = nh2 = nh we calculate the EMP, as shown in Figs. 3(a)
and 3(b), and obtain the same form of Eqs. (6) and (7) by
fixing ωh and ωc, respectively. The parameter γ is now replaced
by γp = (�h1 + �h2 + 2p

√
�h1�h2)/(2�c), which depends on

the p, such that ηSSD(γ ) → ηQ(γp). Note that for �h1 = �h2,
γp=0 = γ gives exactly the same efficiency as for the three-
level system. However, for γp=−1 = 0 and γp=1 = 2γ , Eqs. (6)
and (7) yield a very different result. In addition for γp → 0,
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FIG. 3. EMP vs the Carnot efficiency of the four-level QHE model in the high temperature for (a) fixing ωh, (b) fixing ωc, and in the
low temperature for (c) fixing ωh and (d) fixing ωc. In the high temperature we normalize the plots with respect to EMP at p = 0 and set
kBTh = 100�c, λ = 1000�c; in the low temperature we normalize the plots with respect to ηC/(2 − ηC) and set kBTh = 0.1�c, λ = 10�c. In the
degenerate case � = 0, the EMP is enhanced by increasing the coherence p when Th is high, while the coherence does not affect the EMP when
Th is low. Interchanging �h1 and �h2 (δ�̃h ≡ (�h1 − �h2)/�c = ±0.01) gives the same result (blue circle line and red solid line) for � = 0.
While for � = 0.1, the EMPs of δ�̃h = ±0.01 (black dash-dotted line and green dash line) show obvious differences and are lower than their
degenerate counterparts, especially for small ηC .

we obtain

η
(ωh)∗
Q � 1 − τ

2
+ (1 − τ )2γ 2

p

16t
(12)

and

η
(ωc)∗
Q � 1 − √

τ + (1 − √
τ )2

4
√

τ
γ 2

p . (13)

Similarly for γp → ∞ we obtain

η
(ωh)∗
Q � 1 − √

τ −
√

τ

γ 2
p

(1 − √
τ )2 (14)

and

η
(ωc)∗
Q (γp → ∞) � 1 − τ

1 + τ
− τ (1 − τ )2

γ 2
p (1 + τ )2

. (15)

One can see that in both limits of η∗
Q(γ−1) < η∗

Q(γ0) < η∗
Q(γ1)

coherence can increase (reduce) the EMP for constructive (de-
structive) interference, respectively. Constructive interference

with zero phase delay between the emission and absorption
pathways enhances the overall absorption efficiency, whereas
the destructive interference accompanied with the π phase
shift reduces the overall absorption efficiency. This point is
verified by the numerical simulation: in the case of fixing
ωh [Fig. 3(a)] and fixing ωc [Fig. 3(b)], we have η∗

Q(γ−0.9) <

η∗
Q(γ0) < η∗

Q(γ0.9). The effect of coherence is most significant
when ηC is large, while in the limits ηC → 0 and ηC → 1,
the differences induced by the coherence disappear. The
nondegenerate case of � = 0 and �h1 = �h2 deserves special
consideration. Equation (11) may violate the time translational
symmetry and thus increase the efficiency. It is indeed true
that the quantum efficiency can increase for nondegenerate
systems [3]. However, this is accompanied by the reduced
power, which results in a smaller EMP than the degenerate
case (see Fig. 3), highlighting the importance of the time
translational symmetry in thermodynamics [34].

Typically the EMP is calculated in the high-temperature
limit. In the same time the maximum effect of doubling of
the power has been achieved at low temperature [17,35]. The
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low-temperature regime has to be carefully analyzed due to
quantum fluctuations and other related effects. We first keep
ωh fixed. Introducing αh = h̄ωh/(kBTh) � 1 such that nh =
exp(−αh) andnc = exp[−αh/(cτ )], after optimizing the power
with respect to c, we obtain for EMP

η
(ωh)∗
SSD = τ

αh

[P[1 + αh(1 − τ )/τ ] − 1], (16)

where P(ex) is a product log function which is a principal so-
lution for x in z = xex . Note that efficiency defined in Eq. (16)
does not depend on the γ , which is a consequence of excited
states’ degeneracy. For αh � 1, P[1 + αh(1 − τ )/τ ] � 1 +
αh(1 − τ )/τ . We thus obtain η

(ωc)∗
SSD (αh → ∞) → ηC such that

the maximum efficiency is governed by the Carnot efficiency.
We now turn to the case when ωc is fixed. Introducing αc =
h̄ωc/(kBTc) � 1 such that nc = exp(−αc), nh = exp(−cαcτ )
after optimization with respect to c we obtain for EMP

η
(ωc)∗
SSD = 1 − αcτ

1 + αcτ − P[1 − αc(1 − τ )]
. (17)

For large αc one can neglect the P function. Expanding
Eq. (17) for αc � 1 we obtain η

(ωc)∗
SSD (αc → ∞) � (ταc)−1,

which is much smaller than the lower bound of ηC/2. Note that
introduction of the quantum coherence between degenerate
states |1〉 and |2〉 does not make any significant difference
in the efficiency. Equation (11) reduces to an expression for
η∗

SSD, and Eqs. (16) and (17) hold in this case and do not
depend on coherence since there is no functional dependence
on γp. The numerical simulation in the low-temperature regime
shows clearly that in the degenerate case of � = 0, the η∗

SSD
corresponding to different p have the same magnitudes for
both cases of fixing ωh [Fig. 3(c)] and fixing ωc [Fig. 3(d)].
We also notice that, when fixing ωh, η∗

SSD can surpass the
high-temperature upper bound ηC/(2 − ηC) for 0 < ηC < 1.
If the two excited states are nondegenerate � = 0.1, η∗

SSD are
lower than the degenerate case, especially when ηC is small,
when ηC approaches 1, the degenerate and nondegenerate
results coincide with each other. In Fig. 3(d) when ηC � 0.1
the η∗

SSD for the nondegenerate case are set to zero, because the
optimal power is negative, and the model no longer represents
a heat engine.

We have analyzed the impact of the coherence on EMP
in both the high-temperature limit, when the effect can be
significant, and in the low-temperature limit, where the effect
is not present. Coming back to the results of Ref. [17] on the
maximum effect of coherence on the QHE power, we note the
following. At high temperature the lower and upper bounds for
the maximum power max|P | ≡ P (∗) is achieved at γ → 0 and
γ → ∞, respectively, giving

1

6
γ

(1 − τ )2

τ
<

P
(ωh)∗
SSD

�cωh

<
2

3
(1 − √

τ )2 (18)

and

2

3
γ

(1 − √
τ )2

τ
<

P
(ωc)∗
SSD

�cωc

<
1

6

(1 − τ )2

τ
. (19)

For the four-level system, P ∗
Q contains an overall factor of 3/4

compared to P ∗
SSD and γ has to be replaced by γp in Eqs. (18)

and (19). Then the upper bound, which is independent of γ , is
reduced in the presence of the fourth level. However, for small

γ � 1, we obtain P ∗
Q(γp � 1)/P ∗

SSD(γ � 1) = (4γ )/(3γp),
which yields for p = 1 a 50% enhancement due to coher-
ence, which agrees with the earlier prediction in Ref. [17].
More generally at low temperature for �h1 = �h2 = �h we
obtain P ∗

Q(γp)/P ∗
SSD(γ ) = (γ + 1)/(γ + 1

1+p
), so that for the

incoherent case (p = −1) we get that both powers are equal,
whereas for p = 1 and γ � 1 we get that P ∗

Q = 2P ∗
SSD—the

100% enhancement that has been also reported in Ref. [17].
One can also see that in this regime the efficiencies for both
systems are equal. In contrast, if �h1 = �h � �h2, then the
ratio becomes P ∗

Q/P ∗
SSD = 2γ

γ+2/
2γ

γ+1 � 1/2, which gives half
of the power (see Appendix D). The physical explanation of
the effect is relatively simple. A low-absorption cross section
at low temperature results in the low power, which can be
doubled due to coherence. This regime, however, is most
inefficient. In comparison, the maximum possible quantum
efficiency corresponds to the Carnot result, which governs the
so-called open circuit regime in solar cells where the current
approaches zero. It is therefore not possible to observe any
effect of coherence on the efficiency in this case.

IV. CONCLUSIONS

In summary, we calculated EMP for a three- and four-
level laser QHE and obtained analytical expressions for the
boundaries for EMP obtained via optimization with respect
to system-bath coupling strength. As the result, the CNCA
efficiency represents a specific parameter regime rather than
a fundamental limit for performance of the QHE. Next, using
a four-level model, we showed that coherence can enhance
both power and EMP beyond the detailed balance value. The
modest enhancement of EMP compared to the significant
enhancement (up to 100%) of the power is a result of weak
system-bath coupling, which can be further improved in the
strong coupling regime [36,37]. Finally, we demonstrated that,
for nondegenerate coherent superposition of states, symmetry
breaking yields different EMP when couplings to the hot bath
are asymmetric. Therefore, coherence is an important quantum
feature that strongly affects the operation of the QHE beyond
the classical limit.
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APPENDIX A: THREE-LEVEL SCOVIL SCHULZ-DUBOIS
LASER QHE

The Hamiltonian of the SSD-QHE system is given by

H0 = h̄
∑

i=g,0,1

ωi |i〉〈i|, (A1)

where h̄ωi represents relevant energies. Interaction with
single-mode lasing field of frequency ω is described by the
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semiclassical Hamiltonian

V (t) = h̄λ(eiωt |1〉〈0| + e−iωt |0〉〈1|), (A2)

where λ is a field-matter coupling, which is considered to be
strong compared to any other relaxation process due to the cold
or hot bath. System-bath evolution is described by a Liouvillian
for cold reservoirs

Lc[ρ] = �c(nc + 1)[2|g〉〈g|ρ00 − |0〉〈0|ρ − ρ|0〉〈0|]
+�cnc[2|0〉〈0|ρgg − |g〉〈g|ρ − ρ|g〉〈g|] (A3)

and hot reservoirs

Lh[ρ] = �h(nh + 1)[2|g〉〈g|ρ11 − |1〉〈1|ρ − ρ|1〉〈1|]
+�hnh[2|1〉〈1|ρgg − |g〉〈g|ρ − ρ|g〉〈g|], (A4)

where the average occupation numbers are given by

nc = (
e

h̄ωc
kB Tc − 1

)−1
, nh = (

e
h̄ωh
kB Th − 1

)−1
, (A5)

with ωc = ω0g , ωh = ω1g , and Tc(Th) being the temperature of
the cold (hot) reservoir.

To remove time dependence from the Liouville operators
we rotate the eigenbasis by defining operators in the ro-
tational frame: AR = e

i
h̄
H̄ tAe− i

h̄
H̄ t where H̄ = h̄ωg|g〉〈g| +

h̄ω
2 |1〉〈1| − h̄ω

2 |0〉〈0|. Liouville operators for the system-bath
interactions remain unchanged Lj [ρR] = Lj [ρ], j = c,h.
Density matrix dynamics in the rotating frame is given by
Eq. (1) where VR is defined by Eq. (2). The corresponding
time evolution of the density matrix elements reads

ρ̇11 = iλ(ρ10 − ρ01) − 2�h[(nh + 1)ρ11 − nhρgg], (A6)

ρ̇00 = −iλ(ρ10 − ρ01) − 2�c[(nc + 1)ρ00 − ncρgg], (A7)

ρgg = 1 − ρ11 − ρ00, (A8)

ρ̇10 = −[i� + �h(nh + 1) + �c(nc + 1)]ρ10

+ iλ(ρ11 − ρ00), (A9)

where � = ω − ω1 + ω0 is the laser detuning. We then can
solve Eqs. (A6)–(A9) in the steady state by setting d

dt
= 0.

The power, heat flux, and the efficiency of the QHE are
defined in Eqs. (3)–(5). Calculating the traces, we obtain for
Eq. (3)

PSSD = ih̄λω10(ρ01 − ρ10), (A10)

where the subscript SSD indicates Scovil Schulz-DuBois.
Similarly for the heat flux (4) we obtain

Q̇hSSD = −h̄ωh(2�h[(nh + 1)ρ11 − nhρgg]). (A11)

Using the steady state condition of ρ̇11 = 0, we recast
Eq. (A11) as

Q̇hSSD = ih̄ωhλ(ρ01 − ρ10). (A12)

The efficiency (5) reads

ηSSD = ω10

ωh

= 1 − ωc

ωh

, (A13)

which is independent of the density matrix elements.

APPENDIX B: EFFICIENCY AT MAXIMUM POWER
FOR SSD QHE AT HIGH TEMPERATURE

1. Lower bound: Fixed ωh

After solving density matrix equations Eqs. (A6)–(A9)
in the steady state, we obtain for the power (A10) in the
high-temperature limit kBTh � h̄ωh and kBTc � h̄ωc, corre-
sponding to nh � kBTh

h̄ωh
and nc � kBTc

h̄ωc
. Then, fixing ωh while

varying ωc = ωh/c, we obtain

P
(ωh)
SSD = −2(1 − c)(1 − cτ )

3c(γ + cτ )
γ h̄�cωh. (B1)

Finally, optimizing the power with respect to the frequency
ratio c we obtain

max
(
P

(ωh)
SSD

) = − 2h̄�cωh

3γ
[(1 − τ )(γ + 2) − 2(1 + γ

−
√

τ (1 + γ )(τ + γ )] (B2)

with the efficiency given by Eq. (6).

2. Upper bound: Fixed ωc

If we instead keep ωc fixed and vary ωh = cωc, the expres-
sion for the power becomes

P
(ωc)
SSD = −2(1 − c)(1 − cτ )

3(γ + cτ )
γ h̄�cωc. (B3)

Optimizing the power with respect to the frequency ratio c, we
obtain

max
(
P

(ωc)
SSD

) = − 2γ�ch̄ωc

3

(
√

1 + γ − √
τ + γ )2

τ
(B4)

with the efficiency given by Eq. (7).

APPENDIX C: QUANTUM COHERENCE ENHANCED
LASER QHE

Consider a model when we replace a single level 1 in the
SSD model by a pair of two closely spaced states 1 and 2.
Eqs. (A1)–(A4) can be then recast as

H0 = h̄
∑

i=g,0,1,2

ωi |i〉〈i|, (C1)

V (t) = h̄λ[eiωt (|1〉〈0| + |2〉〈0|) + e−iωt (|0〉〈1| + |0〉〈2|)].
(C2)

Interaction of the system with the bath is given by the
same Liouvillian in Eq. (A3). However, the hot bath now
is more tricky as it contains coherence between 1 and 2.
Using Born-Markov and Wigner Weisskopf approximations,
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we obtain

−Lh[ρR] = �h1([|1〉〈1|[(nh1 + 1)ρR − nh1ρgg] + [nh1ρR − (nh1 + 1)ρ11]|g〉〈g|)
+p

√
�h1�h2(|1〉〈2|[(nh2 + 1)ρR − nh2ρgg] − (nh2 + 1)ρ21|g〉〈g|)

+p
√

�h1�h2(|2〉〈1|[(nh1 + 1)ρR − nh1ρgg] − (nh1 + 1)ρ12|g〉〈g|)
+�h2([|2〉〈2|[(nh2 + 1)ρR − nh2ρgg] + [nh2ρR − (nh2 + 1)ρ22]|g〉〈g|)
+�h1(|g〉〈g|[nh1ρR − (nh1 + 1)ρ11] + [(nh1 + 1)ρR − nh1ρgg]|1〉〈1|)
+p

√
�h1�h2([(nh2 + 1)ρR − nhρgg]|2〉〈1| − (nh2 + 1)ρ12|g〉〈g|)

+p
√

�h1�2h([(nh1 + 1)ρR − nh1ρgg]|1〉〈2| − (nh1 + 1)ρ21|g〉〈g|)
+�h2(|g〉〈g|[nh2ρR − (nh2 + 1)ρ22] + [(nh2 + 1)ρR − nh2ρgg]|2〉〈2|), (C3)

where p = μ1g·μ2g

|μ1g||μ2g| is the dipole alignment factor that char-
acterizes the strength of noise induced coherence. Here we
assume that states 1 and 2 are close so the coupling constant that
enters �1,2h is flat. However we keep explicitly the distinction
between nh1 and nh2. We next assume that hot bath energy is
tuned midway, which has been proven to have the strongest
effect in lasers, as

nh1,2 =
{

exp

[
h̄(ωh ± �)

kBTh

]
− 1

}−1

. (C4)

The lasing part of the Liouvillian is given by

Ll[ρR] = − i

h̄
[H0 − ¯̄H + VR,ρR], (C5)

where

¯̄H = h̄ωg|g〉〈g| + h̄ω

2
(|1〉〈1| + |2〉〈2| − |0〉〈0|), (C6)

and VR is given by Eq. (10). The time evolution of the density
matrix equations is given by

ρ̇11 = iλ(ρ10 − ρ01) − 2�h1[(nh1 + 1)ρ11 − nh1ρgg]

−p
√

�h1�h2(nh2 + 1)[ρ12 + ρ21], (C7)

ρ̇22 = iλ(ρ20 − ρ02) − 2�h2[(nh2 + 1)ρ11 − nh2ρgg]

−p
√

�h1�h2(nh1 + 1)[ρ12 + ρ21], (C8)

ρ̇00 = iλ(ρ01 + ρ02 − ρ10 − ρ20)

− 2�c[(nc + 1)ρ00 − ncρgg], (C9)

ρgg = 1 − ρ11 − ρ22 − ρ00, (C10)

ρ̇12 = −[iω12 + �1h(nh1 + 1) + �h2(nh2 + 1) + γ12]ρ12

+ iλ(ρ10 − ρ02) − p
√

�h1�h2[(nh1 + 1)ρ11

+ (nh2 + 1)ρ22 − (nh1 + nh2)ρgg], (C11)

ρ̇10 = −[i(ω10 − ω) + �c(nc + 1) + �h1(nh1 + 1)]ρ10

+ iλ(ρ11 − ρ00 + ρ12) − p
√

�h1�h2(nh2 + 1)ρ20,

(C12)

ρ̇20 = −[i(ω20 − ω) + �c(nc + 1) + �h2(nh2 + 1)]ρ20

+ iλ(ρ22 − ρ00 + ρ21) − p
√

�h1�h2(nh1 + 1)ρ10.

(C13)

The power, heat flux, and efficiency of this QHE is given
by

PQ = −ih̄λ[ω10(ρ01 − ρ10) + ω20(ρ02 − ρ20)], (C14)

Q̇hQ = ih̄λ[ω1g(ρ01 − ρ10) + ω2g(ρ02 − ρ20)], (C15)

ηQ = − PQ

Q̇hQ

= ω10(ρ01 − ρ10) + ω20(ρ02 − ρ20)

ω1g(ρ01 − ρ10) + ω2g(ρ02 − ρ20)
, (C16)

where the subscript Q signifies quantum coherence effect.
Assuming that the laser frequency is tuned midway between
states 1 and 2, ω = (ω10 + ω20)/2 = ω10 − � = ω20 + �, the
efficiency can be recast as Eq. (11).

1. Lower bound: Fixed ωh

After solving the density matrix equations and substituting
the solution into the expressions for power in (C14) and
efficiency in (11), neglecting dephasing γ12, using the strong
coupling limit λ � �h,c in the high-temperature limit nh1,2 =

Th

ωh±�
� 1, nc = Tc

ωc
� 1, assuming degenerate states (� = 0)

and introducing γp we obtain for the power

P
(ωh)
Q = (1 − c)γp(1 − cτ )

2cγp + 2c2τ
. (C17)

Optimizing the efficiency with respect to c we obtain Eq. (6)
with γ → γp.

2. Upper bound: Fixed ωc

For the power we obtain

P
(ωc)
Q = (1 − c)γp(1 − cτ )

2γp + 2cτ
. (C18)

Optimizing the power with respect to c, we obtain for the effi-
ciency in Eq. (7) with γ → γp. If we include the nondegenerate
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case such that � = 0, the efficiency is reduced compared to its
degenerate case.

APPENDIX D: LOW-TEMPERATURE OPERATION

So far we have demonstrated that the high-temperature
limit yields the highest power an interesting physics especially
in the context of coherence. On the other hand we have
previously shown that the QHE power can be enhanced due
to coherence with the maximum effect of doubling the power
has been achieved at low temperature, nc = e−h̄ωc/(kBTc) and

nh = e−h̄ωh/(kBTh). The power in this case is given by

P
(ωc)
SSD = − 2γ

γ + 1
(ωh − ωc)(nh − nc). (D1)

Similarly for the four-level system we obtain

PQ = − γp

1 + γp

(ωh − ωc)(nh − nc). (D2)

Both expressions yield the same optimized efficiency, which
is independent of γ or γp, whereas power itself depends on p,
which is discussed in the main text.
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