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Abstract. Cable structures are commonly studied with simplified analytical equations. The
evaluation of the accuracy of these equations, in terms of equilibrium geometry configuration
and stress distribution was performed for standard cables examples. A three-dimensional
finite element analysis (hereafter FEA) procedure based on geometry-dependent stiffness
coefficients was developed. The FEA follows a classical procedure in finite element
programs, which uses an iterative algorithm, in terms of displacements. The theory is based
on a total Lagrange formulation using Green-Lagrange strain. Pure Newton-Raphson
procedure was employed to solve the non-linear equations. The results show that the rigid
character of the catenary’s analytical equation, introduce errors when compared with the FEA.

1 INTRODUCTION

Cables are widely used in suspended bridges, transmission lines or membrane panels [5].
These structural elements are used to transmit tensile forces along a specified curve. Cables
can be divided in three categories, in accordance with the acting force field:

a) Concentrated loads acting on the cable, Fig. 1-a).

b) Uniformly distributed load acting along a horizontal line, Fig. 1-b).

¢) Uniformly distributed load acting along the cable (corresponding to its self-weight, per
example), Fig. 1-c).
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For the design of this type of structural elements two approaches are commonly used. The
first one corresponds to the use of analytical equations, based on force equilibrium conditions.
The second approach consists in the use on numerical finite element models, based on the
field displacement of the nodes.

The main issue of this study was to compare results of a non-linear FEA and the analytical
equations. In fact, usually when the major action is the self-weight of the cable, catenary’s
equations are used. The first and second categories of cables were not analyzed in this study.
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Fig. 1- Cable structures.

2 ANALYTICAL EQUATIONS

As already stated, the determination of the axial force field and geometry configuration of
cable structures are usually performed using analytical equations [5]. Catenary’s equation is
used when load is its self-weight. In the following, the analytical equations of the catenary are
introduced (see Fig. 2).

Fig. 2- Catenary’s equilibrium configuration.

By the equilibrium conditions, the following equations can be found in [5]:

s=cC senhé 1)
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y =ccosh X (2)
C

with,

T,=wc and T =wy (3)

where,

S coordinate along the cable,

X,y  coordinates,

c curve constant parameter,

W cable self-weight, per unit’s length,

T, horizontal axial force at catenary’s vertice,
T axial force for a given y value,

I

span length.

For a given value of sand from Egs. (1) and (3), the deformed configuration and axial force
distribution can be calculated.

3 FEAFORMULATION

3.1 Finite element mesh discretization

In order to analyze and compare the results given by the analytical equations, a series of
non-linear FEA were performed. The cable structure adopted in this study is conceived of a
continuous series of discrete elements connected to one other by hinged connection. The
structure is discretized in nelements and n+1 nodes, as shown in Fig. 3 [4, 8, 9, 11].

Fig. 3- Cable discretization (nodes and elements).
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3.2 Basic element description

The basic element used to describe a cable structure acted by nodal forces submit to large
displacements is represented in Fig. 4. The element has two extremity nodes and three
independent orthogonal displacements at each node [1, 2, 8, 9, 11].

Fig. 4- Basic element.

Length I, denotes the initial element length, which define the initial configuration. The initial
length is calculated with the nodal coordinates

|O=\/(X1—X0)2+(yl—y0)2+(Zl—ZO)2 4
where X,,Y,,Z,, X, Y, and z, are the nodal coordinates.

The nodal displacements associated with the element d® ={d,,d,,d,,---,d, }, represented in

Fig. 4, define the displacement vector per element, and its components are the three
independent displacements in each node. The displacement vector of the structure, with the
initial configuration allows the definition of the deformed cable and the calculation of the
length of each element after deformation.

The length | denotes the length of the element in a deformed configuration,

I :\/(Xl +d1 —Xp _d4)2 +(yl "’dz — Yo _ds)z +(21 +d3 —Z _d6)2 : (5)
Expressions (6), defines the direction of each element in a deformed configuration,

X1+d1_xo_d4 =I_x CoS :y1+d2_yo_d5 :I_y (6)
| | | |

z,+d; -z, -dg |
CoSar, =— 3|° 6=TZ

where 1, I, and I, define the projections of the length 1 on the three orthogonal axes.

cosa, =
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3.3 Equilibrium conditions

Eq. (7) establishes the equilibrium conditions along the three orthogonal directions at each
node of the cable structure. The incremental displacement vector is the variable to be
calculated. Since the occurrence of large displacements was considered, the geometry is non-
constant. Thus, stiffness coefficient and internal forces become geometry dependent, and are
function of a deformed configuration.

KAad=f, -f,_, (7)

where

K tangential stiffness matrix obtained assembling the stiffness contribution of all the
elements,

Ad incremental displacement vector,
f external forces vector (constant),

ext
! internal forces vector.

int
The problem is solved, in an iterative scheme. When the convergence is reached, the
deformed configuration is calculated, and the nodal forces are equilibrated.

The expressions of the tangential stiffness matrix and internal force vector can be found in
Varum and Cardoso [8, 9].

3.3.1 Constitutive law and strain

The constitutive law assumed in the implemented model is linear elastic (Hooke’s law),
expressed by the following expression [3, 7].

o=Ee¢ (8)

Since the problem involves large displacements, a total Lagrange formulation is employed in
the theory [10], the stiffness coefficients and internal forces were calculated using Green-
Lagrange strain definition [1, 6, 11].

2 2
117 -k

21 ®)

&

4 ITERATIVE PROCEDURE

4.1 Newton-Raphson method

The iterative procedure implemented to solve Eq. (10) is based on the Pure Newton-
Raphson iterative scheme [3, 7]. To start with the computation, initial stiffness and internal
forces are required. Thus initial values are needed for the displacement vector, which is
accomplished defining an initial geometry and a deformed geometry.

Assuming static conditions and linear elasticity, the following equation yields for all the
nodes.



H. Varum, R.J.S. Cardoso

KiAd =F, —f. (10)

Eg. (10) is solved and the incremental displacement vector Ad is computed. A new
displacement vector is obtained with the following equation

d,=d +Ad (11)

ext,i

This new displacement vector together with the initial constant geometry vector, defines the
deformed configuration used in the next step.

As usual, in Pure Newton-Raphson method [2, 3, 7, 11] the better is the estimation of the
displacement vector, the faster will be the convergence to the final solution.

4.2 Computational implementation

As already mentioned, the computational implementation of the numerical tool described
before follows a classical pattern in finite element programs and use an iterative description of
the finite element method. Computations are started given an initial configuration, an initial
strain vector and a set of parameters, in order to compute a strain vector increment. The initial
configuration vector together with the new strain vector defines a deformed configuration to
be used in the next iteration.

The computation procedure is summarised in the following steps:

1. An initial cable’s configuration is imposed, namely a constant radius arc defines the
nodes position and therefore initial length’s cable.

An initial strain vector is defined, considering an arc with a slightly larger radius.
Initial tangential stiffness and internal forces are computed.

Eq. (7) is evaluated and vector Ad is computed.

The new strain vector is computed using Eq. (11).

Step 2 is repeated until converge is achieved.

S

5 NUMERICAL EXAMPLES

The numerical examples selected for this study were established in order to compare the
results of a geometric non-linear FEA and the analytical equation.
In all the analyses, it was adopted a cable spanning between two rigid end supports that dist
200 m along an horizontal line, the cable initial geometry is a constant radius arc, Fig 5. A
longitudinal elastic modulus of E=200 GPa, was considered. In both examples, the structures
were discretized in 20 elements and 21 nodes.
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5.1

Fig. 5- Cable geometry adopted in the numerical examples.

Catenary’s equation versus FEA

In the set of numerical analyses, the cable in the conditions described in Fig. 5, is
subjected to the load corresponding to the self-weight of w= 0.1 kN/m. The area of the cable
is constant and equal to Q = 3.14 cm?.
Figs. 6, 7, 8 and 9 show the different cable configurations and stress distributions along the
cable, obtained in the FEA and with catenary’s equation, for four different length’s cable.

x10 MPa

Fig. 6- Cable stress distribution and deformed
configuration, s = 200.3340 m.

26,748 MPa

......

Catenary's length=2508777 m
FEA length=2509212 m

67,12956 m

Fig. 8- Cable stress distribution and deformed
configuration, s =250.8777 m.
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Fig. 7- Cable stress distribution and deformed
configuration, s =201.3545 m.

——FEA Catenary’s length=279,6157 m
—+—Catenary's eq. F.EAlength=279.6611 m
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Fig. 9- Cable stress distribution and deformed
configuration, s = 279.6157 m.
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From Figs. 6, 7, 8 and 9, it can be observed that the smaller is the initial length of the cable,
higher is the stress level. The differences in the deformed configuration and stress level obtain
by FEA and Catenary’s equation also depends on the cable length or stress level. Figs. 10, 11
and 12 illustrate the differences obtained in maximum stress, minimum stress and maximum y
coordinate, using the FEA and Catenary’s equation.
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Cable length (m) Cable length (m)

Fig. 10- Maximum cable stress in the support. Fig. 11- Minimum cable stress at the vertice.

Fig. 12- Maximum y coordinate at mid-span.

6 CONCLUDING REMARKS

In this research, the theoretical formulation, finite element implementation and numerical
validation of cable structure are presented to compare FEA and analytical equations results.
The results obtained from the analyses, shows that the solution of a non-linear finite element
program are quite different from those given by the analytical expressions.

The analytical expressions are based on a rigid deformed configuration, being the stress
distribution and cable geometry a function of it.

When comparing the FEA results with catenary’s equation, it was concluded that the length of
the cable controls the stress level. The stress level is responsible for a subsequent elastic
deformation. Results from the FEA and analytical expressions are approximately equal, when
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the maximum stress in the cable is less than 50 MPa, being the error less than 1%. For
maximum stress levels of 150 MPa, or higher, the error is approximately 6% and easily reach
30 % (300 MPa).

Finally, it is remarked that geometric non-linear analysis becomes necessary in the studies of
cable structures, especially for medium/high stress levels.
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