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SUMMARY

Recently the Method of Difference Potentials has been extended to Linear Elastic Fracture Mechanics. The
solution was calculated on a grid boundary belonging to the domain of an auxiliary problem, which must be
solved multiple times. Singular enrichment functions, such as those used within the Extended Finite Element
Method, were introduced in order to improve the approximation near the crack tip leading to near-optimal
convergence rates. Now the method is further developed by significantly reducing the computation time. This
is achieved via the implementation of a system of basis functions introduced along the physical boundary
of the problem. The basis functions form an approximation of the trace of the solution at the physical
boundary. This method has proven efficient for the solution of problems on regular (Lipschitz) domains. By
introducing the singularity into the finite element space, the approximation of the crack can be realised by
regular functions. Near optimal convergence rates are then achieved for the enriched formulation. A solution
algorithm using the Fast Fourier Transform is provided with the aim of further increasing the efficiency of
the method.

Copyright © 2010 John Wiley & Sons, Ltd.

Received ...

KEY WORDS: method of difference potentials; extended finite element method; fracture; rate of
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1. INTRODUCTION

The Method of Difference Potentials, (DPM), was originally developed by Ryaben’kii [1, 2] and has
been applied to Boundary Value Problems (BVPs) in fluid dynamics [3], acoustics [4, 5, 6] and many
other applications [1]. The methodology is based on the same boundary integral equation as that
used in Boundary Element Methods (BEM) [7, 8, 9, 10, 11]. Within the BEM, this boundary integral
equation is numerically integrated given the knowledge of a suitable Green’s function. The DPM
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2 W. H. WOODWARD ET AL.

avoids any need for Green’s functions by embedding the problem within a well-defined auxiliary
problem. The auxiliary problem is then solved numerically, avoiding the solution of the integral
equation. A boundary system of equations must be constructed in order to calculate appropriate
grid densities at the embedded boundary. This requires the auxiliary problem to be solved a
multiple number of times, where the number of solutions required increases with required accuracy.
Definition of the auxiliary problem can be flexible provided that it is well defined and completely
encloses the embedded domain and its boundary. The auxiliary problem is therefore chosen as to
facilitate the most efficient solution method. Previously a square domain with a regular grid has
been used along with the use of finite difference methods which can be particularly efficient for
regular problems such as this. In this paper, an adjusted Extended Finite Element Method (XFEM)
formulation based on that used in [12] is used to solve the auxiliary problem. Unlike other embedded
methods, such as the Finite Cell Method [13], the DPM does not require any special quadrature
procedure near the boundary in order to accurately represent the domain geometry. The adjusted
XFEM used here extends the near-crack-tip singular enrichment functions along the entire length
of the crack, replacing the traditional Heaviside enrichment. While this adjustment is reasonable for
the simple and well understood test cases solved in this paper, it is recognized that the traditional
combination of Heaviside and singular enrichment is required for general problems. However, for
the purpose of demonstrating the promise of this method for further development, the adjusted
XFEM is used for simplicity of formulation.

Recently the DPM was applied to Linear Elastic Fracture Mechanics (LEFM) [12]. For the
first time, DPM technology was combined with the finite element method (FEM). By introducing
singular enrichment functions near the crack tip, such as those used in XFEM, it was shown that the
DPM can achieve near-optimal convergence rates for simple 2D crack test cases. In addition to this,
the minimal clear trace for crack problems, as derived by [14], was numerically realised. Several
developments of the methodology given in [12] for the solution of LEFM problems are presented
here. In [12] the solution to the problem was based on a grid boundary close to the physical boundary
of the problem. A system of basis functions is now introduced along the physical boundary, as
suggested in [1] for regular problems. The basis functions form an approximation of the trace of
the solution at the physical boundary. This method has proven efficient for the solution of problems
on regular (Lipschitz) domains, e.g. [15]. So far there have only been a few examples where the
DPM has been used for solving BVPs with singularities. For the first time the DPM was applied in
non-Lipschitz domains for the solution of the Poisson and Chaplygin equations in [16, 17, 18]. In
[19] the Helmholtz equation is solved for a problem with a singularity which exists due to a non-
smooth boundary. In addition, work [20] is worth noting in which a discontinuity in the boundary
conditions is considered. In these papers the regularization of the numerical algorithm was based on
the identification of an explicit asymptotic behaviour of the solution near the singularity.

In the current work the FEM basis is enriched near the crack tip in order to account for the
singularity. Local splines are used for the basis functions to localise any error anticipated near the
singularity. However it is found that by enriching the FEM space with the appropriate singular
functions, the trace along the crack boundary can be reduced to a regular function. Therefore,
no special treatment is required along the crack boundary despite the presence of a discontinuity
across the crack and a singularity at the crack tip. Competitive convergence rates are achieved. The

reduction of the problem to the physical boundary allows for a significant reduction of the number of
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THE METHOD OF DIFFERENCE POTENTIALS FOR LEFM 3

required solutions of the auxiliary problem. Therefore the method is significantly faster than when
solving on the grid boundary, as in [12]. Further to this, by interpolating from the grid boundary
to the physical boundary, boundary conditions of all kinds can be applied more easily than for the
previous method.

Although multiple solutions of the auxiliary problem are still required, the DPM’s ability to solve
complex problems on a regular grid leads to advantages prior to solving the problem. Firstly, there
is no need to generate a mesh which conforms to the domain geometry. Secondly, the stiffness
matrix can be defined explicitly using a finite difference scheme, thus avoiding the expensive
Gauss quadrature procedure required for the FEM formulation. This includes avoiding any special
quadrature procedures needed near the crack tip. Therefore two expensive preprocessing steps can
be avoided by the method. In order to further increase the efficiency of the method, we suggest a
Fast Fourier Transform (FFT) algorithm for the fast solution of the auxiliary problem. The algorithm
is based on that given by Wiegmann [21] for the solution of two-dimensional finite difference
equations. Here it is given for a FEM formulation and a two-stage solution is required in order
to account for the enriched space. The method takes advantage of the regular grid used in order
to solve the problem using the FFT. A coupled scheme is used where the relatively small enriched
part is solved using conventional methods while the large, regular part is solved using the FFT. This
leads to a fast solution method for the enriched system when the enriched area is small relative to the
total area of the domain. It also holds the advantage of avoiding the need to construct a full stiffness
matrix for the problem. Here the formulation is applied to a square auxiliary domain, however it
remains valid for rectangular domains provided that the grid is regular. A first discussion is given of
the efficiency of this formulation and further numerical tests will be presented in a future paper.

This paper leads directly from the work presented in [12]. The reader is therefore encouraged
to first familiarise themselves with the work presented there. This paper is organised as follows.
Section 2 defines the problem to be solved along with the auxiliary problem used within the DPM.
Section 3 outlines the XFEM formulation used to solve the auxiliary problem. The clear trace
used at the crack boundary is described in Section 4.1 while an approximation of the differential
potentials and projections are formulated in Section 5. A numerical algorithm for the enriched DPM
is provided in Section 6. The result of convergence studies for simple 2D test cases are given in
Section 7. In Section 8 a fast solution algorithm using the FFT is outlined. A brief discussion of the
method and the findings of this paper are provided in Section 9 and a conclusion is given in Section
10.

2. DEFINITION OF THE PROBLEM

2.1. Crack problem

A linear elastic bidimensional problem is considered for an isotropic homogeneous material. The
problem is considered on a bounded domain D € R? with outer boundary I'" and containing a crack
along a contour denoted I'. =T, |T.,, where T, and T'., denote the left and right-hand side
of the crack boundary respectively. We denote T' = I JT'. and therefore we have D = D(JT,
as seen in Fig. 1(a). The displacements over the domain are given as the vector functions vp =
{vg), vg)} € C*(D\I'.) C* (D\I';) where C* denotes the space of functions for which their

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2010)
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4 W. H. WOODWARD ET AL.

first k& derivatives are smooth and continuous and the superscripts (1) and (2) denote the x and y
components respectively. v can be discontinuous at the crack boundary I'...
The displacement functions satisfy the two-dimensional elastostatic system:

pAvp + (X4 p) graddivep = fp, (1)

where A > 0 is the Lame constant and x> 0 is the shear modulus of the material. The right-hand
side, fp = { fg), fg )}, represents body forces acting upon the domain and we define V55 as the
space of all admissible displacement functions v5. The BVP to be solved is defined in operator

form as:

LDD’UD:fD onD,

lFDvD = @r on F,

2)

where L5 and 15 are linear operators representing the elastostatic equation (1) and boundary
conditions respectively. We can then say that fp belongs to the space of functions Fp such that
Lpp : Vp — Fp. The boundary operator, 15, can define Dirichlet, Neumann or mixed boundary
conditions and ¢r is a known boundary function. We assume that fp and ¢ are such that the BVP
(2)is well posed if vy € C2 (D\I';) (| C* (D\T'c). We also introduce the subspace Up, C Vj of all
regular displacement functions which are smooth and continuous across the crack such that in this
case effectively no crack boundary exists.

[‘0

ﬁ‘

Do

(@) (b)

Figure 1. (a) Cracked domain D = D JT with ' = T'(JT. and (b) the auxiliary domain D0 = D° | JT°

Let us introduce the Mode I and Mode II asymptotic displacement fields. Let » denote the distance
from the crack tip and 6 € [—; 7] be the angle to the tangential of the crack at the crack tip. The
displacements fields are then given as:

K 0 0
1)9) =L/ cos| 2 k—142sin®( =],

2p \ 27 2 2

K 0 0
v§2) Sl sin( =) |k+1—2cos® (=],

2p \ 27 2 2
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Prepared using nmeauth.cls DOI: 10.1002/nme

3)



THE METHOD OF DIFFERENCE POTENTIALS FOR LEFM 5

Krr | 0 0
vg) = 2—/7 %sin <§> {/@Jr 1 + 2 cos? <§>] ,
(2) K]] r 0 . 92 0
=——/ — —-1-2 —I|.
vrr o\ 2n cos<2) [/@ sin (2>]

Here K; and K are the Mode I and Mode II Stress Intensity Factors (SIFs) respectively. x is

(4)

Kosolov’s constant and is equal to (3 — 4v) for plane strain and (3 — v)/(1 + v) for plane stress,
where v is Poisson’s ratio. These displacement fields will be used to define the crack test cases to
be solved in this paper (Section 7.1) in addition to the enrichment functions used within the XFEM
formulation (Section 3.2). It is to be noted that although the asymptotic form of the solution near the
singularity is assumed to be known, the corresponding coefficients, or the appropriate weights, are
not known. They are to be included into the overall set of unknowns and determined in the numerical
solution. It is also noted that only the first terms of the asymptotic solution are given by 3 and 4.
The higher order terms have been truncated as they are not required for the problems considered in
this paper with low order boundary conditions.

Higher order terms are required if higher order basis functions are to be used [22]. It has also been
found that including higher order terms can significantly improve the accuracy of the stress near the
crack tip [23]. This is particularly useful for dynamic crack propagation models as it provides a quick
method to calculate the stress intensity factors which in turn allows the direction of propagation to
be calculated. Introducing higher order terms involves introducing additional coefficients within the
enriched area near the crack. This should not introduce a significant complication to the formulation
other than causing the stiffness matrix to be poorly conditioned. For higher order terms it may be

the case that a preconditioner would be needed for the stiffness matrix.

2.2. Auxiliary problem

The BVP to be solved is embedded within an auxiliary domain of simple geometry discretized using
a uniform grid. This section describes the construction of the auxiliary problem used in the solution
process of the DPM.

For a domain D which lies within an auxiliary domain D° bounded by I' so that D c D°,
as shown in Fig. 1(b), let us define a function vp which extends over the entirety of D° such
that v;; = vpo| 5. The auxiliary domain is defined as a square D° = {7,y |0 <z < L, 0 <y < L}
where L is the length of the domain. We define the space of all admissible displacements within
DY as Vo € C? (DO\I',) N C* (D°\I'.) where all v50 € Vo satisfy the homogeneous boundary
conditions defined by lpopovp0 = 0. We note that T'°(T'. = () and therefore here there is no
boundary condition applied to the functions v;0 on the crack boundary I'.. Let Upo be the space
of all regular functions u 5o which are smooth and continuous across the crack (or equivalently, for
which no crack boundary exists, i.e. I'. = 0)), such that Upo C Vjo.

Let Fpo be the space of all body force functions fpo where suppfpo = D, i.e. fpo(z) =0
if « ¢ D. The boundary condition defined by lpo 50 must ensure that the solution to the regular
problem is well-posed. However beyond this it can be chosen as to facilitate the most efficient
numerical solution of the problem. For most of this paper we shall use uniform Dirichlet boundary
conditions along the auxiliary boundary, I'’, in the form w50 o = 0 for all upo € Uppo, until Section

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2010)
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6 W. H. WOODWARD ET AL.

8 where we use mixed boundary conditions. The auxiliary problem with no crack is therefore defined
as:

Lpopoupo = fpo, upo € Upo, fpo € Fpo. 5)

This auxiliary problem will be used to find the solution of the embedded BVP (2) for which a
solution is required. The DPM for domains containing a crack requires the solution of this regular

auxiliary problem (5) only.

3. METHOD USED TO SOLVE AUXILIARY PROBLEM

An XFEM formulation is used in order to model crack problems. This is done by introducing a
discontinuity across the crack, in addition to an approximation of the singularity at the crack tip,
into the solution space. Although the DPM only requires multiple solutions of a regular auxiliary
problem, a discontinuous auxiliary problem must be formulated in order to calculate the appropriate
force terms for the regular auxiliary problems to be solved. However a solution is never required
for the discontinuous problem. The adjusted XFEM used here is based on the XFEM formulation
presented in [12].

3.1. Definition of grid sets

We define a square grid X, .m, = (T, , Yms) = (Mm1h, moh) with step size h and assume that the
sides of the square D lie on the grid lines as shown in Figure 2(a). The regular grid is used to form
square elements with a node at each corner. Let us define the grid set M° as that containing all nodes
m lying within the domain D° and also denote N as the set of all nodes lying within D° or upon
its boundary I°.

Let us now introduce the following grid sets, ., Irr, Ir and I}.. -y, is defined as the grid set
containing all nodes lying on the crack boundary, I, or for which their support is intersected by the
crack boundary, as shown in Figure 2(a). Now let us define a region D" of characteristic length dx
such that DY c D° and such that the centre point of D" is at the crack tip. Here we use a square
domain for D¥ . We define I}, as the set of all nodes lying entirely within the region Df as seen
in Figure 2(b). Next we define the grid set I to include all nodes lying within D" along with all
nodes whose support is intersected by the boundary of D". Therefore we have I}, C Ir. We also
define Iy as the set of nodes belonging to 7. but not I, Iy = 7.\ (I} (7). Therefore Iy C ..
Finally, we define Ipy = Ir | Iy and the total enriched area Dy = Dp | ) Dy, where Dy is the
area occupied by all elements with all four nodes belonging to 1.

Now consider the domain D in Figure 2(a), bounded by I' = r UT.. By D~ we denote the
domain D~ = D%\ D. Considering the discretized domain, by M* we denote the set of points
m € MO lying in the interior of D and not on its boundary. By N we denote the grid set formed by
the extension of M via the nine-node stencil (7), N* = |J N,,,, m € M. Similarly let us denote
by M~ the set of points m € MY belonging to D~, therefore M~ = M°\M*. By N~ we denote
the extension of M~ via the stencil, N~ = [J N,,,, m € M. It is clear that M + and M~ do not
intersect, M+ (M~ = (). We form a boundary grid set 7" from the intersection of the grid domains

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2010)
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Ntand N—,+ = NT [ N~. A section of the 7 grid set is shown in Fig. 2(a). The entire boundary
grid set is then given by v = ' [ 7e.

RRANS
,/
fii L] A
Bt [ ™ ®
ot :
L dr
o
Dr
| °
N /
* y Y
N
(a) (b)

Figure 2. (a) Auxiliary domain and boundary grid sets and (b) Grid sets I} (plane nodes), I (plane and
gray nodes) and [ (square nodes)

3.2. The Extended Finite Element Method

In [12], an XFEM formulation for it’s application with the DPM is outlined. For the test cases solved
in this paper an adjusted XFEM is used. This adjusted XFEM differs from the more traditional
XFEM described in [12] in that the singular enrichment functions F7 are used along the entire
length of the crack, replacing the Heaviside enrichment. This formulation allows us to consider cp
along the entire crack boundary. In the case that the traditional XFEM formulation with a Heaviside
function is used away from the crack tip, as done in [12], a blending from the singular enrichment to
the Heaviside enrichment would be required. However, it can be shown that a Heaviside enrichment
can actually be replaced by a /r sin(6/2) enrichment. In this case, orders of convergence for linear
elements will be identical to those of FEM; of order 2 for the L2 norm in displacements and 1 for
the H1 norm, with no loss of accuracy. For quadratic elements however, the orders of convergence
will be lower than those of FEM, reduced to 2.5 for the L2 norm and to 1.5 for the H1 norm with
higher error levels. This result is expected as adding a 3/2 sin(#/2) term to the interpolation space is
required to recover an optimal order of convergence for quadratic elements. With the choice made
here on separating Mode I and Mode II displacements, for simplicity, normal opening in case of
Mode I and tangent sliding in Mode II are allowed even far away from the crack, with optimal
accuracy for linear elements. While introducing the Heaviside enrichment should not present a
significant problem to configure, the adjusted XFEM is used here for simplicity of formulation.
The adjusted XFEM displacement used in this paper is given by:

IN°|
o) = Z D, + Z DFD e, ad) V) eR, j=(1,2), (6)
n=1 nelpp
Here, v, are first order shape functions and |- | denotes the number of nodes within the grid

set. F(1) and F®) are global singular functions which are chosen by considering the problem to

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2010)
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8 W. H. WOODWARD ET AL.

be solved. For example, for a Mode I problem solved, these functions are chosen to be the Mode I
asymptotic displacement fields (3) with a SIF K set to 1. Similarly, for a Mode II test case the Mode
II displacement fields (4) are used. This is a convenient formulation for simple test cases where the
nature of the displacement field is well understood. For more complex test cases involving mixed
mode loading, additional singular terms would need to be added to the system to account for both
modes simultaneously.

This first order FEM formulation uses a nine-node stencil:

Ny, = {(x"”l Yma) > (x"”l £ h, y'rn2) > (x"”l JYms T H), (mml +h,Ym, £R), (mml £ 0, Ym, F h)} .

)

For more details on the original XFEM formulation, including numerical integration techniques
used near the crack, see [12].

3.3. Regular auxiliary problem with enrichment

Consider the adjusted XFEM formulation outlined in Section 3.2. Let us introduce Vo as the vector

space of all functions vyo = {v](\}g, vﬁ()) }, defined for all n € N, that satisfy the auxiliary boundary

conditions lro yovyo = 0 and are two-valued if n € Ip g, such that:

0 ifnel?,
UNO|n = S an ifné¢ Ipg JTO, (8)
(Cn;an) Zf n € lpy.

Consider a case in which all enriched DOFs belonging to . are deactivated while any enriched

DOFs outside of v, remain active. vo would then be as follows:

0 if nero,

an if n¢ Irg JI°,

Vo = _ ©)
(0,an) if n€ e,
(Cn; an) Zf n < ]FH\'YC-

As the enriched DOFs along the crack have been deactivated, the function vyo in this case must
be regular across the crack, i.e. no discontinuity exists. However, the singular enrichment within 17,
remains within the solution space. Let us define the space Uy, C Vo as the space of all functions
Uxo € Vo for which all enriched DOFs belonging to +y. only are deactivated, as defined by (9). Let
us also define the space Upo as that of all regular functions u o for which all enriched DOFs are
deactivated such that Uyo C Ujy,o. Here we use the superscript * to distinguish between the discrete
regular space with singular enrichment, U}, away from the crack boundary, and that without, U yo.

Let us introduce the function 67/, where Z’ and Z are two arbitrary grid sets such that when
zZ C 7z

s ifneZ
Oz zfzln = (10
0, ifnez\Z

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2010)
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THE METHOD OF DIFFERENCE POTENTIALS FOR LEFM 9
and when Z' C Z:

0z:2fzln = fz, ifneZ. Y

We define F)s0 as the space of all body force terms fj,0 for which the operator fyjo = 000+ frr+
is defined such that:

far, ifmeM™T,
farolm = (Ononr+ far+ ) Im = . (12)
0, ifme MO\M*.

We now define our regular auxiliary problem with singular enrichment as:

Lyonouno = fao,  uno € Uno,  faro € Fpyo, (13)

where as all functions u},, satisfy the auxiliary boundary conditons, the problem (13) is well

defined. The function u};, € Uy, is therefore unique for any given body force term fj0.

4. DIFFERENTIAL POTENTIAL AND CLEAR TRACE

In this paper we will seek to approximate the differential potential given by:

Pprér =vp — Gpp Lpp vp,
or (14)

Wp =Vp —Up.

For the origin of this expression the reader is referred to [12].
Taking the trace Trppwp of the differential potential (14) we arrive at the Boundary Equation
with Projection (BEP):
Ppér =& —Trrp Gpp Lppup. 15)

An approximation of this equation will be used to calculate the trace of the solution vy on the
boundary T'.
It can be shown that if (2) is well conditioned, then (15) is also well conditioned [1].

4.1. Clear trace for crack problems

Consider a decomposition of the solution to the cracked auxiliary problem, v 0, similar to that used
for the adjusted XFEM (Section 3.2):

’UDO = (IDU + CDUF,

where apo and cpo are regular functions and F' is discontinuous with singular gradients of order
1/+/r. Here supp cjpo = Dppy, where Dy is the entire enrichmed area as defined in Section 3.2.
In fact, let F be equal to the global singular functions F = (F(!), F(?)) used within the XFEM

dcpo
on
F fully accounts for the discontinuity, the solution vpo is a regular function which is smooth and

formulation and we have vpo € Vio. In the case where ¢po|r, = 0 and |r. = 0, assuming that

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2010)
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10 W. H. WOODWARD ET AL.

continuous across the crack. Therefore in this case vpo € Upo, i.. vjo is a solution to the regular
auxiliary problem (5). As the solution to the regular auxiliary problem is unique, then in this case
vpo = upo for any particular force term fpo.

Now let us consider the differential potential as defined by Ryaben’kii [1] over DV associated to

such a function v50 € Upo When considering a crack boundary I'. only. We have:

PDOFC&“C =UVpo — GDODO LDODU Vpo,
= Upo — Upo,
=0,
where P por-_ is a projection matrix and G popo is the Green’s operator, defined such that upo =
G popo fpo.
Therefore, when the Cauchy data of the function, c¢po, is zero on I, ie. ¢po|r, =0 and
BCDO

5=~ |r. = 0, then the differential potential due to the crack is also zero. The Cauchy data of cpo is
therefore sufficient to supply a clear trace along the crack boundary.
Until now the crack boundary as been represented by two overlapping boundaries; I'. =

I, UT,. However if only the smooth, continuous function ¢po is required at the crack boundary,

B o dcpo _ Ocpo
then cpo |ch = cpolr,, » Dnlr, —  on e Therefore we can represent the crack as one contour,
o . o dcpo _ Ocpo "
I'e =T, with cpo|r. = cpolr,, and —2>[r, = —2>|r,,, where here the positive normal and

tangential directions along I'. are chosen to be those consistent with I',.
We introduce the following differential trace for crack problems:

(UD (x), —%grfx)) [r ifxel’,

(cn (). 2522 ) Ir e

’DF = 'I‘I‘FDUD =

ifxel..

c

5. APPROXIMATION OF THE SOLUTION AT THE BOUNDARY

The Difference Potential, wy+ = Pn+1& =vn+ — Gy Ly nv+vn+, can be used to
approximate the Differential Potential, wp = Pprér = vp — Gpp Lpp vp. We seek the solution
vp € Vp to the BVP (2) and will use the adjusted FEM described in Section 3.2.

We introduce a basis along the boundary I' in the space of boundary densities =p. Here we
define the density on the outer boundary I, £/, as the Cauchy data of the function v50 such that
&pr = (v 5o, 8“—’50) |r/. Along the crack boundary ', we define the density, &, , as the Cauchy data

on
dcpo

of c¢po such that {p, = (CDO, —)

2= ) |r,. The density along the entire boundary is then given by:

&re ifn el
&= .
fpc ifnel..

Consider the outer boundary. Let w’ denote the set of points on I where the basis functions
exist such that we have a discrete space of vector densities denoted =/, where =, C Zp/. Since
the density & is a vector function with two components, & = (€o,&1) |17, the basis will consist
of two sets of functions; \IIZJ(,) = (1/15,1/)8, o (l)“ |) and \I"L)1 = (1/)%, 2., |1“ |) where |w’| is the
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THE METHOD OF DIFFERENCE POTENTIALS FOR LEFM 11

total number of basis points on I'". We define ¢/§ and ¢} as the vector functions ¢§ = (4*,0) and
¢F = (0,4%), where k = 1,2, ..|’|, and then define the total system of basis functions on I" as
v, = (\IJZ%, \IIZJ1 ). Similarly for the crack boundary, let w. denote the set of points on I'. where
the basis functions exist such that we have a discrete space of vector densities denoted =,,, C =r,, .
We then have two sets of basis functions on the crack boundary; ®,, , = ((Z)(l), B3,y .oes |O“’C‘) and
., = ((Z)}, 2. ‘f’“l), where ¢f = (¢",0) and ¢} = (0,¢"). The total system on I'. is then
D, = (Puys Pu., ). We then define the total set of boundary points on I" as w = w’ | we, and the

total set of basis functions as ¥,, = (¥’ ,, @,,,).
The boundary density can then be approximated in terms of the boundary basis as follows:

|w'| |w'|

ors) = Y VoUt(s) + > _viuf(s), ifsel, (17)
k=1 k=1
Jwel |wel

&r.(s) =D cioi(s)+ > _cidh(s), ifsel., (18)
k=1 k=1

where s is the arc length along T' from a predefined origin and v&, vk, ¢ and c¥ are coefficients
which, with the basis functions, define the density {r along the entire boundary. Let us define
gk =k ¢t =vkfork=1,2, .., || and g5 TN = ¢k, Pl = b for k = 1,2, .., |w.|. Let us also
define wsﬂw = 96 fﬂw = @% for k = 1,2, .., |w.| such that the entire boundary basis can be

expressed as:

|w]

|w]
€r(s) =Y abvb(s)+ Y aivl(s). (19)
k=1 k=1

When T is a sufficiently smooth, closed contour, the components of £ can be considered to
be smooth periodic functions of the arc length s. However, when the domain boundary contains
corners, e.g. a square, the density &p/ consists of only piecewise smooth functions. As we seek
& to represent a displacement solution and its normal gradient, {p = (v D %’—f) |/, we expect a
continuous but non-smooth displacement, &y, and a discontinuous gradient, £;, across such corners.
Moreover, if the outer boundary I is intersected by the crack, i.e. in the case of an edge crack,
the displacement and its normal gradient are likely to be non-smooth and possibly discontinuous
at the point of intersection. In order to account for such discontinuities at boundary corners and
edge cracks, the basis functions, ¥/ ,, are divided into individual basis functions for each side of the
domain. For example, consider the square domain shown in Figure 3(a). The set of points w’ along
the boundary is divided into five subsets, w’ = (w;, [Jw;, Uw, Jw;. [Jw}). Upon each set of points
we define an individual set of basis vector functions such that ¥, = (quil , \I/w{2 W, Woy s \I/wg).
Here the left-hand side boundary I is divided into two parts, above the crack, I o and below the

crack, F;z.

5.1. Local splines

Local splines are used for the basis functions, ¥,,. Crack problems contain a singularity at the crack
tip which is likely to induce an error in the solution. Local splines are used instead of non-local
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Figure 3. (a) Boundary basis points w = (w;, |Jwj, Jw, Jwr Jw; Jwe). (b) Boundary points with normal
through ~ node, @, shown as gray nodes. 4’ nodes shown in black

interpolations in an attempt to localise this error to a region near the crack tip. For simplicity of
formulation these local splines are used along the entire boundary I'.

Consider an arbitrary contour, I';, of length S. Let w; be a set of equally spaced points, sj, along
the contour such that s, = (k —1)H, k = 1,2, ..., |w;|, and H = S/(Jw;| — 1). The spline functions
are piecewise polynomials which possess continuous derivatives up to the order p. We introduce the
arbitrary function, f,,,, which exists on w; and is equal to fj at the point s;. The spline functions
used in this paper to interpolate along the contour are derived from those given by Ryaben’kii in
[24] and are of the form:

FFi(S):FFi(fTan(S)vH)v rik*sa---ak+p+1757 (20)

where X}, = (s — si)/H and for a given s the number % is chosen so that the inequalities s, < s <
si+1 are satisfied. This spline interpolation can be seen to be local as to calculate Fr, at any point
s, only the values f, within the limits k — s <r < k+ p+ ¢+ 1 — s are used, independent of the
step size H.

Now consider the square domain (Figure 3(a)). We have IV = [JI", for i = {l1,l2,b,7,t} and
I' =T"{JT'.. We define the interpolation operator Ri“(?f[) as that which extends the densities &
and & on w’, in addition to the tangential gradient of &g, to the entire boundary I" using the spline
interpolations (20) such that:

/ 0
RiLMe, = (50,51, %) I @1

5.2. Interpolation to grid nodes

Let 7 be an arbitrary grid point belonging to v'. Now we denote by s. the point along I for which
the normal to IV passes through the point 7. We define the set of points &’ along the boundary as all
such points s, related to each 4/ node, as seen in Figure 3(b). Therefore each +' node is associated
with a point on I belonging to &’. We therefore have the space of vector densities defined at @’;
Eo C Zrv. We note that some +' nodes near sharp corners, such as the node denoted as ~; in Figure
3(b), are related to two points on the boundary belonging to @’; @} and @}. In the presence of

corners there may also exists 7/ nodes for which no such point exists, for example the node ~4 in
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Figure 3(b). We assign such nodes to the boundary points within @’ belonging to the neighbouring
~' nodes. For example, 4 is assigned to the boundary points @/ and &} belonging to the 4/ points
~4 and v} respectively. We then follow the same process on the crack boundary T'.. to form the set
of points w, associated to the grid set .. Nodes lying beyond the crack tip are associated to the
@, points belonging to the neighbouring 7. nodes. The total set of such boundary points is defined
as w = &' |Jw.. Let @, be the set of & points w-,, @, ... related to each node 7 € ~. For most
nodes, w, consists of one boundary point only, however for nodes such as those near a corner, @,
can consist of multiple points.

Next we define the interpolation operator F,(Y(Z, where t = 0,1, ..., ¢, in order to interpolate from
the boundary points w to the grid nodes v such that:

”gtaszh ~ |Z|w7| |:€D|w7. —|—pn |WT + t?fTD o, F o
t—k _
+Zk Op” Py k)!anitaglff_tLUTj )
= o |Z|w7| {fOM + pnéile., +pt§§()| f
t—k tp_
+ ko P (Pt_ B ani;f?tb,j_ :

t=0,1,..., 7=1,...,|v
(22)
where p,, and p; are the normal and tangential distances from s to 7 respectively, and the boundary
normal n along I' is defined as positive when facing outwards, i.e. away from the domain, and
negative when facing inwards. The positive tangential direction n; along I' is defined to be the
anticlockwise direction along the boundary. For the crack boundary, I'. the positive normal and
tangential directions are chosen as described in Section 4.1. Equation (22) is a Taylor expansion
from the boundary to each 7 € « node, averaged for each boundary point related to 7.
We seek to interpolate from the boundary I' to find the difference trace (23) on ~:

an if n € v\,
f’yln = ’I‘r'yN+ 'UN+|n =4 Cn ifn € ’Yc\')/éa (23)
(an,cn) ifnen~.,

The difference trace consists of the displacement components a.,, n € 7’ and ¢,,, n € ~y.. However
along IV we approximate the Cauchy data of v rather than ap. Therefore, when n € «/, we
interpolate to find v,, before calculating a,, from a, = v, — F'¢,,. Away from ~,, this step is not
required as a,, = v,,. The Cauchy data of v is considered on I'"” rather than that of a 5, because high
gradients tend to occur within a5 as one moves from the unenriched region into the enriched region,
Dpp. When an edge crack is considered, these high gradients occur at the outer boundary I and
can disturb the accuracy of the interpolation of the function along the boundary, I'". v on the other
hand is smooth and continous everywhere except for across the crack boundary. This irregularity is
easily accounted for by dividing I at the intersection of I'” and I, as described in Section 5. We
note that the density £, consists of two different functions, the displacement, v 50, along I and the
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component cpo along I'.. Therefore at the intersecting grid set +y,., the grid density &, = w(t)gw is

two valued as shown in (23).

(p,H.,t)

Now we define the operator Ezy,) as that which extends the density fw to the v nodes, using

the spline functions (20) to interpolate to w and then (22), such that E:c(p A E, — B4, as follows:
E:c(p’H e, =a, ifneqy\v,
Bz(BHV¢, = Ezgfj;i{ Ve, =c, ifner\ (24)

JH, JH, .
(Exj,)w, ”gw,, Emg&,c t)fwc) = (an,cn) ifn el

where =, is the space of all clear traces on .

We can then approximate the differential potential on the grid N as follows:

PN+’YE$SYIZ",H’t)§w ~ 9N+DPDF€Fa for n € N+, (25)

where &, = &ru-

As can be seen in (22), a first order interpolation is readily available as the boundary densities &,
and &; represent the displacement and its normal gradient on the boundary, respectively, while the
tangential derivatives of these densities along the boundary are easily obtained by differentiating the
basis functions:

'o(s)  0%(s) | O0"UG(s)

ont  9st k=1 90 gt

26
P6(s) _ 06() _ i D0k(s) (20
Ont dst B=1T st

For higher order interpolations, an equation based interpolation can be formulated by substituting

the boundary densities into the governing equation (1), as done by [15] with the Helmholtz equation.

5.2.1. Interpolation from crack boundary Along the crack boundary the function cpo can be
interpolated without considering the singular term, F', without any loss of accuracy. This can be
seen to be the case as follows.

Consider the function v, = cpo F. Consider also a point x on the crack boundary, x € I';, and a

DO
point x lying a distane py, from I'. on the normal to I'. at x. An interpolation of v}, from x to x-

is given by:

. . av L pk R, (x)
Upo(3r) = Uho(x) +pu B 44 D0 TA TG =
k=2

This Taylor expansion (27) of v}, can be expressed as the product of the Taylor expansion of its

two components cpo and F'. Therefore we have:

. P D epo(x) o ph 0FF(x)
Vholer) =3 TH 55D T omt 28)
=0 k=0

Let us rewrite (28) as follows:
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1l
=0 7’

oo @ OFF(x)
k=0"E1 Onk
from the XFEM formulation, this interpolation can be used to find c¢j0, and therefore v

= F(x;). As F(x,) is known

*

DO

where, as the expansion is to infinity, we have
at any

point x, lying within the enriched area, Dppy.

1B
IR
ey e

| >—l—o—l—o—=—o |

Figure 4. Edge crack problem. The grid set .. shown as the plane nodes, . shown as gray nodes and plane
nodes, and part of 4" shown as hollow nodes and plane nodes. Boundary basis points, w., shown along the
crack boundary.

5.3. Completion operator

As the XFEM is a continuum method, the displacement can be found at any point within the entire
domain D, not only on the grid nodes N°. The displacement at any point other than the grid nodes
is found via an interpolation performed by the bilinear finite element shape functions. While this
interpolation might be sufficiently accurate for the displacement function, the approximation of
the displacement gradients using these shape functions will be poor. A higher order interpolation
is required here between the grid nodes. We therefore introduce a completion operator which
interpolates to any point within the domain D using higher order Lagrange polynomials. This
completion operator will then be used to calculate the displacement and its gradients away from
the grid nodes.

Let 7 be a point lying anywhere within D. Let us define a square D, which contains 7 and
is formed by joining the four corner nodes of the nine node stencil, as defined by (7), such that
7 € D,. The square must be defined such that the node lying at the centre of the square, n.., belongs
to M. Generally the choice of stencil used to form D, is not unique. In this case we choose the
stencil for which 7 is closest to the centre of the square. If the choice of stencil is still not unique,
we use the stencil for which 7 is closest to the top left-hand corner of D.,. We denote the nodes of
the stencil used to form D, as N, where N, € N+,

Consider an arbitrary function 2y, defined on /N, and set the notation z; ; = zn. (X; ;). Now we
define the following Lagrange polynomial at x € D.:

Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2010)
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N J

Pp, (%6 Nr 2w, ) = ) (%) 24, (29)

i=1 j=1
where N and J are the total number of nodes in the x and y directions respectively, and the basis

polynomials [; ; are given by:

= "m ¢ —Gn
ZW(X) B 1<17:[<N i — Nm 1<nl_[<J G — Cn’
m#i n#j

and here n = (x — z.)/h and ¢ = (y — y.)/h where (z., y.) are the coordinates of the central node
n.. Using the nine node grid set N, such that N = .J = 3, these polynomials are second order. A
larger grid set allows for higher order polynomials to be used, however second order accuracy is
sufficient for the problems within this paper.

Consider a function 2z, defined in D and set 2+ = zp|n+. We can approximate this function at
any point x within D using the Lagrange polynomial (29) such that:

Zp =Pp(x, NT, zy+) = zp(x). (30)

Let us define the completion operator Pppy+ : Vy+ — V5 such that using the polynomial
interpolation defined by (30):

ap ifx ¢ Dp,
Ppy+on+ = P ) # Dra (€2

(dDaéD) ifx € Dpy,
where ap = vp = Pp(x, NT,vx+) when x ¢ Dpy and when x € Dpy we have ap = 0p —
Fép, where o = Pp(x, NT,on+), and ¢ = Pp(x, NT, cy+). The function ap, is approximated
indirectly within Dy due to the high gradients of the function which occur at the boundary of the

enriched region as discussed in Section 5.2.

5.3.1. Interpolation near crack boundary The support of the function cy+ is limited to grid sets
local to the crack, therefore the nine node stencil N, used for this interpolation in Section 5.3
can be too large. Therefore near the crack D, is chosen to be the largest quadrilateral possible up
to a maximum length of two elements in any direction. An example of the grid sets chosen for
nodes belonging to Iy are shown in Figure 5. Considering the second term on the right hand side
of the XFEM displacement given by equation (6), we can see that cpo is continuous across the
crack as cpo = Zn elrn cn¥n, Where 1, is continuous across the element. Therefore the Lagrange
interpolation across the crack is not a problem here for ¢p0. However, when interpolating v+ near
the crack boundary, N is chosen such that D, is not intersected by the crack as v+ is discontinuous
across the crack.

5.4. Approximation of Differential Potential and Boundary Projection

We can now therefore approximate the differential potential (14) at any point x € D as follows:
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Figure 5. Stencil used for Lagrange polynomial near crack boundary. Nodes belonging to I shown in grey,
nodes belonging to I/ shown in black.

Ppn+ P+, BaBHDE, ~ Porg,. (32)

In addition to interpolating a function, the polynomials (29) can be used to approximate the first
derivatives of a function as follows:

OPp(x, N* 2ys) _ iz ol s (x

) o)
0x ox '

ox (33)

n=1j=1

Let us approximate the trace operator (16), Trrn+ : Vs — Zr, using these Lagrange
polynomials such that:

_ +
(PD(X; Nt on+), 787)”("’5\; o)) for x € TV,

Try+vy+ = ) ‘ (34)
(PD(X, N7t en+), 7BPD(X’£+’CN*)) forx € I..
We can therefore approximate the BEP (15) as follows:
rfrFN+ PN+7E$(7L,}H’t)§w = R{%H)gw — 'f‘I'FN+ Gy+y+ L+ v+ UN+, (35)

where the operator R%’:H) differs slightly to R'F((’:’H) (21) in that it extends the Cauchy data only,
without the tangential gradient, such that R%’:H) =, — Z2r.

Let us also introduce an alternative BEP which has the slight difference that here the tangential
gradient is calculated on the boundary I" in addition to the function and its normal gradient:

’fY;N+PN+7E:Cf(y%H’t)€w = RIF(Z’H)&J — Trpys Gyoars Ly oy (36)

~ / .
where the operator Tr -+ is defined such that:

_ + _ +
(PD(X, N+70N+)’ IPp (x,N 71’N-¢-)7 IPp(x,N 1UN+)) for x € T,

. on ony
ﬁFN+UN+ = (37)
oPp(x,N*, OPp(x,NT,
(PD(X7N+7CN+), D(xan CN+)7 D(xant CN+)) for x € Fc-

The additional constraint of evaluating the tangential gradient of the function at the boundary
serves only to apply a stricter requirement on the clear trace {r needed to satisfy the BEP. Finally,
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let us define the operator ”fr; ~+Un+ as that which provides the trace (37) on the boundary subset
w C I" only.

5.5. Approximation of boundary operator

The spline functions (20) to approximate the boundary conditions, l5v5 = ¢r, which we will
apply in the form:

lowéo = ¢o. (38)

The operator 15, can define Dirichlet, Neuman or Robin boundary conditions using these spline
interpolations. These splines can be used to interpolate the function &y and its normal derivative

&’ , as described in

& along the entire boundary and can also calculate the tangential derivative
Section 5.1.

Therefore the method holds the advantage that the boundary conditions need never be
approximated on a grid. The accuracy of the boundary conditions relies only on the order of the

boundary basis functions chosen, in this case the order p = 2 of the local splines (20).

6. NUMERICAL ALGORITHM

Let us now formulate the solution method for general crack problems where vy € V5. We seek a
boundary density &r which satisfies the BEP (15). An approximate solution is obtained by finding a
solution to the approximated BEP (36) along with the boundary equation (38).

Let us rewrite the approximated BEP (36) as the following set of equations evaluated on the

boundary set w:

|| |w]
~ /
> b Ty s Py Be® 00l 137 gh ey, Py, BB Ty
k=1 k=1
|w] " o
72 écR/(I)a )1/}0 E kR'(p7 )1/)1 N+GN+M+LM+N+UN+ (39)

We then form the vector of unknown coefficients of length 4|w|;

_ _ 1 \w\ \w\ |we| |wel
Aw = [Vurs Cw, ] = [VO,.. ' ,vl VY CO,.. o ,cl,...,cl , (40)

We note that here each term v&, v¥, cf and cf are in fact vectors containing each directional
component; v§ = (vél)k,véQ)k>, vh = (v(ll)k,vf)k), ck = (cél)k,céQ)k> and cf = (cgl)k,c(f)k)
such that v, and c,, can be written as:

n1r _(2)1 1w’ 2)|w’ N1 _(2)1 1)|w’ 2)|w’
Vo = {v(()) v(()) ,...,v(() e l,v(() e l,v(1 ) ,V(l ) ,...,V(l e ‘,v(1 e ‘] ,
and
Copyright © 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2010)

Prepared using nmeauth.cls DOI: 10.1002/nme



THE METHOD OF DIFFERENCE POTENTIALS FOR LEFM 19

)

11 2)1 1)|we 2)|we 1)1 2)1 1)|we 2)|we
C%:[Cg%q())’””cg)\ | e@leel 0L 1 (Dl (@) |]

respectively.
We then represent the system of equations (39) in matrix form:

Dowqw = —TI‘;N+GN+M+LM+N+UN+- (41)

where the matrix operator D, of dimensions 6|@| x 4|w| is as follows:

wa = f)@w'(b(l)w-wf)ww (‘)w‘;f)@ww%v"wf)@w |1w|i| ) (42)

with Dy, = Tr, v+ Py, Bl - RI2D,

Each column of D, is found by first extending each individual basis function on w to the v grid
set before calculating the difference potential (25). Each time the difference potential is calculated
a solution of the auxiliary problem (13) is required. Therefore in order to form Dg,,, 4|w| solutions
of the auxiliary problem is needed. One additional solution of the auxiliary problem is also needed
to calculate the right-hand side of (41). However for homogeneous problems, L5 ,vp = Op, this
solution is not needed. The difference potential is then reduced to the boundary points & using the
Lagrange interpolations (29) where the function and its first derivatives are evaluated.

We therefore have a system of linear algebraic equations (41). Generally it is found that |w| < |@|
for meaningful solutions. Therefore we have an overdetermined system which can be solved using
least squares. Solving the system (41) along with the boundary conditions (38) leads to an unique
solution.

The difference potential, w -+, can then be found from (25) using the calculated boundary density

&, before the final solution is obtained from:

UN+ = WN+ + UN+,

where UnN+ = GN+IVI+LM+N+’UN+ = GN*M*fM*'

6.1. Summary of computational procedure

A step-by-step summary of the computational procedure is as follows:

1. Define the discrete auxiliary problem (13). The auxiliary problem must be well posed with
a domain that fully contains the embedded domain, D, and its boundary, I". The auxiliary
boundary conditons lroyouy,, = 0 can be chosen as to facilitate the most efficient solution
method.

2. Define the required grid sets vy, v, Ye, Vo Irm, NT, M.

3. Define a suitable system of basis functions along the boundary in order to approximate
the boundary density &r as in (19). Each basis function, ¢§, w’f, can be defined using any
properties known for the solution a priori. In this paper all basis functions are defined using
the local spline functions given in Section 5.1.
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4. Build the boundary system of equations (41). For each directional component j = (1, 2), we
do the following for k = 1,2, ..., |w|and ¢ = 0, 1:

4.1. Extend the boundary basis function ¢¥ to the grid boundary ~ using the extension
operator (24) to find the grid density 557"'.

4.2. Calculate the difference potential wfvi = vai — G+ L+ N+Uf\}i for vlfvi =
0 Nwﬁj’i. This requires a solution of the auxiliary problem (13) with right-hand side
fih = Lo noOyon+ v

4.3. Calculate the trace (37) of wf\]i on the boundary points w using the Lagrange

interpolations and store as a column of matrix Dg,,.

5. Solve the auxiliary problem (13) with right-hand side €0 ;+ fas+ to find u+. If the problem

is homogeneous such that L+ y+vny+ = fa+ = Opz+, then this step is not required.

6. Solve the boundary system (41) with the boundary conditions 1;.,¢, = ¢z, where 15, can be

approximated as described in Section 5.5, to find the boundary density &,,.

7. Extend the boundary density, &,, to v to find the grid density, &,. Calculate the difference
potential wy+ = vy+ — Gy+a+ L+ v+vn+ where vy+ = 0y+,&,. This requires the
solution of the auxiliary problem (13) with right-hand side L ;0 yof o n+ Un+-

8. The final solution is then found from v+ = wy+ + upn+.

The majority of the computational effort needed within the procedure exists within Step 4 where
4|w| solutions of the auxiliary problem are required. When solving multiple problems on the same
domain, D, but with different boundary conditions or force terms, the BEP can be stored and reused
for each problem. In this case, only two solutions of the auxiliary problem is needed, Steps 5 and 7,
to find any additional solution once the BEP is known. Therefore, the cost of Step 4 becomes less
essential when multiple problems are to be solved.

The cost involved in constructing the BEP is not as significant as might first appear. As is
shown in Section 7, the number of basis functions, |w|, doesn’t necessarily need to increase with
increasing mesh refinement. Therefore, particularly for smooth boundary densities, it is expected
that |w| << |NY|. We have shown in this paper (Section 4.1) that only smooth, regular functions
are required even along the crack boundary. Further to this, a major advantage of the DPM is its
ability to solve any problem using a regular grid, regardless of the complexity of the problem’s
geometry. This is a key advantage over classical FEM for two reasons; the first is the avoidance
of generating a mesh which conforms with the domain boundaries, and the second is avoiding
the expensive Gauss quadrature procedure for the construction of the stiffness matrix. The Gauss
quadrature can be avoided as the regular grid allows the stiffness matrix to be defined explicitly,
e.g. using a finite difference formulation. Therefore the cost of the 4|w| + 2 required solutions of
the auxiliary problem is compensated by the avoidance of these expensive steps. In Section 8 an
alternative solution algorithm for the auxiliary problem is provided. The algorithm has the potential
to be fast, particularly for problems with small enrichment areas, reducing the cost of the DPM.

The solution of the auxiliary problem in Step 7 can be avoided if in Step 4 we also construct the

projection matrix Py+, =P N+7E£C(7€}H’t). The projection matrix can be constructed by storing

ki

each difference potential, w ;. ,

in Step 4.2. as a column of the matrix P y+,, such that:
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PN*w = PN+,YE1‘£/(*’)H¢)’LZ)(1), ey PN+7E$£/(*’)H¢)’L/)(‘;U‘,

Py ExD 01 PN+7E33£YIZ3H’t)¢‘1wq :

The difference potential can then be obtained from (25), wy+ = P n+.,&w, without requiring an

additional solution of the auxiliary problem.

7. CONVERGENCE TESTS

7.1. Test cases

Before solving a crack test case, we solve a regular problem in order to demonstrate the optimal
accuracy of the solution method when no singularity or discontinuity exists within the problem. The
regular problem to be solved is that of a 2D, in plane bending of a beam. The analytical solution for

this problem is known and is given by:

u® = zy,

w?® = _ (Z2 + z/y2) /2. (43)

Dirichlet boundary conditions are applied upon the entire boundary such that 5(()1) Ir = M| and
§é2)|1" = u?|p. The domain is square and therefore must deal with a boundary containing sharp
corners.

Two crack problems are then solved, the Mode I (3) and Mode II (4) asymptotic displacement
fields over a square domain with an edge crack, as in Figure 4. These problems contain singular
derivatives at the crack tip and a discontinuity across the crack boundary. Dirichlet boundary
conditions are applied along the outer boundary, I, such that 5(()1) Ir = UJ(»I) |r and 5(()2) [rr = vj(?) I
for j = I for the Mode I problem and j = I for the Mode II problem. Along the crack, free traction
boundary conditions are applied such that t (£, &) |r, = Or..

7.2. Accuracy

The relative L? norm, (|[v" —wvl|z2)/(||v]|z2), and relative Sobolev norm (H?), (|jv"" —
v||g1)/ (||| 71 ), as defined in [12] are approximated for the convergence study where v" is the
approximated solution and v is the known analytical solution.

Ryaben’kii [1] shows that the accuracy for a difference potential approximating a second order
differential operator, L po po, is O(hP), where p is the accuracy of the difference operator Lo yo.

Therefore we expect:

[10n+p0vp0 — Pn+&y||p24e < const- h?7E, (44)

where ¢ is arbitrary, with 0 < € < 1, and represents the error in approximating the norm.
However the convergence of the approximated differential potential (32) depends not only on the

accuracy of the auxiliary problem, but also on each interpolation used to extend the density from
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the boundary to the grid nodes and then back to the boundary. If the boundary extension operator,
Ex%H’t), in (36) in addition to the trace operator, ’f‘r/F N+ provides second order approximations
or higher then one would expect to achieve an optimal convergence rate of 2 for the L? norm.
Therefore for the solution of these test cases we use p = 2, t = 2 such that we have Exg%;H’Q). We
also use second order Lagrange polynomials for the trace operator, ”frlr ~+» Where possible. At the
crack boundary, first order polynomials are used where a restricted number of enriched nodes are
available, as discussed in Section 5.3.1. However, as the crack test cases to be solved consist of a
horizontal, straight line crack, we can achieve a second order approximation by ensuring that the
crack lies exactly halfway through the elements. In this way, the first order polynomials provide a
second order approximation.

These crack test cases were also solved in [12] using a DPM formulation solved at the + nodes.
Here it was observed that with geometrical enrichment, i.e. a constant enrichment area D, near-
optimal convergence rates of near 2 were achieved for both the L? and H'! norms. The high
convergence rate of 1.8 achieved for the H! norm is due to symmetry properties of the problem
solved and the regular grid used, as observed by [25, 26]. This superconvergence is observed for the

regular problem solved in this paper.

7.3. Convergence results

7.3.1. Regular test case Before performing a convergence study for the grid refinement of the
auxiliary problem, it is necessary to determine the number of boundary points |w| needed to ensure
that the convergence rate is independent of |w|. In this way we obtain an accurate insight into the
performance of the method when the number of solutions to the auxiliary problem is constant despite
increasing grid refinement. In order to do so, we performed a convergence study for varying |w|
using our maximum grid size |N°| = 1852, It was found that for |w| > 240 the accuracy of the

solution for this maximum grid size became independent of |w|, as can be seen from Figure 6.
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o
© x
2 x
¥ x
@ 5 (o] X x X X %Xy
10 ¢
[e]
O L2 O 0 00000
oL % H1
10 1 ‘ 2 3
10 10 10
1/H

Figure 6. Error in relative L? and H' norms for the regular problem for increasing |w| and fixed grid size of
|NO| = 1852

Therefore we now perform a convergence study for grid refinement where we keep at a constant
|w| = 260. From Figure 7 we see that optimal convergence rates of 2 is achieved for the L? norm

while superconvergence of 1.8 is achieved for the H! norm.
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Figure 7. Error in relative L? and H' norms for the regular problem

7.3.2. Crack test cases For the crack problem the number of w points were chosen such that the
step size along the boundary, H, was equal to that of the regular problem. We therefore perform
a convergence study for the grid refinement using |w| = 298. A geometrical enrichment scheme is
used. We see from Figure 8 that a near optimal convergence rates of 1.9 and 0.9 are achieved for
the L? and H' norms respectively. However we see that the superconvergence of the H! norm seen
for the regular problem is lost in this case. These results are very similar to the those obtained by
Larborde et al. in [22].
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Figure 8. Error in relative L? and H' norms for the Mode I crack problem

8. FAST SOLVER USING THE FAST FOURIER TRANSFORM

As discussed in Section 6.1, the main disadvantage of the DPM is that it requires 4|w| solutions
of the auxiliary problem in order to construct the BEP (41). Here we follow the formulation for a
fast solution method given by [21] for the solution of a finite difference formulation and apply an
adjusted scheme derived for the FEM used in this paper. This FFT formulation is used to solve the
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regular part of the problem, while the smaller enriched part of the problem must be solved using
conventional methods. Therefore a two-step solution is introduced. For a derivation of the FFT
formulation used for the solution of the regular, unenriched part of the problem, see Appendix A.
The FFT is used for the fast inversion of the difference operator Lo 5o while requiring only a
partial construction of the stiffness matrix for the enriched problem. The method takes advantage of
the regularity of the auxiliary problem in addition to the flexibility allowed in choosing its boundary
conditions. The boundary conditions of the auxiliary problem need only ensure that the auxiliary
problem is well defined. A discussion of the effectiveness of this algorithm for enriched problems

is given in Section 8.1.1.

8.1. Enriched formulation

Now let us consider the enriched auxiliary problem (13) for u},, € Uy,. This problem requires
additional consideration due to the enriched DOFs within the stiffness matrix.
Let us rewrite the enriched auxiliary problem (13) as follows:

Ku® = f°, (45)

where K is the fully defined stiffness matrix of the auxiliary problem (13) such that for two
dimensional problems K is a 2(|N°| + [Irg|) x 2(|N°| + |Irg|) matrix which contains the
operator Lo yo in addition to the well defined boundary conditions. We do this by simply adding
rows containing the boundary equations to Ljono at the appropriate locations such that they
correspond to the boundary displacements within u®. Here 2(|N°| + |Ipy|) is the total number
of DOFs in the system which we will denote n*. f¢ is an extension of the force vector, fj0, in
order to include the boundary conditions. As the boundary conditions are homogeneous, this term is
extended by 0 to a length of n*. The displacement vector remains unchanged, i.e. u® = uj,0 € Uypo.
The boundary conditions applied to this enriched auxiliary problem are to be the same as for the

regular auxiliary problem (49). The auxiliary problem (45) can be structured as follows:

B e
KCCl KCC c fc

where K, contains all regular equations related to the regular coefficients a,, in (6), K., contains
enriched equations only related to the ¢,, coefficients in (6), while K,. and K., are coupling terms
between the regular and enriched FEM. As K is sparse, each submatrix is also sparse. Here « and ¢
are vectors of the regular terms, a,, for n € N°, and enriched terms, ¢, for n € Iry, respectively,
while f® and f¢ are vectors of the corresponding force terms.

Now we will solve the restated enriched auxiliary problem (45) in two stages:
(ch - KcaK;alKac) c= fc - I<caI<;g,1 a’ (47)

Koea = f*— Kgee. (48)

This two-stage solution method allows us to take advantage of the fast FFT solver to invert K.
As generally the enriched area of a problem is small in comparison to the global domain area, the
matrix K,,, of dimensions 2| N°| x 2|N°|, is much larger than K, of dimensions 2| I r x| X 2|Irg]|.
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In order to solve the first system (47) we require n® = 2|1y | solutions of the fast solver to calculate
the term K 'K, in addition to one solution on the right hand side of (47). We are then left with
a full matrix system of dimension n“ x n® which can be solved using conventional methods such
as LU decomposition. Although the matrix is full, it is small in comparison to the total number of
DOFs and therefore the LU matrices do not require a large amount of memory. We then require one
additional solution of the fast solver in order to solve (48).

8.1.1. Computational cost Let us denote n® = 2|N?| as the total number of regular DOFs. Let us
assume we use the LU decomposition method in order to solve the smaller enriched system (47).
Let us denote the matrix system on the left hand side of (47) as K/, = K. — K. K K,.. Before
solving we calculate and store K/, at a cost of O (n°n® In(n®) + (n°)?). Here O (n*In(n®)) is the
number of operations required to solve the regular part of the auxiliary problem once using the
FFT formulation (see Appendix A). This must be done O (n®) number of times to obtain K /K.
We then also require O ((nC)Q) number of operations in order to calculate K., K ' K,.. K., is
a full matrix, therefore its bandwidth is b = n° and the LU decomposition of K, then requires
O(nc(b°)?) = O((n°)3) operations [27]. When geometrical enrichment is used, the ratio between
the number of enriched DOFs, n¢, and the number of regular DOFs, n®, approaches a constant.
For the following discussion we assume that a geometrical enrichment is used. In the case of large
problems we have (n)? >> nn?In(n?) + (n°)?, and therefore an approximation of the number
of operations needed for the preparation of this method for solution is of order O((n¢)?). The total
cost of then solving the enriched auxiliary problem is O (n°b¢) = O ((nc)Q) for the solution of
(47) through the forward and backward substitution of the LU matrices, and O (n®1In(n®)) for
the solution of (48). For large problems, we have (n¢)? >> n®In(n?) and therefore the order of
operations for the solution of the auxiliary problem becomes O((n¢)?). However, as discussed in
6.1, the DPM requires 4|w| + 2 solutions of the auxiliary problem. Therefore we have a total number
of required operations at O((n°)? + (4|w| + 2)(n¢)?). Using appropriately chosen basis functions
should restrict the required number of basis functions, |w|, such that |w| << n¢, for example see
[15]. Here we have neglected the cost of solving the BEP (39) as due to its small size the cost of its
solution is small in comparison to the solution of the auxiliary problem.

Table I shows the computational cost of the DPM presented here in comparison to the classical
FEM method using LU decomposition for the BVP. As we expect n® << n® and |w| to be
independent of mesh refinement, the FTT formulation compares well with the LU decomposition.
However, for very large problems using geometrical enrichment, n¢ could become sufficiently
large such that the method is no longer quicker to solve. However, the DPM holds two significant
advantages over classical methods regardless of the size of the problem. The regular grid is
advantageous at the meshing stage as there is no need to construct a mesh which conforms to
the domain geometry. Further to this, its regularity means that the stiffness matrix can be defined
explicitly, e.g. using a finite difference scheme. Therefore, the DPM allows us to avoid two
expensive steps in the preprocessing stage.

In order to put the numbers shown in Table I in context, let us consider a problem with
an area ratio of Ap/A =1/400. This is equivalent to a square 1m x Im domain with an
enrichment area at a crack tip of dimension 0.05m x 0.05m. Now we know that, for large
problems, n¢/n® ~ (Apr/A) and therefore have n¢ ~ (Ar/A)n®. Therefore we have the order of
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Table I. Comparison of DPM with classical FEM

FEM with LU decomposition DPM with FFT
Must conform

Mesh generation to boundaries Regular
Build K Gauss quadrature Define explicitly
Cost of matrix
decomposition O((n*)?) O((n°)?)
Cost of solution O((n*)3/?) (4|w] + 2)O((n°)?)
Cost of additional

solutions O((n*)3/?) O((n%)?)

operations required for the construction and solution of the auxiliary problem as O(((Ar/A)n®)?)
and O ((4|w| 4 2)((Ar/A)n®)?) respectively, which in this case equates to O(10-5(n®)®) and
O(107%(4|w| + 2)(n*)?). Now in order for the cost of matrix construction for the DPM to be less
than that for the LU decomposition we require O(107%(n%)3) < O((n*)?). If we approximate n* ~
n?, this leads to the condition n® < O(10%). Similarly, in order for the cost for the solution for DPM
to be less than that for the LU decomposition we require O(107%(4|w| + 2)(n®)?) < O((n*)3/2).
Rearranging and applying the same approximation, we have n® < O(10'2/(4|w| + 2)?), where we
expect |w| << n®. For n® in the region of these values the DPM with the FFT algorithm is expected
to become more expensive than the classical FEM when ignoring the added cost of Gauss quadrature
and mesh generation. While a study is required in order to establish the true effectiveness of this
formulation, the discussion provided here demonstrates the potential of the method.

Finally, we note the final row of Table I. Here we provide the order of operations required for the
solution of any additional problems using the same geometry but different boundary conditions or
force terms. In this case the BEP can be stored from the first problem and reused, therefore avoiding
the need for 4|w| solutions of the auxiliary problem.

9. DISCUSSION

Here the DPM formulation has been significantly enhanced compared to that presented in [12].
The reduction of the problem to a system of basis functions along the crack tip greatly increases
the efficiency of the solution method. The number of solutions of the auxiliary problem needed
is reduced from 2|v| to 4|w|. ~ increases with grid refinement (|| & v/n?), however w can be
independent of grid refinement. Therefore the greater the grid refinement, the greater the efficiency
of the new methodology compared to that presented in [12].

In this paper, local splines are used as basis functions along the entire physical boundary. Second
order, local splines were chosen in anticipation of an error at the crack tip due to the gradient
singularity. However, it was found that the density along the crack boundary can be a smooth
function. Therefore higher order or non-local functions could be used as basis functions along the
outer boundary and along the crack boundary. In doing so one would expect that on fine grids
considerably fewer boundary interpolation functions than boundary grid nodes will be needed
for achieving a comparable accuracy. This would then reduce the number of basis functions, and
therefore auxiliary problem solutions, needed to achieve a desired accuracy, further improving the
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efficiency of the method. While this has been achieved before for regular problems, this is the first
time it has been applied to crack problems with a singularity on the boundary.

Further to this, the new methodology allows for an easier and more flexible application
of boundary conditions. Whereas with the previous method, the boundary conditions were
approximated on the grid nodes, here the boundary conditions can be implemented to any accuracy
on the physical boundary.

A fast solution method is suggested in Section 8. Such methods could allow the DPM to be an
efficient solution method for crack propagation problems. For such problems the regular part of
the stiffness matrix, K,,, would remain unchanged as the crack propagates. Therefore only the
enriched terms, K,., K., and K., would require recalculation at each iteration of the crack length.
As a regular grid is used and therefore the difference equations are known throughout (50), (51),
these matrices can be constructed explicitly at relatively low computational cost. The quick solver
for the DPM could then provide a quick solution method at each iteration leading to a potentially
efficient DPM solution method for crack propagation problems.

10. CONCLUSION

Within this paper the successful reduction of the DPM to the physical boundary has been
demonstrated for LEFM problems containing a discontinuity across the crack and singular
derivatives at the crack tip. It has been shown that by enriching the problem near the crack with
a discontinuous function with singular derivatives, the trace needed at the crack boundary can be
reduced to the regular function and its normal derivative only. It is demonstrated that the trace along
the crack boundary can be reduced to a regular function if the singularity is introduced within the
FEM space. The formulation requires much fewer solutions of the auxiliary problem than previous
formulations for the solution of LEFM problems such as in [12] and therefore offers significant
gains in efficiency. Near optimal convergence rates are achieved for the test cases solved, of 1.9 for
the L2 norm and 0.9 for the H! norm. A fast solution method using the FFT is suggested which takes
advantage of the DPM’s ability to solve complex problems on a regular, rectangular grid potentially
leading to further gains in efficiency. The efficiency of the method will be demonstrated through
numerical tests to be presented in a future paper.
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A. FINITE FOURIER TRANSFORM FORMULATION

Here will will follow the formulation of [21] for a finite difference scheme to derive the FFT
formulation for our FEM on a regular, square grid. Consider the auxiliary problem (13) under the
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constraint uy,, € Upo such that the displacement u},o = uxo, i.e. is a regular, unenriched function.
The method involves extending our auxiliary problem of dimension |N°| to a larger problem of
dimension 4| N°|. This larger problem is in fact solved with periodic boundary conditions, however
the asymmetric nature of the extension results in a unique solution and mixed boundary conditions
on our original |N°| problem [21]. Let us denote the extended grid sets M€ as all the plane nodes
and V¢ as all nodes (plane and hollow) in Figure 9. The original auxiliary domain is shown in
gray. Considering this problem only, the plane nodes denote the M° grid set while the hollow nodes
denote the nodes on the boundary belonging to N. The extended problem will be solved such that
mixed boundary conditions are applied on these hollow nodes.

Let us denote N¢ = \/W as the number of rows and columns of nodes in the extended problem
and N0 = \/W as the number of rows and columns of nodes in the original problem, here
NO = Ne /2. We extend the force term fj,0 = ( fj(\%, f (2)) asymmetrically onto the entire N°¢

domain as follows:

1 2 . 7

( 7(7L1)m2; 7(7L1),m2> lfmlaTrLQSNOa
_(_ D (2) : 70 70
2) - ( f]\?“ mi, mg’fNe ml,mz) lfml >N M2 SN ’
fm1,’m2 - f mi,m2?Jmi,ma (1) (2) f < NO NO
(fm1 Ne—"b‘z fm1 Ne—rru) rmy = )2 > ’
= (—fW N e - if my > N% msy > N°
Ne—mi,N¢—msy’ NO—m1 ,NO—my 1 ) 1142 ?

where here m1,ms = 1,2,..,N© and m; = my = 1 is chosen to be the point at the top left hand
corner of the domain. This extension is shown symbolically in Figure 9. Here the reflection of the
letters represent a reflection of the field. The force term is defined as zero on the hollow nodes.
The extension is defined such that the sum of the force terms over the entire extended domain are

IN* ‘ ( ) = 0 for J = (1,2). This restricts the possibility for rigid body motion that is

zero, i.e. ) ©
otherwise present for problems with periodic boundary conditions and therefore ensures a unique

solution to the problem.

Figure 9. Extended domain for the FFT formualtion. Plane nodes denote 1/ nodes and hollow nodes denote
nodes upon which the boundary conditions exist
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This formulation enforces the following boundary conditions for the solution wuye(x,y) =
(ug\}z (x,y), uﬁl (x, y)) on the hollow nodes shown in Figure 9:

UL (0,y) = uiyL (N°h/2,y) =0,
6u(2) (0,y) _ oull(Neh/2, v _
Ox \7
z,y € [0, (N¢ —1)h]. 49
uS\Q,Z(:r O)fuf,Z(x Neh/2)70 yelo( ] “49)
ouly) (x, 0 _ ou) (z,N°h/2)
8y Jy 0’

Discretizing the elastostatic equation (1) using a FEM formulation such as that given in Section
3.2 for an unenriched displacement field, uyo € Upo, leads to the following equations for node

n,J = mi, ma:

A2 A+ i

( 20 40) 4 ) e 1 (50)
A+2 A+ F

b+ O 5 Dol ety L

where AS )], B, (’) and C,’ (é ) ; represent the following difference equations:

A’ELZ)_] = _US)—l,j—l - 4UEZ)—1,j - US)—l,j+1 + 2“5;)] 1+ SU’EL)_]+
2u£1)]+1 u’Elzrl ,J—1 4u£13rl i ugzzrl NES R
BS,)] = 711’5;) 1,5—1 + QUEZ) 1,7 iz) 1,541 —4u S)j 1+ 811,7:)]
AP u® +9 @ )
Up jr1 — Unii,j—1 Upt1,5 = Upii,j+10
Cv(;)J ;) 1j-1 + UEZ) 1,j+1 + USL J—1" 53_1,]‘4_1,

and the force term f 7 is defined as:

RO i i i i
fr(zz =35 (fr(zzll,jﬂ + 4f7(zzl,j + f'r(Lll,jJrl + 4f7(z )'71 + 16f7(z L+

Af 1 A ) 6D

Equations (50) and (51) are the x and y component equations within the stiffness matrix belonging
to node n, j. As our problem is homogeneous, this equation is the same throughout the stiffness
matrix.

Now we introduce the following discrete Fourier transform (DFT) in the first variable, where here

i=v—1,

—2mi(k—1)(n—1 -
U]i]]) ZU(J) eXp( ﬂ-Z( Ne)(n )) , 1 S k S ]\]fe7 (53)
n=1

and the inverse DFT,
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(]) ZUkJ <27Tl(k' _]ée)(n — 1)) , 1<n< Ne. (54)

We use the same notation for the force term, such that the DFT is given by:

NE‘

F) =3 Fjex <2m(kN1)("1>)7 1<k< N (55)

e
n=1

We note here that the DFT is applied to f fla ), defined in (52), rather than f,; @) Tt is possible to
transform fr(f;, however as fy(f; is easily calculated the formulation is s1mphﬁed slightly by using
i 79 here.

The DFT in both variables is then given by:

Ne

_ i ; —2mi(m —1)(j — 1 -

;{;:ZU,g;exp( ”<mN€>(J )), 1<m <N, (56)
j=1

with the corresponding inverse DFT:

2mi(m —1)(j — 1) o
)= S e (PO e

where again equivalent expressions exist for the force terms.
Substituting the inverse DFTs (54) and then (57) into the difference equations (50), (51) and
rearranging we arrive at the following equations:

k,m

dk,mU@’ + b U, = F

k,m

7 1) (2) (
Ak, + bk e U = o
mU n 272,;1 (58)

where the terms ay, y,, by, and ¢y, ,, are found to be:

G = W {84(:05 (m(r]r\}[e 1)) o <27r(]1i76 1))}

OO (2 2 (2D s
3 Ne 3 Ne

br,m = 2 (X + p) sin (QW(T;\}[C_ 1)) sin (QW(]k\i[: 1)> ; (60)

iy = stm {8 — 4cos <2”("?_ U) cos (2”('?_ 1)>]
’ Ne Ne

_ (A +6p) cos <w> + £ cos (M) . (61)
3 Ne 3 Ne

Equations (58) can be inverted for 1 < k < Ne, 1<m< N¢and km > 1 such that:
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=(1) (2)

g Ao, By 1y =k m By
k,m ak,mdk,m*bi,m

G0 _ P P
k,m ak,mdk,m*bi,m '

?

(62)

For k=m =1 we have a;1 =b1,1 =d;,1 =0 and therefore from equations (58) we have

Fl(yll) = F1(,21) = 0. In this case equations (58) are satisfied for any displacement terms and therefore

U 1(11) U 1(21) are not unique. We therefore set U 1(11) =U 1(21) = 0 in order to ensure a unique solution is

obtained.

For this regular problem, let us denote n® = 2|N¢| as the total number of DOFs within our
extended problem. The above formulation allows the solution to the regular auxiliary problem (13)
under the constraint u},0 = uyo € Upo to be solved in O (n° In(n®)) operations [21]. In relation to
the dimensions of the original auxiliary problem, as n® = 4n?, this equates to O (4n® In(4n®)) =
O (n®In(n®)).
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