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Abstract. The athermal and dissipative nature of packings of grains is still challenging our understanding of their compaction
as well as their crystallisation. For instance, some beads poured in a container get jammed in random disordered con�gura-
tions, which cannot be denser than 64%, the random closed packing (RCP) limit. Remarkably it has been suggested that the
RCP bound is saturated with dense patterns of beads aggregated into polytetrahedral structures. Yet when a suitable vibration
is applied, a packing of beads might start to order and some regular patterns appear.

We present new experiments on the crystallisation of the packing of beads. By extending tapping techniques, we have
obtained packings with volume fractions φ ranging from the RCP to the crystal (φ = 0.74). Computing tomography has been
used to scan the internal structure of large packings (≈200,000 beads). Voronoi and Delaunay space partitions on the grain
centres were performed to characterise the structural rearrangements during the crystallisation. This allows us to describe
statistical properties of the local volume �uctuations and the evolution of the densest patterns of beads.

In terms of statistical description, a parameter based on the volume �uctuations discloses different regimes during the
transition. In terms of geometry, we con�rm that polytetrahedral dense clusters are ubiquitous at the RCP. We describe some
intrinsic features of these clusters such as rings of tetrahedra and show how they disappear as the crystal grows.

This experiment enlightens how an athermal system jammed in a complex frustrated con�guration is gradually converted
into a periodic crystal.
Keywords: granular matter, tomography, statistical geometry, topology
PACS: 45.70.Cc; 45.70.-n; 45.70.Qj

A packing of spheres is a puzzling material which can
have a stable amorphous structure, yet when this disor-
dered assembly is sheared or vibrated it may massively
crystallize.

Below the limit of RCP, a packing is in a disordered
state in which locally dense con�gurations of spheres can
coexist with loose arrangements [1]. In this regime, com-
paction under gentle vibrations is extremely slow, in a
way reminiscent of the relaxation observed in glass tran-
sition [2], and besides the system remains trapped in a
disordered state. To overcome the RCP barrier, stronger
vibrations have to be applied and the packing starts crys-
tallising. The growing crystalline structure is shaped by
the competition between the input of external energy
�uxes and the dissipation at the grain contacts. Numer-
ous experiments have reported analogies between this
out of equilibrium crystallisation and a thermodynamic
transition [3, 4]. An entropic mechanism driving this or-
dering despite the highly dissipative context is still un-
known [3].

As a packing crystallises, it undergoes major grain
scale rearrangements. A clear geometrical description
of these rearrangements represents a �rst step towards
the elaboration of a statistical framework for granular
crystallisation [5, 6]. Such an approach relies on our
ability to �nd relevant patterns in disordered packings,
and then to describe their evolution as the system gets

denser to eventually crystallise.
Here we follow Bernal’s pioneering effort in describ-

ing dense packings geometry [5]. He �rst noticed the pre-
dominance of local tetrahedral con�gurations in dense
packings. Moreover he described the propensity of these
tetrahedra to pack via their triangular faces to form dense
polytetrahedral aggregates [5]. These aggregates can-
not tile periodically the space, i.e: they are geometri-
cally frustrated patterns [7]. In recent computer mod-
els [8], it was observed that the RCP state is saturated
with dense polytetrahedral clusters, such that any further
densi�cation involves the presence of crystalline con�g-
urations. Our experimental study describes quantitatively
these polytetrahedral structures and their fate beyond the
RCP limit.

Advances in X-ray tomography have made grain based
description of granular packing possible with an un-
precedented level of accuracy(Fig 1, [1]). To describe the
granular internal structure, we here use two of the most
common space partitions:

• the Voronoi partition where the bead and the sur-
rounding space closest to its center de�ne the ele-
mentary brick. The Voronoi cell is directly associ-
ated to the local packing fraction as it is wrapped
around an entire bead (Fig.1a).
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• the Delaunay partition which is based on local sim-
plices (or irregular tetrahedra) built on the center of
the locally 4 closest beads.(Fig.1b).

A statistical parameter based on the Voronoi partition
reveals successive densi�cation regimes during the crys-
tallization. An analysis based on the densest simplices
reveals the presence of polytetrahedral clusters and char-
acterizes their topology by counting the ring structures.
We show that rings containing 5 tetrahedra are prominent
features whose evolution shed light on the densi�cation
regimes.

EXPERIMENTAL SETUP

a b

c

FIGURE 1. The Voronoi (a) and the Delaunay (b) partitions
associated to some local con�guration of beads extracted from
the global packing.c) Radiograph of a partially crystallised
packing obtained in a cylindrical container. It contains more
than 200000 beads (diameter=1mm).

Our experimental setup is adapted from vibrating tech-
nics extensively used to study the compaction of disor-
dered packings [2]. The experiments are performed with
1mm diameter acrylic beads that have a polydispersity
within 2.5%. A batch of roughly 200000 beads is poured
into a cylindrical or a spherical container. Initially the
beads packings are in a random loose con�guration with
a volume fraction φ ranging from 57% to 61%. The
packing is then intensively shaken, up to its �uidisation
point, and a massive compaction is observed. The result-
ing packing is denser than φ ≥ 0.685. Inside the packing,
large clusters (4000 beads) showing almost perfect crys-
tallinity (φ ≥ 0.732) are formed. The internal structure of
these packings is then imaged by means of X-Ray Heli-

cal Computing Tomography. Figure.1c shows a 2D slice
through the tomogram of a dense packing obtained in a
cylindrical geometry. The heterogeneous structure of the
packing is obvious with almost perfectly crystalline clus-
ters coexisting with disordered domains. We have consis-
tently obtained this kind of partially crystallised packings
for our two different geometries. The following analysis
was carried out on the global packings and on subsets
containing 4000 spheres.

LOCAL VOLUME FLUCTUATIONS
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FIGURE 2. a) Probability distribution function (PDF) of the
Voronoi cells volumes. b) kg = (V̄ −Vmin)2/σ2 versus the
volume fraction φ . kg is computed from the volume �uctuations
of the Voronoi partition [6]

To adress how local con�gurations get denser as the
crystallisation proceeds, we use the Voronoi space par-
tition (Fig.1a). The Voronoi partition allows to estimate
the local volume �uctuations, i.e: measuring a probabil-
ity density function (PDF) of the cells volume, its vari-
ance σ2, mean value V̄ , its minimal bound Vmin...

Figure 2a shows the probability distribution of the
local Voronoi volume for a decreasing global volume
fraction φ . When φ is below 0.64, the PDF for jammed
packing is asymetric with an exponential tail and can be
�tted by a gamma law [6]. For φ within [0.64,0.68] the
PDF �attens and have a high level of �uctuations. As the
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packing gets denser the PDF is more and more peaked
around V = 0.71mm3 which corresponds to crystalline
con�gurations (i.e: a cubo-octahedra cell).

A quantitative charaterization of the local volume �uc-
tuations is given by the parameter kg = (V̄ −Vmin)2/σ2

which was recently suggested as the granular material’s
equivalent of a "speci�c heat" [6]. This parameter re-
veals three successive structural transitions occurring in
our packings at Φ =0.64, 0.68, 0.72 as shown in Fig.2b.
Thus kg seems to be sensitive to the crystallisation onset
occuring at Φ ≈0.64. Numerical simulations of perfectly
monodisperse beads [6] have reported a monotonous
drop of kg for φ > 0.64. This drop was further analysed
in terms of an entropy and considered as reminiscent of
the Kauzmann paradox in supercool liquids. In our ex-
periments, packing crystallisation turns out to be more
varied than this monotonous scenario. The transitions ob-
served at high density φ > 0.68 might be connected to
global transformations of the crystalline clusters [9].

POLYTETRAHEDRAL CLUSTERS

De�nition and statistical description

The volume of a Voronoi cell is extremely correlated
to the volume of its neighbours, it thus condemns any
simple local description. To get insights into the struc-
tural changes occurring at the RCP (φ ≈ 0.64) and be-
yond, the packing will now be described in terms of
its Delauney simplices (Fig1.b). The regular con�gura-
tion of a simplex is the tetrahedron which represents the
densest way to pack 4 monodisperse spheres together. In
his seminal work, Bernal observed that clusters made of
quasi-regular tetrahedra (polytetrahedral clusters) actu-
ally exist in random packings [5]. Recent numerical sim-
ulations [8] suggest that an increasing fraction of these
clusters provides a densi�cation mechanism for disor-
dered packings. But this densi�cation process has its
limit and it saturates at the RCP density where the frac-
tion of beads which are not involved in a polytetrahedral
cluster is exhausted.[8] To compare our experimental re-
sults with these numerical simulations we �rst need to
de�ne two ingredients of this approach:

• what is a dense simplex (Bernal’s quasi-regular
tetrahedron) within the Delaunay partition?

• what is the aggregation mechanism producing clus-
ters made of these tetrahedra?

A simplex is considered dense if the difference δ be-
tween its longest edge l and the average diameter d of the
beads that compose the simplex is smaller than 25%.[8]
In the following a dense simplex (δ = l−d ≤ 0.25) will
be called a tetrahedron.

In an assembly of tetrahedra those who share a face
should show a greater mechanical stability than tetrahe-
dra connected via an edge or a vertex. Given this local
stability criterion, we consider polytetrahedral aggre-
gates as clusters built from three or more face-adjacent
quasi perfect tetrahedra [5, 8]. Such clusters can’t be
part of any periodic crystalline lattice.[7]
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FIGURE 3. a) fraction of tetrahedra that are face adjacent
and are involved in aggregates (polytetrahedral clusters) con-
taining more than 3 components. b) fraction of beads which are
part of at least one dense tetrahedron.

Figure 3 shows the main characteristics of these poly-
tetrahedral clusters in our experimental packings for φ ≈

0.59 up to φ ≈ 0.73. The fraction of polytetrahedral clus-
ters has a sharp maximum around φ ≈ 0.64 (Fig.3a).
At this peak, almost all the tetrahedra present in the
packing are involved in a frustrated cluster [8]. Above
φ ≈ 0.64, polytetrahedral clusters fade away progres-
sively. At φ ≈ 0.64, all the beads are ’in contact’ with
a dense tetrahedron and are thus involved in a polytetra-
hedral cluster (Fig.3b).

Our experiments thus con�rm the saturation phe-
nomenon reported in [8]. The selection of distorted tetra-
hedra via the criterion δ con�rms the organisation of dis-
ordered packings into polytetrahedral clusters [5] and re-
veals that a signi�cant amount of these structures sur-
vives beyond the RCP.
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A key topological descriptor: 5-rings

We will now elaborate on one key topological feature
of the polytetrahedral aggregates and its evolution during
the densi�cation from random structures to quasi per-
fect crystal. In dense packings, polytetrahedral clusters
have a natural propensity to form ring structures. Most
of these rings contains 5 tetrahedra (5-rings) connected
via complex linear branches (Fig.4a, [5, 7, 8]). A 5-ring
pattern is one of the densest local con�guration accessi-
ble with monodisperse spheres [7]. We have used a net-
work analyser to describe the topology of the polytetra-
hedral aggregates. Our aim was to quantify the fraction
and the size distribution of ring patterns inside a packing
and their evolution all the way to the perfect crystal.
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FIGURE 4. a) View of a polytetrahedral cluster made out of
tetrahedra dices. Loops composed of 5 face adjacent tetrahedra
(5-ring structure, in green) are connected via linear branches of
tetrahedra (in red). b) Distribution of the size (in tetrahedra) of
the rings patterns of the polytetrahedral clusters versus the vol-
ume fraction φ . The distribution is normalized by the number
of face adjacent tetrahedra Nfacetetra.

Figure 4.b depicts the evolution versus φ of the rings
size distribution normalised by the number of face ad-
jacent tetrahedra. Below the RCP limit, a packing gets
denser by forming an increasing fraction of rings which

are mainly 5-rings (Fig4.b). The fraction of 5 rings is
sharply peaked at the RCP bound. While this compaction
mechanism saturates around the RCP density, 5-rings
patterns still account for almost 80% of the tetrahedra
involved into a ring structure up to φ ≈ 68% (Fig4.b).
Above the RCP limit, 5-rings are disappearing, and for
φ ≥ 68% they have almost vanished (Fig4.b). It suggests
that beyond φ ≥ 68% 5-rings are geometrically frustrated
patterns that cannot be accomodated anymore into the
growing crystalline clusters [9].

CONCLUSION

As a packing cristallises, it undergoes successive struc-
tural transitions (φ ≈ 0.64−0.68−0.72) revealed by the
statistics of the local volume �uctuations. The consid-
eration of dense tetrahedral con�gurations of beads in-
side a packing enlightens some of these morphological
changes. It was con�rmed that the fraction of polytetra-
hedral clusters is sharply peaked at the RCP limit. At
this point, there are no more free beads to be incorpo-
rated into the polytetrahedral aggregates and crystalli-
sation begins. A key topological feature of these aggre-
gates are rings composed of 5 tetrahedra. The evolution
of these 5-ring patterns gives a clearer picture of the crys-
tallisation induced grains rearrangements. On the one
hand, the RCP bound is a fully frustrated limit showing a
maximum of highly dense 5-rings con�gurations. On the
other, the transition observed at φ ≈ 0.68 corresponds to
the 5-rings disappearance.
These �ndings should help to understand some of the
mechanical properties of partially crystallised packings
[10]. The propensity of the tetrahedra to coalesce via
their faces might be interpreted as the existence of a di-
rectional entropic force [11]. It gives hope for the elab-
oration of a relevant statistical framework for granular
crystallisation.
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