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Abstract—We propose a noniterative digital backward prop-
agation technique, based on an inverse modified Volterra se-
ries transfer function to postcompensate transmission linear
and nonlinear impairments in the presence of optical noise.
Using a single-channel 40-Gb/s nonreturn-to-zero quadrature
phase-shift-keying optical signal propagated over 20 80 km of
standard single-mode fiber, and performing digital postcompen-
sation around the Nyquist rate, our compensation algorithm is
able to surpass the maximum accuracy obtained with a symmetric
split-step Fourier method, enabling us to increase the nonlinear
tolerance by approximately 2 dB.

Index Terms—Backward propagation, coherent detection, dig-
ital postcompensation, Volterra series transfer function.

I. INTRODUCTION

I N order to increase the spectral efficiency of optical com-
munication systems, advanced modulation formats are used

in conjunction with coherent detection. Coherent detection al-
lows recovery of amplitude and phase information of the re-
ceived field, opening the possibility to apply powerful digital
postcompensation methods [1].
Recently, a digital postcompensation technique based on

backward propagation (BP) has been proposed for the joint
mitigation of both linear and nonlinear impairments in fiber [2],
[3]. This technique requires high computational power in order
to numerically solve the inverse nonlinear Schrödinger (NLS)
equation. So far, digital BP has been preferably implemented
using either a split-step Fourier (SSF) method [2], [3] or a
split-step finite-impulse response filter (SS-FIR) [4]. While the
first relies on an hybrid time and frequency-domain approach,
the later is entirely implemented in the time-domain. Both are
iterative numerical methods.
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Volterra-series expansion is a powerful tool for the analysis
of time-invariant nonlinear systems. In [5], a frequency-domain
Volterra series transfer function (VSTF) was derived from the
NLS equation for single-mode fibers. In [6], a VSTF is used to
analyze nonlinear effects in dense wavelength-division multi-
plex (WDM) systems. Nonlinear electrical equalizers based on
time-domain Volterra series were proposed for coherent optical
systems [7]. It was shown that its accuracy could be comparable
to an SSF method with one step per span, if sufficient delay taps
are used. This time-domain approach requires one order of mag-
nitude less computations than an SS-FIR method, but still one
order of magnitude more than an SSF method [7].
Being nonrecursive and applied in the frequency-domain,

VSTF has the potential to be computationally more efficient
than a backward propagation SSF (BP-SSF) method. In the
scope of the design and analysis of optical links, VSTF ac-
curacy was proved to be comparable with an SSF method
[6]. However, its performance must be also studied for post-
compensation purposes, where the sampling rates are much
lower (around the Nyquist limit) and the amplified spontaneous
emission (ASE) noise introduced by optical amplifiers may
cause serious divergence problems.
We apply Volterra series theory to design a Volterra-based

BP technique (BP-VSTF) in the frequency-domain. Using
BP-VSTF with 2 samples per symbol to perform digital
postcompensation of a 40 Gb/s nonreturn to zero quadrature
phase-shift keying (NRZ-QPSK) signal transmitted over 20
80 km of standard single-mode fiber (SSMF), we observe a
nonlinear tolerance improvement of approximately 2 dB over
the performance limit attained by BP-SSF.

II. THEORETICAL FORMULATION

In order to implement digital BP using Volterra theory, we
must find an inverse VSTF (IVSTF) capable of describing the
reverse propagation of signal in fiber, which is modeled by the
reverse NLS equation given by [2], [3],

(1)

where is an abbreviation of describing the slowly
varying complex envelope of the optical field at time and po-
sition , is the attenuation coefficient of the fiber, accounts
for the group velocity dispersion and is the nonlinear coeffi-
cient accounting for the Kerr effect.
Starting from (1) and following a similar procedure to the

one described in [5], we obtain a third-order truncated IVSTF,
describing the input field spectrum at the expense of
the output field spectrum , which is analogous to the
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forward VSTF but with symmetric fiber parameters ( ,
and ),

(2)

where represents the complex conjugate of , is
the inverse linear kernel,

(3)

and is the inverse third-order non-
linear kernel,

(4)

When input power is high, the VSTF method has serious en-
ergy divergence problems, limiting its practical application. In
order to solve this issue, a modified VSTF (MVSTF) method
is presented in [8], based on a phase correction of the output
optical field. Applying an analogous phase correction to our
IVSTF we obtain an inverse MVSTF,

if

otherwise,
(5)

where and are the linear and nonlinear contributions
to the equalized optical field, given by the inverse Fourier trans-
form of the first and second right-hand terms in (2), respectively.
Using expressions (2)–(5) we are able to describe the re-

verse propagation of signal in fiber, in a similar way as BP-SSF.
Therefore, henceforward we will denominate this technique as
BP-VSTF. However, whereas BP-SSF is a recursive method,
the BP-VSTF here derived presents the advantage of being an
approximated closed-form solution of the reverse NLS equa-
tion.

III. COMPENSATION RESULTS

A general model of an optical coherent system is shown in
Fig. 1. This system model will be considered throughout this
work to obtain our simulation results. The main parameters
regarding signal transmission and propagation are shown in
Table I, where is the signal bit rate, is the total number
of transmitted bits, is the span length, is the optical
amplifier gain and is the amplifier noise figure. Fiber pa-
rameters are set in accordance to typical SSMF (Table I). Both
transmitter and local oscillator lasers intensity and phase noise
are neglected. The 90 degree optical hybrid and the pair of
balanced photodiodes are assumed to perform optical-to-elec-
trical down-conversion without distorting the received signal.
We emulate signal propagation in fiber in the forward direction
using the symmetric version of the SSF method with very high
temporal and spatial resolution.
As a figure of merit for compensation performance we use the

error vector magnitude (EVM) percentage relatively to optimal

Fig. 1. Coherent NRZ-QPSK optical system model adopted in this work. Dig-
ital postcompensation is implemented in the digital signal processing (DSP)
block. LPF: Low-pass filter. ADC: Analog-to-digital converter.

TABLE I
SET OF SIMULATION PARAMETERS

constellation, defined as EVM , where
and are respectively the transmitted and compensated

optical fields.
We performed digital postcompensation using both BP-VSTF

and BP-SSF with different number of steps per span, ,
and samples per symbol, . Third order low-pass Butterworth
filters (LPFs in Fig. 1) with cutoff frequency at 80% of the
symbol rate are used to filter the out-of-band ASE noise and to
reduce the aliasing effects due to downsampling in the ADCs.
The results presented in Figs. 2(a) and 2(b) allow to draw two
main conclusions: (i) BP-SSF reaches its performance limit at
approximately 8 steps per span and (ii) BP-VSTF approaches
BP-SSFmaximum performance for 3 and 4 samples per symbol.
The reason for (i) is that temporal resolution sets an upper limit
for the compensation performance, above which increasing the
spatial resolution is useless. On its turn, despite of being a third-
order approximation, BP-VSTF only depends on temporal res-
olution, and at 3 and 4 samples per symbol its performance is
similar to an heavily iterative BP-SSF method. Furthermore,
in Fig. 2(c), where we kept only 2 samples per symbol, we
can see that BP-VSTF is able to largely surpass BP-SSF max-
imum performance. In fact, BP-SSF has been reported to re-
quire at least 3 samples per symbol in order to produce reli-
able results [9]. The degradation of performance experienced
by the BP-SSF method at 2 samples per symbol is due to the
aliasing components generated by the time-domain implemen-
tation of the nonlinear operator, which is subsequently trans-
posed to frequency-domain. In turn, since BP-VSTF is entirely
implemented in the frequency-domain, this aliasing phenom-
enon does not take place. Using BP-VSTF with 2 samples per
symbol we have only experienced a marginal loss of precision
due to the use of such low temporal resolution. Considering the
10% limit in EVM values for which the system bit error rate
(BER) is kept bellow [10], we observe that there is approx-
imately a 2 dB improvement in the nonlinear tolerance when
compensation is performed by BP-VSTF. In Fig. 3 we observe
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Fig. 2. Error vector magnitudes of BP-VSTF and BP-SSF after propagation over 20 80 km of SSMF. The oversampling factors are (a) 4; (b) 3; and (c) 2.

Fig. 3. EVM of BP-VSTF and BP-SSF as a function of propagation length, for
a fixed input power of 4 dBm and using two samples per symbol.

that, after 3200 km, BP-VSTF performance becomes compa-
rable to the maximum BP-SSF performance at 1200 km. This
represents an improvement of approximately 2.6 fold in propa-
gation distance attained by the BP-SSF method.

IV. COMPUTATIONAL REQUIREMENTS

In order to compare the number of computations required
by BP-SSF and BP-VSTF we can use the upper bounds on
computational requirements provided in [5]. BP-VSTF com-
plexity evolves as , where is the fast-Fourier
transform (FFT) block-size. BP-SSF complexity is of the
order of . We must also consider
that , where is the total number of
symbols fed to each FFT block. If the FFT block-size is kept
small enough, the computational load of BP-VSTF tends to be
smaller than that of BP-SSF. However, since the number of
computations in BP-VSTF increases quadratically with ,
the FFT block-size becomes critical. Overlap-and-save and
overlap-and-add algorithms are possible solutions to reduce
the FFT block-size. Another key advantage of BP-VSTF lies
on its high modularity, since linear and nonlinear equalization
can be separately implemented. Thus, nonlinear compensation
becomes much more flexible than that of BP-SSF, enabling the
receiver to trade off performance for computational load.
To employ the BP-VSTF method in multichannel optical sys-

tems we may consider two different approaches: (i) apply a
BP-VSTF per channel, disregarding interchannel effects; (ii)
apply the BP-VSTF to the entire signal spectrum, enabling to
compensate interchannel nonlinearities. Considering a WDM
system with channels with block-size per channel,
the complexity of (i) is per channel, whereas the
overall complexity of (ii) is . The modified ver-
sion of the 3rd order BP-VSTF enables a high tolerance to input

power levels, which is critical for analyzing WDM systems.
However, if the launched power is further increased, higher
order kernels must be considered, at the cost of increased com-
putational complexity.

V. CONCLUSION

We present a noniterative numerical method based on an in-
verse modified Volterra series transfer function of a single-mode
optical fiber, which is capable of performing digital BP in op-
tical coherent communication systems. Using a 40 Gb/s NRZ-
QPSK test signal and taking only 2 samples per symbol, we
have performed digital postcompensation of a 20 80 km op-
tical link in the presence of ASE noise. We have observed that
BP-VSTF allows to extend the quasi-linear regime in fiber by
approximately 2 dB, comparing with BP-SSF. Being a nonitera-
tive and highly modular BP approach, BP-VSTF has the poten-
tial to decrease the computational effort required for postcom-
pensation, maintaining high performance.
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