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1 Introduction and notation
1.1 Vector orthogonality

For a fixed p € Z*, let us consider the sequence {P,} of polynomials given by
the recurrence relation

2P, (z) = Pp1(x) + an—pi1 Pop(z), n=p,p+1,...

o 7 (1)
P(x)=2a", i=0,1,...,p

where we assume a; # 0 for each j € N. For m € Nand n = mp +1i, 1 =
0,1,...,p— 1, we can write

T Pp(2) = Popi1(2) + a(m-1)ps1Pm—1)p(¥)

TP+ 1)p-1(%) = Pl 1)p () + Gimp Prop—1() -

This is, denoting B,,(z) = (Pmp(x), Popii(x), ..., P(erl)p,l(:c))T,

00---0 01
A  p-
00---0 01
10...0 0
and Cy, = diag {a(m—1)p+1, Gm-1)p+2; - - - » Gmp }, We can rewrite (1) as
x By (z) = ABpy1(x) + BBy(z) + Cp Bro1(z), meN, (2)

with initial conditions B_; = (0,...,0)" , Bo(z) = (1, z,..., a7 )".

Let P be the vector space of polynomials with complex coefficients. It is well
known that, given the recurrence relation (1), there exist p linear moment
functionals u!, ..., u? from P to C such that for each s € {0,1,...,p— 1} the
following orthogonality relations are satisfied,

j=01,...m,i=1,...,s

(3)

w2 Prpis(z)] = 0 for

(2 Emp ()] {j:O,l,...m—l,i:s—i—l,...,p

For details see [7, Th. 3.2], see also [5,8]. In all the following, for each se-
quence {a,} in (1) we denote by u',... u? a fixed set of moment functionals
verifying (3).



We consider the space PP = {(q1,...q,)" : ¢; polynomial, i = 1,...,p} and
the space M,,x, of (p x p)-matrices with complex entries. From the existence
of the functionals u', ... uP, associated with the recurrence relation (1), we
can define the function W : PP — M, given by

0 wgl] ... uP[q]
wlil=| + -+ |. (4)

dp u' (qp] -+ uPlgp]

In particular, for m,j € {0,1,...} we have

uz? Ppy(z)] ... wP[a? Pp(z)]
W (¢/By,) =
u'[17 Pony1yp-1(2)] o wP[2? Py ryp1 ()]
and the orthogonality conditions (3) can be reinterpreted as

W(@'B,) =0, j=01,....,m—1. (5)

For a fixed regular matrix, M € M,,, we define the function

such that
q1 q1 q1
ul: =wj|:|MmM, Sl ePr, (6)
qp qp qP

being W given in (4). Briefly, we write
U=wm. (7)

We say that U, given by (6) and (7), is a vector of functionals defined by the
recurrence relation (2). In this case, we say that {B,,} is the sequence of vector
polynomials orthogonal with respect to U.

More generally speaking, for any set {v!, ..., vP} of linear functionals defined
in the space P of polynomials, it is possible to define a function ¢/ : PP —
Mxp like (6). It is done in the following definition.



Definition 1 The function U : PP — My, given by

7 va ... vPla]
ul:|= Do My
dp vlgp) . vP[gp]
for each (q1,...,q,)" € PP is called vector of functionals associated with the
linear functionals v',... vP and with the reqular matriz My € My,

It is easy to see that, for any vector of functionals U, the following properties
are verified:

U(Ql-l-Qz) :U(Q1)+U(Q2), for Q;, Qy € PP, (8>
UM Q) =MU(Q), for Q€ PP and M € M,y,. 9)

In our case, if U is a vector of functionals defined by the recurrence relation (2),
then U is associated with the moment functionals u',..., u? defined by the
recurrence relation (1). Therefore, the orthogonality conditions (5) are verified
for U. This is,

UZBy) =0, j=0,1,....m—1. (10)
Using (8), (9) and the recurrence relation (2) we deduce

U (@™ By) =U (¢ AByiy + 2™ BBy, + 2™ CrBn 1)
= AU (277 Bpia) + BU (a7 By) + Conld (77 By ) -
Then, from (10), U (2™ B,,) = Cpr, U (™ B,,—1) and, iterating,
U™ By) = CpCry---C1U (By) (11)
where U (By) = W (By) My and

W (By) = : : (12)
P~ L wP[aP Y
(see (4)). In the sequel we assume that W (By) is a regular matrix. Then, the

vector of functionals U associated with the linear functionals u', ..., u? and
with the matrix (W(By)) ™" verifies

U By) = Apbmj, m=1,2,..., 7=0,1,....,m, (13)
A, =0CnChq---Cr, UBy) =1,,.



At the same time, given (g, ..., qp)T € PP, foreach i =1,...,p we can write

P p P ,
gi(v) = Z o Pe_1(z) + Z o Pprr—1(z) + -+ Z Qg Popir—1(z), g, € C,
k=1 k=1 k=1

where m = max{m,...,m,} and deg(g;) < (m; + 1)p — 1 (we understand
o, = 0 when j > m;). In other words,

(q17"'7QP)T:ZDij’
=0

being D; = (ozgk) € Mpsp,j = 0,...,m. Then, due to (8) and (9), we
have that U : PP — M, is determined by (13). In the following, for each
sequence {a,} defining the sequence of polynomials {P,} in (1), we denote by
U this fixed vector of functionals.

We will use the vectorial polynomials
o . T
P, =Pi(x) = (x’p,x”’ﬂ,...,x(lJrl)”*l) , 1=0,1,....

(In particular, note that Py = By.) Also, for each vector of functionals V we
will use the matrices V (P;). As in the scalar case (i.e. p = 1), we can define
the moments associated with the vector of functionals V.

Definition 2 For each m = 0,1,..., the matriz V (z™Py) is called moment
of order m for the vector of functionals V.

1.2 Connection with operator theory

If {a,} is a bounded sequence, then the infinite (p + 2)-band matrix

01
0 0 1
J=1a, 0 0 1 (14)

induces a bounded operator in ¢? with regard to the standard basis. In this
case, we denote in the same way the operator and it matricial representation.



When J is a bounded operator, then {z : |z| > ||J||} is contained in the
resolvent set. In this case we have

n

_ J
(1= =2 o B>V (15)

n>0
(see [9, Th. 3, p. 211]). Being ey = (I,,0,,...)", we define the (p x p)-matrix
J”eo, €0>

Ri(z) = (2 — J) teg, e0) = Z < AT

n>0

2l > 711 (16)

where we denote by (Mey, eg), for an infinite matrix M, the finite matrix given
by the formal product el Mey, this is, the (p x p)-matrix formed by the first
p rows and the first p columns of M.

If we rewrite the matrix .J given in (14) as a blocked matrix,

B A
Cy B A
Cy B A

then another way to express (2) is

By By
JI B | =x|B
Analogously, we have
By By
J"IB | =2"|B|, neN, (17)
being
i Sl

JU= TS T

an infinite blocked matrix and J} the (p x p)-block corresponding with the i
row and the j column. In particular, the numerators on the right hand side
of (16) are Jj, = el J™ep.



Our main goal is to study the Bogoyavlenskii lattice,

in(t) = a,(t) iaw(t) - iam@ (18)

being, here and in the sequel, a; = 0 when j < 0 (see [3,4]). This dynamical
system was analyzed in [8] in the case a,,(t) > 0, m € N. We know (see [2])
that (18) can be rewritten in Lax pair form,

J=1[J,M], M=J"", (19)

where J = J(t) is given by (14) for the sequence {a,(t)}. Here, [J, M] =
JM — MJ is the commutator of J and M, and J'™ is the infinite matrix
(74)i,; whose entry in the i-row and the j-column is v;; =0, i < jand ~;; =
Bij, i > j, being JPT = (5,;);; the (p+ 1)-power of J.

1.3  The main results

For each t € R we consider the vector of functionals U = U, defined by the
recurrence relation (2) when the sequence {a,(t)} is used. This is,

U, =W, Wi(By)) ™",

where W; is given by (4) for the functionals v}, ...,u}. We are interested in
to study the evolution of R;(z) and the vector of functionals ;. Our main
result is the following.

Theorem 1 Assume that the sequence {a,(t)}, n € N, is bounded, i.e. there
exists M € R, such that |a,(t)| < M for alln € N andt € R, and a,(t) # 0
foralln e N andt € R. Let U = U; be the vector of functionals associated
with the recurrence relation (2). Then, the following conditions are equivalent:

(a) {a,(t)} is a solution of (18).
(b) For each m,k =0,1,..., we have

jtu (xk Pm) =U (ka 73m+1) -Uu ($k Pm) U (xPr). (20)

(c) For each k =0,1,..., we have

%RJ@ =R(2) [, — Uz Py)] - kZ:‘BZp”“U (#*P0) (1)

for all z € C such that |z| > || J]|.



When the conditions (a), (b), or (¢) of Theorem 1 hold, then we can obtain
explicitly the resolvent function in a neighborhood of z = co. We summarize
this fact in the following result.

Theorem 2 Under the conditions of Theorem 1, if {a,(t)} is a solution
of (18) we have

R(z) = e 15 (z)e S A (22)
for each z € C such that |z| > ||.J||, where S(z) = (s;;(2)) is the (p X p)-matriz
defined by

p p+1
sy(2)i= ot [ () e el VRt = (29)
k=0

v

and (J{ll)ij represents the entry corresponding to the row i and the column j
in the (p X p)-block J},.

Now we give a possible representation for the vector of functionals associated
with the solution for the integrable systems (18). Using the above notation, we
denote by Uy the vector of functionals defined by the recurrence relation (2)
for the sequence {a,(0)}. Then, U is associated with the moment functionals
ug, ..., ud defined by (1) and verifying (3) (for ¢ = 0). We define the linear

> p

functionals e i i =1,...,p, as
P [ ATy ;
(6 “0)[33]:2@%[56 1, 7=0,1,.... (24)
k>0 M

In particular, if J(0) is a bounded operator, then since [6, Th. 4, pag. 191] we
know that
[up[a PR < myg | 7(0) R

and the sum in the right-hand side of (24) is well defined. Then, in this case
we have defined the vector of functionals, for all (¢1,...,q,) € PP by

0 (e ub) ] - (e ub) o]
(e w)| =] s s

G (e ub) [gp) - (e "u) [g,)
where W (By) is given in (12).

Theorem 3 Let U = U, be the vector of functionals associated with the re-
currence relation (2), and with the sequence of vector polynomials {B,,} . If
we have

U =W, W,(Bo)) ™, with W, =™ Uy,
then the sequence {a,(t)}, defined by (11), verify (18).



The rest of the paper is devoted to proving Theorems 1, 2, and 3. In section 2
we prove Theorem 1. (a) < (b) is proved in subsection 2.1 and (b) < (c)
is proved in subsection 2.2. We dedicate section 3 to the proof of Theorem 2
and, finally, in section 4 we prove Theorem 3.

In the sequel we assume the conditions of theorems 1 and 2, i.e. in (14) we
have a bounded matrix with entries a,(t), n € N, such that a,(t) # 0, n €
N, teR.

2 Proof of Theorem 1

2.1 Evolution of the moments

In the following auxiliar result we determine the expression of the moment
U (P,) =U (2" Pp) in terms of the matrix J.

Lemma 1 For eachn =0,1,... we have U (" Py) = el J"e .

PROOF. We know that U (Py) = I, (see (13)), then the moment of order 0 is
U (Py) = el .

From (17), Y Ji: Bi_1 = 2™ By . Then, using (8), (9) and (13),

i>1

U " By) =Y JiU(Bioy) = J1

i>1

as we wanted to prove.

We need to analyze the matrix J" and, in particular, the block J7}. We define

(@)
fi=1(0,...,0,1,0,...), i€N.

Then, for each n € N the formal product J" f; is the ¢-th column of matrix J".
As in the case of a;, we will assume f; = 0 when 7 < 0.

Lemma 2 With the above notation, for each i € N and m =0,1,... we have
Jmfz = Z Az(?]rgl)fi+k(p+1)fm ) (25)
k=0



where

k—1
Ag’rg) =1 5 AETZ) = Z ( a’i-‘r?”p—jr> R k = 17 o.M (26)
0

0<jo< - <jp—1Sm—Fk \r=

PROOF. We proceed by induction on m.
Firstly, for m = 1 we know

Jfi=fi+aifiy, i=12.... (27)
(see (14)). Then, comparing (25) and (27) we deduce

AZ%) =1 and Aﬁlf =a;, for 1€ N

and, consequently, (25) holds.

Now, we assume that (25) is verified for a fixed m € N. Then, for i € N,

T =37 AT fiskprr)m
k=0

=> AEZJ) (fi+k(p+1)—m—1 + ai+k(p+1)—mfi+k(p+1)—m+p>

k=0
= 4 (m) (R,
=2 A% firkrn)—m+1) + D Ak Ait ko 1)—p—(mer1) fitk(pr1)~(me1)
k=0 k=1
m+1 (m+1)
= Z AZZ Jitkp+1)=(m+1), 1=1,2,....
k=0

Comparing the coefficients of fiix11)—(m+1) in the above expression,

k—1
m—~+1 m m
Az(',k+ ) = Az(,k) + ai+k(p+1)—p—(m+1)Az(,k)—1 = Z ( ai+rp—jr)
0

0<jo<-<jp—1<m—Fk \r=

k—2
+ > (H ampjr) i (k1) (p+1)—rm (28)

0<jo< -+ <jg—a<m—k+1 \r=0

where we are taking A\ 1= Ag@l = 0. But

i,m

k—2
Z (H ai+rp—jr> Qi (k—1)(p+1)—m.

0<jo< - <jg—2<m—k+1 \r=0

k—1 k—1
0 0

0<jo< < jp—1<m—k+1 \r= 0<jo<-<jp—1<m—k \r=

10



Then, substituting in (28) we arrive at (25) in m + 1.

Remark 1 The coefficients AE?,Z) have just been defined only for m,» € N and
k=0,1,2,...m. In the sequel, we will take ASZ) =0 fork>m,k<0, or
1 < 0.

Remark 2 In [2] the moments of the operator J were defined as
Skj:<‘](p+1)k+j_1fj7f1>7 kZOa 321,27ap

Then, only the first row of U (x(p+1)k+j_1 PO) was used there. With our nota-
tion, these vectorial moments are

Sk;] _ A;EZ+1)k+j—l)
(see [2, Th. 1, pag. 492]). As a consequence of Lemma 2, the so called genetic

sums associated to the sequence {a,} can be expressed using (26). From this
we have

J i1+p lg—1+Pp kE—1
Do Y Gy Y g = ) ( ampjr)
i1=1 ig=1 ip=1 0<jo < <jr—1<kp+j—1 \r=0

In other words, Lemma 2 extends the concepts of genetic sums and vectorial
moments to the concept of matricial moments.

The next auxiliar result is used to prove the equivalence between (a) and (b)
in Theorem 1. Moreover, this lemma has independent interest. In fact, the
next result permits the inverse problem to be solved, restoring J from the
resolvent operator (see (14) and (15)).

Lemma 3 For m,i,k € N we have

AT = AT = a AT (29)

i— i+p,k—1 "

PROOF. Using (25), A" — A"V

0<jo<-<jp—1<m—k \r=0 0<jo<+<jp—1<m—k—1 \r=0
k—1 k—1
= > I aivrpjo | — > 11 aivrp—.
1<jo<

0<jo< -+ <jp—1<m—k \r=0 o jp—1<m—k \r=0

k—1
N (H ) |
r=1

0<j1 <+ <fp—1<m—k

and so we get the desired result.

11



Now, we are ready to determine the main block of J".

Lemma 4
T = diag{ar, a1+ az, ..., a1+ -+ ay} (30)

PROOF. It is sufficient to consider (25) for m = p + 1. In this case, the
entries of column JP*f; corresponding to the first p rows are given by the
coefficients AETD when £ is such that i+ k(p+1) —(p+1) <p, thisis, k= 1.

As a consequence of the above expression, we have

el JPtey =0,. (31)

We are going to prove (a) = (b) in Theorem 1. Assume that {a,(t)} is a
solution of (18). Consequently, (19) is verifed. In the same way that in [1, p.
236], it is easy to see

d
—J"=J"M — MJ".
dt
Then,
d
e <dt‘]n> eo = e J"Meg — e M.J"ey . (32)

Let m,k € {0,1,...} be. For n = mp + k, from Lemma 1, and using the fact
that 2™ Py = P,,, we can write

d d

Moreover, using again Lemma 1, in the right-hand side of (20) we have
el Jimtpthtle ) (eOTJmerkeo) (egﬂ’“eo) : (34)
In other words, because of (32)-(34) it is sufficient to prove
el Mey — el MJmey = el JimtDpthtle (eOTJmp+keo) (eOTJp+1eo) . (35)

Consider J*® as a blocked matrix. As was established in the proof of Lemma 1,
we denote by Jj; the (p x p)-block corresponding with the i row and the j
column, and we use similar notation for M. Using (31), in the left-hand side
of (35) we have:

i) e MJvey = My J7y = (Jf“)n Jiy = 0,, because M is a quasi-triangular
matrix, this is, the blocks M;; = 0, when 7 < j.

12



i) g J" Meg = eg J" 2 e = i (J27) 430 (27) = D (1)

j>2 j>1
Then,
eq J" Meyg —eqg MJ"eg = JM( p+1) =SS (36)

j>2 j>2
In the right hand side of (35),

6ng(m—O—l)p+k—&-16 . < TJm’p—i-keO) ( TJp+1€0)

Jp+1 Jn+p+1 _J11 p+1+ZJ1] p+1 ZJIJ p+1

j>1 7>2
and (20) is proved.

To show (b) = (a) we need to know the derivatives of coefficients AETZ). From
the expression given in (25) for J™f;, the i-th column of J™, we denote by
(J™fi), the vector in CP given by the first p entries in this column, this is,

m

(Jmfz‘)p = Z AEZZ)fHk(pH)—m- (37)

k=0
1<i+k(p+1)—m<p

Furthermore, as we saw in Lemma 1, another way to write (20) is
Jm = Jgytett _ gm et (38)

The rest of the proof of (b) = (a)is an immediate consequence of the following
auxiliar result.

Lemma 5 Assume that (20) holds. Then we have:
e Fori,k,m €N such that 1 <i+k(p+1)—m <p,
AT = (@i o+ a) AR — AT AT (39)

e (18) holds for each n € N.

PROOF. We proceed by induction on i and n, proving (39) and (18) simul-
taneously.

1.- Firstly, we shall prove (39) for i € {1,2,...,p}. From (37), the derivative
of the first p entries in J™ f; are given by

m

Z AETZ) fi+k(p+1)*m

k=0
1<i+k(p+1)—m<p

13



Moreover, J/; is a diagonal block (see (30)). Then, the i-th column of Ji2 J¥ !
is (a1 + - +a;) (J™f;),. Since (38),

m

Z AETZ’fHk(pH)% = (Jmﬂ’“fi)p — (1 +-+a) (Jmfi)p
1< k(pr D) —m<p
m+p+1
= > A§§+p+l)fi+k(p+l)—m—p—l
1Sl’+k(p+lle):*0mfpflﬁp
— (a1 + -+ ay) > AZ(',”/;L)fi—&-k(p—i-l)—m

k=0
1<it+k(p+1)—m<p

g (m+p+1)
= Z Ai’k.t,_}lo fi-‘rk(p-‘rl)—m
1§i+k(zi(l))—mﬁp
_ (al 44 ai) Z Al(j?;z)fi—i-k(p-ﬁ-l)—m . (4())
k=0

1<it+k(p+1)—m<p

In the right hand side of (40) there is no term corresponding to k = m +
1,...,m+ p, because in these cases i + k(p + 1) — m > p. Then,

m

> Ag?"kl)fi+k(p+1)fm
ISt k(pr D) —m<p
- m+p+1 m
= Z { z(‘,k+f ) — (ay+ -+ az‘)Ag,k)} fitk@+1)—m
k=0

1<i+k(p+1)—m<p

and comparing the coefficients of f;,xpt1)—m We deduce
AR = AT — (o + -+ ap) AT
which is (39).
2.- We assume that there exists r € N such that (39) is verified for each
i=(r—1p+1,...rp. We will show that, under this premise, (18) is verified,

also, foreachn=i=(r—1)p+1,...,rp.

Take k = 1 and m = rp+11in (39). Then, 1 < i+k(p+1)—m=i—(r—1)p <p
and we have

A = (@i o+ @) AT = AT 4 A,

14



this is,
S S (042 | 4+ 1p+2)
Z i—j = —(Qipp1 + - + ;) Z Gi—j — Ai—I;z + A L (41)
j=0 =0
Moreover, taking k& = 1 and m = rp in (39) we have 1 < (i—1)+k(p+1)—m <
p and, consequently,
AR = —(aip + -+ ai) AT — AT + ALY

this is,
o - (rp+1) (r+1)p+1)
Z @i—j = —(ai—p + -+ ai-1) Z Ai—j — Ai—;i)—l,Q + Ai—l,Z e (42)
j=1 j=1

Subtracting (41) and (42), and taking into account (29), we arrive at
a; = a; [(air1 ++ + @igp) — (a1 + -+ aip)]
which is (18) in n = 1.

3.- Finally, we prove that if there exists s € N such that (39) and (18) are
verified for n =i =1,2,..., sp, then (39) is verified also for i + p.

Take 7 € N in the above conditions. Let k,m € N be such that
1<i+(k+D)p+1)—(m+1)=>G(-D+k+Dp+1)—m<p. (43)
Taking derivatives in (29),

. m 1(m 1 (m—+1 1 (m
aiAf-+;,k + aiAz(ﬂz,k = Az(',k+1) - Az(—l),k-i-l .

Therefore, from (39) and (18),

1(m m m—+1
aiAz(—&-;zz,k = —a; [(@ip1 + -+ Qigp) = (@1 + -0+ aiy)] A§+;);,k - ai—PAz(‘,k——l—i_l)
= (@iper + -+ a) AGT + (aip + -+ ai) AT o+ @A

m m+1 mptl
= —ai(ai1 + -+ ai+p)Az(+;3,k - aiAz(,k—‘rl) + aiAl(—l—p,l}f)—H) .

Then, we arrive at (39) for i + p.

We have verified (39) for ¢ + p when ¢ = 1,...,sp is such that (43) holds.
But (43) can be rewritten as
1<(i+p)+klp+1)—m<p.

15



2.2 Resolvent operator and moments

We are going to prove the equivalence between (b) and (¢) in Theorem 1.
Firstly, we assume that (20) is verified and we will show (21).

From Lemma 1 and (16),

el Jreg R U (2" P,
RJ(Z) = Z ()Zn+10 = Z (Z %) ) |Z‘ > H‘]H . (44)

n>0 k=0 \m2>0

We define ( i )
k Ux" Py,
RS)(Z)::ZW, k=0,1,....
m>0 <
Then, from (44)
p—1
Ri(z) =Y RY(), 2> 1],
k=0
and using (20)
d 2 pl U (2T P ) = U (2F P ) U (2 Py)
SR(2) =
dt k=0 m>0 Zmp+k+1
p—1 U ($k+1 Pm-‘,—l)
=20~ RiGU P (45)
where
U $k+1 Pm U xk+1 me
> < m +k+1+1) =2y (TT(L-‘rl) +(k+1—:—11->1
m>0 zmP S0 Z P
U (Ik'H 7)0)

— P+l RSHI)(Z) _ _ ot Rsk+1)(z) _ k-l (xk+1 730) '

Skt2

Substituting in (45),

d
aRJ(Z)

p—1 p—1
= —R;()U (xPy) + 2P Z ng+1)(z) _ Z k=174 (l,k-i-l 770)

k=0 k=0
= Ry U (Py) + 2 [Ry(2) + R () - RV (2)

p—1
= U (A PRy) (46
k=0

16



where it is easy to see that

U (Po)

z

RV (2) =R () -

From this we arrive at (21).

In the second place, we prove (¢) = (b) in Theorem 1. For z € C such that
|z| > || /]| we have

PR ( Z Z Z(gn 1p+k)

k=0m>0
=LY (F P,
- k:o% )+ Z (m 1)p kzl Z>1 (Sn 1)p+k)'

From this and the fact that
U(Pjp1)=UEPP;), 7=01,...,

we obtain

U (2P U(Pp,, P
%+W§)ﬁ+; 2
Uu (l‘k Po) p U (%k Pm+1)

gl D DD D

U (SC Po) p—l Uu (x’““ Pm+1)

—p+k + Z Z Zmp+k+1

k=0m=>0

M-s

PR (2) =

[«
\
3
0%

k=

Il
M=

B
Il
<)

M@

k

Il
<)

Then, in the right-hand side of (21) we have

Rs(2) [zp“.fp —U(x Pl)] - i PRy (:Ek 730)
k=0
k+1
—Rioutepy+ S 3 U )

k=0m=>0
and, consequently,
d pl U (T P ) = U (2F P ) U (2 P)
a2 2 prrET (47)
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(see (44)). Moreover, taking derivatives in (44) we have

d el qU (xk Pm>
G Ra(z) = I;Mgo T o (48)

Comparing (47) and (48) in |z| > ||J|| we arrive at (20), as we wanted to show.

3 Proof of Theorem 2

Let {an(t)} be a solution of (18). In this section we assume that the conditions
of Theorem 1 are verified. Therefore, (21) holds. Using this fact, we shall prove
Theorem 2, obtaining a new expression for R ;(z). We remark that the right
hand side of (22) is completely known, being the (p X p)-blocks used in (23)
given by Lemma 2. In particular, J;" ! is explicitly determined in Lemma 4.

Note that U (x Py) — 22T, = U (2Pt Py) — 22711, is a diagonal matrix (see
Lemma 1 and (30)). Then, writing

ri1(z) - rip(z)
RJ(Z) — E .'. E 3
rni(z) oo Tpp(2)
due to (21) we have
ir(z) = |t — (JpH) } rii(2) — izp*k (Jk) i,j=1,2,...,p, (49)
dt 1) 11 i 1) Pt 11 i » O ) S b

where (J]})s; denotes the entry corresponding to the row s and the column j
of matrix J{j. It is well known that the solution of (49) is

p
rij(z) = _e i JURT) e [Z Zp*k/ (h).. e () 5 gy
k=0 "
So, if we take
p p+1
Sij =) Zp_k/ (‘]ﬁ)ij e_zp+lt€f<JH )jjdtdt’ S = (Sij)ijzl ’
k=0

we can express R;(z) as the product of a diagonal matrix by the matrix S.
This means we have proved (22).
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4 Proof of the Theorem 3

Consider the matrix X

So = (e Us(B)) (50)

and let U, = (emerltZ/{O) Sy be the vector of functionals in the conditions of
Theorem 3. We will prove that this vector of functionals verify (20). For k, m =
0,1,..., we know

Uy (7 Pr) = (e o) (¢ Prm) So. (51)
Because of Sy Sy! = I, we have

dSy _ dSO
dt —5o

S (52)
Moreover, from (24) and (50),

(e tuf) [z ] - (e ug) [P ]
= : : = (") (2 Py) . (53)

(e ug) 2] - (e )]

dSy*
dt

Then, taking derivatives in (51), and taking into account (52) and (53),
d
gt (= Pn)
) 6] o () (P 55
So

= (" o) (! Prnir) So = U (¢ Prn) So (7" o) (m P1) S
=U, (ka PmH) - U, (xk Pm) U; (2 Py)

and (20) holds.

Now, using the hypothesis we get from Theorem 1 that the sequence {a,(t)},
defined by (11) with U(By) = I, verify (18).
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