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Abstract

The prevalent theory of cosmological inflation, which attempts to explain the high degree
of isotropy observed from the Earth’s location in the Universe, has been criticised for be-
ing ad hoc and thermodynamically unsound. A viable alternative to inflation is the com-
bined theory of quiescent cosmology and the Weyl curvature hypothesis, in which cos-
mological models are studied within a mathematical framework that features conformal
transformations between physical and unphysical spacetimes. The focus of this thesis
is to augment the conformal framework by incorporating a symmetry-related spacetime
property known as self-similarity, or scale invariance.

An initial obstacle to this purpose is the lack of a satisfactory definition in the litera-
ture for asymptotic self-similarity, i.e. approximate self-similarity at early or late times in
a cosmological model’s evolution. In this thesis, we conduct an example-driven develop-
ment of a working definition that is both suitable for use in the conformal framework and
sufficiently concordant with existing notions of asymptotic self-similarity. The definition
is an asymptotic generalisation of the homothetic equation (which formalises the prop-
erty of exact self-similarity), and is modified appropriately to generate better agreement
with various results in the dynamical systems approach to cosmology.

One unavoidable difficulty with our working definition is that the asymptotic self-
similarity of a specified cosmological model is generally not trivial to determine: the
existence of a vector field satisfying given conditions is required under the definition,
but no universal method of constructing said vector field is provided. We derive several
propositions and theorems that seek to address this problem, although such results are
limited in their applicability.

After settling on an adequate working definition of asymptotic self-similarity, we
employ it in the conformal framework of quiescent cosmology and the Weyl curvature
hypothesis. Example spacetimes that have been studied within the framework are ex-
amined for self-similarity in this thesis; most significantly, we are able to demonstrate
asymptotic self-similarity for the Friedmann–Lemaı̂tre–Robertson–Walker models, i.e.
the class of all isotropic and homogeneous cosmological models (with some exceptions).

To better understand the characterisation of self-similarity in the conformal frame-
work, we detail the conditions under which it is preserved by conformal transforma-
tions. We also investigate the relationships between self-similarity and other symmetry-
related spacetime properties in the framework: many of these properties are shown to be
pairwise independent via relevant counterexamples, but whether self-similarity stands
completely apart remains an open question.

It is hoped that the definition and analysis of asymptotic self-similarity in this the-
sis will contribute an additional facet to the conformal framework, thereby facilitating
further research on quiescent cosmology and the Weyl curvature hypothesis.
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Chapter 1

Introduction

A key concept in cosmology — the study of the Universe’s structure and evolution —
describes the fact that on large enough scales, space “looks the same” in every direction
from the Earth. More precisely: large-scale observations of the Universe at any time, as
well as the physical laws implicit in such observations, are independent of direction. This
concept is known formally as spatial isotropy (henceforth isotropy) at a point.

Isotropy at the Earth’s location in the Universe is evident in observations such as the
spatial distribution of galaxies on scales of at least 300 million light-years [1], or the uni-
formity of the cosmic microwave background of early-Universe radiation to one part in
100,000 [2]. It is worth emphasising that while exact isotropy and its negation, anisotropy,
exist as well-defined mathematical concepts (see Definition 2.4), being able to talk about
high or low isotropy is more useful for physical purposes. As it turns out, the degree of
isotropy may be defined and quantified in several ways (see Section 2.2.1).

Closely related to isotropy is the concept of spatial homogeneity (henceforth homo-
geneity) and its negation, inhomogeneity (see Definition 2.5). In the cosmological context,
homogeneity is essentially the statement that the Earth occupies a “typical” location in
the Universe, i.e. large-scale observations of the Universe at any time are independent of
position. There is no direct evidence for a homogeneous Universe. However, homogene-
ity follows from the observed isotropy by assuming the Earth is not in a central, specially
favoured position (named the Copernican principle by Bondi [3]), since an inhomoge-
neous universe can appear isotropic only to an observer in a special position [4].

The relationship between isotropy and homogeneity can be muddled through usage
of the terms in a non-cosmological sense. For example, the cosmic microwave back-
ground itself is often said to be isotropic and homogeneous, but what its uniformity indi-
cates about the Universe is isotropy at the Earth’s location and homogeneity confined to
the edge of the observable universe. In general, isotropy at a point (or local isotropy) and
homogeneity are independent properties of a universe. However, isotropy everywhere
(or global isotropy) implies homogeneity, while local isotropy plus homogeneity implies
global isotropy [2]. Extending the argument in the previous paragraph, it follows that
the Universe is also globally isotropic; this collective assumption of global isotropy and
homogeneity in the Universe is known as the cosmological principle.

Another accepted fact about the Universe is that space itself is expanding, in the sense
that any two fixed points are growing apart with time. This idea was explored indepen-
dently by Friedmann and Lemaı̂tre [5, 6] in the 1920s, and corroborated by Hubble’s [7]
observation that galaxies recede from the Earth at speeds increasing with distance. The
Universe’s expansion strongly indicates the initial existence of an origin for space and
time, i.e. a past cosmological singularity (henceforth singularity) known as the Big Bang.

As gravity is the dominant interaction on cosmological scales, much of modern cos-
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2 Introduction

mology seeks to model the Universe’s expansion within the framework of Einstein’s [8]
general theory of relativity — the most consistent theory of gravity available. In general
relativity, space and time are combined into a single continuum known as a spacetime,
which may be used as a cosmological model of a universe (see Definitions 2.1 and 2.3). The
Universe’s evolution after the Big Bang is assumed to be governed by the Einstein field
equations (EFE): a system of 10 nonlinear partial differential equations, whose solution
with specified boundary conditions gives a metric tensor (henceforth metric) describing
the geometry and causal structure of a spacetime.

Cosmological models of the Universe

The metric describing the class of all globally isotropic, homogeneous and expanding
cosmological models was investigated independently by Robertson and Walker [9, 10] in
the 1930s; as such, both metric and class bear the name Friedmann–Lemaı̂tre–Robertson–
Walker (FLRW). It is perhaps unsurprising that the FLRW models yield many predictions
in good agreement with observation, since the cosmological principle is not a particularly
far-fetched assumption. While there are several problems with the standard near-FLRW
description of the Universe, these models still serve as adequate approximations in dif-
ferent epochs of the Universe’s evolution, and are worth studying in detail if only for
their tractability (see Section 2.1.3).

One serious flaw in the standard near-FLRW picture is its failure to address the horizon
problem, which essentially asks how the Universe can obey the cosmological principle in
the first place. Under typical assumptions on the nature of matter in the early Universe,
a high degree of isotropy and homogeneity near the Big Bang is improbable. The resul-
tant anisotropy or inhomogeneity cannot be smoothed out through any form of physical
interaction as the Universe expands, since sufficiently separated regions of space grow
apart faster than the speed of light [11].

A notable attempt at tackling the horizon problem was introduced by Misner [12] in
1968. The problematic assumption of highly isotropic and homogeneous initial condi-
tions is not made, and the Universe near the Big Bang is modelled by a homogeneous
but anisotropic model instead. In this non-FLRW model, the high degree of anisotropy
can be smoothed out through particle collisions or other dissipative processes, such that
the Universe obeys the cosmological principle after its early evolution. However, the ob-
served photon–baryon ratio in the Universe has been used to rule out the theory in its full
generality [13]. Misner’s approach is known commonly as chaotic cosmology, although the
term may also serve as a broader label for any approach that assumes highly anisotropic
or inhomogeneous initial conditions.

The widely accepted theory of cosmological inflation, introduced by Guth [14] in 1981,
is one such approach. As in Misner’s theory, any anisotropy or inhomogeneity near the
Big Bang is smoothed out through dissipative processes. This takes place rapidly, how-
ever, since the early Universe is posited to expand slowly at first. A period of exponential
expansion follows shortly; it “freezes in” the isotropy and homogeneity, and brings the
early Universe up to speed for the onset of normal expansion as per the near-FLRW pic-
ture. While inflation is lauded for its ability to resolve the horizon problem and explain
a wealth of other observations, it is not without criticism. For example, all proposed
mechanisms for the exponential phase are based on speculative ideas in particle physics;
also, the incorporation of dissipative processes in inflation — and chaotic cosmology —
arguably violates the second law of thermodynamics [15].
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Figure 1.1: Schematic representation of a conformal transformation between spacetimes, with
one spatial dimension suppressed. An IPS is a regular spacelike hypersurface in the unphysical
spacetime that corresponds to the singularity in the physical spacetime.

Quiescent cosmology and the Weyl curvature hypothesis

Chaotic cosmology and the inflationary paradigm seem to have been motivated by the
assumed improbability of near-FLRW models being valid near the Big Bang. This im-
probability is disputable, as demonstrated by Barrow’s [16] introduction of quiescent cos-
mology in 1978. Indeed, near-FLRW behaviour in the early Universe is probable and ther-
modynamically stable if the nature of matter is taken to be “stiff” (see Table 2.1) at high
densities — a speculative but by no means implausible assumption. With highly isotropic
and homogeneous initial conditions, the horizon problem ceases to exist.

Just as there are thermodynamic arguments against chaotic cosmology and inflation,
the thermodynamically stable initial conditions in quiescent cosmology also appear to vi-
olate the second law’s assertion that the entropy (loosely, a system’s proximity to equilib-
rium) of the Universe should increase with time from a minimal initial level. A possible
solution to this issue emerged in 1979, with Penrose’s [17] introduction of gravitational
entropy and the Weyl curvature hypothesis. Gravitational entropy is the entropy associ-
ated with the gravitational “clumping” of matter. The Weyl curvature hypothesis states
that gravitational entropy is related to the Weyl tensor, a measure of a spacetime’s intrin-
sic curvature, and that this tensor vanishes near the Big Bang. Hence the maximal initial
level of matter entropy in quiescent cosmology poses no problem to the second law, since
the Weyl curvature hypothesis implies that the total entropy can still increase with time
from a minimal initial level.

For a cosmological model to be compatible with quiescent cosmology and the Weyl
curvature hypothesis (QC–WCH), it must exhibit isotropy, homogeneity and minimal
gravitational entropy near its past singularity — at least in an approximate sense. The
isotropic and entropic constraints are formalised in the definition of an isotropic past sin-
gularity (IPS), introduced by Goode and Wainwright [18] in 1985. Briefly, a spacetime
admits an IPS if there exists a conformal (i.e. angle-preserving) transformation relating it
to an unphysical counterpart that is regular at the time of the singularity (see Figure 1.1).
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Figure 1.2: Schematic representation of an exactly self-similar cosmological model, with one spa-
tial dimension suppressed. The spacelike hypersurfaces are similar to one another at all times.

The feasibility of the IPS as a preliminary framework for QC–WCH has been investigated
with promising results, e.g. the possibility of explaining and modelling the formation of
galaxies in the Universe [19].

A further implication of the Weyl curvature hypothesis is that the Universe evolves
towards anisotropy and inhomogeneity, since the clumpiness of matter increases with
time. Hence a full framework for QC–WCH must also be able to describe cosmological
models that exhibit anisotropy, inhomogeneity and maximal gravitational entropy near
their future states. In 2009, Höhn and Scott [20] extended the conformal framework of
the IPS to introduce definitions for an anisotropic future endless universe (AFEU) and an
anisotropic future singularity (AFS), along with their isotropic counterparts. A spacetime
that admits an AFEU or AFS is thought to be compatible with the isotropic and entropic
constraints of QC–WCH (further research in this area is ongoing). These new definitions,
taken together with the IPS, are the leading candidate for a framework to put the ideas
of Barrow and Penrose on firm mathematical footing.

Self-similarity in the conformal framework

To facilitate the study of cosmological models in the context of QC–WCH, it is desirable
to fit other common properties of spacetimes into the conformal framework. Incorpo-
rating the property known as self-similarity is the focus of this thesis. In classical hydro-
dynamics, self-similarity is precisely the notion of scale invariance with time, and often
allows simplification of the governing partial differential equations to ordinary ones [21].
Since the Universe is modelled as an expanding fluid in relativistic cosmology, it might
conceivably be self-similar during some phase of its evolution (see Figure 1.2); as such,
standard techniques for deriving and analysing self-similar solutions are both applicable
and relevant to the EFE. This fact was first realised in 1971 by Cahill and Taub [22], who
used it to characterise spherically symmetric self-similar spacetimes.

Self-similarity in cosmological models has since been investigated in considerable
breadth and depth. Many exactly self-similar solutions have been found or identified
(e.g. a restricted subclass of the flat FLRW models). These solutions play a central role
in the dynamical systems approach to cosmology, which primarily uses the assumption of
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exact homogeneity to reduce the EFE to a system of ordinary differential equations in
time. The dynamical systems approach is able to qualitatively describe the evolution of
homogeneous cosmological models, a large class of which turn out to be approximated
by exactly self-similar solutions at early, intermediate or late times [21]. Solutions that are
nearly self-similar at early or late times are said to exhibit asymptotic self-similarity; they
are of particular interest for the purposes of this thesis, since the conformal framework of
QC–WCH deals with cosmological models in those regimes.

The most prominent obstacle to fitting self-similarity into the conformal framework
is definitional in nature. While exact self-similarity has several adaptable and equiva-
lent definitions in the literature, the existing definition for asymptotic self-similarity only
makes sense in the dynamical systems approach. It is not immediately generalisable to
the conformal framework, due to the restrictive assumption of homogeneity and the dis-
parate nature of the two approaches. Formulating a definition that is compatible with the
conformal framework and a majority — if not all — of the dynamical systems results is a
difficult but not prohibitive problem. A number of candidate definitions are proposed
and tested in this thesis.

With an adequate working definition of asymptotic self-similarity, the relationships
between isotropy, homogeneity and self-similarity may be thoroughly explored in the
early and late regimes. In particular, it is important to ascertain if and how these proper-
ties are connected, or alternatively to prove their mutual independence. Another interest-
ing line of enquiry is whether the conformal transformations in the framework preserve
exact and/or asymptotic self-similarity. Such questions are addressed in this thesis; it is
hoped that their resolution will strengthen the existing conformal framework, paving the
way for further research on the combined theory of QC–WCH.

1.1 Chapter outline

The central concepts in this chapter are formally expanded upon in Chapter 2, which
lends a degree of self-containment to this thesis by providing a short summary of the
technical background requisite for its purposes. Specifically, we give a more detailed
introduction to the conformal framework of QC–WCH and the spacetime property of
exact self-similarity, and highlight the need for a refined definition of asymptotic self-
similarity by examining existing interpretations in the literature.

A heuristic approach to the development of said definition is adopted in Chapter 3.
We shortlist and discuss three candidate definitions of asymptotic self-similarity, before
settling on one that promises compatibility with both the conformal framework and the
dynamical systems approach. Several example cosmological models are analysed under
the preliminary definition, and the findings from this investigation are used to guide our
formulation of the eventual working definition.

With a suitable definition of asymptotic self-similarity in hand, Chapter 4 moves on
to the primary task of integrating self-similarity into the conformal framework of QC–
WCH. The translation of self-similarity under conformal transformations is explored,
along with its relationship to other symmetry-related spacetime properties. We also con-
sider additional example models that have been studied in the conformal framework.

Finally, Chapter 5 recapitulates the key results obtained in this thesis, and presents
possible avenues of future study that arise from various issues and open problems iden-
tified during the course of our research.
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1.2 Preliminaries

Readers are assumed to have at least a rudimentary knowledge of differential geometry,
general relativity and relativistic cosmology. Influential treatments of these subjects have
been given by Ellis and Hawking [1, 23], and serve as the backdrop to this thesis. The
material presented here builds on ideas and results introduced in an earlier thesis by Cain
[24], but otherwise stands on its own.

1.2.1 Conventions

• Latin indices run from 0 to 3, while Greek indices run from 1 to 3.

• The Einstein summation convention applies only to lower–upper pairs of indices.
Hence XµY

µ = X1Y
1 +X2Y

2 +X3Y
3, while XµYµ = (X1Y1, X2Y2, X3Y3).

• The metric signature is (−,+,+,+).

• The sign convention for the Riemann and Ricci tensors is Rab = Rcacb.

• Partial derivatives are denoted by commas, covariant derivatives with respect to a
physical metric are denoted by semicolons, and covariant derivatives with respect
to an unphysical metric are denoted by colons.

• Symmetrisation is denoted by round brackets, e.g.

T(ab) =
1

2
(Tab + Tba) . (1.1)

Skew-symmetrisation is denoted by square brackets, e.g.

T[abc] =
1

6
(Tabc + Tcab + Tbca + Tacb − Tbac − Tcba) . (1.2)

• Geometrised units such that c = 8πG = 1 are used, where c is the speed of light in
vacuum and G is the gravitational constant.

• We write f(t) = O(g(t)) as t→ t0 if there exists K > 0 such that

lim
t→t0

∣∣∣∣f (t)

g (t)

∣∣∣∣ ≤ K. (1.3)

We write f(t) = o(g(t)) as t→ t0 if

lim
t→t0

f (t)

g (t)
= 0. (1.4)

We write f(t) ∼ g(t) as t→ t0 if

lim
t→t0

f (t)

g (t)
= 1. (1.5)
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1.2.2 Abbreviations

AFEU Anisotropic future endless universe (Def. 2.9a)
AFS Anisotropic future singularity (Def. 2.10a)

AHVF Asymptotically homothetic vector field (Def. 3.4)
CKVF Conformal Killing vector field (Eq. (2.18))
EFE Einstein field equations (Eq. (2.2))
FIU Future isotropic universe (Def. 2.8a)

FLRW Friedmann–Lemaı̂tre–Robertson–Walker
HVF Homothetic vector field (Eq. (2.18))
IFS Isotropic future singularity (Def. 2.7a)
IPS Isotropic past singularity (Def. 2.6a)

KVF Killing vector field (Eq. (2.8))
QC–WCH Quiescent cosmology and the Weyl curvature hypothesis

Table 1.1: Glossary of abbreviations.
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Chapter 2

Background

In this chapter, we give an overview of the background required to integrate the concept
of self-similarity into the conformal framework of quiescent cosmology and the Weyl cur-
vature hypothesis. Section 2.1 is a brief introduction to spacetime and its symmetry prop-
erties, as well as the fundamentally important Friedmann–Lemaı̂tre–Robertson–Walker
models. Past and future states in the conformal framework are defined and discussed in
Section 2.2, while Section 2.3 introduces self-similarity and identifies differing notions of
asymptotic self-similarity in the literature.

2.1 Introduction to relativistic cosmology

With its roots in Einstein’s general theory of relativity, the mathematical framework of
modern cosmology has been extensively developed over the past century. As such, a
short primer on the subject is necessary for this thesis, but can by no means be exhaus-
tive. Unless otherwise cited, the material in this section is summarised and adapted from
expositions by Ellis et al. [1, 23, 25, 26, 27]. Formulae for various canonical curvature and
kinematic quantities are relegated to Appendix A.

2.1.1 Formalism

In general relativity, the collection of all events in space and time is known as spacetime.
It can be modelled mathematically as a topological space, equipped with additional struc-
ture that allows the definition of geometric notions and causal relationships on the space.

Definition 2.1 (Spacetime): A spacetime (M,g) is a four-dimensional smooth manifold
M that is connected and Hausdorff, along with a nondegenerate C2 Lorentzian metric
tensor g onM.

The manifold M essentially comprises one temporal and three spatial dimensions,
and locally resembles Euclidean space R4 in that it can be covered by coordinate patches.
More precisely, there exists a collection of injective maps ϕi : Ui → R4 where

⋃
i Ui =M.

Calculus may be performed sinceM is smooth, i.e. the maps ϕi ◦ ϕ−1
j (when they exist)

are of class C∞, or infinitely differentiable, in the Euclidean sense. The connected and
Hausdorff conditions are more technical: the former is imposed since we would have no
knowledge of any disconnected component of the Universe, while the latter rules out
certain pathological behaviour.

9



10 Background

The metric g is a symmetric tensor field of type (0, 2) onM; it generalises the notion
of an inner product on the tangent space at each point p ∈ M, and may be described in
local coordinates (xa) by g = gabdx

a ⊗ dxb (or, for brevity, the tensor components gab).
Since g is nondegenerate, continuous and Lorentzian, the matrix [gab] of components is
invertible, while the signs of its eigenvalues at any p ∈M are given by (−,+,+,+).

A considerable amount of structure onM is added by the specification of g. For exam-
ple, g defines a unique covariant derivative (a generalisation of the directional derivative)
∇ on M, by requiring that ∇g in the direction of any vector field on M is everywhere
zero. We use said covariant derivative in this thesis (see (A.3)), and write

gab;c = 0 (2.1)

in local coordinates (where the semicolon denotes covariant differentiation). Also, since g
is the analogue of an inner product onM, it defines angles and lengths in similar fashion.
Hence the metric g is often synonymous with its associated line element ds2 = gabdx

adxb,
which represents the infinitesimal length determined by the coordinate displacement
xa → xa + dxa. Finally, the Lorentzian requirement on g defines a causal structure onM,
with a vector field X onM classified respectively as timelike, null (lightlike) or spacelike
if g(X,X) is everywhere negative, zero or positive. This allows, among other things, the
definition of a cosmic time function.

Definition 2.2 (Cosmic time function): A cosmic time function T on a spacetime
(M,g) is a smooth function on M whose gradient ∇T is everywhere timelike and
future-directed.

In other words, T increases into the spacetime’s designated future with g(∇T,∇T ) < 0;
we also impose smoothness on T here, in accordance with several definitions in the
literature that use cosmic time functions. A spacetime admits a cosmic time function if
and only if it is stably causal (admits no closed timelike curves) [28], and so we restrict
our study in this thesis to such spacetimes. The existence of T on (M,g) allows M
to be foliated into three-dimensional spacelike “slices” of constant T , such that local
coordinates (T, xµ) may be chosen with T as coordinate time.

A spacetime may be extended to a cosmological model of a universe, by specifying a
collection of world lines for fundamental observers in the spacetime. This is made precise
in the following definition.

Definition 2.3 (Cosmological model): A cosmological model (M,g,u) is a spacetime
(M,g), along with a timelike C2 unit vector field u on M that generates a congruence
with somewhere positive expansion.

The fundamental four-velocity field u satisfies g(u,u) = −1, and is nowhere zero
on M since it generates a congruence, i.e. a collection of integral curves. Kinematic
quantities such as expansion θ, shear σ and vorticity ω may be defined for a spacetime
via the specification of u (see (A.11)–(A.17)). As the Universe is expanding, the definition
of a cosmological model excludes spacetimes where θ is everywhere zero/negative
(e.g. Minkowski space, the spacetime of special relativity). We note, however, that the
distinction between Definitions 2.1 and 2.3 might be blurred in this thesis: most of the
spacetimes studied are cosmological models, while u is not always required for the
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Matter content Equation of state γ

Vacuum energy p = −µ 0

Dust p = 0 1

Radiation p = (1/3)µ 4/3

Stiff fluid p = µ 2

Table 2.1: Equations of state for common types of perfect fluids.

analysis. This is also the case in the cosmological literature, where the terms space(time),
(cosmological) model, cosmology and universe are often used interchangeably.

General relativity’s central assumption is that the geometry of a spacetime interacts
with its matter content, which is represented by the stress–energy tensors Ti of the mat-
ter components Mi, and that this interaction is governed by the Einstein field equations
(EFE). In geometrised units such that c = 8πG = 1, and with the cosmological constant
term treated as a matter component MΛ, the EFE are written in local coordinates as

Rab −
1

2
Rgab = Tab, (2.2)

where Rab and R are derived from the Riemann tensor describing spacetime curvature
(see (A.5)–(A.7)), and T =

∑
iTi.

In practice, the form of T (or each Ti) may be restricted by making assumptions on
the matter content. The simplest one is that there is no matter at all, in which case Tab = 0,
and the EFE reduce via contraction to the vacuum field equations

Rab = 0. (2.3)

Another possible assumption is that the matter is a non-tilted γ-law perfect fluid (hence-
forth perfect fluid), whose four-velocity field is the fundamental four-velocity field u. Its
stress–energy tensor is given by

Tab = µuaub + p (gab + uaub) , (2.4)

where the energy density µ and pressure p are related by a γ-law equation of state

p = (γ − 1)µ. (2.5)

Table 2.1 gives the values of γ for common types of perfect fluids: vacuum energy, which
corresponds to a nonzero cosmological constant Λ = µ; dust (or nonrelativistic matter);
radiation (or relativistic matter); and stiff fluids, in which the speed of sound is the speed
of light [16]. We note that all the examples studied in this thesis are either vacuum or
perfect fluid spacetimes.

As the Riemann tensor Rabcd and its various traces can be expressed in terms of the
metric gab and its derivatives, it is seen from (2.2)–(2.4) that the EFE is a system of 16
partial differential equations for the metric components (in the case of perfect fluids, u
must be specified first). Ten of these are distinct, since the tensors in (2.2) are symmetric.
Furthermore, contracting the Bianchi identities

Rab[cd;e] = 0 (2.6)
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twice and substituting (2.2) into the result yields the four conservation equations

T ab ;b = 0, (2.7)

which express the local conservation of energy and momentum — and reduce the EFE to
six independent equations. In relativistic cosmology, all valid models are exact solutions
to these six equations with appropriate boundary conditions; regardless of whether the
metric is known explicitly or studied implicitly, the dynamical evolution of such models
is fully compatible with the EFE.

2.1.2 Spacetime symmetries

As mentioned in the discussion following Definition 2.2, a spacetime (M,g) may be foli-
ated into spacelike hypersurfaces ST ⊂ M of constant T . In this thesis, the cosmic time
function is constructed such that T = 0 corresponds to a cosmological past/future state
(which is either a singularity or an endless universe). We note here that S0 is contained
not inM but in its boundary ∂M, and may be defined as a spacelike slice of some un-
physical extended manifold M̃ ⊃ M (equipped with some metric g̃ that is conformally
related to g onM). The concepts of isotropy and homogeneity introduced in Chapter 1
are now made precise [2].

Definition 2.4 (Spatial isotropy): A spacetime (M,g) is spatially isotropic at a point
p ∈ ST ⊂M if, for any two unit tangent vectors v, w ∈ TpST , there exists an isometry φ on
the spacelike hypersurface ST such that φ∗p(v) = w. If the spacetime is spatially isotropic
at each p ∈ ST , it is spatially isotropic on ST . If the spacetime is spatially isotropic on
each ST ⊂M, it is spatially isotropic.

Definition 2.5 (Spatial homogeneity): A spacetime (M,g) is spatially homogeneous
on a spacelike hypersurface ST ⊂ M if, for any two points p, q ∈ ST , there exists an
isometry φ on ST such that φ(p) = q. If the spacetime is spatially homogeneous on each
ST ⊂M, it is spatially homogeneous.

An isometry is a smooth, invertible map of a manifold into itself that leaves the
equipped metric invariant. In Definitions 2.4 and 2.5, φ is defined on the submanifold ST
with the restricted metric g|ST such that φ∗(g|ST ) = g|ST , where φ∗ : T ST → T ST is the
differential (or pushforward) of φ. An isotropic spacetime is necessarily homogeneous
since, for each spacelike slice, isotropy everywhere implies homogeneity.

While useful for intuitive purposes, Definitions 2.4 and 2.5 are not particularly
tractable. Equivalent formulations of isotropy and homogeneity for a spacetime (M,g)

may be obtained via its r-dimensional isometry group Gr, which is the Lie group formed
from the set of all isometries on (M,g). Each one-dimensional subgroup of Gr deter-
mines a collection of curves whose tangent field is known as a Killing vector field (KVF);
conversely, each KVF generates a one-parameter group of isometries. The set of all KVFs
K on M is the solution space to LKg = 0 (where L denotes the Lie derivative, an-
other generalisation of the directional derivative on a manifold). In local coordinates
(see (A.4)), this gives the Killing equation

K(a;b) = 0, (2.8)
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Spacetime(s) d s r

Minkowski 6 4 10

Einstein 3 4 7

FLRW 3 3 6

Kantowski–Sachs 1 3 4

Bianchi 0, 1, 3 3 3, 4, 6

G2 0 2 2

Szekeres 0 0 0

Table 2.2: Isometry-based classification for common types of spacetimes.

which may be solved completely to recover information on the isometry group —
specifically, the orbits of points inM under the action of Gr. The s-dimensional (s < r)
orbit of a point p ∈ M is the set of points into which p is mapped when all elements of
Gr act on it; this also determines the d-dimensional (d = r − s) isotropy subgroup of p.
SinceM is four-dimensional, we have 0 ≤ r ≤ 10 and 0 ≤ s ≤ 4.

Now, a spacetime (M,g) is homogeneous (in the sense of Definition 2.5) if s ≥ 3,
where the orbits are the spacelike hypersurfaces ST for s = 3. It is also isotropic (in
the sense of Definition 2.4) if d ≥ 3. Various other types of spacetimes may be located
within an isometry-based classification (see Table 2.2). One such class comprises the
Bianchi cosmologies, which are homogeneous models that admit an isometry (sub)group
G3 ⊆ Gr acting transitively on the spacelike hypersurfaces. The three-dimensional Lie
algebra associated with G3 has a KVF basis {Kµ}, relative to which the Lie bracket may
be expanded such that [Kµ,Kν ] = CρµνKρ. These structure constants Cρµν allow further
classification of the Bianchi models. Spacetimes with Bianchi representations include a
subclass of the Friedmann–Lemaı̂tre–Robertson–Walker (FLRW) models, which are in-
troduced in Chapter 1 and elaborated upon in the following section.

2.1.3 FLRW models

The FLRW models are characterised by the most general metric describing an isotropic
and homogeneous spacetime. In curvature-normalised coordinates, the line element as-
sociated with this metric is given by

ds2 = −dt2 + a2 (t)
(
dχ2 + f2

k (χ)
(
dθ2 + sin2 θ dφ2

))
,

fk (χ) =
sin
√
k χ√
k

=


sinχ, k = 1,

χ, k = 0,

sinhχ, k = −1,

(2.9)

where the scale factor a is arbitrary up to consistency with the EFE. The fundamental
four-velocity field is then given by u = ∂/∂t.

Following the sign of k in (2.9), the spacelike hypersurfaces St of an FLRW model have
uniform positive/zero/negative curvature. The first case corresponds to closed elliptic
spaces S3, the second to flat Euclidean spaces R3, and the third to open hyperbolic spaces
H3. Coordinate domains for k = 0,−1 are t, χ ∈ (0,∞), θ ∈ (0, π) and φ ∈ (0, 2π), while
the only difference for k = 1 is χ ∈ (0, 2π). Other common incarnations of the FLRW line
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element are the reduced-circumference form

ds2 = −dt2 + a2 (t)

(
dr2

1− kr2
+ r2

(
dθ2 + sin2 θ dφ2

))
, (2.10)

which is obtained from (2.9) via the coordinate transformation r = fk(χ), and the
isotropic form [29]

ds2 = −dt2 +
a2 (t)(

1 + 1
4kρ

2
)2 (dρ2 + ρ2

(
dθ2 + sin2 θ dφ2

))
, (2.11)

which is obtained from (2.9) via the coordinate transformation ρ = 2 tan ((1/2)
√
k χ)/

√
k.

We note here that (2.9) encompasses line elements for some special spacetimes that
are technically FLRW, e.g. Minkowski space (a(t) = 1 and k = 0), the Milne universe
(a(t) = t and k = −1), the Einstein static universe (a(t) = 1 and k = 1), and the de Sitter
universe (a(t) = exp (

√
(1/3)Λ t) and k = 0). For the purposes of this thesis, however, we

exclude such spacetimes from the FLRW label, and focus on models with a single perfect
fluid component where γ ∈ (0, 2]. Our FLRW models are also required to be expanding
in some epoch, which rules out certain time-reversed variants.

For a single-component perfect fluid FLRW model, the EFE reduce to a system of two
ordinary differential equations in time; these are the Friedmann equations

ä

a
= −1

6
(3γ − 2)µ, (2.12)

(
ȧ

a

)2

=
1

3
µ− k

a2
, (2.13)

which may be solved exactly (for a and/or µ) by specifying γ, k and appropriate initial
conditions. It is convenient to define here the Hubble parameter

H =
ȧ

a
, (2.14)

which measures the expansion rate of the universe, and the deceleration parameter

q = − äa
ȧ2

= −

(
1 +

Ḣ

H2

)
, (2.15)

which measures whether the expansion is speeding up or slowing down. Furthermore,
we note that

H =
1

3
θ, (2.16)

where the expansion θ is determined by u. Equation (2.16) defines a generalised Hubble
parameter for non-FLRW models, which in turn defines a generalised scale factor and
deceleration parameter via (2.14) and (2.15) respectively.

The high degree of symmetry in the FLRW models leads to strong restrictions on their
kinematic quantities; in particular, these models are shear-free (σ = 0) and irrotational
(ω = 0). They also have an everywhere zero Weyl tensor, which indicates their incom-
patibility with the Weyl curvature hypothesis (see Section 2.2). Finally, as mentioned in
Section 2.1.2, the single-component perfect fluid FLRW models admit Bianchi represen-
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tations: the closed models are Bianchi IX, the flat models are Bianchi I/VII0, and the open
models are Bianchi V/VIIh. It is useful to locate the FLRW models within the Bianchi
classification, since Bianchi cosmologies play a central role in the dynamical systems ap-
proach to cosmology (see Section 2.3.2.2), which in turn provides many examples and
results that guide the search for a definition of asymptotic self-similarity in Chapter 3.

2.2 Conformal framework of QC–WCH

Quiescent cosmology is the idea that the Universe is approximately FLRW (i.e. highly
isotropic and homogeneous) near the Big Bang; the Weyl curvature hypothesis offers
thermodynamic justification for this via the concept of gravitational entropy. Hence a
cosmological model that is compatible with quiescent cosmology and the Weyl curva-
ture hypothesis (QC–WCH) must exhibit isotropy and minimal gravitational entropy in
the past (which is taken to be a singularity), and tend towards anisotropy and maximal
gravitational entropy in the future. The past constraints are captured in the definition of
an isotropic singularity, while a set of future state definitions has been formulated in an
attempt to accommodate the future constraints.

2.2.1 Isotropic singularities

The following definition of an isotropic (past) singularity is due to Goode and Wain-
wright [18, 19], with some technical amendments by Scott [30, 31].

Definition 2.6a (Isotropic past singularity): A spacetime (M,g) admits an isotropic
past singularity (IPS) if there exists a spacetime (M̃, g̃), a cosmic time function T on
(M̃, g̃), and a conformal factor Ω(T ) such that:

1. M is the open submanifold T > 0;

2. g = Ω2g̃ onM, with g̃ regular (at least C2 and nondegenerate) on an open neigh-
bourhood of T = 0;

3. Ω(0) = 0, and ∃ c > 0 such that Ω ∈ C0[0, c] ∩ C2(0, c] and Ω > 0;

4. L0 := limT→0+ L(T ) exists and L0 6= 1, where L := Ω′′Ω/Ω′2.

Essentially, the physical spacetime (M,g) is conformally related to an unphysical coun-
terpart (M̃, g̃), in which S0 is a regular spacelike hypersurface known as an IPS. The
singularity in (M,g) that corresponds to S0 arises solely due to the vanishing of the con-
formal factor Ω for T = 0. When applying Definition 2.6a in the cosmological context,
however, the behaviour of the fundamental four-velocity field u (equivalently, the time-
like congruence it generates) near the singularity must also be considered [18].

Definition 2.6b (IPS fluid congruence): With any timelike unit vector field u on (M,g),
we may associate a timelike unit vector field ũ on (M̃, g̃) such that ũ = Ωu onM. The
vector field u is regular at the IPS if ũ is regular (at least C2) on an open neighbourhood
of T = 0. It is also orthogonal to the IPS if ũ is orthogonal to T = 0.
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Now, it is not obvious from Definitions 2.6 how the admission of an IPS charac-
terises an (asymptotically) isotropic cosmological model, in the sense of Definition
2.4. To show this, it is necessary to consider various isotropy-related curvature and
kinematic quantities that provide different measures of a model’s isotropy. Specifically,
we have Weyl isotropy (where the Weyl tensor Cabcd is everywhere zero), Ricci isotropy
relative to u (where the anisotropic parts Σa and Σ b

a of the Ricci tensor relative to u are
everywhere zero), and kinematic isotropy relative to u (where the shear σ, vorticity ω

and acceleration vector u̇a are everywhere zero) [18]. As mentioned in Chapter 1, the
Weyl tensor is also directly associated with gravitational entropy. Formulae for these
quantities are given in Appendix A.

In general, all curvature and kinematic quantities might diverge at the singularity; for
an asymptotic notion of isotropy (and low gravitational entropy), it is sufficient to require
that Cabcd and the other quantities are dominated respectively by the Ricci tensorRab and
the expansion θ. Hence a cosmological model that admits an IPS also exhibits isotropy
and minimal gravitational entropy near its singularity, in the sense that

lim
T→0+

CabcdC
abcd

RabRab
= lim

T→0+

ΣaΣ
a

θ4
= lim

T→0+

ΣabΣ
ab

θ4

= lim
T→0+

σ2

θ2
= lim

T→0+

ω2

θ2
= lim

T→0+

u̇au̇
a

θ2
= 0 (2.17)

for a fundamental four-velocity field u that is orthogonal to the IPS [18]. In this thesis, we
study models that admit an IPS at which u is regular — in which case u may be chosen
as orthogonal to the IPS, since a hypersurface-orthogonal congruence always exists.

Many general and model-specific results regarding isotropic singularities have been
derived by Scott and Ericksson [32, 33, 34, 35]. For example, vacuum spacetimes do not
admit an IPS; neither do shear-free, perfect fluid models that are not FLRW. Interestingly,
while FLRW models might be expected to admit an IPS on account of their isotropy,
only those that are initially decelerating (limT→0+ q ∈ (0,∞)) actually do so. Another
example that admits an IPS is a radiation-filled universe in the Kantowski–Sachs class of
homogeneous but anisotropic non-Bianchi models (see Section 4.2.2.2). Finally, we note
that Definitions 2.6 are generalisable to a time-symmetric form: this defines an isotropic
singularity in the future, and is detailed in the following section.

2.2.2 Future states

The conformal framework of the IPS offers a powerful method of modelling the Universe
at early times, as the singular behaviour at T = 0 may be “removed” via the conformal
transformation. An attempt to extend this method to late times has been made by Höhn
and Scott [20, 36, 37, 38], who have defined and studied four possible future states for the
Universe. Two of these are isotropic in nature and incompatible with the Weyl curvature
hypothesis, but have been included for completeness. The first is simply a time-reversed
analogue of the IPS, and describes a spacetime that collapses to a singularity in a highly
isotropic manner.

Definition 2.7a (Isotropic future singularity): A spacetime (M,g) admits an isotropic
future singularity (IFS) if there exists a spacetime (M,g), a cosmic time function T on
(M,g), and a conformal factor Ω(T ) such that:
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1. M is the open submanifold T < 0;

2. g = Ω2g onM, with g regular (at least C2 and nondegenerate) on an open neigh-
bourhood of T = 0;

3. Ω(0) = 0, and ∃ c > 0 such that Ω ∈ C0[−c, 0] ∩ C2[−c, 0) and Ω > 0;

4. L0 := limT→0− L(T ) exists and L0 6= 1, where L := Ω′′Ω/Ω′2.

The main difference from Definition 2.6a is that T < 0 and approaches zero (the future
singularity) from below. As an added distinction, the unphysical manifold and metric
are denoted with bars instead of tildes; this convention may be extended to all quantities
defined on M̃ andM if clarity is necessary, although past and future states are analysed
separately in this thesis (as they are, in principle, completely independent). The second
isotropic future state is defined in similar fashion to the IFS, and corresponds to a space-
time that expands forever in a highly isotropic manner.

Definition 2.8a (Future isotropic universe): A spacetime (M,g) admits a future
isotropic universe (FIU) if there exists a spacetime (M,g), a cosmic time function T on
(M,g), and a conformal factor Ω(T ) such that:

1. M is the open submanifold T < 0;

2. g = Ω2g onM, with g regular (at least C2 and nondegenerate) on an open neigh-
bourhood of T = 0;

3. limT→0− Ω =∞, and ∃ c > 0 such that Ω ∈ C2[−c, 0) and Ω > 0 is strictly increasing
on [−c, 0);

4. L0 := limT→0− L(T ) exists and L0 6= 1, 2, where L := Ω′′Ω/Ω′2 and L ∈ C0[−c, 0).

As intuition might suggest, an FIU essentially differs from an IFS in that the conformal
factor Ω increases strictly and without bound as T → 0− (since the physical metric g is
expected to blow up in an ever-expanding spacetime, instead of becoming degenerate
as at a singularity). For cosmological models, the regularity/orthogonality of a timelike
congruence at these isotropic future states must also be defined. This is done exactly as
in Definition 2.6b [20].

Definition 2.7b/2.8b (IFS/FIU fluid congruence): With any timelike unit vector field u

on (M,g), we may associate a timelike unit vector field u on (M,g) such that u = Ωu

onM. The vector field u is regular at the IFS/FIU if u is regular (at least C2) on an open
neighbourhood of T = 0. It is also orthogonal to the IFS/FIU if u is orthogonal to T = 0.

As with the IPS, we focus on models that admit an IFS/FIU at which u is regular.
Isotropic future states are appropriately named, as cosmological models that admit
them exhibit Weyl isotropy and kinematic isotropy relative to u in the asymptotic sense
of (2.17) [20]. Possible future states for the FLRW models have been studied in detail
by Threlfall [39]: only models that are eventually decelerating (limT→0− q ∈ (0,∞))
admit an IFS, while only those that are eventually accelerating with a divergent scale
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factor (limT→0− q ∈ (−∞, 0) and limT→0− a = ∞) admit an FIU. Hence there is an entire
subclass of FLRW models that admit neither an IFS nor an FIU, even though they are
isotropic in the usual sense. We return to these in the context of anisotropic future states
(and the corresponding timelike congruences), whose definitions follow.

Definition 2.9a (Anisotropic future endless universe): A spacetime (M,g) admits an
anisotropic future endless universe (AFEU) if there exists an extended manifoldM⊃M,
a symmetric C0 tensor field g of type (0, 2) onM, a cosmic time function T on (M,g),
and a conformal factor Ω(T ) such that:

1. M is the open submanifold T < 0;

2. g = Ω2g onM, with g at least C0 on an open neighbourhood of T = 0 and degen-
erate, but not causally degenerate, on T = 0;

3. limT→0− Ω =∞, and ∃ c > 0 such that Ω ∈ C2[−c, 0) and Ω > 0 is strictly increasing
on [−c, 0);

4. L0 := limT→0− L(T ) exists and L0 6= 1, where L := Ω′′Ω/Ω′2 and L ∈ C0[−c, 0);

5. limT→0− Ω6| detg | =∞.

Definition 2.10a (Anisotropic future singularity): A spacetime (M,g) admits an
anisotropic future singularity (AFS) if there exists an extended manifold M ⊃ M, a
symmetric C0 tensor field g of type (0, 2) onM, a cosmic time function T on (M,g), and
a conformal factor Ω(T ) such that:

1. M is the open submanifold T < 0;

2. g = Ω2g onM, with g at least C0 on an open neighbourhood of T = 0 and degen-
erate, but not causally degenerate, on T = 0;

3. limT→0− Ω =∞, and ∃ c > 0 such that Ω ∈ C2[−c, 0) and Ω > 0 is strictly increasing
on [−c, 0);

4. L0 := limT→0− L(T ) exists and L0 6= 1, where L := Ω′′Ω/Ω′2 and L ∈ C0[−c, 0);

5. limT→0− Ω8| detg | = 0.

Definition 2.9b/2.10b (AFEU/AFS fluid congruence): With any timelike unit vector
field u on (M,g), we may associate a timelike unit vector field u on (M,g) such that
u = Ωu on M. The vector field u is regular at the AFEU/AFS if u is regular (at least
C2) on an open neighbourhood of T = 0. It is also orthogonal to the AFEU/AFS if u is
orthogonal to T = 0.

Definition 2.9b/2.10b is analogous to Definition 2.7b/2.8b; again, we focus on mod-
els that admit an AFEU/AFS at which u is regular. A distinguishing feature of the
anisotropic future states is that the unphysical “metric” g must be degenerate on the
spacelike hypersurface S0 (but non-causally such that g(u,u) 6= 0 on S0), since any
regular choice of g leads inevitably to Weyl isotropy and kinematic isotropy relative to u

in the asymptotic sense of (2.17) [20]. The pair (M,g) is defined separately, as it does not
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strictly constitute a spacetime under the nondegeneracy requirement of Definition 2.1.
While the conformal factor Ω blows up for both anisotropic future states, the difference
between an AFEU and an AFS still lies in the unboundedness or degeneracy of the
physical metric g (which is reflected by the limiting behaviour of detg as T → 0−).

The anisotropic future states, with their degenerate conformal structures, are consid-
erably harder to study than their isotropic counterparts. Still, the continuity of g and as-
sumed regularity of u at S0 makes the unphysical spacetime in an AFEU-/AFS-admitting
model far more tractable than the physical one.

It is of concern, however, that some isotropic spacetimes (e.g. Minkowski space, or
the subclass of FLRW models that do not admit an IFS/FIU) have been shown to admit
an anisotropic future state [39]; this might necessitate a slight revision of the anisotropic
definitions to exclude exact isotropy and the admission of an isotropic future state. Fur-
thermore, models that admit an AFEU/AFS are not immediately compatible with the
Weyl curvature hypothesis, in that gravitational entropy (which may be measured by
the quotient CabcdCabcd/RabRab in (2.17)) might not be maximal at the future state [36].
Further research on these and other issues is ongoing.

2.3 Self-similarity in cosmology

Self-similar solutions in general relativity were first studied by Cahill and Taub [22]; these
correspond to spacetimes that are scale-invariant (usually with a time-dependent scale),
and are often straightforward to derive or analyse as the additional symmetry allows
simplification of the EFE. A cosmological model might be exactly self-similar, or only
approximately so in different epochs of its evolution. Following Eardley [40], we loosely
define asymptotic self-similarity here as the notion of approximate self-similarity at early
or late times, and seek a more precise working definition in Chapter 3.

Three other dichotomies for self-similarity in the context of general relativity have
been identified by Carr and Coley [21]. One of these distinguishes between continu-
ous self-similarity (in which all dimensionless quantities are preserved) and discrete self-
similarity (in which all dimensionless quantities repeat themselves on some spacetime
scale). Another makes the distinction between geometric self-similarity (of the spacetime
metric) and physical self-similarity (of the matter content), although the former implies
the latter for perfect fluid spacetimes. Finally, there are self-similar solutions that pos-
sess exact self-similarity or pass into the self-similar regime in a regular manner (self-
similarity of the first kind), and more general ones that do not (self-similarity of the sec-
ond kind). We restrict our study in this thesis to continuous, geometric self-similarity of
the first kind for vacuum and perfect fluid spacetimes.

2.3.1 Exact self-similarity

The isometry framework introduced in Section 2.1.2 may be expanded to include more
general symmetries of a spacetime (M,g), i.e. homothetic symmetries (also known as ho-
motheties or similarities) and conformal symmetries. A conformal symmetry preserves
the metric up to a general point-dependent scaling factor λ, which is constant in the case
of a similarity [41]. One-parameter groups of such symmetries are generated by C2 vec-
tor fields X onM that satisfy LXg = 2λg. In local coordinates, this gives the conformal
Killing equation

X(a;b) = λgab, (2.18)
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where the scaling factor λ 6= 0 is a C2 function on M and X is known as a conformal
Killing vector field (CKVF). If λ 6= 0 is a constant, (2.18) may be termed the homothetic
equation and X is known as a homothetic vector field (HVF). If λ = 0, the Killing equation
(2.8) is recovered and X is a KVF. Our focus in this section is on the homothetic equation,
since exactly self-similar spacetimes are characterised by the existence of an HVF.

While an isometry on a spacetime (M,g) leaves g invariant, a similarity on (M,g)

induces a constant scale transformation g → e2λg. We are concerned primarily with
nontrivial (λ 6= 0) similarities whose associated HVF has a nonzero timelike component.
Hence an exactly self-similar spacetime typically exhibits scale invariance with time, i.e.
the spacelike hypersurfaces ST are similar to one another at all times. For the exactly
self-similar spacetimes in this thesis, an important result due to Eardley [40] states that
the r-dimensional isometry group Gr of (M,g) is a subgroup of the (r + 1)-dimensional
similarity group Hr+1 (the set of all similarities on (M,g)). In other words, there exists
precisely one (up to a constant factor) HVF for an exactly self-similar spacetime.

Many specific examples of exact self-similarity are known, in that the spacetime met-
ric is given explicitly and admits an HVF. Two simple ones are presented here for future
reference. First we have the Milne universe, an expanding vacuum spacetime whose line
element is given by

ds2 = −dt2 + t2
(
dχ2 + sinh2 χ

(
dθ2 + sin2 θ dφ2

))
, (2.19)

i.e. (2.9) with a(t) = t and k = −1. This line element also describes a future-directed light
cone in Minkowski space, and may accordingly be cast as the Minkowski line element
(in spherical coordinates)

ds2 = −dt̃2 + dr2 + r2
(
dθ2 + sin2 θ dφ2

)
(2.20)

via the coordinate transformation

t̃ = t coshχ, r = t sinhχ. (2.21)

Another common form for the Milne line element is given by [42]

ds2 = −dt2 + t
2 (
dx2 + e2x

(
dy2 + dz2

))
, (2.22)

which may be obtained from the Minkowski line element (in Cartesian coordinates)

ds2 = −dt̃2 + du2 + dv2 + dw2 (2.23)

via the coordinate transformation

t = σ, x = ln

∣∣∣∣∣ t̃+ u

σ

∣∣∣∣∣ , y =
v

t̃+ u
, z =

w

t̃+ u
, (2.24)

where σ = (t̃2−u2− v2−w2)1/2. It is straightforward to verify from (2.18) and (2.19) that
the HVF for the Milne universe is given (in the coordinates of (2.19)) by

Xa = (t, 0, 0, 0) . (2.25)

The other example is the class of exactly self-similar Bianchi I cosmologies, whose line
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element is given by [42]

ds2 = −dt2 + t2p1dx2 + t2p2dy2 + t2p3dz2. (2.26)

These include as special cases the “circle” of Kasner vacuum solutions, where

p1 =
1

3
(1− 2 cosψ) , p2,3 =

1

3

(
1 + cosψ ±

√
3 sinψ

)
(2.27)

for ψ ∈ [0, 2π), and the flat FLRW models with γ ∈ (0, 2], where

p1 = p2 = p3 =
2

3γ
. (2.28)

In accordance with (2.9), the line element for the latter may also be written as

ds2 = −dt2 + t
4
3γ
(
dχ2 + χ2

(
dθ2 + sin2 θ dφ2

))
, (2.29)

i.e. a(t) = t2/(3γ) and k = 0. The HVF for these Bianchi I cosmologies is given by

Xa = (t, (1− p1)x, (1− p2) y, (1− p3) z) . (2.30)

The tractability of exactly self-similar solutions is such that all vacuum/perfect fluid
Bianchi cosmologies admitting an HVF (with nonzero timelike component) have already
been found, as proven by Hsu and Wainwright [43]. Furthermore, a Hamiltonian formu-
lation of the EFE has been used by Uggla [44] to systematically derive several classes of
inhomogeneous, exactly self-similar spacetimes. Research on exactly self-similar space-
times is actively ongoing, since such models are amenable to in-depth investigation and
also approximate a large variety of spacetimes, either at intermediate times or in the
asymptotic regime [45].

2.3.2 Asymptotic self-similarity

Three distinct notions of the term “asymptotic self-similarity” are identifiable in the lit-
erature, and it is not immediately clear if or how they are equivalent. We discuss these
approaches in general and with respect to the conformal framework of QC–WCH.

2.3.2.1 Spherically symmetric approach

Exact self-similarity in spherically symmetric spacetimes has been studied extensively,
due to the applicability and relative simplicity of such models. We note here that spher-
ical symmetry in the cosmological context is a property of the spacelike hypersurfaces,
and does not necessarily imply that the spacetime is isotropic. Analysis of spherically
symmetric, exactly self-similar spacetimes may be carried out in various coordinate sys-
tems; we focus on the comoving approach used by Carr and Coley [46, 47] to provide a
thorough classification of such spacetimes. The full method is fairly involved, and only
its main features are presented.

Following Cahill and Taub [22], the general line element for a spherically symmetric,
exactly self-similar spacetime may be written (in spherical coordinates) as

ds2 = −eα(z)dt2 + eβ(z)dr2 + S2 (z) r2
(
dθ2 + sin2 θ dφ2

)
, (2.31)
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where z = r/t is a dimensionless “similarity variable”, and the functions α, β and S are
arbitrary up to consistency with the EFE. For a perfect fluid spacetime, α and β may be
eliminated by introducing the function x (z) = ((1/2)µr2)−(γ−1)/γ and integrating the
conservation equations (2.7). This yields the line element

ds2 = −Cαx2z
4(γ−1)
γ dt2 + CβS

−4x
2

γ−1dr2 + S2r2
(
dθ2 + sin2 θ dφ2

)
, (2.32)

where Cα and Cβ are constants of integration.
The remaining EFE may be cast as a system of four ordinary differential equations in

ln |z| for S and x (i.e. Ṡ = zdS/dz), and analysed qualitatively using standard methods.
Three exactly self-similar solutions (which might be unphysical) are explicitly obtainable
for each value of γ; these are given by

S1 (z) = z
− 2

3γ , x1 (z) = z
− 2(γ−1)

γ , (2.33)

S2 (z) = S2,0z
−1, x2 (z) = x2,0z

− 2(γ−1)
γ , (2.34)

S3 (z) = S3,0, x3 (z) = x3,0, (2.35)

where the constants Si,0 and xi,0 depend on γ. Equations (2.33), (2.34) and (2.35) corre-
spond respectively to FLRW, Kantowski–Sachs and static spacetimes, although suitable
coordinate transformations are required in order to demonstrate this explicitly.

We now consider asymptotic solutions of the form

S (z) = Si (z) eA(z), x (z) = xi (z) eB(z), (2.36)

where Si and xi are given by (2.33)–(2.35), such that the governing equations for S and x
may be cast as ordinary differential equations in ln |z| for A and B. These solutions are
said to be asymptotically FLRW/Kantowski–Sachs/static, in the sense that they asymp-
tote to (2.33)–(2.35) as A,B → 0. Having been constructed from (2.31), however, they are
exactly self-similar as well. Hence “asymptotic self-similarity” in this context refers to the
existence of asymptotic relationships among spherically symmetric, exactly self-similar
spacetimes — and differs from the notion of asymptotic self-similarity that we are after.

2.3.2.2 Dynamical systems approach

As implied in Chapter 1, usage of the term “asymptotic self-similarity” is most prevalent
in a subfield of cosmology that employs general methods in dynamical systems theory to
deduce the qualitative behaviour of cosmological models. Application of such methods
to homogeneous models was initiated by Collins [48, 49], then developed extensively by
Wainwright, Hsu and Hewitt [50, 51, 52] in their comprehensive analysis of Bianchi cos-
mologies. The dynamical systems approach has been generalised (with limited success)
to inhomogeneous and anisotropic models with a G2 isometry group [53, 54, 55], and
more recently to fully inhomogeneous models that admit no isometries [56].

Central to the dynamical systems approach is the orthonormal frame formalism pio-
neered by Ellis and MacCallum [57, 58]. Instead of choosing the usual coordinate basis
{∂/∂xa} for a spacetime (M,g) such that

g

(
∂

∂xa
,
∂

∂xb

)
= gab, ds2 = gabdx

adxb, (2.37)
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we switch to an orthonormal basis {ea} that satisfies

g (ea, eb) = ηab, ds2 = ηabω
aωb, (2.38)

where [ηab] = diag (−1, 1, 1, 1) and {ωa} is the corresponding dual basis of one-forms.
Expanding the Lie bracket relative to {ea} such that [ea, eb] = γcabec yields the 24 inde-
pendent commutation functions γcab, and the Jacobi identities

[[ea, eb] , ec] + [[ec, ea] , eb] + [[eb, ec] , ea] = 0 (2.39)

may be written as
e[dγ

c
ab] − γ

c
e[dγ

e
ab] = 0. (2.40)

Equations (2.2), (2.7) and (2.40) essentially allow the EFE to be cast as a system of
first-order evolution equations for the commutation functions, as opposed to second-
order partial differential equations for the metric components. If a fundamental four-
velocity field u is specified, the commutation functions may be decomposed into various
geometric and kinematic variables (including the generalised Hubble parameter H), and
the EFE recast in terms of these variables.

For a homogeneous cosmological model (M,g,u), the vector field e0 is typically cho-
sen to be u = ∂/∂T , where T is a cosmic time function determined by u. The EFE
simplify to a system of first-order ordinary differential equations in T , which may be
analysed qualitatively using the methods of dynamical systems theory. If (M,g,u) is
further assumed to be exactly self-similar, the EFE become purely algebraic; this implies
that exactly self-similar models correspond to equilibrium points in the state space of the
system. The number of commutation function variables describing the state of a cosmo-
logical model is also reduced by the assumption of homogeneity. In the case of Bianchi
cosmologies, the state vector (x, H) is six-dimensional, i.e. it comprises three curvature
variables, two shear variables, and the expansion variable H .

Now, defining dimensionless time τ = ln |a/a0| (where a is the generalised scale fac-
tor) and five dimensionless, expansion-normalised variables y = x/H , it follows from
(2.14) and (2.15) (with ȧ = da/dT ) that

dT

dτ
=

1

H
, (2.41)

dH

dτ
= − (1 + q)H. (2.42)

Equation (2.42) gives the evolution of H , which is decoupled in that the evolution equa-
tions for y are an autonomous system of ordinary differential equations dy/dτ = f(y).
Hence the effects of expansion are essentially scaled away by this transformation to di-
mensionless variables, and the dynamical evolution of a Bianchi model may be analysed
in a five-dimensional state space.

The notion of asymptotic self-similarity in the dynamical systems approach follows
naturally from this framework: a cosmological model is asymptotically self-similar in
the past (future) if there exists a past (future) attractor for its dynamical evolution in
state space. Such attractors (i.e. equilibrium points where dy/dτ = 0) represent exactly
self-similar models in state space. For example, the open and closed FLRW models with
γ ∈ (2/3, 2] are asymptotically self-similar in the past to the corresponding flat FLRW
models; in the future, however, the open models approach the Milne universe while the
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Figure 2.1: Graph of dΩ/dτ against Ω for (2.48), with γ ∈ (2/3, 2]. All stable (solid) and unstable
(open) equilibrium points where dΩ/dτ = 0 have also been plotted.

closed models asymptote to the time-reversed, contracting flat “models” [59, 60].

These are the simplest results in the dynamical systems approach, as the state space
for the FLRW models is reduced to just one dimension by the high degree of symmetry.
The first three may be derived in a few short steps; a different analysis is required for
closed models in the future, since they recollapse and the expansion-normalised variables
diverge at the point of maximal expansion (H = 0). First we define the density parameter

Ω =
µ

3H2
, (2.43)

which allows (2.12) and (2.15) to be written jointly as

q =
1

2
(3γ − 2) Ω. (2.44)

From (2.13), (2.14) and (2.43), the value of Ω is related to the geometry of the model by

Ω > 1⇔ k = 1, Ω = 1⇔ k = 0, Ω < 1⇔ k = −1. (2.45)

Next, we eliminate a from the Friedmann equations (2.12) and (2.13) such that

µ̇ = −3Hγµ, (2.46)

which yields (via (2.41) and (2.42))

dΩ

dτ
= (2q − (3γ − 2)) Ω. (2.47)

Substituting (2.44) into (2.47), we arrive at

dΩ

dτ
= (3γ − 2) (Ω− 1) Ω, (2.48)

which describes the (expansion-normalised) dynamical evolution of a single-component
perfect fluid FLRW model in terms of its density. Equation (2.48) has an unstable equilib-
rium point at Ω = 1 and a stable one at Ω = 0 (see Figure 2.1). Hence the open and closed
models are asymptotically self-similar in the past to the flat models, and the open models
are asymptotically self-similar in the future to the Milne universe (which has Ω = 0 as it
is empty). We also note that all FLRW models with γ = 2/3 are exactly self-similar, since
they correspond to equilibrium points of (2.48) as well.
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Asymptotic self-similarity in the dynamical systems approach agrees with the notion
of approximate self-similarity at early and late times, but only up to the effects of ex-
pansion. This is not necessarily undesirable, as a similar caveat exists in the conformal
framework of QC–WCH: spacetimes that admit an isotropic past/future state are kine-
matically isotropic up to expansion effects as well (see (2.17)). There are some problems
with fitting the dynamical systems definition into the conformal framework, however.

Firstly, due to the difficulty of extending dynamical systems theory to systems of par-
tial differential equations such as the unsimplified EFE, the dynamical systems approach
is restricted mainly to homogeneous models for now. On the other hand, the conformal
framework is far more general as it focuses on the geometric properties of a given space-
time instead of its dynamical behaviour. Another obstacle is that the dynamical systems
definition for an asymptotically self-similar model depends on the existence of an ex-
actly self-similar counterpart for it to asymptote to; it is not immediately clear how this
is reflected in the properties of the asymptotic model itself. The definition of asymptotic
self-similarity that we are after is ideally an intrinsic one, since spacetimes are dealt with
individually in the conformal framework.

A successful generalisation of the dynamical systems definition to the conformal
framework is likely to use the fact that all dimensionless variables are preserved by the
flow of an HVF (see Section 3.1.3), and/or incorporate some form of normalisation with
respect to expansion (see Section 5.1). Even if such ideas are not adopted, it is still desir-
able for the eventual working definition to demonstrate good agreement with the numer-
ous asymptotic self-similarity results that exist within the dynamical systems approach.

2.3.2.3 Homothetic equation approach

Although exact self-similarity in a spacetime corresponds precisely to the existence of an
HVF, there have been no significant attempts in the literature to formulate a definition
of asymptotic self-similarity based on the homothetic equation, i.e. (2.18) with constant
λ 6= 0. However, Cain [24] explores a couple of ways in which this might be done.

The first approach is arguably the most natural, and involves searching for a solution
to the homothetic equation with an approximation to the metric at early or late times.
One example suited to this method is a Heckmann–Schücking dust universe, whose line
element is given by [40]

ds2 = −dt2 + t2p1 (t+ t0)
4
3
−2p1 dx2 + t2p2 (t+ t0)

4
3
−2p2 dy2 + t2p3 (t+ t0)

4
3
−2p3 dz2, (2.49)

where the exponents pi satisfy (2.27) and t0 > 0 is a constant. At early times, t → 0+

and (2.49) is approximated by the Kasner line element (2.26) (after rescaling each spatial
coordinate); at late times, t → ∞ and (2.49) is approximated by the flat FLRW line ele-
ment (2.29) with γ = 1 (in Cartesian coordinates). These line elements admit the HVF
(2.30) with pi given respectively by (2.27) and (2.28), which agrees with the fact that
the Heckmann–Schücking solutions are asymptotically self-similar in the past and future
within the dynamical systems approach [42].

On the other hand, this method contradicts the result in Section 2.3.2.2 that the open
and closed FLRW models with γ ∈ (2/3, 2] are asymptotically self-similar in the past. As
a specific example, the line element for the open radiation (γ = 4/3) model is given by

ds2 = −dt2 + (2C + t) t
(
dχ2 + sinh2 χ

(
dθ2 + sin2 θ dφ2

))
, (2.50)
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i.e. (2.9) with a(t) =
√

(2C + t)t and k = −1, where C =
√

(1/3)µa4 is a constant [2]. At
early times, t→ 0+ and we have

ds2 ∼ −dt2 + 2Ct
(
dχ2 + sinh2 χ

(
dθ2 + sin2 θ dφ2

))
, (2.51)

which fails to admit a solution to the homothetic equation.
The second approach appears slightly more general, in that an approximate solution

to the homothetic equation (with the exact metric) is sought instead. This is formalised
by Cain [24] as requiring the existence of a vector field H on a spacetime (M,g) such that

lim
T→0+(−)

(
H(a;b) − λgab

)
= 0, (2.52)

where the cosmic time function T → 0+(−) as the spacetime’s past (future) is approached,
and λ 6= 0 is a constant. Taking H = λX for the open radiation FLRW model (2.50), where

Xa =

(
t,

1

2
χ, 0, 0

)
(2.53)

is also the HVF (2.30) for the flat radiation model in spherical coordinates, the nonzero
components of the difference tensor Dab := H(a;b) − λgab are given by

D11 =
1

2
λt2, (2.54)

D22 = λ

(
1

2
t2χ coshχ+ Ct (χ coshχ− sinhχ)

)
sinhχ, (2.55)

D33 = λ

(
1

2
t2χ coshχ+ Ct (χ coshχ− sinhχ)

)
sinhχ sin2 θ. (2.56)

The terms in (2.54)–(2.56) clearly vanish in the limit as t→ 0+. Hence the open radiation
FLRW model is asymptotically self-similar in the past according to (2.52) with T = t,
which agrees with the dynamical systems result. Contrary to expectation, however, it is
not asymptotically self-similar in the future with the Milne HVF (2.25) in place of (2.53).
Furthermore, the Heckmann–Schücking solutions studied in the first approach are no
longer asymptotically self-similar in the future with the flat dust FLRW HVF (2.30).

Several problems exist in Cain’s [24] investigation of these candidate definitions for
asymptotic self-similarity. The most serious ones pertain to the second approach, i.e. the
attempt to formalise the notion of approximate self-similarity via the limit of a difference
of terms in (2.52). This is misguided on two counts.

Firstly, the time-dependent metric components gab typically vanish as a spacetime’s
past (singularity) is approached, and so the corresponding components of H(a;b) are also
required to vanish if (2.52) is to be satisfied. However, simply taking the limit of two
vanishing quantities is the wrong way of comparing their asymptotic behaviour, as it
disregards the rates at which they approach zero and permits trivial/degenerate equiva-
lence. For example, the tensor components (2.55) and (2.56) vanish as t→ 0+ if and only
if we neglect terms that are O(t), which essentially implies that the open radiation FLRW
model (2.50) is being considered in the degenerate regime (ds2 ∼ −dt2).

Secondly, the time-dependent metric components gab typically blow up as an ever-
expanding spacetime’s future is approached, and so the corresponding components of
H(a;b) are also required to blow up if (2.52) is to be satisfied. Hence the difference tensor
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Dab tends to blow up as well (e.g. the terms in (2.54)–(2.56) are unbounded as t → ∞),
and (2.52) will not be satisfied unlessH(a;b) = λgab to begin with, i.e. H is an HVF and the
spacetime is exactly self-similar. This explains the negative results for the open radiation
FLRW and Heckmann–Schücking models in the future.

A homothetic equation-based approach to a definition of asymptotic self-similarity is
worth developing, but some care is required since the difference between the two can-
didate approaches is more subtle than expected. The second type of definition is par-
ticularly promising, as it lends itself to generalisation by shifting the asymptotic process
into the homothetic equation. While these approaches might appear simplistic (much
of the spacetime’s dynamical information is not taken into account), they are far more
tractable than the dynamical systems approach; also, they narrow the notion of asymp-
totic self-similarity down to an intrinsic property of individual spacetimes, which is more
compatible with the conformal framework of QC–WCH.
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Chapter 3

Defining asymptotic self-similarity

In this chapter, we execute our strategy for formulating a definition of asymptotic self-
similarity that is compatible with the conformal framework and the set of dynamical
systems results. Section 3.1 introduces three candidate approaches that correspond to
distinct notions of asymptotic self-similarity, while building a case for developing the
homothetic equation approach in particular. Various examples from the set of dynamical
systems results are examined in Section 3.2 under this preliminary definition, with a view
to improving the eventual working definition that is formalised and discussed in Section
3.3. The chapter closes with a brief commentary in Section 3.4 on the difficulties that arise
with the definition, and the possible role of conformal Killing vector fields.

3.1 Candidate definitions

Motivated by the existing notions of asymptotic self-similarity in the literature, as well
as the discussion in Section 2.3.2 of their relevance to the conformal framework, three
preliminary definitions are formulated and presented here for further consideration.

3.1.1 Exact mapping approach

The first approach outlined in Section 2.3.2.3 has heuristic and practical merit due to its
intuitiveness and simplicity. Loosely, a spacetime (M,g) is said to be asymptotically self-
similar if it is exactly self-similar in an asymptotic regime. If a cosmic time function T is
defined such that T = 0 corresponds to the spacetime’s past/future state, the asymptotic
regime may be taken as an arbitrarily small open submanifold U ⊂ M whose boundary
∂U contains the spacelike hypersurface S0. This notion of asymptotic self-similarity is
then equivalent to the existence of an exact mapping between (U ,g|U ) and its counterpart
on some exactly self-similar spacetime, and is made precise in the following definition.

Definition 3.1 (Exact mapping approach): A spacetime (M,g) is asymptotically self-
similar to an exactly self-similar spacetime (M′,g′) in the past (future) if there exist cos-
mic time functions T on (M,g) and T ′ on (M′,g′) such that T, T ′ → 0+(−) respectively
as each spacetime’s past (future) is approached, open submanifolds U ⊂M and U ′ ⊂M′
such that T, T ′ = 0 are contained respectively in ∂U and ∂U ′, and a diffeomorphism
θ : U → U ′ such that

θ∗ (g|U ) = g′
∣∣
U ′ . (3.1)

29
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In other words, the pair (U ,g|U ) is isometric to the pair (U ′,g′|U ′) (since θ is a smooth,
invertible map whose differential carries g|U into g′|U ′). Following Hawking and Ellis
[23], spacetimes that are isometric to one another are taken to be in the same equivalence
class, which justifies the statement that (M,g) ≡ (M′,g′) in the asymptotic regime.

As illustrated in Section 2.3.2.3, the exact mapping approach has an equivalent form
in local coordinates (T, xµ) onM: a spacetime (M,g) is asymptotically self-similar if its
associated line element ds2 reduces as T → 0+(−) to the line element ds′2 for an exactly
self-similar spacetime (M′,g′) (via any required coordinate transformation). This line
element formulation is valid as all the geometric information of a spacetime is captured
implicitly in the metric (since it is defined on the manifold), which in turn is described
locally by the associated line element. It is also clearly more convenient to work with
than the original form of Definition 3.1.

The lack of ambiguity and ease of use provided by the line element formulation stems
from the purely geometric nature of the exact mapping approach. Another key advan-
tage offered by Definition 3.1 is versatility. The idea of a spacetime being asymptoti-
cally self-similar to an exactly self-similar counterpart is well-defined as in the dynamical
systems approach, but compatibility with the conformal framework is maintained since
prior knowledge of the exactly self-similar spacetime is not required in principle. Indeed,
a spacetime is asymptotically self-similar under Definition 3.1 as long as the asymptotic
form of its line element yields a solution to the homothetic equation.

There are several drawbacks with the exact mapping approach that rule it out as a
working definition. Crucially, it fails to demonstrate agreement with numerous results
in the dynamical systems approach, e.g. the closed FLRW models being asymptotically
self-similar in the past to the flat models. The discrepancy boils down to the fact that
Definition 3.1 actually describes the much stronger notion of a spacetime being asymp-
totically identical to another; the closed and flat FLRW models do not satisfy this, as
their spacelike hypersurfaces are diffeomorphic to S3 and R3 respectively. Furthermore,
not every spacetime has a line element that reduces to an asymptotic form (see Section
3.2.1.5), while the exactness of the approach itself resists any attempt at modification.

3.1.2 Homothetic equation approach (revised)

Another candidate approach to a definition of asymptotic self-similarity is more directly
based on the homothetic equation than the exact mapping approach, and essentially in-
volves casting (2.18) itself into a suitable asymptotic form. Equation (2.52) has been ruled
out as such a form in Section 2.3.2.3, due to inherent problems with taking the limit of
a difference of terms. It is also unclear if a homothetic equation approach is necessarily
weaker (in the definitional sense) than the exact mapping approach, but this is required
in order to generate better agreement with the dynamical systems results.

Our idea, then, is that an asymptotically self-similar spacetime (M,g) should admit a
vector field X such that both sides of (2.18) are equivalent up to some order of cosmic time
T as the past/future state is approached, i.e. (2.18) is satisfied asymptotically. Further-
more, X is permitted to be “approximately homothetic” in an even broader sense than the
asymptotic one: the scaling factor λ 6= 0 may be a function on the spacelike hypersurface
S0 instead of a constant, and (2.18) is considered as the conformal Killing equation rather
than the homothetic equation. A more rigorous statement of this approach follows.
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Definition 3.2 (Homothetic equation approach): A spacetime (M,g) is asymptotically
self-similar in the past (future) if there exists a cosmic time function T such that T → 0+(−)

as the spacetime’s past (future) is approached, and a vector field X onM such that

LXg ∼ 2λg (3.2)

as T → 0+(−) for some function λ 6= 0 on T = 0.

The asymptotic regime may be formalised as the open submanifold U introduced
in Definition 3.1, but the looser expression “as T → 0+(−)” is chosen in this case to
emphasise the asymptotic process. Since (3.2) is a tensor relation, it is not strictly
well-defined with respect to the asymptotic notation of (1.5) (as a quotient of tensors is
generally meaningless). In local coordinates (T, xµ), however, we obtain the 10 distinct
relations X(a;b) ∼ λgab as T → 0+(−); these generalise (2.18) to asymptotic form, and are
well-defined (for nonzero terms) since each tensor component is a function of (T, xµ).
We naturally require correspondence between the everywhere zero components of X(a;b)

and gab as well.
With the option of point-dependence in the scaling factor λ, Definition 3.2 is weaker

than the exact mapping approach by construction. As it turns out, the homothetic equa-
tion approach is sufficiently weak to ensure the asymptotic self-similarity of some FLRW
models (see Sections 3.2.1.2 and 3.2.1.3). It also allows further classification of asymptot-
ically self-similar spacetimes according to whether they satisfy (3.2) with constant λ or
not, and lends itself to modification if an improved working definition is desired.

However, it remains to be seen if the full set of dynamical systems results can be
reproduced by the homothetic equation approach, in which the spacetime’s dynamical
information is largely unused. Definition 3.2 also contributes nothing to the notion that a
spacetime might be asymptotically self-similar to another (although this is not a problem
in the context of the conformal framework), since the vector field X is defined only on one
spacetime and generally has no canonical counterpart on the other. Finally, the amount of
freedom in (3.2) (as opposed to, say, the exact homothetic equation) may make it difficult
to find a vector field that satisfies Definition 3.2 — or to show that none exists.

3.1.3 Dimensionless variables approach

In accordance with Section 2.3.2.2, the dynamical systems definition of asymptotic self-
similarity for a Bianchi cosmology may be stated in terms of the dimensionless vari-
ables that describe its evolution in state space: the limits of all such variables exist as the
model’s past/future state is approached (and equal the constant values of the same vari-
ables on some exactly self-similar model). This statement may be applicable to a general
cosmological model in principle, if not in practice, and motivates a related definition that
is compatible with both the dynamical systems approach and the conformal framework.

An HVF X on a spacetime (M,g) induces a scale transformation T→ eDλT for every
tensorial object T on (M,g), where D is the physical dimension of T. Following Eardley
[40], the metric g is assigned D = 2 such that g → eDλg. This determines the physical
dimension of other objects on (M,g), e.g. vector fields and various kinematic scalars
have D = −1, while local coordinates (xa) and commutation functions γcab are dimen-
sionless (D = 0). We then have LXT = DλT by analogy with the homothetic equation;
in particular, the Lie derivative of any dimensionless scalar along X is everywhere zero.
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Hence all dimensionless variables on an exactly self-similar spacetime are constant along
the integral curves of its HVF [61].

To fulfil the dynamical systems notion of asymptotic self-similarity, the limits of the
dimensionless variables that describe a spacetime’s evolution need only exist (and need
not be evaluated as per the dynamical systems approach). In other words, it may suffice
to require that the change of these variables along the integral curves of some vector field
vanishes in the limit as the spacetime’s past/future state is approached.

Definition 3.3 (Dimensionless variables approach): A spacetime (M,g) is asymptot-
ically self-similar in the past (future) if there exists a cosmic time function T such that
T → 0+(−) as the spacetime’s past (future) is approached, and a vector field X on M
such that

lim
T→0+(−)

LXδi = 0 (3.3)

for each δi ∈ ∆, where ∆ is a finite set of dimensionless variables on M that fully
describes the dynamical evolution of (M,g).

The set ∆ is finite, since it may always be taken as the set of 24 independent com-
mutation functions γcab for a general spacetime. As mentioned in Section 2.3.2.2, the
cardinality of ∆ is reduced to five for Bianchi cosmologies and just one (the density
parameter Ω) for FLRW models. Definition 3.3 is likely to reproduce most results in
the dynamical systems approach, and may potentially be applied to spacetimes that lie
beyond its scope. The definition also suits the conformal framework, as it makes no
mention of the exactly self-similar spacetime to which (M,g) asymptotes.

However, there are serious issues that hinder development of the dimensionless vari-
ables approach. For one, deriving explicit expressions for elements of the set ∆ is usually
no less involved than solving the EFE in full generality, and indirect methods of verify-
ing (3.3) are required. Even if ∆ is obtainable, it will in general be extremely unwieldy
due to its size. Without reducing the cardinality of ∆ (i.e. the number of independent
constraints in (3.3)), the practicality of Definition 3.3 is severely limited and all but rules
it out as a working definition.

3.2 Fine-tuning the homothetic equation approach

In this section, we focus our attention on moulding the homothetic equation approach
into a suitable working definition. The exact mapping approach (with its tractability and
possible relationship to Definition 3.2) is also investigated in parallel, while the dimen-
sionless variables approach is given no further consideration in this thesis.

According to Definition 3.2 in local coordinates (T, xµ), a spacetime (M,g) is asymp-
totically self-similar if there exists a vector field X such that

X(a;b) ∼ λgab (3.4)

as T → 0+(−). Implicit in (3.4) is the requirement that each component of X(a;b) corre-
sponding to a zero (nonzero) component of gab must itself be zero (nonzero). Depending
on the coordinate dependence of the vector components Xa, this may lead to additional
constraints on the choice of X. For example, if gab is diagonal and Xa has full coordinate
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dependence such that

Xa =
(
X0 (T, xµ) , X1 (T, xµ) , X2 (T, xµ) , X3 (T, xµ)

)
, (3.5)

the zero components of gab yield six constraint equations

X(0;1) = X(0;2) = X(0;3) = X(1;2) = X(1;3) = X(2;3) = 0, (3.6)

while the nonzero relations in (3.4) yield three limit equations

lim
T→0+(−)

X(0;0)

g00
= lim

T→0+(−)

X(1;1)

g11
= lim

T→0+(−)

X(2;2)

g22
= lim

T→0+(−)

X(3;3)

g33
(3.7)

that determine the scaling factor λ 6= 0 on the spacelike hypersurface S0.
It becomes clear that demonstrating asymptotic self-similarity (i.e. solving (3.4)) for a

general spacetime is not trivial, considering the number of constraint equations that may
arise. Some or all of these equations may be eliminated by making assumptions on the
coordinate dependence of Xa, e.g. “simple” coordinate dependence where each vector
component depends only on the coordinate it corresponds to, or “faithful” coordinate
dependence where, say,X2 andX3 are both functions of (x2, x3) if g23 6= 0. The following
propositions show that such restrictions on coordinate dependence are sufficient (but not
necessary) for correspondence between the zero components of X(a;b) and gab.

Proposition 3.1: If a vector field X on a spacetime (M,g) has simple coordinate
dependence in local coordinates (xa), each zero component of gab corresponds to a zero
component of X(a;b).

Proof: First we have

X(a;b) =
1

2
(Xa;b +Xb;a)

=
1

2

(
gacX

c
;b + gbcX

c
;a

)
=

1

2

(
gacX

c
,b + gbcX

c
,a + (Γacb + Γbca)X

c
)

=
1

2

(
gacX

c
,b + gbcX

c
,a + gab,cX

c
)
. (3.8)

Since Xa has simple coordinate dependence, we have

Xa =
(
X0
(
x0
)
, X1

(
x1
)
, X2

(
x2
)
, X3

(
x3
))
, (3.9)

which reduces (3.8) to

X(a;b) =
1

2

(
gab

(
Xa

,a +Xb
,b

)
+ gab,cX

c
)
. (3.10)

Hence each zero component of gab corresponds to a zero component of X(a;b). �

Proposition 3.2: If a vector field X on a spacetime (M,g) has faithful coordinate
dependence in local coordinates (xa), and gab has exactly six (four diagonal and two
off-diagonal) nonzero components, each zero component of gab corresponds to a zero
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component of X(a;b).

Proof: Without loss of generality, suppose g23 6= 0. Since Xa has faithful coordi-
nate dependence, we have

Xa =
(
X0
(
x0
)
, X1

(
x1
)
, X2

(
x2, x3

)
, X3

(
x2, x3

))
. (3.11)

Considering all cases in (3.8), we have

X(0;1) = X(0;2) = X(0;3) = X(1;2) = X(1;3) = 0, (3.12)

while X(0;0), X(1;1), X(2;2), X(2;3) and X(3;3) are in general nonzero. Hence each zero
component of gab corresponds to a zero component of X(a;b). �

Proposition 3.1 is particularly useful, as it holds for all spacetimes and implies that
vector fields with simple coordinate dependence may be taken as a starting point when
applying Definition 3.2. If no such solution to (3.4) can be found, coordinate dependence
may be added via Proposition 3.2 without inducing further constraints. The conditions
of Proposition 3.2 are not overly restrictive, as many line elements in the literature are
either diagonal or have one additional off-diagonal term. Proposition 3.2 does not extend
easily to more general cases, however (e.g. X(1;2) 6= 0 if g12 = 0 and g13, g23 6= 0, or
X(2;2) 6= 0 if g22 = 0 and g23 6= 0). Finally, we note here that all known exactly self-similar
spacetimes admit an HVF with simple coordinate dependence (in some set of local
coordinates) [42].

3.2.1 Guiding examples

We now apply Definitions 3.1 and 3.2 to various vacuum/perfect fluid cosmologies that
are known to be asymptotically self-similar in the dynamical systems approach. For each
example in Chapter 3, the fundamental four-velocity field is hypersurface-orthogonal
and given by u = (−g00)−1/2∂/∂t.

3.2.1.1 Example: Heckmann–Schücking

The class of all Bianchi I dust solutions was discovered independently by Robinson [62]
and Heckmann and Schücking [63] in the 1960s. These homogeneous and anisotropic
models have the line element (2.49) with pi given by (2.27), and are said to asymptote
in the past and future to the Kasner vacuum solutions and the flat dust FLRW mod-
els respectively [42]. As demonstrated in Section 2.3.2.3, the Heckmann–Schücking so-
lutions satisfy Definition 3.1 since (2.49) reduces to the Kasner/FLRW line elements in
the past/future asymptotic regimes. Hence it is reasonable to expect that Definition 3.2
should also be satisfied via the Kasner/FLRW HVFs.

At early times, we take T = t and choose X as the Kasner HVF (2.30) with pi given by
(2.27); this vector field is well-defined due to the exact mapping between the Heckmann–
Schücking and Kasner models in the past asymptotic regime. The simple coordinate
dependence of (2.30) ensures correspondence between the zero components of X(a;b) and
gab, while the nonzero components yield

X(0;0)

g00
= 1,

X(i;i)

gii
= 1 +

(2− 3pi)T

3 (T + t0)
. (3.13)
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Since the limits as T → 0+ of all terms in (3.13) exist and are equal (to 1), the Heckmann–
Schücking solutions are asymptotically self-similar in the past under Definition 3.2.

At late times, we take T = −1/t such that T → 0− as t → ∞; the line element and
coordinate basis transform respectively as

dt2 =
1

T 4
dT 2,

∂

∂t
= T 2 ∂

∂T
, (3.14)

such that the flat dust FLRW HVF (2.30) with pi given by (2.28) becomes

Xa =

(
−T, 1

3
x,

1

3
y,

1

3
z

)
. (3.15)

The vector field (3.15) has simple coordinate dependence, and yields

X(0;0)

g00
= 1,

X(i;i)

gii
=

(1 + 3pi) t0T − 3

3 (t0T − 1)
. (3.16)

Again, the limits as T → 0− of all terms in (3.16) exist and are equal (to 1); hence the
Heckmann–Schücking solutions are also asymptotically self-similar in the future un-
der Definition 3.2. This is a promising start, and indicates that an exact mapping be-
tween spacetimes in the asymptotic regime is preserved by the asymptotic process of
the homothetic equation approach. As an artefact of this asymptotic process, how-
ever, the choice of X in Definition 3.2 is not restricted to an exactly self-similar space-
time’s HVF should Definition 3.1 be satisfied. For example, any vector field of the form
Xa = (−T + o(T ), (1/3)x, (1/3)y, (1/3)z) as T → 0− may be used in place of (3.15).

3.2.1.2 Example: FLRW (open, radiation)

An example cosmology that satisfies the exact mapping approach in the future, but not
in the past, is the open radiation FLRW model discussed in Section 2.3.2.3. This Bianchi
V/VIIh solution has the line element (2.50), which reduces as t → ∞ to the Milne line
element (2.19). At late times, we take T = −1/t and choose X as the Milne HVF (2.25)
(transformed accordingly via (3.14)) such that

X(0;0)

g00
= 1,

X(1;1)

g11
=
X(2;2)

g22
=
X(3;3)

g33
=

CT − 1

2CT − 1
. (3.17)

Since the limits as T → 0− of all terms in (3.17) exist and are equal (to 1), the open
radiation FLRW model is asymptotically self-similar in the future under Definition 3.2.

At early times, the open radiation FLRW model asymptotes to the flat radiation model
in the dynamical systems approach. The exact mapping approach is not satisfied, how-
ever: although the open manifold R×H3 is diffeomorphic to the flat manifold R4, the two
models with their equipped metrics are not isometric in the past. Indeed, taking T = t

and simply choosing X as the analogue of the flat radiation FLRW HVF (2.53) yields

lim
T→0+

X(0;0)

g00
= lim

T→0+

X(1;1)

g11
= 1,

lim
T→0+

X(2;2)

g22
= lim

T→0+

X(3;3)

g33
=

1

2
(1 + χ cothχ) , (3.18)
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where the last two limits vary with χ across the spacelike hypersurface S0.
The lack of an exact mapping to guide the choice of X calls for more general methods

of solving (3.4). An obvious one is to assume simple coordinate dependence (i.e. to
choose X as the general vector field (3.9)), in which case the three limit equations (3.7)
evaluate to

lim
T→0+

d

dT
X0 (T ) = lim

T→0+

(
X0 (T )

C + T

(2C + T )T
+

d

dχ
X1 (χ)

)
= lim

T→0+

(
X0 (T )

C + T

(2C + T )T
+X1 (χ) cothχ+

d

dθ
X2 (θ)

)
= lim

T→0+

(
X0 (T )

C + T

(2C + T )T
+X1 (χ) cothχ+X2 (θ) cot θ +

d

dφ
X3 (φ)

)
. (3.19)

Existence of the first two limits yields X0(T ) ∼ KT as T → 0+ for some constant K 6= 0,
while equality yields X1(χ) = (1/2)Kχ. Hence the first two limits are constant while
the last two limits depend at least on χ, and Definition 3.2 cannot be satisfied with the
assumption of simple coordinate dependence.

Since coordinate dependence must be added and Proposition 3.2 may not be applied
(the line element (2.50) is diagonal), additional constraints on X inevitably come into
play. The spherical symmetry of the model motivates the choice

Xa =
(
X0 (T, χ) , X1 (T, χ) , 0, 0

)
, (3.20)

and the resultant constraint equation X(0;1) = 0 evaluates to

∂

∂χ
X0 (T, χ) = (2C + T )T

∂

∂T
X1 (T, χ) . (3.21)

Equations (3.19) are essentially unchanged, but the last equation is redundant as X2 =

X3 = 0. We further assume the vector components are separable functions and choose
X1(T, χ) = f(T ) sinhχ, such that (3.19) reduces to

lim
T→0+

∂

∂T
X0 (T, χ) = lim

T→0+

(
X0 (T, χ)

C + T

(2C + T )T
+ f(T ) coshχ

)
. (3.22)

Integrating (3.21) and substituting the result into (3.22), we obtain a limit equation in f ;
one possible solution to this equation is given by f(T ) = eT/C , which yields

Xa =

(
1

C
(2C + T )Te

T
C coshχ, e

T
C sinhχ, 0, 0

)
, (3.23)

X(0;0)

g00
=

1

C2

(
2C2 + 4CT + T 2

)
e
T
C coshχ,

X(1;1)

g11
=
X(2;2)

g22
=
X(3;3)

g33
=

1

C
(2C + T ) e

T
C coshχ. (3.24)

Hence the limits as T → 0+ of all terms in (3.24) exist and are equal (to a point-dependent
scaling factor λ(χ) = 2 coshχ), and the open radiation FLRW model is asymptotically
self-similar in the past under Definition 3.2.

The vector field (3.23) is smooth, since each component is separable into smooth func-
tions of a single variable. No pathological behaviour exists in λ either: the scaling factor
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is smooth and nowhere zero on the spacelike hypersurface S0, although it does blow up
as χ → ∞. Interestingly enough, the asymptotic form of (3.23) as T, χ → 0+ is precisely
the analogue of the flat radiation FLRW HVF (2.53) (up to a factor of two); this might re-
flect the fact that the open line element (2.50) reduces as T, χ→ 0+ to the flat line element
(2.29) with γ = 4/3 (after rescaling the spatial coordinates).

3.2.1.3 Example: FLRW (closed, radiation)

At late times, the closed radiation FLRW model behaves very differently from the open
model as it recollapses to a singularity. According to the dynamical systems approach,
however, it is still asymptotically self-similar in the future (to the time-reversed, contract-
ing flat “model”) [60]. The closed model is Bianchi IX, and its line element is given by

ds2 = −dt2 + (2C − t) t
(
dχ2 + sin2 χ

(
dθ2 + sin2 θ dφ2

))
, (3.25)

i.e. (2.9) with a(t) =
√

(2C − t)t and k = 1, where C =
√

(1/3)µa4 is a constant [2].
Although (3.25) is similar to (2.50) in form, we have t ∈ (0, 2C) in this case since the future
state is the singularity corresponding to t = 2C; furthermore, χ ∈ (0, 2π) is essentially a
third angle instead of a radial coordinate. For our analysis, we cast (3.25) as [20]

ds2 = C2T 2
(
−4 dT 2 +

(
2− T 2

) (
dχ2 + sin2 χ

(
dθ2 + sin2 θ dφ2

)))
(3.26)

via the coordinate transformation

T = −
√

1

C
(2C − t), (3.27)

such that T ∈ (−
√

2, 0) and T → 0− as t→ 2C−.
The exact mapping approach is clearly not satisfied by the closed radiation FLRW

model, which is not isometric to the flat model in any regime (since the closed manifold
R × S3 is not even diffeomorphic to the flat manifold R4). As in the case of the open
model, the assumption of simple coordinate dependence also fails to yield a solution
to (3.4). We then consider the separable and spherically symmetric ansatz (3.20) with
X1(T, χ) = f(T ) sinχ, such that the constraint and limit equations reduce to

X(0;1) = 0, lim
T→0−

X(0;0)

g00
= lim

T→0−

X(1;1)

g11
. (3.28)

One possible solution to (3.28) is given by

Xa =

(
1

2
√

2

(
2− T 2

)
sin
√

2T cosχ, cos
√

2T sinχ, 0, 0

)
, (3.29)

which yields

X(0;0)

g00
=

(
1

2

(
2− T 2

)
cos
√

2T +
1

2

(
2− 3T 2

) sin
√

2T√
2T

)
cosχ,

X(1;1)

g11
=
X(2;2)

g22
=
X(3;3)

g33
=

(
cos
√

2T +
(
1− T 2

) sin
√

2T√
2T

)
cosχ. (3.30)
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Since the limits as T → 0− of all terms in (3.30) exist and are equal (to a point-dependent
scaling factor λ(χ) = 2 cosχ), the closed radiation FLRW model is asymptotically self-
similar in the future under Definition 3.2. Again, the vector field (3.29) and λ are smooth.
The scaling factor is now bounded on the spacelike hypersurface S0, but vanishes at
χ = π/2, 3π/2; this is not a major concern, as such values of χ correspond to distinguished
points on the manifoldMwhere the timelike component of (3.29) vanishes as well.

At early times, we take T = t and choose (using the same procedure)

Xa =

(
1

C
(2C − T )Te−

T
C cosχ, e−

T
C sinχ, 0, 0

)
, (3.31)

which yields

X(0;0)

g00
=

1

C2

(
2C2 − 4CT + T 2

)
e−

T
C cosχ,

X(1;1)

g11
=
X(2;2)

g22
=
X(3;3)

g33
=

1

C
(2C − T ) e−

T
C cosχ (3.32)

and the same scaling factor λ(χ) = 2 cosχ. Hence the closed radiation FLRW model is
also asymptotically self-similar in the past under Definition 3.2.

3.2.1.4 Example: Joseph

This Bianchi V vacuum solution was discovered by Joseph [64] in 1966; it is past asymp-
totic in the dynamical systems approach to the Kasner vacuum solution (2.26) with
p1 = 1/3 and p2,3 = (1 ±

√
3)/3, and future asymptotic to the Milne universe (2.19)

[42]. The line element is given by

ds2 = sinh 2t
(
−dt2 + dx2 + e2x

(
(tanh t)

√
3 dy2 + (tanh t)−

√
3 dz2

))
. (3.33)

At late times, (3.33) reduces as t→∞ to

ds2 =
1

2
e2t
(
−dt2 + dx2 + e2x

(
dy2 + dz2

))
, (3.34)

which transforms to the alternate Milne line element (2.22) via

t =
1√
2
et. (3.35)

Hence the exact mapping approach is satisfied, and we expect Definition 3.2 to be satis-
fied as well with the Milne HVF Xa = (t, 0, 0, 0) (i.e. (2.25) in the coordinates of (2.22)).
Taking T = −1/t, the Milne HVF transforms via (3.35) and (3.14) to

Xa =
(
T 2, 0, 0, 0

)
, (3.36)

which yields

X(0;0)

g00
=
X(1;1)

g11
= − coth

2

T
,

X(2;2)

g22
,
X(3;3)

g33
= − coth

2

T
∓
√

3 csch
2

T
. (3.37)

Since the limits as T → 0− of all terms in (3.37) exist and are equal (to a constant scaling
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factor λ = 1), the Joseph solution is indeed asymptotically self-similar in the future under
Definition 3.2.

At early times, it is unclear if an exact mapping exists between the Joseph and Kasner
solutions. Transforming (3.33) via

t̃ =
1

3
(2t)

3
2 (3.38)

and taking the asymptotic form as t̃→ 0+ yields (after rescaling each spatial coordinate)

ds2 ∼ −dt̃2 + t̃
2
3dx2 + eCx

(
t̃
2
3(1+

√
3)dy2 + t̃

2
3(1−

√
3)dz2

)
, (3.39)

where C = 2/31/3. Each term in (3.39) has the same dependence on coordinate time
as in the Kasner line element (2.26) with p1 = 1/3 and p2,3 = (1 ±

√
3)/3, although the

similarity ends with the nontrivial presence of the spatial factor eCx. It may be possible to
map (3.39) to (2.26) via a coordinate transformation of comparable complexity to (2.24),
but it is just as likely that no such transformation exists.

Furthermore, a vector field that satisfies Definition 3.2 has yet to be found: assuming
simple coordinate dependence fails to yield a solution to (3.4), and even considering the
full set of constraint equations (3.6) with a separable ansatz does not appear to work.
There is no requirement for the vector components to be separable, however, and we are
unable to rule out the existence of a more general vector field that fulfils the conditions
of the homothetic equation approach. Hence it is not possible at this stage to comment
on the past asymptotic self-similarity of the Joseph solution under Definition 3.2.

3.2.1.5 Example: Ellis–MacCallum

This Bianchi VI0 vacuum solution was discovered by Ellis and MacCallum [58] in 1969,
and has the line element

ds2 = t−
1
2 et

2 (−dt2 + dx2
)

+ t
(
e2xdy2 + e−2xdz2

)
. (3.40)

According to the dynamical systems approach, (3.40) is past asymptotic to the Kasner
vacuum solution (2.26) with p1 = −1/3 and p2 = p3 = 2/3; it is also asymptotically self-
similar in the future to the Taub form of flat spacetime, whose line element and HVF are
given respectively by [42]

ds2 = −dt2 + t
2
dx2 + dy2 + dz2, (3.41)

Xa =
(
t, 0, y, z

)
. (3.42)

At early times, no exact mapping has been found between the Ellis–MacCallum and
Kasner solutions. Transforming (3.40) via

t̃ =
4

3
t
3
4 (3.43)

and taking the asymptotic form as t̃→ 0+ yields (after rescaling each spatial coordinate)

ds2 ∼ −dt̃2 + t̃−
2
3dx2 + t̃

4
3
(
eCxdy2 + e−Cxdz2

)
, (3.44)

where C = 2(3/4)1/3. As in the case of the Joseph solution, (3.44) is similar in form to the
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Kasner line element (2.26) with p1 = −1/3 and p2 = p3 = 2/3, but only up to the spatial
factors e±Cx. Since no vector field has been found to satisfy the homothetic equation
approach either, it is not possible at this stage to comment on the past asymptotic self-
similarity of the Ellis–MacCallum solution under Definitions 3.1 and 3.2.

At late times, however, this example cosmology offers a new twist on our character-
isations of the exact mapping and homothetic equation approaches. Attempts to find
an exact mapping between the Ellis–MacCallum and Taub solutions have been unsuc-
cessful, and are hampered by the fact that the line element (3.40) is non-analytic in the
future asymptotic regime. This may be seen by, say, taking T = −1/t and noting that
the inverse metric gab contains terms with the factor e−1/T 2

(which is non-analytic in the
limit as T → 0− since its Taylor series vanishes). In other words, (3.40) has no power
series representation as t→∞, which hinders the search for a coordinate transformation
between its asymptotic form and (3.41).

On the other hand, a vector field that satisfies Definition 3.2 is easily found. We take
T = −1/t and assume simple coordinate dependence in solving the limit equations (3.7),
which yields

Xa =
(
−T 3, 0, y, z

)
, (3.45)

X(0;0)

g00
= 1− 5

4
T 2,

X(1;1)

g11
= 1− 1

4
T 2,

X(2;2)

g22
=
X(3;3)

g33
= 1 +

1

2
T 2. (3.46)

Since the limits as T → 0− of all terms in (3.46) exist and are equal (to 1), the Ellis–
MacCallum solution is asymptotically self-similar in the future under Definition 3.2.

The similarity of (3.45) to the Taub HVF (3.42) seems to indicate the existence of an
exact mapping between the Ellis–MacCallum and Taub solutions as t → ∞. Indeed, an
approximate mapping has been found via the (non-analytic) coordinate transformation

t = t−
5
4 e

1
2
t2 , x = tx, y = t

1
2 exy, z = t

1
2 e−xz, (3.47)

where the spatial Taub coordinates (x, y, z) are assumed to be bounded. Then we have
x, y, z = o(1) as t→∞, and the Taub line element (3.41) becomes

ds2 = t−
1
2 et

2 (− (1 + o (1)) dt2 + (1 + o (1)) dx2 + o (1) dt dx
)

+ t
(
e2xdy2 + e−2xdz2 + o (1) dx dy + o (1) dx dz

)
+ o (1) dt dy + o (1) dt dz, (3.48)

i.e. it is approximately equivalent to the Ellis–MacCallum line element (3.40) as t → ∞.
This mapping also explains the cubic dependence on cosmic time in (3.45), as the vector
field transforms via (3.14) and (3.47) to

Xa =

(
t

(
1− 5

4t2

)
,
x

t
, y

(
1 +

1

2t2

)
, z

(
1 +

1

2t2

))
, (3.49)

which asymptotes to the Taub HVF (3.42) as t → ∞. Nevertheless, since (3.47) does not
constitute an exact mapping due to the off-diagonal terms in (3.48) (the dt dx term even
blows up faster than the dy2 and dz2 terms), we temporarily withhold comment on the
future asymptotic self-similarity of the Ellis–MacCallum solution under Definition 3.1
(see Section 3.3.1).
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3.2.2 Asymptotic self-similarity breaking

The Joseph and Ellis–MacCallum examples in Section 3.2.1 illustrate that the asymptotic
self-similarity of a spacetime under the homothetic equation approach might in general
be rather difficult — if not impossible — to determine. For Definition 3.2 to be of any
credible use, however, we ideally require it to exclude spacetimes that exhibit asymptotic
self-similarity breaking (i.e. the negation of asymptotic self-similarity) in the dynamical
systems approach.

Asymptotic self-similarity breaking occurs in the dynamical systems approach when
a cosmological model fails to asymptote to an exactly self-similar counterpart in state
space. This typically manifests itself in the unbounded and/or oscillatory behaviour
of various dimensionless variables in the asymptotic regime, such that their limits do
not exist [65]. While asymptotic self-similarity is known to break in this way for several
classes of models, explicit solutions in the literature that possess such behaviour are com-
paratively rare. We now consider some of these examples, explicit or otherwise, in the
context of Definition 3.2; the question of how asymptotic self-similarity breaking (in the
dynamical systems approach) relates to Definition 3.1 is addressed in Section 3.3.

3.2.2.1 Example: Szekeres (decaying)

An explicit and tractable example of asymptotic self-similarity breaking is found in the
class of irrotational dust models discovered by Szekeres [66] in 1975. These solutions
are fully inhomogeneous, i.e. they admit no KVFs. The Szekeres solutions may be in-
terpreted as exact linear perturbations of dust FLRW models via a reformulation due to
Goode and Wainwright [67, 68], in which the line element is given by

ds2 = −dt2 + t
4
3

((
A (x, y, z) + k+ (x) t

2
3 + k− (x) t−1

)2
dx2 + dy2 + dz2

)
,

A (x, y, z) = a (x) y + b (x) z + c (x) +
5

9
k+ (x)

(
y2 + z2

)
, (3.50)

where the functions a, b, c and k± are arbitrary but sufficiently differentiable. This line
element has a growing mode corresponding to the presence of the term k+t

2/3, as well as
a decaying mode corresponding to the presence of the term k−t

−1.
Now, the decaying Szekeres solution with a = b = k+ = 0, c(x) = C and k−(x) = Kx

(where C,K > 0 are constants) is known to exhibit asymptotic self-similarity breaking at
early times, in that a given dimensionless variable blows up as t→ 0+ [69]. We apply the
homothetic equation approach to this solution; the line element (3.50) reduces to

ds2 = −dt2 + t
4
3

((
C +Kxt−1

)2
dx2 + dy2 + dz2

)
, (3.51)

while taking T = t and assuming X has simple coordinate dependence yields the three
limit equations

lim
T→0+

d

dT
X0 (T ) = lim

T→0+

(
X0 (T )

2CT −Kx
3T (CT +Kx)

+X1 (x)
K

CT +Kx
+

d

dx
X1 (x)

)
= lim

T→0+

(
X0 (T )

2

3T
+

d

dy
X2 (y)

)
= lim

T→0+

(
X0 (T )

2

3T
+

d

dz
X3 (z)

)
. (3.52)
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If the (T, x)-dependent terms in (3.52) are considered as functions of T with constant
x, a “solution” is found without much difficulty. For x 6= 0, we have

Xa =

(
t,

2

3
x,

1

3
y,

1

3
z

)
, (3.53)

X(0;0)

g00
=
X(2;2)

g22
=
X(3;3)

g33
= 1,

X(1;1)

g11
= 1 +

CT

3 (CT +Kx)
, (3.54)

where the limits as T → 0+ of all terms in (3.54) exist and are equal (to 1). This is not
the case for x = 0, however, since the last equation in (3.54) evaluates to X(1;1)/g11 = 4/3

instead. Such pathological behaviour is undesirable in the ideal notion of an asymptot-
ically self-similar spacetime, and should be disallowed even if the limits are equal but
to some discontinuous scaling factor λ on the spacelike hypersurface S0. In any case, by
properly considering the (T, x)-dependent terms in (3.52) and (3.54) as functions on the
manifoldM, it is clear that their limits as (T, x) → (0+, x) do not even exist. Hence the
vector field (3.53) fails to satisfy Definition 3.2.

It is possible that every vector field onM fails to satisfy Definition 3.2 in similar fash-
ion to (3.53) (i.e. via the non-existence of limits), which would show that the decaying
Szekeres solution (3.51) is not asymptotically self-similar under the homothetic equation
approach. Such a claim cannot be substantiated at this stage, however. Nevertheless, this
example cosmology has highlighted the need to exclude spacetimes with any form of dis-
continuous behaviour from the eventual working definition of asymptotic self-similarity.

3.2.2.2 Example: Wainwright–Marshman

Another explicit solution that exhibits asymptotic self-similarity breaking at early times is
found in the class of irrotational stiff fluid models discovered by Wainwright and Marsh-
man [70] in 1979. These solutions are inhomogeneous but admit a G2 isometry group,
and may be used to model the presence of gravitational waves in otherwise homoge-
neous cosmologies.

Asymptotic self-similarity is known to break in an oscillating subclass of the
Wainwright–Marshman solutions, in that given dimensionless variables are unbounded
and/or oscillatory as the past singularity is approached [71]. The line element for this
subclass is given by

ds2 = en(t−x)
(
−dt2 + dx2

)
+ t

1
2 (dy +m (t− x) dz)2 + t

3
2dz2,

m (t− x) = −α Si

(
β

t− x

)
, n (t− x) = − α2

2 (t− x)
+
α2

4β
sin

(
2β

t− x

)
, (3.55)

where α, β > 0 are constants and Si denotes the sine integral (i.e. Si (z) =
´ z

0 sin (s)/s ds).
Coordinate domains for (3.55) are t ∈ (x,∞), x ∈ (0,∞) and y, z ∈ (−∞,∞), such that
t → x+ as the singularity is approached. Transforming to cosmic time T = t − x and
choosing the most general vector field (3.5), we find that the five limit equations

lim
T→0+

X(0;0)

g00
= lim

T→0+

X(0;1)

g01
= lim

T→0+

X(1;1)

g11

= lim
T→0+

X(2;2)

g22
= lim

T→0+

X(2;3)

g23
= lim

T→0+

X(3;3)

g33
(3.56)
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necessarily contain terms with the factors sin (β/T ) and Si (β/T ). These terms do not ap-
proach T = 0 in a smooth manner, since their limits and/or the limits of their derivatives
as T → 0+ do not exist.

Encouragingly, such behaviour is consistent with the oscillatory nature of asymptotic
self-similarity breaking in the dynamical systems approach, where the past/future state
is either undefined or approached via increasingly rapid oscillations. Hence imposing a
sufficient degree of differentiability on the asymptotic process in Definition 3.2 appears
to be justifiable, and furthermore ensures that the oscillating Wainwright–Marshman so-
lutions are not asymptotically self-similar under the homothetic equation approach.

3.2.2.3 Example: Davidson

This inhomogeneous radiation solution was discovered by Davidson [72] in 1991; it ad-
mits a G2 isometry group and describes a cylindrically symmetric universe that expands
irrotationally. In cylindrical coordinates, the line element is given by

ds2 = −
(
1 + ρ2

) 6
5 dt2 + t

4
3
(
1 + ρ2

) 2
5 dρ2

+ t
4
3
(
1 + ρ2

)− 2
5 ρ2dφ2 + t−

2
3
(
1 + ρ2

)− 2
5 dz2. (3.57)

The Davidson solution is an example of a G2 cosmology with a diagonal and separa-
ble line element. Such models have been classified and studied generally in the dynam-
ical systems approach; this particular solution belongs to a subclass of diagonal, separa-
ble G2 cosmologies that are not known to be future asymptotic to an exactly self-similar
model [73]. It is unclear if said subclass constitutes a concrete example of asymptotic
self-similarity breaking, since the analysis of G2 cosmologies in the dynamical systems
approach is largely incomplete. The late-time evolution of the Davidson solution itself
has not been examined in detail either.

In any case, the existence of an explicit member of the subclass allows the homoth-
etic equation approach to be applied. Taking T = −1/t and assuming X has simple
coordinate dependence fails to yield a solution to (3.4), while choosing the cylindrically
symmetric (and separable) ansatz

Xa =
(
X0 (T, ρ) , X1 (T, ρ) , 0, 0

)
(3.58)

does not appear to work either. These non-results are inconclusive either way, however,
and it is not possible at this stage to comment on the future asymptotic self-similarity of
the Davidson solution under Definition 3.2.

3.2.2.4 Example: Wainwright–Hancock–Uggla

Asymptotic self-similarity is known to break at late times for perfect fluid Bianchi
VII0/VIII cosmologies of sufficient generality, in that a given dimensionless variable is
typically (depending on the matter content) unbounded and oscillatory as the future state
is approached [65, 74, 75].

Although the late-time evolution of Bianchi VII0/VIII cosmologies is more con-
veniently studied in the dynamical systems (orthonormal frame) formalism, a future
asymptotic form for the general Bianchi VII0 line element relative to a coordinate ba-
sis has been derived by Wainwright, Hancock and Uggla [74]. For a Bianchi VII0 dust
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model at late times, this line element is given by

ds2 ∼ − 1

H2
0

e3τdτ2 + l20e
2(τ−2β+(τ))

(
ω1
)2

+ l20e
2(τ+β+(τ)+

√
3β−(τ)) (ω2

)2
+ l20e

2(τ+β+(τ)−
√

3β−(τ)) (ω3
)2
,

β+ (τ) = 2C2e−τ , β− (τ) =
1

2
H0l0Ce

−τ sin

(
4

H0l0
e

1
2
τ + ψ0

)
, (3.59)

where H0, l0, C, ψ0 > 0 are constants, τ ∈ (−∞,∞), and the one-forms ωµ can be chosen
canonically as [76]

ω1 = dx, ω2 = cosx dy − sinx dz, ω3 = sinx dy + cosx dz. (3.60)

We note that taking C = 0 in (3.59) (and transforming coordinates appropriately) yields
the flat dust FLRW line element (2.29), which is unsurprising as the flat FLRW models
admit a Bianchi VII0 representation.

Numerous Bianchi VII0 results exist in the literature, but an exact line element has
yet to be found. For the purposes of this thesis, then, we apply the homothetic equation
approach to the asymptotic form (3.59). Taking T = −e−τ (such that T → 0− as τ → ∞)
and choosing the most general vector field (3.5), we find that the four limit equations

lim
T→0−

X(0;0)

g00
= lim

T→0−

X(1;1)

g11
= lim

T→0−

X(2;2)

g22
= lim

T→0−

X(2;3)

g23
= lim

T→0−

X(3;3)

g33
(3.61)

necessarily contain terms with factors of similar form to sin (1/
√
−T ) and

exp (T sin (1/
√
−T )). These terms do not approach T = 0 in a smooth manner,

since their limits and/or the limits of their derivatives as T → 0− do not exist. As
in the case of the Wainwright–Marshman solutions, imposing a sufficient degree of
differentiability on Definition 3.2 ensures that the Bianchi VII0 dust models are not
asymptotically self-similar under the homothetic equation approach (up to the fact that
the asymptotic form (3.59) has been used in place of an exact line element).

3.2.2.5 Example: Mixmaster

Vacuum Bianchi IX cosmologies are well known to exhibit stochastic oscillatory be-
haviour as the past singularity is approached; they were named Mixmaster universes by
Misner [77], who studied them as possible models for the dissipative processes posited
in chaotic cosmology (introduced in Chapter 1). Such stochastic oscillations are not ex-
clusive to the Mixmaster universes, however, and have been described in more general
models by Belinskii, Lifshitz and Khalatnikov [78] via a chaotic map (i.e. a discrete evo-
lution function that is exponentially sensitive to initial conditions). In this picture, the
early-time evolution of a Mixmaster-like model is closely approximated by an infinite
(and hence increasingly rapid) sequence of generalised Kasner solutions that are linked
by generalised vacuum Bianchi II solutions [79].

Mixmaster-like behaviour occurs in vacuum/perfect fluid Bianchi VIII/IX cosmolo-
gies of sufficient generality, and leads to asymptotic self-similarity breaking in the dy-
namical systems approach since the singularity is approached via increasingly rapid os-
cillations [65]. Although the homothetic equation approach is not strictly applicable with-
out explicit knowledge of the metric g, it is clear that the stochastic oscillations between
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Kasner epochs in a Mixmaster-like model prevent the scaling factor λ from being well-
defined in the past asymptotic regime. Hence we may also conclude that such models
are not asymptotically self-similar in the past under Definition 3.2.

3.3 Working definition

From our analysis of example cosmologies in Section 3.2, several improvements to the
homothetic equation approach are required. The main imperative is to introduce some
notion of differentiability into Definition 3.2, for added compatibility with the nature of
asymptotic self-similarity breaking in the dynamical systems approach. More precisely,
the quotient terms in the limit equations should be sufficiently differentiable functions on
the manifoldM, while their limits as T → 0+(−) should exist and equal some sufficiently
differentiable function on the spacelike hypersurface S0.

It is also desirable to remove any ambiguity caused by the asymptotic notation of
(1.5) in Definition 3.2, which necessitates a proper reformulation in local coordinates.
With these objectives in mind, we amend the homothetic equation approach accordingly
and arrive at the following working definition of asymptotic self-similarity.

Definition 3.4 (Asymptotic self-similarity): A spacetime (M,g) is asymptotically self-
similar in the past (future) if there exists a cosmic time function T such that T → 0+(−) as
the spacetime’s past (future) is approached, and a C2 vector field X onM such that

X(a;b) = fabgab (3.62)

in some set of local coordinates (T, xµ), where the functions fab 6= 0 onM satisfy

fab ∈ C1 (M) , lim
T→0+(−)

fab (T, xµ) = λ (xµ) (3.63)

for some C1 function λ 6= 0 on T = 0. If λ is constant on T = 0, the spacetime is also
uniformly self-similar in the past (future).

By analogy with the homothetic equation (2.18) and the definition of an HVF, the
vector field X is termed a past/future asymptotically homothetic vector field (AHVF).
We are concerned primarily with AHVFs that have a nonzero timelike component (i.e.
the notion of asymptotic scale invariance with time), but note that Definition 3.4 has
been formulated more generally in order not to exclude spacetimes that asymptotically
exhibit spatial scale invariance.

Definition 3.4 is an improvement over its predecessor in several ways. Most promi-
nently, the asymptotic notation in (3.2) and (3.4) has been recast as a limiting process
for the 10 distinct functions fab (i.e. the quotient terms X(a;b)/gab) in (3.62) and (3.63).
This lends precision and practicality to Definition 3.4, while preserving the central re-
quirement in Definition 3.2 that X(a;b) and gab are equivalent up to some order of cosmic
time T as the past/future state is approached. The new definition also deals with the
everywhere zero components of X(a;b) and gab rather neatly, since the existence of fab 6= 0

immediately implies correspondence between said components.
With the asymptotic process shifted into the functions fab, imposing differentiability

on Definition 3.4 becomes straightforward. The AHVF X is required to be at least C2 on
M, in accordance with the C2 conditions of Definition 2.1 and the conformal framework.
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A C1 degree of differentiability is imposed on each fab and the scaling factor λ, where the
latter condition rules out the possibility of λ behaving discontinuously on S0 (as raised
in Section 3.2.2.1). However, as seen in the FLRW examples, λ is permitted to vanish at
distinguished points onM (more precisely, on a subset of S0 with measure zero).

Finally, spacetimes that admit a constant scaling factor may be thought of as being
uniformly self-similar, i.e. asymptotically self-similar in a uniform (across S0) sense; they
come closest to exact self-similarity in the asymptotic regime, and are identified under
Definition 3.4 as a special subclass of asymptotically self-similar spacetimes.

Although Definition 3.4 is derived from the coordinate-invariant tensor relation (3.2),
its formulation in local coordinates might appear problematic at first glance. Crucially,
(3.62) is not a tensor equation as the object fab is not tensorial; in general, then, the ex-
istence of the functions fab will depend on the set of coordinates they are considered in
(since correspondence between the zero/nonzero components of X(a;b) and gab in other
coordinates might be broken). The definition only requires (3.62) to hold in some coordi-
nate frame, however, and allows the choice of a different AHVF (with the same asymp-
totic behaviour) in another frame if necessary. We revisit this point in Section 5.1.

Armed with a formal working definition, we derive a couple of preliminary results
that characterise asymptotic self-similarity in the context of other similarity-related prop-
erties. Firstly, a simple proposition linking the existence of HVFs, CKVFs and AHVFs
follows immediately from Definition 3.4.

Proposition 3.3: A spacetime (M,g) is asymptotically self-similar in the past (future)
if it admits an HVF, or a CKVF whose associated scaling factor is C1 and nonzero in the
limit as the spacetime’s past (future) is approached.

Proof: If X is an HVF on (M,g), its associated scaling factor λ is a nonzero con-
stant. Hence X is a uniform AHVF with fab = λ, and (M,g) is asymptotically
self-similar in the past (future). If X′ is a CKVF on (M,g) that satisfies the conditions
of Proposition 3.3, its associated scaling factor λ′ 6= 0 is a C2 function on M that is C1

and nonzero in the limit as the spacetime’s past (future) is approached. Hence X′ is an
AHVF with f ′ab = λ′, and (M,g) is asymptotically self-similar in the past (future). �

An exactly self-similar spacetime is asymptotically self-similar by Proposition 3.3,
along with spacetimes that admit the specified class of CKVFs (see Section 3.4).

We also return to the notion of an exact mapping (between a spacetime and an exactly
self-similar counterpart) in the asymptotic regime, which is related to Definition 3.4 and
the dynamical systems definition of asymptotic self-similarity by the following theorem.

Theorem 3.1: If a spacetime (M,g) admits an exact mapping to an exactly self-similar
spacetime (M′,g′) in the past (future) asymptotic regime, (M,g) is uniformly self-
similar in the past (future). Furthermore, (M,g) is past (future) asymptotic to (M′,g′) in
the dynamical systems approach.

Proof: For (M,g) and (M′,g′) to be isometric in the past (future), M and M′ must be
diffeomorphic; we then use the same set of local coordinates (T, xµ) for both spacetimes,
where T → 0+(−) as the spacetimes’ past (future) is approached. From the line element
formulation of Definition 3.1, we see that gab ∼ g′ab as T → 0+(−). Now, we choose X on
M to be the analogue of the C2 HVF H on M′ such that Xa = Ha. Since (T, xµ) may
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always be chosen such that Ha has simple coordinate dependence, each zero component
of gab corresponds to a zero component of X(a;b) by Proposition 3.1. We take fab = λ for
the zero components of gab, where λ 6= 0 is the constant scaling factor associated with H.
For the nonzero components, we have

fab =
X(a;b)

gab
=

1
2

(
gab

(
Xa

,a +Xb
,b

)
+ gab,cX

c
)

gab
(3.64)

from (3.10). Then fab ∈ C1(M) since gab, Xa ∈ C2(M), and we also have

lim
T→0+(−)

fab =
H(a;b)

g′ab
= λ. (3.65)

Hence X is a uniform AHVF, and (M,g) is uniformly self-similar in the past (future).
Furthermore, since g→ g′ as T → 0+(−), any orthonormal frame (2.38) for (M,g) ap-

proaches a corresponding orthonormal frame for (M′,g′) in the past (future) asymptotic
regime. In other words, all dimensionless variables constructed from the commutation
functions γcab onM asymptote to their counterparts onM′. Hence (M,g) is past (future)
asymptotic to (M′,g′) in the dynamical systems approach. �

As alluded to in the discussion following Proposition 3.2, it is reasonable to assume
the existence of local coordinates (T, xµ) in which the HVF H has simple coordinate
dependence [42]. We also note that fab 6= 0 for the nonzero components of gab, since
limT→0+(−) fab 6= 0.

Theorem 3.1 is useful on several counts. For one, it shows that an isometry between
spacetimes in the asymptotic regime is preserved by the asymptotic process of Defini-
tion 3.4, such that the search for an exact mapping to an exactly self-similar spacetime
becomes an alternative method of finding a uniform AHVF. Conversely, any form of
asymptotic self-similarity breaking (under Definition 3.4 or in the dynamical systems ap-
proach) implies via the contrapositive of Theorem 3.1 that no such mapping exists. Hence
all the example cosmologies in Section 3.2.2 do not satisfy Definition 3.1; we summarise
these and other results in the following section.

3.3.1 Summary of examples

In formulating Definition 3.4, we have considered the asymptotic self-similarity of vari-
ous example cosmologies under a homothetic equation-based approach, as well as an ex-
act mapping definition for the purpose of comparison. Guided by existing results in the
dynamical systems approach, 10 (classes of) models have been examined in detail: five
of these are both past and future asymptotic to known exactly self-similar models, while
the other five exhibit asymptotic self-similarity breaking at early or late times (although,
as mentioned in Section 3.2.2.3, the Davidson result is not completely established).

The asymptotic self-similarity of these cosmologies under the dynamical systems, ho-
mothetic equation and exact mapping definitions is presented in Table 3.1. While the
analysis of several examples under Definition 3.4 remains inconclusive, the homothetic
equation results that have been obtained show perfect agreement with those in the dy-
namical systems approach. As seen from the FLRW models, however, the exact mapping
results do not. Theorem 3.1 verifies that Definition 3.1 is the strongest of the three defini-
tions being considered; this allows the existence of an exact mapping to be ruled out in
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Model(s) P/F DS Def. 3.4 (uniform) Def. 3.1

Heckmann–Schücking
P Y Y (Y) Y
F Y Y (Y) Y

FLRW (open, radiation)
P Y Y (N?) N
F Y Y (Y) Y

FLRW (closed, radiation)
P Y Y (N?) N
F Y Y (N?) N

Joseph
P Y ? (?) ?
F Y Y (Y) Y

Ellis–MacCallum
P Y ? (?) ?
F Y Y (Y) Y?

Szekeres (decaying) P N ? (N?) N†

Wainwright–Marshman P N N (N) N†

Davidson F N ? (N?) N†

Wainwright–Hancock–Uggla F N N (N) N†

Mixmaster P N N (N) N†

† : Theorem 3.1 ? : Conjecture 3.1

Table 3.1: Past and/or future asymptotic self-similarity of the example cosmologies in Chapter 3,
according to the dynamical systems, homothetic equation and exact mapping definitions.

the five examples that exhibit asymptotic self-similarity breaking.

There appears to be a correlation between uniform self-similarity and Definition 3.1,
in that an exact mapping always yields a uniform AHVF (i.e. the exactly self-similar
model’s HVF) in accordance with Theorem 3.1, while no uniform AHVFs have been
found for the examples that do not satisfy Definition 3.1. However, it is not trivial to
prove that an example is asymptotically but not uniformly self-similar (e.g. the FLRW
models); AHVFs with simple coordinate dependence have generally been ruled out in
such cases, but it is possible to conceive of more general AHVFs admitting spatially de-
pendent functions fab(T, xµ) that become constant in the limit as T → 0+(−).

On the other hand, a strong argument has been made in Section 3.2.1.5 for the exis-
tence of an exact mapping in the Ellis–MacCallum (future) example, even though uni-
form self-similarity has been demonstrated without the HVF from such a mapping. With
the apparent correlation between uniform self-similarity and Definition 3.1 in mind, we
offer the following conjecture.

Conjecture 3.1: If a spacetime (M,g) is uniformly self-similar in the past (future), it
admits an exact mapping to an exactly self-similar spacetime (M′,g′) in the past (future)
asymptotic regime.

Taken together with Theorem 3.1, Conjecture 3.1 essentially posits that uniform
self-similarity and Definition 3.1 are equivalent notions of self-similarity. It supports the
existence of an exact mapping in the Ellis–MacCallum example, while allowing us to
make speculative claims regarding the breaking of uniform self-similarity in the FLRW,
Szekeres and Davidson examples.
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3.4 Further discussion

Several difficulties arise when using Definition 3.4 to determine the asymptotic self-
similarity of a general spacetime (where the line element might be extremely complex).
As evident from the Joseph and Ellis–MacCallum solutions at early times, attempting to
find an AHVF via the constraint and limit equations is daunting if a non-separable ansatz
with full coordinate dependence is required. Furthermore, showing that the functions fab
are C1 is not trivial if they are multivariate and non-separable.

Proving that a spacetime is not asymptotically self-similar might be even harder than
proving it is, although any solution with inherent oscillatory behaviour similar to that in
the Wainwright–Marshman or Mixmaster models is unlikely to satisfy the differentiabil-
ity conditions of Definition 3.4. By such reasoning, we have drawn our conclusions on
the general Bianchi VII0 dust models from the Wainwright–Hancock–Uggla asymptotic
form with confidence.

It is clearly desirable to devise additional methods of finding AHVFs. One hitherto
unexplored possibility is to search for the specified class of CKVFs that serve as AHVFs
by Proposition 3.3. For example, the highly symmetric FLRW models admit nine inde-
pendent CKVFs (one of these is homothetic if the model is exactly self-similar) [80]; the
simplest is the hypersurface-orthogonal vector field X = a(t)∂/∂t, where a is the FLRW
scale factor and t is coordinate time. In the case of the open radiation model with T = t,
this CKVF is given by

Xa =
(√

(2C + T )T , 0, 0, 0
)
, (3.66)

which yields the divergent (as T → 0+) scaling factor

λ (T ) =
C + T√

(2C + T )T
. (3.67)

Another CKVF is given by

Xa =

(
1

C
(2C + T )T coshχ,

1

C
(C + T ) sinhχ, 0, 0

)
, (3.68)

which yields the scaling factor

λ (T, χ) =
2

C
(C + T ) coshχ, lim

T→0+
λ = 2 coshχ. (3.69)

Since (3.68) satisfies the conditions of Proposition 3.3, it is a past AHVF. We note that
(3.68) is asymptotically equivalent to the AHVF (3.23), and accordingly admits the same
function λ(χ) = 2 coshχ on the spacelike hypersurface S0.

While CKVFs are (in principle) a convenient source of AHVFs, they rarely exist and
are usually homothetic when they do [41]. In fact, most spacetimes that admit a CKVF
are very simple and highly symmetric to begin with [81]. Nevertheless, since CKVFs are
relatively well-documented in the literature, we may employ them whenever they are
available and concordant with the conditions of Proposition 3.3 (see Section 4.2.1).
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Chapter 4

Self-similarity in the conformal
framework of QC–WCH

In this chapter, we seek to integrate exact self-similarity and the working definition of
asymptotic self-similarity into the conformal framework of quiescent cosmology and the
Weyl curvature hypothesis. Section 4.1 details the conditions under which these prop-
erties are preserved by the conformal transformations in the framework, while addi-
tional example cosmologies with known conformal structures are examined for exact
and asymptotic self-similarity in Section 4.2. The results in this thesis are consolidated in
Section 4.3 to provide new insights into the relationships between isotropy, homogeneity
and self-similarity in the asymptotic regime.

4.1 Self-similarity under conformal transformations

A key aspect of fitting self-similarity into the conformal framework is determining if and
how the notions of exact self-similarity (i.e. the homothetic equation (2.18) with constant
λ 6= 0) and asymptotic self-similarity (i.e. Definition 3.4) translate under the conformal
transformations in the framework. Specifically, we are looking to ascertain whether self-
similarity (breaking) in a physical spacetime necessarily implies similar behaviour in its
unphysical counterpart, and vice versa.

It is clear that such an investigation cannot be conducted using the dynamical sys-
tems definition of asymptotic self-similarity: the unphysical spacetimes in the conformal
framework are generally not exact solutions to the EFE (with physically viable matter
content), much less solutions that are Bianchi. On the other hand, it is perfectly meaning-
ful for an unphysical spacetime (M̃, g̃) to be asymptotically self-similar under Definition
3.4. Indeed, while the functions f̃ab might even be well-defined on all of M̃ (and in partic-
ular on the spacelike hypersurface S0), they need only be C1 on the physical submanifold
M̃ ∩M and approach some C1 function λ̃ 6= 0 on the past/future state T = 0.

As it turns out, asymptotic self-similarity is largely preserved by the conformal trans-
formations in the framework — up to the fulfilment of certain technical requirements on
the conformal factor and relevant vector field.

Theorem 4.1: Suppose a physical spacetime (M,g) admits an unphysical past (future)
counterpart (M̃, g̃) in the conformal framework. If a vector field X on (M,g) is an
AHVF with associated function λ, and the function Λ := X(ln Ω) is C1 and differs from
λ in the limit as the spacetime’s past (future) is approached, X is an AHVF on (M̃, g̃).

51
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Proof: First we have M ⊂ M̃ and g = Ω2(T )g̃ from the conformal framework,
where the cosmic time function T → 0+(−) as either spacetime’s past (future) is
approached. The Leibniz rule for the Lie derivative yields

LXg̃ = LX
(
Ω−2g

)
=
(
−2Ω−3LXΩ

)
g + Ω−2 (LXg) . (4.1)

In local coordinates (T, xµ) such that X is an AHVF on (M,g), it follows from (4.1) that

X(a:b) = −Ω−3XcΩ,cgab + Ω−2X(a;b)

= −Ω−3X0Ω,0gab + Ω−2fabgab

=

(
fab −X0 Ω′

Ω

)
g̃ab

=
(
fab −X0 (ln Ω),0

)
g̃ab

= (fab − Λ) g̃ab, (4.2)

where the colon denotes covariant differentiation with respect to g̃, and Λ ∈ C1(M)

since X,Ω ∈ C2(M). Then each (fab −Λ) is C1 on M̃∩M, and (λ− limT→0+(−) Λ) 6= 0 is
C1 on T = 0. Hence X is an AHVF on (M̃, g̃). �

The added conditions on the function Λ in Theorem 4.1 (i.e. limT→0+(−) Λ is C1

and differs from λ) are crucial but not overly restrictive. Furthermore, X0 is typically
O(T ) as T → 0+(−) while Ω′/Ω = O(1/T ) for an analytic conformal factor, such that Λ

is typically O(1) (and hence bounded in the limit as T → 0+(−)). We also note that Λ is
permitted to vanish on T = 0.

Now, exact self-similarity is essentially a stronger notion of uniform self-similarity,
which is in turn a special case of asymptotic self-similarity. It is unsurprising, then, that
a couple of corollaries regarding uniform and exact self-similarity may be derived by
imposing stronger constraints on Λ in Theorem 4.1.

Corollary 4.1: In addition to the conditions of Theorem 4.1, if X is a uniform AHVF on
(M,g) and Λ is constant in the limit as the spacetime’s past (future) is approached, X is
a uniform AHVF on (M̃, g̃).

Proof: As given in the proof of Theorem 4.1, except (λ − limT→0+(−) Λ) 6= 0 is con-
stant on T = 0. Hence X is a uniform AHVF on (M̃, g̃). �

Corollary 4.2: In addition to the conditions of Corollary 4.1, if X is an HVF on (M,g)

and Λ is constant, X is an HVF on (M̃, g̃).

Proof: As given in the proof of Corollary 4.1, except each (fab − Λ) equals a con-
stant scaling factor (λ− Λ) 6= 0. Hence X is an HVF on (M̃, g̃). �

From Theorem 4.1 and its corollaries, any given degree of self-similarity in the physical
spacetime may be used to demonstrate an equal or lower degree of self-similarity in
the unphysical spacetime. We note, however, that the latter spacetime is not necessarily
restricted to said degree of self-similarity; for example, a physical spacetime that is
only asymptotically self-similar might be conformally related to an exactly self-similar
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counterpart. This is alluded to in the following theorem (and its corollaries), which is
essentially the converse of Theorem 4.1 with a similar proof.

Theorem 4.2: Suppose a physical spacetime (M,g) admits an unphysical past (future)
counterpart (M̃, g̃) in the conformal framework. If a vector field X̃ on (M̃, g̃) is an
AHVF with associated function λ̃, and the function Λ̃ := X̃(ln Ω) is C1 and differs from
−λ̃ in the limit as the spacetime’s past (future) is approached, X̃ is an AHVF on (M,g).

Proof: In local coordinates (T, xµ) such that X̃ is an AHVF on (M̃, g̃), we have

X̃(a;b) = ΩX̃cΩ,cg̃ab + Ω2X̃(a:b)

= ΩX̃0Ω,0g̃ab + Ω2f̃abg̃ab

=

(
f̃ab + X̃0 Ω′

Ω

)
gab

=
(
f̃ab + X̃0 (ln Ω),0

)
gab

=
(
f̃ab + Λ̃

)
gab. (4.3)

Then each (f̃ab + Λ̃) is C1 onM⊂ M̃, and (λ̃+ limT→0+(−) Λ̃) 6= 0 is C1 on T = 0. Hence
X̃ is an AHVF on (M,g). �

Corollary 4.3: In addition to the conditions of Theorem 4.2, if X̃ is a uniform AHVF on
(M̃, g̃) and Λ̃ is constant in the limit as the spacetime’s past (future) is approached, X̃ is
a uniform AHVF on (M,g).

Proof: As given in the proof of Theorem 4.2, except (λ̃ + limT→0+(−) Λ̃) 6= 0 is con-
stant on T = 0. Hence X̃ is a uniform AHVF on (M,g). �

Corollary 4.4: In addition to the conditions of Corollary 4.3, if X̃ is an HVF on (M̃, g̃)

and Λ̃ is constant, X̃ is an HVF on (M,g).

Proof: As given in the proof of Corollary 4.3, except each (f̃ab + Λ̃) equals a con-
stant scaling factor (λ̃+ Λ̃) 6= 0. Hence X̃ is an HVF on (M,g). �

The theorems and corollaries in this section are constructive existence results for
(A)HVFs; they describe, but do not fully characterise, how self-similarity translates
under the conformal transformations in the framework. On the other hand, there is no
analogous result for the breaking of self-similarity. This may be seen by, say, considering
the contrapositive of Theorem 4.1: if X is not an AHVF on (M̃, g̃), we cannot conclude
that it is not one on (M,g) unless Λ satisfies the specified conditions. Hence the
non-existence of AHVFs on (M̃, g̃) necessarily carries over to (M,g) only if every vector
field onM fulfils the requirements of Theorem 4.1 — which is clearly untrue.

Conveniently, Theorem 4.2 provides another method of finding AHVFs for models
that admit an isotropic past/future state in the conformal framework. As the unphysical
metric in this case is regular on an open neighbourhood of the spacelike hypersurface S0,
the search for an AHVF is potentially simpler on the unphysical spacetime. One example
is the closed radiation FLRW model studied in Section 3.2.1.3, whose line element (3.26)
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has been cast into a form compatible with the admission of an IFS (where Ω(T ) = −CT ).
The line element of the unphysical spacetime follows as

ds̃2 = −4 dT 2 +
(
2− T 2

) (
dχ2 + sin2 χ

(
dθ2 + sin2 θ dφ2

))
, (4.4)

which is regular near and on T = 0. Although the constraint equations resulting
from (4.4) are identical to those from (3.26), the limit equations are slightly less com-
plex and may be solved to yield the unphysical AHVF (3.29) with associated function
λ̃(χ) = 2 cosχ. Applying Theorem 4.2, we then have

Λ̃ (T, χ) =
1

2

(
2− T 2

) sin
√

2T√
2T

cosχ, lim
T→0−

Λ̃ = cosχ 6= −λ̃, (4.5)

i.e. (3.29) is a future AHVF for the closed radiation FLRW model as well.

4.2 Examples in the conformal framework

In this section, we discuss the self-similarity of several additional cosmologies whose
conformal structures have been studied in the literature, and identify the examples in
Chapter 3 that are known to admit or preclude a conformal past/future state.

4.2.1 Self-similarity of FLRW models

As mentioned in Section 2.2, the conformal structures of FLRW models have been thor-
oughly investigated and classified via the asymptotic properties of the scale factor a and
deceleration parameter q [35, 39]. The exact self-similarity of perfect fluid FLRW models
is also well known: any flat model with γ ∈ (0, 2] admits an HVF (see (2.28)–(2.30)), as
does any model with γ = 2/3. In the latter case, the line element is given by (2.9) with
a(t) = t/C, where C > 0 is a constant and C < 1 for k = −1 [42]. The empty Milne
universe (2.19) is recovered by taking C = 1 for k = −1; accordingly, all FLRW models
with γ = 2/3 share the Milne HVF (2.25).

While some open and closed FLRW models are known to be asymptotically self-
similar in the dynamical systems approach, we may demonstrate under Definition 3.4
the asymptotic self-similarity of all FLRW models at early and late times. This result is
not restricted to perfect fluid models, and exploits the existence of CKVFs in its proof.

Theorem 4.3: All FLRW models are asymptotically self-similar in the past (future).

Proof: First we have the general FLRW line element (2.11) in isotropic form, which
may be cast as

ds2 = a2 (τ)

(
−dτ2 +

(
1 +

1

4
kρ2

)−2 (
dρ2 + ρ2

(
dθ2 + sin2 θ dφ2

)))
(4.6)

via the coordinate transformation τ =
´

1/a(t) dt. Assuming the scale factor a has a
(one-sided) generalised power series representation in the asymptotic regime, we write

a (τ) =
∞∑
i=1

Ci |τ − τ0|ri , (4.7)
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whereC1 > 0, ri < ri+1 ∈ R and τ → τ
+(−)
0 as the spacetime’s past (future) is approached.

We note that r1 = −1 corresponds to the special case of de Sitter-like spacetimes, which
we have excluded from the FLRW label in Section 2.1.3. Transforming to cosmic time
T = τ − τ0 yields

a (T ) =

∞∑
i=1

Ci |T |ri , a′ (T ) =

∞∑
i=1

+ (−) riCi |T |ri−1 , (4.8)

while the line element (4.6) is essentially unchanged. As T → 0+(−), we see that

a′

a
∼

{
+ (−) r1 |T |−1 , r1 6= 0,

+ (−) r2C2/C1 |T |r2−1 , r1 = 0,
(4.9)

i.e. a′/a = O(1/|T |) in all cases.

For k = 1, we consider the CKVF given by

Xa =

(
4− ρ2

4 + ρ2
sinT, ρ cosT, 0, 0

)
, (4.10)

which yields the scaling factor

λ (T, ρ) =
4− ρ2

4 + ρ2

(
cosT + (−)

a′

a
sin |T |

)
, lim

T→0+(−)
λ =

4− ρ2

4 + ρ2
(1 + C) , (4.11)

where C ∈ {r1, 0} is a constant. Since (4.10) satisfies the conditions of Proposition 3.3 for
r1 6= −1, it is an AHVF for all closed FLRW models in the past (future).

For k = 0, we consider the CKVF given by

Xa = (T, ρ, 0, 0) , (4.12)

which yields the scaling factor

λ (T ) = 1 + (−)
a′

a
|T | , lim

T→0+(−)
λ = 1 + C, (4.13)

where C ∈ {r1, 0} is a constant. Since (4.12) satisfies the conditions of Proposition 3.3 for
r1 6= −1, it is a uniform AHVF for all flat FLRW models in the past (future).

For k = −1, we consider the CKVF given by

Xa =

(
4 + ρ2

4− ρ2
sinhT, ρ coshT, 0, 0

)
, (4.14)

which yields the scaling factor

λ (T, ρ) =
4 + ρ2

4− ρ2

(
coshT + (−)

a′

a
sinh |T |

)
, lim

T→0+(−)
λ =

4 + ρ2

4− ρ2
(1 + C) , (4.15)

where C ∈ {r1, 0} is a constant. Since (4.14) satisfies the conditions of Proposition 3.3 for
r1 6= −1, it is an AHVF for all open FLRW models in the past (future). Hence all FLRW
models are asymptotically self-similar in the past (future). �
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The proof of Theorem 4.3 hinges on assuming the generalised power series in (4.7)
converges locally to a in the asymptotic regime, which is certainly the case for all
known FLRW models in the literature [82]. We note that a′/a = ±ȧ (where ȧ = da/dt),
and should not be confused with the generalised Hubble parameter H = ȧ/a. Also,
(4.10)/(4.14) and (4.12) correspond respectively to the CKVFs H∗ and H given by
Maartens and Maharaj [80]. Finally, the χ-coordinate domain for k = −1 transforms to
ρ ∈ (−2, 2), i.e. the scaling factor on T = 0 is well-defined for the open models.

Theorem 4.3 applies to any class of spacetimes described by the FLRW line element,
with two exceptions. Firstly, while AHVFs may be found on non-evolving spacetimes
such as the Einstein static universe, it is meaningless for these to be asymptotically self-
similar at “early” or “late” times (although they may be interpreted as being asymptoti-
cally self-similar at all times). Secondly, when r1 = −1 in (4.7), a is approximately expo-
nential in coordinate time t; such scale factors generally describe de Sitter-like spacetimes
with a positive cosmological constant Λ. These spacetimes of constant (four-dimensional)
curvature include the de Sitter universe as a specific example, which we attend to in the
following section.

4.2.2 Further examples

At present, only about 15 distinct (classes of) cosmologies have been studied within the
conformal framework. We have examined a handful of these for exact and asymptotic
self-similarity; null results for the Carneiro–Marugan [35, 36] and Senin [39] models are
neither informative nor presented in this thesis. As in Chapter 3, the fundamental four-
velocity field is hypersurface-orthogonal and given by u = (−g00)−1/2∂/∂t.

4.2.2.1 Example: de Sitter

The de Sitter universe is a vacuum energy spacetime with exponential expansion; it pos-
sesses distinctive mathematical properties while serving as a physical model for the ex-
ponential phase of cosmological inflation (introduced in Chapter 1) [2]. In spherical co-
ordinates, the line element is given by

ds2 = −dt2 + e2Ct
(
dχ2 + χ2

(
dθ2 + sin2 θ dφ2

))
, (4.16)

i.e. (2.9) with a(t) = eCt and k = 0, where C =
√

(1/3)Λ is a constant. We note that
asymptotic self-similarity is not well-defined for the de Sitter universe in the dynamical
systems approach, since the model corresponds to an exceptional equilibrium point that
is not exactly self-similar [51].

Although there is no singularity in the de Sitter universe, we may consider t = 0 as
corresponding to an unphysical past state. At early times, we take T = t and choose the
hypersurface-orthogonal CKVF

Xa =
(
eCT , 0, 0, 0

)
, (4.17)

which yields the scaling factor

λ (T ) = CeCT , lim
T→0+

λ = C. (4.18)

Since (4.17) satisfies the conditions of Proposition 3.3, it is a uniform AHVF for the de
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Sitter universe. However, the model is uniformly accelerating with a finite scale factor
as its past state is approached (q = −1 and limT→0+ a = 1); from results by Ericksson
[35] and Threlfall [39], we may conclude that the de Sitter universe does not admit a past
conformal state at which u = ∂/∂T is regular.

At late times, we take T = −e−Ct such that (4.16) transforms to

ds2 =
1

T 2

(
− 1

C2
dT 2 + dχ2 + χ2

(
dθ2 + sin2 θ dφ2

))
. (4.19)

This line element happens to be in conformal form g = Ω2g̃ with Ω(T ) = −1/T and g̃

regular, but is incompatible with the admission of an FIU since L0 = L = Ω′′Ω/Ω2 = 2

(see Definition 2.8a). The hypersurface-orthogonal CKVF becomes

Xa = (C, 0, 0, 0) , (4.20)

which yields the divergent (as T → 0−) scaling factor

λ (T ) = −C
T
. (4.21)

We consider in similar fashion the eight remaining CKVFs H, Mµ0 and Ka given
by Maartens and Maharaj [80]; interestingly, each yields a scaling factor of the form
λ(T, xµ) = f(xµ)/T as well.

It is mentioned in Section 3.2.1.1 that AHVFs appear to fall into asymptotic equiva-
lence classes, such that spacetimes admit only a finite number of AHVF classes; further-
more, as seen in Section 3.4, AHVFs are known to be asymptotically equivalent to (some)
CKVFs when the latter exist. Since every CKVF for the de Sitter universe yields a scale
factor that blows up as T → 0−, there is a strong indication of asymptotic self-similarity
breaking at late times. Hence we are reasonably justified in offering the following conjec-
ture, whose significance is made clear in Section 4.3.

Conjecture 4.1: The de Sitter universe is not asymptotically self-similar in the future.

4.2.2.2 Example: Kantowski–Sachs

One example cosmology that has been given much attention within the conformal frame-
work is found in the class of homogeneous and anisotropic models discovered by Kan-
towski and Sachs [83, 84] in 1966. These irrotational perfect fluid solutions are non-
Bianchi, in that their G4 isometry group fails to admit a G3 subgroup acting transitively
on the spacelike hypersurfaces (which have the topology of S2×R [49]). The recollapsing
radiation model studied in the framework has a form due to Wainwright [85]; its line
element is given by

ds2 = −A (t) dt2 + t

(
1

A (t)
dx2 +

A2 (t)

b2
(
dy2 + f2 (y) dz2

))
(4.22)

with A(t) = 1 − (4/9)b2t and f(y) = sin y. Asymptotic self-similarity is not well-defined
for the Kantowski–Sachs models in the dynamical systems approach, although those that
admit aG2 isometry subgroup are in general asymptotically self-similar [73]. The asymp-
totic self-similarity of this particular model is not given in the literature.
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At early times, we take T = t and choose the ansatz

Xa =
(
X0 (T, x, y) , X1 (T, x, y) , X2 (T, x, y) , 0

)
(4.23)

with X2 = f(T, x) sin y, such that the constraint and limit equations reduce to

X(0;1) = X(0;2) = X(1;2) = 0, lim
T→0+

X(0;0)

g00
= lim

T→0+

X(1;1)

g11
= lim

T→0+

X(2;2)

g22
. (4.24)

No solution to (4.24) exists if f is further assumed to be separable, although the choice

Xa =

(
−2

3
A−

3
2T cosh bx cos y,

1

b
A

3
2 sinh bx cos y,A−

3
2 cosh bx sin y, 0

)
(4.25)

is a “near” solution in that

lim
T→0+

X(0;0)

g00
= lim

T→0+

X(1;1)

g11
= lim

T→0+

X(2;2)

g22
= lim

T→0+

X(3;3)

g33
= ±2

3
cosh bx cos y, (4.26)

where only the first limit is negative. It is unclear if such sign discrepancies are inherent
(such that the radiation Kantowski–Sachs model cannot be asymptotically self-similar),
or whether a solution to (4.24) might exist for non-separable f . On the other hand, it
is straightforward to show that the model admits an IPS by taking T =

√
2t in (4.22)

[18]. We note that attempts to find an AHVF via the resultant unphysical spacetime and
Theorem 4.2 have also been unsuccessful.

At late times, we take T = −A2 such that T ∈ (−1, 0) and T → 0− as the future
singularity corresponding to t = 9/(4b2) is approached; accordingly, (4.22) transforms to

ds2 = Ω2 (T )

(
− 81

64b4
dT 2 +

9

4b2

(
1− (−T )

1
2

)(
dx2 +

1

b2
(−T )

3
2
(
dy2 + sin2 y dz2

)))
,

Ω (T ) = (−T )−
1
4 , (4.27)

which is in a form compatible with the admission of an AFS [20]. However, no AHVF
has been found (on either the physical or unphysical spacetime) via this coordinate trans-
formation. Hence it is not possible at this stage to comment on the future asymptotic
self-similarity of the radiation Kantowski–Sachs model.

4.2.2.3 Example: Kantowski

The radiation Kantowski–Sachs model has a related counterpart in the class of all Bianchi
III radiation solutions, discovered by Kantowski [83] in 1966; the line element of this
ever-expanding model is given by (4.22) with A(t) = 1 + (4/9)b2t and f(y) = sinh y.
In the dynamical systems approach, Bianchi III solutions are past asymptotic to Bianchi
I solutions and future asymptotic to the Bianchi III form of flat spacetime, whose line
element and HVF are given respectively by [42]

ds2 = −dt2 + dx2 + t
2 (
dy2 + e2ydz2

)
, (4.28)

Xa =
(
t, x, 0, 0

)
. (4.29)

At early times, the radiation Kantowski model admits an IPS (as in the Kantowski–
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Sachs case, this is seen by taking T =
√

2t in (4.22)) [18]. Its line element reduces to

ds2 ∼ −dt2 + t

(
dx2 +

1

b2
(
dy2 + sinh2 y dz2

))
(4.30)

as t→ 0+, but it is unclear if an exact mapping of (4.30) to the Bianchi I line element (2.26)
exists. No AHVF has been found via the usual procedure either, although taking T = t

and choosing the ansatz (4.23) with X2 = f(T, x) sinh y yields another “near” solution

Xa =

(
−2

3
A−

3
2T cos bx cosh y,

1

b
A

3
2 sin bx cosh y,A−

3
2 cos bx sinh y, 0

)
, (4.31)

lim
T→0+

X(0;0)

g00
= lim

T→0+

X(1;1)

g11
= lim

T→0+

X(2;2)

g22
= lim

T→0+

X(3;3)

g33
= ±2

3
cos bx cosh y, (4.32)

where only the first limit is negative. Hence it is not possible at this stage to comment on
the past asymptotic self-similarity of the radiation Kantowski model.

At late times, we take T = −A−1 such that T ∈ (−1, 0) and T → 0− as t → ∞;
accordingly, (4.22) transforms to

ds2 = Ω2 (T )

(
− 81

16b4
dT 2 +

9

4b2
(1 + T )T 2

(
−T 3dx2 +

1

b2
(
dy2 + sinh2 y dz2

)))
,

Ω (T ) = (−T )−
5
2 , (4.33)

which is in a form compatible with the admission of an AFEU [20]. Assuming simple
coordinate dependence and solving the limit equations (3.7) yields

Xa =

(
−2

3
T, x, 0, 0

)
, (4.34)

X(0;0)

g00
= 1,

X(1;1)

g11
=
X(2;2)

g22
=
X(3;3)

g33
=

2T + 3

3T + 3
. (4.35)

Since the limits as T → 0− of all terms in (4.35) exist and equal a constant scaling fac-
tor λ = 1, the radiation Kantowski model is uniformly self-similar in the future. It is
unsurprising that the AHVF (4.34) resembles the Bianchi III HVF (4.29), in light of Con-
jecture 3.1. Finally, we note that this result continues a trend of uniform self-similarity for
cosmologies that are future asymptotic to flat (Minkowski) spacetime in the dynamical
systems approach, i.e. the open radiation FLRW, Joseph and Ellis–MacCallum models
(see Table 3.1).

4.2.2.4 Example: Szekeres (growing)

The inhomogeneous Szekeres solutions introduced in Section 3.2.2.1 have also been stud-
ied within the conformal framework, but in the absence of the decaying mode (i.e. k− = 0

in (3.50)). Transforming to cosmic time T = 3t1/3 casts the line element (3.50) into a form
compatible with the admission of an IPS [19, 35], while the admission of an AFEU is
demonstrated by taking T = −1/t [36]. Within the dynamical systems approach, the
Szekeres solutions are in general asymptotically self-similar at early times (to Bianchi I
solutions), but not necessarily at late times [86, 87, 88]. The growing Szekeres solutions
in particular are known to admit FLRW-like singularities [67, 68].
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Model(s) P/F (A)HVF Conformal state(s)

Heckmann–Schücking
P Uniform Not found
F Uniform AFEU

Wainwright–Marshman P None None
Davidson F Not uniform? AFS

FLRW (flat, γ ∈ (0, 2/3))
P Exact None
F Exact FIU

FLRW (flat, γ ∈ (2/3, 2])
P Exact IPS
F Exact Not isotropic

FLRW (γ = 2/3)
P Exact None
F Exact None

FLRW (general)
P Asymptotic‡ IPS
F Asymptotic‡ All

de Sitter
P Uniform None
F None?? Not found

Kantowski–Sachs
P Not found IPS
F Not found AFS

Kantowski
P Not found IPS
F Uniform AFEU

Szekeres (growing)
P Exact IPS
F Exact AFEU

‡ : Theorem 4.3 ? : Conjecture 3.1 ?? : Conjecture 4.1

Table 4.1: Past and/or future self-similarity of the example perfect fluid cosmologies in Chapters
3 and 4 that admit or preclude conformal states.

For our analysis, we focus on the growing Szekeres solution with a = b = c = k− = 0

and k+(x) = Kxr (where K, r > 0 are constants), which has the line element

ds2 = −dt2 + t
4
3

(
K2x2r

(
5

9

(
y2 + z2

)
+ t

2
3

)2

dx2 + dy2 + dz2

)
. (4.36)

As it turns out, the vector field

Xa =

(
t,− 1

3 (r + 1)
x,

1

3
y,

1

3
z

)
(4.37)

solves the homothetic equation (2.18) with λ = 1. Hence (4.37) is an HVF, and the grow-
ing Szekeres solution (4.36) serves as a handy example of exact self-similarity in an inho-
mogeneous cosmological model.

4.2.3 Summary of examples

Most of the example cosmologies studied in the conformal framework are perfect fluid
spacetimes, due to their physical significance over vacuum spacetimes (which do not
admit an IPS [35]). Table 4.1 lists all such models that have also been examined for exact
or asymptotic self-similarity in Chapters 3 and 4.

The Heckmann–Schücking and Davidson examples from Chapter 3 are known to ad-
mit anisotropic conformal states [39]. While analysis of the Davidson solution under
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Definition 3.4 remains inconclusive, we claim that no uniform AHVF exists by Conjec-
ture 3.1. Furthermore, spacetimes in which the past singularity is not point-like do not
admit an IPS at which u is regular [35]; this allows us to rule out the existence of a past
conformal state for the Wainwright–Marshman solutions (where the singularity corre-
sponding to t = x oscillates between the “barrel” and “pancake” types [25, 71]).

Our conclusions on the conformal states admitted (or precluded) by the FLRW mod-
els in Table 4.1 are based on general results by Ericksson [35] and Threlfall [39]. For
the flat FLRW models, the scale factor is given by a(t) = t2/(3γ) as per (2.29), such that
limT→0+(−) a = 0(∞). The deceleration parameter (2.15) evaluates to

q =
1

2
(3γ − 2) , (4.38)

such that the models with γ ∈ (0, 2/3) or γ ∈ (2/3, 2] are, respectively, uniformly accel-
erating or decelerating. Hence the former admit an FIU but not an IPS, while the latter
admit an IPS but not an IFS/FIU. For the FLRW models with γ = 2/3 (and any spatial
curvature), no conformal states are admitted as we necessarily have L0 = 1. Finally, it is
possible for a general FLRW model (which is at least asymptotically self-similar by The-
orem 4.3) to admit any conformal state, isotropic or otherwise; even the past isotropic
universe, an unphysical time-reversed analogue of the FIU, is allowed.

At first glance, Table 4.1 indicates no obvious relationship between self-similarity and
the admission of (isotropic) conformal states. This is largely borne out by closer scrutiny
of the logical connectives among various symmetry-related spacetime properties, which
is conducted in the following section.

4.3 Isotropy, homogeneity and self-similarity

Definition 3.4 provides a formal, intrinsic notion of approximate self-similarity in the
asymptotic regime, just as the admission of an isotropic conformal state in a spacetime
represents the property of asymptotic isotropy (in the Ricci-/expansion-dominated sense
of (2.17)). Noticeably, there is no asymptotic counterpart for homogeneity; since isotropy
implies homogeneity, a spacetime that admits an isotropic conformal state may loosely
be interpreted as being asymptotically homogeneous as well. We note that a provisional
definition of asymptotic spatial homogeneity within an isotropic conformal structure has
been offered by Ericksson [35], and essentially requires homogeneity of the regular space-
like hypersurface S0 in the unphysical spacetime. This definition is not analogous to an
isotropic conformal state, however, and has not been further developed in the literature.

For the purposes of this thesis, then, there are five symmetry-related spacetime prop-
erties in the conformal framework: isotropy, homogeneity, exact self-similarity, asymp-
totic self-similarity, and the admission of an isotropic conformal state at which the funda-
mental four-velocity field u is regular. These properties are abbreviated as logical state-
ments in Table 4.2, with 10 pairwise relationships among them. A couple of implications
are immediately identified, i.e. isotropy implies homogeneity and exact self-similarity
implies asymptotic self-similarity. From various counterexample cosmologies in Table
4.3, pairwise independence is demonstrated in seven other cases (one is based on Con-
jecture 4.1). All known relationships are then presented schematically in Figure 4.1.

Even if Conjecture 4.1 is shown to be untrue and all de Sitter-like spacetimes are
asymptotically self-similar, a definitive result is still obtained. Since every isotropic (and
homogeneous) cosmological model is described by the FLRW line element (2.9), we may
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Statement Spacetime is/admits:
ISO Spatially isotropic (Def. 2.4)

HOM Spatially homogeneous (Def. 2.5)
ESIM Exactly self-similar (Eq. (2.18) with constant λ 6= 0)
ASIM Asymptotically self-similar (Def. 3.4)

ICS Isotropic conformal state at which u is regular (Defs. 2.6–2.8)

Table 4.2: Symmetry-related spacetime properties in the conformal framework.

conclude that isotropy implies asymptotic self-similarity by Theorem 4.3.
The remaining pairwise relationship, namely that between asymptotic self-similarity

and the admission of an isotropic conformal state, is partially established. Spacetimes
that are asymptotically self-similar in the past/future do not necessarily admit a corre-
sponding isotropic past/future state, e.g. the FLRW models with γ = 2/3. A counterex-
ample has yet to be found for the converse case, as explicit instances of asymptotic self-
similarity breaking are comparatively rare and difficult to verify in the first place. One
possible counterexample is the de Sitter universe (again, assuming Conjecture 4.1), where
the admission of an FIU is enough to establish the pairwise independence of asymptotic
self-similarity and the admission of an isotropic conformal state. This is an unlikely sce-
nario, however, as Definition 2.8a appears to have been formulated with the exclusion of
de Sitter-like behaviour in mind [36].

On the other hand, it seems considerably harder to prove that the admission of an
isotropic conformal state implies asymptotic self-similarity. The challenge is essentially
to construct an AHVF on a spacetime via its isotropic conformal structure, where the
only significant property to work with is regularity of the unphysical spacetime near
and on T = 0. It might be simpler to find an AHVF on such an unphysical spacetime
(and apply Theorem 4.2), since each nonzero metric component gab typically does not
vanish or blow up as T → 0+(−), i.e. the homothetic equation may be directly verified
on T = 0. However, this possibility is not trivial to show in the general case and has not
been successfully exploited at this stage.

For a general spacetime that admits an isotropic conformal state, even imposing addi-
tional structure such as homogeneity (on either the spacetime or the regular spacelike hy-
persurface S0) does not yield any insight into its asymptotic self-similarity. Once again,
we are limited by the difficulty of finding AHVFs on spacetimes of greater complexity
than the FLRW models. Hence the relationship between asymptotic self-similarity and
the admission of an isotropic conformal state remains an open problem, albeit one that
might be resolved with further study or amendments to the existing framework.
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Connective Counterexample
ISO⇒ ESIM FLRW (open, radiation)
ESIM⇒ ISO Kasner
ISO⇒ ASIM de Sitter??

ASIM⇒ ISO Heckmann–Schücking
ISO⇒ ICS FLRW (γ = 2/3)
ICS⇒ ISO Kantowski–Sachs

HOM⇒ ESIM Heckmann–Schücking
ESIM⇒ HOM Szekeres (growing)
HOM⇒ ASIM Mixmaster
ASIM⇒ HOM Szekeres (growing)

HOM⇒ ICS FLRW (γ = 2/3)
ICS⇒ HOM Szekeres (growing)
ESIM⇒ ICS FLRW (γ = 2/3)
ICS⇒ ESIM FLRW (open, radiation)

?? : Conjecture 4.1

Table 4.3: Counterexample cosmologies that illustrate the pairwise independence of various
spacetime properties in Table 4.2.

⇎

⇒

ASIM

⇎

ESIM

⇎

ICS

⇎

⇎

ISO

⇎

HOM

⇎

⇒

Figure 4.1: Schematic representation of relationships among the spacetime properties in Table 4.2.
While isotropy implies homogeneity and exact self-similarity implies asymptotic self-similarity
(black lines), the properties are otherwise independent (grey lines). It is not known at this stage if
the admission of an isotropic conformal state implies asymptotic self-similarity (dashed line).
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Chapter 5

Conclusion

The research in this thesis has been directed solely by the purpose of integrating self-
similarity (as a spacetime property) into the conformal framework of quiescent cosmol-
ogy and the Weyl curvature hypothesis; these cosmological constructs are introduced
conceptually in Chapter 1, and formalised from a technical perspective in Chapter 2.

As the conformal framework deals with spacetimes in the asymptotic regime, it is
crucial to address the lack of a satisfactory definition for asymptotic self-similarity in the
literature. Three existing usages of the term are identified in Section 2.3.2: it refers to
asymptotic relationships among exactly self-similar spacetimes in the spherically sym-
metric approach, describes spacetimes that evolve towards self-similarity in the power-
ful but specialised dynamical systems approach, and is formally defined but developed
improperly in the homothetic equation approach. None of these are suitable working
definitions as they stand, and so an improved alternative is required.

To this end, much emphasis has been placed on formulating a robust definition of
asymptotic self-similarity in Chapter 3. Two geometric approaches and one that is closer
in nature to the dynamical systems definition are shortlisted in Section 3.1. The exact
mapping approach is overly rigid but retained for comparative purposes, while the di-
mensionless variables approach is discarded for its lack of practicality. Our focus is on a
homothetic equation-based definition, under which an asymptotically self-similar space-
time admits a vector field satisfying (2.18) in a given asymptotic sense as the spacetime’s
past/future state is approached.

It is immediately evident that such a definition needs to be weakened sufficiently for
agreement with the dynamical systems results on the asymptotic self-similarity of the
open and closed FLRW models (this is done by permitting point-dependent scaling fac-
tors on the spacelike hypersurface S0). Also, the definition is more naturally formulated
in local coordinates, which leads to a couple of propositions on coordinate dependence
that guide the choice of ansatz in the search for AHVFs.

Various example cosmologies that exhibit asymptotic self-similarity (breaking) in the
dynamical systems approach are investigated under a preliminary definition in Section
3.2, where two issues promptly surface. Firstly, a common cause of asymptotic self-
similarity breaking in spacetimes is attributable to oscillatory behaviour that becomes
increasingly rapid at early or late times; this is implemented in the working definition by
imposing a C1 degree of differentiability on the asymptotic process.

Of more concern, it is generally difficult to find AHVFs (or rule out their existence) on
spacetimes that are less symmetric than the FLRW models. Several results that facilitate
the search for AHVFs are obtained in Section 3.3: a specified class of CKVFs may serve
as AHVFs (by Proposition 3.3), while the HVF from any exact mapping between the
spacetime and an exactly self-similar counterpart in the asymptotic regime may also be
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used (by Theorem 3.1). However, such results are limited in their applicability.
The eventual working definition is deemed adequate despite this difficulty, and is

considered within the conformal framework in Chapter 4. Section 4.1 analyses how ex-
act and asymptotic self-similarity translate under the conformal transformations in the
framework; as it turns out, these properties are preserved with the fulfilment of certain
conditions on the conformal factor and relevant vector field. Furthermore, by Theorem
4.2, the possibility of finding AHVFs on a spacetime via its unphysical counterpart pro-
vides another method of applying Definition 3.4 within the conformal framework.

Additional example cosmologies whose conformal structures have been studied in
the literature are examined for exact and asymptotic self-similarity in Section 4.2. The
most significant result is Theorem 4.3, whose proof exploits the existence of CKVFs. This
theorem asserts asymptotic self-similarity for the class of all isotropic and homogeneous
cosmological models (i.e. spacetimes described by the FLRW line element), with the
possible exception of de Sitter-like spacetimes. We also demonstrate past asymptotic
self-similarity for the de Sitter universe, and conjecture that it is not asymptotically self-
similar at late times.

Armed with a substantial number of example cosmologies (from Chapters 3 and 4),
we are able to draw conclusions on the relationships among the five symmetry-related
spacetime properties in the conformal framework. It is shown in Section 4.3 via var-
ious counterexamples that most of these properties are pairwise independent, apart
from isotropy implying homogeneity and exact self-similarity implying asymptotic self-
similarity. However, analysis of the relationship between asymptotic self-similarity and
the admission of an isotropic conformal state remains inconclusive.

5.1 Future research directions

There is considerable room for improvement in the working definition of asymptotic
self-similarity developed in this thesis. As raised in Section 3.3, the definition is not
coordinate-invariant; we illustrate this here by first introducing the standard coordinate
transformation matrices

Φ a
a′ :=

∂xa

∂x′a′
, Φa′

a :=
∂x′a

′

∂xa
. (5.1)

Now, suppose X is an AHVF on a spacetime (M,g) in some set of local coordinates
(T, xµ), such that the functions fab = X(a;b)/gab satisfy (3.63). Then the corresponding
functions in another set of coordinates (T ′, x′µ

′
) are given by

f ′a′b′ =
X(a′;b′)

ga′b′
=

Φ a
a′ Φ

b
b′ X(a;b)

Φ a
a′ Φ

b
b′ gab

. (5.2)

Each function f ′a′b′ generally still equals the scaling factor λ in the limit as T → 0+(−).
However, (5.2) might not be well-defined as both the dividend and divisor are now sums
of terms, and it is conceivable for one to sum to zero but not the other (since fab does not
factor out of the dividend). In other words, correspondence between the zero/nonzero
components of X(a′;b′) and ga′b′ might be broken — which is a minor hassle, as we would
prefer the same AHVF to hold in all coordinate frames. It is not immediately clear how
or whether to resolve this issue, since a formulation in local coordinates is necessary to
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make the definition precise (and to distinguish it from the conformal Killing equation).
If greater compatibility with the dynamical systems approach is desired, the working

definition may be amended or even reworked to incorporate approaches that have not
been explored in this thesis. For example, the definition may be reformulated relative to
an expansion-normalised basis {va′} = {H−1δ a

a′ ∂/∂x
a} such that

ga′b′ = g (va′ ,vb′) = H−2gab, (5.3)

where H is the generalised Hubble parameter. Another possibility is to employ the (un-
physical) dimensionless metric ĝ = H2g in some way; relative to the usual coordinate
basis {∂/∂xa}, the metric components are given by

ĝab = ĝ

(
∂

∂xa
,
∂

∂xb

)
= H2gab. (5.4)

The general idea with these approaches is to somehow take into account the effects of a
spacetime’s expansion, in accordance with the dynamical systems definition.

Several avenues of future research are available if Definition 3.4 is accepted as a suit-
able working definition of asymptotic self-similarity. New example cosmologies must be
studied and — despite the difficulty of finding or ruling out AHVFs — more conclusive
results are required in order to augment the definition. At present, there appears to be
good agreement in Table 3.1 between Definition 3.4 and the dynamical systems defini-
tion, but this is not expected to persist as further results are obtained. It is also desirable
to prove (or disprove) Conjectures 3.1 and 4.1, such that we may better understand the
role of an exact mapping in the asymptotic regime and the anomalous behaviour of de
Sitter-like spacetimes.

The analysis in Chapter 4 of exact and asymptotic self-similarity within the confor-
mal framework may be expanded upon as well. A complete characterisation of how
self-similarity translates under the conformal transformations in the framework would
be welcome; specifically, we are looking to get a firm handle on the origin and implication
of the technical conditions in Theorems 4.1 and 4.2 (plus their corollaries). Uncovering the
relationship between asymptotic self-similarity and the admission of an isotropic confor-
mal state is also important — especially if the latter turns out to imply the former, which
would indicate that the spacetime property of self-similarity is not stand-alone and has a
significant part to play in the conformal framework.
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Appendix A

Formulae in relativistic cosmology

Various curvature and kinematic quantities in relativistic cosmology are required for or
relevant to the purposes of this thesis. Formulae for these quantities in local coordinates
(xa) on a cosmological model (M,g,u) are sourced from reference material by Ellis et al.
[1, 18, 23], and are listed in this appendix for the reader’s convenience.

A.1 Curvature quantities

• The inverse metric gab is given implicitly by

gabgbc = δac, (A.1)

i.e. [gab] = [gab]
−1.

• The Christoffel symbols (of the second kind) are given by

Γabc =
1

2
gad (gdb,c + gdc,b − gbc,d) . (A.2)

• The covariant derivative (with respect to the Levi-Civita connection) of a type-(r, s)
tensor T along the vector field ∂/∂xc is given by

T a1...arb1...bs;c = T a1...arb1...bs,c + Γa1cdT
d...ar

b1...bs
+ . . .+ ΓarcdT

a1...d
b1...bs

− Γdb1cT
a1...ar

d...bs
− . . .− ΓdbscT

a1...ar
b1...d

. (A.3)

• The Lie derivative of a type-(r, s) tensor T along the vector field X is given by

(LXT )a1...arb1...bs = XcT a1...arb1...bs;c −X
a1
;cT

c...ar
b1...bs

− . . .−Xar
;cT

a1...c
b1...bs

+Xc
;b1T

a1...ar
c...bs

+ . . .+Xc
;bsT

a1...ar
b1...c

. (A.4)

• The Riemann tensor is given by

Rabcd = Γabd,c − Γabc,d + ΓaceΓ
e
bd − ΓadeΓ

e
bc. (A.5)

• The Ricci tensor is given by
Rab = Rcacb. (A.6)
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• The scalar curvature is given by
R = Raa. (A.7)

• The Weyl tensor (on a four-dimensional manifold) is given by

Cabcd = Rabcd + ga[dRc]b + gb[cRd]a +
1

3
Rga[cgd]b. (A.8)

A.2 Kinematic quantities

• The projection tensor into the rest space of an observer moving with four-velocity
u is given by

hab = gab + uaub. (A.9)

• The acceleration vector is given by

u̇a = ua;bu
b. (A.10)

• The expansion tensor and scalar are given respectively by

θab = h c
(ah

d
b) uc;d, (A.11)

θ = θaa = ua;a. (A.12)

• The shear tensor and scalar are given respectively by

σab = θab −
1

3
θhab, (A.13)

σ =

√
1

2
σabσab. (A.14)

• The vorticity tensor, vector and scalar are given respectively by

ωab = h c
[a h

d
b] uc;d, (A.15)

ωa =
1

2
V εabcdubωcd, (A.16)

ω =
√
ωaωa =

√
1

2
ωabωab, (A.17)

where V = | detg |−1/2 and εabcd is the Levi-Civita symbol.

• The anisotropic parts of the Ricci tensor relative to u are given by

Σa = −h baR c
b uc, (A.18)

Σ b
a = h ca h

b
dR

d
c −

1

3
h ba h

c
dR

d
c . (A.19)
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