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Abstract  In this paper, we study the existence theorems of systems of variational inclusion
problems. From these existence results, we study the existence theorems of systems of var-
iational differential inclusion problems, mathematical program with systems of variational
inclusion constraints, and mathematical program with systems of equilibrium constraints.
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1 Introduction

Let U and V be two Banach spaces and let T := [a, b] be a time interval of the real line. Let
H:TxUxV —oU,F:TxU—-U,andS:U x T — V be multivalued maps. The
control problem is the differential equations with control parameters

x=f(t,x,u), ucSkx,t) (1)

where x denote the time derivative of x (). The differential inclusion problem is the problem
of finding x such that

xeF(t,x), teT. 2)

It has been well recognized that differential inclusions, which are certainly of their own
interest provide a useful generalization control systems generated by (1) via F(t,x) =
[, x,S(x,1)). In some cases, especially when the set F (¢, x) is a convex set for each
(t,x) € T x X, the differential inclusions (2) admits parametric representations of type (1),
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but in general they can not be reduced to parametric control system and should be studied
for their own sake. There are many results in the literatures studied differential inclusion
problems. One can refer to [19,21] and the references therein for the differential inclusion
problems.

Let E be a topological vector space (in short t.v.s.), X be a nonempty subset of E, and
f 1 X x X — E be a function with f(x, x) > 0 for all x € X, then the scalar equilibrium
problem is to find x € X such that f(x,y) > 0 for all y € X. The equilibrium problem
contains optimization problems, variational inequalities problem, the Nash equilibrium prob-
lem, fixed point problems, complementary problems, and Ekeland’s variational principle as
special case (see [2,8,12]). This problem was extensively investigated and generated to the
vector equilibrium for single valued or multivalued maps [8—15] and references therein.

Let / be an index set. Foreach i € I, let Z; be areal t.v.s., X; and Y; be nonempty closed
convex subsets of locally convex spaces E; and W;, respectively. Let X = [[;.; X; and
Y:HiE,Yi.Foreachiel,letSi X XY o X;,T; : X =Y;,Gi : X XY XY — Z;
be multivalued maps. Recently, Lin [10] studied the following type of systems of variational
inclusion problem:

Find (x,y) = ((xi)ier, Oi)ier) € X x Y such that for eachi € I,x; € S;(x,y),yi €
Ti(x),and 0 € G;(x,y, v;) for all v; € T;(x).

Lin [10] used Himmelberg’s fixed point theorem to study the existence theorem of this
problem. By this result, he gave some applications. For detail, one can refer to Lin [10].

In this paper, let A; : X — X;, F; : X — X;, Hi : X X X — Z;,C; : X — Z;, and
Gi : X x X x X; —o Z; be multivalued maps. Let A; : X — X; and F; : X — X; be
defined by A;(x) = {y; € X; : (x,y;) € clxxx,Gr(A;)} and F;(x) = {y; € X; : (x, i) €
clxx x; Gr(F;)}, where cly » x, Gr(A;) denote the closure of Gr(A;) in X x X;. Throughout this
paper, we use these notations unless otherwise specified. We study the following variational
inclusion problems:

(VIP-1) Find (%, 7) = ((X)ier, Gi)ici) € X x X such thatforeachi € I,%; € A;(X), ¥; €
Fi(¥),and 0 € G;(X, ¥, v;) forall v; € A; (¥);
(VIP-2) Find (x, y) = ((Xi)ier, (i)ier) € X x X such that foreachi € I, x; € A; (%),
y;i € Fi(x), and H;(X, ) N G;(X, ¥, v;) = @ forall v; € A;(%).
Note that our problem (VIP-1) is different from the problem studied in Lin [8—10]. From the
existence theorems of (VIP-1), we study the following problems:

(a) Systems of variational differential inclusion problems:
Find (x, y) = ((Xi)ier, (i)ier) € X x X such that foreachi € I, x; € A; (%), Vi €
F,(x) and € Gi(x,y,v;) for all v; € A;(x). Thatis, x; € A; (%), yi € F;(%), and

ar € ﬂu,eA (x)G (X, ¥, vi);

(b) Fmd (x,y) = ((X)ier, Vi)ier) € X x X such that foreachi € I, x; € Ai(i),)‘z,- €
Fi(%), and G; (%, 7, v;) N C;(¥) # @ for all v; € A; (¥);

(¢) Find (x,y) = ((xi)ier, Vi)ier) € X x X such that for each i € I, x; € A; (%),
$i € Fi(¥), and G; (%, 7, v;) ¢ —intC; (x) for all v; € A;(X);

(d) Variational fixed point problem:
Find (%, ) = ((X))ie1, Ji)ier) € X x X such that foreachi € I, X; € A;(X),¥; €
Fi(¥),and ¥ € G;(%, 7, v;) for all v; € A;(X).
From problem (VIP-2), we study the following problems:

(e) Find (X, 5) = ((%)ier, (3i)ier) € X x X such that for each i € I,X; € A;j(X), y; €
F; (%), and Gi(x,y,v) = ’Zit forall v; € A;(x), where G; : X x X x X; — Zisa
function and Z is a t.v.s.;
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(f) Find (x,%) = ((Xi)ier, Giicr) € X x X such that for each i € I, % € A;(X),
yi € Fi(%),and G; (%, y, v;) C C;(%) for all v; € A;(X);

(g) Find (x,y) = ((Xi)ier, (Vi)ier) € X x X such that for eachi € I, x; € A,-()E),yi €
F;(¥), and G; (%, 7, v;) N (—intC; (x)) = @ for all v; € A; (¥);

(h) Variational stationary point problem:
Find (%, y) = ((%)ier, 3i)ier) € X x X such that for each i € I, % € A;(X),¥; €
E()E), and G;(x, y,v;) = {x} forall v; € A;(x).

Let Z be areal t.v.s., D a proper closed convex cone in Z. A point y € A is called a vector
minimal point of A if forany y € A, y —y ¢ —D \ {0}. The set of vector minimal points of
A is denoted by Minp A.

Problems (a) and (e) contain control parameter, but problem (2) does not have control
parameter. Problems (a) and (e) are different from any differential inclusion problems stud-
ied in the literatures. Problem (1) is not a special case of (a).

Leth : X xY — W and W be a real t.v.s. ordered by a closed convex cone D. As
applications of our results, we study the following mathematical programs with systems
of variational differential inclusion constraints and mathematical programs with systems of
equilibrium constraints:

(i) Minph(x, y) subject to (x, y) = ((xi)ier, i)ier) € X x X such that for each i €
I,x; € A;(x), yleF(x) and eG(x v, v;) for all v; € A;(x);
() Minph(x, y) subject to (x, y) = ((xl),eI (y,),el) € X x X such that foreachi € I,
xi € A;(x), Vi € F;(x), and G; (x, Y, 0i) = {d’f}forall v € A;(x);
(k) Minph(x,y) subject to (x, y) = ((xj)ier, (Vi)ier) € X x X such that for eachi € I,
Xi € A;(x), Vi € Fi(x), and G; (x, y,v;) C Ci(x) forall v; € A;(x);
(I) Minph(x, y) subject to (x,y) = ((xi)ier, (Vi)ier) € X x X such that for each i €
I,xi € Aj(x), yi € Fj(x),and G;(x, y, v;) N Cj(x) # @ forall v; € A;(x);
(m) Minph(x, y) subject to (x, y) = ((xj)ier, (Vi)ier) € X x X such that for eachi € I,
Xj € A,-(x), Vi € Fi(x), and G;(x, y, v;) ¢ —intC;(x) for all v; € A;(x);
(n) Minph(x, y) subject to (x, y) = ((xi)ier, (Vi)ier) € X x X such that foreach i € I,
Xi € Aj(x), y; € Fi(x), and G;(x, v, v;) N (—intC; (x)) = @ for all v; € A; (x).

In this paper, we study the existence theorems of systems of variational inclusion prob-
lem. From these results, we give simple proofs of existence theorems of solution for systems
of equilibrium problems which are recently studied by Lin etal. [11]. From these existence
theorems of variational inclusion problem, we study the existence theorems of systems of
differential inclusion problems, systems of variational fixed point, systems of variational sta-
tionary points, mathematical problems with systems of equilibrium constraints, mathematical
problem with systems of differential inclusion constraints, and systems of generalized vector
quasi-equilibrium problem with upper and lower bounds.

Our results are different from any existence results of these types of problems. For detail,
one can refer to [1,3-7,9,10,13-15,17,18,20,21] and references therein.

2 Preliminaries
Throughout this paper, all topological spaces (in short t.s.) are assumed to be Hausdorff. Let
Xand Y bets., T : X — Y be a multivalued map, T is said to be upper semicontinuous (in

short u.s.c.) (respectively lower semicontinuous (in short l.s.c.) at x € X if for every open
setU in Y with T (x) C U (resp. T (x) NU # 1), there exists an open neighborhood V (x) of
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x such that T (x") C U (resp. T(x') N U # @) forall x’ € V(x); T is said to be u.s.c. (resp.
Ls.c.) on X if T is u.s.c. (resp. l.s.c.) at every point of X; T is continuous at x if 7 is both
u.s.c. and l.s.c. at x; T isclosed if Gr(T) = {(x,y) e X x Y : y € T(x),x € X}isaclosed
setin X x Y. Wealsodefine7 : X — Y by T(x) = {veY:(x,y) eclyxyGr(T)}, where
clyxyGr(T) denote the closure of Gr(T') in X x Y.

The following lemmas and theorems are needed in this paper.

Lemma 2.1 [20] Let X and Y bet.s.,and T : X — Y be a multivalued map. Then T is Ls.c.
at x € X if and only if for any y € T (x) and any net {xq}qen in X converges to x, there
exists a net {yq }aea such that y, € T (xy) foralla € A and y, — y.

Lemma 2.2 [19] Let Z be a t.v.s. and C be a closed convex cone in Z. If A is a nonempty
compact subset of Z, then Minc A # .

Lemma 2.3 [16] Let X and Y be Hausdorfft.v.s., F, G : X — Y be multivalued maps. Let
F+ G : X — Y bedefined by (F + G)(x) := F(x) + G(x) for each x € X.

(a) If F is an u.s.c. multivalued map with nonempty compact values and G is closed, then
F + G is closed;
(b) If Fisls.c.and G is open, then F + G is open.

Theorem 2.1 [1] Let X and Y be t.s., and T : X — Y be a multivalued map.

() If T is an u.s.c. multivalued map with nonempty closed values, then T is closed;
(i) IfY is a compact space and T is closed, then T is u.s.c.;
(iii) If X is compact and T is an u.s.c. multivalued map with nonempty compact values,
then T (X) is compact.

Definition 2.1 Let X be a nonempty convex subset of a vector space E, ¥ be a nonempty
convex subset of a vector space H and Zbearealt.vs.Let F: X XY —o ZandC : X — Z
be multivalued maps such that foreach x € X, C(x) is aclosed convex cone. Foreach x € X,

(i) Fis C(x)—quasiconvex if for any y;, y» € Y and A € [0, 1], either
F(x,y1) € Fx, Ay1 + (1 = 2)y2) + Cx),
or
F(x,y2) S F(x,Ay1 + (1 = 2)y2) + Cx).
(i) Fis {0}—quasiconvex-like if for any y;, y» € Y and A € [0, 1], either
F(x,ay1 + (1 —=2)y2) € Flx, y1),
or
F(x,Ay1+ (1 =2)y2) € F(x, y2).
(iii) Fis O—quasiconvex if for any y;, y» € Y and A € [0, 1], either
F(x,y1) € F(x,Ay1 + (1 = 2)y2),
or

F(.X, }’2) < F(X, )\'yl + (1 _)L))’Z)
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Definition 2.2 [3] Let E be a t.v.s and X be a subset of E such that X = |J~ | G, where
{Gn},2, is an increasing (in the sense that G, C G,y1) sequence of nonempty compact
sets. A sequence {y,};° | in X is said to be escaping from X (relative to {G,}32 ) if for each
n € N, there exists M > 0 such that y; ¢ G, forallk > M.

Theorem 2.2 [11] Let I be any index set. For each i € I, let X; be a nonempty subset of
a locally convex t.v.s. E; and let X = Tljc;X;. Foreachi € I, let X; x X; = U;’il Gij,
where (G, ; }?il is an increasing sequence of nonempty compact convex subsets of a locally
convex tv.s. E; x E;. Foreachi € I, assume that:

(1) Aj : X — X;and F; : X — X; are l.s.c. multivalued maps with nonempty convex
values,
(i) P;: X x X — X; has an open graph and x; € coP;(x,y) forall (x,y) € X x X;
(iii) for each sequence {(x,, yp)}oo | in X x X with (x,, y,) € G, = ;ic;Gi, for each
n € N, which is escaping from X x X relative to {G,};° |, there exists m € N and
(Xm» Ym) € G such that 7t; (Xim) € Ai (xp) N Pi (X, Ym) and 7w (¥m) € Fi(xm) for all
i € I, where mj(x) is the projection of x € X onto X;.

Then there exists X, 9) = ((X)ier, Oier) € X x X such that for each i € I,%; €
Ai(X), 3i € F;(R), and A;(X) N P;(X, ) = 0.

Theorem 2.3 [11] Let I be an index set. For eachi € I, let X; be a nonempty convex subset
of a locally convex t.v.s. E; and let X = Tl;c; X;. For eachi € I, assume that:

(1) Aj : X — X;and F; : X — X; are l.s.c. multivalued maps with nonempty convex
values;
(i) P;: X x X — X; has an open graph and x; ¢ coP;(x, y) forall (x,y) € X x X;
(iii) there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets D; and D; of X; for each i € I with the property that for each (x,y) €
(X x X)\(K x M), there exists j € I such that Aj(x) N Pj(x,y) N f)j # 0 and
Fj(x) N Dq,‘ 75 ?.

Then there exists (X,9) = ((%i)ier, Bi)ier) € K x M such that for each i € I,%; €
A (X), }A/'i € F;(x), and A; (X)) N P;(x, )A)) ={.

3 Existence theorems of systems of generalized quasi-variational inclusions problems

From now onward unless otherwise specified, for each i € I, let X; be a nonempty closed
convex subset of a locally convex Hausdorff t.v.s. E; and let X = I1;¢;X;. Foreachi € I,
let Z; be atv.ss.and C; : X — Z; be a multivalued map such that for each x € X, C;(x) is
a proper closed convex cone with intC; (x) # 0.

Theorem 3.1 Foreachi € I, let G; : X x X x X; — Z; be a closed multivalued map with
nonempty values. For each i € I, assume that:

(1) Fi, A; : X — X; are L.s.c. multivalued maps with nonempty convex values;

(ii) foreach x = (xij)ic; € Xandy € X,0 € G;(x, y, xi),

(iii) foreach (x,y) € X x X, u; — G;(x,y, u;) is {0}-quasiconvex-like;

(iv) there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets 5,- and D; of X for eachi € I such that for each (x,y) € (X x X) \ (K x M),
there exist j € 1,10 € ﬁj, and V; € Dj such that ii; € Aj(x),0; € Fj(x), and
0 ¢ Gj(x, y,ﬁj).
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Then there exists (X,3) = ((%i)ier, Bi)ier) € K x M such that for each i € I,%; €
Ai(X), 9 € Fi(X), and 0 € G;(X, y, u;) forall u; € A;(x).

Proof Foreachi € I,let P; : X x X — X; be defined by P;(x,y) = {u; € X; : 0 ¢
Gi(x,y,u;)} for (x,y) € X x X. By (iii), P;(x, y) is a convex set for each (x, y) € X x X.
By (ii), x; ¢ P;(x,y) = coP;(x,y) for each (x,y) € X x X. For eachi € I, P; has an
open graph in X x X x X;. Indeed, let (x, y,u;) € cl[Gr(P;)]¢, then there exists a net
(x%, y%, u?‘)aeA in (Gr(P;))¢ such that (x*, y*, u¥) — (x, y, u;), where A is an index set.
One has (x*, y*, u?) € X x X x X; and 0 € G;(x*, y*, u?). Since X; and X are closed sets
and G; isclosed, (x, y, u;) € Xx X xX;and0 € G;(x, y, u;).Hence, (x, y, u;) € (Gr(P;))"
and (Gr(P;))¢ is aclosed set. This shows that Gr(P;) is open and P; has an open graph. By (iv),
for each (x, y) € X x X\(K x M), there exists j € I suchthat A;(x) N P;(x, y)N Dj <0
and F;(x) N D; # . Then by Theorem 2.3 there exists (X, §) = ((X;)ier, (Ji)ier) € K xM
such that for each i € I,%; € A;(X), 9 € F; (%), and P;(%,9) N A;(¥) = . That is,
0€G;(x,y,u;) forall u; € A;(x). O

Remark 3.1 Theorem 3.1 is different from Theorem 3.1 in [10]. The continuity assumptions
on F; and A; in Theorem 3.1 [10] and Theorem 3.1 are different. The convexity assumptions
on G; are different. In Theorem 3.1, we assume a coercive condition, but in Theorem 3.1 in
[10], we don’t assume the coercive assumptions. The proofs and conclusions of these two
theorems are also different.

Theorem 3.2 Foreachi € I, let G; : X x X x X; —o Z; be a Ls.c. multivalued map with
nonempty values. For each i € I, assume that:

() F;, A; : X — X; are l.s.c. multivalued maps with nonempty convex values;
(i) H; : X x X —o Z; is a multivalued map with nonempty values and open graph;
(iil) foreachx = (xj)ie; € X andy € X, Hi(x,y) N G;(x, vy, x;) =@,

@iv) foreach (x,y) € X x X, u; — G;(x, y, u;) is {0}-quasiconvex;

(V) there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets D; and D; of X foreachi € I, suchthat for each (x,y) € (X x X)\ (K x M),
there exist j € 1,0 € ﬁj, and V; € Dj such that ii; € Aj(x),V; € Fj(x), and
Hi(x,)NGjx,y,u;)#9.

Then there exists (X,9) = ((X)ier» Oiier) € K x M such that for each i € I,%x; €
Aj(X), 3i € Fi (%), and H;(X,9) N G; (X, 3, v;) = @ for all v; € A; ().

Proof Foreachi € I,let F; : X x X x X; — Z; be defined by Q;(x,y,v;) = Z;\
[-Hi(x,y) + Gi(x,y,v;)] for each (x, y,v;) € X x X x X;. Then by Lemma 2.3, Q; is
closed. By (iv), foreach x = (x;)ie; € X and y € X, v; — Q;(x, y, v;) is {0}-quasiconvex-
like. Then Theorem 3.2 follows from Theorem 3.1. m]

Remark 3.2 Theorem 3.2 is also true if “G; is l.s.c. and H; is open” is replaced by “G; is
open and H; is l.s.c.”.

Theorem 3.3 Foreachi € I,let G; : X x X X X; —o Z; be an u.s.c. multivalued map with
nonempty compact values. For each i € I, assume that:

(1) Fi, A;j : X — X; are L.s.c. multivalued maps with nonempty convex values;
(i) H; : X x X —o Z; is a multivalued map with nonempty values and closed graph;
(iii) for each x = (xj)ic; € X and y € X, Hi(x, y) N Gi(x, y, x;) # ¥;
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@iv) foreach (x,y) € X x X, u; — G;(x, y, u;) is {O}-quasiconvex-like;

(V) there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets ﬁi and D; of X; foreachi € I, such that for each (x,y) € (X x X)\ (K x M),
there exist j € I, i} € ﬁj, and U € Dj such that i € Aj(x),0; € F;j(x), and
Hi(x, DNGx,y uj)=9.

Then there exists (X,3) = ((%i)ier, Bi)ier) € K x M such that for each i € I,%; €
Ai(X), 3i € Fi(R), and H;(X, ) N G; (X, 3, v;) # O for all v; € A; (R).

Proof Let Q; : X x X x X; — Z; be defined by F;(x, y,v;) = —H;(x,y) + Gi(x,y,v;)
for each (x, y,v;) € X x X x X;. By Lemma 2.3, Q; is closed. By (iv), for each (x, y) €
X x X,v; — Q;(x,y,v;) is {0}-quasiconvex-like. Then Theorem 3.3 follows from Theo-
rem 3.1. ]

Theorem 3.4 For each i € I, let X; = Uiozl Qi,j, where {Qi,j}s?o:1 is an increasing
sequence of nonempty compact convex subset of E;, and G; : X x X x X; — Z; is a closed
multivalued map with nonempty values. Assume that conditions (i)—(iii) of Theorem 3.1 and
the following condition hold:

(iv) foreachsequence {(x", y")}° | in X x X with (x", y") € Q, = I;e1 Qi foreachn €
N, which is increasing from X x X vrelative to {Q,}>,, there exist
m € Nand (X™,y™) € Q, such that 7;(x™) € A;(x"™), 7 (3™) € Fi(x™) and
0¢ G;(x™, y™, i (X™)) foralli € I, where j(x) is the projection of x € X onto X;.

Then there exists x,y) = (XD)ier, Oier) € X x X such that for each i € I,x; €
Ai(f), )Ali € Fi(f), and 0 € Gi(f, }AI, ui)forall u; € Ai(f).

Proof Foreachi € I, let P; be defined as in Theorem 3.1. Applying Theorem 2.2 and fol-
lowing the same argument as in Theorem 3.1, we can prove Theorem 3.4. O

Remark 3.3

(@) InTheorem 3.3, if H;(x, y) = C;(x) is a closed multivalued map with nonempty val-
ues, then Theorem 3.3 will be reduced to Theorem 3.2.2 in [11]. Besides, if H; (x, y) =
Z; \ (—intC;(x)), then Theorem 3.3 will be reduced to Theorem 3.2.4 in [11].

(b) In Theorem 3.2, if H;(x,y) = Z; \ Ci(x) is an open multivalued map, then Theo-
rem 3.2 will be reduced to Theorem 3.2.1 in [11]. If H;(x, y) = —intC;(x) is an open
multivalued map, then Theorem 3.2 will be reduced to Theorem 3.2.3 in [11].

(c) Applying Theorem 3.4, we can obtain similar results as Theorems 3.2 and 3.3. From
the similar results of Theorems 3.2 and 3.4, we can prove Theorems 3.2.5-3.2.8 in [11].

4 Applications

The following notations are needed in the following theorem. Let D be an open set in R, we
denote BC'(D) = {x|‘fl—f : D — R is a bounded continuous function and x : D — R is a
bounded function} and BC (D) = {x|x : D — Risabounded function}.If f € BC'(D), we
define || £ 1| = sup,cp 1202 | +sup,ep | (). 1f g € BC(D), we define |[g]| = sup,cp lg(t)]-
For f, g € BC'(D), we define (f + g)(t) = f(t) + g(t). It is easy to see that BC! (D) is a
normed linear space.

Let D be an open set in R, F : BC'(D) — BC(D) be defined by F(x) = ‘fj—’f

for each x € BCY(D). Then F : BCY(D) — BC(D) is a closed function. Indeed,

@ Springer



586 J Glob Optim (2009) 44:579-591

HE@)|lc = || Lle < || ~llc + llxllc = |lx||¢c1 and this shows that F is continuous.
Therefore, F is a closed functlon

The following theorems study the existence of the systems of variational differential
inclusion problems.

Theorem 4.1 Let I be any index set. Foreachi € I, let D; be anopen setinR, X; a nonempty
closedconvexsubsetofBCl(Di), X =[lie; Xi. Zi = BC(D)),and G; : X x X xX; — Z;
be an u.s.c. multivalued map with nonempty compact values. For each i € I, assume that:

(1) F;, A;j : X — X; are Ls.c. multivalued maps with nonempty convex values;

(ii) foreach x = (x;)ic; € X and y € X, dt € Gi(x,y,xi);

>iii) foreach (x,y) € X x X, u; — Gi(x,y, u;) is {0}-quasiconvex-like;

(iv) there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets ﬁ; and D; of X; for eachi € I such that for each (x,y) € (X xY)\ (K x M),
there exist j € 1,0 € ﬁj, and V; € Dj such that iij € Aj(x),V; € Fj(x), and
Lig Gj(x,y, iy,

Then there exists (X, y) = ((X)ier, Oi)ier) € K x M such that for eachi € I,%x; €
A; (R), Vi € Fi(®), and € Gi(x,y,v) forall v; € A;(X).

Proof Let Hi : X x X —o Z; be defined by H;(x,y) = dx‘ . Then H; is open. Then
Theorem 4.1 follows from Theorem 3.3. O

Theorem 4.2 Foreachi € I, let G; : X x X x X; —o X be an u.s.c. multivalued map with
nonempty compact values. For each i € I, assume that:

(1) F;, Ai : X — X; are l.s.c. multivalued maps with nonempty convex values;

(ii) foreach x = (xi)ic; € X,y € X, x € Gi(x, ¥, xj);

(iii) foreach (x,y) € X x X, u; — G;(x,y, u;) is {0}-quasiconvex-like;

(iv) there exist a nonempty compact subsets K and M of X and a nonempty compact convex
subsets D; and D; of X; foreachi € I suchthat foreach (x,y) € (X x X)\ (K x M),
there exist j € I, i} € ﬁj, and U € Dj such that i € Aj(x),V; € F;j(x), and
X ¢ Gj(x, y, 12])

Then there exists (X,3) = ((%i)ier, i)ier) € K x M such that for each i € I,%; €
A,‘()%), }:'\i € Fi()’f), and x € G,‘(x’\, 51, U,‘)fOl’all V; € Ai()%).

Proof Let H : X x X —o X be defined by H(x, y) = —{x}. Then Theorem 4.2 follows from
Theorem 4.1. o

Lemma 4.1 Let X be a nonempty subset of a topological space E, Z be a real t.v.s., and D
be a nonempty closed convex conein Z. Let F : X — Z be a l.s.c. multivalued map. Suppose
that for each x € X, IMinpF(x) # (. Let H : X — Z be defined by H(x) := IMinp F (x)
foreach x € X. Then H is a closed function.

Proof If (x,y) € cl(Gr(H)), then there exists a net {(xy, Zo)}aea in Gr(H) such that
(Xg» Za) = (x,2). One has z, € H(xy) = IMinp F(xy). Hence, F(xy) — zo € D. Let
u € F(x). Since F is l.s.c., there exists a net {uy}geca Such that uy, € F(xy) foralla € A
and uy, — u. We have uy, — zo, € D. Since D is a closed set, u — z € D. Therefore,
F(x) —z € D and z € IMinp F(x) = H(x). This shows that (x, z) € Gr(H) and H is
closed. Since D is proper, it is easy to see that H is a function. O
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Lemma 4.2 Let X be a nonempty subset of a t.v.s. E, Z be a real t.v.s., and D be a proper
closed convex cone in Z with nonempty interior. Let F : X — Z be a continuous multivalued
map with nonempty compact values. Let m : X — Z be defined by m(x) := WMinp F(x)
for each x € X. Then m is a closed multivalued map with nonempty closed values.

Proof Since F(x) is compact for each x € X, it follows from Lemma 2.2 that § #
Minp F(x) € WMinp F(x) = m(x) foreach x € X.If (x, z) € cl(Gr(m)), then there exists
anet {(xy, Zo)}aea 1n Gr(m) such that (xy, z4) = (x, z). One has z, € m(xy) € F(xy).
Since F is an u.s.c. multivalued map with nonempty closed values, it follows from The-
orem 2.1 that F is closed and z € F(x). We want to show that z € m(x). Suppose that
z ¢ m(x). Then there exists w € F(x) such that w —z € —intD. But F is L.s.c., there exists a
net {wy }oep With wy € F(xy) forall « € A such that w, — w. Therefore, wy —z, € —intD
for some «. This is impossible since zo € m(xy). Therefore, z € m(x) and m is closed. O

Theorem 4.3 For eachi € I, let Z; be a real t.v.s. and C; be a proper closed convex cone
in Zi, and let G; : X x X x X; — Z; be a continuous multivalued map with nonempty
compact values. For each i € I, suppose that the conditions (i) and (iii) of Theorem 4.1 and
the following condition are satisfied:

(iv) there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets ﬁi and D; of X; for eachi € I such that for each (x,y) € (X x X)\(K x M),
there exist j € I,i; € ﬁj, and V; € Dj such that i; € Aj(x),0; € Fj(x), and
Gj(x,y,u;) N WMinc,Gi(x,y, x;) = 0.

Then there exists (X,9) = ((X)ier» Oiier) € K x M such that for each i € I,%x; €
Ai(X), 3i € F;(R), and G;(%, 3, v;) N WMinc,G; (X, 3, %;) # @ for all v; € A;(X).

Proof Let H; : X x X —o Z; be defined by H;(x,y) := WMing, G;(x, y, x;) for each
(x,y) € XxX.ByLemma4.2, H; isclosed. Foreach (x, y) € X xX, WMinc, G; (x, y, x;)=
H;(x,y) € Gi(x, y, x;). Then Theorem 4.3 follows from Theorem 3.3. ]

For the special case of Theorem 4.1, we have the following results.

Corollary 4.1 Foreachi € I, let G; : X x X x X; — R be a continuous multivalued map
with nonempty compact values. For each i € I, suppose that the conditions (i) and (ii) of
Theorem 3.1 and the following are satisfied:

(iv) there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets ﬁi and D; of X; foreachi € I such that for each (x,y) € (X x X)\ (K x M),
there exist j € 1,11 € ﬁj, and O € Dj such that iij € Aj(x),0; € Fj(x), and
MinGj(x,y,xj) ¢ Gj(x,y, ij).

Then there exists (X,9) = ((X)ier» Oiier) € K x M such that for each i € I,%x; €
A,‘()E), )A/l' S F,'(f), andMinciGl-()?, )AJ, f,) € G,‘()%, ﬁ, v,-)forall V; € A,’(f).

Corollary 4.2 Let X be a nonempty closed convex subset of a t.v.s. and G : X — R be a
continuous multivalued map with nonempty compact values. Assume that:

(i) G is {0}-quasiconvex-like; .
(i) there exists a nonempty compact subset K of X and a nonempty convex subset D of X
such that for each x € X \ K, there exists u € D such that MinG(x) ¢ G(i).

Then there exists X € X such that MinG (%) € Nyex G (y).
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Proof Let A, F : X — X be defined by A(x) := X and F(x) := X for each x € X. Then
Corollary 4.2 follows from Corollary 4.1. O

Applying Lemma 4.1 and following the same argument as in Theorem 4.3, we can prove
Theorem 4.4.

Theorem 4.4 InTheorem4.3, supposethat IMinG;(x, y, x;) % @foreachx = (x;)jc; € X
and y € X. If the condition (iv) of Theorem 4.3 is replaced by (iv), where

there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets ﬁi and D; of X; foreachi € [ such that foreach (x, y) € (X x X)\ (K x M),
there exist j € I, and i; € ﬁj,ﬁj € Djsuchthatii; € Aj(x),0; € F;j(x), and
IMing, Gj(x,y,x;) € G(x,y, i;).

Then there exists (X,9) = ((X)ier» Oi)ier) € K x M such that for each i € I,%x; €
Ai()%), )Ali (S] Fi()?), andIMinciGi()?, )A), )E,') S Gi()E, )A/, vi)forall V; € Ai()?).

We can also apply Theorem 3.2 to study systems of generalized equilibrium problem with
upper and lower bounded.

Theorem 4.5 Foreachi € I, leta;,b; € Rwitha; < b; and G; - X x X x X; —o R be a
l.s.c multivalued map with nonempty values. For each i € I, suppose that the conditions (i)
and (iii) of Theorem 3.1 and the following conditions are satisfied:

(i) for each x = (xj)ier and y € X, Gi(x,y,x;) < la;, bi];

(iv) there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets D; and D; of X; for eachi € I such that for each (x,y) € (X x X)\ (K x M),
there exist j € I, ij € Dj, and 0j € D;j such that iij € Aj(x),0; € F;j(x), and
Gj(x,y,iuj) &laj, b;l.

Then there exists (%, 9) = (EDier, Onier) € K x M such that for each i € I, % € A; (%),

Vi € F;(X), and Gi(%, 3, v;) € [a;, b;] for all v; € A; (X).

Proof Let H; : X x X — R be defined by H, (x, y) := R\[a;, b;] for each (x, y) € X x X.
Then Theorem 4.5 follows from Theorem 3.2. O

Theorem 4.6 Foreachi € 1, let G; : X x X x X; —o X be an l.s.c. multivalued map with
nonempty values. For each i € I, assume that:

(1) F;, A : X — X; are l.s.c. multivalued maps with nonempty convex values;

(ii) foreach x = (xi)ic; € X andy € X, Gi(x, y, xj) = {x};

(iii) foreach (x,y) € X x Y, u; — G;(x,y, u;) is {0}-quasiconvex;

(iv) there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets 5,- and D; of X; foreachi € I such that for each (x,y) € (X x X)\ (K x M),
there exist j € 1,0 € ﬁj, and V; € Dj such that ii; € Aj(x),0; € Fj(x), and
X € Gj(x, y, ﬁ])

Then there exists (X,9) = ((X)ier» Oiier) € K x M such that for each i € I,%x; €
Ai(X), Ji € Fi(%), and G;(X, , v;) = {X} for all v; € A;(X).

Proof Let H(x,y) = —(X \ {x}). Itis clear that H; : X X Y — X has open graph. Then
Theorem 4.6 follows from Theorem 3.2. O
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5 Mathematical program with system of variational differential inclusion constraints
or systems of equilibrium constraints

As an application of Theorem 4.1, we have the following existence theorem of mathematical
program with system of variational differential inclusions constraints.

Theorem 5.1 In Theorem 4.1, if we assume further that h : X x X — W is an u.s.c. mul-
tivalued map with nonempty compact values, where W is a real t.v.s. ordered by a closed
convex cone D. Then there exists a solution to the problem:

(MPIC) MmDh(x y) sub]ect to (x y) = ((x)ier, i)ier) € X x X such that for each
iel xie€Aix), y,eF,(x) and eF,(x v, v;) forall v; € A;(x).

Proof For each i € 1, let Li = {(x,y) € X xX : (x,y) = ((x))ier, Oi)iel), Xi €
A;(x),y; € Fj(x), and dr[ € Fi(x,y,v;) forall v; € A;(x)}. Let L = N;erL;. By Theo-
rem 4.1, L; # ). As we see in Theorem 4.1, the map (x, y, v; v;) is
closed. L; is closed. Indeed, if (x, y) € cl(L;), then there exists a sequence ((x", y"))nen
in L; such that (x", y") — (x,y). Let (x", y") = ((x{)ier, (! )ier) and (x, y) = ((xi)ier,
(y)ier)- One has (x",y") € X x X,x! € A;(x"),y" € F(x"), and 0 e —4F

Gi(x", y", v;) forall v; € A;(x"). Let v; € A;(x). Since A; is l.s.c., there exists a sequence

DL LG (", Y, ). But A, : X —o X;, i+ X —o

X; are closed, and X is a closed set, we see (x,y) € X x X, x; € A (x), yi € F;(x), and
0e —dX’ 4+ Gi(x, y, v;) for all v; € A;(x). This shows that L; is closed and L = Ny L;
is closed By (iv) of Theorem 4.1, L € K x M. This shows that L is compact. Since
h : X x X — U is an u.s.c. multivalued map with nonempty compact values, #(L) is a
compact set. Then Theorem 5.1 follows from Lemma 2.2 O

{v'}sen such thatv! — v;.

Theorem 5.2 Let G; be the same as in Theorem 3.2. For eachi € I, suppose that conditions
(i) and (iv) of Theorem 3.2 and and the following conditions are satisfied:

(i) C;: X — Z; is a closed multivalued map with nonempty values;
(iii) for each x = (x;j)ic; € X andy € X, Gi(x,y, x;) C C;i(x);

(V) there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets ﬁi and D; of X; for each i € I such that for each (x, y) € (X x X)\(K x M),
there exist j € 1,0} € 15J, and ¥ € Dj such that iij € Aj(x),0; € F;j(x), and
Gj(x,y,uj) & Cj(x);

(vi) h: X x X — W is an u.s.c. multivalued map with nonempty compact values, where
W and D are the same as in Theorem 5.1.

Then there exists a solution to the problem:
Minph(x, y) subjectto (x,y) = ((x;)ier, (Vi)ier) € X x X such that for eachi € I, x; €
A;i(x), yi € Fi(x), and Gi(x, y, v;) C Ci(x) forall v; € A; (x).

PrOOf For each i € I, let L, = {(x,y) e X x X : (x,y) = ((x,'),'e[,(y[),'el),x,' (S
Ai(x), yi € Fi(x), and G;(x, y,v;) C C;(x) for all v; € A;(x)}. Let L = N;esL;. Let
H; : X xY — Z; be defined by H;(x, y) = (Z; \ (Ci(x))) for each (x,y) € X x X. By
Theorem 3.2, we can get L # (.

Since C; : X — Z; is closed. L; is a closed set for each i € I. Indeed, let (x, y) €
cl(L;), then there exists a net (x*, y*) € L; such that (x*, y%) — (x, y). Let (x*, y%) =
((x{), (")) and (x, y) = ((xi)ier, (yi)ier). Then xj* — xi, yi' — yi, x]' € A;j(x%), y{" €
Fi(x%), and G;(x, y¥, v) C Ci(x%) for all v; € A;(x%). Let v; € A;(x). Since A; is
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L.s.c., there exists a net vj* € A;(x*) for all « such that v} — v;. Hence G; (x®, y*, v}) C
Ci(x%). Let s; € Gi(x,y,v;). Since G; is Ls.c., there exists a net {s7}yca such that s7 €
Gi(x%, y*, v¥) for all o« and s* — s;. Since A;, F; and C; are closed, we have (x,y) €
X x Y, x; € Ai(x), yi € F;(x) and s; € C;(x). This shows that G; (x, y, v;) C C;(x) for all
v; € A;(x).Hence (x, y) € L; and L; is closed. Hence, L is closed. Butby (v), L € K x M.
Therefore, L is compact. Then we follow the same argument as in Theorem 5.1, we can prove
Theorem 5.2. O

Remark 5.1 1tis easy to see that Theorems 5.1 and 5.2 are true, if 2 : X x ¥ — Risals.c.
function.

Theorem 5.3 In Theorem 5.2, if conditions (ii), (iii), and (v) are replaced by (ii)1, (iii); and,
(v)1, where

(ii); W; : X — Z; defined by Wi(x) = Z\ (—intC;(x)) is a closed multivalued map;
(i) foreach x = (xj)ic; € X andy € X, Gi(x,y,x;) N (—intC;(x)) = 0;

(V)1 there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets ﬁi and D; of X;, foreachi € I such that for each (x,y) € (X x X)\ (K x M),
there exist j € I,u; € ﬁj, and ¥; € Dj such that ii; € A;(x),v; € Fj(x), and
Gj(x,y,uj)N(=intC;j(x)) # &;

Then there exists a solution to the problem:
Minph(x,y) subject to (x,y) = ((xi)ier, Vi)ier) € X x X such that for eachi € I, x; €
Ai(x),y; € F;(x), and Gi(x, y, u;) N (—intC;(x)) = @ for all u; € A;(x).

Proof For each i € I, let L;i = {(x,y) € X x X, (x,y) = ((xi)ier, Vi)ier) . xi €
Ai(x),yi € Fi(x), and G;(x,y,u;) C Z; \ (—intC;(x))}, and L = N;erL;. Following
the similar argument as in Theorem 5.2, we can prove Theorem 5.3. O

Theorem 5.4 Foreachi € I, let G; : X x X x X; — Z; be a u.s.c multivalued map with
nonempty compact values. For each i € I, suppose that conditions (i), (iii) of Theorem 3.3,
conditions (ii), (iv) are replaced by (ii),, (iv)2, and assume that (v), where

(i) foreach x = (xj)ic; € X andy € X, Gi(x,y,x;) N Ci(x) # 0;

(iv)2 there exist nonempty compact subsets K and M of X and nonempty compact convex
subsets D; and D; of X; foreachi € I such that for each (x,y) € (X x X)\(K x M),
there exist j € I,uj € ﬁj, and vj € Dj such that iij € Aj(x),v; € Fj(x), and
Gi(x,y,uj)NCjx)=9;

V) Ci: X —o Z; is a closed map with nonempty values;
vi) h: X x X — W is an u.s.c. multivalued map with nonempty compact values, where
W and D be the same as in Theorem 5.1.

Then there exists a solution to the problem:

Minph(x,y) subject to (x,y) = ((xi)ier, Vi)ier) € X x X such that for each i € I, x; €

Ai(x),yi € F;(x), and Gi(x, y, u;) N Ci(x) # @ for all u; € A;(x).

Proof Foreachi € I,let L; = {(x,y) € X x X | (x,y) = ((xi)ier, Oi)ier), xi €

A;j(x),yi € Fy(x),and G;(x, y,u;) N C;(x) # @ forall u; € A;(x)} and L = N;¢;L;. By

Theorem 3.1, we can prove that L # (). Furthermore, by assumptions on C; and G; and

Lemma 2.3, we can also show that L is a compact set. Following the same argument as in

Theorem 5.1, we can prove Theorem 5.4. O

Remark 5.2

(a) Theorems 5.2-5.4 are trueif 4 : X x ¥ — R is a l.s.c. function.
(b) Theorems 5.2-5.4 are different from any results in [11,14,15,18].

@ Springer



J Glob Optim (2009) 44:579-591 591

Acknowledgements This research was supported by the National Science Council of the Republic of China.
The author is thankful to the references for suggestions and comments helping to give the present form of this

paper.
References

1. Aubin, J.P,, Cellina, A.: Differential Inclusion. Springer Verlag, Berlin, Germany (1994)

2. Blum, E., Oettli, W.: From optimization and variational inequalities to equilibrium problems. Math.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Stud. 63, 123-146 (1994)

. Bressan, A.: On the quality theory of lower semicontinuous differential inclusions. J. Diff. Equat. 77,379—

391 (1989)

. Cellina, A., Orselas, A.: Convexity and the closure of the solution set to differential inclusions. Boll.

Unione. Math. Ital. B 4, 255-263 (1990)

. De Belasi, E.S., Pianigiani, G.: Non-convex values differential inclusions in Banach spaces. J. Math.

Anal. Appl. 157, 469-494 (1991)

. Gorniewicz, L.: On the solution sets of differential inclusions. J. Math. Anal. Appl. 113, 235-244 (1986)
. Kisiekewicz, M.: Differential Inclusions and Optimal Control. Kiuwer Academic Publishes (1991)
. Lin, L.J.: Systems of generalized vector quasi-equilibrium problems with applications to fixed point

theorems for a family of nonexpansive multivalued mappings. J. Glob. Optim. 34, 15-32 (2006)

. Lin, L.J.: Mathematical program with systems of equilibrium constraints. J. Glob. Optim. 37,

275-286 (2007)

. Lin, L.J.: Systems of generalized quasi-variational inclusions problems with application to variational

analysis and optimization problems. J. Glob. Optim. 38, 21-39 (2007)

. Lin, L.J., Chen, L.F.,, Ansari, Q.H.: Generalized abstract economy and systems of generalized vector

quasi-equilibrium problems. J. Compat. Appl. Math. 208, 341-353 (2007)

Lin, L.J., Du, W.S.: Systems of equilibrium problems with applications to generralized Ekeland’s vari-
ational principle and systems of semi-infinite problems. J. Glob. Optim. 40, 663—-677 (2008)

Lin, L.J., Hsu, H.W.: Existence theorems of vector quasi-equilibrium problems with equilibrium con-
straints. J. Glob. Optim. 37, 195-207 (2007)

Lin, LJ., Huang, Y.J.: Generalized vector quasi-equilibrium problems with applications to com-
mon fixed point theorems and optimization problems. Nonlinear Anal. Theory Meth. Appl. 66,
1275-1289 (2007)

Lin, L.J., Still, G.: Mathematical programs with equilibrium constraints. The existence of feasible
points. Optimization 55, 205-219 (2006)

Lin, L.J., Tu, C.L: The studies of systems of variational inclusions problems and variational disclusions
problems with applications. Nonlinear Anal. 69, 1981-1998 (2008)

Luc, D.T.: Theory of Vector Optimization. Lecture Notes in Economics and Mathematical Sys-
tems, Vol. 319, Springer, Berlin (1989)

Luo, Z.Q., Pang, J.S., Ralph, D.: Mathematical Program with Equilibrium Constraint. Cambridge Uni-
versity Press, Cambridge (1997)

Mordukhovich, B.S.: Variational Analysis and Generalized Differentiations, Vol. I, II. Springer,
Berlin (2005)

Tan, N.X.: Quasi-variational inequalities in topological locally convex Hausdorff spaces. Math. Nach-
richten 122, 231-245 (1983)

Tolstongov, A.: Extreme continuous selections of multivalued maps and their applications. J. Diff.
Equat. 122, 161-180 (2000)

@ Springer



	Systems of variational inclusion problemsand differential inclusion problems with applications
	Abstract
	1 Introduction
	2 Preliminaries
	3 Existence theorems of systems of generalized quasi-variational inclusions problems
	4 Applications
	5 Mathematical program with system of variational differential inclusion constraints or systems of equilibrium constraints
	Acknowledgements


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


