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ABSTRACT

‘Higher school mathematics’ connotes typical upper secondary school and early college
mathematics. The mathematics at this level is characterised by moves to @ rigour in
justification, @ abstraction in content and @ fluency in symbolic manipulation.

This thesis investigates these three transitions - towards rigour, abstraction, and fluency-
using philosophical method: for each of the three transitions a proposition is presented and
arguments are given in favour of that proposition. These arguments employ concepts and
results from contemporary English language-medium philosophy and also rely crucially on
classroom issues or accounts of mathematical experience both to elucidate meaning and
for the domain of application. These three propositions, with their arguments, are the three
sub-theses at the centre of the thesis as a whole.

The first of these sub-theses @ argues that logical deduction, quasi-empiricism and
visualisation are mathematical warrants, while authoritatively based justification is
essentially non-mathematical. The second sub-thesis @ argues that the reality of
mathematical entities of the sort encountered in the higher school mathematics curriculum
is actual not metaphoric. The third sub-thesis @ claims that certain ‘mathematical action’
can be construed as non-propositional mathematical knowledge. The application of these
general propositions to mathematics in education yields the following: ‘coming to know
mathematics’ involves: @ using mathematical warrants for justification and self-
conviction; @ ontological commitment to mathematical objects; and ® developing a
capability to execute some mathematical procedures automatically.
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Chapter 1:Introduction

1. Chapter : Introduction

1.1 The starting point

My naive starting point was the question: What is it to know mathematics? This thesis
is a partial answer to this question which deliberately focuses on aspects of
epistemology and ontology rather than on social or linguistic concerns. The question
of the nature of mathematics is an ancient one, different interpretations and responses
to the question have been given over the ages. Each approach to the question is
inevitably coloured by the historical circumstances and personal interests of the
investigator. I shall argue for three related propositions each concerned with the nature
of mathematics and which are pertinent to learning mathematics. The approach is
philosophical, rather than empirical: I aim to give a general argument and show its

educational relevance, rather than analyse some data from an educational context and

then generalise.
1.2 Statement of the thesis

The three branches of the thesis are mathematical warrants, mathematical objects and
mathematical action. The decision to form my thesis from these came from my
analysis of mathematical practice: my own, my students’ and published accounts. My
interest and expertise is in secondary school and early college mathematics, which I

refer to as ‘higher school mathematics’.

I'shall briefly state the thesis in two ways: Firstly, from an educationalist’s perspective
and then, in more generality, as in philosophical discourse. Education, by definition
and purpose involves change, so, from this perspective, learning mathematics involves

changes which can be characterised as follows:

i. change in distinguishing mathematical warrants: mathematical propositions are

warranted in ‘mathematical’ ways

ii. change in identifying mathematical objects as existing: ontological commitment is

made to the content of mathematical propositions
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iii. change in executing mathematical processes - some are automatic: mathematical
activity becomes personal action-knowledge.

A different, more general, formulation of this three-branched thesis is based on the

epistemological and ontological assertions therein:

1. the nature of mathematical warrants is logico-deductive, quasi-empirical and. possibly
‘visual’, but not purely empirical or authoritative

II. the term ‘mathematical object’ is not purely metaphorical: philosophical realism
allows a sense in which mathematical objects exist

I11.mathematical action, as in the activity of solving an equation, can be an aspect of

mathematical knowledge.

1.3 Brief rationale for thesis structure

The structure of the thesis as a whole is not quite standard, for it mixes the structure of a
typical mathematics education thesis with that of a philosophy one. After this brief
introduction, Chapter 2 sets out the methodology, the rationale of the method used to
develop the thesis, the substance of which is that mathematical practice and philosophical
reasoning should be the bases of the work. Hence my next chapter presents some
mathematical work at the higher school mathematics level, some examples of higher
school mathematics and an example of realising pedagogical content knowledge. From
reflections on these, the principal philosophical directions for investigation are taken.
Chapter 4 is, in effect, an introduction to the philosophical background and Chapters 5, 6
and 7 set out the background literature and the arguments for the propositions on

warrant, objects and actions as stated above. Chapter 8 summarises and concludes.

1.4 Philosophy and experience as integral to investigating the basic question

As a mathematics teacher, I used to spend much time working school mathematics
problems both publicly, in class, and privately, for preparation. For many years I taught
the whole range of comprehensive school pupils including both low attainers and

exceptionally high attainers. Throughout this period 1 was kept occupied, in mind
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and body, both with mathematics and the puzzle of how to help others to come to
know that which I knew. For every teacher, the job is essentially to assist in that
ephemeral transition between not-knowing and knowing. So when a student cries "I've
got it!" a philosophically inclined teacher might ask 'What is the nature of this
"getting" and this "it"?" The first of these is essentially an epistemological question; it
concerns coming to know ("getting"). The second is concerned with ontology; what is

"it" in higher school mathematics?

Although I am interested in the academic notions of ontology and epistemology, my
mathematics teacher persona constantly reminds me to seek an application of the more
abstruse aspects of this enquiry within the practice of teaching mathematics. The
desire to entwine theoretical and practical is particularly prevalent in feminist writings
that have an intellectual as well as experiential component. For example, from the
archeologist-historian Lucy Goodison (1990) we find a clear expression of the

intention to link these components:

“Readers may be disconcerted at the way the empirical and the esoteric rub
shoulders in these pages....Detailed work does not need to be dry: knowledge can
be fed by experience, writing can spring from both thought and passion... I hope
that I shall also be able to bridge the gap between insight and enquiry, between
head and heart, in the way I write [the book].” (p 4).

While Goodison focuses on the connection between her subject and her passion for
that subject, the writer and English professor, bell hooks, emphasises passion in and

for teaching:

“those of us who have been intimately engaged as students or teachers with
feminist thinking have always recognised the legitimacy of of a pedagogy that
dares to subvert the mind/body split and allows us to be whole in the classroom,

and as a consequence wholehearted” (bell hooks, 1994, p193)

Despite the difference in our subject matters, my aim, like Goodison’s and bell
hooks’, is to bring intellectual enquiry as close as possible to the practice with which I
am involved. A purpose of undertaking this research is to strengthen my mathematics

teaching. As I have said above, the basic question arose from the practice of teaching
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mathematics, is concerned with the experience of doing mathematics and involves

reflection on the nature of mathematics and mathematical knowledge.

1.5 Dialogues

In order to orient the reader to the way philosophical ideas may arise within teaching
higher school mathematics, I offer the following - light hearted - dialogues involving

some puzzling ideas which practising teachers rarely have time to pursue:
Dramatis personae: The mathematics teachers: Miss (M), Sir (S)
All scenes take place in the staff room.

1.5.1 On belief.

Monday 10:48 a.m.

M. I’ve just started limits with my beginning calculus class, and, as per usual, they tell
me that 1/n ‘never quite’ gets to zero and 0.9 ‘never quite’ gets to |, and so on.

S. Is that because they can’t accept that an infinite process yields something nice and
familiar like a small finite number?

M. Perhaps. Maybe because we start off experimentally they can’t get beyond this
‘potentially physically possible phase’.

S. Do you get them to use a spreadsheet? They'd have to be pretty skeptical to
disbelieve 1/n does get to O; you can get an awfully long way along the sequence
with them!

M. It depends on the computer room availability. They either use that or their
calculators to see what the sequence’s nth term is for n as large as they want. I also
use that ‘where will it all end?’ page in one of the ATM’s A level books' as a
starter for them exploring limits visually.

S. Is the response to the picture sequence the same as to the number sequence?

M. Pretty much. The stumbling point is that whatever they can draw is inevitably
unfinished. And as they say, rightly!, it never could be finished, so they argue the
limit is theoretically unobtainable.

S. Most of those pictures in the ATM book you mentioned are representations of
geometric progressions. Would it help them to believing limits actually exist if they

! Association of Teachers of Mathematics (ATM), (1988, p84)

10
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used the formula for the limit of a GP, having worked out the common ratio and
the first term from the drawing?

M. I doubt it! The proof of the formula for the sum to infinity depends upon
(lim n— oo)(r")=0, with r<1, which is one of those things that they tell me
never quite gets there!

S. So they believe their senses! Is this incompatible with believing in the existence of
limits and other mathematical things that involve infinite processes? Or other
abstract mathematical notions?

M. Well it sounds daft to say ‘don’t believe what you see’. But at some point they
need to be able to drop the particulars of the starter situation that they’ve played
with empirically and go with the abstraction rather than the perceptible.

11 a.m., the bell goes.

1.5.2 On mathematical objects.

Tuesday, 3:40 p.m.

M. You look miles away! What about a game of squash? Don’t know about you, but
I’ve had quite a day!

S. Sorry, I teach this access evening class Tuesdays. In fact, I was just thinking about
what one of the students said to me last session....

M. I wouldn’t have thought that class was a major mathematical challenge... What
did he or she say?

S. She, Betty. She asked me what minus one really was. I didn’t know what to say.
We’d just spent the entire hour and a half on negative numbers, I thought the
session had gone quite well, you know, they got on happily enough, asking a few
questions but cranking through the work sheet pretty smoothly. Then Betty says
‘but what is minus one?’ and I felt that she’d pulled the rug from under me.

M. I remember a similar experience from a few years ago when I taught Toby - do you
remember him ? - he was always asking what is a function? What is a set? I was
never quite sure whether he was just trying to deflect from getting on with his
maths or whether he needed some sort of answer to those questions in order to
proceed. He was actually a very good mathematician, but he went off to do
philosophy at university.

S. I see what you mean, they are similar questions, although they come from students
with very different backgrounds and different expectations about the fruits of their
mathematical education. It’s like they’re asking ‘well, okay, I can do this and that,
but what is the stuff I'm actually working with?’

M. That sort of comes back to what we were talking about yesterday, doesn’t it?
mathematical stuff can’t be touched and seen and heard and so on. Mathematical
things are abstract.

11
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S. What does that mean: ‘abstract’? I know we use the term often enough, but now

I’m worried that I don’t know, in essence, what a mathematical object is.

M. I"'d say that I know what some mathematical objects are, as particular items, but I'd
say to try to get a definition of ‘mathematical object’ in general is a pretty hopeless
quest. I mean, nobody knows what all mathematical objects are - how could anyone
point to something they had in common that defined them -

S. unless it was to say, they are what mathematicians use !-

M. which wouldn’t be very helpful for answering questions like Betty's or Toby 's.
S. Coming back to that, have you any ideas about what I should say to Betty tonight?
M. Well, minus one is the inverse of plus one, additively of course: multiplicatively -

S. Oh come on, you’'re just starting to play with a mathematical definition that is
starting to sound even more obscure than the original.

M. But without really knowing that -1 + 1 = 0, I don’t see how she will be able to
understand -1. And you said that they could do the exercises you set.

S. So, are you saying that you can’t know what a mathematical object is until you can
work with it. But surely you can’t work with it until you know what it is? I think
I’m in a worse muddle than Betty.

M. Yeah, we could get so confused we’d not get anything done. Ha, P.J. is waving her
squash racquet at me...- fine, P.J.! let’s go now - have fun with Betty et al. this
evening, see you tomorrow.

1.5.3 On notation.

Wednesday 12:45 p.m.

M. These so-called helpful parents! I have been very careful with the notation I've
been using in my intermediate calculus class, you know, functional notation
whenever possible, acknowledging the alternative Leibnitz notation, but no &x s
thank you! Now I’ve just been with Emma, who is in a dreadful muddle, because
her father has gone through derivatives with her with an abundance of 8x s and...is
there any lunch left?

S. At this hour! I'll get you a tea, if I can find a cup.

M. Thanks. I'm wondering if I'm being silly, fussing about the way of writing things, 1
mean, they’re only squiggles on a page, presumably, a derivative is a derivative, no
matter how you write the ‘d’?

S. But isn’t why we steer away from the dx notation is because that notation tempts us

. :
into doing illegitimate things? The usual story that goes with —-is that it starts off

Ox

: dy
as a ratio of two perfectly decent numbers, then magically changes to a value, —,
dx

12
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at the instant that both of the numbers in the ratio hit zero- would it be obvious that
happens together?

M. Sounds like there are different mathematical objects around - the ratio and the
derived function...how was your evening class?

S. We got rather side tracked...whether god existed and could we ever know that.. I
was well out of my depth. Once they got started there was no stopping them. I was
a bit worried as the maths was not getting done. But as they were about to go Betty
said how much she’d enjoyed the session and could they take the work I'd planned
home. I was relieved! Coming back to the notation, and whether it matters, I'd say
that it does matter because different notation lets you do different things.

M. Yes, like those &x s just love to ‘go to zero’ don’t they? I also find that notation
: . dy. : : :
acts as a sort of image for me, like, ﬁls not just a squiggle, it’s like a name as
well as an instruction, it holds quite a lot of information.

S. Yes, I agree, it is as if these squiggles take on a life of their own: the symbol
becomes symbolic - did somebody say that*?

M. Dunno, sounds a bit profound for you. But I find myself encouraging the students
to use x for real variables n for integers, as well as functional notation for
derivatives, and so on. Isn’t it a bit like with young children? my daughter called
anything on four legs a ‘cat’” when she was tiny; she soon made distinctions
between pet animals for herself ; some students need more help with picking up the
language than others.

S. I don’t think mathematical notation is really the same as words in a language
because we can get unexpected results from fiddling about with these symbols in a
way that can’t happen with words.

M. I sort of agree that formalism works, but there is some linguistic part of maths too
isn’t there?

S. What, more than learning our meaning for ‘volume’, ‘take away’, and so on?

d
M. I think so, like when we see the squiggle Zx)iwe can’t help but have all sorts of

ideas that come into our minds.

S. Like it’s 12:59 and I’ve got my intermediate calculus class first thing this afternoon!

1 p.m,, the bell goes.

2 Mason, 1980, did!

13
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1.5.4 On proof.

Thursday 8:17 a.m.

S. I'can’t find that Cabri disk anywhere! Have you seen it?
M. I thought that the L.T. manager had it, she was going to put Cabri on the network -
S. no can do, it’ll cost more. Anyway, thanks, I’ll pick it up from her office presently.

M. You could always phone her secretary on his mobile. So, what are you using Cabri
for?

S. I'm doing some Euclidean geometry with the class I teach intermediate calculus,
some of them will probably continue with maths beyond this institution, so it seems
appropriate to do some of this sort of geometry.

M. Helps them with the idea of proof doesn’t it?

S. Well, T know what you mean, you can construct neat little proofs of various
geometric relationships. But I must say, I was quite surprised at their idea of what a
proof was: I gave them this homework the other week - ‘show that the angle in a
semi-circle is a right angle’ and I tried to encourage them to write up more than one
way of showing this, indicating which they thought was the most convincing and
why.

M. How did it go?

S. Well, I was a bit surprised. All of them who gave in more than one demonstration,
included a ‘draw 'n measure’ approach.

M. Doesn’t that just relate to knowledge starting from experience? - though as we
were talking about before - its hard to see how to get beyond finite experience.

S. Yes, that’s fair enough. But would you have expected them to say that the ‘draw
’n measure’ was the most convincing?

M. Not really. I'd have thought that they’d all be aware that no diagram can be totally
accurate.

S. Oh, they were quite aware of that, but it didn’t stop the ones who did a ‘draw 'n
measure’ from thinking it was the most convincing. Anthea, of course, was rather
scathing of their measuring business. She’d given me a two line proof - correct,
needless to say - and said that she couldn’t understand the point of doing more than
one ‘demonstration’. I told her that Gauss liked to do several proofs of the same
thing; that kept her quiet. She’d got three more proofs by the end of the session,
although she said that they were all equivalent and Gauss wouldn’t have thought of
them as different, just longer.

M. It sort of brings up what a proof is for doesn’t it?

S. What do you mean!? A proof is to show something is true!

P
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M. But those students found that doing measurements on their drawings showed them
that ‘an angle in a semi-circle is a right angle’ was true, which you and I don’t
consider a ‘proof’. What did they think of Anthea’s proof?

S. Well, several of them had got essentially the same proof as hers - you know, by
constructing the two isosceles triangles out of the right angled one - but her
presentation was so short... Dan said that it was only because he’d used the same
idea that he could follow.

M. Are mathematical proofs and being convinced that a mathematical proposition is
true different things?

S. Seems like we’ll have to try to convince these students that mathematical proofs are
more convincing really than their measuring demonstrations.

M. That sounds a lot of a harder job than showing them how to do various sorts of
proof. Not sure whether ‘teacher of meta-proof” is in my job description! How’s
Cabri going to help in that?

S. Hmm ... they might have a better idea what’s true -
M. - but won’t that demotivate them from doing proofs even more?
S. I think it helps to have a firm grip on what is there -
M. Like they’ll be there now! It’s nearly 8:30 already!

1.5.5 Wis en zeker’?

Friday 3:45 p.m.

M. Have you done the fundamental theorem of calculus yet with your intermediate
class?

S. Next week, I should think. I'm having a bit of a struggle with the ‘you can’t have
negative area’ line. It seems such a silly thing to get caught up on, but some of
them are adamant that ‘negative area doesn’t exist’, it’s impossible, even if I
wanted, to just say ‘shut up and swallow’.

M. Is an integral an area then?
S. Oh, don’t you start! What do you think it is then, a cheese sandwich?
M. I mean, sure we can get answers to area problems by using integral calculus -

S. Ah, not all, some 2D sets don’t have area!

¥ From Freudenthal (1991) Wis en zeker, means ‘sure and certain’: “The Dutch term for mathematics
was virtually coined by Simon Stevin (1548-1620): Wiskunde, the science of what is certain. Wis en
zeker, sure and certain, is that which does not yield to any doubt; and kunde means knowledge, science,

theory.” (p 1)
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M. That’s sort of the problem, isn’t it? Some 2D sets don't have area, and some
integrals are not obviously ‘areas’. So what has ‘area’ got to do with integrating?
After all, ‘area’ is a physical thing.

S. I think we’re back to where we were on Monday, it's the count-the-squares
approach to area that gets them started, like the perceptual beginning. Please don't
tell them that some sets don’t have area! Anyway, I bet you can just turn to a
fancier sort of integration and you could talk about the area legitimately.

M. But if you got into these fancy integrations, Lebegue’s or Borel’s or whatever, is it
the count-the-squares approach that will start you off, like it is for the Riemann
integration that we teach?

S. Is that what it’s called?

M. Think so. But these other integrations might give us a completely different set of
answers to so-called area problems from the usual method. So what would be
right?

S. Sounds a bit like the non-Euclidean geometry problem to me: our immediate space
seems to be Euclidean, but actually it’s not. And people used to think the Euclidean
model was the only thing that was geometry, but actually it’s not.

M. I think you’ve got two different ‘actuallys’ there, actually! What physical space is
... well, that’s an empirical problem. But what geometrical axiom systems ‘work’,
as an abstract system, well, that’s a pure mathematical problem, isn’t it?

S. But loads of maths comes from problems that are from the ‘real world'. Newton
developed the calculus for, what we would call, applied problems. It’s only because
those problems were solved with the help of his methods that it occupies such a
vast amount of what beginning scientists and engineers are taught.

M. Maths works!
S. As long as you employ the right maths!
M. But the maths you don’t apply can still be true, it’s just not real.

S. I don’t agree with saying that sort of maths is not real, it just might not have been
successfully applied yet. That’s one of the things about maths isn't it: pure
mathematicians work away at an obscure theory and, then, some one uses it in an
applied setting, and it seems wonderful and amazing. Matrices, prime numbers,
fractals, and so on, have gone from pure to applied.

M. So is all mathematics potentially applied?

S. Sure, if scientists want to use a new form of counting, or whatever. what's to stop
them?

M. Nothing, if it works. But even if it doesn’t work, as an application, it can still be
true mathematics.

S. So mathematics might rest on science, the people involved with science, to
develop, and so what part of it that develops depends, essentially, on those people’s
interest-
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M. or funding potential, that’s why so much mathematics has been developed for
military purposes-

S. yeah, so although science might inspire and use maths, it doesn’t determine what
mathematics is true or false.

M. We’re back to square one! Does this help with the negative area problem?

S. I think so. I'll try this tack with them: we start off on a new topic as scientists
employing maths we already know, like we were calculating the areas of trapezia,
then a new idea comes to mind which encapsulates the abstractions of the

investigation-
M. ‘comes to mind’!! That is the biggest fudge I’ ve ever heard!
S. What do you think, then?!

M. Oh, I agree with you! It just sounds like fudge that’s all! Glad I'm a maths teacher
not a philosopher, that’s all I can say!

1.5.6 On the role of these dialogues

These dialogues illustrate themes which are investigated within the main body of the
thesis. The dialogue format is intended to illustrate the way that philosophical issues
do impinge onto the practice of mathematics teaching. The themes of the dialogues,
belief, mathematical objects, notation, proof and wis en zeker, are not neatly assigned
to specific chapters for individual discussion, but permeate the formulation of the sub-

theses and inform the arguments therein.
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Chapter 2: Methodology

2.1 Introduction

‘Methodology’ means ‘the study of method’, so writing about methodology involves
writing about methods used for the investigation in question (‘the investigation® being
the content of this thesis); it is ‘meta-method’. One can ‘write about method’ from
several different perspectives (I am now writing about writing about method!). Possible
perspectives, or meta-methods, include ethical, experiential and political. for example.
The point is, that the content of the thesis depends on the perspective from which the
author views the basic thesis question. The basic thesis question, here, is *What is it to
come to know mathematics?’ and one would not expect a unique answer to so broad a
question. This is why it is important to clarify the basic stance and explain what

investigatory methods seem appropriate for that stance.

The basic stance that I shall take is *experiential’. My interpretation of the meaning of
having an experiential stance is part of the subject matter of this chapter I shall also
explain why I consider the most appropriate principal method of investigation - (given
this stance and my particular starting question) - to be that of British-American
philosophical analysis® together with liberal exemplification with experiential items.
Such a method could be termed "analytic-experiential’ The reasons for adopting such a
method, like developing the meaning of ‘experiential stance’, is also intended to unfold

throughout this chapter. ‘Experience’ seems to feature twice in this statement: as meta-

* This broad term connotes the English-language medium philosophers from Locke. Berkeley and
Hume through to their descendants in this century like Russell. Quine. Putnam and Dummett.
Arguably the category should acknowledge an Australasian contribution too. given the work of
Armstrong and colleagues. A thesis could be written on whether this term does determine a coherent
philosophical tradition. My purposc of using the term is to position my modc of cnquiry away from that
of the linguistic continental philosophers likc Lacan. Derrida and Foucault. Why” Consider this
analogy: Someone working hard to learn to play the piano cannot be expected to just pick up a violin
and produce music. [ was taught where the keys were in British-American philosophy many years ago.
So when 1 wanted to make a philosophical sound I went back to an instrument on which 1 could
produce some notes. | may appreciate

18
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method, or stance, and as the source of examples to clarify the terms of the more general
analysis. Is this legitimate? I believe so: experience is both a source and a check, but the
argument is to be more general and, therefore, potentially applicable beyond my personal

experience.

2.2 A student's progress?

Before the philosophical analysis can begin, using the stance I have declared, I must give
an account of the experiences which gave rise to the appropriation of philosophy-plus-

examples as a method.

2.2.1 Initial experience of research

For two years, during the late eighties, I worked half time at Oxford University’s
Department of Educational Studies, (OUDES), while continuing with my permanent
school teaching job at The Cherwell School. The first shoots of this thesis work can be
traced back to experiences at OUDES, though the roots go back to the interests in

mathematics and philosophy I had as a teenager.

At OUDES, I initially misconstrued the job of a 'mathematics educationalist' because I did
not realise that producing educational research was of utmost importance to being a
successful professional in this area. This was hardly surprising, for I had been employed
principally as a PGCE tutor who was in touch, by virtue of my other employment, with
mathematics teaching in comprehensive schools. Nevertheless, I eventually got wind of
the importance of research and publication and made a start on a small research project

while employed at OUDES.

To get started on research, I talked informally with members of the department® and

decided to follow my long term fascination with the philosophy of mathematics.

the endeavours of others playing other instruments, but I have to be mindful of practical constraints, in
trying to make a reasonable sound, and not try extend my skills too far.

5 Donald McIntyre was particularly generous with his time and constructive advice.
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Questions that had puzzled me as a teenager - like the universality and applicability of
mathematics - were still there to be investigated. It seemed that an educationalist's project
could be conceived by interweaving something to do with learning, or sociology of
schooling, or psychology, or curriculum design, etc. with the rather abstract philosophical
interests I already had. I was starting to be able to envisage an investigation concerning
some aspect of the nature of mathematics projected into the educational domain (to use a

mathematical metaphor).

Practical considerations were paramount: any project I undertook had to be manageable,
in terms of work load, and economical. Clearly, I should use resources my school could
offer, the most significant of which were the students. So, this was my experience of

starting on a research route:
1) declare an interest - mine was ‘the nature of mathematics’;
2) be opportunistic about resources - i.e. use what is available: my students;

3) ask a question related to the interest, an answer for which should yield from judicious
use of the available resources - my question was ‘What were my students’ views on

the nature of mathematics?’;

4) report some of the findings - which I did in a professional (rather than academic)

publication (Rodd, 1993).

This is a route typical of practitioner researchers as reported by Fletcher (Fletcher, 1993)
and, indeed, echoes the advice given in Edwards and Talbot's first chapter (Edwards and
Talbot, 1994, pp 3 -16). While concepts within the question included philosophical
concepts, the content of the question was to do with peoples’ attitudes. It was, broadly
speaking, a social scientific question which I had approached using rudimentary social

scientific methods; the tools used being questionnaire and interview.
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2.2.2 The next stage

A few years later, I moved to a new job at St Martin's College in Lancaster. I no longer
had a supply of school students, but had adult students to work with (aged from 18 to
50+) on both mathematics and pre-service courses. I was, by now, registered as a
prospective PhD student. As it is reasonable to ‘adopt, adapt and improve’ previous
experience, I expected to work with my new students on their ideas about the nature of

mathematics and coming to know mathematics as the core of my PhD thesis project.

But this was not to be, for several reasons, which I shall shortly describe. And the

consequence was a fundamental change in method: from social science to philosophy.

The H.E students were not a similar resource to the school students with whom I had
worked previously. My explanation for this is as follows: I did not teach these students
over a long period but saw them for a term (or less) at a time, in order to teach a specific
module of their course. I did not know them as well as individuals as I had known my
school students. This resulted in my not feeling comfortable enough to organise them,

individually, as subjects for a further investigation of the type I had done at Cherwell.

What I did try was to ask the members of some of those classes which 1 taught
mathematics for written reflective comments, to see if some texture of their views of
mathematics could be discerned in this way. I found the results of this approach very
disappointing: the students were either glib or scathing and they did not see reflective,
post-session writing as a worthwhile activity. They responded fine as mathematics
students, but they did not seem to see the worth of pondering the nature of the subject that

they were preparing to teach.

Of course, ‘I did it wrong’. This is not intended as a negative comment towards the
students or on my relation with them, but a statement of my appraisal of my skill as a
social scientist-cum-mathematics teacher. I believe, now, that it should have been
possible to get interesting, provocative responses from these otherwise quite adequate

students. But I have not invested the time in developing a social scientists’ skills, so I
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cannot knowledgeably say what a correct method would consist of; the belief remains an
untested conjecture. At that time, I did not have the where-with-all to seek to improve my
classroom-based research techniques: my experience included (what I now interpret as)
not perceiving a lack of skill in technique. The consequence of my at-that-time-
interpretation of my experience with these students, was that I did not expect to progress
in my research by attending to students said about the nature of mathematics. The
contents of this tortuous paragraph are intrinsic to my account of experience, because they
constitute methodological remarks, i.e. they are supposed to explain why I used certain

methods not others.

My next move was to look at what students did. Not in terms of gestures or other social
interaction (like Arcavi, 1994) but of what their written mathematics consisted. After all, I
had to mark their coursework and projects, I might as well consider these as data. I was

being ‘opportunistic about resources’, as before.

I presented part of this work at a seminar® of mathematics educators. From this I learnt
something about the social dynamic of seminars: For example, the participants in this
seminar liked seeing students’ work; they liked to talk about it and construe meanings
from it. A consequence of this interpretation of my experience was that questions which
involved explicit philosophical analysis were not, in that context, made apparent to me; [

am not saying that such questions were not raised.

At this seminar, I presented a construct which I termed 'mathematical moment'. A
‘mathematical moment’” was to indicate a point of transition for the learner from not-
knowing to knowing. This was supposed to be an analogy in developing mathematical
practice to a ‘critical incident’, as used in developing teaching practice (Lerman, 1994),
To illustrate this idea I presented data (a fragment of dialogue and written mathematical
workings) from a student, Gina, who had been working on the problem of proving that

opposite angles in a cyclic quadrilateral added to half a turn. What was I asserting about

® The Open University Centre for Mathematics Education research student seminar, 4/2/95.
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mathematical knowledge here? I was making the bold claim that there had been a sort of
‘change of state' for Gina before which she did not know the proposition, after which she
did. Dick Tahta, in his wisdom, suggested that I go back to Gina in a few weeks and talk
to her about her knowledge of this particular geometric proposition, which I did. In a
subsequent brief, informal chat’ after class, Gina told me that she did not feel that she
'knew' the proposition - although she had 'responded correctly’ when asked the fact of the
angle relationship. I asked her to prove the proposition and she got stuck. With a nudge

she wrote down a proof, but she still did not want to assert that she 'knew' the proposition!

This forced my awareness of the validity of such a construct as ‘a mathematical moment
or transition’. Despite my school-teacher experience of talking with colleagues about
students’ getting it’ (or not!), as an aspect of an epistemological theory (i.e. a theory of
knowledge), I was not offering a theoretical justification. Furthermore - and here I return
to the notion of social science technique - I considered that, no sort of scrutiny of what my
students did, or rather seemed to do from observation of their actions and written work,
could justify it either. This feeling was analogous to my belief that it was not possible to

gain quality information from what students said.

2.2.3 A change of method after reflection on earlier work

In other words, I was faced with a dilemma - either develop technical social science

research technique or change method of enquiry - and, at that time, only horn of this

7 To my question "Can you say anything about the angles?" She replied instantly "Opposite angles add to
180degrees”. To my "How could you show that?" she paused, suggested constructing the quadrilateral's
diagonals [this was the construction that she'd started with those weeks ago]. She paused again and then
silently drew in 2 radii, 'angle at the centre is twice angle at circumference' diagram with q and 2q marked.
Pause again. She then mumbled something about isosceles triangles and joined the centre to the 'top' vertex.
She originally interpreted this new constructed radius as bisecting the angle g, but a prompt to reflect
dislodged that notion, and she labelled the base angles of the isosceles triangles x and y as shown in the
diagram. Another pause; "I think there is another triangle" When the final radius is drawn in (after fumbling
a bit with the labelling), she writes down exactly as she did six weeks previously: 2y+2b+2a+2x = 360.
Then, unlike before, she returned to her diagram to look, then back to her equation. Then, as before, without
obvious anticipation or foresight, she wrote "y+b+a+x==180", and then said, while looking hard at the
paper "That's it, that's it". I then asked her if she felt she knew this now. She replied, without hesitation "No,
Idon’t feel I know it".
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dilemma which seemed possible for me to take was to change the method of enquiry.
The basic question remained, ‘what is it to come to know mathematics?’, but now I was
not going to investigate that question through my students attitudes to the nature of
mathematics, but to approach the question on a purely philosophical level. Why I thought
that philosophical technique would be possible for me where social science technique was
not, comes down, I conjecture, to my having studied philosophy as a minor subject as an
undergraduate. In retrospect, I think I was optimistic! Nevertheless, an important point
about research can be construed from these remarks: a teacher is a phenomenon of social
science, not a social scientist; a teacher may be interested in philosophical questions, but
that does not make her a philosopher. My experience with my H.E. students had
prompted a change of method. Any further investigation was going to be conceptual

rather than empirical.

My next task was to try to understand how educational research could also be

philosophical research.

2.3 Educational research and philosophy

Although I had interests in philosophy that I wanted to pursue, and some undergraduate
philosophy courses to my credit, my expertise and experience was in teaching school (and
some early H.E.) mathematics. Philosophy of mathematics is a two and a half thousand
year old field and, at the stage about which I have just been talking, I was aware only of
parts of Plato’s work and some ideas from the British empiricists; I had an unanalysed
attraction to Kant’s notion of the ‘synthetic a priori’ and an idea that the formalism,
constructed in the early twentieth century, had crumbled with Godel’s theorem. These
rusty undergraduate ideas did not seem to help me with my investigation on ‘what is it to
come to know mathematics’. Hence, I still felt that I was engaged in some sort of
educational research, albeit now with a philosophical method - whatever that might be in

practice.

There was a tension, at this stage, between the people-orientation which I thought was

intrinsic to an educational enquiry and the abstraction, or lack of person-orientation, I
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associated with philosophical enquiry. I sum up this tension in terms of the questions: Is
educational research necessarily social scientific? Does philosophical method have to
abstract away from experience? I do not think either of these questions needs to be

answered in the affirmative:

2.3.1 On social science and educational research

In the introduction to his 1992 research guide, Hammersley states: "Educational research
is a very wide field, and one whose boundaries are not at all clear, it merges into other
areas of social and psychological research.”, (Hammersley, 1992, p 4). In particular, I was
aware that there was work of a social scientific nature related to mathematics in
education: e.g. Bishop (1988) worked ethnographically as did Jaworski, (1994). By

contrast, Hart, (1981), worked with statistical analysis on large samples.

One of the key issues in social scientific research is that of the role of the
researcher/observer in the production of his/her thesis. For example, if a teacher asks her
pupil if he likes mathematics, how many different ways can we interpret his answer? He
might answer 'yes' because he does not want to feel awkward, or might answer 'no'
because he is within earshot of other pupils to whom he does not want to appear a 'swot'.
The approach advocated in Hammersley's guide is that “evidence used by researchers is
systematically recorded and open to public scrutiny. This evidence may come from many
different sources... [including] written responses by subjects.., a researcher’s detailed
notes, or even audio- or video-recordings.” (ibid. p 30). In this way the source of an
interpretation may be available to others, and while no ultimate objectivity is claimed,
there is an honestly about how the social scientific theory was construed. In the scenario
above, a scrutineer might query the abruptness of the question asked or the situation in

which the child was expected to respond genuinely.

My work on student attitudes or responses to mathematics was essentially social scientific
in approach. They were preliminary studies which could have been developed, as I have
alluded, with further technique, to sit quite nicely in the sort of social science research

that includes education. Indeed, considerable work has already been done in the area of
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student and teacher attitudes, for example by Alba Thompson (Thompson, 1984) and
Rafaella Borasi (1992).

Returning 1o the first of the questions posed in the second paragraph of 2.3, educational
research has a social scientific branch, it does not follow that educational research is all
social science. Using Hammersley’s conception, social science is characterised by the
methods used, as briefly discussed. It would, therefore seem possible to employ a
different method to address questions which, hitherto may have been approached in a
social scientific fashion. For example, the philosophy of mathematics is not only an
historical phenomenon but also a contemporary academic discipline, which includes
epistemology and ontology as well as formal logic. Could the methods used in
contemporary philosophy be used within my broadly educational investigation? I hope
that this thesis exemplifies that the answer to that question is ‘yes’! But before I consider
what sort of methods might be appropriate, such that - apropos the second question posed
earlier - philosophical method does not have to abstract away from experience entirely, I

need to review different meanings of the word ‘philosophy’.

2.3.2 Some meanings of ‘philosophy’

In common parlance, the word 'philosophy’ may be used synonymously with "attitude’ or
'view', for example, to the question "What's your philosophy of life?" one might reply
"Oh, live and let live". This attitudinal sense can be characterised by the following: the
teacher whose attitude/philosophy guides her to a practice of offering 'real life problems'
to her pupils might be attributed as holding a philosophy/attitude of mathematics that is
characterised by 'mathematics is a culturally specific problem-solving tool'. I want to
avoid this attitudinal sense of the word ‘philosophy’. For it is perfectly logical to
hypothesise an individual teacher who works with 'real life problems’ as a pedagogical
device and whose philosophy/attitude to mathematics is characterised by 'mathematics is
the one universal discipline where absolute truth is obtainable’ - which is contrary to the
view espoused above. Whether there is a statistically significant correlation between a
particular viewpoint and particular teaching style may or may not be the case - such

analysis is social scientific again and outside my defined domain of interest in this thesis.
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There is substantial literature on this attitudinal domain of enquiry (e.g., Jaworski, 1994)
which explore the notions of consequences of teachers’ views of mathematics in their

classrooms.

A second, quite different use of the word ‘philosophy’ as it pertains to the philosophy of
mathematics, is to specify a choice of philosophy from the received categories of
logicism, formalism or intuitionism. A discussion of ‘philosophy’ in this sense requires
an linderstanding of these philosophical schools which were influential during the first
two-thirds of this century. My first study, as I have related, was to explore with which of
the philosophies of mathematics, logicism, formalism and intuitionism, students
identified the nature of mathematics. For that research I made up some statements which I
considered characteristic of each those standard philosophical positions respectively, then
I tested students' views against these, using questionnaire and semi-structured interviews.
(The detail of the method was given in Rodd 1994, while my overall interpretation is in

Rodd, 1993).

A third meaning of ‘philosophy’ connotes an epistemic view. An epistemic view is the
attitude a person has to how knowledge is obtained. Specifically, a belief about how
mathematical knowledge is obtained must, also, include some notion of what
mathematical knowledge consists. So an epistemic view of mathematics implicitly
includes an ontological view. For example, one of the results from my work with
Cherwell students was that, despite often having the same teacher, students held quite
different epistemic views. For example, Jeannie and Alex had been educated together
since the age of nine, but Jeannie seemed to conceptualise mathematics as formal,
absolutist discipline, outside science, and acce