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Critical Density for Connectivity in
2D and 3D Wireless Multi-Hop Networks
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Abstract—In this paper we investigate the critical node density
required to ensure that an arbitrary node in a large-scale wireless
multi-hop network is connected (via multi-hop path) to infinitely
many other nodes with a positive probability. Specifically we
consider a wireless multi-hop network where nodes are dis-
tributed in R

d (d = 2, 3) following a homogeneous Poisson point
process. The establishment of a direct connection between any
two nodes is independent of connections between other pairs of
nodes and its probability satisfies some intuitively reasonable
conditions, viz. rotational and translational invariance, non-
increasing monotonicity, and integral boundedness. Under the
above random connection model we first obtain analytically the
upper and lower bounds for the critical density. Then we compare
the new bounds with other existing bounds in the literature under
the unit disk model and the log-normal model which are special
cases of the random connection model. The comparison shows
that our bounds are either close to or tighter than the known
ones. To the best of our knowledge, this is the first result for
the random connection model in both 2D and 3D networks. The
result is of practical use for designing large-scale wireless multi-
hop networks such as wireless sensor networks.

Index Terms—Random geometric graph, critical density, Pois-
son random connection model, continuum percolation.

I. INTRODUCTION

CONNECTIVITY is a fundamental property of large-
scale wireless multi-hop networks and has been actively

studied in recent years. One of the best known results on the
connectivity of large-scale wireless multi-hop networks is by
Gupta and Kumar [1]. Given n nodes independently, identi-
cally and uniformly distributed in a unit disk area in R

2, and
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under the assumption that the communication between nodes
follows the unit disk communication model, they investigated
the critical transmission range required so that every node in
a network is asymptotically connected to every other node as
n goes to infinity. However, as shown in [2], [3], requiring all
nodes of a wireless multi-hop network to be inter-connected
results in a poor scalability of the network transport capacity.
In contrast, Dousse et al. [4], [5] showed that it is no longer the
case if we only slightly loosen the connectivity requirement,
by demanding that most nodes be connected to each other.
More specifically, by allowing an arbitrarily small (albeit
constant) fraction of nodes to be disconnected, they showed
that the per-node throughput remains constant as the network
size increases. In addition, a network which tolerates a small
fraction of nodes to be disconnected requires much lower
transmission range / power than a network which requires all
nodes to be inter-connected [6], [7]. Reducing transmission
power is particularly beneficial for wireless sensor networks
as sensors are normally battery-operated and hard to replace
when they fail. From the application point of view, it is often
acceptable for a wireless sensor network with a large number
of redundant sensors to have a small number of sensors
disconnected. A sensor network is considered to be functional
as long as it is able to collect information from almost the
entire sensing area (see [8], [9], [10] for related sensing
coverage problems). Therefore, a widely studied connectivity
problem of large-scale networks is the node density required to
ensure the existence of some long distance multi-hop paths in
the network so that each node can possibly communicate with
a large number of other nodes in the network (e.g. see [11],
[12]). This problem is tightly related to the well-known critical
density problem in continuum percolation. Other work in the
area [13], [14], [15], [16], [3], [5] focuses on analyzing the
capacity and latency of large-scale wireless multi-hop network
when long distance multi-hop paths exist, i.e. the network
percolates, and are used to transfer packets across the network.
The concepts of continuum percolation theory fit well in this
type of study.

In this paper the same approach is followed, i.e. we study
the connectivity of large-scale wireless multi-hop networks
from percolation perspective. Specifically, we consider wire-
less multi-hop network where nodes are distributed in R

d

(d = 2, 3) following a homogeneous Poisson point process
with known and finite density λ. A random connection model
with the connection function ḡ : R

+ → [0, 1] is used
to model the establishment of direct connections between
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nodes. In the model, two nodes located at x ∈ R
d and

y ∈ R
d respectively are directly connected with probability

ḡ(‖x − y‖), independent of other pairs of nodes, where ‖.‖
is the Euclidean norm. The connection function ḡ satisfies the
following properties of rotational and translational invariance,
non-increasing monotonicity, and integral boundedness [17],
[18]: ⎧⎪⎨

⎪⎩
ḡ(x) = ḡ(y) whenever x = y,

ḡ(x) ≤ ḡ(y) whenever x ≥ y,

0 <
∫
Rd ḡ(‖x‖)dx < ∞.

(1)

It is shown that under the above model there exists a critical
density above which an arbitrarily chosen node is connected
to an infinite number of other nodes via multi-hop paths with
a positive probability, and below which the node is almost
surely connected to finite number of other nodes only [17, p.
152].

It has been shown in the literature that the exact value of
critical density is hard to obtain analytically [19], [20], [21],
[22]. In addition, numerical estimation of the critical density
does not provide a closed-form formula and hence cannot offer
better insight and intuition behind the interactions of various
performance-impacting parameters. Therefore, in this paper
we obtain analytically an upper and a lower bound for the
critical density. The lower bound (Theorem 2) for the critical
density is obtained using a Galton-Watson branching process
[18] and the upper bound (Theorem 4 and 5) is obtained by
relating the problem to that of site percolation on a lattice [23].
We then consider two special cases of the random connection
model, viz. the unit disk communication model and the log-
normal shadowing model, and obtain specific bounds under
both models.

• In the unit disk model, two nodes are directly connected
if and only if their Euclidean distance x is less than or
equal to the transmission range r. That is, for x ∈ R

+,

ḡ(x) =

{
1 if x ≤ r,

0 otherwise.
(2)

• In the log-normal model, two nodes separated by a Eu-
clidean distance x are directly connected with probability

ḡ(x) = Q(
10α

σ
log10

x

r
) (3)

for x ∈ R
+ where Q(y) = 1√

2π

∫∞
y

exp(− z2

2 )dz is the
tail probability of the standard normal distribution, α is
the path loss exponent, σ2 is the shadowing variance, r is
the transmission range ignoring shadowing effect. Refer
to [24] for more details about the log-normal model. Note
that the log-normal model (Eq. (3)) reduces to the unit
disk model (Eq. (2)) when σ = 0.

Note that the unit disk model is normally adopted as a first-
order approximation of communication by isotropic radiating
radio signals [18]. On the other hand, the log-normal model
takes into account the shadowing effect caused by the sur-
rounding environment [25]. The model has been confirmed
empirically to accurately capture the variation in received
signal power in both outdoor and indoor radio propagation
environments (see [26] and the references therein).

As will be further discussed in the next section, some studies
related to the bounds for the critical density under different
connection models can be found in the literature [17], [18],
[27], [28], [19], [29]. Compared to those studies, our major
contributions can be summarized as follows:

• We provide rigorous and reasonably tight upper and lower
bounds for the critical density in R

2 and R
3 under the

random connection model, with the log-normal model
and the unit disk model being its two special cases.

• To the best of our knowledge, it is for the first time that
a lower bound in R

2 and R
3 under the log-normal model

is provided; furthermore, our upper bound is also tighter
than the one obtained by Li and Yang [29] in R

2 under
the log-normal model.

• Our upper and lower bounds in R
2 under the unit disk

model are as tight as the widely known bounds obtained
by Meester and Roy [17, p. 85], and close to the bounds
obtained in [27], [28], [19].

• In real world scenarios, the direct connection between
a pair of wireless nodes is affected by many factors,
including shadow fading or multi-path fading [25, p.
106]. The random connection model takes into account
channel randomness; hence it suits a broader class of
real world situations. As the random connection model
is used in this paper, the contribution of this work is
non-negligible.

Further comparisons between our work and [17], [27], [28],
[19], [29] are included in Section IV and V. In this paper, we
do not consider the impact of interference to connectivity. The
impact of interference can be managed for a network with low
to moderate traffic load by carefully scheduling transmissions
in the network. Furthermore, an upper bound for interference
experienced by any node in a network can be obtained under
some scheduling schemes (e.g. see [30]). The upper bound
can then be used to generalize results obtained under the unit
disk model to one considering interference.

The rest of this paper is organized as follows. In Section II
we introduce related work on the critical density. In Section III
we define the Poisson random connection model and the
notations to be used later in the paper. We obtain analytically
a lower bound for the critical density in the Poisson random
connection model in Section IV. Then in the same section we
compare our results with other existing results in the literature
under the unit disk model and the log-normal model. Similarly,
in Section V we include the analysis and discussion for the
upper bound. Finally conclusions and future work are given
in Section VI.

II. RELATED WORK

Some bounds for the critical density have been given in
the literature, but almost exclusively for the unit disk model.
To the best of our knowledge, there is no tight and rigorous
bound reported for the random connection model. The existing
studies on the critical density under the random connection
model mainly focus on proving that the critical density is
positive and finite. To complete the proof, a lower bound
which is larger than zero and an upper bound which is
smaller than infinity are constructed. However, these bounds
are usually loose (e.g. see [18, p. 38]).
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Most results [17], [27], [28], [19] were obtained under the
unit disk model in the literature, especially in R

2. Since the
results in R

2 were obtained with different transmission ranges,
we rescale the results using the scaling law [17, p. 30] to a
common transmission range of 2, and report them as follows:
A well-known set of analytical lower and upper bounds for the
critical density was given by Meester and Roy [17], i.e. the
critical density should lie between 0.174 and 0.843. Philips et
al. [27] obtained a same lower bound as in [17] but a slightly
tighter upper bound (0.8376). On the other hand, Gu and Hong
[28] reported the same upper bound as in [17] but a tighter
lower bound (0.2553). Kong and Yeh [19] obtained another
lower bound (0.1925) for the critical density. No upper bound
was obtained in [19]. Note that a lower bound in R

3 under
the unit disk model is also reported in [19].

Some limited work was reported under connection models
other than the unit disk model. In [20], Kong and Yeh extended
the unit disk model to a unit disk model with unreliable links.
In the new model, two nodes are no longer directly connected
with probability 1 but with some lesser probability, provided
their Euclidean distance is within the transmission range r.
The lower bound obtained is comparable with their earlier
result obtained under the normal unit disk model [19]. In R

2

and under the log-normal model, Li and Yang [29] obtained
analytically an upper bound for the critical density. Note that
the connection models used in [20] and [29] are special cases
of the random connection model considered in this paper.

III. DEFINITIONS AND NOTATIONS

In this section we include definitions and notations to be
used later in the paper. First we formally define the Poisson
random connection model which is used in this paper to model
large-scale wireless multi-hop networks and the connections
between nodes.

Definition 1. Let Hd
λ denote a homogeneous Poisson process

of density λ on the d-dimensional Euclidean space R
d. Let

Hd
λ,x0

denote the point process Hd
λ with an additional node

at x0 ∈ R
d. Then the Poisson random connection model

G(Hd
λ,x0

; ḡ) represents a random network with node set
Hd

λ,x0
. Any two nodes (with coordinates x and y respectively)

are directly connected with probability ḡ(‖x− y‖), indepen-
dent of the connections between other pairs of nodes, where
function ḡ satisfies properties in (1).

In this paper, we consider specifically d = 2, 3. Next, we
define the percolation probability [18].

Definition 2. Let W be the set of nodes in G(Hd
λ,x0

; ḡ)
connected (by multi-hop paths) to the node at x0. Denote
by |W| the number of nodes in W . Then the percolation
probability θ(λ) = Pr{|W| = ∞} is the probability that W
contains an infinite number of nodes.

The fact that the location of the chosen node in the definition
of W is specified to be at x0 ∈ R

d is of no importance:
due to the stationarity property of a Poisson point process,
the node can be anywhere in R

d. Also as pointed out by the
Palm theory [31] on the other hand, assuming a node at x0

does not prevent the distribution of the rest of the nodes to

be maintained the same as Hd
λ. Evidently from Definition 2,

θ(λ) > 0 means that an arbitrarily chosen node is connected
to an infinite number of nodes with a positive probability. It
can be shown that θ(λ) displays the following phase transition
phenomenon for d = 2, 3.

Theorem 1 (Theorem 6.1 in [17]). For G(Hd
λ,x0

; ḡ) with d =
2, 3, there exists a critical density 0 < λc < ∞ such that
θ(λ) = 0 for λ < λc and θ(λ) > 0 for λ > λc.

IV. LOWER BOUND FOR λc

A. Analysis

For convenience in later discussion, define the connection
function alternatively, via a function g : Rd → [0, 1] such that
g(x) = ḡ(‖x‖) for any x ∈ R

d (d = 2, 3).
The following lemma is used in obtaining the lower bound

for λc.

Lemma 1. Consider G(Hd
λ,x0

; ḡ) for d = 2, 3 and denote by
X0 the node at x0. A node Y ∈ Hd

λ is called a k-hop node if
the length of the shortest path between Y and X0, measured
by the number of hops, is k. Let Nk be the total number of
k-hop nodes. Then for all k, E [Nk] is finite, with

E [N1] =

∫
Rd

λg(y − x0)dy
Δ
=

∫
Rd

∫
Rd

h1(y, z)dzdy (4)

where

h1(y, z) = λg(y − z)φ(z − x0), (5)

φ(.) is the Dirac delta function; and

E [Nk] ≤
∫
Rd

∫
Rd

hk(y, z)dzdy (6)

for k ≥ 2 where

hk(y, z) =

∫
Rd

λg(y − z)[1− g(y −w)]hk−1(z,w)dw. (7)

Proof: This proof consists of two parts. First we derive
Eq. (4) and (6), then we prove that E [Nk] is finite. The
derivations of Eq. (4) and (6) is based on the use of Galton-
Watson branching process. Particularly, the k-hop nodes can
be imagined as the members of k-th generation in the Galton-
Watson branching process, while seeing node X0 as the root
of the branching process. The distribution of the k-hop nodes
is then obtained by considering the impact from the previous
two hops nodes, i.e. (k−1)-hop nodes and (k−2)-hop nodes.
Using this approach, the expected number of 1-hop nodes
(Eq. (4)) and an upper bound of the expected number of k-
hop nodes (Eq. (6) for k ≥ 2) are then derived. The detailed
derivations are explained in the next few paragraphs.

Imagine we partition the R
d space (d = 2, 3) into small and

non-overlapping d-cubes of side length Δ. Assume that one of
the d-cubes is centered at x0. Then we have a collection of d-
cubes centered at Dd =

{
x0 + (v ·Δ) : v ∈ Z

d
}

. Denote by
Bx the d-cube centered at x. The Lebesgue measure of Bx

is δx
Δ
= |Bx| = Δd. Since nodes are Poissonly distributed in

R
d, for a sufficiently small Δ the probability that there exists

exactly one node within Bx is p1(Bx) = λδx+ o(δx) where
o(δx) denotes a quantity which, for small δx, is of lower order
than δx, i.e. limδx→0

o(δx)
δx = 0. The probability that there is
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more than one node in Bx is o(δx). Let Ikx be the indicator
random variable of the event that there exists exactly one node
within the d-cube Bx and the node is a k-hop node. By the
monotone convergence theorem, we have that

E [Nk] = lim
Δ→0

∑
x∈Dd\{x0}

E
[
Ikx

]
= lim

Δ→0

∑
x∈Dd\{x0}

Pr
{
Ikx = 1

}
(8)

and the limit exists. Similarly, let Jx be the indicator random
variable of the event that there exists exactly one node within
Bx. Without loss of generality, we assume that when Jx = 1
or Ikx = 1, the node within Bx is located at x. The difference
between the actual location of the node within Bx and x
becomes negligibly small as Δ → 0. Let Hx,y be the indicator
random variable of the event that a node at x and another node
at y are directly connected.

The probability that a 1-hop node exists in By is

Pr
{
I1y = 1

}
=Pr {Jy = 1, Hy,x0 = 1}
=g(y − x0)× [λδy + o(δy)] . (9)

Using Eq. (8) and (9) we obtain

E [N1] = lim
Δ→0

∑
y∈Dd\{x0}

Pr
{
I1y = 1

}
=

∫
Rd

λg(y − x0)dy

(10)

which is Eq. (4).
A node is a 2-hop node if it is directly connected to at least

one of the 1-hop nodes but not directly connected to the node
at x0. By applying the union bound and with some arithmetic
steps we obtain

E [N2] = lim
Δ→0

∑
y∈Dd\{x0}

Pr
{
I2y = 1

}
≤ lim

Δ→0

∑
y∈Dd\{x0}

∑
z∈Dd\{y,x0}

[
Pr

{
I1z = 1

}
×Pr

{
Jy = 1, Hy,z = 1, Hy,x0 = 0| I1z = 1

}]
[see Appendix A] (11)

= lim
Δ→0

∑
y∈Dd\{x0}

∑
z∈Dd\{y,x0}

[g(z− x0) [λδz + o(δz)]

×g(y − z) [1− g(y − x0)] [λδy + o(δy)]]

=

∫
Rd

∫
Rd

λ2g(y − z) [1− g(y − x0)] g(z− x0)dzdy (12)

and hence Eq. (6) is proved for k = 2.
From Eq. (5), we have h1(y, z) defined as the probability

that the node at y is directly connected to the node at x0.
That is, the node at y is a 1-hop node. Applying Eq. (5) into
Eq. (7), it can be shown that h2(y, z) is the probability that the
node at y is directly connected to the 1-hop node at z but not
directly connected to the node at x0. That is, the node at y is
a 2-hop node and the node at z is a 1-hop node. For k = 3, we
have h3(y, z) be the probability that the node at y is directly
connected to the 2-hop node at z but not directly connected
to the 1-hop node at w. That is, the node at y is a “potential”
3-hop node as we do not specify whether the node at y is
directly connected to the node at x0. Therefore, h3(y, z) has
the meaning of being an upper bound for the probability that
there exist a 3-hop node at y and a 2-hop node at z and the

two nodes are directly connected. By recursion, hk(y, z) has
the meaning of being an upper bound on the probability that
there exist a k-hop node at y and a (k−1)-hop node at z and
the two nodes are directly connected. Note that a node is a
k-hop node if it is directly connected to at least one (k − 1)-
hop node and not directly connected to any of the i-hop nodes
where i < k−1. Therefore using the union bound (with some
arithmetic steps) and only considering the (k − 1)-hop nodes
and (k − 2)-hop nodes, we obtain

E [Nk] = lim
Δ→0

∑
y∈Dd\{x0}

Pr
{
Iky = 1

}
≤ lim

Δ→0

∑
y∈Dd\{x0}

∑
z,w∈D

d\{y,x0}
z�=w

[Pr {Jy = 1, Hy,z = 1,

Hy,w = 0| Ik−1
z = 1, Ik−2

w = 1, Hz,w = 1
}

× Pr
{
Ik−1
z = 1, Ik−2

w = 1, Hz,w = 1
}]

[See Appendix B] (13)

≤ lim
Δ→0

∑
y∈Dd\{x0}

∑
z,w∈D

d\{y,x0}
z�=w

[g(y − z) [1− g(y −w)]

× [λδy + o(δy)] hk−1(z,w)] δwδz

=

∫
Rd

∫
Rd

hk(y, z)dzdy (14)

and hence Eq. (6) is proved for generic k.
Next, we prove that E [Nk] is finite by showing that the

integral
∫
Rd

∫
Rd hk(y, z)dzdy at the RHS of Eq. (6) is finite

using mathematical induction. For k = 1, we have

E [N1] =

∫
Rd

∫
Rd

h1(y, z)dzdy =

∫
Rd

λg(y − x0)dy < ∞

due to the integral boundedness of the connection function ḡ.
Suppose

∫
Rd

∫
Rd hk−1(y, z)dydz < ∞, then

E [Nk] ≤
∫
Rd

∫
Rd

hk(y, z)dzdy [from Eq. (6)]

=

∫
Rd

∫
Rd

∫
Rd

λg(y − z) [1− g(y −w)]hk−1(z,w)dwdzdy

≤
∫
Rd

∫
Rd

∫
Rd

λg(y − z)hk−1(z,w)dwdzdy

[since 1− g(y −w) ≤ 1]

=

∫
Rd

[∫
Rd

λg(y − z)dy

] [∫
Rd

hk−1(z,w)dw

]
dz

=

[∫
Rd

λg(y)dy

]
×

∫
Rd

∫
Rd

hk−1(z,w)dwdz

<∞.

On the basis of Lemma 1, the following theorem on a lower
bound for λc can be obtained.

Theorem 2. For G(Hd
λ,x0

; ḡ) with d = 2, 3 the critical density
λc is lower bounded by

λc ≥ sup
m∈Z+

{
m

√
1/fsup(m)

}
(15)
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where

fsup(m) = sup
ym+1,ym+2∈Rd

{∫
Rd

· · ·
∫
Rd

[
m∏
i=1

[g(yi − yi+1)

[1− g(yi − yi+2)]]

]
dy1 · · · dym

}
, (16)

and g(x) = ḡ(‖x‖) for any x ∈ R
d.

Proof: From Eq. (7), we have

hk(y1,y2)

=

∫
Rd

λg(y1 − y2)[1 − g(y1 − y3)]hk−1(y2,y3)dy3

=

∫
Rd

· · ·
∫
Rd

[
m∏
i=1

[λg(yi − yi+1)[1 − g(yi − yi+2)]]

]

× hk−m(ym+1,ym+2)dy3 · · · dym+2 (17)

for any integer 1 ≤ m < k. Using (16) and (17), it can be
shown that ∫

Rd

∫
Rd

hk(y, z)dydz

≤ λmfsup(m)

∫
Rd

∫
Rd

hk−m(y, z)dydz (18)

for any integer 1 ≤ m < k. Applying Eq. (18) recursively
into itself and using Eq. (6) we obtain

E[Nk] ≤ [λmfsup(m)]� k
m	

∫
Rd

∫
Rd

hi(y, z)dydz (19)

where i = k − ⌊
k
m

⌋
m; �a	 is the largest integer smaller

than or equal to a. Since
∫
Rd

∫
Rd hi(y, z)dydz < ∞ for

any positive integer i (refer to the proof of Lemma 1),
and E [|W|] = ∑∞

k=1 E [Nk], Eq. (19) implies that E [|W|]
is finite if λmfsup(m) < 1. Given the fact that E [|W|]
is finite implies θ(λ) = 0 [17, Theorem 6.1], we have
λc ≥ m

√
1/fsup(m) for all positive integer m. The result

follows.
Alternatively, Theorem 2 can be rewritten as follows.

Theorem 3. For G(Hd
λ,x0

; ḡ) with d = 2, 3 the critical density
λc is lower bounded by

λc ≥ sup
m∈Z+

{
m

√
1/fsup(m)

}
= lim

m→∞

{
m

√
1/fsup(m)

}
(20)

where fsup(m) is given in Eq. (16).

The proof of Theorem 3 relies on the following lemma from
[32].

Lemma 2 (Lemma 2.1 in [32]). Let (an)n∈N be a sequence
of elements of R+ ∪ {∞} such that

an+m ≤ anam for all n,m ∈ N.

If a1 < ∞, then an < ∞ for all n ∈ N, the sequence(
a
1/n
n

)
n∈N

is convergent and

lim
n→∞ a1/nn ≤ a1/mm for each m ∈ N.

On the basis of Lemma 2, we can prove Theorem 3 as
follows.

Proof of Theorem 3: From Eq. (16), we have for all
n,m ∈ Z

+,

fsup(m+ n)

= sup
ym+n+1,ym+n+2∈Rd

{∫
Rd

· · ·
∫
Rd

[
m+n∏
i=1

[g(yi − yi+1)

[1− g(yi − yi+2)]]

]
dy1 · · · dym+n

}

= sup
ym+n+1,ym+n+2∈Rd

{∫
Rd

· · ·
∫
Rd

[∫
Rd

· · ·
∫
Rd[

m∏
i=1

[g(yi − yi+1)[1− g(yi − yi+2)]]

]
dy1 · · · dym

]
[
m+n∏
i=m+1

[g(yi − yi+1)[1− g(yi − yi+2)]]

]
dym+1 · · · dym+n

}

≤ sup
ym+1,ym+2∈Rd

{∫
Rd

· · ·
∫
Rd

[
m∏
i=1

[g(yi − yi+1)

[1− g(yi − yi+2)]]

]
dy1 · · · dym

}

× sup
ym+n+1,ym+n+2∈Rd

{∫
Rd

· · ·
∫
Rd

[
m+n∏

i=m+1

[g(yi − yi+1)

[1− g(yi − yi+2)]]

]
dym+1 · · · dym+n

}
(21)

=fsup(m)fsup(n) (22)

where Eq. (21) follows from the monotonicity of integral.
Furthermore,

fsup(1) = sup
y2,y3∈Rd

{∫
Rd

[g(y1 − y2)[1− g(y1 − y3)]] dy1

}

= sup
y3∈Rd

{∫
Rd

[g(y1)[1 − g(y1 − y3)]] dy1

}

≤
∫
Rd

g(y)dy < ∞. (23)

Eq. (22), (23) and Lemma 2 together show that the sequence(
m
√
fsup(m)

)
m∈Z+

is convergent and

lim
m→∞

m

√
fsup(m) ≤ n

√
fsup(n) for each n ∈ Z

+

⇔ lim
m→∞

m

√
fsup(m) = inf

n∈Z+

{
n

√
fsup(n)

}
. (24)

With Eq. (24) and Theorem 2, the result follows.

Remark 1. Although we consider G(Hd
λ,x0

; ḡ) with d = 2, 3
in Lemma 1, Theorem 2 and 3, it can be seen from their proofs
that they are applicable to arbitrary integer d. Note that this
is not the case for Theorem 4 and 5 in Section V.

B. Discussion

In this subsection, we compare our lower bound with the
existing results in the literature obtained under the unit disk
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Fig. 1. Arc length calculation related to fsup(2) in R2 under the unit disk
model.

model and the log-normal model which are two special cases
of the random connection model.

To obtain the lower bound under the unit disk model, we
apply Eq. (2) into (16) and yield

fsup(1) = sup
y2,y3∈Rd

{∫
Rd

g(y1 − y2)[1− g(y1 − y3)]dy1

}

=

∫
‖y1‖≤r

dy1 = Vdr
d, (25)

where Vd = πd/2

Γ( d
2+1)

is the volume of (d− 1)-sphere with unit

radius; Γ(.) is the gamma function. Similarly,

fsup(2) = sup
y3,y4∈Rd

{∫
Rd

∫
Rd

g(y1 − y2)[1− g(y1 − y3)]

× g(y2 − y3)[1 − g(y2 − y4)]dy1dy2

}

=

∫
‖y2‖≤r

∫
‖y1−y2‖≤r,‖y1‖>r

dy1dy2. (26)

For d = 2, Eq. (26) can be simplified to

fsup(2) =

∫ r

0

[∫ r

r−u

2v arccos(
r2 − u2 − v2

2uv
)dv

]
2πudu

(27)

which is obtained using elementary geometric calculations for
finding an arc length, as illustrated in Fig. 1; for d = 3,
Eq. (26) can be simplified to

fsup(2) =

∫ r

0

[∫ r

r−u

2πv2
(
1− r2 − u2 − v2

2uv

)
dv

]
4πu2du

(28)

which follows from elementary geometric calculations for
finding the curved surface area of a spherical cap [33], as
illustrated in Fig. 2.

Using a similar approach as that in Eq. (27) and (28) we
can extend and generalize the calculation of fsup(m) under the
unit disk model for m ≥ 3, i.e. considering ‖yi − yi+1‖ ≤ r
and ‖yi − yi+2‖ > r (for all 1 ≤ i ≤ m − 2 ) for the
integrations in Eq. (16). Then we obtain the lower bound for
λc using Theorem 2. The result is shown with other existing
results in the literature in Fig. 3 and 4.

Fig. 3 shows that our lower bound in R
2 is as tight as

the lower bound obtained by Meester and Roy [17]. The
lower bounds reported by Kong and Yeh [19], and Gu and
Hong [28] are tighter than our lower bound, however their
results are valid for the unit disk model only. In this paper we

Fig. 2. (2D view) Surface area calculation of a spherical cap related to
fsup(2) in R3 under the unit disk model.

Fig. 3. Lower bounds for λc in R2 under the unit disk model with r = 2.

consider the random connection model which is applicable
to broader class of connection model, including the unit disk
model. On the other hand, Fig. 4 also shows that our lower
bound in R

3 is not as tight as the bound obtained by Kong
and Yeh [19] (though it is within 6%). The tightness of our
lower bound largely depends on how the distribution of the
k-hop nodes is obtained. When we obtain the distribution of
the k-hop nodes through the technique in Lemma 1, we only
consider the impact of the previous two hops, i.e. (k− 1)-hop
nodes and (k − 2)-hop nodes, on the distribution of the k-
hop nodes. The impact of nodes three or more hops away are
not taken into account. The tightness of our lower bound is
therefore sacrificed for simplicity. A tighter lower bound can
be achieved if we take into account the impact of nodes three
or more hops away. However it will involve more complex
analysis.

To obtain the lower bound under the log-normal model,
we first apply Eq. (3) into (16). Then the lower bound under
the log-normal model can be calculated by using a similar
approach to that used in obtaining the lower bound under
the unit disk model, which involves converting Eq. (16) from
Cartesian coordinate system to Polar coordinate system in R

2

or Spherical coordinate system in R
3. Due to its complexity,

the end form of the equation is omitted here. Instead, the
results are plotted in Fig. 5 and 6 but with no comparison to
bounds from another method, since we know of none.1

1In order to have a fairer comparison between lower bounds under the log-
normal model with different shadowing variance, the results in Fig. 5 and
6 have been normalized so that the average node degree is preserved while
changing the shadowing variance. Similarly for Fig. 10 and 11 in the next
section.
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Fig. 4. Lower bounds for λc in R
3 under the unit disk model with r = 2.

Fig. 5. Our lower bounds for λc in R2 under the log-normal model with
different shadowing variances. (No other lower bounds are found in the
literature)

V. UPPER BOUND FOR λc

A. Analysis

First, we consider the problem in R
2 as follows. Let us

partition the R
2 plane into non-overlapping hexagons, where

the distance between the centers of two neighboring hexagons
is a > 0. We further partition each hexagon into six non-
overlapping equilateral triangles. As shown in Fig. 7, the
hexagon labeled H2 is partitioned into six triangles. Consider
a hexagon (e.g. H2 in Fig. 7) and an equilateral triangle (e.g.
T2,2) in the hexagon, there is exactly one hexagon side which
is located directly opposite to the triangle. Centered at the
middle point of that hexagon side (i.e. M2,2), we draw a circle
with radius a and obtain its intersectional area with the triangle
(i.e. S2,2). Repeat the action for the other five equilateral
triangles in the hexagon. Merging the six intersectional areas
we obtain a flower-shape cell within the hexagon (i.e. A2).

Next, we want to obtain a lower bound for the probability
that any two nodes inside two neighboring flower-shape cells
are directly connected. Consider two neighboring flower-shape
cells, e.g. A4 and A5 in Fig. 7, and two nodes Y and Z (one in
each cell). Among the six intersectional areas in A4, consider
Y is located in the intersectional area which is furthest to
A5, i.e. S4,3 in A4. Denote by b the Euclidean distance
between the node and the middle point (i.e. M4,3) of the
hexagon side shared by A4 and A5. Then we have b ∈ [a2 , a].
Consider Z is located anywhere within A5 and denote by c the

Fig. 6. Our lower bounds for λc in R
3 under the log-normal model with

different shadowing variances. (No other lower bounds are found in the
literature)

Fig. 7. The hexagons and the flower-shape cell in each hexagon: The
partition of each hexagon into six non-overlapping equilateral triangles and
construction of an intersectional area inside each triangle is illustrated in
hexagon H2. An example of how the distance b is defined for a node is
shown in flower-shape cell A4.

Euclidean distance between Z and the middle point M4,3. Due
to triangular inequality, the distance between Y and Z is less
than or equal to b+c. Since c ≤ a, it can then be easily shown
that the distance between Y and a node in A5 is at most b+a.
Let fa(b) be the pdf (probability density function) of the above
defined distance b. By elementary geometric calculations,

fa(b) =
12b

|A(a)|
[π
6
− arcsin(

a

4b
)
]

(29)

where |A(a)| is the area of a flower-shape cell and is given
by

|A(a)| = 6a2
[
ω − 1

2
sin(ω)

]
(30)

with ω = π
6 − arcsin(14 ) (see also Fig. 7). Due to the non-

increasing monotonicity property of ḡ, the probability that Y
is directly connected to any node in A0 is lower bounded by
ḡ(b+ a). Therefore, the probability that any two nodes inside
two neighboring flower-shape cells are directly connected,
denoted by p̄(a) , satisfies the following condition:

p̄(a) ≥
∫ a

a/2

ḡ(b+ a)fa(b)db
Δ
= p̂(a). (31)

Now, starting with the flower-shape cell A0 with a node
X0 located anywhere within it, we examine the connections
between X0 and the nodes in the six neighboring flower-shape
cells, A1, A2, · · · , A6 (see Fig. 7). We say Ai, 1 ≤ i ≤ 6, is
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“occupied” if and only if there exists at least one node in Ai,
and X0 is directly connected to at least one of the nodes in
Ai. The probability that Ai (with size |A(a)|) is “occupied”,
denoted by p, is then

p >
∞∑

m=1

[
[λ|A(a)|]m exp(−λ|A(a)|)

m!
× [1− [1− p̂(a)]m]

]

=
[
1− e−λ|A(a)|

]
− e−λ|A(a)|p̂(a)

[
1− e−λ|A(a)|(1−p̂(a))

]
=1− e−λ|A(a)|p̂(a). (32)

Note that the events that neighboring flower-shape cells are
“occupied” are independent. Next, for each Ai marked as
“occupied” we focus on a node Xi in Ai which is directly
connected to X0 and examine the direct connections from
Xi to other nodes in the neighboring flower-shape cells that
have not been considered before. The process continues in a
similar way until every flower-shape cell is marked to be either
“occupied” or “empty”.

Following from the above marking process, it can be seen
that Pr {|W| = ∞} > 0 if the probability that there are
infinite number of flower-shape cells which are marked as
“occupied” is positive. We say that the flower-shape cells
percolate if there are infinite number of flower-shape cells
marked as “occupied”. Imagine we replace each flower-shape
cell by a vertex and draw an edge between two neighboring
vertices. Then the vertices form an equilateral triangular lat-
tice. If the vertices inherit the status of respective flower-shape
cells, i.e. a vertex is marked as “occupied” if and only if the
corresponding flower-shape cell is marked as “occupied”, then
the site percolation on the accompanying equilateral triangular
lattice implies the percolation of the flower-shape cells, and
vice versa. Hence, the flower-shape cells percolates if p > 0.5
[23, p. 132]. That is, Pr {|W| = ∞} > 0 if

1− e−λ|A(a)|p̂(a) > 0.5 ⇔ λ >
loge(2)

|A(a)|p̂(a) . (33)

Indeed, Pr {|W| = ∞} > 0 if Eq. (33) holds for any value of
a. The above analysis can be summarized into the following
theorem.

Theorem 4. For G(H2
λ,x0

; ḡ) the critical density λc is upper
bounded by

λc ≤ inf
a∈R+

{
loge(2)

12
∫ a

a/2
bḡ(b + a)

[
π
6 − arcsin( a

4b )
]
db

}
. (34)

Remark 2. In Theorem 4, we obtain an upper bound for λc

using the pdf of b which is given in Eq. (29). Note that Eq. (29)
is obtained by considering a node located in just one of the
six intersectional areas in a flower-shape cell. Particularly, the
chosen intersectional area is the one which will maximize
the distance b. An improved upper bound can be obtained by
considering the situation that the node can be located in any
intersectional area within the flowers-shape cell. However, due
to the difficulty in computing the pdf of b, no close form can
be obtained for the upper bound. Therefore, we continue to
use the existing approach to obtain an upper bound in R

2 and
later in R

3. In Fig. 10, the improved upper bound is plotted
numerically.

Fig. 8. Face-centered cubic (fcc) packing of equal spheres.

Fig. 9. Rhombic dodecahedron as the shape of the Voronoi cells.

To extend the above analysis for R2 to R
3, we first partition

the R
3 space into non-overlapping rhombic dodecahedra. The

logic behind the transformation from hexagons in R
2 to

rhombic dodecahedra in R
3 is related to the close-packing

of equal-radius (d − 1)-spheres in R
d. In R

2, the hexagon is
the shape of the Voronoi cells constructed from the equilateral
triangular lattice [34], the densest arrangement of equal-radius
disks in R

2 [35, p. 6]; in R
3, the rhombic dodecahedron is

the shape of the Voronoi cells constructed from the fcc (face-
centered cubic) lattice [35, p. 34], one of the densest possible
arrangements of equal-radius spheres in R

3 [34]. Refer to
Fig. 8 and 9 for the visualization of fcc packing of equal-
radius spheres and rhombic dodecahedron, the shape of the
associated Voronoi cells.

Using the similar approach in R
2, we then construct a 3D

flower-shape cell within each rhombic dodecahedron so that
the maximum Euclidean distance between any pair of nodes
within two neighboring flower-shape cells is 2a, where a is
the distance between the centers of two neighboring rhombic
dodecahedra. Based on the constructed flower-shape cells, we
can rewrite Eq. (29) into

fa(b)

=
48b2

|V (a)|
∫ π

2

θmin

sin(θ)

[
π

4
− arcsin(

a/2 +
√
2b cos(θ)√

2b sin(θ)
)

]
dθ

(35)

where θmin = π
2 − arcsin( 1√

3
) + arcsin( a

2
√
3b
) and |V (a)| is

the volume of a 3D flower-shape cell. Substituting Eq. (35)
into Eq. (31), and bearing in mind that the site percolation on
the fcc lattice (where the critical probability is approximately



1520 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 12, NO. 4, APRIL 2013

0.199 [36]) implies the site percolation of the flower-shape
cells, we obtain the follow theorem.

Theorem 5. For G(H3
λ,x0

; ḡ) the critical density λc is upper
bounded by

λc ≤ inf
a∈R+

{
− loge(0.801)∫ a

a
2
ḡ(b+ a)f̄a(b)db

}
(36)

where

f̄a(b) = 48b2
∫ π/2

θmin

sin(θ)

[
π

4
− arcsin(

a/2 +
√
2b cos(θ)√

2b sin(θ)
)

]
dθ,

and θmin = π
2 − arcsin( 1√

3
) + arcsin( a

2
√
3b
).

B. Discussion

To illustrate the tightness of our upper bound, we compare
our result with the existing upper bound in the literature
obtained under the unit disk model [17], [27], [28] and the
log-normal model [29].

To obtain the upper bound in R
2 under the unit disk model,

first let λ(r)
upper be the upper bound for λc under the unit disk

model with transmission range r. Applying Eq. (2) into (34),
it can be shown that the infimum is achieved at a = 1

2r. That
is,

λ(r)
upper =

loge(2)

|A(r/2)| =
loge(2)

3
2r

2
[
ω − 1

2 sin(ω)
] (37)

with ω = π
6 − arcsin(14 ). Then Eq. (34) reduces to the upper

bound obtained in [17], [28]. As a specific example with r =

2, we have λ
(2)
upper ≈ 0.843 and it is shown in Fig. 10 (as

the log-normal model with σ = 0). On the other hand, it
means that our upper bound is not as tight as the upper bound
obtained by Philips et al. [27] (0.8376 for r = 2). In our
approach to obtain the upper bound, the constructed flower-
shape cells must lie inside the corresponding hexagons. Then
we consider the nodes that fall inside each flower-shape cell.
In contrast, Philips et al. [27] allow some portion of each
flower-shape cell to exceed the boundary of the corresponding
hexagon. Then they consider those nodes that fall inside both
flower-shape cell and the corresponding hexagon. The ratio
of flower-shape cell size to hexagon size is adjusted to obtain
the tightest upper bound. The approach used in [27] can be
adapted into our analysis to achieve a tighter upper bound.
However, it will involve more complex analysis.

The upper bound in R
2 under the log-normal model can be

calculated by substituting Eq. (3) into (34). The end form of
the equation is omitted due to its complexity. To compare our
result with other upper bounds in the literature [29], first let

λupper(ḡ) = inf
a∈R+

{
loge(2)

12
∫ a

a/2
bḡ(b+ a)

[
π
6 − arcsin( a

4b )
]
db

}

(38)

be the upper bound for λc given by Eq. (34). From Eq. (38),

λupper(ḡ) ≤ inf
a∈R+

{
loge(2)

|A(a)|ḡ(2a)
}

Fig. 10. Upper bounds for λc in R
2 under the log-normal model with

different shadowing variances and r = 2, α = 2. Note that the log-normal
model reduces to the unit disk model when σ = 0.

Fig. 11. Upper bounds for λc in R3 under the log-normal model with
different shadowing variances and r = 2, α = 2. Note that the log-normal
model reduces to the unit disk model when σ = 0. (No other upper bounds
under the log-normal model are found in the literature)

= inf
a∈R+

{
loge(2)

|A(a/2)|ḡ(a)
}

= inf
a∈R+

{
λ
(1)
upper

a2ḡ(a)

}

(39)

where λ
(1)
upper is given by Eq. (37) with r = 1. Note that the

RHS of Eq. (39) was reported by Li and Yang [29] but only
for the log-normal model. The derivation of Eq. (39) shows
that Theorem 4 provides a tighter upper bound than that in
[29] (see Fig. 10 for an illustration).

To the best of our knowledge, no upper bound has been
obtained in R

3 under either the unit disk model or the
log-normal model. An illustration of the upper bound in
Theorem 5 is shown in Fig. 11.

VI. CONCLUSIONS AND FUTURE WORK

In this paper we investigated the analytical bounds for
the critical density in wireless multi-hop networks where
nodes are Poissonly distributed in R

d (d = 2, 3). The es-
tablishment of direct connection between two nodes follows
a random connection model satisfying some intuitively rea-
sonable conditions, viz. rotational and translation invariance,
non-increasing monotonicity and integral boundedness. We
obtained a lower bound for the critical density using a Galton-
Watson branching process and an upper bound by relating the
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problem to that of site percolation on a lattice. From the above
generic results, we then obtained the bounds under the unit
disk model and the log-normal model, which are special cases
of the random connection model, and compared them with the
existing results in the literature. The outcome showed that our
method generates bounds that are either close to or tighter
than the existing results in the literature, apart from being
more generic. In future work, we plan to extend the current
work in two directions. First, at the cost of substantially
more calculations, our bounds can be improved as both our
lower and upper bounds are not the tightest bounds under the
unit disk model. Second, techniques that can analytically and
accurately estimate the value of the critical density will be
investigated.

APPENDIX A
DERIVATION OF EQ. (11)

In this section, we follow the definitions and notations used
in Lemma 1. Note that if a node Y is a 2-hop node, then it is
not directly connected to the node at x0 but directly connected
to at least one 1-hop nodes. Recall that N1 is a random variable
denoting the number of 1-hop nodes; hence for any positive
integer n1 we have

Pr

{
I2y = 1,

n1⋂
i=1

I1zi = 1

∣∣∣∣∣N1 = n1

}

=Pr

{
Jy = 1, Hy,x0= 0,

n1⋃
i=1

Hy,zi= 1,

n1⋂
i=1

I1zi= 1

∣∣∣∣∣N1 = n1

}

≤
n1∑
j=1

Pr

{
Jy = 1, Hy,x0= 0, Hy,zj= 1,

n1⋂
i=1

I1zi= 1

∣∣∣∣∣N1 = n1

}

[union bound]. (40)

The conditional probability Pr
{
I2y = 1

∣∣N1 = n1

}
is then

obtained as follows.

Pr
{
I2y = 1

∣∣N1 = n1

}
=

1

n1!

∑
z1,··· ,zn1∈D

d\{y,x0}
zm �=zn for m �=n

Pr

{
I2y = 1,

n1⋂
i=1

I1zi = 1

∣∣∣∣∣N1 = n1

}

≤ 1

n1!

∑
z1,··· ,zn1∈D

d\{y,x0}
zm �=zn for m �=n

n1∑
j=1

Pr

{
Jy = 1, Hy,x0 = 0,

Hy,zj = 1,

n1⋂
i=1

I1zi = 1

∣∣∣∣∣N1 = n1

}
[from Eq. (40)]

=
1

n1!

n1∑
j=1

∑
zj∈Dd\{y,x0}

⎡
⎢⎢⎢⎢⎢⎣

∑
z1,··· ,zj−1,zj+1,··· ,zn1∈D

d\{y,x0,zj}
zm �=zn for m �=n

Pr

{
Jy = 1,

Hy,x0 = 0, Hy,zj = 1,

n1⋂
i=1

I1zi = 1

∣∣∣∣∣N1 = n1

}]

[move the summation on j and zj to the outermost]

=
1

n1!

n1∑
j=1

∑
zj∈Dd\{y,x0}

[
(n1 − 1)! Pr

{
Jy = 1, Hy,x0 = 0,

Hy,zj = 1, I1zj = 1
∣∣∣N1 = n1

}]
[resolve the summations inside the square brackets]

=
∑

z∈Dd\{y,x0}
[Pr {Jy = 1, Hy,x0 = 0, Hy,z = 1|

I1z = 1, N1 = n1

}
Pr

{
I1z = 1

∣∣N1 = n1

}]
. (41)

Since

Pr
{
I1z = 1

∣∣N1 = n1

}
=

Pr
{
I1z = 1, N1 = n1

}
Pr {N1 = n1} (42)

and
∞∑

n1=1

Pr
{
I1z = 1, N1 = n1

}
= Pr

{
I1z = 1

}
, (43)

using Eq. (41), (42) and (43) we obtain

Pr
{
I2y = 1

}
=

∞∑
n1=1

[
Pr

{
I2y = 1

∣∣N1 = n1

}
Pr {N1 = n1}

]
≤

∑
z∈Dd\{y,x0}

[
Pr

{
Jy = 1, Hy,x0 = 0, Hy,z = 1| I1z = 1

}
×Pr

{
I1z = 1

}]
. (44)

Hence we obtain Eq. (11).

APPENDIX B
DERIVATION OF EQ. (13)

In this section, we follow the definitions and notations used
in Lemma 1. The upper bound for the probability that a
k-hop node exists within By conditioned on the event that
{Nk−2 = nk−2} is obtained as follows.

Pr
{
Iky = 1

∣∣Nk−2 = nk−2

}
=

1

nk−2!

∑
w1,··· ,wnk−2

∈D
d\{y,x0}

wm �=wn for m �=n

Pr

{
Iky = 1,

nk−2⋂
i=1

Ik−2
wi

= 1

∣∣∣∣∣

Nk−2 = nk−2

}
. (45)

By generalizing the derivation of Eq. (44), it can be shown
that,

Pr

{
Iky = 1,

nk−2⋂
i=1

Ik−2
wi

= 1

∣∣∣∣∣Nk−2 = nk−2

}

≤
∑

z∈Dd\{y,x0}
Pr

{
Jy = 1,

nk−2⋂
i=1

Hy,wi
= 0, Hy,z = 1,

nk−2⋃
i=1

Hz,wi
= 1, Ik−1

z = 1,

nk−2⋂
i=1

Ik−2
wi

= 1

∣∣∣∣∣
Nk−2 = nk−2

}
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≤
nk−2∑
j=1

∑
z∈Dd\{y,x0}

Pr

{
Jy = 1, Hy,wj

= 0, Hy,z = 1,

Hz,wj
= 1, Ik−1

z = 1,

nk−2⋂
i=1

Ik−2
wi

= 1

∣∣∣∣∣
Nk−2 = nk−2

}
[union bound]

=

nk−2∑
j=1

∑
z∈Dd\{y,x0}

[
Pr

{
Jy = 1, Hy,wj

= 0, Hy,z = 1
∣∣

Hz,wj
= 1, Ik−1

z = 1, Ik−2
wj

= 1, Nk−2 = nk−2

}

× Pr

{
Hz,wj

= 1, Ik−1
z = 1,

nk−2⋂
i=1

Ik−2
wi

= 1

∣∣∣∣∣
Nk−2 = nk−2

}]
. (46)

Note that for any integer 1 ≤ j ≤ nk−2,

∑
w1,··· ,wj−1,wj+1,··· ,wnk−2

∈D
d\{y,x0,z,wj}

wm �=wn for m �=n

Pr

{
Hz,wj

= 1, Ik−1
z = 1,

nk−2⋂
i=1

Ik−2
wi

= 1

∣∣∣∣∣Nk−2 = nk−2

}

=(nk−2 − 1)! Pr
{
Hz,wj

= 1, Ik−1
z = 1,

Ik−2
wj

= 1
∣∣∣Nk−2 = nk−2

}
. (47)

Substitute Eq. (46) and (47) into Eq. (45),

Pr
{
Iky = 1

∣∣Nk−2 = nk−2

}
≤ 1

nk−2!

nk−2∑
j=1

∑
z,wj∈D

d\{y,x0}
z�=wj

[
Pr

{
Jy = 1, Hy,wj

= 0,

Hy,z = 1|Hz,wj
= 1, Ik−1

z = 1, Ik−2
wj

= 1,

Nk−2 = nk−2

}
× (nk−2 − 1)! Pr

{
Hz,wj

= 1,

Ik−1
z = 1, Ik−2

wj
= 1

∣∣∣Nk−2 = nk−2

}]
=

∑
z,w∈D

d\{y,x0}
z�=w

[Pr {Jy = 1, Hy,w = 0, Hy,z = 1|

Hz,w = 1, Ik−1
z = 1, Ik−2

w = 1, Nk−2 = nk−2

}
× Pr

{
Hz,w = 1, Ik−1

z = 1, Ik−2
w = 1

∣∣Nk−2 = nk−2

}]
.

(48)

Since

Pr
{
Hz,w = 1, Ik−1

z = 1, Ik−2
w = 1

∣∣Nk−2 = nk−2

}
=
Pr

{
Hz,w = 1, Ik−1

z = 1, Ik−2
w = 1, Nk−2 = nk−2

}
Pr {Nk−2 = nk−2} (49)

and
∞∑

nk−2=1

Pr
{
Hz,w = 1, Ik−1

z = 1, Ik−2
w = 1, Nk−2 = nk−2

}

=Pr
{
Hz,w = 1, Ik−1

z = 1, Ik−2
w = 1

}
, (50)

using Eq. (48), (49) and (50) we obtain

Pr
{
Iky = 1

}
=

∞∑
nk−2=1

[
Pr

{
Iky = 1

∣∣Nk−2 = nk−2

}
Pr {Nk−2 = nk−2}

]
≤

∑
z,w∈D

d\{y,x0}
z�=w

[Pr {Jy = 1, Hy,w = 0, Hy,z = 1|

Hz,w = 1, Ik−1
z = 1, Ik−2

w = 1
}

× Pr
{
Hz,w = 1, Ik−1

z = 1, Ik−2
w = 1

}]
. (51)

Hence we obtain Eq. (13).
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