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ABSTRACT

Using semi-classical techniques a general theory
is developed which enables us to study the effects of
physical boundaries on the dispersion interaction between
molecules taken as point dipole oscillators. The formalism
is then applied to situations in which the oscillators are
between metallic plates, in a metallic duct and then in a
dielectric slab. The resonance interaction is also considered.
It is found that in some instances the interaction is
considerably altered from the London and Casimir-Polder

¥esults for.free.space.
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CHAPTER 1

The intermolecular forces between uncharged atoms
and molecules generally fall into one of three basic types,
orientation effect forces, induction effect forces, and
dispersion forces.

'Orientation effect' forces arise when two molecules
each possessing a permanent dipole attract each other due to
the attraction between their dipoles when 1n certain orientations.
Boltzmann statistics says that the orientations of lower energy
are statistically preferred, the preference increasing as the
temperature is lowered. Averaging over all positions an attractiv
force 1is found as a result of this preference.

Forces—due to the 'Induction effect' are once again
attractive forces resulting from attraction between two molecules,
one of which possesses a permanent dipole, the other being
polarised by this dipole giving rise to an induced dipole
(which may be in addition to any permanent dipole) and hence
an attraction between them. At the same time, if the second
molecule also possesses a permanent dipole it may be inducing
a moment in the first to give rise fo a further attractive
contribution.

Debye [1] and Keesom [2] were the principal early
workers in this field, their work mainly being as an attempt
to determine theoretically the attractive constant in the
Van der Waals gas equation due to intermolecular attraction.

The 'Induction effect' calculation arose when it was found

that the 'Orientation effect' could not be the only explanation




as it did not possess the correct temperature dependence.
For those molecules which obviously had no permanent dipole
moment (e.g. rare gases, NZ’ HZ, CH4, O2 etc.) the existence
of quadrupole moments was assumed which would give a similar
interaction by inducing dipoles in each other. As there was
no other method available at the time to measure these quad-
rupoles they were determined backwards from the empirical
Van der Waals gas equation constants.

However, with the development of Quantum Mechanics
it was shown that the rare gases were spherically symmetric
and so possessed no permanent dipole or other multipole. In
the case of the homonuclear diatomics it was found that they
possessed at least a permanent quadrupole. When this quadrupole
was calculated for Hz it was found to give rise to a Van der
Waals force about one percent of that which had previously
been attributed to a suitably chosen quadrupole.

On the other hand Quantum Mechanics also provided
a new aspect of the interaction between neutral atomic systems,
In 1930 London [3] using the Drude-Lorentz model [4] cf the
atom, which considers the atom to be an assembly of harmonic
oscillators, calculated the force between such atoms which
arose due to the intgraction of their rapidly fluctuating
instantaneous dipole moments. This force, again attractive
Nearteamedythe Dispersion Force since it involved in the
expression for the energy, terms related to Classical Dispersion
Theory. This type of force first appeared in a calculation by
Wang [5] who solved the Schrodinger equation for two hydrogen

atoms at large separation distances, including the instantaneous




dipole interaction between the stationary protons and moving
electrons. For his calculation Wang used a rather cumbersome
perturbation method developed by Epstein [6]. London [3] in
his calculation, however, used a more standard Second order
perturbation procedure to obtain his result,
’ In the early years following London's work this was
the principal technique used, generally coupled with variational
J techniques, in calculating the Dispersion Forces. In the case
of hydrogen atdms, Pauling and Beach [7] used a total of some
| sixty-nine terms for the dipole-dipole, dipole-quadrupole and
quadrupole-quadrupole parts of the interaction to gain the first
three terms in the series expansion for the energy of the inter-
: action to a slightly greater accuracy than had been obtained by
| Margenau [8] some years earlier. These calculations were
principally concerned with obtaining numerical answers for a
specific substance.
Another approach adopted by some early workers [9]
was to write the energy as
= — C
L = 7R

and try to derive generally applicable formulae for C which

agreed with the cases for which exact values could be measured
and simultaneously gave some insight into the physical properties
of the atom that were important in the magnitude of the

interaction.

In the mid 1940's Verwey and Overbeek [10] developed
a theory in which the interaction between colloidal particles

was exclusively ascribed to Dispersion Forces and when applying

it to suspensions of comparatively large particles they found a




discrepancy between their theory and the experimental results
which could only be resolved if the Dispersion Force between

two atoms was assumed to fall off faster than R™/

(1.¢,. the
energy of the interaction falling faster than R—6). Overbeek
then pointed out that given the idea of Dispersion Forces as
being an interaction between instantaneous dipoles in the two
atoms and hence carried by the electromagnetic field that
retardation due to the finite speed of light might become
important at distances comparable to the wavelengths of atomic
frequencies. Inspired by this suggestion Casimir and Polder [11]
using Quantum Electrodynamics found that for large separation
distances the Dispersion Force energy fell off as R-7.

Increasing refinement in the theory and techniques
of Quantum Mechanics ahd Quantum Electrodynamics has seen the
derivation of the energy of the Dispersion interaction by
several different techniques, each starting from a slightly
different assumption as to the process involved.

Fienberg and Sucher [12] using methods similar to
those of Casimir and Polder have obtained a general form for
the retarded dispersion force potential. In a later paper [13],
by treating the interaction as being the exchange of two
virtual photons between neutral spinless systems, they were
able to express the energy of the interaction entirely in
terms of measurable quantities, namely the elastic scattering
amplitudes for photons of frequency w.

The time-dependent Hartree method was used by

McLachlan, Gregory and Ball [14] to solve the problem of

interacting atoms quantum mechanically, by-passing knowledge




of the wave functions of the atoms concerned by using the

frequency dependent polarisabilities [15]. These polarisabilities

were then approximated using the time-dependent Hartree method.
This method also enabled them to obtain a simple description
of the non-additive three body forces and other extensions of
the basic ideas, including temperature effects.

The problem was also attacked by Tang [16] using the
dynamic polarisabilities. In the two earlier papers he
approximated the polarisabilities by using a two-point Pade
approximant. Using this he was then able to obtain the form
for the two-body force previously obtained by Slater and
Eivkwood '[9] while tor three-body forces he reproduced the
results of Midzuno and Kihara [17]. In the later paper he
used a continued factorisation method for approximating the
polarisabilities thereby gaining tighter bounds than with the
Pade approximant.

A totally different aspect of the problem has been
considered by Boehm and Yaris [18]. In their paper they
considered the small separation distance part of the problem,
specifically the area in which orbital overlap becomes important
and hence the force between the atoms tends to become repulsive.
The complexity of the problem was somewhat reduced by their use
of linear response methods from Quantum Mechanics.

The interaction between charged particles located

between conducting plates, a problem which is a forerunner of

a situation to be considered in this present work, was considered

in 1970 by Barton [19] using Quantum Electrodynamics. He found

that for the two particle interaction, the energy of the system




including the charged particles arose from the coupling of
the charged particles to the quantized electromagnetic field,
thereby altering the energy of the quantized field.

Most of the methods of attack on the problem so
far mentioned have been essentially of a quantum-mechanical
nature using ideas and techniques developed principally since
the rise of Quantum Theory around the 1920's. Several excellent
reviews by Margenau and Kestner [20], Power[21] and Dalgarno
and Davison [22] have been written on the Quantum theoretical
development of the theory of intermolecular forces as well as
a non-technical review by Winterton [23], these reviews giving
a complete quantum treatment of intermolecular forces for the
interested reader. See also the reviews of Israelachvili, [46]
and of Parsegian, [45] who emphasise applications in biology.

More recent years have seen the rise of a different
line of attack on the theoory of intermolecular forces, the
semi-classical approach. Any quantum treatment of the theory,
by its very nature, tends to become rather complicated for
even simple problems, and exact functional representations for
many basic functions used (wave functions etc.) are not known
and hence perturbation or other approximating techniques are
used. The semi-classical approach, on the other hand, with
its heavy flavouring of classical equations and techniques is
basically much simplar to use, being able to draw on the vast
body of classical theory already known.

An early use of classical ideas was by Lifshitz [24]
in his work on the dispersion forces between continuous media

and its later expansion [25] giving the well known Lifshitz




theory for forces between continuous media. This work was
based on macroscopic electrodynamic and fluctuation analysis.
It is interesting to note that it was some many years before
Renne and Nijpoer [26, 27] were able to give an atomistic
derivation of this macroscopic theory.

In an early paper, Boyer [28] expounded the connection
between Quantum Mechanics as represented in the work by London [3]
and Casimir and Polder [11] and Classical Electrodynamcis of
fluctuating fields, the work of Lifshitz [24]. 1In a later
series of papers [29], Boyer then went on to give a recalculation
of the long range dispersion force potentials using Maxwell's
equations for the electrodynamic field and classical electro-
dynamics.

Combining classical ideas and the quantum concept of
zero-point energy, Van Kampen et al [30] achieved an important
result when they showed how the energy of the intermolecular
force may be calculated from a 'Dispersion Relation', a relation
which determined the frequencies of the coupled atomic oscillators
This work was at first applicable to non-dispersive media [31]
but was later shown to be applicable to dispersive media as
well [32].

A completely general theoretical treatment of the
dispersion interaction was gained using the semi-classical
approach by Mitchell et al [33] which gave both the repulsive
limit mentioned earlier as well as the London [3] and Casimir
and Polder [11] results as certain limiting cases, the method
also being used to give an exact solution for the three body
iorces.

It is the semi-classical approach which we adopt in

this work in determining the boundary effects on dispersion




forces. Dispersion Force theory has in recent times been
carried into many and varied fields as their importance in
physical phenomena has been realised. We have already
mentioned the application to the theory of colloids [10, see
also 34] where Dispersion forces play a major part.

The Physical Adsorption process is another area in
which dispersion forces play a major part, the adsorption
process being governed by the dispersion forces within and
between the various constituent parts. Two very good disserta-
tions on the subject have been written by Young and Crowell [35]
and De Boer [36] to which the interested reader 1is referred.

As Dispersion Force theory is carried into wider
applications it becomes increasingly important to know how the
dispersion interaction changes according to the environment of
the problem at hand. It 1s one aspect of this problem that we
look at in this work, namely that of how the dispersion forces
between molecules taken as point dipole oscillators vary @ECoTd-
ing to the boundaries of their physical environment.

In the first part of this work we develop the theory
of interacting molecules in the manner outlined by Mahanty and
Ninham [37, 38] and consider their application of it to a simple
system and then in the later parts consider its application to

slightly more complex configurations.




CHAPTER 2

The problem of interacting molecules has a simple
formulation when set up in semi-classical terms [37]. For
this formulation we regard the molecules as being point-dipole
oscillators, mutually coupled via the electromagnetic field
which is treated clagically. The dispersion energy 1s then
the difference in zero-point energy between the coupled
oscillator system and that of two individual non-coupled
oscillators. The boundary effects enter through the structure
of the Green function of the electromagnetic field coupling

the oscillators.

For an oscillator of a single frequency, its zero-

point energy is given by
E iz T (2.1)
where w is the circular frequency. If the ground state of
the molecule is an assembly of oscillators of frequency wj e
then the zero-point energy of the molecule 1is given by

o S %ijj 8 2
If Do(w) is the secular determinant for the molecule

1.8, Do(wj) = 0 all j,then using Complex Variable Theory [39]

we can write * | , o ()
Bl i et o e g, 222
EREC an D. (&) i
;-
= —é'. ) Fert S\W G("i"‘ (/(A—\ 5 (‘-"")) dw
[ e AW

since Dé(w)/DO(w) has simple poles at the zeros of Do(w).
The contour C in the complex-w plane is chosen so as to

include the positive real axis.
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If the oscillator is now coupled to the electro-
magnetic field, there will be a change in the secular

determinant, the difference

N y ___l_f |
E - — g . d Dl(w)
A ) 2 ' 2Tl ¢°~> ng/bv\ = Zdw (2.4)
where Dl(w) is the secular determinant of the coupled

situation, being a measure of the self-energy of the

osclllator.

Now if we couple the two oscillators to the field,
the interaction energy is the difference between the energy
of the pair and the individual self-energies of the two-

oscillators

 a A (w
£(12): 3z f‘” %%“(b.@;(w)\}”‘w G

In equation (2.5) Dz(w) is the secular determinant

for the second oscillator coupled to the field and Dlz(w) the
secular determinant for both oscillators coupled to the field.
Integrating equation (2.5) by parts and choosing a

contour including the imaginary axis we obtain

E(l,2>:2i f/{MQ(“’)dw (2.6)

wherelu§1@$ is evaluated on the imaginary axis by analytic

continuation of the function

‘ Dvl(os+i.é)‘,
L) = éﬁ?ﬁ D,(wei€) B(wel€) Gt

Equation (2.6) is one of the results on which we

base our treatment.
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We now turn our attention to the equations of motion
of two isotropic oscillators [38], natural frequency w ,
charge (-e) and mass m. In Fourier Transform (time-independent)

form these are

m (w3 — o) s Coo) = %A 5,e) + e V() J=he  (2.8)

where Qj is the displacement from equilibrium of the jth
gsrillator, and Ej the co-ordinates of its equilibrium position
and also that of the core positive charge (+e), assumed to be
stationary.

The time-independent equations for the vector and

scalar potentials A and 75 are (using Coulomb gauge)

~~

: i
(F+2)Ale) - £V + T Cub)Srg) (2.9
-0 (2.10)
and V;é: 4’773‘)2{%38('\*)&3)- %J(‘*’) (2:11)

Solving for A and ¢ from equations (2.9), (2.10) and

(2.11) in terms of G(l) (~ ; x ), the Green function of

V‘gﬁ: O (2.1%)

and Q(z) (iq'i’,w) the diadic Green function of
& w-l
<V+8)4 = O (.5

with the appropriate boundary conditions, we obtaln on

substitution into equations (2.8)




[ (-] + 4re G(R, &) 4, L

* 4Tre3'€~(&,&:',w)‘i\ =0 (2.15)

Here

"t
Hn
wn
' 2
-
o
¢
=
H.
et
(@Y
}J.
Q
.,
H'
&)
)
—
oL

@ ' ' ed \
g(ﬁ):‘:';w): (ﬁlg 3('3%3;“")" Vv C‘)(’-})‘f. (2.16)

)
with YV  the diadic operator formed from the gradient

operators for primed and unprimed co-ordinates.
Hence from equations (2.14) and (2.15) we have

the secular determinant for the coupled system as

m(wd =) 1+ ane E(8, 80) wet ¢ Gufie)
2.17
D'I (L\)) = ( )
47 QR 8w)  midd] 4 and Gl R
and also
i % iy 1 & G (R R ;w
D:s (.w\ - \V/\(\-\)o ): =t 4‘“ - R J’ ) (2.18)
Therefore we have that
-
M S \ i- IG’T‘leQg(e‘)@\')w)"‘[mtwol’wl);[r an?g(&a}@;;wﬂ
.D\Lw)BL(wX i ¥
i L. 19
x QR R wY s[m (-] T + Ane Q& R w)]
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g0 to order (e4) we obtailn

In O, (W) D (W m(w«o)

M\% —lg;_e rjg(@,)ﬁx'ﬁ)- Q(&,g,}w)} (2.20)

Substituting equation (2.20) into equation (2.6)

in the form

-0
,_ -—z DIILNB
and writing w = i§ we then have

! _wte[ Te (62250 G (&, 8.y}
E(R) = (ki tany, slecttical )) (2.22)

The use of the Coulomb gauge enables us to separate
out the non-retarded form of C(*)ﬁ-w) in ‘equation (2.2Z).

Therefore in the non-retarded limit with ¢ = °°

equation (2.22) becomes

ok __a_nl/-ﬁe‘%___ " (
£ EE TR ARG, )

Equations (2.22) and (2.23) will form the basis

for further analysis.




CHAPTER 3

3.1 The Green Functions

We see from equations (2.22) and (2.23) that the
energy of the interaction is dependent on the Green function
of the problem configuration. In bounded reglons the structure
of the Green function is altered by the discretization of some,
or in some cases all, of the modes of the electromagnetic field
in the bounded region. The actual boundary conditions to be
used depend on the physical nature of the boundary (metal,
dielectric etc.) and may involve physical properties of the
boundary such as dielectric constant, electrical conductivity
etc.

For the problem of the oscillators between perfectly
conducting metallic walls it is advantageous to use an
eigenfunction expansion for the two Green functions C@(i\f)
and.<2ﬁ(i,iw‘5§ , the general theory being well known [40].

In an eigenfunction expansion then, Cr\(i,i'

of equation (2.12) is constructed from the solutions of the

scalar equation

VX, (1) = AK) (3.1)

where XA is suitably normalised and is chosen to satisfy the

same boundary conditions as ¢. Using the X) we then have

y
V) ' Xx(i)x\(i‘
Godzid )= Z; o ) (3.2)
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) -
We obtain the diadic Green function Cf (i,i‘t¢)
from the divergence-free vector solutions of equation (2.13),

or equivalently from
e AT () (85

It is possible (see [40]) to write the two independent

divergence-free solutions of equation (3.3) in the form

M, (z) = Ux(a ) (3.4)

Ny = /[V‘(an¢k] (3:5)

~

where 9&)(#; satisfy equation (3.1), and k (dimensions

of wavenumber) and the direction of the unit vector & are
adjusted to make the function £ - M, + N, satisfy the same
boundary conditions as the vector potential A.

The functions Qggi)and N%&)are normalised as

{cﬁ'; s PR T L (3.6)

6 (a1, ¥103) - ZA;(L\;“M) (mowren s mee) 6o
with {ylﬁﬁ’ and{?,éﬁd being the diadics formed out of the
vectors /M, and W,

We now turn our attention to the problem in which
the oscillators are between two parallel perfectly conducting
plates, separation L [38].  Since the plates are perfectly

conducting, the tangential component of the electric field




A l() -

and the electrostatic potential are zero there. We use a
co-ordinate system in which the origin is on one of the
plates and the positive z-axis is normal to the plates,

directed towards the other plate. The boundary conditions

are then
ﬁ._x:/quo) 3_22:0 awol ¢:O A (3.8)
We obtain G (.Y using functions 'XA as

per equations (3.1) and ' (542} where

hx k
x ( \ e - v \3 X wuz
"Qn‘L ¥ Gorii (»3'9)
A= o= (ks ke =2 - — k.
giving
C(1,5) - \'}L. ZW(%)W(%)
: T(" A dher @xb{ VT A G 4k (y-y)]] (3.10)
For the construction of (fn( ‘Uﬂ we use
/,\27,\ (f) s M{%ﬁ[ t‘,(&.x-r k‘;ﬁ)]@(’%z) 533}
= (i ’y"—:-r—z' Qx/;[ ('61(+ l-llu)](/a a, _é ) fEad
and

{»\(, (jf): WLW’{'[Q/XPELCA,xrhg)] ng{/{f-z)a}}

N
R,
St {LMNW[/Q"?‘ 1‘2‘—4] (&Lk)amvmz f

x expl(hrebry)] (5.12)




where A= = k.

and g\)qt)c£3 are unit vectors in the x, y, z

directions respectively.

Normalising M, and &, we find

M ML = Rmel (ke k) S (k- k(- D) Sy

AN
NN oy
c AN (3.13)
Also Es= M, + N, is seen to satisfy the

boundary conditions of this problem.

Using equation (3.7) we then have

oA oo
T e TP (RS
- s el w0 T s ('E{I - htx k: - hi_:ll)
X (Q\ b e h\\(gb\k; = 9:;\%) dann M_lem ’\Lt}'

\
(%) <9"L“*9=1 ht)(a,h.f&lkz)w T g o

+
;_BJ_.

o L )W) (b ik )ae) s 2 cos

4 (MR ) () (@ ks 20 ) coo S o

7

AATI 2 AT 2.

\
e (k}» k’{} Ay Q3 C T o3 —

ke

-+

(3.14)

| wiO

: O
with £, = {a 1

o

where the expressions of the type (Qx /;'(5 = /:\S>(L?\.?é )
are the diadics formed from the vectors (31,&g-g&,&5)

aud ' 9. 4?
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Substituting equations (3.10) and (3.14) into

equation (2.16) we obtain after simplification

= :
SRR e

g(i,ff;‘*ﬁ = L) ¥ S gy (3:358)
B2 S Sggj
where
o a i
So«@ i (5 5"'\" araare\ 5 NEX STRR 53«15533*(3\1';“)(3-16)
with 6\(&\;{"\ w) = ;2_1_}’1 Z AN “—‘—:—_ZM"'-‘T‘_‘_—}‘
X (f dh, dh, el R (ex)+ ki (y-y] (3.17)
w? T
—_—ad - E = h..,
g . | = wT (2.42)
and %1 ('3:3 :t ) b‘)) = 2“11_ ;; Con s

e]

xgwoue\o% e/xﬁzll k-2 + by
o L € (- k) (3.18)
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3.2 The Non-Retarded Limit [38]

For notational convenience 1in this problem we

define a variable
R W ‘/7-
P - CEE RO (3.19)
and obtain the interation 1in terms of

Y
fn. = { (-2, 4 (3-*“31)1} (3.20)

The non-retarded limit ( ¢ e ) corresponds to
the case when both L and R (and hence Pra ) are much less

than the chacteristic wavelength

= el
A v, (5. 21

Considering firstly the case where ‘f>>\_ we
- (Q
note from equations (3.16) and (2.16) that as Caviedy=an= Q"

hence we start with

o:‘ AW Lxe ws O
g E]) < g D e e [de )
ntlowsy > wint
= s /(}*'K‘*‘ "D
where v pAyR
X = (ki+b)
Using the formulae
o )
g}i@ @xr(iﬁywﬁé>: 2 3}<Kf) (3.23)
Ie (%) B, ey
e XX Te O5) | 20 K, Lo(l _L.)j (3.24)
\1 W & "‘121

O C\. L:L




Sha

then substituting into equation (3.22) and letting c-—=><°

we get

(v ' 44 = wn P B ek
) : ——Z;Ko(t)wt‘““_f (3.25)

Now we also have that

e I SAN A I NI A
Ny
7ot [AC r (5.26)
5=

e axbc)x‘)

For large SD/L , we need retain only the first
term in equation (3.25) and using the asymptotic form for
\<o(“§/L), on substituting into equations (3.26) and (2.23)

we obtain

g A 5 g
t (R) : M (%P (- an”'/"‘)) CG’.;L( ﬁ(-’--*lx)) (3 27)
i | o '
;Z—t-\ f\I/L—
When L is large, in equation (3.22) we sum OVer

- using Poisson's Summation Formula [41] before integrating

over X and © to qet

o0

\ g“otxjo(xf’) o [&fx}:(K\z-z‘I)J« exb (-wlz-2)4 21L)
|

—‘3\(3{35;“‘:‘\:9.“‘ Kiezx‘o(zkd-l

Q

o (klzszf)— exp ezl :m_)] |
(5.28

1 '
where K = ( X'+ Ya)'t

Re-arranging equation (3.28) and using the identity
oJ

[(xax 300 fwapontif] < enpl ']
{ Xt f/&i L ——”——R——

{5.29)




where % = g(z-f?‘*§\yk we then have
_3‘(_3:) "‘«0 [O’XE(E/C,) l(}{d)(d (Xf)
K {oxp(aKL)- 1f

x{ceﬁ,l,\{p((zq_‘)} = CG}‘»«{K(zn.‘-L)s exh (KL)}]

(3.30)

In this form the Green function shows explicitly the free
space term plus correction terms due to the boundaries.

Using now the non-retarded form of equation (3.30)

and substituting L =K we obtain
(s 1) | B R Tal f )
vl aia e LY
( \) 4'“[ g @x}:(t)~—l

(3.31)

« f ok (52 M(Eﬁ*)up%ﬂ

Now, since the main contribution to the integral comes from
the neighbourhood of AR we expand the Bessel and
cosh functions in power series and integrate term by term

to give
)

oy ATE T Hre - (R )0

-4“_ —l?’l -Q/LV\Z 4L${3 o S AT L.\) + (z- z)} ]

(3.22)

In equation (3.32) f(?,%\ is a generalised zeta function
satisfying §C;{):~§6)(25—\) 42l . « For the case when

(Zw-+ll~ L§-<<-L_ we substitute into equations (3.26) and
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(3.23) neglecting the term (z4z'-L) Jus . Hence when the
oscillators are nearly in the middle of the two conducting

planes (i.e. (zv+z,=L) << L ) we have
. & 3 (z, -2}
(k)= /-‘L('Q)f/‘r .53(3)(9(37_1_1*1); (3.33)

i 4 ¢ :
where E.(R) = -—3*Jb/ﬁgnﬁ R is the non-retarded London
interaction between oscillators in free space.

For the case when (z.«-zl)<:<.L_ the

)

oscillators close to one of the conducting planes we rearrange
(3.28) into the form

L R R A NPT
C (A\t) 4ﬂ[P\ B L__‘> Q«')(i)*i

{O%L\( ~z)/€)_ i k%-%)x)}

(3.34)

where ,Q+ 2 {(2+z‘)z"+flj%'

and proceed as before to obtain

E(R) - LL(&); (1~ JR) ?‘“‘)g (3.35)

When (2.+22) e e the oscillators one near

)

each conducting plane we start with

ix sy :aﬁ‘LfdJU G*/&LBW;{J§cmL§(z 2j-1) ( %{Lm‘\ L)xa

exp(*)-4 3.36)

to obtain
i i fé[erlm)f )
i (R) . LL(”)/(L.) —— o j (3.37)

LS / L
the neglected terms being O (pn/n) and ORW2324‘L3A§,




We note at this stage that equation (3.33)
implies an enhancement from the free space value when
\z\~nzl\ s gn_/rz Dt a~diminishing when z,224 , 1.8,

the oscillators on the medial plane.




- 24 -

3.3 The Retarded region [38]

In the retarded region it is necessary to use the
Green function of equation (3.15).

For g>>>L, we start with (see equations (3.22) - (3.24))

l
: -1 & . otz a2 Y. T
S R A o il Ka[ 6l % 'C“)” (3. 38)
) wTi(aed) ( ¥ gk 1§'s }
" Mi(ey e
and 92 ‘i,’*“)'ci\: wb »\Z:O E -fzd i (3'39)

Substitution now into equations (3.15) and (2.22) yields,

after some straightforward algebra

———

et b Skl
» "
which represents an enhancement from the Casimir-Poldor free
space result [11].
For the case when K<< we begin with equation
(3:38) rewritten with
w2z wmu o= J[Csﬂ( "'(2-1)) m(lx“("-*l ;

DA = T AAnn f A5

and apply Poisson's Summation Formula [41] to obtain

oxp(~R ) oy ( K3 5)
( 'QL ;JF{L > (S al ]

Ms

|
N e
""8\(1,,..‘~L§) W$‘~~°°

where 4:: (Qiéi'h:fﬂlﬁfl andt @2 z 6211-*/1*ﬁtf{f2.

We now use the formula

—— e ———

° 4XS

. 48245 wn = (2L +
O/X‘i "\ (T8 -4 Qki ] LQ OKL',!,( ) (Sﬂ) m9> (3.42)

x>8

T DI ATIRE T e

(8}

Q(, FSE lﬁ&m@)‘
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to write
2 axp(=R3) | exh (FIRY = e
= “’(E—— : HD\ 2 QE\,(Mﬂg"““

K.u,‘*{("uz/c} Ty (T&/c) B ( sz:')

(3.43)
This expansion is permissible since QLE DR 1 L4 0
For the second sum over C«ﬁ('iﬂl/c)/gl
we write
o
2 iz = QLF-S' o<f< | S O(L)
We then have
g ' ( 242 244 )
faram + w(pR)R K +(R) (3.44)

where (,Q ")l: <Z+z'-— .21/?)1 -}fl AR e QL//(+/5’)

so using equation (3.42) we have

o0

o Q,,(P(ﬂwi/c) 2(21+/ [1,[21.}(4 /c]) :)/\ P”W'J/cj/

L= o0
RL -QL(‘ );-?L('C*@'/)Tt

e IR R ey
T R

(5:45)

Combining now equations (3.43) and (3.45) we have

(o) () () —axp(BRIC)
8‘(“’“' Vi e, D T e R (3.46)

A ; :
where (3\3 is the correction to the free-space Green function.

R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRREEEEESEEESEZZmIIFEA
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After substitution of equation (3.46) into equation
(3.15) we carry out the integration over X in equation
(2.22) by expanding the Bessel functions sz(kﬁg))j@u%(@Tk)
in powers of their arguments, retaining terms of order

{u@‘/lcgll/miw‘* iQER“/Cﬁ—)%/ AR ? . Two limiting cases

then become apparent.

For R w,,/c e 1 llakd o Le< Ao we have
’ R n
E(R)QEL(RJ[H(?&'I )5 LLW”“’“O( e
(3.47)
e /e Bo 1 anad LD Ao we have

£R) ~ R+ (3‘(‘3?)1” )63( S 1@ ¢ o) ] (3.48)

Here
~ 3 4
Z:—-CP(/Q) o :-?,?/tcc ' (

477’ /?7 At qu

.49)

W

is the Casimir- Polder result for the retarded interaction
in free space [11].
We note that as was the case in equation (3.33) the

interaction is enhanced for \Z.-zl\>><fn/Xi) :




<= T =

CHAPTER 4

4.1 The Green Functions

We now turn our attention to the consideration of the
oscillators when they are inside an infinitely long rectangular
duct, sides of length a and b, with perfectly conducting sides.

We use a co-ordinate system in which the origin 1is at
one corner of the duct with the positive x and y axes lying 1in
the walls of the duct with the z axis directed along the duct,

parallel to the walls. Our boundary conditions are then

(4.1)

ﬂ,:ﬁzz ‘?ﬁ_‘,’f :szo)b ﬂ(j 41—%}-0 X:0a

dx

We proceed as in Chapter 3 to construct the Green

function for this configuration obtaining

\ \ — o :
C\\(\ (’i)i§ = __,_%__2 Ak '\f:‘_TXS : 4}.;_‘;.}(
m-

x mf‘ ey f :U»zg/,{,}):fh(z-z')]
% o (4.2)

T L R %k
\‘«'h ene /Z rMn = Ié + ”:._Z’ -+ 4."‘_..2’

For the construction of the Green diadic we use
AATT X MATTL k.
2, (4) = Vx (2 cor™ o e )

- il ANTTX . AMTY céz Mmoo, | o Ax ATy
- b Ce&o a A~ o @ a -~ i‘dw a_ G4 [3) (2 C‘g'?\

o |

(4. 3)
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/ r AT AN )
Ao VK (VX ajw‘- a‘_—x,dAM "Z'ye’"’kz‘)

7
€ i LT e oy W N
kT o T, + kTG el T

@ & 2,

b (é:.\ —kz/MMaE)M M—? 33)

(4.4)

T W

The C\VI) and {\‘/,\ are normalised according to

[l My dies (NN

ok it 3 _k‘ TRRE
e (k. -K)S(k-k ) S

Y

(4.5)
We therefore have
- QJDW 10 A 2
-/\) 7 ol (/{“‘“ "k) (4.6)
and hence - Lhas
ISR e AR ¢
=4 SRy s )w) = Q/LOTT Nn=0O W20 w(k“}“ 'Q_L\(E:_: k\:v
At/ AT Y AT ‘ ( T‘_E_’_‘ﬁ} IQ.__ Tllné)

W)(( AN \ oA h‘l -ﬁz“.l >
e ,\,
4% Gy e T TR con _.ng C‘%MBIB ( % T A
: Aarn AT T ' 1L 11 R
. a DAana : AT o
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\ Lt 2
'M\|.M| AN “km(\ ___T_lW\V\
v 8,0, coaE el VAT cod (a’ﬂi TJE)
- AATUX ATx oY ""ﬂ:‘jl( W2 Rn _ Tnlww\j
L Rl vl e R S LT
-* T 2 .
XX 2 )(’ ” 2 ! kh.v\—k. 'T\'(.,L?.N\
A M i D g ('—T§T~ -y
VAT AATX! S AT Ty h::,,“'lr; kR
= A, 0, M o DeAE A dow. ( = L
WA by
. MmEX -\ ¢ T i | .
Aoy Ay AR e T oS MWIES‘(E»:\*I‘Q )'lTLL“«M
b in
i
] -k i
. ) /\/CW\’ ATl M\—'\j me TLE WM
AL A AR pn T e —G:’Am’g(h:‘:)’g‘ (4.7)

where the prime on the summation denotes that the zero term

>

is to be taken with weight .
Combining now equations (4.2) and (4.7) according

t0 Bguation (2.16) we obtain

g\\ g\l. 5\3
g (ﬁ’;{:}w) = S’a.\ Szl 513
S Sn g's; (4.8)

e &L
’ A R P B '
where So(@ = ( et Sxg C;;&a(k>3.(:i,;r;w>

- .(:O_Z 2\ /
Sy C%jz (ﬁ,z‘,w)
=& "ng S A- ("‘" "."" LAJ)
R s L (4.9)
With A ('4~ -J“'\ - 2 é.; = ToATX - WA A - [
gn ,.,A)w)— e nz,%m o At O—Mﬂgyﬂ/w\’uj&ﬁ

s &t (4.10)




2. (x .t w) s %lg g B - AT T
31 e i 'ﬂ’& w0 Wz SR 5 k
3 chz-2
(25
X S'OU-LL:Z = (4.11)
LEEY S o 5 Vs
d P v - 2 < e . AN ‘ ix! oy
mt g, () - Z 5 F B e Fe)
@
cklz-2
b gO’L&“’{g‘f—i—)
- o kw\« (4%, 12)




4.2 The Non-retarded Limit

We consider firstly the non-retarded case where the
dimensions of the duct, a and b, and R are both much less than
the characteristic wavelength of the system Ag= ch/u%

Considering the case when |=z-2'|>> o b

(hence R>>a,b ) we start with

' ‘ b | ca OO AT ) @; ATy a4 ) 0“{ Q/(,h(l-z.)
L g2, 1)s b 2, 2, e e Ta s T e I
[ B oo R A
oQ \
EY
=2 £ © ol camd o mTy ATy 0(/{16(’
= .__.Z—Z Z/V-N\ 'o%’x M,%W bj/liﬂ‘ ”b—‘j — )—*
'TTO\./!Q Wil owax! _mr52 +|Q
[T
(4.13)
2 . mint zw}nl
where e 7 TR
Evaluating the integral according to
oQ
ck(z-7 ;
e ¢ qu v —Runl2- 2|
P ¥ e (4.14)
- o0 e (SIAM

and retaining only the first term of the double sum since

|2-2| >> «, b we have

(4.15)

Now for the non-retarded case, C-> <2 we then have

k‘) 2. . | . i a -
C (ixjf) K4 "|/ M%M‘%W%W“’E‘
(a4 lt)"

(4.16)

X a'x}o[ ““(“1*5132/1:'?-'\]




Using now equations (3.26) and (2.23) we then have

F(R)= TEmZe  enp[-an b)) o]

mlwd (a4

{ /m( o (B) | g A(R) 2@
A‘r

(4.17)

anX(B) ot () + o (B) o) f

at b*

For the case when a is large, we begin by using

Poisson's Summation Formula [41] in the form (for F(n) even)

,\Z.- e gF(V\)OLM t 2% S‘F(w)oeo(g-n*m)d/w
¥ N (4.18)

Applying equation (4.18) to equation (4.10) in

non-retarded form yields

o0
o I L \ =2 b S gLIQ ex [L k.(\j-tj' +LLL2-?_'£
8\(.‘t)t‘) LQ : Lo W 9~— &Jj kl. —*Fk} 1n2 ]

If/w;” ' ﬁ GU\G/Y/’Z{M‘?*J)“I‘(Z’Z”

o \
k(-2
o0 LR
4 F am - en (dhe
+ e : . %
Maa "= i

V’\;‘
—o0

N A=k AT L
e (4.19)

al




- 2% -

In this forﬂl’%.is seen to be composed of three parts,

one being the same as obtained in section 3.2, due to the plates

at 'x'= o0,a, the second being due to the plate at y =

third being the contribution from the plate at y = b.

If we now carry out the integration over m,

for the sum over T

.2 —_ ATy Ty ATy

= gﬂ a0 % A il Lo
SRR LR L

S ’Zﬁ

p " H_ (-;-tk s L N 2 «hls
= T Aot 004 By

This is valid since b+ > (3—3‘) and Lbr > t)*:)‘

for * 40

o and the

we obtain

- coofO R (“J*J)”

(4.20)

When b is large, we retain only the first term in

the sum over r to obtain

. /WT\X CAATX

PAS \ . A ‘ o=
s ST e R
A =1

Qvitol

f Ak, a:'ql oxfL i {k Cyrye ka2

Ml
51k, ?

i c‘s\*‘ﬁz%l Ceosle § (4 580" (g -y -
CV\. W lql)

¢ 2B [N
I a

(4

s (0 52) g1y ]

.21)




where '%f is the two plate function for the plates

We now integrate over k before applying Poisson's
Summation formula again to the third term, treating the second

term as outlined in section 3.2 we obtain for leading terms
A\ \ . Ao ' __.l_‘[_-l— o “L — .-l
— (5 20 - F 4 aml®- R/, T o]
| (4.22)
210 ey \ 2 N L
where L s ey * (25"<j'3» t (2-2)
L P 2 32
Rigd =4 o=l @us(yr 9 (-2)

(\)1* $ (1 -38)14- (3*3‘)1 £ (1-2.)1

Use of equation (4.22) then gives us the energy as

EQR) = L5, (R) + £.(R)

(4.23)
where égp(ﬂ) @S the two plate case result of section 3.2
and éi:(R) the correction due to the second pair of walls
where
3 A R i GLay 2
LC (4) = LL(’@Z, C[ q(f” * (J‘ ‘jl}("ua-(j.-\jx)))

Ry

e e e} - 3 (e -ty T (ye93) -
Ri, RE

(4.24)
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When b is small, we sum the geometric series involved

in equation (4.20) to obtain

) -G - ;zjéa%‘ BT
gouut& Q/xloﬂ f“ﬁ‘ﬁ)* (=-2)] ]
kY 4 >y

%0 i i LA(Z 2 M2 iy
» % g o g fe Z"f’[ (= +4) ’B]
- (e

L e (0 )t (= Mi(k}gfk1)yl(\1+j‘)}]
| — expl- (52 )20

7. S

(4.25)

Expanding the third term in equation (4.25) in a
power series since b is small and retaining terms of order 2b

we obtailn

; oy ‘ = ' U VA ' S / ne t-xllz‘v
"3 @) s oF - 50 2, e T K E T )]
L\ll‘L z_l
/ - vavax . oaamx! T A AT

(4.26)

For \2,731/Q, large we retain the first term in each sum to

obtain
a A | : Mt W) 4
*J’ -~ "‘:./.“"“M\No., "—K (11)*’%*))
s g oo [z )]
. ) T—T_X 'Tf‘)}" {ZZ. ;u

(4.27)




Expanding the Bessel function for large values of
the argument and substituting into equations (3.26) and (2:23)

we obtain as before

L(R) = Ea(R) 4 ()

where here

—N
At 3 a®

AW le2)% Yoy )i

29 (x4x'
ot x')
LD

Q_

EC (/‘,) B -—_{ﬂg/fe’[ Q"AE"JW(@.-Z‘)“* (‘j-*jz)l)’i/a::\]

S i
Lt gy a0 Q/X/.)( e /1721/)

e °2;';€+ 0-%—‘2‘\‘2'1“ L 4 . ) :
e ST L [+ @) + o () d ()
i\/\?—fuogovlbl \1‘—7-1' ;U a4 ) Q-) 2 a. )
T2 y / L fUX 2 ux
+ B (ot ) ¢ 570 )
(4.28)
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4.3 Interaction in the retarded region

For the retarded \interaction*it is necessary to use
the full Green function of equation (4.8). When a, b == R

A
we start with 3\ in the form (see equations (4.13) and (4.14)

a (4‘ y . ) - o i 2 TXR Carxda oy emﬂg
Sl "”‘)"L1 Tak {%W& Shen O A T A4 0 TG
‘ i
)( £l s wb[‘ @\AM‘Z‘Z']
e
(4.28)
. ! Sz wiw? Wt T2 y LB .
with @“h = 7 R i , with similar expressions

~

for 51 and 83
We now apply Poisson's Summation formula [41] four

times to equation (4.28) to give

‘%wi)z‘;—mmf\‘f e [wk(ﬁ% ), et R )

R*"s«—
s Q”(H.-%R s] -2 Q'XL[-S/C R'“w]
R\-V‘S Rrgf
(4.29)
where Q.}S Y - K Dxf‘a«llﬁ [Lt}%:)'%rolslg]l-{— (z-2)'

*rs* [(X+")+2ra1 [(3 Y flsh:] + (2- z)

-H‘s [:(x—rx Q«a.] [(u J) 1&Lé] (7.-2.')1

[(X * *7"&:( [( *:j +o<aLJ_J (""7")1
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Rewriting equation (4.29) we then have

(i,i“-il) ( _L[ Q—Xk(—}(\’/C) 2 QZ.Q Q’:‘_F_(iéﬁs) OZZ V/%({ aro)

o3 fo

-2 o) | 2 e

—— e e,

Rtas-‘» s R*ro
o ea ‘1/6@5 o0 o0 1
e 4 rz- = GR — Z#OZ Q%qu
:lg:' (S
r: -0 -y R
(‘Sf
f = Mk = oo Nl
v -0 9= 2 RN"S S oy | GE =D Q J
s«
(4.30)

Note in equation (4.30) that the free space Green

function is exhibited explicitly. Proceeding now as in

section 3.3 in rewriting the sums of exponentials and constructior

of the diadic we obtain once more two limiting cases.

For RU—‘«»/C 20 2% . and a)5<<’\° we obtain

L[g} =, [/Q)[/-f- a7 (s /[ E(X' x) ](ﬁ) f(.{; []‘/14\,-_1/ (b \(\

o4

When @wn /C >>j and a, b >> /\o we have

(4.31)

- 2(x)- 1«;
L(R) = £ (/)] 1+ gf}g@‘f(‘*)/[ rms Y | j(_"::f_’) j]f

)T

(4.32)
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CHAPTER 5

5.1 The Green Function

When the oscillators are embedded in a dielectric
slab it is convenient to construct the Green Function by
another method [43]. We consider the situation where we have
two semi-infinite slabs of dielectric (1 and 3) separated by
a slab (2) of thickness L. We choose axes in which the origin
1ies on,the 1-2 interface and the positive z-axis is directed
towards the 2-3 interface and is perpendicular to both
interfaces.

The equation that Cfﬁ i,iﬂ\ catigfies is
then ¥a (1,5 = S(i“‘l') (5.1)

| el . loy |
with boundary conditions that G and € 32 be continuous
across the boundaries. Now have that Ez’ the normal component
of the electric field, (also & 55” ) is discontinuous across
the interfaces. Let A(x,y) and B(x,y) denote the jumps in Ez
BiNtlbe 1= and 2-3 interfaces respectively. Then the electro-
gtatic potential G is equivalent to that arising from a point
charge immersed in an infinite medium 2 together with that due
to surface charge densities A(x,y) and B(x,y) at the boundaries
(we are taking O < ?f << L. at present). With this equivalencc
we are able to write
Q)
G (2,2 = g(2,2) + [gerifamsy)se) 600 y) s6r L]y
(5.2

with l
(+ #): ——— = - | (5.3)
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The potential G™is now automatically continuous
across the interfaces. Imposing the remaining boundary

condition that

26" 26"
E, — = CRpes=:
/z(/:é ‘92 ”932 b
Cun /(A«:Aél%_.a_h 2 ,lA«;Aél 3¢"
r - Sz (5.4)
and using the identity
/C‘A"\o\ - L e S(X-x')é(\j-j‘)
e, T 4
2 = OF [.(""‘") *Lj':j) *21] " (5.5)
® J

gives two simultaneous integral equations for A and B, viz.

- (&~ asya!

! —— 52’1'\ (G\’té),) ﬂ()(,kj)
% RO e b Y
[y e (o2
= (é\’ vyl g’ "”CL&“ 6(&"J‘D |
—bo@a ~:r.“)L-l— (j -j“‘)lr Lilx/l

500

and
(éz"‘ 6:.\ (L~2')

C&X '.):) ?4- ‘j E ‘j\)LQ- QL & 2&)‘ ] ?/7-

i SO L (€4 €) @)(X,Lj)

o)
ol % (Ez- QIBL {(dxuob” ﬂ("‘u u)
i o Qj : (5.7
oD A s anl 3/ )
L5 et o PR
We solve these equations by means of Fourier

transforms.

Defining

4 Sl - % 20 a ’ : —|(4.x+ 5
Al ) @m)* .gd”b ) ) )
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with a similar definition for B we then have from equations

(5.6) and (5.7)

X =1 XL+ le- 1\]
Q(k‘)kw C__s_ < An_ma/v\(—?—)e +Al7. AEIA’j\“ L-?-)e )

—aXl
' =T A"L sz

(5:9)

X2 et

B (k h \ h ._‘._ ( All A’%('th)e -+ Qt:_ A?l /ng(l')e 7)3

OME T gyt (5.10)
Al‘z vy e“l)(L
€ - €, 2

13 A J 2
s A‘i\' S €cvegy 4 K= (k}fk:) agm('z-\- {"" i
2= 0O

From these two equations A(x,y) and B(x,y) are
determined. Substituting into equation (5.2) we find,
on changing into polar co-ordinates in k space and carrying

out the angular integration, that

» ‘—‘Al\.’-x"lé

°L - &y\ -Q {
“"B 4’1\'61.{!:{{ Y—“‘?—E)%X [:(x;z)z')
(5.11)

where

-)((L-t 129+ L-2\)

\_(){' 2 2-\ ?4“3%(2‘ A\\, /‘\31 e —-\’(\c—-‘t-\?.“))

=X (L e -2zl
+ Sfafw (‘L‘Z\)< Au{-\n i —f)

_)(( 2|« lL—l“)
A}L e

5 1)
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The removal of the restriction on the position of ;'
results in an immediate generalisation. The factor
X

outside the curly brackets in equation (5.11) is replaced by

r 8( z-) 0)6 (L-2) 6 (2-1)

"" e - - ‘
€, € €3 ] = R(z)
(5.13)
where @(Z> is the step function to give
C(i) i_l\) - "'H(l) {_L J/CL)Q:Y (Xg) F()’»’)Z,Z‘)
l-6nAne i (5.14)
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5.2 Interaction 1in the Non-Retarded Limit

From equation (5.12) we note that the form of the
function F(»,2,2') will be considerably altered according to
the relative positions of the two oscillators, in particular
their positioning with regards their z co-ordinate.

We consider firstly the case for which L 1is large.
Taking the situation in which both oscillators are between
the two dielectric boundaries i.e. 0«22 <L , use of

equation (5.12) then gives us
F()( ')2 ‘Z‘) = { A\\_ A}'l QXF[~X(‘1L‘ (Z'Z‘))] — A”_ Q,x,L*J(('Lf'L‘)J

+ B A ‘,_e/x,;[Q((J.u (2-‘7.'))} £ A?z exlg[_".K(QL- (z+z')j:f

(5.15)

Substituting now into equation (5.14) we expand the

denominator in the integral as a power series and, assuming

- >2' retain terms to order O-«XI'J[_*XL} to get
o0
Gz, 2): == )L (ax Tl
B Aw €L R
Q
X (2+2) — x L~ G-2)) K (2~ (247
X[—'Ane g At\.alle Py 432(’9 ¢ 162))]

(5.16)
The second and third terms in the square brackets
in equation (5.16) are retained initially since in certain

configurations these terms will be of order <axk(-XL).
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When the oscillators are near the middle of the
two interfaces, we retain all the terms in equation (5.16)

and using the formula

o2 -Xa =%
g v T, (k¢)e = (p+) i
A (5.17)
we obtain
\ -—L | Aa
G (,3:3 i) = 4.“'61 % ~P: i ""‘i —%l + All A'J’L
Hf R (5.18)
where Q} 2 f’“ + (-Ln_‘)l R:; 2 S>l+ (- (Zfl‘))l
Re - Sl{. (2L~ (-c-v.‘))1 (5:19)

Use now of equations (3.26) and (2.23) gives us

E(R\ i g\z_ EL(K\fl“ %3[ %“31 + %1; ‘-BA‘QR]
+ % Q‘}

- ._R3_ (:3&\‘1 (?l“:‘ = (2.—2;3’(7..4—21)\-) + 3An (f’\"f - (Tn*ZIB\(QL”&l*Z\)}l)
R.Y = '
. Ru

oy R Ay (So‘f + (Zczl)L(2L~ (2.-2&)1)

Yo J

X
6 A
UG TR N
) QL“: ‘.“b—b'l
&

(5.20)

where EL(R) is as previously defined.
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When both oscillators are near one of the interfaces

- Z.-2. ==L we have

(521
which gives us
— Q\ ._.l_.. - a? An_ -t Au_
L‘-( L EL(Q\{\ 2 i{[ R2 R
(522 )

4
5. R [ A‘l ( fn. s (7..;; ?;1§\ (1.+11)\‘) N A]‘L (ﬁ“q = (z_.-z-.)\(lL’(l‘*h))g
f
Ré&

At 4 B
e QQE -QTb i ——5—:]‘;

Equations (5.21) and (5.22) should be compared to
the corresponding results for two oscillators near a single

interface (obtained by putting €, = €3 in equation (5.16))

s % 1 R Y
C('I,i‘) = /.mel{ R E}j (5.23)

R AR S Al Ll

(5.24)

I1f now we have one oscillator each side of the 1-2

interface then we have

-X(2-2) X (3~ (242))

/:(X)?_,z') = { D & 8y, Drs ©

P e

A TA T C) Y P (5.25)
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which gives, proceeding as before

-x(2-2) -K (3L~ (x+2))
C( i\ 4116 [(/{ M—)[On -~ D (140 € ]
{5.26)

If both oscillators are near the 1-2 interface then we have

() - ;;r';fqilg)f

(5.2%
AL x
and E(R) = &} £(R) (i+4,) (5.28)
S (F)
(éf‘+ é})L

However if 'the first'oscillator is near the 2-3

interface then we have from equation (5.26)

& il l By (1402
ey mc-li Leb)g - Tl «('*ﬁ)f (5. 29)

to give

/
E(R) = EL (4) /(él" {z)z £y (é o?;é)?l [@\1 -+ g{f! - (t-2) (“L (2, *ZI)L)‘Q]
16 & 4“_ ]

+ A}zl (I-;‘ ../.\n_).L ﬁ"
’?Lf"

which is the result of equation (5.28) plus a correction term

(5.30)

due to the proximity of the 2-3 interface to the first

gscirllator.
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When the oscillators are placed one in region 1 and

one in region 3, both near the interfaces we have

~X-2Y <X (2L+ (2-1'))
F(K',Z)Z') s e e An T A )c + bnby, e
(5.31)
and working as before
— \ \ i A —A
Clx )= =) 'tieSein-om (5.32)
) LTTEN =<

and

461 *
E(R) = ELUQ[}@*égunﬁeg] (5.33]

Turning now our attention to the case when L 1s

small, we write the denominator of the integral in equation

(5.14) as

@xL)? =it

Ihies Soel
le) SR By, (- 230 5 - Y ]

Q b B iy e

< (e (14 2 - @]

\ 'AI\, All ‘1’

= (/ "’AILA’S'LS'[/ & L ’-)31.‘ >4 e
{ - A, A _] (5.34)

This then enables us to write

\ — \ 0\1611‘
b, (- smany' [ To o) e Fo )1 - 223 -
o (5.35)
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With the oscillators in the slab i.e. 0<z2'< \_
expanding the function F in power series and retaining

leading terms we get

‘ ] )
C\(i,i\: tﬁéxg R * @l &y, ol Sl
(<o o) (5.36)

which yields

by, (bh’ﬂ + 5y, (O ~1)
{ = /-)u Dy, J

R
E(R) = é\j_EL(a\fl-t S’Tt[

e

(5,37)

When the oscillators are located either side of

the thin slab we have

’ J A - b3y
e s o RS .
CA ( - ~) ? 1K B Q-Dn’ 031)53§

(5.38)

giving the energy of the interaction as

ﬁ

/ == {.\.\/331

L(/Q.){/f é‘— (5‘ (Z 21))[ A-L-Au ]F (5.39)

We note that the results of equation (5.24) agree
with the zero temperature limit of the results obtained by
Richmond and Sarkies [47] for the free energy of interaction

between two oscillators in a similar physical environment.
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CHAPTER 6

In this chapter we turn our attention briefly to
the resonance interaction between two oscillating dipoles.
This situation arises when two molecules, one in an excited
state, the other in the ground state, interact with each other,
the excitation energy being transferred from one to the other
in rapid succession [48].

In line with the semi-classical ideas developed 1in
this work, the process can be interpreted as the energy of
one oscillating dipole in the radiation field of the other
[49, 50]. We consider the radiation pattern of an oscillating
dipole at El’ frequency (+wo), and the energy in the resulting
electric field of another oscillating dipole with the same
amplitude, but frequency (-wo) located at R, The change 1in
sign of the frequency is consistent with the quantum mechanical
description of the interaction as the adsorption of a photon by
one molecule after its emission by the other.

The electric field due to the first dipole can be

written as

g (i‘i) o 41’?0 delb(c'wo;{,) gm.r R -wo). /2, (6.1)

where p, 1s the dipolé moment amplitude of the first dipole
and Q(Z) is the diadic Green function for the electric field
wave equation with appropriate boundary conditions 1511  Ihe

expression for the transferred energy 1is therefore

E(R) = =— {El Q’Kb(“i‘*’o’@)g. g(@l)t)
& el o, e
%J ? }?q.' CJL (gm) @:‘)wo) . R'i (6.2)

where R - ‘R Q l
- Rl .




We see from equation (6.2) that it is the diadic
Green function Q(z) which determines the R- dependence of
the energy of the interaction.

i'ne consider firstly a duct of the type dealt
with in chapter 4, then the diadic Green function is given by
equation (4.7). For simplicity we take the two oscillators

to 1ie on the axis of the duct, 1.e. X;= X¢= %/, |

Jax Yy = b/2 y owd ‘Hthew R= |z-2].

The typical element we then have to consider 1S

£ kR
C\M (K)Lo\ o~ __2:_ f oh e
i - (& =30 (6.3)

where g(k) has no zeroes for k real. Evaluating G
by contour integration methods [39] we will have (closing the

contour in the upper half plane)

CKM(R)N) z AT L Z(%*’-S{o\,uesl\% ukFeM L\al(‘lola.ue)
N ‘T"Z ("CS\‘dveg oY Fo!es ow reod 0\&!\5)

where this is a Principal Value evaluation of the integral.
Any residue enclosed by the contour in the upper

half plane will contribute a term of the form exF>64XR),<X>O

which for large R we neglect. Hence the only terms of interest
are those arising from poles on the real axis. When a,b are
of the order of the wavelength s 2 152

;
/2.
¥ 2 iy
V\W\: ct (03 L* (6.4)




will be real for only the lowest order terms. Returning
now to equation (4.7) we see that only one term is both

non-zero and of interest to us, namely

- ckr WL W2
G(l\ N .}‘ ¢ >‘ - Tri?i Q,a, J)‘{ Qe ax ¥ bl)
= Ay E g o A (ul__ kl)(kl* %E*g) (6.5)

= 2C A’—LALX@'—@ 1 Yeren of Yo &t

ol Wy

Using equation (6.5) in equation (6.2) we see that

E(R) has the form

O st CXR)
BiR) & i (6.6)

which represents a considerable enhancement from the free

space result [50]

()-"o_R
By C, enl CZ) (6.7)

R

As a second example we consider the situation of

Chapter 3, the oscillators between metallic plates for which
the Green function diadic is given by equation (3.14), where
we again take L to be of the order of Ay = Rme fos, .
Proceeding in a similar manner to that just outlined we find
that terms of importaﬁce have the form

) o Cy ar (ko R- 3m)
y ~ - L}Qo R);,L

(6.8)

giving

E(R) = Co aton (4R - F7) (6.9)

(haR)™
- (2 - )
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Equation (6.9) also represents an enhancement from
the free space value.

These examples illustrate that the alteration of
the radiation field in a bounded region, seen in the alteration
of the Green function diadic for the electric field, can

markedly influence the resonance interaction process.
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CHAPTER 7

Scrutiny of the results for the three physical
configurations considered here reveal that, in some instances,
quite marked alterations to the interaction between molecules
can occur due entirely to the boundaries of the physical
situation in which the molecules are placed. In the formalism
used here these effects are seen to enter via the alteration
of some or all modes in the two Green functions (scalar and
diadic) for the scalar and vector potentials for the electric
tield.

While we have seen that the semi-classical formalism
used here provides a simple formulation for the problem of
the interaction between oscillating dipoles, it readily becomes
apparent that the situation can become complex if arbitrary
shaped containers with mixed types of boundaries are considered.
The difficult part then becomes the calculation of the two
Green functions and their subsequent manipulation to obtain
meaningful results for the interaction energy.

Of the three cases considered in this work, the
dielectric slab configuration although being more difficult
with regards the computation of the Green functions tends
to show the smaller departures from the free space results,
due mainly to the fact that dielectric boundary conditions
do not produce the massive discretization of modes that “occurs
with perfectly conducting walls, hence the deviations from
free space values are not so marked. Examination of the
results of chapter 5 will reveal that the dielectric properties
of the materials are also capable of altering the nature of the

interaction via means of the dielectric differences
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In the cases of the perfectly conducting wall
situations of chapters 3 and 4, we see in some of the results
situations where enhancement from free space results can
arise while in others a degradation is evident. The duct
model of chapter 4 is an important beginning for modelling
of waveguides and the processes occurring with them.

The enhancement of the resonance transfer process
as evidenced by equations (6.6) and (6.9) may play an important
part in biological system in excitonic energy transfer [S0].
For the excitation of a molecule or radical, the characteristic
wavelength of the radiation involved is much larger than its
size. Hence if the molecule is in an inhomogeneously distributed
material where the characteristic length of the inhomogenity of
the distribution is of the order of this characteristic
wavelength it is possible for a strong channelling effect to
occur in certain directions giving a great efficiency in
resonant energy transfer in those directions.

Extensions of this work occur in several directions.
Since this work was begun, the semi-classical formalism, here
used to treat only the dipole-dipole part of the interaction,
has been extended using perturbation methods to produce a
theory which readily allows inclusion of higher order multipole
interactions [52].

Extension of dispersion force theory has already
begun to include finite size molecules, giving rise to non-
divergent self energies and two particle interactions at
zero-1limit separation [53]. It is worthwhile to note that
Richardson [52] also obtains non-divergent zero-limit inter-

actions when higher order multipole interactions are considered.
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Further avenues for exploration
dispersive media are involved.

this work will be carried in an
understanding of the dispersion

the real world.

are opened up when spatially
It is in these directions that
endeavour to obtain a better

interactions occurring 1n
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