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Abstract. We demonstrate the occurrence of bimodality and dynamical
hysteresis in a system describing an overdamped quartic oscillator perturbed
by additive white and asymmetric Lévy noise. Investigated estimators of the
stationary probability density profiles display not only a turnover from unimodal
to bimodal character but also a change in a relative stability of stationary states
that depends on the asymmetry parameter of the underlying noise term. When
varying the asymmetry parameter cyclically, the system exhibits a hysteresis in
the occupation of a chosen stationary state.
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1. Introduction

The Langevin description of an overdamped Brownian motion in a potantkal

X(t) = =V'(x)+¢ (), 1)
constitutes a basic paradigm to study the effects of fluctuations at the mesoscopit]s¢ale [
Here, prime stands for differentiation owerand¢ (t) is a commonly assumed white Gaussian
noise representing close-to-equilibrium fluctuations of the dynamic vanalle contrast, in
far-from-equilibrium situations, the Gaussianity of the noise term may be questionable, due
to e.g. strong interaction with the surrounding ‘bath; p]. Natural generalizations to the
Brownian motion are ther-correlated Lévy stable processes which can be interpreted as
fluctuations resulting from strong collisions between the test particle and the environment. In
particular, the scale-free, self similar feature of Lévy distributions gives rise to the occurrences
of large increments of the position coordinatdx during small time intervals causing a
non-local character of the motion. Within the paper, we address the problem of kinetics
as described by equatiod)(under the action ot (t) representing a stationary white Lévy
noise B, 7]. Accordingly, the position of the Brownian particle subjected to additive white
Lévy noise is calculated by direct integration of equatidh With respect to thex-stable
measure @-[11] L,z(s), i.e. x(t+At)=x(t)—V'(x(t)At+(AH)Y*¢, where ¢ is
distributed according to thex-stable Levy type distributionL, 43(¢; 0, w =0) whose
representationd, 8] is given by the characteristic functiagh(k) defined in the Fourier space

P(K) = F(Lap(C;0o,m) = [ deed L 4¢3 0, 1)
¢ (k) = exp[—aa|k|a (1— iBsgn(k) tan%x) + iuk] , fora#1 (2)

o (k) = exp[—o|k| (1 + iﬂ%sgr(k) In |k|> + iuk] , fora=1. 3)

The stability index«, determining tails of the probability density function (PDF) takes
valuesu € (0, 2], the skewness of the distribution is modeled by the asymmetry parameter
B €[—1,1]. Indicesa and 8 classify the type of stable distributions up to translations and
dilations B, 8]. Two other parameters of scalinge (0, co) and locationu € (—oo, co0) can
vary, although replacing — 1 ando ¢ in the original coordinates shifts the origin and rescales
the abscissa without altering the functibps(¢). For simplicity, we will restrict ourselves here
to strictly stable Lévy noise witlh =0 [6, 8]. Generally, for = u =0 PDFs are symmetric
while for 8 = £1 anda € (0, 1) they are totally skewed, i.&. is always positive or negative
only, depending on the sign of the asymmetry paramgtésf figure 1). Asymptotically, for
¢ — oo with o < 2, stable PDFs behave q&¢) o |¢|~@*Y causing divergence of moments
(¢V)y=o00 for v <a. The asymmetry is reflected in a biased distribution lim pﬁfbt(’gfjg) =%ﬁ.

For o # 1, equivalent to the stochastic ordinary differential equatibnig a fractional
Fokker—Planck equation (FFPE)J—[17] for the probability distribution function

px,t) 9 [ dk ik
— — ok ikx
o1 foo 2n¢( e

ot
gk _
- /_OO chp(k,t)e""x [iuk—o“|k|°‘ +iﬂa“k|k|“—1tan%“]

T 0
2 0X
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= —0*(—=A)?p(x,t) —o“Btan (—A) @ D2p(x,t) — u% p(X, 1), (4)
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Figure 1. Samplex-stable PDFs withw = 0.9 (left panel) andx = 1.1 (right

panel). FoB = 0 distributions are symmetric and become asymmetrig@ fgr0.

The support of the densities for the fully asymmetric cases With+1 and
a < 1 (left panel) assumes only negative valuesfoe —1 and only positive
values forg = 1. Note the differences in the positions of the maximadfer 1

anda > 1.

with p(x, t) representinq the PDFs for finding a particle at time the vicinity ofx, ¢ (k, t) =

(exp [ikx(t)]) = (exp[ik /, ¢(s)ds]) standing for the characteristic function of the stable process
and —A“ f (x) denoting the fractional Laplaciarl§] —(A)*2f(x) = F-1(k|* f (k)), with

a = 2 corresponding to the standard Brownian diffusion case. The addition of the potential
force —V'(x) to equation {) adds the classical drift tenﬁ[V’(x) p(X, t)] to equation 4). In

the approach presented herein, instead of solving equatjprinformation on the system is
drawn from the statistics of numericallg,[8] generated trajectories satisfying the generalized
Langevin equationl(. At a single trajectory level sampled from the stochastic dynamic study of

the problem, the initial condition for equatiot) (has been set to(0) < U[-1, 1], i.e. the initial
position of the particle is drawn from the uniform distribution over the intervall[ 1]. For
simplicity, equation {) has been studied in dimensionless variablés 20] with additionally
settingo = 1. The time independent potentMix) is assumed to be of the form(x) = x*/4
which guarantees the confinement of the trajectaity within the potential well 19, 21, 22
leading to a finite variance of the stationary PDF. For generstiable driving and a quartic
potential the stationary PDF fulfils

93P (k)
ok3

where P(k) stands for a Fourier transform of the stationary PP¥X) = lim_ ., p(X, t).
Analytical solutions of equation5f can be readily obtained for a Gaussian case=@,
arbitrary B): P(x) =I'(3/4)exp(—x*/4)/m and for Cauchy additive noisex& 1, g = 0):
P(x) = 1/[m(1—x2+x%] [19, 21, 22]. They display a perfect agreement (cf figuzewith
profiles of PDFs obtained by numerical simulations of equatlppérformed with the Janicki—
Weron algorithm §, 8, 23, 24].

— sgrk|k|“ B (k) — iﬁtan%‘w—llﬁ(k), (5)
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Figure 2. Stationary PDFs fow =2 (Gaussian case, unimodal distribution)
anda = 1.0 (Cauchy case, bimodal distribution) with corresponding analytical
solutions. Numerical results were constructed far=10"*, Tnh.= 10 and
averaged oveN = 5 x 10 realizations.

2. Results

Numerical results were constructed for a time step of integratipa: 10~4, simulation length
Tmax= 10 with an overall statistics dfil =5 x 10* realizations. To check whether results are
influenced by the length of simulations, results for varidysx (Tmax= 10 and 15) were
compared showing consistency of estimated PDFs for both values. Further details on values
of parameters are included in the text accompanying the figures. Numerical examination of
equation {) allows for construction of PDF estimators for the whole range of parameters
and . Likewise, by direct integration of equatiod)(it is also possible to investigate time-
dependent PDFs and noise-induced bimodality of the probability distributi@rfl, 22, 25,
26]. Note that this approach, if applied for noise sources represented by the generalized Lévy—
Gnedenko central limit theorem, would lead to stationary distributions which are not of the usual
Boltzmann—Gibbs type?[7, 28].

The change o# (for g # 0) from values>1 to values<1 results in a change of location
of a modal value of stable densities, see left versus right panel of figuree shift of modal
values is reflected in properties of stationary states.odFsrl with 8 < 0 the modal value is
located forx > 0 (right panel of figure3) while for @ < 1 with 8 < 0 it shifts to the negative
intervalx < 0 (left panel of figure3). For 8 < 0 modal values are located on the opposite side
of the origin than foB > 0. Therefore, the position of the modal value can be moved from the
positive to negative real lines by changexolvhile § is kept constant (left versus right panel of
figure 3) or by change of to —g with a preset value at (cf different rows in figures).

The fact that changes fican change the location of the modal value suggests that periodic
changes in this parameter can lead to a phenomenon resembling dynamical hy2elrdSis| [
In order to register a hysteretic behavior of the system, we have performed an analysis of
trajectories of equationl] based on a two-state approximation. For this purpose, we have
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Figure 3. Stationary probability distribution®(x) for « = 0.9 (left column)
anda = 1.1 (right column). Various rows correspond to the various values of
B, starting from the top pane = 1 (top row),8 = 0.5, 0.01 andg = 0 (bottom
row). Due to symmetry, results for negati@ean be obtained by the reflection of
results forg > 0 along thex = 0 line. Results were constructed fat = 1074,
Tmax= 10 and averaged ovét = 5 x 10* realizations.

defined an occupation probability of being in Jefght state according to

0
p(left) = prob{x(t) < 0} = / p(x, t)dx = 1 — p(right). (6)

Transition between the states is induced by the time dependent asymmetry pagawbien

is periodically modulated over time, i.8.= BnaxSiNQ2t = ,Bmaxsmz”t In figure 4, values of

p(left) for various T (with Bmax= 1) are presented. Stable random variablesofer 1 with

|B| =1 take only positivénegative values, depending on the signgofTherefore a higher

level of saturation is observed far= 0.9 (left panel) than forr = 1.1 (right panel), i.e., when

|8| = 1 the probability of being in the leftight state fore = 0.9 (left panel) is higher than for

a = 1.1 (right panel). The direction of the hysteresis loop is a direct consequence of the fact that

changes i3 move modal values from the positjigegative real line to the negatp@ositive

real line. Due to the initial condition imposed &r0), the starting point for each hysteresis loop

is (0,0.5) and the first part of the curve describes approaching to the proper hysteresis loop. With

decreasing? (increasingTly) the area of the hysteresis loop decreases because the system has

more time for relaxation and response to the changgs Bor large2 (small Tg) the response

of the system is more delayed and consequently the area of the hysteresis loop is larger.
Finally the influence ofmax On the shape of the hysteresis loop has been examined. In

figure 5, hysteresis loops for varioudnax (With To = 9) are presented. Small@,.x makes
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Figure 4. Hysteresis loops foxx = 0.9 (left panel) andxr = 1.1 (right panel).
Different lines correspond to the different valuesTgf, amplitude of8 Bmax=

1.0. Results were constructed fakt =102 and averaged oveN = 10°
realizations. Various loops correspond to different values of the driving period
Tq: To =35, 9, and 1.5 (from inside to outside).
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Figure 5. Hysteresis loops fotx = 0.9 (left panel) andx = 1.1 (right panel).
Different lines correspond to the different values8gfy, driving periodT, = 9.
Results were constructed foait = 10-2 and averaged ové = 10P realizations.

Various loops correspond to different value®gfx: fmax= 1.0, 0.5, 0.3 and 0.1
(from top to bottom).
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stable distribution less skewed and as a consequence, less probability mass becomes located in
the left state and the effect of saturation is less visible. Furthermore, with decrgasin@ops
become more oval and finally f@,.x = O the hysteresis phenomenon disappears.

3. Summary and conclusions

A standard approach to equatidl) Assumes a Gaussian character of the noise term describing
interaction of the studied system with its complex surroundings. An additional assumption
about the existence of timescale separation between the dynamics of the obse(wabatel

the typical timescale of the noise allows external fluctuations to be modeled as temporally
uncorrelated and therefore ‘white.” However, in many natural phenomena the assumptions
concerning properties of ‘gaussianity’ and ‘whiteness’ of the noise can be violat&®][

In this context, in contrast to the spatiotemporal coupling characterizing general forms of non-
Markovian or semi-Markovian Lévy walks, Lévy flights correspond to the class of Markov
processes which still can be interpreted as white, but distributed according to a more general,
infinitely divisible, stable and non-Gaussian laby §].

Lévy noise-driven non-equilibrium systems are known to manifest interesting physical
properties and have been addressed in various realms, ranging from the description of the
dynamics in plasmas, diffusion in energy space, self-diffusion in micelle systems, exciton and
charge transport in polymers under conformational motion and incoherent atomic radiation
trapping b, 33, 34] to the spectral analysis of paleoclimati®s] 36] or economic datad7],
motion in optimal search strategies among randomly distributed target sites, fluorophore
diffusion as studied in photobleaching experimeB& pnd many others.

As discussed in this paper, the modulation of stable noise parameters modifies the shape
of the stationary probability density corresponding to the Langevin equdt)oim(particular,
skewed noise characterized by the non-zero asymmetry paragneger induce asymmetry of
stationary states in symmetric potentials. Furthermore, totally skewed stable aaisk With
|8] = 1) could move the probability mass to one side of ¥aaxis making stationary states
totally skewed. In such situations, the whole probability mass can be located on the left-hand
side or on the right-hand side of the origin= 0 depending on the sign of the asymmetry
parameters. For o > 1 with a non-zer@3, the stable noise is still asymmetric. Nevertheless,
even|B| = 1lis not sufficient to induce totally skewed stationary states. Consequently, dynamical
hysteresis loops induced by cyclic variation pffor « <1 anda > 1 are characterized by
various levels of saturation, see left versus right panel of figure

The model system presented in this study assumes action of the monostable quartic
potential which leads to the confinementqf) trajectories and bounded stationary states, i.e.
states with finite variance. Nevertheless, the similar hysteretic behavior can be also observed in
a harmonic potential. In this case, however, the stationary probability density assumes a Lévy
stable form with the same stability, and asymmetryg, indices as the underlying noise. In
consequence, modulation of the asymmetry parangetesults in shifts of the location of the
PDF-modal value causing different fractions of the probability mass to be located to the left or
to the right of the origink = 0. Moreover, in contrast to the quartic potential, the action of the
parabolic one does not confine the Lévy-flight trajectories causing much larger fluctuations of a
particle position with diverging variance.

Another method to present the results for stationary distributions (cf figuiethe use
of the effective potentialq0]. In general, at a given time poihtthe same probability densities
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that are recorded for the system under the action of the quartic potential atable noise
can be observed in the Gaussian regime with the effective pot&fagiad, t) = —log[p(x, t)].
Despite the fact that the one-point probability densities for the system= —V (X, t) +&£(t)
with white and Gaussian noiggt) ((¢(t)é(t")) = §(t —t’)) are the same, other characteristics
of these two processes remain distinctly different.

Also construction of the dynamical hysteresis for the effective model is more complicated
than just examination of equatiorl)(with Veg(X,t). Parametric time-dependence of the
effective potential (via time-dependence @f and lack of general analytical solutions for
p(X,t), both requireVeg(X,t) to be determined numerically. Moreover, such an approach
is much more computationally demanding because it needs the effective potential to be
numerically constructed at all, / At points.

The dynamical hysteresis can be also observed in the generic double well potential model
subject to the joint action of the deterministic periodic modulation and stochasitable
fluctuations B9]. In such a case, however, the shape of the dynamical hysteresis loop is affected
both by the character of the noise and by the type of periodic modul&®h39).

Altogether, the dynamical hysteresis detected in the model described by equition (
emerges as a consequence of periodical modulation of the asymmetry pargmbtethe
effective potential model, periodical modulation of the asymmetry parameter corresponds to the
periodical modulation of the effective potentiak(x, t). Nevertheless, as argued above, the two
models are not fully equivalent pointing out that a mere examination of one-point probability
densities is not a sufficiently conclusive method for discrimination of underlying types of noise.
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