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Abstract

We consider two closely related optimization problems: a problem of convex Semi-
Infinite Programming with multidimensional index set and a linear problem of Semidef-
inite Programming. In study of these problems we apply the approach suggested in our
recent paper [14] and based on the notions of immobile indices and their immobility or-
ders. For the linear semidefinite problem, we define the subspace of immobile indices and
formulate the first order optimality conditions in terms of a basic matrix of this subspace.
These conditions are explicit, do not use constraint qualifications, and have the form of
criterion. An algorithm determining a basis of the subspace of immobile indices in a fi-
nite number of steps is suggested. The optimality conditions obtained are compared with
other known optimality conditions.
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1 Introduction

In this paper, we are concerned with convex problems of infinite optimization, namely a problem
of convex Semi-Infinite Programming (SIP) and a linear problem of Semidefinite Programming
(SDP), that are closely related [20].

Semi-Infinite Programming deals with extremal problems that consist in minimization of an
objective function of finitely many variables in a set described by an infinite system of con-
straints. SIP models appear in different fields of modern science and engineering where it is
necessary to simulate a behavior of complex processes whose models contain at least one in-
equality constraint for each value of some parameter (for example, time) varying in a given
compact domain (for references see [9], [10] et al).

In SDP, an objective function is minimized under the condition that some matrix valued func-
tion is positive semidefinite. When the objective function is convex and the matrix valued
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function is an affine combination of some symmetric matrices, we get a convex problem. There
are many applications of SDP models to combinatorial optimization, control theory, approxi-
mation theory, etc. (see [22], [23] et al).

In some cases, a semi-infinite optimization problem can be reduced to a semidefinite problem
(see examples in [20]). In turn, any SDP problem can be written in the form of some SIP
problem. Therefore, it is natural to expect that similar approaches can be used in study of
these two classes of optimization problems.

Optimality conditions for SIP and SDP are of special interest both from theoretical and practical
points of view. In literature, a special attention is devoted to the results that do not need
additional conditions on the constraints, so called constraint qualifications (CQ). For SIP such
optimality conditions were proposed, for example, in [4, 11, 14], and for SDP in [8, 17, 18], and
some other papers.

Let us consider an optimization problem in the form
min c(z) st. ze€ X :={xeR": f(z,t) <0, Vte T}, (1)

where 7" C R?® is a given index set; ¢(z), f(z,t) are given functions with x € R", ¢t € T". This
problem is a Nonlinear Programming (NLP) problem when the index set 7" is finite, and is a
SIP problem otherwise.

It was noticed by many authors that CQ may fail for problem (1) in the presence of the
constraints that vanish for any feasible solution (see [2, 7, 8, 15, 21] et al.). In different papers
these constraints are referred to differently. For example, for NLP problems with finite set T,
they are called ”always binding constraints” in [2], and implicit equality constraints in [8], while
in [21] such constraints are said to form the equality set of constraints. In [7], where convex
semi-infinite systems in the form of the constraints of problem (1) are studied, the indices of the
inequalities that vanish for all feasible values of the decision variable, are called carrier indices.

In [13], the set of indices of always vanishing constraints was considered for linear SIP problems
with one - dimensional index set. In this preprint that was published in Russian, such indices
were called immobile and the notion of the immobile order was introduced for them (in [12],
this term is translated from Russian as motionless degree). The immobile indices were used to
obtain optimality conditions for linear SIP and an algorithm determining these indices together
with their immobility orders was suggested. Later, in [14, 15], this approach was generalized
to convex SIP problems.

To avoid confusion, further in this paper we will use the following definition.

Definition 1 An indext € T is called immobile w.r.t. constraints of problem (1) if f(z,t) =0
for all feasible x € X.

Given problem (1), it must be noticed that the constraints whose indices are immobile, are
not only differently named, but (that is more important) are used for different approaches to
solving this problem. Thus in [2] and [21], a procedure of regularization of the convex problem
in the form (1) with a finite index set 7" was suggested. It was shown how the set of immobile
indices can be used to reduce this problem to an equivalent one satisfying the Slater CQ, and
the algorithms determining this set were suggested. The same approach was used in [6] for the
case of problem (1) with infinite index set T'. In characterizing the optimality, the authors used
the cone of directions of constancy along the ”equality set” of constraints. The results obtained



for infinite problems are less constructive, and can be considered mostly as a general abstract
conceptual idea rather than concrete optimality conditions easy to be verified.

In [7], the immobile (carrier) indices were used in study of the facial geometry of convex
semi-infinite systems and the topological properties of their solution sets, in particular, for
characterization of their interior and relative interior. It was proved that in the presence of the
carrier indices the Slater condition is not satisfied, and was showed how these indices can be
used for linear representation of the convex systems.

In [14], the convex infinite problem (1) with a compact index set T C R was considered
and the immobile indices were used to formulate a new approach to optimality conditions
for SIP. In this approach, the immobility orders of the immobile indices were used as well,
and the new optimality conditions (implicit and explicit) were formulated in terms of the
Lagrange multipliers. Notice here that the importance of such optimality conditions have been
emphasized in [8].

This paper is the first attempt to generalize the results from [14] to the case of the convex
SIP problem with a multidimensional index set 7" C R*, s > 2. One simple example of such
problem is a linear SDP problem. For the latest problem we will introduce a subspace of
immobile indices, using the notion of multidimensional immobile indices in convex SIP. The
subspace of immobile indices will permit us to formulate and prove new optimality conditions
for linear SDP in the form of criterion.

There exists a large number of papers on linear SDP, but the results from [8, 17, 18] approximate
more closely to the aims of our investigation. In the papers mentioned above, so called no
gap dual problems are formulated for linear SDP problems not satisfying the Slater condition.
In [17], a dual problem called an eztended Lagrange-Slater dual problem (ELSD), is built.
The constraints of this problem include recursive systems of additional constraints. In [18], a
problem named regularized dual problem (DRP) is considered. It is obtained as a dual to the
reqularized primal problem denoted there by (PR). In [18], it is proved that the dual problems
(ELSD) and (DRP), obtained using different approaches, are equivalent and the strong duality
property is guaranteed for both of them. These gap free dual problems permit to formulate new
optimality conditions for linear SDP using the minimal cone of problem (PR) and its polar.
Here we will show that the optimality conditions obtained in this paper using the approach
based on immobile indices are equivalent to the conditions formulated in [17, 18], nevertheless
they have different forms.

The paper is organized as follows. In section 2, we formulate a convex SIP problem with
the multidimensional index set, define the set of immobile indices, and prove that this set is
empty if and only if the Slater type CQs are satisfied. In section 3, we consider a linear SDP
problem and the equivalent convex SIP problem, define the subspace of immobile indices, and
study its properties. Optimality conditions are proved and a simple example is discussed. The
comparison of these optimality conditions with the conditions proposed in [8, 17, 18], is carried
out in section 4. Additionally, we obtain the explicit expressions in terms of the subspace of
immobile indices for certain constructions (such as minimal cone, its polar and others) used in
[17, 18] for formulation of dual SDP problems. In section 5, we describe and justify an algorithm
that determines a basis of the subspace of immobile indices. The final section 6 contains some
conclusions and remarks.



2 Convex semi-infinite programming problem: immo-
bile indices and constraint qualifications

Consider a convex Semi-Infinite Programming problem in the form

(P) win c(x) 2)
st. €@, f(zr,t) <0 VteT, (3)

where ) C R" is a convex set, ¢(x),z € Q, is a convex function, the function f(x,t),z € Q,t €
T, is convex w.r.t. z; T C R* is a compact index set. Denote by X the feasible set of problem

(2), (3):
X={zxeQ: f(x,t) <0,VteT}.

Consider the following CQs for constraints (3):
e The constraints (3) satisfy the Slater type condition I if

there exists = € @ such that f(z,t) < 0,Vt € T. (4)

e The constraints (3) satisfy the Slater type condition II if

for any index set {t; € T, i =1,...,n+ 1} there exists
a vector T € @ such that f(z,¢;) <0, i=1,...,n+ 1.

Let
Tiyeo s Tn €T (6)

be a set of indices from 7'. Consider the nonlinear problem

(Pp) min o{x) (7)

st flx,7;) <0, i=1,...,n.

Under the Slater type CQs, the following proposition can be formulated for the optimal solutions
of problems (P) and (Pp).

Proposition 1 Consider the convexr SIP problem (2), (3). Suppose that X # 0 and let con-
straints (3) satisfy the Slater type condition II. Then there exist indices (6) such that

val(P) = val(Pp), (8)

where val(P) and val(Pp) are the optimal values of the objective functions in problems (2), (3)
and (7) respectively.

To prove Proposition 1, one has to repeat the proof of Proposition 5.105 from [5] replacing the
condition z € R" by the following one: z € () with convex @) C R™.

According to Definition 1, an index t € T is called immobile w.r.t. constraints (3) if f(z,t) =0
for all feasible x € X. Denote by T™* the set of immobile indices in problem (2), (3):

T :={teT: f(x,t)=0Vre X}.



Proposition 2 Let X # () in the convex SIP problem (2), (3). Then the following conditions
are equivalent:

CQ1: The constraints (3) satisfy the Slater type condition I

CQ2: The constraints (3) satisfy the Slater type condition II.

CQ3: The set of immobile indices in problem (2), (3) is empty: T* = ().

Proof. Suppose that X # (), and note that CQ1 = CQ3 and CQ1 = CQ2.

1. Let us prove now that CQ2 = CQ1. Suppose that constraints (3) satisfy the condition
CQ2 and do not satisfy the condition C'Q1. Consider an auxiliary SIP problem

min Tpal
(x,Tn41)ER™HT

(P st f(z,t) — 2,1 <OVEET C R, (9)
I'GQ, —2§$n+1§2

Since X # (), there exists & € X and evidently, the vector (Z,x,,1) with z,,; = 0, is a
feasible solution for problem (P*#). The objective function in problem (P%*) is limited
and all the functions defining this problem are convex w.r.t. x. Therefore problem (P%“*)
admits the optimal value val(P**) of the objective function and —2 < wval(P**) < 0.
Suppose that val(P**) < 0. In this case, there exists a vector (x*,z, ;) such that
e,z <0,and f(a*,t) — ), , <0 foranyteT. Hence f(z*,t) <0,t & T, that
contradicts the hypothesis that the condition CQ1 is not satisfied. Thus val(P***) = 0.

It is easy to verify that the vector (&, Z,41) with &,,, = 1, is feasible in problem (P%**)
when & € X. By construction, for any t € T we have f(&,t) — £,11 < f(2,t) < 0 and
—2 < Zpy1 < 2. Therefore the convex problem (P?*) satisfies the Slater type condition
I and hence the Slater type condition II is satisfied for it as well. Then by Proposition 1
applied to problem (P**), there exists a set of points {t,...,t,11} C T such that the
optimal value val(P**) of problem (P*?) is equal to the optimal value val(Pj"*) of its
discretization (Pj"*) given by

min T+l
(z,@n+1)ER™H

(PJ%M) s.t. f(xafz) — Tnpt1 < 07 L= 17 N 17
r€Q, —2< w1 <2.

Hence we get val(P**) = val(P**) = 0.

On the other hand, from the assumption that the condition C'Q)2 is satisfied for constraints
(3), we conclude that for the index set {t1,...,%,,1} there exists the vector (T, %,.1) €
R such that 7 € Q, f(Z,4;) — Tpy1 <0, i=1,...,n+ 1, and —2 < Z,,4; < 0. Then
(Z,Zp41) is feasible in (P3"*) and the corresponding value of the objective function is
equal to 11 < 0, which contradicts the equality proved above: val(P#*) = 0. From
the contradiction obtained we conclude that the condition C'Q1 is satisfied for problem

(2), (3).

2. Finally, let us prove that CQ3 = C'Q2. Suppose that constraints (3) satisfy the condition
CQ3 and do not satisfy the condition CQ2. Let {t1,...,t,41} C T be a set of indices
that do not satisfy (5).



From the condition C'@Q3 it follows that for every ¢; € {t1,...,t,+1} there exists Ve X
such that f(x@, t;) < 0. Hence the following relations take place:

f@t) <0, faD.t;)<0,j=1,..n+1, j#i, i=1,...,n+1 (10)
n+1
Let 7 := 1 Zx(i). Taking into account the convexity of the set (), the convexity
n
i=1

w.r.t z of the function f(z,t), and relations (10), we obtain

1 n+1 1 n+1
@) 4) < @) ) <0, i=1,... 1.
n—i-l;x ’1)—n+1z‘zlf(x i) RERRY (e

The contradiction obtained proves that the condition C'Q2 is satisfied for constraints (3)
whenever the condition C'Q)3 is valid.

5}6@, f(jjatz>:f(

The chain of the implications CQ1 = CQ3, CQ3 = CQ2, and CQ2 = CQ1 proves the
Proposition. |

Remark 1 Notice that in [7] one can find another proof of the equivalence CQ1 < CQ3.

3 Linear semi-definite programming problem

3.1 Equivalent formulation of linear SDP problem. Subspace of
immobile indices, its representation and properties

Here and in what follows, we use the following notations: given integers k& and p, R¥*? denotes
the set of all k& x p matrices, S(k) stands for the space of symmetric k£ X k matrices, and P(k)
for the cone of positive semidefinite symmetric k£ x k matrices.

Given A € S(k), we write A > 0 (A = 0) if A is positive definite (positive semi-definite), and
A <0 (A =<0)if A is negative definite (negative semi-definite).

The space S(k) is considered here as a vector space with the trace inner product

Ae B :=trace(AB) for A,B € S(k),
where AB is the conventional matrix product.
Suppose that s > 1, s € N. Consider a linear SDP problem in the form

miélCT.’L' s.t. A(z) 20, (11)
Tre

where z = (1, ..., z,)T is n—vector, Q is a polyhedron defined as
Q:={zcR": hla=b,icl, hlz<b;, i€ L}, (12)

and A(x) is the matrix valued function
Alz) =) A + Ao, (13)
i=1
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matrices A; € S(s),7 = 0,1,...,n, vectors ¢ € R", h; € R", and numbers b;, i € I | I5, are
given. Here [} and I are finite index sets.
It is a well known fact that the SDP problem (11) is equivalent to the problem

min ¢’ x
TEQ
st. TA@)I<0,VieL={leR: | =1}, (14)

which is a particular case of the convex SIP problem (2), (3) with s - dimensional index set
LCR? s>1.
It is evident that the feasible sets of problems (11) and (14) coincide and admit the following
representations:

X={ze€cQ: Alx) 20}={zecQ: ITAx) <0, VIcL}. (15)

According to the definition from section 2, the constraints of the SIP problem (14) satisfy the
Slater type condition I if

37 € Q such that ITA(Z) <0, VI L. (16)
In terms of the SDP problem (11), the condition (16) can be written in the equivalent form
37 € @ such that A(Z) < 0. (17)
According to Definition 1, the set of immobile indices in problem (14) is
L*:={le L:I"A(z)l =0,Vx € X}. (18)
The following proposition is a corollary of Proposition 2.

Proposition 3 Given SDP problem in the form (11), the condition (17) is equivalent to the
emptiness of the set L*.

Let us study some properties of the multidimensional immobile index set L* C R®.

Proposition 4 Consider vectors [ and | from L*. Then any vector [ e L{l e R® : | =
arl + agl, ag,ay € R} belongs to L* as well.

Proof. Indeed, for any x € X we have A(x) < 0 and therefore for x € X the condition
I A(z)l = 0 is equivalent to A(z)l = 0. Hence for any [ € L* and [ € L* the following equalities
hold:

Alz)l =0, A(z)l =0,Vz € X.

Consider vector | = ayl + awl, such that ||| = 1, where ay, as € R. Then
"A@)= (anl + aol)T A(x) (] + aol) =
21T A(x) 4 o217 A(2)l + aqoolm A(z)] + ajasl A(z)l = 0, Vo € X,

and the proposition is proved. [

It follows from Proposition 4, that the set L* of immobile indices in problem (14) can be

represented in the form
L*=LNM, (19)
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where M is some subspace of the vector space R® and dim(M) =: s, < s.

The subspace M will be called the subspace of immobile indices (or immobile index subspace)
in the SDP problem (11). It follows from (18) and (19) that

M={leR*: ITA(x)l =0, Vo€ X} ={l€R*: A(z)l =0, Vr € X}. (20)

Remark 2 From Proposition 3 one can conclude that problem (11) satisfies the Slater type
condition I if and only if M =0 € R®.

Denote by m;, i = 1,..., 5., vectors of a basis of the subspace M. Let M* be the orthogonal
complement of M in R®. Then the following lemma holds.

Lemma 1 Consider the set

X={zeQcCR": Alx)m; =0, i=1,....s,, ITA()l <0, Vl € M*} (21)

and the feasible set X of problem (11). The equality X = X is true.

Proof. From the definition of the subspace M it is evident that for all x € X the following
equivalence holds:

A(x)m; =0,i=1,...,8, < A(x)l =0, VIe M. (22)

Taking into account (15) and (20)-(22), we deduce that the condition x € X" implies the con-
dition z € X. Hence X C X.

Suppose now that # € X. Consider a vector [ € L. It can be represented in the form
1=1Y+1? with IV e M, 1P € M*.
Then taking into account (22), we have

IOT AWM =0 if 1 =0,

FA(@) = { (10 4 1OV A(2) (1) 4 1)) — [T AF)O < 0 if 1@ £ 0, (23)

therefore for any I € R* the inequality {7 A(Z)] < 0is true. From the latest inequality and from
the fact that © € @, we get ¥ € X and hence X C X.
The inclusions obtained, X C X and X C X, prove the lemma. [ |

Notice here that the set X in (21) can be written in the form
X={zreQcCR": Ax)M =0, NFA(x)N <0} ={z € Q c R": N A(z)N =< 0},

where Q = {v € Q C R" : A(x)M =0}, M = (my, i = 1,...,s,) is a basic matrix! of the
subspace M, and N € R**P* is a basic matrix of the subspace M=, with p, = s — s,. Then
from Lemma 1 it follows that the set X defined in (15) admits the equivalent representation

X={recQcCR": N'Ax)N 20} ={r e Q CR": 1T A(x)l <0,¥l € M+ N L}.

'Here and in what follows we equate a basis of a subspace to some matrix whose columns are the vectors of
this basis.



Consequently problem (11) is equivalent to the problem

minc’z  s.t. NTA(x)N <0, (24)
z€EQ
whose semi-infinite form is
minc’z st TA(z) <0, VIe LN M*. (25)

TEQ

Different formulations (24) and (25) of SDP and SIP problems (11), (14) were obtained here at
the cost of introducing the polyhedron (). In the next section, we will prove that problem (24)
satisfies the Slater type condition I

JzeQ: NTA@Z)N <O0. (26)

This important property will permit us to obtain new optimality conditions for problem (24)
and the equivalent problem (11).

3.2 Optimality conditions

In this section, we will formulate optimality conditions for the SDP problem (11).

First, let us consider the case when the constraints of problem (11) satisfy the Slater type
conditions. In this case, the optimality criterion for a feasible solution z is well known (see

[5]):

Theorem 1 Suppose that the constraints of the linear SDP problem (11) satisfy condition
(17). Then 2° € X is optimal if and only if there exist a matriz Q¥ € P(s) and a vector
A= (\,i € I UI), such that

QOOAj+Cj+ Z )\ihij:(),j:l,...,n, (27)

icl1Ulo
Qe A(z%) =0, N(hiz®—b;)=0, \; >0,i € I,
where bl = (hij,j=1,...,n), i € [ U L.

Now let us consider optimality conditions without constraint qualifications. The main aim of
this section is to prove the following result.

Theorem 2 A feasible solution z° is optimal for the linear SDP problem (11) if and only if
there exist matrices I1 € P(p,), I' € R**** and a vector A = (\;,1 € I; U I5), such that

(Q—i—T)OAj—l—Cj—i- Z )\ihij:(),jzl,...,n, (28)
i€l1Ul2
Qe Aa®) =0, \(hia®—b)=0, X >0i€l, (29)

where Q = NIINT and Y = MT7T .

Notice that Theorem 2 is valid for any SDP problem in the form (11). To prove the theorem
we will need the following lemma.



Lemma 2 The constraints of problem (24) satisfy condition (26).

Proof. Suppose that on the contrary, the constraints of problem (24) do not satisfy (26). Then
the constraints of the equivalent SIP problem (25) do not satisfy the Slater type condition I
and, according to Proposition 3, the set of immobile indices in this problem given by

L'={le Ln MY ITA(z)l =0 for all z € X}

is nonempty.

Let I* € L*. Since X = X, it is evident that [* is an immobile index for problem (14) and hence
I* € LN M. But this contradicts the condition [* € L N M-~ that takes place by construction.
Lemma is proved. [

Now we are ready to prove Theorem 2.

Proof of Theorem 2.

It was shown above that the SDP problem (11) is equivalent to problem (24) whose constraints
satisfy the Slater type CQs. Applying Theorem 1 to problem (24) and taking into account the
equivalence indicated above, we get the following statement for problem (11):

A feasible solution x° is optimal for the linear SDP problem (11) if and only if there exist matriz
IT € P(ps), and vectors v; € R®, i =1,..., 8., A= (N\;,7 € I U 1) such that

HO(NTAJN)—i-i:’}/?AJmZ—FCJ—F z )\ihijzo,jzl,...,n, (30)
i=1 i€l1Ul2
ITe (NTA(ZL‘O)N) = 0, /\Ah?l’o - bz) = O, /\z Z 072 € ]2. (31)

The optimality conditions (30), (31) can be rewritten in the form (28), (29) that concludes the
proof. [

It is easy to see that Theorem 2 can be reformulated as follows:

Theorem 3 A feasible solution z° is optimal for the linear SDP problem (11) if and only if
there exist vectors %) € (%), k € I,|I| < min{n,p.}, v € R4 = 1,....s,, and a vector
A= (N,i € 1 Uly), such that

D Sx
k=1 =1 i€l1Ul2

Here ©(x) :={0 € RP* : 0 £ 0, 0T NT A(z)NO = 0}.

The new optimality conditions obtained above for the linear SDP problem (11) use the explicit
representation of the subspace of immobile indices by its basic vectors m;, i = 1,...,s,. An
algorithm that finds these vectors in a finite number of steps, is described later.

Remark 3 The optimality results of this section were obtained due to the fact that the we have
reformulated problem (11) in the form (24) satisfying the Slater type CQs. In its turn, this
reformulation was possible due to introduction of the subspace of immobile indices of problem
(11). This allows us to draw a conclusion about the important role that immobility plays in
characterization of feasible sets not only in SIP, but in SDP.
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3.3 Example

Here we suggest a simple illustrative example of a linear SDP problem whose constraints do
not satisfy the Slater type conditions. We consider an optimal feasible solution for which the
classical optimality conditions (Theorem 1) are not satisfied and show that nevertheless the
optimality conditions obtained here (Theorem 3) are true.

Consider the following linear SDP problem:

min(zy + 229 + -+ + nxy,)

r€ER?
" 34
s.t. Zijj—AojO, ZL‘jZO,j:]_,...,TL, ( )
j=1
where A; = alj(l) ,J=0,...,n5a0=1,a1 =0,a; €ER,7=2,...,n

The constraints of this problem do not satisfy the Slater type conditions since the subspace
of immobile indices is not empty and has the form M = {l = (I;,15)" € R? : [; = 0}. Hence
M = (my = ey), el =(0,1), s, = p, = 1.

Consider the feasible solution 2° = (1,0,...,0)T. The corresponding constraint matrix is
A(2°) = diag(—1,0). For the given z°, the optimality conditions of Theorem 1 can be equiva-
lently reformulated as follows:

There exist vectors 1) € R?, i = 1,2, and numbers Aj>0,75=1,...,n such that
1) A@@9 =0, i=1,2;
2) )\jxg-:(), 1=1,...,n;

2
3) S (UNTAUD +¢;— N =0,j=1,...,n.
=1

Conditions 1) and 2) imply that (@ = (0, )T, i =1,2, A; = 0.
Let us check condition 3). Notice that

. ) . 0
(l(l))TAjl(’) — (0715”) ( af (1] ) ( 0 ) =0 foralle=1,2, 5=1,.

2

2
Hence we have Z(l(i))TAjl(i) =0 forall j =1,...,n and condition 3) for j = 1 is not satisfied

since Z( NTAID ¢ — A\, = ¢; =1 # 0. Hence the (classical) optimality conditions 1) -3)

do not permlt to conclude about optimality of z°.

Now let us check for 2° the optimality conditions obtained in this paper. In our example, we
have s, = p, = 1,m; = e5, NT = (1,0), and A(2°) = diag(—1,0). Then, evidently, ©(2°) = 0,
and Theorem 3 can be reformulated as follows:

A feasible solution x° is optimal for the linear SDP problem (34) if and only if there exist
vectors v1 € R? and A = (N\j,j = 1,...,n) such that

¢+ Ajer = A =0, \a] =0, \; >0,j=1,....n

11



Taking into account the specific form of matrix A; and denoting 7{ = (y11,712), we can rewrite
the latest conditions as follows:

¢j+y —A; =0, )\jx;?:(), Az 0, j=1...,n

These conditions are satisfied with v, = =1,A\; =0, \j=¢j+y1=7—-1>0, j=2,...,n.
Hence according to Theorem 3, the vector 2° is optimal.

4 Comparison with other forms of optimality conditions

In the previous section, we have proved the new optimality criteria for the linear SDP problem
(11). These criteria were formulated with the help of the subspace of immobile indices and its
orthogonal complement.

There exists a number of papers where other optimality conditions for SDP are studied. Usually,
the optimality conditions for SDP are obtained using duality. Different types of dual problems
are known.

The dual problems used for SDP in [3, 16, 19], and some other papers (see references in [3]),
either are restricted to a special form of SDP, or assume a kind of the Slater type CQ, therefore
the optimality conditions that can be obtained with the help of these duals are more restricted.
Here we compare the optimality results of the previous sections with that of papers [8, 17], and
[18]. The new formulations of dual problems introduced in these papers permit to eliminate the
duality gap whenever the primal is feasible and bounded. The optimality conditions obtained
using this duality (strong or no-gap duality) do not use CQ and have the form of criteria.

To simplify the comparison and to be more precise and accurate, let us represent SDP problem
(11) in the same form as in [8]. Namely, in this section we will suppose that ) = R"™ and
consider the problem

(P*) min ¢’z st A(z) = ZAﬂi + Ay < 0.

rER™?
i=1

Let matrices M and N be defined as in section 3.1 with ) = R™ . Then Theorem 2 can be
reformulated for problem (P*) as follows:

Theorem 4 A feasible solution x° is optimal for the linear SDP problem (P*) if and only if
there exist matrices I1 € P(p,) and I' € R**** such that

QeAj4+¢;=0j=1,...,n, Qe A(z") =0 with Q= NINT + MTT. (35)
Here we take into account that Q e A(z°) = (NIINT + MT7) e A(z°) = (NTINT) e A(z°).
Notice that for any A € S(s) and any convenient matrices IT and T" | it holds
(NTINT + MTT) @ A = (NIINT + MTT /2 +-TM7"/2) o A.

@s any matrix I' € R*** can be represented in the form I' = MW + NV, where W € R%*5+,
V € RP=** then (NTINT + MT7T) e A= (M, N)U(M,N)" e A with some U € D,

D;:{UGS(S):U:<‘V/VT E),He?’(p*)}. (36)
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Hence a feasible solution z° is optimal for problem (P*) if and only if there exists a matrix

U € D such that
UeAj+c;=0,j=1,...,n, UeA(z")=0, (37)
where 121] = (M, N)TAJ(M7 N),j = 0, 1, N, A(l’) = Z A,LLI?Z + Ao.
i=1
Taking into account conditions (37), we can formulate the following dual for (P*):
(D*) maxU e Ay st.UeA;+c;=0,j=1,...,n, UeD.
In [8], it was shown that problem (P*) is equivalent to the reqularized primal program:

(RP) min 'z st. — A(x) € P7,

TER™
where P/ is the minimal cone of problem (P*) defined as
Pli=n{KaP(s): K DF}, F:={F:F=—A(x),r€X}. (38)

A cone K C P is a face of a cone P denoted as K <« P if for all A, B € P, the following
implication holds: A+ Be€ K= A, Be K.
The dual program (reqularized dual) for (RP) has the form

(DRP): maxU e Ay st. UeAj+¢;=0i=1,...,n, Uec (P
Here (P/)7T is the polar cone defined as
(Pt ={UeS(s):UeP>0YPeP/} (39)

In [8, 18], it is shown that the strong duality holds for the pair of regularized dual problems
(RP) and (DRP). The following theorem is the immediate consequence of these duality results.

Theorem 5 A feasible solution z° is optimal for the linear SDP problem (P*) if and only if
there exists a matriz U € (P)* such that

UeAj+c;=0,j5=1,...,n, Uo,A(xO):O' (40)

We are going now to show the equivalence of the optimality conditions (35) and (40) formulated
in Theorems 4 and 5. To do this, let us show that the cones P/ and (P/)* admit representations
in terms of the subspace of immobile indices.

Lemma 3 The sets P and (P)* defined in (39) and (40) can be represented as follows:

Pl =Ps)N{MM"}* ={P:P=NYNT Y € P(p.)}, (41)
(PH*t = (M, NYD(M,N)T .= {P*+: Pt = (M,N)U(M,N)",U € D}, (42)

where the set D is given in (36).
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Here and in what follows, {A}+ denotes the orthogonal complement of an element A € S(s) in
the space S(s).

Proof. Here we will use the following matrix properties (see [1]):

1. Given A € R¥*?, B € P(s), if trace(AT BA) = 0 then ATB = 0.

2. Let A € R, rankA = p, and B € RGP rankB = s — p. If ATB = 0, then for
any G € R** satisfying the equality ATG = 0 there exists a matrix W € RE)*5 such that
G = BW.

3. Matrix A € S(s) is positive semidefinite if and only if A e B > 0 for all B € P(s).

Now let us show that for any A € R¥*?, rankA = p, and B € R**~P) rankB = s — p, such
that AT B = 0, the following equality takes place:

P(s)N{AAT} ={P:P=BYBT, Y € P(s—p)}. (43)

Suppose that P € P(s) N {AAT}-. Then P € P(s) and P e AAT = trace(ATPA) = 0. Hence
ATP = 0 (see matrix property 1 mentioned above). As P € P(s), then P = GG with
G € R¥**. Consequently we get ATGGT = 0 giving ATG = 0. It follows from the latest
equality and property 2 that there exists a matrix W € RG=P)*s guch that G = BW. Hence
P=GGT = BWWTB” = BYB” with Y = WW” € P(s—p)and P € {P: P = BYB", Y ¢
P(s—p)}.

Now suppose that P € {P: P = BYB? | Y € P(s—p)}. Then, by construction, P € P(s) and
P e AAT = 0. Hence P € P(s) N {AAT} and (43) is proved.

Now let us prove (41). Denote P{, := P(s) N {MM7T}. It is evident that P}, is a face of P(s).
Let us show that for the set F defined in (38), it holds

FcC Pl (44)

In fact, for any = € X, we have —A(z) € P(s) and A(x)MMT = 0. Hence (44) is true.

Let K be a face of P(s) such that F C K. According to [8], there exists a matrix W =
(wy,...,wy) € Rk w; € R4 = 1,...,k, such that K = P(s) N {WWT}+. Hence, for any
r € X, we have —A(x) € P(s) and A(z) e WIWT = 0. It follows from the latest equality
and property 1 that A(z)w; = 0, i = 1,...,k, for all x € X. By definition this means that
w; €M, i=1,...,k, and consequently, there exists A € R*** such that W = M A. The last
equality implies P(s) N {MMT}+ C P(s) N {WWT}+. Thus we have proved that the face P/,
is the minimal one containing the set F. Hence by definition, P/ = PM and relations (41) are
proved.

Finally, let us prove (42). Consider matrices U € D and P = NYNT € P/. Since for these
matrices the equality (M, N)U(M,N)" ¢ P = NT'NIINTN e Y takes place, then taking into
account property 3, we conclude that (M, N)U(M,N)T e P > 0 for all U € D and all P € P/,
Therefore (P¥)* > (M, N)D(M,N)T. o
For any U € (P7)T there exists a matrix U = ( ‘I;[; ‘1:/[ ) € S(s) such that

= (M,N)U(M,N)T. The condition U € (P/)* implies U o P = (M, N)U(M,N)T ¢ NYNT
= NT( ]Y)U(M N)'N oY > 0 for all Y € P(p,). Then it follows from property 3 that
NT(M )U(M N)TN > 0 or equivalently (0, NTN)U(0, NTN)T > 0.
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The latest condition together with inequality det(NTN) # 0 imply II € P(p,). Hence U € D
and (PH)* c (M, N)D(M,N)T. The Lemma is proved. |

It follows from Lemma 3 that the dual problems (D*) and (DRP) are equivalent. Hence the
optimality conditions (35) and (40) formulated in Theorems 4 and 5, are equivalent as well.
At the same time notice that these conditions were obtained using different approaches: the
dual problem (DRP) and the optimality conditions (40) obtained on the base of this dual
use the minimal cone of problem (P*) and its polar cone defined implicitly in (38) and (39),
while the the optimality conditions (35) use the subspace of immobile indices. Recall that
to check the conditions of Theorem 4, one just has to find matrices II € P(p,), W € S(s.),
and V € R**P- gatisfying conditions (37), i.e. these optimality conditions do not need any
additional constructions except a base of the space of immobile index set.

A dual program in another form is proposed in [17]. It is called an extended Lagrange—Slater
dual and denoted as (ELSD). Strong duality holds for this dual as well and one can formulate
optimality conditions for SDP in terms of this problem. In [8], it was shown that the problem
(ELSD) is equivalent to the regularized dual problem (DRP). This equivalence means here
that the constraints and the set of Lagrange multipliers are the same in both problems. The
difference between these dual problems consists in the fact that in (ELSD) the feasible set of
Lagrange multipliers, denoted as (P7)*, is expressed implicitly in the form of solutions of n
recursive systems of additional constraints, whereas in (DRP) it is defined implicitly according
to (38), (39). From the equivalence of dual problems (ELSD) and (DRP), taking into account
the equivalence of (D*) and (DRP), we can conclude that the new optimality conditions proved
in Theorem 4, are equivalent to the conditions from [17] as well.

It is noticed in [8] that the equivalence of two dual problems (ELSD) and (DRP) found using
different techniques is more than a coincidence. Analyzing the results of this section, we
can continue this statement and say that the equivalence of the problems (ELSD) and (DRP)
(obtained using the minimal cone and dual cone approaches) to the dual problem (D*) (obtained
using the immobile indices approach), is not just a coincidence as well. This equivalence, on
the one hand, indicates that all these approaches are valid and faithful, and, on the other hand,
supports the conclusion about the important role that the subspace of immobile indices plays
in characterizing of the properties of infinite extremal problems.

5 DIIS algorithm of determination of the immobile in-
dex subspace for SDP problem (11)

Given a feasible solution of SDP problem (11), to verify if it satisfies the optimality conditions
formulated in Theorems 2 and 3, we need to know a basis m;,i = 1,...,s,, of the subspace
of immobile indices M (this subspace is defined by formula (20)). In this section, we describe
and justify an algorithm that finds such basis. We call this algorithm the DIIS algorithm since
it will be used for determination of the immobile index subspace.

5.1 Description of the DIIS algorithm
Consider the linear SDP problem (11). Suppose that its feasible set X is nonempty.
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Set I' =0 and k = 1.

General iteration. At the beginning of the k-th iteration of the algorithm a set of linearly
independent vectors m; € R?, i € I*, is known.

Put p, = s — |I*] and find a solution
LER  i=1,...pe; u€R eI pic UL (45)

to the system

ZZTAZ + ) AT Ami+ Y pihyy=0,j=0,1,..,n,

ielk €Ul

(46)

pk

SEP =1, p>0i€Iy; Ifm; =0, jeT¥, i =1,...p,

=1
where h;g := —bi, 1€ [ UIL.

If the system does not admit any solution then STOP: it will be proved later that in this case
the vectors m;, j € I*, form a basis of the subspace M.

Otherwise consider a solution (45) to the system (46). Let {m;, j € AI*}, AI* = {|I*| +
SE] + sk}, sk > 1, be a maximal subset of linearly independent vectors from the set

{l;;i=1,...,p.}. Notice that Z ||;]]?> = 1 and hence AI* # 0.
Put I* .= TFUAI* k =k —i— 1 and repeat the iteration.

Remark 4 [t is evident that the algorithm will stop after no more than s iterations, s being
the dimension of the matriz space in problem (11).

Remark 5 The system (46) can be written in the equivalent matriz form

(Q+MkFT).AJ+ Z pth] :O,j:(],l,...,n

1€l1Ul>

QM =0, trace =1, Q =0, p; > 0,1 € L.

Here My, = (m;,i € I*).

5.2 Justification of the DIIS algorithm

Suppose that the DIIS algorithm has stopped at k,—th iteration, k, < s and consider the
vectors

my,i € 1% (47)

By construction, these vectors are linearly independent. Denote by M C R* the subspace
generated by the vectors (47).

Theorem 6 Given SDP problem (11) with X # 0, the set M constructed by the DIIS algo-

rithm, is the subspace of immobile indices in problem (11).
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Proof. Suppose, first, that the constraints of problem (11) satisfy a Slater type condition.
Then, evidently, the algorithm will stop with k, = 1, M =0 e R* and I* = (. On the other
hand, from Remark 2, we have that in this case M = 0 € R® and the theorem is proved. Notice
that here s, = 0.

Suppose now that the Slater type CQs are not satisfied. Let us prove that M = M as well.
To prove the inclusion M C M, let us show that

m; € M,j € I™. (48)

For k = 1, the relations m; € M,j € I*, are trivially satisfied. Suppose that the inclusions
mj e M,j € I*, are true for some k, 1 < k < k,. Let us show that

m; € M,j € I"

For this purpose we will prove that for any solution (45) of system (46) the following relations
take place
A =0Vz e X, i=1,..,p. (49)

It follows from (46) that for all z = (21, ...,2,) € X and zo = 1, it is satisfied:

n p
0= ij(izfAijv?Ajmﬁ > pihiy) =

j=0 =1 i€Ik €Ul

Z FA@)L+Y T A@mi+ Y pilhlz—b) = (50)

i€k i€1UI

Pk
S TA@)L+Y 7 pi(hfx = by).
=1

i€la

Here we have taken into account that by assumption m; € M,i € I*, and hy = —b;, hiTx =
bi,i € I, for x € X. Moreover from the conditions x € X', and p; > 0,7 € I, we have

A <0, i=1,...,pr; pi(hlz—1b;) <0,i€ L.

From the latest relations and equality (50) we get (49).

It is evident that (49) implies m; € M, j € AI*, and hence m; € M, j € I*™'. Repeating the
above reasoning for k = 1,2,..., k, — 1, we find that (48) is true, hence M cC M.

Now let us prove that M C M. Let N, be an orthogonal basis of ML and M, = (my,i € I%).
Consider the auxiliary SDP problem

Je = i 51
ciin Qé (51)

st. A(x)M, =0, NIA(z)N, — E.£ <0, ¢ < 1.

Here E, is the identity (s — |[I*+]) x (s — |I**|)-matrix. In problem (51), the constraints satisfy
the Slater type conditions and the objective function is bounded. Hence the correspondent dual
problem admits an optimal solution.

Suppose that J, = 0. Then by duality theory, for £ = k, system (46) has a solution. But
this contradicts the assumption that k, is the number of the iteration where the system has no
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solutions. Hence J, < 0 and there exists a vector Z € Q such that A(z)M, = 0, N'A(Z)N, < 0
or, equivalently,

ITA@@) =0 foralll € M; ITA®) <0 foralll € M™*, 1#0. (52)

Taking into account the last relations, it is not difficult to prove that z € X
Let [ € M. Since R* = M @ M™*, it holds: [ =D +[@ (1 e M, 1® e ML B
Let us show that (¥ = 0. Suppose that on the contrary, [(® # 0. For z € X and [ € M the
equality B
FAZ) =0
takes place by definition of M. On the other hand, taking into account relations (52), we have
TA@) = (1D 1T A@)(1W +19) = 1T A(2)I® < 0.

The contradiction obtained proves that the inclusion [ € M implies {® = 0 and hence [ € M.
Therefore M C M.
|

6 Conclusions

The main result of this paper consists in the proof of new optimality conditions for linear SDP.
These conditions do not use any CQ, and have the form of criteria. We compare these criteria
with some other gap-free optimality conditions.

Thus, in [8, 17], and [18] dual representations of the SDP problem are considered. These
representations use the minimal cone P/ and its polar cone (P¥)* defined (implicitly) in (38),
(39), and permit to obtain optimality conditions (in the form of criterion) that do not use CQ.
We analyze these conditions and conclude that they are equivalent to the optimality criteria
formulated in this paper in spite of the fact that they differ in form and are obtained using
different techniques. The proof of the equivalence of different optimality conditions is one more
important result of this paper.

Moreover, the explicit representations of the minimal and polar cones in terms of the subspace
of immobile indices are obtained here. These representations permit one to understand more
deeply the structure of the feasible set of the linear SDP problem and to conclude that the
notion of immobile indices is the important characteristics of this problem.

In the future, we plan to generalize the results obtained for linear SDP problems to convex SIP
problems with multidimensional index set.
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