COHERENT PAIRS OF LINEAR FUNCTIONALS ON THE UNIT
CIRCLE

A. BRANQUINHO, A. FOULQUIE MORENO, F. MARCELLAN, AND M. N. REBOCHO

ABSTRACT. In this paper we extend the concept of coherent pairs of measures
from the real line to Jordan arcs and curves. We present a characterization of
pairs of coherent measures on the unit circle: it is established that if (g, p1) is a
coherent pair of measures on the unit circle, then pg is a semiclassical measure.
Moreover, we obtain that the linear functional associated with uq is a specific ra-
tional transformation of the linear functional corresponding to pg. Some examples
are given.

1. INTRODUCTION

Let © be a nontrivial positive Borel measure supported on a subset E of the real
line. There exists a unique sequence {F,} of monic polynomials, with deg P, = n,
such that

[ PP @)din(a) = &b o £0.

In this case {P,} is said to be the sequence of monic orthogonal polynomials asso-
crated with p.

It is well known that {P,} satisfies a three-term recurrence relation
(1) xP,(z) = Poi1(z) + by Po(z) + cnPy_1(x), n >0,
where P_y(z) = 0 and
Jp Bra(@)dp(z) Jp P (x)du(r)
Cny1 = 2 ) bn 2 nz
[z P du( ) Jp Pi(@)du(z)

On the other hand, if (1) holds with ¢, > 0, there exists the sequence of monic
polynomials defined by (1) orthogonal with respect to the measure pu.

Let (po, 1) be a pair of nontrivial positive Borel measures supported on subsets
Ey and F; of the real line. We introduce an inner product in the linear space P of
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polynomials with real coefficients

@) .0) = [ o)+ [ @) @)

Eq
where p,q € P and A > 0.

This kind of inner products define a sequence {@, (-, )} of monic polynomials that
is orthogonal with respect to (2). It can be constructed using the standard Gram-
Schmidt process. But these polynomials do not satisfy a three-term recurrence
relation as (1). If {P,} and {R,} denote, respectively, the sequences of monic
polynomials orthogonal with respect to pg, 41, then Iserles et al. introduced the
concept of coherent pairs of measures in [6].

A pair of nontrivial Borel measures (pug, pt11) supported on subsets of the real line is
said to be coherent if the corresponding sequences of monic orthogonal polynomials
satisfy

P/ P/
(3) Rn(x):nn—jll(x)—l—anﬁ(x), a0, n=1,2,....

From here, a relation between {P,} and {Q,(-,\)} follows:
pn(x) + Oénflpnfl(flj) = Qn(xa )‘) + Bn71<)\)Qn71($a )\)

n
n—1

n—2(A ) . . .
where ,_1(\) = 7—2&;, Yn is a polynomial of degree n in the variable A, and {~,}
Tn—1

satisfies a three term recurrence relation.

In [6] the authors ask about the description of all coherent pairs of measures. The
answer was given by Meijer in [8], where he proves that at least one of the measures
must be a classical one (Laguerre or Jacobi). In particular, when the support is a
compact subset of the real axis, the following cases appear:

a) duo=(1—2)*(1+2)’dz, o, > —1;
— 2)0+(1 + )P+
|z —¢|
b) duo = (1 —2)*(1+2)° |z — €|dr, dpy = (1 —2)*™ (1 +2)"da, o, > —1;
¢) dpo=(1—2)%x+Mé(x+1), duy = (1—2)de, o,f>—1;
d) duo = (1+2)de + Ms(x—1), du = (1+2)"dx, a,5> —1.
The aim of this contribution is the analysis of the concept of coherent pairs of

measures supported on compact subsets of the complex plane. In particular, we will
focus our attention when the support is the unit circle.

1
dpuy = dz+ Mo —€), | = 1, M > 0:

The structure of the manuscript is as follows. In section 2 we define coherent pairs
of measures supported on Jordan arcs or curves using the connection between the
corresponding sequences of orthogonal polynomials as in (3). As a consequence, the
relation between these sequences and the sequence of monic polynomials orthogonal
with respect to the Sobolev inner product associated with the pair of measures
(o, pr1) is deduced. In section 3 we present the basic results concerning Hermitian
orthogonality on the unit circle which will be used in the forthcoming sections. We
give a sufficient condition for a sequence of orthogonal polynomials on the unit circle
satisfying a first order structure relation to be semi-classical (see Theorem 3). This
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result is an extension to the result deduced by Branquinho and Rebocho in [3]. In
section 4 we present a characterization of pairs of coherent measures on the unit
circle; we prove that if (pg, 1) is a coherent pair of measures on the unit circle
(10, p11) then g is a semi-classical measure and the linear functional associated with
(1 is a specific rational transformation of the linear functional corresponding to
o (see, for example [2]). Finally, in section 5, we study the companion coherent
measure associated with the Bernstein-Szegé measure supported on the unit circle.

2. COHERENT PAIRS OF MEASURES SUPPORTED ON JORDAN ARCS AND CURVES

Let po, p1 be positive Borel measures on Ey, E, respectively, which are Jordan curves
or arcs. For A € R™, consider the inner product

<f7 g)S = <.fa g>0 + A(f/ag,>17 where <f7 g>k = f(f)g(g)dﬂk(f), k= Oa L.
Ey
Let us denote by {Q.(-;N)}, {P.}, {R.}, the sequences of monic polynomials
orthogonal with respect to (-, -)s, (-, - )o, (-, - )1, respectively.
We also denote

S = (2", 2" s = ¢+ NnCh,_1 1, Myn €N,
where {c’fn’n}neN are the moments with respect to the measures p; for £ = 0,1,
respectively.

Taking into account this expression, we obtain the following representation in a
determinantal form for the polynomials ),,:

0

0

0

08’0 0 ‘10 1 0 fn.0 1
Co,1 i+ )‘Co,o Cpa T+ )‘ncn—l,o
0 0 1 0 1
QOn-1 CnaTAR =1 o Gt An(n—T1)c, 1, 5
1 z 2"
Qn(z;A) = 0 0 &
0.0 , Lo n—1,0
Co,1 Ciq+ )‘Co,o

02—1,1 + A(n — 1)0711—2,0

0 0 1 0 2.1
Con-1 Cip—1 T A(n — 1)Co,n—2 Cp—in—1T A(n —1) Ch—2,n—2

Since the coefficients of the above polynomial are rational functions in A, when A
tends to infinity we get the sequence of limit polynomials, {S,,} . It is straightforward
to prove that the polynomial S,, satisfies

<Sn, 1>0 = 0, <S;m Zk>1 = U,

and so S/ (z) =nR,_1(z),n=1,2,.... See [4] for an analysis of such limit polyno-
mials when a pair of measures supported on the real line is considered.

n>1, 0<k<n—-2, n>2,

Therefore, using the same arguments as in [6], we get the Fourier expansions of S,
with respect to the sequences {P,} and {Q,}, i.e.

(4) Sn(2) = an_1xPi(z),
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Sn(z) = Qn(z; ) +Zﬁn,1 (NQ;(zA) .

From this we do not get more mformatlon, but if in (4) we assume that a,,_1, = 0
for K < n—s (with s a fixed nonnegative integer number), it follows that 3, ;(A) =0
for j <n —s. Thus, for n > s,

(5) Z a1k P(2 Z Bnj(N)Q;(2;A) .

k=n—s j=n—s

Conversely, notice that if (5) holds, and a,—1,,—s # 0, Bun—s(A) # 0, then

/ Z an—l,jPJ{(z)pl(z)dﬂl = 07 JAS ]P)n—s—l .
Er j=n—s
From this the following relation holds

n

> an1; P Z b Rj(2

j=n—s j=n—s—1

Therefore the following problem arises: To describe the measures g, 1 such that
the corresponding sequences of monic orthogonal polynomials {P,} and {R,} are
related by

P/ (z P (z
(6) R, 1(z) = Fulz) + a1 — 1(2)

n n—1

, a1 #£0, n=23,....

From now on, for a sake of simplicity, we write (3, instead of f3,,, as well as a,
instead of a, .

For a coherent pair of measures we get some extra information about the sequence
(Bn(A)). Indeed,

(7) PTL(Z> + anflprhl('z) = Qn(z§ )‘> + ﬁnfl()‘)anl(Z; >\) s

where for n = 2,3, ...

n
Ap—1 = Qn—1,

n—1
<Pn—1>Qn—1(';>\)>o

Bn1(A) = an—l@n 1(5A), Qni(+5\))s
Pl
(8) I ORI

Therefore, taking into account (6) and (7), after some calculations we get

[Qn1(: MG = (@noa(-5A), Pact)s
= [[1Pacalld + A = 12| Rn2ll] + @z [an-2 — Bua(N)] | Pazzllf -

Now, substituting in (8), and using the preceding notation for n = 3,4,..., we
deduce that

A,
(9> ﬁn—l()\) -

Bn - ﬁn72<)\) 7



COHERENT PAIRS ON THE UNIT CIRCLE 5

where
An = (;ln_l HPn_]-”(E ,
QAp—2 ||Pn—2||0
P, 1|2+ Xn —1)?|R,_]?
B, = apa 1Pl E A0 1R
an—2| P2l
P 2
with ,(A) = —1 Allot

ARl + (1P
Notice that B, is a polynomial of degree one in A. In this way, once we obtain
the coherent pairs we can deduce a representation for 3,_1(\), which are rational

functions of A and, eventually, from (7) we get an explicit expression for Q,( ;) in
terms of {P,}.

THEOREM 1. The sequence (3,(\)) is given by

_ 7n—2()‘)
(10) BuaX) = 2255

where {v,} is a sequence of orthogonal polynomials associated with a positive Borel
measure supported on R.

=2.3,...

Proor. Taking into account (3; is a rational function in A such that the degree of
the numerator is zero and the degree of the denominator is one, by induction we
get (10) where =, is a polynomial of degree n. Moreover, from (9), we get

B, 1
11 Yn(A) = ——Yn_1(A) —
(1 @ Ania 1) Anp1
Taking into account that B, is a polynomial of degree one in A, we get that {7,} is
a sequence of polynomials orthogonal with respect to a linear functional. This is a
straightforward consequence of the Favard Theorem, since they satisfy a three-term
recurrence relation (see [5]).

7n—2()‘> .

Indeed, if 4, (A) = s,A™ + lower degree terms, then (11) becomes

- B, - Sp—2 ~
Sn7n<A) - A—isnflfynfl()\) - A—Jj’Yan()O )

or, equivalently, for n = 2,3, ...

A’Yin(A) = (>‘ + Cn—l);?n—l()‘) - dn—l?n—2(>‘)
where
|an 1| Paalg + 1P ll5

Ch—1 = 3
n?|| R |I?
R ) Y )
n=l = 3 2 2 5 U,
n*(n — 1)2[| Ry [|7]| R—2|[7
and initial conditions Fo(\) =1, F1(A) = A+||P1||a/|| Rol3 - Notice that, according
to the Favard Theorem, {7,} is a sequence of monic polynomials orthogonal with
respect to a finite positive Borel measure supported on R. ]




6 BRANQUINHO, FOULQUIE MORENO, MARCELLAN, AND M. N. REBOCHO
3. QUASI-ORTHOGONALITY ON THE UNIT CIRCLE

Let T={z€ C:|z| =1}, and A = span {z* : k € Z} be the linear space of Laurent
polynomials with complex coefficients. Given a linear functional u : A — C, and the
sequence of moments (¢, )nez of u, ¢, = (u, "), n € Z, ¢o = 1, define the minors of
the Toeplitz matrix A = (cx—;), by

Co oo Cr

Ap=]: o i Ag=c, Ay =1, kEN.

C_ ... (O

w is said to be Hermitian if c¢_, = ¢,,¥Yn € N, and quasi-definite (respectively,

positive definite) if A, # 0 (respectively, A, > 0), Yn € N. We will denote by H
the set of Hermitian linear functionals defined on A.

In the positive-definite case, v has an integral representation given in terms of a
nontrivial probability measure p with infinite support on the unit circle T,

_ 1 [
(u,e™) = —/ e™du(f), n€ 7.
2 Jo
The corresponding sequence of orthogonal polynomials, called orthogonal polyno-
mials on the unit circle, OPUC in short, is then defined by
1 2

- P ()P (e ) du(0) = endpm, €n >0, n,m =0,1,....
T Jo

If P,(z) = 2"+lower degree terms, { P, } will be called a sequence of monic orthogonal
polynomials, and we will denote it by MOPS. It is well known that MOPS on the unit
circle satisfy the following recurrence relations, known as Szegd recurrence relations,
forn > 1:

P,(2) = 2P,1(2) + anP;_1(2), Pi(z) =P, (2) + anzP,_1(2)

with a, = P,(0), Py(z) = 1, and P’(z) = 2"P,(1/2), n = deg(P,). In the literature
of orthogonal polynomials on the unit circle, the polynomials { P} are called either
reversed or reciprocal polynomials (see [9]).

{P’} satisfies, for n € N,

(12) (u, P*(2) 27"y =0, k=1,...,n, {(u,P*(2)) =e,.
The following relation holds (see [7])
(13) (P (2) =nP(2) = 2(P))(2), n > 1.

For u € H and A € P, we define
(Au, ) = (w A()f(2), f €A,
(A+ A)u, f) = (u, (A(2) + A(1/2)) f(2)), feAN.
Notice that (A + A)u is a Hermitian linear functional. We will use the notation
ut = (A(z) + A(1/2))u.

DEFINITION 1 (cf. [1]). Let v € H, p € N, and let { P,} be a sequence of monic poly-
nomials. {P,} is said to be T-quasi-orthogonal of order p with respect to v if

i) (v, P,(2) 27%) = 0, for every k with p < k <n —p—1 and for every n > 2p + 1;
ii) There exists ng > 2p such that (v, P, (z) z27"0"P) £ (.
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THEOREM 2 (cf. [1]). Let u € H be quasi-definite and let {P,} be the MOPS with
respect to u. Then {P,} is T-quasi-orthogonal of order p with respect to v € H—{0}
if and only if there exists only one polynomial B (B # 0) with deg(B) = p, such

that v = u”.

Taking into account Theorem 4.1 of [1] we give the following definition.

DEFINITION 2. Let u € ‘H be quasi-definite and let {P,} be the MOPS associated
with u. u is said to be semiclassical if there exists u € H — {0} such that the
sequence {P,} given by P,(z) = LzPl(z),n > 1, Py(z) = 1, is T-quasi-orthogonal
with respect to 4. In such a situation {P,} is said to be a semiclassical sequence of
orthogonal polynomials.

In the sequel we define f,,(z) = P,(2)/P!(z), ¥n € N, and we study the conditions
in order to {f,} satisfies a Riccati differential equation. This result will be useful to
the following theorem. Using the Szeg6 recurrence relations we get

(14) 2fu(2) = ff?i;ﬁ;, n=1,....

LEMMA 1. Let {P,} be a sequence of monic orthogonal polynomials on the unit circle
and { P!} the sequence of reversed polynomials. If{ f,} satisfies a Riccati differential
equation with bounded degree polynomial coefficients, i.e.,

(15) Anfi(2) = Bu(2) fo(2) + Cu(2) fu(2) + Eu(2), ¥n €N
then, for every n € N, the following relations hold,
(16) Apy1 = An,
(17) 2Bui1 = M\ By — @1 (20, + A) + @51 2B}
(18) 2Chs1 = N, {(—=2ap11 By + (2C, + A (1 + |ansa|?) — 2601127 B, }
(19) 2Epi1 =N {al By — ani1 (20, + Ay) + 2°E, )
with A\, = (1 — |an41[?).
PRrROOF. If f, satisfies (15), then
2An(2f0) = Bu(2fn)* + (2C, + A2 fn + 2°E,,.
Using (14) in previous equation we get

ZA, ( fn+1 — Qp+1 >/ — B, < fn+1 — Qp+41 )2+(zCn+An) ( fn+1 — Qp+1 )+22En.

1 — Gpi1fosr I — Gpgrfrmr I — Gpgrfrmr
Since

fn+1 — Up41 ' _ )\nfr/z+1
(1

- C_LnJr1fn+1 - C_LnJr1fn+1>
from the previous equations we get

)\’n,f;?ri»l _B < 5+1 + a%ﬂ - 2Gn+1fn+1)
(1 —apt1fns)? " (1 — apgr1fnir)?

+ (ch + An) (1fn_+; 1?;—:_11') + ZQEn )

S with Ay =1 — |aps/?,

zA,
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as well as

An ZAnfqlq,—o—l = {Bn — lny1(20, + Ap) + C_L?L+122En} f3+1
+ {(=2an11By + (2C, + Ap) (1 + |ania[*) = 28n112° En} foin
+ a2, 1By — ani1(2C, + Ay) + 2°E, .
If we divide by A\, = (1 — |an41|?) then
2Anfiey =N A Bn — Qi1 (2C, + Ay) + a2 2By} oy

A0 {(=2a041Bn + (2C, 4+ Ap) (L + |aps1]?) — 28p412°En } fata

+A1 {aiHBn —a,11(2C, + Ay) + Z2En} )
Now, comparing previous equation with (15) to n+ 1 and multiplied by z, i.e., with

2Ani1fri1 = 2Bniifigy + 20t fasr + 2Bn,

we get (16)-(19). |
THEOREM 3. Let {P,} be a MOPS the unit circle and {P}} be the sequence of

reversed polynomials. If {P,} satisfies a structure relation with bounded degree poly-
nomials, n > 1,

(20) 211, (2) PL(2) = Gn(2) P, (2) + Hu(2) Pl (2)

(21) AL (2)(P7)(2) = Su(2) Pu(2) + Tu(2) P7 (2)
then I1,, doesn’t depend on n.

Let p = max{deg(G,),deg(H,) + 1, deg(S,),deg(Ily — T,,)}, Vn € N. If there exists
ng > 2p such that deg(Il; — T,,,) = p, then {P,} is semi-classical.

ProOF. If we multiply (20) by P}, (21) by P,, and divide the resulting equations
by (P?)?, we get, after subtracting the corresponding equations,

n (PAP;{ — Pn(P;)’) (Gp — T) P, P + H,(PF)? — Sp(Py)?
211, =

(Pr)? (Py)?
P\’ P,\? P,

Thus,

2L f = =Suf2 + (G — T0) fn + Hy.
From previous lemma, II,, = 1I,,_, Vn € N. Thus, II,, = II;, Vn € N.
Let us write (20) and (21) in the form

P~ -
(22) AZm =GP, + H, P
n
P* !/ — ~
(23) A g TP s,
n

with 4 = I1;, G, = Gn/n,, H, = H,/n, S, = Sn/n,fn = T, /n. Furthermore, if we
use (13) in (23) then

n

(24) A (ZP"> = =S P+ (A—T,)P; .
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On the other hand, from the Hermitian character of u, we have

/ / N\ *
(u?, Zf" 27 = (u, AZP Y 4+ (u, A (ZP"> Zk-ny

n

Using (22) and (24) in previous equation we get

(25) (A Zon my

Since

u, (A —T,) P 25 =0, k:—(), oon—deg(A—T,) -1

then, with p = max{deg(én), deg(H,)+1, deg(Sn), deg(A—Tn)}, Vn € N, it follows
that

Pl
<uA,Z—n” 2% =0 for every p < k <n —p— 1 and for every n > 2p + 1.

Next we show that condition ii) of Definition 2,

/

P
Jng > 2p : (u, Zn—;mz_””p) # 0,

holds for ny > 2p if and only if deg(A — Tvno) =p.
From (25)

P
(26) (uA, 2210 Lm0ty — (o Gy Pac 2 "0P) 1 (4, Hyy PE 20

no~ no

— (ty Spg Prg 27P) + (u, (A — T, ) P, 27P).

Since deg(G) < p, deg(H,) <p— 1, deg(S,) <p, ¥n €N, and ng — p > p, then

(U, Gy Py 27 "0P) = (u, Hy PY 270 = (u, S, Py, 27P) = 0.

no+ ng
Therefore, (26) is equivalent to

P ~
(u, = 2700 = {u, (A= T ) P, 277)

Taking into account the orthogonality relations (12) and deg(A — T,,) < p, we get
(u, (A — T, ) Pl 277) # 0 & deg(A —Tp,) = p.

Thus,
Pl
(uh, =10 270) £ 0 & deg(A — T,) = p.
no
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Therefore, if there exists ng > 2p such that deg(A — Tno) = p, then the sequence
{%zP,’L} is T—quasi-orthogonal of order p with respect to the Hermitian functional u*
and we conclude that {P,} is semi-classical. |

4. CHARACTERIZATION THEOREM

In the sequel we will use the vectors defined by
Ya(2) = [Pul2) Pr(2)]", 9n(2) = [Ra(2) Ry(2)]", neN.
We will use the Szegd recurrence relations in the matrix form for {1, },

@) ) = A () A = |7, ] nen, a =R,

n

and for {9,},
(28) Un(2) = Br(2)0,-1(2), Bu(z) = [bzz bln] ,neN, b, =R,(0).
We will write X ) to denote the entry (i, ;) of a matrix X, i,j = 1,2.

THEOREM 4. Let (u,v) be a coherent pair of Hermitian linear functionals on the
unit circle and {P,},{R,} the corresponding MOPS. Then, there exist A € P and
matrices IC,,, M,, of order two whose elements are bounded degree polynomials such
that, forn > 1,

(29) 2A(2)1(2) = Kn(2)1hn(2)
(30) 2A(2)0n(2) = Ma(2)¢n(2) .
Moreover,

a) {P,} is semi-classical;
b) {R,} is quasi-orthogonal of order p (p < 6) with respect to the functional u**.

Thus, there exists a unique polynomial B of degree p such that u** = v®.

ProoOF. From

P/ P/
(31) R,=—"L +q,—2
n+1 n
we get
P/ * /0 *
p_ (P ()
n—+1 n
Using (13), last equation is equivalent to
e e 4= e JPi) (B
(32) R, =P, |+ ayzP, — Zn——:ll — ap?? p
If we write (31) and (32) in a matrix form and use (27), we obtain
(33) Uy = Spthn + Tl n > 1,
with

e e e e
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Using (33) for n + 1 and the recurrence relations (27) and (28), we get
(34) Hn% = //\/lvnwn )
where the matrices ‘H,, and Mn are given by

1 0

Hn - Bn—i—l% - 7;+1An+17 Mvn = n—i—lAn—i-l + ,];'L-i-l |:C_l 0
n+1

} — Boi1Sn.

Now, if we multiply (34) by the adjoint matrix of H,,, adjH,, , we get

where h,, = det(H,,) is a non-zero polynomial and I, = adj (Hn)ﬂn Moreover,
h,(0) =0, Vn € N, and deg(h,) <5, ¥n > 1. From Theorem 3 it follows that h,, is
independent of n. Thus, we obtain (29) with zA = hy and C,, defined as above.

To obtain (30) we multiply (33) by zA and use (29). Thus, we obtain (30) with
M, = zAS, + T, K,.

To prove assertion a) we remind that equations (29) can be written as equations of
the same type as (20) and (21) of Theorem 3. Moreover, if

p = max{deg(K{""), deg(K{"?) + 1,deg(K("), deg(A — KP?)}, ¥n € N,

then one can see that p < 4 and deg(A — IC%Q’Q)) = p, n > 1. Thus, from Theorem 3
we conclude that {P,} is semi-classical.

To prove assertion b) we use an analogue argument as in the proof of Theorem 3.
We write (30) in the form

(35) 2AR, = G, P, + H,P*
(36) 2AR: = S, P, + T,P*, n>1,

with G,,, H,,, S,,, T, € P. From the definition of ©** and the Hermitian character of
u, we have

(37) (W R, 27" = (u, 2AR,, 27%) + (u, zARY 2+—n) .
On the other hand, using (35) and (36) in (37) we get, for n,k > 0,

(38) (™ R, 27"
= (u, G Py 27" + (u, H, P} 27" + (u, S, P, 2F=) + (u, T, P* zk-n).

Using a similar reasoning as in the proof of Theorem 3, we obtain for
p = max{deg(G,),deg(H,) + 1,deg(S,),deg(T,,)}, Vn € N,
that
(u, R, 2%y =0 for every p < k <n —p—1 as well as for every n > 2p + 1.
Thus the condition i) of Definition 2 is satisfied.
Then, we can also establish that condition ii) of Definition 2,
Jng > 2p : (u?, R,z ™) £ 0,

holds for ng > 2p if and only if deg(7},,) = p. Moreover, we get that p < 6 and
deg(T,,) = p, Vn > 1.
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Thus {R,} is quasi-orthogonal of order p with respect to the functional u*4. In this
case, from Theorem 2, we conclude that there exists a polynomial B with deg(B) = p
such that u*4 = v®. |

5. EXAMPLES OF COHERENT PAIRS ON THE UNIT CIRCLE

In this section we present the examples of coherent pairs corresponding to the
Bernstein-Szego class.

THEOREM 5. Let (pg, 1) be a coherent pair of measures supported on the unit circle.
If po is the Lebesque measure, then py belongs to the Bernstein-Szegd class, and the
corresponding MOPS, {R,}, is given by, R,(z) = 2" Yz +¢), n > 1, with c a
constant, |c| < 1.

Furthermore, dp, = df/(27 |z + c|?) .

PRrROOF. If in (6) we assume the sequence {P,} is a classical Hahn MOPS in the

sense that {P//n} is a sequence of monic polynomials orthogonal with respect to a

measure supported on the unit circle, we know that P, (z) = 2" (see [7]). Therefore,
Ru_1(2) = 2"+ 12" 2.

If we want that {R,} is a monic orthogonal polynomial sequence on the unit circle,
then it will satisfy a forward recurrence relation

(39) 2R 1(2) + Ru(0) R, 1 (2) = Bn(2)
and so a,, = a,,_1 = -+ = ay = ¢. As a consequence,
Ruo(z) =2""1z+¢).
Thus the MOPS {R,} belongs to the Bernstein-Szeg6 class and p; is defined as
stated (see [2], for example). |

THEOREM 6. The only Bernstein-Szegd measure, [, that admits a companion mea-
sure jy supported on the unit circle such that it yields a coherent pair, is the Lebesgue
measure.

PROOF. Let (ug, 1) be a coherent pair of measures supported on the unit circle
and {P,},{R.} the corresponding MOPS. We will prove that if P, belongs to the
Bernstein-Szegé class, then P,(z) = 2™.

Let us suppose that the monic orthogonal polynomial sequence {P,} is defined by
P.(2) = 2" *Py(2) for n > k (for a fixed nonnegative integer number k), where P

is a monic polynomial of degree k with zeros of absolute value less than 1 and such
that P;(0) # 0. Thus

Pl(2) = (n—k)z" * 1P (2) + 2" *P/(2).
From (6) it follows that

Rn('Z) = Zn_k_lpk(Z) n—-|—12 + oy, o :| + Zn_kP,;<Z) |:n 1 —+ 7:| .

Since R, (0) =0 for n > k + 2 and taking into account (39), we have
R.(z) =2R,_1(2), n>k+2.



COHERENT PAIRS ON THE UNIT CIRCLE 13

Thus, forn > k + 2

n—k+1 n-—k n—k n—kFk—1
(40) Pﬁz){( 1 n )z—i— an_l}

Hence, taking into account that Py(0) # 0, we get from (40) with z = 0,

n
a, = (/{—l—l)(ﬂ—k)akﬂ’ n>k+2.
Substituting this expression in (40),
n(n+1) 1

kP.(z) — P(z) |z + 1)ak+1} =0, n>k+2

(k+1) (n—Fk)(n—Fk—
then ap,; = 0, as well as P(2) = z*. But this contradicts the fact P.(0) # 0,
up to k£ = 0. In such a case we are in the previous situation. So we obtain that
P.(z)=2",neN. [

LEMMA 2. Let (u,) be a sequence of complex numbers. If a sequence of monic
polynomials { P, } orthogonal with respect to a linear functional v on the unit circle
satisfies

2" P,(z P, 1(z
(41) — 4 Uy = <)—|—an_1¢,n:2,3,....

n n—1
where we assume that o,,_1 #0,n=2,3,... thenu,=0,n=1,2,....
Furthermore, the moments c,,, associated with v, are zero forn = 2,3,... andc; # 0.

PROOF. Take n = 2,3,..., multiply (41) by 1,1/z,...,1/2", respectively, and
use the linear functional v to get

(42) oy Up—1C9 = 0
n
(43) C’;L‘“run_léj:o, j=1,2,....n—2
c Q. _
(44) — By = (0, P (2) Paca (1/2))

From (42) and (44) with n = 2 we get that ¢; # 0. From (42), (43) and (44) with
n = 3,4 we get that co = c3 = 0 and, as consequence, u; = uy = uz = 0.

Now, we use induction arguments to conclude the proof, i.e. assuming u;_; = 0 as
well as ¢, =0 for k = 2,3,...,n— 1, then from (43) we get that u,_; = 0 and thus,
from (42), ¢, = 0. [

THEOREM 7. Let (g, j11) be a coherent pair of measures supported on the unit circle.
If 1y is the Lebesgue measure then py must be an absolutely continuous measure

Proor. If we assume p; is the Lebesgue measure supported on the unit circle, i.e.,
R, (z) = 2", then (6) becomes
P O 1C)

n n—1
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Integrating the above expression, there exists a sequence of complex numbers (u,)
such that

2" P,(2) P, 1(2)

— Uy = — + ap_q ,m=23,....
n n

n—1

According to the previous lemma, the moments, ¢,, associated with the linear func-
tional, v, such that {P,} is the corresponding MOPS, satisfy ¢, =0, n =2,3,...,
and cg, ¢, are two complex arbitrary constants.

Furthermore, since v is a positive definite linear functional associated with a positive
Borel measure 1 supported on the unit circle, then we get an integral representation
of such a functional taking into account its moments ¢y and ¢;. Indeed,

A 27 A 2w
cp=— |z —al?df, 61:—/ 2|z — al*db
27'[' 0 27T 0
with z = €. Thus, ¢y = (1+|al*)A, ¢, = —aA. In other words, ¢ _ 9 n
1+ ’CY|2 Co
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